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Sommario

In questa tesi presentiamo una categorificazione delle algebre cluster di tipo B e C' mediante una
classe specifica di quiver simmetrici associati a triangolazioni di poligoni regolari.

Sia Pa,, 2 il poligono regolare con 2n + 2 vertici. Sia @ la rotazione di 180°. E stato dimostrato
da Fomin e Zelevinsky che le triangolazioni #-invarianti di Py, 2 sono in biezione con i cluster delle
algebre cluster di tipo B, e C),. Inoltre, le variabili cluster corrispondono alle orbite dell’azione di
0 sulle diagonali del poligono.

Data una triangolazione f-invariante T° di Poy12, nella trattazione introduciamo le definizioni
di algebre cluster di tipo B, e C, con coefficienti principali in T, e dimostriamo una formula di
espansione per la variabile cluster z,;, corrispondente alla 6-orbita [a,b] della diagonale che collega
i vertici a e b. La formula che presentiamo é data in modo combinatorio. Da un lato essa esprime
ogni variabile cluster di tipo B,, e C, in termini di variabili cluster di tipo A,,, dall’altro ci permette
di ottenere la sua espansione in termini delle variabili cluster del seme iniziale.

Inoltre, associamo a ogni #-orbita [a,b] di Pg,12 uno “snake graph” modificato G, costruito
incollando tra loro gli snake graph corrispondenti a particolari diagonali, ottenute da quelle di [a, b]
indentificando alcuni vertici del poligono. Otteniamo cosi ’espansione cluster di x4 in termini di
“perfect matching” di Ggp. Questo estende il lavoro di Musiker per le algebre cluster di tipo B e C
a ogni seme.

D’altra parte, la teoria delle rappresentazioni dei quiver simmetrici é stata sviluppata da Derksen
e Weyman, e Boos e Cerulli Irelli. Un quiver simmetrico ¢ un quiver () con una involuzione dei
vertici e delle frecce che inverte 'orientazione delle frecce. Una rappresentazione simmetrica é una
rappresentazione ordinaria di (), con il dato aggiuntivo di un prodotto scalare, e la richiesta che ogni
coppia duale di frecce agisca in modo antiaggiunto rispetto ad esso. Le rappresentazioni simmetriche
sono di due tipi: ortogonali e simplettiche. Esse formano una categoria additiva non abeliana.

Nel lavoro di tesi associamo un quiver simmetrico di tipo As,_1 a ogni seme di un’algebra cluster
di tipo B, e Cy,. In questo modo, le variabili cluster di tipo By, (rispettivamente, C,) sono in biezione
con le rappresentazioni indecomponibili ortogonali (rispettivamente, simplettiche) di ¢). Forniamo,
inoltre, una mappa di Caldero-Chapoton in questo contesto. Diamo, infine, un’interpretazione
categorica della formula di espansione cluster nel caso di quiver aciclici, e presentiamo una congettura

per il caso ciclico.

Parole chiave: algebre cluster, quiver simmetrici, rappresentazioni simmetriche, poligoni trian-

golati, snake graph, coefficienti principali.
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Abstract

In this thesis we present a categorification of cluster algebras of type B and C' through a specific
class of symmetric quivers arising from triangulations of polygons.

Let Po,10 be the regular polygon with 2n + 2 vertices. Let 6 be the rotation of 180°. Fomin
and Zelevinsky showed that f-invariant triangulations of Pa, 19 are in bijection with the clusters of
cluster algebras of type B, and C),. Furthermore, cluster variables correspond to the orbits of the
action of # on the diagonals of the polygon.

Given a f-invariant triangulation T of Po,12, we define cluster algebras of type B, and C,
with principal coefficients in T, and we prove an expansion formula for the cluster variable z,
corresponding to the #-orbit [a, b] of the diagonal which connects the vertices a and b. The formula
we present is given in a combinatorial way. On the one hand, it expresses each cluster variable of
type B, and C), in terms of cluster variables of type A,, on the other hand, it allows us to get its
expansion in terms of the cluster variables of the initial seed.

Moreover, we associate to each 8-orbit [a,b] of Pa, o a modified snake graph G,p, constructed
by gluing together the snake graphs corresponding to particular diagonals, obtained from those of
[a, b] by identifying some vertices of the polygon. Then we get the cluster expansion of x4, in terms
of perfect matchings of G,;. This extends the work of Musiker for cluster algebras of type B and C'
to every seed.

On the other hand, the representation theory of symmetric quivers was developed by Derksen
and Weyman, as well as Boos and Cerulli Irelli. A symmetric quiver is a quiver () with an involution
of vertices and arrows which reverses the orientation of arrows. A symmetric representation is an
ordinary representation of () equipped with some extra data that forces each dual pair of arrows to
act anti-adjointly. Symmetric representations are of two types: orthogonal and symplectic. They
form an additive category which is not abelian.

We associate a cluster tilted bound symmetric quiver @ of type Ao,_1 to any seed of a cluster
algebra of type B,, and C),,. Under this correspondence, cluster variables of type B,, (resp. C,)
are in bijection with orthogonal (resp. symplectic) indecomposable representations of ). We find
a Caldero-Chapoton map in this setting. We also give a categorical interpretation of the cluster

expansion formula in the case of acyclic quivers, and we present a conjecture for the cyclic case.

Keywords: cluster algebras, symmetric quivers, symmetric representations, triangulated poly-

gons, snake graphs, principal coefficients.
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Introduction

Cluster algebras, discovered by Fomin and Zelevinsky and introduced in their seminal paper [30], are
commutative algebras with a special combinatorial structure. Their first aim was to find an algebraic
and combinatorial framework for understanding, on the one hand, canonical bases in certain quan-
tum groups, on the other hand, total positivity in certain varieties. Among these algebras one finds
coordinate rings of many algebraic varieties: for instance, homogeneous coordinate rings of Grass-
mannians, Schubert varieties, and other related varieties carry a cluster algebra structure. Since its
inception, the theory of cluster algebras was extremely successful, and many exciting connections
and applications to a number of different research areas have been found over the years, including
representation theory of finite dimensional algebras and Lie algebras, combinatorics, preprojective
algebras, Calabi-Yau algebras and categories, algebraic and hyperbolic geometry, dynamical sys-

tems, and knot theory.

A cluster algebra is a subalgebra of a field of rational functions in n variables x1,...,x, that
is generated by the so called cluster variables. Cluster variables are constructed recursively from
an initial seed by a process called mutation, and they are grouped into overlapping sets of constant
cardinality n, the clusters. A cluster algebra is said to be of finite type if it has a finite number of
cluster variables. Cluster algebras of finite type are classified by Dynkin diagrams, in the same way
as semisimple Lie algebras and finite root systems [31].

A remarkable result in the theory states that every cluster variable u is a Laurent polynomial

in the cluster variables z1, ..., x, of the initial cluster, i.e.,
U = w’ (0.0.1)
[
i=1
where f is a polynomial, and d, ..., d, are non-negative integers. This is usually referred to as the

Laurent phenomenon (30|, and the right hand side of 0.0.1 is the cluster expansion of u in the

initial cluster variables.

Fomin, Shapiro and Thurston in [26, 27|, and Labardini-Fragoso in [38], initiated the study of
cluster algebras, and quivers with potential, arising from triangulations of surfaces with boundary
and marked points. In their approach, cluster variables correspond to arcs in the surface, and
clusters correspond to triangulations. Musiker and Schiffler in [40], and Musiker, Schiffler and

Williams in [41], gave an expansion formula for the cluster variables in terms of perfect matchings




of some labeled graphs, called snake graphs, that are recursively constructed from the surface by

gluing together elementary pieces called tiles.

Let Pg,19 be the regular polygon with 2n + 2 vertices. Let 6 be the rotation of 180°. Fomin and
Zelevinsky showed in [31] that #-invariant triangulations of Pg,o are in bijection with the clusters
of cluster algebras of type B, and C},. Furthermore, cluster variables correspond to the orbits of the
action of # on the diagonals of Py, o, which can be either diameters or pairs of centrally symmetric
non-diameter diagonals. In this thesis, given a #-invariant triangulation 7', we define cluster algebras
of type B,, and C,, with principal coefficients in T', and we find an expansion formula for the cluster
variable x4, corresponding to the G-orbit [a,b] of the diagonal (a,b) which connects the vertices a
and b (cf. Theorem 2.2.2, Theorem 2.3.7). The formula we present is given in a combinatorial way.
On the one hand, it expresses each cluster variable of type B,, and C,, in terms of cluster variables
of type A,, on the other hand, it allows one to get its expansion in terms of the cluster variables of
the initial seed.

Moreover, we associate to each #-orbit [a, b] of Pg, 9 a modified snake graph G,;, constructed by
gluing together the snake graphs corresponding to particular diagonals obtained from those of [a, b]
by identifying some vertices of the polygon. Then we get the cluster expansion of x4, in terms of
perfect matchings of Gy (cf. Theorem 3.2.14, Theorem 3.2.27). This extends the work of Musiker
[39] for cluster algebras of type B and C to every seed.

Several other works on cluster expansion formulas for cluster algebras of type B and C' exist
in the literature. In particular, Nakanishi and Stella provide in [42] a diagrammatic description of
the g-vectors of cluster algebras of type B and C, while Reading studies them in [45] using ring
homomorphisms between cluster algebras of type B and C', and cluster algebras of type A, induced
by the fact that exchange matrices of type B, and C,, “dominate” exchange matrices of type A,.
Moreover, a cluster algebra of type B,, (resp. Cy,) can be realized as a disk with one orbifold point of
weight 2 (resp. %), and n+ 1 boundary marked points [23]. In [25], Felikson and Tumarkin compute
g-vectors for cluster algebras from orbifolds, including type B and C, in terms of laminations on the
orbifolds. In [12], Canakci and Tumarkin introduce snake and band graphs associated to curves in
a triangulated orbifold with orbifold points of weight %, including type C. Furthermore, a relation
between skew-symmetric and skew-symmetrizable cluster algebras has been investigated in [22, 24]
via folding. Finally, in [2|, Banaian and Kelley extend the snake graph construction of Musiker,
Schiffler and Williams [41] to generalized cluster algebras from unpunctured orbifolds, including

generalized cluster algebras of type B and C.

The link between cluster algebras and representation theory gave rise to the so-called additive
categorification of cluster algebras [6]. Additive categorification has been widely prolific, from
providing the first proof of one of the foundational conjectures of the theory (the linear independence
of cluster monomials [15]) for skew-symmetric cases, the description of generic bases by Geiss, Leclerc
and Schroer [33] and Keller’s proof of the periodicity conjecture of Zamolodchikov [37]. Furthermore,
the insights from cluster theory have led to important developments in representation theory, the

most important of which being tau-tilting theory, a very active field of study.
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At the moment, additive categorification is an incomplete theory: it mostly exists for skew-
symmetric cluster algebras. The most ambitious objective in the theory is to find an additive
categorification for all skew-symmetrizable cluster algebras.

In this thesis we present an additive categorification of cluster algebras of type B and C through
symmetric representations of a specific class of symmetric quivers, arising from triangulations of

polygons invariant under the reflection along a fixed diameter.

The representation theory of symmetric quivers was developed by Derksen and Weyman in [19],
as well as Boos and Cerulli Irelli in [5]. A symmetric quiver is a quiver () with an involution o
of vertices and arrows which reverses the orientation of arrows. A symmetric representation is an
ordinary representation equipped with some extra data that forces each dual pair (o, o(«)) of arrows
of Q to act anti-adjointly. Symmetric representations are of two types: orthogonal and symplectic.
They form two additive categories which are not abelian.

Derksen and Weyman in [19] stated the correspondence between positive roots of a root system of
type By, (resp. Cy,) and orthogonal (resp. symplectic) indecomposable representations of symmetric
quivers of type As,_1. On the other hand, from the classification of finite type cluster algebras,
we know that positive roots of type B,, and C,, correspond to non-initial cluster variables of type
By, and C,,. Therefore, there is a one-to-one correspondence between non-initial cluster variables of
type By, (resp. Cy,) and orthogonal (resp. symplectic) indecomposable representations of symmetric
quivers of type As,_1. One of the aims of this thesis is to find explicitly this bijection. In the process
of doing this, we extend it to any symmetric quiver in the mutation class of a symmetric quiver of

type Az, 1.

Let T be a #-invariant triangulation of Pg,42. The quiver naturally associated to it (cf. Def-
inition 1.1.10) is not symmetric. In order to get a symmetric quiver, we apply to the polygon an
involution which depends on the orientation of the unique diameter d of T'; we call it F,. It con-
sists of cutting Pa, 12 along d, then reflecting the right part with respect to the axis of symmetry
of d, and finally gluing it again along d. Fy induces an action on isotopy classes of diagonals of
the polygon. Let p denote the reflection of the polygon along d. Under the bijection Fy, #-orbits
correspond to p-orbits. In particular, diameters correspond to p-invariant diagonals, while pairs of
centrally symmetric diagonals correspond to p-invariant pairs of diagonals which are not orthogonal
to d. Let T' be the element in the isotopy class of F;(T) which is also a triangulation. Then 7"
is a p-invariant triangulation of Pa, o which contains d. Therefore, the quiver Q(T”) associated
to T" is a cluster-tilted bound symmetric quiver of type As,_1 with no fixed arrows. Furthermore,
indecomposable representations L, of Q(T") correspond to diagonals v of P, o which are not in
T’, and indecomposable symmetric representations correspond to their p-orbits. It follows that,
in particular, non-initial cluster variables of type B, (resp. C,) correspond to orthogonal (resp.
symplectic) indecomposable representations of Q(7").

Furthermore, formulas of Theorem 3.2.14 (type B) and Theorem 3.2.27 (type C) give the cluster
expansion of each cluster variable associated to a #-orbit in terms of the cluster variables of the
initial seed. It follows from the above correspondence that, given a cluster-tilted bound symmetric

quiver @ of type Ag,—1 with no fixed arrows, they allow us to express the type B, (resp. C),) cluster
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variable that corresponds to an orthogonal (resp. symplectic) indecomposable representation of @
in terms of the initial cluster variables. In other words, we get a Caldero-Chapoton like map |[7]
from the categories of orthogonal and symplectic representations of cluster tilted bound symmetric
quivers of type Ag,—1 (with no fixed arrows) to cluster algebras of type B,, and C),.

To conclude, we give a categorical interpretation of Theorem 2.2.2 in the case where Q(T") has

no oriented cycles. We also present a conjecture in the cyclic case.

This approach could be used to produce a categorification of other classes of non-skew-symmetric
cluster algebras through the representation theory of symmetric quivers. For example, they could
provide an alternative categorification of non-skew-symmetric cluster algebras associated by Felik-
son, Shapiro and Tumarkin [23] to surfaces with marked points and order-2 orbifold points. These
algebras have been categorified in the work of Geuenich and Labardini-Fragoso [35, 36] by species
with potential.

In literature there are other different categorifications of cluster algebras of type B and C. In [34]
Geiss, Leclerc and Schroer use categories of locally free modules over certain Iwanaga-Gorenstein
algebras; in [18] Demonet uses exact stably 2-Calabi-Yau categories endowed with the action of a
finite group; in [35, 36] Geuenich and Labardini-Fragoso use species with potential. On the other
hand, in [3] Bazier-Matte, Chan and Wright use symmetric representations to give a categorification

of quasi-cluster algebras from non-orientable surfaces.

The dissertation is organized as follows.

e In Chapter 1 we give an overview of cluster algebras of geometric type. We recall the definition
and the main results of the theory, including the Laurent phenomenon, the separation of
addition, and the finite type classification. In Section 1.2.1 we report some classical examples
of cluster algebras of small rank. In Section 1.3.1 we focus on cluster algebras with principal
coefficients, that are the setting in which we will work in the following chapters. We give
the definition of F-polynomial and g-vector of a cluster variable, and explain their key role
in its expansion in the initial cluster variables in a cluster algebra with arbitrary choice of
coefficients. In Sections 1.4.1 and 1.4.2 we recall the combinatorial description of the seed
patterns of type A,, B, and C,, in terms of diagonals of a regular polygon, and orbits of the
action of § on the diagonals, respectively. These models will be used in Chapter 2 to find the

cluster expansion formulas for cluster algebras of type B, and C,.

e In Chapter 2, mostly based on [17], we introduce cluster algebras of type B, and C,, with
principal coefficients in a given f-invariant triangulation of Ps, 5. Moreover, we define a
simple operation on the diagonals of the polygon, the restriction (cf. Definition 2.1.1), which
allow us to relate cluster variables of type B, and C,, to cluster variables of type A,. The
main results of the chapter are the cluster expansion formulas for type B (cf. Theorem 2.2.2)
and C (cf. Theorem 2.3.7). They are given in a combinatorial way, and the proofs rely on the

geometric model for cluster algebras of type A, B and C' discussed in Chapter 1.

e In Chapter 3, mostly based on [16], we associate a modified snake graph G,; to each 6-orbit

Azzurra Ciliberti 4



[a,b], and prove that the perfect matching Laurent polynomial of G, is precisely the cluster
variable which corresponds to [a, b]. The shape of G,; has been inspired by the work of Musiker
for cluster algebras of type B and C' [39], which this chapter extends to every seed.

e Chapter 4 is devoted to a recollection on quiver representations, and it gives the background
necessary for the last chapter. We review the notions of projective and injective modules (Sec-
tion 4.1.1), quivers and path algebras (Section 4.2), representations of bound quivers (Section
4.3.1), representations of type A quivers given by diagonals of a polygon (Section 4.3.2),
quiver Grassmannians (Section 4.3.3), F-polynomials and g-vectors of quiver representations

(Section 4.3.4), Auslander-Reiten translation and Auslander-Reiten formulas (Section 4.4).

e Finally, in Chapter 5, mostly based on [17], we present the categorification of cluster algebras
of type B and C' mentioned above. First, in Section 5.1, we give an introduction to symmetric
representation theory. Then, in Section 5.4, we explain how each cluster variable of type B,
and C), corresponds to a symmetric indecomposable representation of a cluster tilted bound
symmetric quiver of type As,_1. Finally, in Section 5.5, we show a categorical interpretation
of the formula relating cluster variables of type B to cluster variables of type A (cf. Theorem
2.2.2 of Chapter 2), in the case of quivers without oriented cycles. This result (cf. Theorem
5.5.15) relies on the cluster multiplication formula of Cerulli Irelli, Esposito, Franzen, Reineke
[14] for acyclic quivers. We also present a conjectural extension of this formula to the case of

bound quivers, and provide several examples supporting our conjecture.

Azzurra Ciliberti 5



Chapter 1
Cluster algebras

This chapter is devoted to give an exhaustive overview of cluster algebras of geometric type. We
recall the definition and the main results of the theory, including the Laurent phenomenon, the
separation of addition, and the finite type classification. In Section 1.2.1 we report some classical
examples of cluster algebras of small rank. In Section 1.3.1 we focus on cluster algebras with
principal coefficients that are the setting in which we will work in the following chapters. We give
the definition of F-polynomial and g-vector of a cluster variable, and explain their key role in its
expansion in the initial cluster variables in a cluster algebra with arbitrary choice of coefficients. In
Sections 1.4.1 and 1.4.2 we recall the combinatorial description of the seed patterns of type A,, By,
and C), in terms of diagonals of a regular polygon, and orbits of the action of 8 on the diagonals,
respectively. These models will be used in Chapter 2 to find the cluster expansion formulas for

cluster algebras of type B, and C,,. For the exposition we follow mainly [28-32].

1.1 Mutations of quivers and matrices

In this section we introduce the concepts of mutations of quivers and skew-symmetrizable matrices,

which lie at the heart of the combinatorial framework for the general theory of cluster algebras.

Definition 1.1.1. A (finite) quiver Q@ = (Qo, @1, s, t) is an oriented graph, consisting of vertices and
directed edges called arrows. Qo and @1 denote the finite set of vertices and arrows, respectively,
while s,t : Qo — Q1 are two functions that provide the orientation « : s(a) — t(a) of arrows.
Multiple edges are allowed, while loops (i.e., arrows connecting a vertex to itself) and oriented
2-cycles (i.e. pairs of arrows with opposite orientation which connect the same pair of vertices) are
not allowed. A quiver does not have to be connected. Some vertices of the quiver are designated
as frozen. They are usually represented by square boxes in the quiver. The remaining vertices are

called mutable. We assume that there are no arrows between pairs of frozen vertices.

The terminology in Definition 1.1.1 anticipates the role that quiver mutations play in the forth-
coming definition of a cluster algebra; where the vertices of a quiver are labeled by the elements
of an extended cluster, so that the frozen vertices correspond to frozen variables, and the mutable

vertices to the cluster variables.




1.1. Mutations of quivers and matrices

Definition 1.1.2. Let @ be a quiver. Let k£ be a mutable vertex of Q). The quiver mutation py,
transforms ) into a new quiver Q' = u(Q) via a sequence of three steps:
1. for each oriented two-arrow path i — k — j, if at least one between i and j is mutable, add

a new arrow ¢ — j, otherwise do nothing;
2. reverse the orientation of all arrows incident to k;
3. remove all oriented 2-cycles.

Example 1.1.3. Let @ be the quiver on the left of Figure 1.1, where vertices 1,2,3 are mutable,

while vertices 4,5,6 are frozen. We compute pa(Q).

A
— 25— 3 1 — 2 3

T 7
4] [5]  [6] 4] [5]  [6]

Figure 1.1: The quiver mutation us of the quiver on the left gives the quiver on the right.

Remark 1.1.4. If a vertex k of a quiver is a sink, i.e. it has no outgoing arrows, or a source, i.e. it
has no incoming arrows, then the mutation at k reverses the orientations of all arrows incident to k,
and does nothing else. This operation was first considered in the context of quiver representation

theory (the reflection functors of Bernstein, Gelfand, Ponomarev [4]).
We now list some simple but important properties of quiver mutation.

Lemma 1.1.5. 1. Mutation is an involution: up(ur(Q)) = Q.
2. Mutation commutes with the simultaneous reversal of orientations of all arrows of a quiver.

3. Let k and ¢ be two mutable vertices which have no arrows between them. Then mutations at k
and £ commute with each other: py(uk(Q)) = uk(pe(Q)). In particular, mutations in different

connected components of a quiver do not interact with each other.

Definition 1.1.6. Two quivers @ and Q' are called mutation equivalent if Q@ can be transformed
into ' by a sequence of mutations. The mutation equivalence class of a quiver @ is the set of all

quivers which are mutation equivalent to Q).

Example 1.1.7. Consider the quiver @) at the top left of Figure 1.2. All three vertices of ) are

mutable. Figure 1.2 shows the mutation equivalence class of @), up to labeling of vertices.

Azzurra Ciliberti 7



1.1. Mutations of quivers and matrices

SN NS

o< —— 06— @

Figure 1.2: The mutation equivalence class of Q.

Example 1.1.8. The quiver @) in Figure 1.3 is known as the Markov quiver. Mutating @ at any of
its 3 vertices produces a quiver which is equal to @), so the mutation equivalence class of () consists

of a single element.

1 5 3
Figure 1.3: The Markov quiver.

Definition 1.1.9. A quiver () is said to have finite mutation type if the mutation equivalence class
of @) is finite.

1.1.1 Triangulations of polygons

Let P,,, be a polygon with m vertices. Two diagonals of P,, are called crossing if they are distinct
and have a common interior point. A triangulation of P,, is a maximal collection of pairwise non-
crossing diagonals. In this section we associate a quiver to each triangulation of P,,, and explain

how flips of diagonals of such triangulations correspond to mutations of the associated quivers.

Definition 1.1.10. Let T be a triangulation of P,,. The quiver Q(T") associated to T' is defined
as follows. The vertices of Q(T') are labeled by the diagonals of T'. If two diagonals belong to
the same triangle, we connect the corresponding vertices in Q(7') by an arrow whose orientation
is determined by the counterclockwise orientation of the boundary of the triangle. See Figure 1.4.

Q(T) has no fronzen vertices.

The following lemma explains how flipping a diagonal v in a triangulation T, i.e., replacing v in
the quadrilateral formed by the two triangles of T" which contain 7y, by the other diagonal 4" of the

same quadrilateral, as in Figure 1.5, corresponds to a mutation of the associated quiver:

Lemma 1.1.11. Let T be a triangulation of P, as above. Let T' be the triangulation obtained from
T by flipping a diagonal vy. Then the quiver Q(T") is obtained from Q(T) by mutating at the vertex
labeled by ~.

Azzurra Ciliberti 8
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AN

Figure 1.4: The quiver Q(T') associated to a triangulation T' of an octagon.

Figure 1.5: Flip of the diagonal ~.

The construction of Definition 1.1.10 can be generalized to triangulations of more general ori-

ented surfaces with boundary and punctures. See [26] for details.

1.1.2 Matrix mutation

In this section, we extend the notion of mutation from quivers to a specific class of matrices. We
begin by explaining how matrices can be viewed as generalizations of quivers, and by rephrasing

quiver mutations in terms of operations on matrices.

Definition 1.1.12. Let @ be a quiver (cf. Definition 1.1.1) with m vertices, n of them mutable.
We label the vertices of ) by the indices 1,...,m so that the mutable vertices are labeled 1,...,n.
The extended exchange matriz of Q is the m x n matrix B(Q) = (b;;) defined by

—{ if there are £ arrows from vertex i to vertex j in Q;
bij =4/ if there are ¢ arrows from vertex j to vertex ¢ in @Q;

0 otherwise.

Azzurra Ciliberti 9
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The exchange matriz B(Q) is the n x n skew-symmetric submatrix of B(Q) occupying the first n
rows:

B(Q) - (bz‘j)?,jzl .

Example 1.1.13. Consider the Markov quiver () shown in Figure 1.3. Then

0o -2 2
B@Q=B@Q=|2 0 -2
-2 2 0

Remark 1.1.14. While the definition of B(Q) depends on the choice of labeling of the vertices
of @ by the integers 1, ..., m, we often consider extended exchange matrices up to a simultaneous

relabeling of rows and columns 1,2,...,n, and a relabeling of the rows n+1,n+2,...,m.
It can be easily seen that:
Lemma 1.1.15. Let k be a mutable vertex of a quiver Q. The extended exchange matriz B(uy(Q)) =
(bi;) of the mutated quiver py(Q) is given by
—b;j ifi=korj=k;
bij + bipbr;  if by, > 0 and by; > 0;

bij = (1.1.1)
bij — bixbrj if by, <0 and by; <0

bij otherwise.

Using 1.1.1 we can extend the definition of mutation from skew-symmetric matrices, i.e., mutable

parts of quivers, to a more general class of matrices:

Definition 1.1.16. An n x n matrix B = (b;;) with integer entries is called skew-symmetrizable if
d;b;j = —d;bj; for some positive integers di, ..., d,. In other words, a matrix is skew-symmetrizable
if it differs from a skew-symmetric matrix by a rescaling of its rows by positive integer scalars. The
diagonal matrix D = diag(dy,...,dy,) with diagonal entries dy,...,d, is called the symmetrizer of

B.

An m x n integer matrix whose top n X n submatrix is skew-symmetrizable is called an extended

skew-symmetrizable matrix.

Definition 1.1.17. Let B = (bij) be an m x n extended skew-symmetrizable integer matrix.
For k € {1,...,n}, the matriz mutation py in direction k transforms B into the m x n matrix

p1x(B) = (b;;) whose entries are given by 1.1.1.
By Lemma 1.1.15, matrix mutation generalizes quiver mutation.

Definition 1.1.18. Two matrices B and B’ are called mutation equivalent if B can be transformed
into B’ by a sequence of matrix mutations. The mutation equivalence class of a matrix B is the set

of all matrices which are mutation equivalent to B.
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Lemma 1.1.19. Under the conventions of Definitions 1.1.16 and 1.1.17, we have that

1. the mutated matriz pg(B) is again extended skew-symmetrizable, with the same choice of

dl?"'adn;

2. pk(px(B)) = B;

3. uk(=B) = —u(B);

4. pr(BT) = (up(B))T, where BT denotes the transpose of B;
5.

if bij = bji = 0, then p;(p;(B)) = pj(pi(B)).
Remark 1.1.20. It follows from Lemma 1.1.19 that the symmetrizer is constant in the mutation

class of B.

1.2 Cluster algebras of geometric type

Let m and n be two positive integers such that m > n. Let F be the field of rational functions

over C in m independent variables.

Definition 1.2.1. A labeled seed of geometric type in F is a pair (i,B) where
e X =(x1,...,2y) is an m-tuple of elements of F forming a free generating set, that is, x1, ..., zny

are algebraically independent, and F = C(z1,...,Zm);

e B = (bij) is an m x n extended skew-symmetrizable integer matrix.
One uses the following terminology:
e X is the (labeled) extended cluster of the labeled seed (X, B);

the n-tuple x = (z1,...,xy) is the (labeled) cluster of this seed;

e the elements x1,...,x, are its cluster variables;

e the remaining elements ,,41,..., 2z, of X are the frozen variables (or coefficient variables);
e the matrix B is the eztended exchange matriz of the seed;

e its top n x n submatrix B is the exchange matrix.
Two labeled seeds ¥ and Y’ define the same seed if ¥’ is obtained from ¥ by simultaneous relabeling

of the elements of X, and the corresponding relabeling of the rows and columns of B.

Definition 1.2.2. Let (X, B) be a labeled seed. Let k € {1,...,n}. The seed mutation u in
direction k transforms (X, B) into the new labeled seed py (%, B) = (X', B') defined as follows:

o B' = pu(B);

e the extended cluster X' = (%) = (74, ...,27,) is given by 2 = x; for j # k, where x) € F is

determined by the exchange relation

v, = [ a0+ [ 27" (1.2.1)
b

ik >0 b, <0

If the indexing set for one of the two monomials above is the empty set, then by convention the

corresponding product is set equal to 1.
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To keep track of the various labeled seeds one can obtain by mutation from a given one, one

introduces the following combinatorial setup:

Definition 1.2.3. Let T,, denote the n-reqular tree whose edges are labeled by the numbers 1, ..., n,

so that the n edges incident to each vertex receive different labels. See Figure 1.6.

Figure 1.6: The n-regular trees T,, for n = 1,2, 3.

k
We write t — t’ to indicate that vertices t,¢’ € T,, are joined by an edge labeled by k.

Definition 1.2.4. A seed pattern is defined by assigning a labeled seed (X(t), B(t)) to every vertex
k
t € T,, so that the seeds assigned to the endpoints of any edge t — t' are obtained from each

other by the seed mutation in direction k. A seed pattern is uniquely determined by any one of its

seeds. See Figure 1.7.

/
gwly €2, 1'32

Figure 1.7: Clusters in a seed pattern.

Now we are ready to see the definition of cluster algebra.

Definition 1.2.5. Let (X(t), B(t))ier, be a seed pattern as above, and let

x=Jx@

teTy
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be the set of all cluster variables appearing in its seeds. Let R = C[zy41, .. ., %] be the polynomial
ring generated by the frozen variables.

The cluster algebra A (of geometric type, over R) associated with the given seed pattern is the
R-subalgebra of the ambient field F generated by all cluster variables, i.e., A = R[X]. The rank
of a cluster algebra is the cardinality of each of its clusters (denoted above by n). Cluster algebras
without frozen variables are generally said to have trivial coefficients.

A common way to describe a cluster algebra is to choose an initial seed (Xo, Bo) in F and build a
seed pattern mutating from it. The corresponding cluster algebra, denoted A(%., BO), is generated
over the ground ring R by all cluster variables appearing in the seeds obtained from (X, Bo) by

repeated mutations. We note that A(Xo, Bo) does not depend on the choice of the initial seed.
The combinatorics of seed mutations is captured by the exchange graph of a cluster algebra.

Definition 1.2.6 (FEzchange graphs). The exchange graph of a cluster algebra A is the n-regular
(finite or infinite) connected graph whose vertices are the seeds of the seed pattern corresponding
to A, and whose edges connect the seeds related by a single mutation.

The exchange graph can be obtained as a quotient of the tree T,, modulo the equivalence relation

on vertices defined by setting ¢t ~ ¢’ whenever ¥; and X define the same seed.

Definition 1.2.7 (Finite type). A cluster algebra A is of finite type if its exchange graph is finite,
that is, A has finitely many distinct seeds.

We will see in Section 1.4 that cluster algebras of finite type correspond to finite root systems,
and that the property of a seed to define a cluster algebra of finite type depends only on the exchange

matrix B.

1.2.1 Examples of rank 1 and 2

In this section, we present some classical examples of cluster algebras of small rank.

Rank 1

This case is very simple. The tree T has two vertices, so we only have two seeds, and two clusters
(z1) and (). The extended exchange matrix B, can be any m x 1 matrix whose top entry is 0.
The single exchange relation has the form x; ) = M; + My where M; and My are monomials in the
frozen variables xo, . .., &, which do not share a common factor x;. The cluster algebra is generated

by x1, 2}, T2, . .., Tm, subject to this relation, and lies inside the ambient field F = C(x1, 22, ..., Zm).

Example 1.2.8. The coordinate ring of the subgroup U™ of unipotent upper-triangular 3 x 3

matrices

1 b
0 c| € SLg((C)
0 1

o = 2

is Cla, b, ¢]. This ring has the structure of a cluster algebra of rank 1 in which
e the ambient field is F = C(a, b, ¢);
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e the frozen variables are b and P = ac — b;
e the cluster variables are a and c;

e the single exchange relation is ac = P + b.

Rank 2

Any 2 x 2 skew-symmetrizable matrix looks like this:

4| b], (1.2.2)

—c 0

for some integers b and ¢ which are either both positive, or both equal to 0. Applying a mutation

(1 or pe to a matrix of the form (1.2.2) simply changes its sign.

Example 1.2.9. In the case b = ¢ = 0, the two mutations commute, because each pj changes
the sign of the entries in column k of the extended exchange matrix, and leaves the other column
untouched; as the two matrix columns do not affect each other, this case reduces to the rank 1 case.
We get four cluster variables x1, x9, z, 4, four clusters (x1,z2), (2}, 22), (21, 24), and (2, x}), and
two exchange relations of the form z12) = M; + My and z2, = M3 + My, where My, My, Ms, My

are monomials in the frozen variables.

For the rest of this section, we assume that b > 0 and ¢ > 0. We denote the cluster variables in

our cluster algebra A of rank 2 by
ce 3 B2y Z15 205 B15 R25 - v e s
so that the seed pattern looks like this:
(1 20) (2 2) (s 2) (2 2
.;[o —b}i[o b];[o —b}i[o b];
c 0 — 0 c 0 —c 0

where we placed each cluster on top of the corresponding exchange matrix. The extended exchange
matrix may have additional rows.

We denote by A = A(b, ¢) a cluster algebra of rank 2 which has exchange matrices + [_OC 8] and

trivial coefficients. The exchange relations in A(b, ¢) are, in the notation introduced above:

zp+1 if k is even;
Rk—1Rk+1 = (1.2.3)
22 +1 if kis odd.

Example 1.2.10. The cluster variables in the cluster algebra A(1,1) satisfy the recurrence

Zk—1 Zk+1 = 2 + 1. (1.2.4)
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Expressing everything in terms of the initial cluster (z1, z2), we get:

zo+1 z1+ 20+ 1 z1+1
zZ3 = y, R4 == ————————, Z5 = y, R = R1y R7T =22y 4.y (1.2.5)
21 Z1%22 22

so the sequence is periodic of period 5. Thus in this case, we have only 5 distinct cluster variables.

In the seed pattern, we will have:

( Z1 22) (Z3 22 ) (27 Z6 )
.i[o 1}L[0 —1]1...L[0 —1]1...
-1 0 1 0 1 0
Note that even though the labeled seeds containing the clusters (z1, z2) and (z7, z¢) are different, the
corresponding seeds coincide: just switch zg and z7, and interchange the rows and the columns in

the associated exchange matrix. Thus, this exchange pattern has 5 distinct seeds, and the exchange

graph of A(1,1) is a 5-cycle.

Example 1.2.11. Consider the cluster algebra A(1,4). Setting z; = 20 = 1 and applying the

recurrence (1.2.3), we see that the cluster variables z3, z4, . .. specialize to the following values:
2,3,41,14,937,67,21506, 321, 493697, 1538, 11333521, 7369, 260177282, . ..

This is not a periodic sequence, so the (unspecialized) sequence of cluster variables is also not
periodic. The interesting and surprising fact is that all these numbers are integers. If we recursively
compute the cluster variables 23, z4,... in terms of z; and zo, we see that all of them are Laurent

polynomials in z; and zo, i.e., their denominators are monomials:

z5+1
z3 = )
<1

o 3+l Z5 4z +1
4 Z9 Z1%9
zjf +1
23
2% + 42128 + 325 + 62825 + 82125 + 21 + 325 + 423 + 627 + 42 +1
3.4 )
2179

; Z5+1_z§+321z§1+22§+z§+3z%+321—|—1
0 24 2223 ’

z5 =

It follows that the evaluations of these expressions at z; = zo = 1 are integers. This is totally
4
Zytz1+1

. We will see in
21292

unexpected: for example, the computation of zg involves dividing by z4 =
the next section (cf. Theorem 1.3.7) that this phenomenon, known as Laurent phenomenon, occurs

in general.

Azzurra Ciliberti 15



1.3. Tropical semifields

1.3 Tropical semifields

In this section, we introduce the notion of semifield, and in particular of tropical semifield, which

will give us an important alternative way to encode the bottom part of an extended exchange matrix

B.

Definition 1.3.1. A semifield is an abelian group P, written multiplicatively, endowed with an
operation of auxiliary addition @ which is required to be commutative and associative, and satisfy

the distributive law with respect to the multiplication in P.

We emphasize that (P, @) does not have to be a group, just a semigroup, so it does not contain

an additive identity (or “zero”) element (unless P is trivial).

Definition 1.3.2. Let Trop(qi,...,qs) denote the multiplicative group of Laurent monomials in
the variables ¢, ..., q,. We equip Trop(qi, ..., qe) with the binary operation of tropical addition ®
defined by

J4 l J4

i b _ in(a;,b;
o o [Td - [T 1
=1 i=1 i=1

Lemma 1.3.3. Tropical addition is commutative and associative, and it satisfies the distributive

law with respect to the ordinary multiplication:

(p®q)r =proaqr

Thus Trop(qi, ..., qe) is a semifield, which we call the tropical semifield generated by q1, ..., qe.
The formalism of the tropical semifield, and its auxiliary addition, allows us to reformulate the
operation of matrix mutation in the following way. Let B be an m x n extended exchange matrix.
As before, xy11,. .., Ty are the frozen variables. We encode the bottom (m — n) x n submatrix

of B by the coefficient tuple y = (y1,...,yn) € Trop(Zpi1,...,Tm)" defined by

m
bsj .
yj = H xz,”, je{l,....,n}. (1.3.2)
i=n+1

Thus the matrix B contains the same information as its top n X n submatrix B together with the
coefficient tuple y.

Proposition 1.3.4. Let B = (b;;) and B’ be two extended skew-symmetrizable integer matrices
related by a mutation ug, and let'y = (y1,...,yn) and y' = (yi,...,y,,) be the corresponding
coefficient tuples (cf. (1.3.2)). Then

Ui if j = k;
yilye ®1)7%  if j #k and by; < 0; (1.3.3)

&
|

iyt @ 1) if j £k and by; > 0.

Let (X, B) be a labeled seed as before. Since the extended exchange matrix B contains the same

information as the exchange matrix B together with the coefficient tuple y defined by (1.3.2), we
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can identify the seed (X, B) with the triple (x,y,B). Abusing notation, we will also refer to such
triples as (labeled) seeds:

Definition 1.3.5. Let F be a field of rational functions over C in some m variables which include the
frozen variables Tp41,...,Tm. A labeled seed (of geometric type) of rank n is a triple ¥ = (x,y, B)
consisting of

e a cluster x, i.e. an n-tuple of elements of F such that the extended cluster x U {xpi1,...,Tm}

freely generates F;
e an exchange matriz B, i.e. a skew-symmetrizable integer matrix;

e a coefficient tuple y, i.e. an n-tuple of Laurent monomials in the tropical semifield Trop(zy+1, . .
We can now restate the rules of seed mutation in this language.

Proposition 1.3.6. Let (x,y,B) and (X',y’, B’) be two labeled seeds related by a mutation puy.
Then (x',y’, B") is obtained from (x,y,B) as follows:

o B' = (B);

o y' is given by (1.3.3);

o X' = (x—{x}) U{x}}, where x| is defined by the exchange relation

. 1 —b;
Ty x), = o H xi')m T H L by (1.3.4)

Yk @1 bir>0 Yk o1 bir <0

Equation (1.3.4) is used in [32] to define cluster algebras over an arbitrary semifield P. In the
definition of labeled seed, the coefficient tuple y is allowed to be an n-tuple of elements of P, and
the mutation rule is given by Proposition 1.3.6. The cluster algebra A associated with a given seed
pattern is defined as the ZP-subalgebra of F generated by all cluster variables, and it is denoted as
A = A(x,y, B), where (x,y,B) = (x¢,y:, B;) is any labeled seed in the underlying seed pattern.

When P = Trop(zp+1, ..., Tm), we recover cluster algebras of geometric type.

The examples of Laurentness that we have seen in Section 1.2.1 are actually special cases of the

following general phenomenon.

Theorem 1.3.7. Let A be a cluster algebra over an arbitrary semifield P. Then each cluster variable
x¢ can be expressed as a Laurent polynomial with coefficients in ZIP in the elements of any cluster

x = (21,...,%n), l.e. x4 can be written as a reduced fraction
flxy, ... xp)

n
d;
H L
i=1

T = , (1.3.5)
where f € ZP[x1, ...z, and d; € Z>p.

This is known as the Laurent phenomenon. The right hand side of equation 1.3.5 is called the

cluster expansion of x; in x.
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1.3.1 Cluster algebras with principal coefficients

Definition 1.3.8 (Principal coefficients). We say that a cluster algebra A has principal coefficients
in the initial seed 3¢, = (X¢y , Yty » Bty) if P = Trop(y1,...,yn) and y¢, = (y1,-..,Yn). In this case,
we denote A = A4(By,).

Remark 1.3.9. Definition 1.3.8 can be rephrased as follows: a cluster algebra A has principal
coefficients in the initial seed ¥, = (x¢,,¥1,,Bi,) if A is of geometric type, and the extended
exchange matrix Bto is of size 2n x n, and such that the top n x n part is By,, while the bottom

part is the n x n identity matrix.

We will see a formula that expresses a cluster variable, in an arbitrary cluster algebra with a
given initial exchange matrix By,, from the cluster variable in the corresponding cluster algebra

with principal coefficients. In order to write this formula, we need to introduce some notation.

Definition 1.3.10 (The functions Xy; and Fy;). Let A = Al(By,) be the cluster algebra with

principal coefficients in the initial seed 3¢, = (X4, , ¥, , Bt,) with

Xtg = (T1,-- 1 %n)s Yo = Wi,---5Yn), Biy = (bij) . (1.3.6)

Thus P = Trop(y1,...,yn), and all coefficients in all exchange relations (1.3.4) are monomials in
Y1,--.,Yn. By iterating these exchange relations, we can express every cluster variable Xy, as a
unique Laurent polynomial in x1, ..., x, whose coefficients are integer polynomial in y1, ..., y, (cf.
Theorem 1.3.7).

Let Fyy = Z[y1,...,yn) denote the polynomial with integer coefficients obtained from Xy, by

specializing all the z; to 1:

Fri(yr, - un) = X (1,0, Liyn, oo, yn)- (1.3.7)

Fy is called the F-polynomial of the cluster variable Xy.;.

k
For instance, we have Xy.,, = x4 and Fp,, = 1 for all ¢; and if t; — ¢, then

b; —b;
e [ i+ I ™
bik>0 bir<0
Xigsty = . v Frg, =y + 1.
k

Remark 1.3.11. Observe that Fy,; is also a subtraction-free rational expression over Q in y1, ..., ¥yn,

since mutations do not involve subtraction.

If F' is a subtraction-free rational expression over Q in several variables, P a semifield, and

Ui, ..., uy some elements of P, then we denote by F|p(ui,...,uy) the evaluation of F at uy,...,ug.
. 3+ 3

Fpr gxample, if Flup,ug) = u? —ujug +ul = thz, and P = Trop(yi1,y2), then Flp(y1,y2) =

yioys _

y1Dy2
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Theorem 1.3.12. Let A be a cluster algebra over an arbitrary semifield P, with initial seed given

by (1.3.6). Then the cluster variables in A can be expressed as follows:

Tps = X(;t|.7:($17'"7xn;y1a"'7yn)
t — .
Frle(y1s-- - yn)

(1.3.8)

)

Proof. See [32], Theorem 3.7. O

Formula (1.3.8) exhibits the “separation of additions” phenomenon: the numerator in the right-
hand side is totally independent of the auxiliary addition &, while the denominator does not involve

the ordinary addition in F.

Remark 1.3.13. It follows from Theorem 1.3.12 that knowing the expansion formula of a cluster
variable in the case where the cluster algebra has principal coefficients in the initial seed allows one

to compute the expansion formula for arbitrary coefficients.

0 1 -1
-1 0 1
0 1 -1 1 -1 0
Example 1.3.14. Let B=| -1 0 1 |,andletB=]1 1 -1
1 -1 0 -1 0 1
-1 0
0 1 -1
Let X = T1Y192 + Tay1 + T2 € A4(B), where y; = x4x67 Y2 = x4$77 according to (1.3.2). Then
T1T2 L5 L6
the F-polynomial of X is F' = y1y2+y1+1. Theorem 1.3.12 allows us to compute the corresponding
cluster variable z € A((xy,...,x7), B):
T4TE T4T T4
476 47+$346—|—CC2
Trs Tg s Tale T4X7 T4T6
1 + a3 + 22 2
" T1T2 _ T5 Xg T5 vy = T1THX7 + T3TL4T6 + T2X5

TATe T4X7 T4T6
[an D1 T1X2 12

I5 Te Ts5

The next Proposition and Corollary state the existence of a natural Z"-grading in a cluster
algebra with principal coefficients in the initial seed, with respect to which cluster variables are

homogeneous elements.

Proposition 1.3.15. Every Laurent polynomial Xy, is homogeneous with respect to the Z™-grading

mn Z[a:fcl, o xEly ] given by
deg(z;) = e;, deg(y;) = —b;, (1.3.9)

where ey, ..., e, are the standard basis of Z", and bj =Y, b;; €; is the j-th column of By,.

Proof. See [32], Proposition 6.1. O

Proposition 1.3.15 can be restated as follows:
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Corollary 1.3.16. Under the Z"-grading given by (1.3.9), the cluster algebra Ae¢(By,) is a Z"-
graded subalgebra of Z[a:itl, oo xElyr, oo ). All cluster variables in Ae(By,) are homogeneous

elements.

Definition 1.3.17. The vectors

g1
gor = | 1| =deg(Xe) €27, (1.3.10)

9n

given by the multi-degrees of the cluster variables in A4 (By,) with respect to the grading defined in

1.3.9, are called g-vectors, and gy.; is called the g-vector of the cluster variable Xj.;.

T1Y1Y2 + T3Y1 + T2
12

Example 1.3.18. The g-vector of the cluster variable X = of Example 1.3.14

Now the “separation of additions” result in Theorem 1.3.12 can be refined as follows.
Let 91,...,9, be given by
. bis
g5 =v; [ [ =" (1.3.11)
i

Corollary 1.3.19. Cluster variables in an arbitrary cluster algebra A = A(Xt,,¥t,, Bt,) can be

expressed in terms of the cluster variables of the initial seed (1.3.6) by the formula

_ Z,t|}'(y1 Un) xgln cgdn (1.3.12)
Fg;t\p(y1,--~7yn)

Tyt
Proof. See [32], Corollary 6.3. O
Remark 1.3.20. Knowing the cluster expansion of zy,; in the cluster variables of x;, is equivalent
to knowing the F-polynomial Fy,; and the g-vector gg; of Xy.;.

Example 1.3.21. The cluster expansion of the cluster variable X and x of Example 1.3.14 can be

computed using Corollary 1.3.19 as follows:

J192 + 9 - r3 T z3 1 T1y1y2 + x3y1 + T2
X:(y1y2+yl+1)$11:(ylgyzxfg+y1;2+l)x11: 7

T1T2
L= :L'4$6g313§i'7+ glxjxlfs oyl = (u% = 1)ay s
® ® 1 rs T9 Teg I3 Irs T2
s Te Ts
- 331$ch7 + T3x4%6 + T25
o 12 '

Let A = A4(By,) be the cluster algebra with principal coefficients in the initial seed 3;, =
(Xto , ¥to » Bty). Let Bt = (bﬁj) be the 2n x n extended exchange matrix at vertex ¢ of the seed

pattern corresponding to A. Another family of integer vectors is defined:
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Definition 1.3.22. The vectors
o = (b1 s> bhog) €Z" (1.3.13)

are called c-vectors, and cg; is called the c-vector of the cluster variable X.;.

B B . . . .
We denote by C, " (resp. G, °) the integer matrix with columns Cii,-..,Cpy (resp. with
columns gi.,...,8n:¢). These two matrices depend on the exchange matrix By, of the initial seed

Y4y, such that the cluster algebra A has principal coefficients in ¥4,. In particular, we have

CPo =G =T (the identity matrix). (1.3.14)

Families of c-vectors and g-vectors are related to each other by the following result:
Theorem 1.3.23. For any skew-symmetrizable exchange matriz By, and any t € T, we have

—_BT
to

(G = (¢, o), (1.3.15)

where BT stands for the transpose matriz of B.

Proof. See |43], Theorem 1.2. O

Remark 1.3.24. Note that in the case when By, is skew-symmetric, (1.3.15) takes the form
BT _ Bioy—1
(G°) =(C0)

1.4 Finite type classification

The subject of this section is the classification, obtained in [31], of cluster algebras of finite type,
which turns out to be completely parallel to the famous Cartan-Killing classification of semisimple
Lie algebras. We will see that the property of a cluster algebra with an initial seed (x,y, B) to be of
finite type depends only on the mutation class of the exchange matrix B, and not on the choice of
a coefficient tuple y. Such mutation classes are in one-to-one correspondence with Cartan matrices

of finite type, and so with finite root systems.

Definition 1.4.1. A square integer matrix A = (a;;) is called a symmetrizable generalized Cartan
matriz if it satisfies the following conditions:

e all diagonal entries of A are equal to 2;
e all entries out of the diagonal of A are non-positive;

e there exists a diagonal matrix D with positive diagonal entries such that the matrix DA is
symmetric.
We call A positive if DA is positive definite; this is equivalent to the positivity of all principal

minors. In particular, any such matrix satisfies

2 ..
det i =4 — QijQj; > 0,
A j5 2
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1.4. Finite type classification

or equivalently
A5G4 <3 for ¢ 75 j (141)

Positive symmetrizable generalized Cartan matrices are also called Cartan matrices of finite type.

Definition 1.4.2. The Dynkin diagram of an n x n Cartan matrix A is a graph with vertices
1,...,n in which vertices 7 and j # 4 are joined by one or more edges whenever a;; # 0, in the

following way:

Zo—o] if Ai5 = —1 and A5 = —1;
7’-:):-] if Ai5 = —1 and A5 = —2;
iErE-j if a;; = —1 and a;; = —3;

Example 1.4.3. Two examples of Dynkin diagrams are shown in Figure 1.8. The notation Bs and

Cs is explained in Figure 1.9.

2 -1 0

B; e—e«—>» -1 2 -1
0 -2 2
(2 -1 0]

C; o—e<X» -1 2 =2
0 -1 2

Figure 1.8: Dynkin diagrams and Cartan matrices of types Bz and Cs.

Remark 1.4.4. It is important to stress that the meaning of double and triple arrows in a Dynkin

diagram is very different from the meaning of multiple arrows in a quiver. A double arrow

1 2

in a Dynkin diagram corresponds to the submatrix

2 -1
-2 2
of the associated Cartan matrix. Meanwhile, a double arrow

1—=2

in a quiver corresponds to the submatrix

of the associated exchange matrix (cf. Definition 1.1.12).

A Cartan matrix is called indecomposable if its Dynkin diagram is connected. We recall the

following classical result on the classification of indecomposable Cartan matrices of finite type:
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Theorem 1.4.5. Dynkin diagrams in Figure 1.9 form a complete list of connected Dynkin diagrams

corresponding to indecomposable Cartan matrices of finite type.

Proof. See for example [13], Section 6.4. d
A, (n>1) e o o o o o o o
B,(n>2) e —e —eo o o o e >

Cpn (n>3) L N = e |

D,, (n>4) »—o—o—o—o—o—<
Eg »—O—I—o—q

Eg '—‘—‘—‘—I—‘—'
Fy e« > 9o e

Go —

Figure 1.9: Dynkin diagrams of indecomposable Cartan matrices. The subscript n indicates the number
of nodes in the diagram.

The relationship between Cartan matrices and skew-symmetrizable matrices, i.e., exchange ma-
trices of cluster algebras, is based on the following definition:

Definition 1.4.6. Let B = (b;;) be a skew-symmetrizable integer matrix. Its Cartan counterpart

is the symmetrizable generalized Cartan matrix

A= A(B) = (as) (1.4.2)
of the same size, defined by
2 ifv=7;
ai; = - (1.4.3)
—|bij| if i # 5.

The main result of this section is the following classification of cluster algebras of finite type:

Theorem 1.4.7. A cluster algebra is of finite type if and only if one of the seeds of the corresponding

seed pattern contains an exchange matriz B whose Cartan counterpart A(B) is a Cartan matriz of

finite type.
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Proof. See |31], Theorem 1.4. O

Remark 1.4.8. It follows from Theorem 1.4.7 that the property of a cluster algebra to be of finite
type depends only on the exchange matrix B of one of its seeds, and not on the coefficient tuple y.
In particular, the top n x n submatrix B of an extended exchange matrix B determines whether a
seed pattern of geometric type has finitely many seeds or not. The bottom part of B has no effect

on this property.

Definition 1.4.9. Let X, be a Dynkin diagram on n vertices. A cluster algebra of rank n is said
to be of type X, if one of the exchange matrices of its seeds has Cartan counterpart of type X,,.
Abusing notation, we will say that a skew-symmetrizable matrix B is of type X, if it defines a
cluster algebra of type X,,, i.e., if it is mutation equivalent to a skew-symmetrizable matrix B’ such

that its Cartan counterpart A(B’) is a Cartan matrix of type X,,.
Example 1.4.10. The matrices

B R A A

are of types Ay LI Ay, As, Bo, and Go, respectively.

Remark 1.4.11. It follows from Theorem 1.4.7 that each cluster algebra of finite type has a well-
defined Cartan-Killing type (e.g., Ay, By, etc.).

Let A = (aij)ijer be a Cartan matrix of finite type, and A = A(x,y, B) a cluster algebra of
finite type related to A as in Theorem 1.4.7. Let ® be the root system associated with A, with the
set of simple roots II = {«; : i € I'}. Simple reflections s; act on simple roots by s;(a;) = oj — a0 .
Let x4, = {x; : @ € I} be the cluster for the initial seed (x¢,,yt,, Bt,). We will use the shorthand

Tt = H z}* for any vector a = Y icr @ity in the root lattice.
i€l
The following result shows that the cluster variables of A are naturally parameterized by the

set &>_1 = &9 U (—1I) of almost positive roots:

Theorem 1.4.12. There is a unique bijection o — x[a] between the almost positive roots in ® and
the cluster variables in A such that, for any a € ®>_;, the cluster variable x[a] is expressed in

terms of the initial cluster xq, = {x; :i € I} as

z[a] = , (1.4.4)

where P, is a polynomial over ZP with non-zero constant term. Under this bijection, x[—a;] = x; .

Proof. See [31], Theorem 1.9. O

Remark 1.4.13. Formula (1.4.4) is an example of the Laurent phenomenon established in Theorem

1.3.7 for arbitrary cluster algebras.
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1.4.1 Seed patterns of type A,

Let ® be a root system of type A,. The set of almost positive roots ®>_; is identified with
the set of all diagonals of a regular (n + 3)-gon P,i3 in the following way: the roots in —II
correspond to the diagonals on the “zig zag” shown in Figure 1.10, while each positive root a; +
Qi1+ -+a; corresponds to the unique diagonal that crosses precisely the diagonals corresponding
to —ay, =@y, ..., —a; (see Figure 1.11).

Clusters are in bijection with triangulations of P, 3, i.e., maximal collections of non-crossing
diagonals. Moreover, mutations correspond to flips, so two triangulations are joined by an edge in
the exchange graph if and only if they are obtained from each other by replacing a diagonal in a
quadrilateral formed by two triangles of the triangulation by the other diagonal of the same quadri-
lateral, as in Figure 1.12. Furthermore, the exchange matrix of the seed whose cluster corresponds
to a triangulation T' = {71,...,7,} of P,3 is given by the n x n matrix B(T) = (b;;(T)) defined
by:

1 if 7, and 7; are two sides of a triangle in T,
with 7; following 7; in counterclockwise order;
bij(T) = ¢ —1 if 7; and 7; label two sides of a triangle in T, (1.4.5)

with 7; following 7; in counterclockwise order;

0 if 7; and 7; do not belong to the same triangle in T.

Remark 1.4.14. The skew-symmetric matrix B(T') is the exchange matrix of the quiver Q(T)
described in Definition 1.1.10 and Figure 1.4.

—Qy

—ag3

_al

Figure 1.10: The “zig zag” in type As
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Figure 1.11: Labeling of the diagonals in type As

Therefore, we can describe the cluster variables and the exchange relations of cluster algebras
of type A, in concrete combinatorial terms. For a diagonal (a,b) which connects vertices a and b of
P13, we denote by () the cluster variable x[a] associated to the root a corresponding to (a, b),
with the convention that z(,; = 1 if a and b are two consecutive vertices of Py, 3.

It follows from the above discussion that exchange relations in a cluster algebra of type A, have

the form
T(ab)T(e.d) = Paped ¥(a.d) T(v.0) + Paped Tae) T(bd) (1.4.6)

where a, d, b, c are any four vertices of P, 3 taken in counter-clockwise order, and paib cq are elements

of the coefficient semifield P. See Figure 1.12.
c

Figure 1.12: Exchanges in type A,.

Definition 1.4.15. If A = A4(B(T)) is a cluster algebra of type A, with principal coefficients
in the initial seed whose cluster corresponds to the triangulation T of P, 3, we say that A has

principal coefficients in T, and we denote it by AZ(T).

In this case the coefficients p;kb .q can be explicitly determined from T. The following definition
and proposition are just a restatement of Definition 17.2 and Proposition 17.3 of [27] in the case of

diagonals of a polygon.
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Definition 1.4.16. Let v = (a, b) be a diagonal of P, 3. The elementary lamination associated to
7 is the segment L. which begins at a point a’ € P located near a in the clockwise direction, and
ends at a point ¥’ € P near b in the clockwise direction. If T = {71,...,7,} is a triangulation of
P, 3, then we let L; denote L.

Figure 1.13: A triangulated octagon with the elementary lamination associated to each diagonal of the
triangulation (in blue).

dy
Notation 1.4.17. Let d = | : | € Z%,. We denote by y9 the monomial yfl R Vi
dn

Proposition 1.4.18. Let AXNT) be a cluster algebra of type A, with principal coefficients in a
triangulation T = {71,...,7n} of Pnys. Let (a,b) and (c,d) be two diagonals which intersect each
other. Then

T(ap)T(ed) = YT (ad) Toe) T Y T (a) T(o,a)s (1.4.7)

where dacpd (resp., dadpe) is the vector whose i-th coordinate is 1 if L; crosses both (a,c) and (b, d)
(resp., (a,d) and (b,c)); 0 otherwise.

Proof. See |27], Proposition 17.3. O

a/\d

Cc \/ b
Example 1.4.19. Let .Af‘(T) be the cluster algebra of type A3 with principal coefficients in the

triangulation of the hexagon in Figure 1.14. Using Proposition 1.4.18, we compute the cluster

variables x,, 2, € AZX(T), where 41 and 79 are the two diagonals depicted in blue in the picture.
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71

Figure 1.14: Two exchange relations in a triangulated hexagon.

We have
Ty T3 = Y3 + T2,
and so
. + T2
Y1 T3 .
Therefore its F-polynomial and g-vector are
0
F,=ys+1, and 8y = 1
-1
On the other hand,
Ty X3 = Y3Tg; + Ty,
where
T T2 = Y1Y23 + Ty, and Tp,T1 = y1 + 2.
Therefore
_ Y1213 + Y13 + Y122 + YsTo + 75
72 T1X2X3 '
Moreover,
-1
Fyy = y1y2ys + y1ys +y1 +ys + 1, and gy =|1
-1
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1.4.2 Seed patterns of types B, and C,

Let ® be a root system of type B, or C,,. Let Po, o be the regular polygon with 2n 4 2 vertices.
Let 6 denote the 180°-rotation of Pa,12. There is a natural action of 6 on the diagonals of Poy 9.
Each orbit of this action is either a diameter (i.e., a diagonal connecting antipodal vertices) or an
unordered pair of centrally symmetric non-diameter diagonals of Py, 2. Almost positive roots in ®
are identified with these orbits. Under this identification, each of the roots —q; fori =1,... ,n—11s
represented by a pair of diagonals on the “zig zag” shown in Figure 1.15, while —«,, is identified with
the only diameter on the zig zag. On the other hand, each positive root 8 = ). bjc; is represented
by the unique -orbit such that each of its diagonals crosses each of the diagonals corresponding to

—q; at b; points.

—Q2

—ag

—oq

Figure 1.15: The “zig zag” for the types B3 and Cj

Clusters are in bijection with #-invariant triangulations of Po, 12, and #-invariant triangulations
are joined by an edge in the exchange graph if and only if they are obtained from each other either
by a flip involving two diameters, or by a pair of centrally symmetric flips.

Furthermore, cluster variables correspond to f-orbits. For a vertex a of Pg,19, let @ denote the
antipodal vertex 6(a). We denote by [a, b] the f-orbit of the diagonal (a,b), and by x4 the cluster
variable z[a] associated to the root « corresponding to [a,b]. Thus, we have zo, = zp, = 253
Similarly to the type A,, we adopt the convention that z,, = 1 if a and b are consecutive vertices
of Pop1o.

It follows from the above discussion that we have a geometric description of the exchange

relations also in types By, and C,,:
Proposition 1.4.20. The exchange relations in a cluster algebra of type B,, or C,, have the following

form, where r =1 for By, and r =2 for Cy:

_ ot -
Laclod = Pyepd Lab Led + Pacpd Tad Loc » (1~4~8)

whenever a, b, c,d,a are in counter-clockwise order;

— ot - 2/r
Taclyp = Dy, o Tab Tae + P o Laa The s (1.4.9)
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whenever a,b, c,@ are in counter-clockwise order;
e — T r — T
Taalyy = Doy 5 ab + P Lo (1.4.10)

whenever a,b,a are in counter-clockwise order. See Figure 1.16.

S

a

(iii)

Figure 1.16: Exchanges in types B, and C,
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Chapter 2

Cluster expansion formulas for cluster

algebras of type B and C

In this chapter, mostly based on [17], we introduce cluster algebras of type B,, and C,, with principal
coefficients in a given #-invariant triangulation of Py, 2. Moreover, we define a simple operation on
the diagonals of the polygon, the restriction (cf. Definition 2.1.1), which allow us to relate cluster
variables of type B,, and C, to cluster variables of type A,. The main results of the chapter are
the cluster expansion formulas for type B (cf. Theorem 2.2.2) and C (cf. Theorem 2.3.7). They
are given in a combinatorial way, and the proofs rely on the geometric model for cluster algebras of
type A, B and C discussed in Chapter 1.

2.1 Cluster algebras of type B and C with principal coefficients

Let n be a positive integer. Let Pa, 49 be the regular polygon with 2n + 2 vertices, and let 6§ be the
rotation of 180° of the polygon. Let T' = {7,...,72,—1} be a f-invariant triangulation of Pg, to.
It follows that T" has n — 1 pairs of centrally symmetric diagonals and exactly one diameter d, say
T = d.

Assuming that d is oriented, we define cluster algebras of type B,, and C,, with principal coeffi-

cients in T

Definition 2.1.1. Let D be a set of diagonals of Py, 2. We define the restriction of D, and we
denote it by Res(D), as the set of diagonals of P,,43 obtained from those of D by identifying all the

vertices which lie on the right of d.

We use the label * for the vertex of P13 which is obtained by identifying the vertices of Py, 19
which lie on the right of d.

Definition 2.1.2. Let v € Z2% . We define the restriction of v, and we denote it by Res(v), as

the vector of the first n coordinates of v.

Let T = Res(T) = {71,...,7Tn_1,Tn = d} be the triangulation of P, 3 which is obtained from

T by identifying all the vertices of Pg,42 which lie on the right of d. Let B(T) = (b;;) be the
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skew-symmetric n X n matrix associated with T' (cf. 1.4.5). So b;; = 1 if and only if 7; and 7; are
sides of a triangle of T', and 7; is counterclockwise from 7;. See Figure 2.1.
Let D = diag(1,...,1,2) be the n x n diagonal matrix with diagonal entries (1,...,1,2). Since,

by Remark 1.1.20, the symmetrizer is constant in the mutation class of a matrix, then DB(T)

is skew-symmetrizable of type B, and B(T)D is skew-symmetrizable of type C, according to the

convention of Section 1.4.

Example 2.1.3. Figure 2.1 illustrates how to compute the 3 x 3 skew-symmetric matrix B(T)

associated to the f-invariant triangulation 7" of the octagon Psg.

T3 —

Figure 2.1: The matrix B(T') associated with a f-invariant triangulation of an octagon.

0 -1 0
Let D = diag(1, 1,2). Then the Cartan counterpart (cf. Definition 1.4.6) of DB(T) = |1 0 -1
0 2 0
0 -1 0
is the Cartan matrix of type Bs, while the one of B(T)D = [1 0 —2| is the Cartan matrix
0 1 0

of type Cs. See Figure 1.8.

Definition 2.1.4. Let T be a f-invariant triangulation of Pa, 12. Then A4(T)? := Ao(DB(T)) (cf.
Definition 1.3.8) is the cluster algebra of type B, with principal coefficients in T, and Aq(T) :=
A«(B(T)D) is the cluster algebra of type C,, with principal coefficients in T.

Remark 2.1.5. A,(T)? (resp. A.(T)%), up to a change of coefficients, does not depend on 7', but
it depends only on n, since any two f-invariant triangulations of Pa, 192 can be obtained from each

other by a sequence of flips of diameters and pairs of centrally symmetric flips.

2.2 Type B

Let T ={7m,...,7n =d,...,Ton—1} be a f-invariant triangulation of Py, o with oriented diameter
d, and let T = Res(T) = {r1,...,7n = d}. Let AZ(T) be the cluster algebra of type B, with
principal coefficients in T (cf. Definition 2.1.4), and let AZ(T) be the cluster algebra of type A,
with principal coefficients in T' (cf. Definition 1.4.15). For a diagonal v of P13, let F, and g,
denote the F-polynomial and the g-vector respectively of the cluster variable x, € Afl(T ). They
have an explicit description, for example in terms of perfect matchings of the snake graph associated
with ~. See Section 3.1 for details.

In this section, we present a formula for the expansion of an arbitrary cluster variable of AZ(T)

in terms of cluster variables of AZ(T).
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Definition 2.2.1. Let [a,b] ¢ T be an orbit of the action of # on the diagonals of Pg, 2. Let
D = diag(1,...,1,2) be the n x n diagonal matrix with diagonal entries (1,...,1,2), and let
e1,...,e, be the standard basis of Z".

e If Res([a,b]) = {~} (as in Figure 2.2),

FE.=F, (2.2.1)

Dg., if v does not cross 7, = d;
gh .= &y 1Y . " (2.2.2)
Dg, + e, if 7 crosses 1, = d,

o Otherwise, Res([a,b]) = {71,72} (as in Figure 2.3),
Fj:=F,F, —y™2F,, (2.2.3)

ga, = D(8y + &y T €n), (2.2.4)

with the notation of Proposition 1.4.18. The definition is extended to any 8-orbit by letting Ffé =1
and g8 = e; if [a,b] = {7i,72n—;} € T, and FZ =1 and g& = 0 if (a,d) is a boundary edge of

Poio.

b

Figure 2.3: On the left, a f-orbit [a,b]. On the right, its restriction in red, and the diagonal (a,b) in blue.
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Theorem 2.2.2. Let T be a 0-invariant triangulation of Poy 1o with oriented diameter d, and let
A = A (T)B be the cluster algebra of type B, with principal coefficients in T. Let [a,b] be an
orbit of the action of 8 on the diagonals of the polygon, and xq, the cluster variable of A which
corresponds to [a,b]. Let Fyp and gqp denote the F-polynomial and the g-vector of xqp, respectively.
Then Fy, = F£ and gqp = gﬁ).

Remark 2.2.3. Since, for a diagonal v of P,,43, I}, and g, have an explicit description in terms of
perfect matchings of the snake graph associated with 7 (see Section 3.1), Theorem 2.2.2 also allows
us to get the expansion of cluster variables of type B,, in terms of the cluster variables of the initial

seed.

Example 2.2.4. By Theorem 2.2.2, the F-polynomial of the cluster variable of type B3 which
corresponds to the f-orbit [a, b] of Pg in Figure 2.4 is

Foy = Fy Fy, —yiyayz = (y3 + 1) (n1yeys + yiyz +y1 +y3 + 1) — y1y2y3
= y1y293 + Y193 + 2y1ys + Y3 + 1 + 2y3 + 1,

and the g-vector is

0 —1 0 -1 -1
gab:D(g’Y1+g’72+e3):D( 1 + 1 +10 ):D( 2 ): 2
-1 —1 1 -1 -2

(=l
(=l

Figure 2.4: A 6-orbit [a,b] in a triangulated octagon and its restriction.

For the computation of F,, F,,, g,,, gy, we refer to Example 1.4.19.
In order to present the proof of Theorem 2.2.2, we first need some lemmas.

Lemma 2.2.5. If each diagonal of [a,b] crosses only one diagonal of T, then Fy, = Ffl’; and

8ab = gﬁ;'

Proof. Let T = {71,...,Ton—1}. Since each diagonal of [a,b] crosses only one diagonal of T, either
[a,b] is a pair of diagonals which do not cross d or [a,b] = {a,a} is the diagonal which crosses
only d. Therefore, Res([a,b]) = {v;}, where ~; is the diagonal of P, 3 which crosses only 7;. Let
DB(T) = (b;j) and B(T) = (b;;). We have

by —b;
vy =y [[ &+ [] = (2.2.5)
b;;>0 b;; <0
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and
» —by;
vy =y [ =7+ [] =" (2.2.6)
Eij>0 Bij<0
So
If k #n,
x bij x;bij

o= (den(5—)) - (eB(“—)) ~Gn-G  @29)

If k=nand j # n,

(@ = (deg(*—)) —2(dex(M ) 2 )= @i (229)

Finally, if k =n and j = n,

() = (dg(l)) 1= (g )n = 2y + 1= (250 (2.2.10)
O

Lemma 2.2.6. Let B be a skew-symmetric n X n matriz, and let I be the n X n identity ma-

triz. Let D = diag(1,...,1,2) be n x n diagonal matriz with diagonal entries (1,...,1,2). Let
B, [B pB|. [pB

it [c 7 e

i) ifi; #n foreveryj=1,...,k, C =C";

i) if ix = n, the columns (C"),... (C"Y1=1 of C' are equal to DC*, ..., DC"~1,

iy - i . and let g, - - i, ( S foranyl <iy <--- <ip <n. Then,

Proof. i) holds since p;; does not consider the n-th row for every j =1,...,k.
We prove ii) by induction on k. If k =1, (C")" = —e,,, and for j #n

€; if bnj < 0

()i = = DOV

e; + 2e, otherwise

Assume k > 1. By inductive hypothesis, the columns (C’)!,... (C")1~1 of C’ are equal to

) B B//
DCY,...,DC"~L1. Then, we mutate at i; — 1. If s, —1t5, -+ - i, I ) = ol and
DB DB" . ,
Py —1Hiy * =+ Hiy, ( 7 ) = om | Ve have that (C"")7 = D(C")? for every j =1,...,i1 —2. O

Lemma 2.2.7 ([46], Lemma 4.3). Let T = {7,..., 7} be a triangulation of P,i3. Let v ¢

T be a diagonal on which we fixed an orientation such that v is going from s to t. Let s =
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D0, D1, -, Pds Pdr1 = t be the intersection points of v and T in order of occurrence on v, and let

01,92, . .. ,iq be such that py lies on 7, , for k=1,...,d. Then x+ € i, ... phiy((T75- ., %r,))-

Proof of Theorem 2.2.2. We prove the theorem by induction on the number k of intersections be-
tween each diagonal of [a,b] and T = {r,..., 7 =d,...,Ton_1}.

If £ = 0, the theorem holds by Definition 2.2.1. If k = 1, the theorem holds by Lemma 2.2.5.
Assume k > 1. Let T = Res(T) = {r1,...,7n = d}, and let x5 = {z7,..., 2., } = {21,..., 20}
There are three cases to consider.

1) Let [a,b] = {(a,b), (b,a)} be such that Res([a,b]) = {(a,b)}. Let a = po,p1,---,Pk, Pkr1 = b
be the intersection points of (a,b) and T in order of occurrence on (a,b), and let iy, s, ..., i

be such that p; lies on the diagonal 7;; € T, for j = 1,... k. Let [¢,d] = {Tixs Ty s, |-

)

SH

Figure 2.5: On the left, the two f-orbits [a,b] and [c,d]. On the right, their restrictions.

Then, by Lemma 2.2.7, z(,4) € pi, - - - ptij,(Xp). Therefore, the c-vector corresponding to the

DB(T
exchange between [a, b] and [c, d] is the bottom part of the ;-th column of i, - - - ;). I( )] ).
Since i; # n for each j, by Lemma 2.2.6 i), this is equal to the bottom part of the i;-th column
B(T)

of fuig -+ i ( ), which is given by Proposition 1.4.18. Therefore, we have the following

exchange relation

daC dﬂ. C
Tiy Tap = YT qqTpe + Yy x 0Ty (2.2.11)

Since (¢, d) is the first diagonal of T" that is crossed by (a,b), (a,c) and (a,d) must be either
boundary edges or diagonals of T. It follows from 2.2.11 that

Fab — ydac,bdeC + ydad,bCde. (2212)

Since each diagonal of T" which crosses (b,c) (resp. (b,d)) also crosses (a,b), the number of
intersections between (b, c) (resp. (b,d)) and T is strictly lower than the number of crossings

between (a,b) and T. By inductive hypothesis and Proposition 1.4.18,
Fop = y3eeti Fy, o) + y9ebe Fy gy = Flop) = Fij. (2.2.13)
It also follows from 2.2.11 that

8ad + b if ydacbs = 1
€, + 8up = “ ¢ (2_2_14)
Sac + Sbd otherwise.
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By inductive hypothesis and Proposition 1.4.18,

—ei, + Dga,a) + Dg(b.c) = D(—eiy + &(aa) + (b)) if yeetd =1 5
gab - ) = Dg(a,b) = gab'
—e€j; + Dga0) + Dgva) = D(—e;, + 8(a,c) T g(b,d)) otherwise.

2) Let [a,b] = [a,a] be a diameter. So Res([a,a]) = {(a,*)}. Let * = po,p1,...,Ds,Ps+1 = Q
be the intersection points of (a,*) and T in order of occurrence on (,a), s < k, and let

01,12, .. .,1s be such that p; lies on the diagonal 7;; € T, for j=1,...,s. Thus iy = n. Let

0.5 = {ra} = {d}.

Ql

b b

Figure 2.6: On the left, the two p-orbits [a,a] and [b,b]. On the right, their restrictions.

Then, by Lemma 2.2.7, £, 4) € piy -+ - fli, (x7). Therefore, the c-vector corresponding to the

- DB(T
exchange between [a, a] and [b, b] is the bottom part of the i;-th column of g, - - - s, I( )] ).
Since i; # n for each j, by Lemma 2.2.6 i), this is equal to the bottom part of the i1-th column

B(T
of piy -+ i, ( (T) ), which is given by Proposition 1.4.18. Therefore, we have the following
exchange relation
TnTas = ydﬂbvf’*zag + ydb*va‘;xab. (2.2.15)
It follows from 2.2.15 that
Fa& — ydab,B* Fal_) + ydb*,aéFab. (2216)

By inductive hypothesis and Proposition 1.4.18,
Fag = y%aob F, 5y + ya Flop) = Flaw) = Fay. (2.2.17)
It also follows from 2.2.15 that

e d, s
g - lf y ab,bx — 1
ent =1 " (2.2.18)
Eab otherwise.

By inductive hypothesis and Proposition 1.4.18,
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—e, + Dg, 5 = D(—en +gp) +€ if ydavse =1
Baz = ' o e (a7b)) ! . = Dg(a,*) +e, = gf&'
—e, + Dg(ap) = D(—en + gap) +en otherwise.

3) Let [a,b] = {(a,b), (@,b)} be a pair of diagonals which cross d, so Res([a, b]) = {(a, *), (b, *)}.

Let a = po, p1, ..., Ps, Ps+1 = * be the intersection points of (a, *) and 7' in order of occurrence
on (a,x), s < k, and let i1,42,...,is be such that p; lies on the diagonal 7;; € T, for j =
1,....s. Sois = n. Let [c,d] = {m,Ti,, , }. Assume that (c,d) = 7;, intersects (a,*)

(otherwise we consider (b, *) instead of (a, *)).

Then, by Lemma 2.2.7, z(,4) € iy -+ - fli, (x7). Therefore, the c-vector corresponding to the

).

DB(T
exchange between [a, b] and [c, d] is the bottom part of the i;-th column of g, - - - s, ( I( )
Since i5 = n, by Lemma 2.2.6 ii), this is equal to DO, where C is the bottom part of the

B(T
(T) ), which is given by Proposition 1.4.18.

c
a
d

b

Figure 2.7: On the left, the two #-orbits [a,b] and [c,d]. On the right, their restrictions.

i1-th column of g, - - 4, (

Now, we have two cases to consider:

a) ¢ is not an endpoint of 7,;

b) ¢ is an endpoint of 7,.

c
b
a d a
d d
b b
c

Is]

Cc

Figure 2.8: On the left, the two p-orbits [a, b] and [c,d]. On the right, their restrictions.

In case a), we have the following exchange relation:

Ddac,d*

Ddy ox T d
TiyTap =Y TadToe T Y H* Laelpd = Y O TadTpe + Y 4 Taclpd, (2.2.19)
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where the last equality is due to the fact that the n-th coordinate of dgp ¢« and dgs pe must
be 0, since L,, cannot cross both (a,c) and (d, %), nor both (a,d) and (c,*). It follows from
2.2.19 that

Fpp = ydeede By, 4 ydodes [y, (2.2.20)

where we have used that F,q = F,. = 1, since [a, d] and [a, ] must be either boundary edges

or pairs of diagonals of T'.

By inductive hypothesis and Proposition 1.4.18,

Fop = ydoets (Fip0 Fles) — ng**C*F(c,E)) + ydades (Fp0Flax — y doe.a- Fap)
= F(E,*) (ydac,d* F(c,*) + ydad,c* F(d,*)) _ yda*,z* (ydac,dl;F(cyg) + ydad,CBF(d7E))
= FlpuyFlas) = 95 Flo ) = Fuj,

It also follows from 2.2.19 that

8ad + 8b if ydeeds =1
e, +8aib =14 ¢ (2.2.21)

Sac + 8bd otherwise.

By inductive hypothesis and Proposition 1.4.18,

g _eil + g(azd) + D(g(E,*) + g(c,*) + en) lf ydac,d* = ]_
ab =
—€j; + 8(a,) T D(g(z,’*) + &) T e,) otherwise;

D(=€i, + 8(ad) + 8ow) t Blex) t€n)  if yleed =1

D(—ei, + 8(ac) T 8() + 8(dx) T €n) otherwise.

= D(g(a,*) + 8(b,%) =+ en) = gﬁ)

On the other hand, in case b), we have the following exchange relation:

Dd

ac * Ddﬂ. C* —_— Dd
TiyTap =Y P TadToe TY BT Lackpd = Y

acde 1 Tpe 4+ Y3OL L0 Thd,s (2.2.22)
where the last equality is due to the fact that the n-th coordinate of d,q .« must be 0, since

L,, cannot cross both (a,d) and (c, ).
It follows from 2.2.22 that
Fap = yPdeeds By + yQader By, (2.2.23)

where we have used that F,q = F,. = 1, since [a, d] and [a, ] must be either boundary edges

or pairs of diagonals of T'.
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By inductive hypothesis and repeated applications of Proposition 1.4.18,

Fap = yP%eed Fg o+ ytes (Fg 0 Flas) — ydoeas Fap)
d —
= FlamFos =Y " Flap):

It also follows from 2.2.22 that

8ad + 8b if ydeeds =1
e, +8aib =14 ¢ (2.2.24)

Sac + 8bd otherwise.

By inductive hypothesis and Proposition 1.4.18,

" —€i; + 8. + D8 if ydecdr =1
ab —
—ej, + &(a,c) + D(g(B,*) + g(d,*) + en) otherwise;
B D(—eil + 8(a,d) + g(575)) if ydac,d* =1
D(—ei, + 8, + 8(b,x) T 8(dyx) T e,) otherwise.
= D(8(a) + 84 T €n) = Bup:
O
2.3 Type C
Let T ={m,...,7n =d,...,Ton—1} be a f-invariant triangulation of Py, o with oriented diameter

d, and let T = Res(T) = {r1,...,7, = d}. Let AS(T) be the cluster algebra of type C,, with
principal coefficients in T (cf. Definition 2.1.4), and let AZ(T) be the cluster algebra of type A,
with principal coefficients in T’ (cf. Definition 1.4.15). For a diagonal v of P43, let F, and g,
denote the F-polynomial and the g-vector respectively of the cluster variable x. € AXT). They
have an explicit description, for example in terms of perfect matchings of the snake graph associated
with . See Section 3.1 for details.

In this section, we present a formula for the expansion of an arbitrary cluster variable of AS (T)

in terms of cluster variables of AZ(T).

Definition 2.3.1. Let [a,b] be a 6-orbit of Pa, 2. We define the rotated restriction of [a,b], and

we denote it by Res([a, b]), as follows.
o If [a,b] = [a,a] is a diameter, so Res([a,a]) = {7}, then Res([a,a]) := {F1,72}, where 51 = v
and 79, if it exists, is the diagonal of P, 3 which intersects the same diagonals of T' as ~

but d. If there is no such diagonal, Res([a,a]) := {51}. A possible situation is represented in
Figure 2.9.
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o
=

LS

Figure 2.9: On the left, a diameter [a,a]. On the right, its rotated restriction.

e If [a,b] is a pair of diagonals which do not cross d, then Res([a, b]) := Res([a,b]). A possible

situation is represented in Figure 2.10.

b
a a
*
a
b b

Figure 2.10: On the left, a f-orbit [a,b]. On the right, its rotated restriction.

e If [a,b] is a pair of diagonals which cross d, then Res([a,b]) = {71,772}, where 71 and 7, are
two diagonals of P, 13 that share the right endpoint, and such that -5 is obtained from ~; by
rotating counterclockwise (resp. clockwise) its left endpoint if 7,,—1 is counterclockwise (resp.
clockwise) from 7,,. We define Res([a, b]) := {31,742}, where 43 = 7 and A, if it exists, is the
diagonal of P, 3 which intersects the same diagonals of T' as v but the diameter. If there is

no such diagonal, Res([a,b]) := {#1}. A possible situation is represented in Figure 2.11.

A

" 22!

Figure 2.11: From left to right, a f-orbit [a, b], its restriction and its rotated restriction.

Definition 2.3.2. Let v € Zi%_l. We define the rotated restriction of v, and we denote it by
Res(v), as the vector of the first n coordinates of v, with the n-th one divided by 2.

Definition 2.3.3. Let [a,b] ¢ T be a f-orbit of Py, 12. Let e, ..., e, be the standard basis of Z".
e If Res([a, b]) = {7},
FS = F, (2.3.1)
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g5 +e; if 7; and 7,, = d are two different sides of a triangle of T,
gﬁ, = 7; is clockwise from 7,, and 4 crosses 7, = d; (2.3.2)
g5 otherwise.

e If (a,b) = (a,a) is a diameter, Res([a,@]) = {1, 32}, and there are uniquely determined two 6-
orbits [a, & and [a, b], such that Res([a,d]) = {41} and Res([a, b]) = {52}. A possible situation

is represented in Figure 2.12.

b b
C
“ “ T
~ *
02
a
c c
b b

Figure 2.12: On the left, the -orbits [a,a], [a,é], [a,b]. On the right, their rotated restrictions, and the
diagonals (a,b) and (a, c).

Then
ng = F:Yl F:YQ — yRes(da*,cB+da5,b*)F(a’b)F((LC)’ (233)
8y T 8% T € — 83,0 if 7; and 7, are two different sides of a triangle of T,
C . . .
s i= and 7; is clockwise from 7,,;

g5 + 85, otherwise.
(2.3.4)
e If [a,b] is a pair of diagonals which cross d, and Res([a,b]) = {1,752}, there are uniquely
determined two 6-orbits [a,d] and [b, ¢], such that Res([a,d]) = {%1} and Res([b,c]) = {32}

A possible situation is represented in Figure 2.13.

Figure 2.13: On the left, the ¢-orbits [a,b], [a,d], [b,c]. On the right, their rotated restrictions, and the
diagonals (a,c) and (b, d).

Then
Facb = 5, Fs, — yRes(dB*,Ja-i-daa,c*)F((w) Fg.4, (2.3.5)
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gy 1+ 8y, + € — 8@rq) if 7, and 7,, are two different sides of a triangle of T,
gg;; = and 7; is clockwise from 7,;
gy + 85 otherwise.
(2.3.6)
The definition is extended to any 6-orbit by letting FaC =1 and ggjb =¢; if [a,b] = {7, 7on—i} €T,
and Facl; =1 and gg;) = 0 if (a,b) is a boundary edge of Pg, 0.

Remark 2.3.4. (b,c) in 2.3.4 and (¢, d)) in 2.3.6 are either diagonals of T or boundary edges, since
Res([a,c]) = {71} and Res([a,d]) = {31} respectively. Remember that by convention T(p) = 1 if
(a,b) is a boundary edge, and so in that case g, = 0.

Remark 2.3.5. We note that FG, (resp. FS for [a,b] pair of diagonals which cross d) are well-
defined polynomial in y1, ..., Yy, since if L, crosses (a,*) and (c,b) (resp. (b,*) and (d, €)), then it

also crosses (a,b) and (b, *) (resp. (a,¢) and (c, *)).

Remark 2.3.6. We observe that RNes(da*d; + dgp ) is either equal to d,, 4 or equal to dpp,. In
fact, if L; and Lj, i,j # n, are the elementary lamination of two diagonals 7; and 7; of T" such
that L; crosses both (a,*) and (c,b), and L; crosses both (a,b) and (b, %), then L; crosses L;, so 7;
crosses 7;. Moreover, if L, crosses both (a,*) and (c,b), it also crosses (a,b) and (b, *). Similarly,

R~es(dgmjE + dgecx) is either equal to d;, 4z or equal to daz,cx-

Theorem 2.3.7. Let T be a 0-invariant triangulation of Poy 1o with oriented diameter d, and let
A = Ad(T)C be the cluster algebra of type C, with principal coefficients in T. Let [a,b] be an
orbit of the action of 8 on the diagonals of the polygon, and xq, the cluster variable of A which
corresponds to [a,b]. Let Fyp and gqp denote the F-polynomial and the g-vector of x4y, respectively.
Then Fy, = Facl: and Gap = ggb,

Remark 2.3.8. Since, for a diagonal v of P,,;3, I}, and g, have an explicit description in terms of
perfect matchings of the snake graph associated with 7 (see Section 3.1), Theorem 2.3.7 also allows
us to get the expansion of cluster variables of type C), in terms of the cluster variables of the initial

seed.

Example 2.3.9. By Theorem 2.3.7, the F-polynomial of the cluster variable of type C3 which
corresponds to the f-orbit [a, b] of Pg in Figure 2.14 is

Fop = 5 s, = ysFlaey = (ysy2 +ys + Dy + 1) —ys(y2 + 1) = y1y2ys + viys + 1 + 1,

and the g-vector is

gab = 8% +t 8w t+e—e=gs +tgw=| 0| +] 0 |=1]20
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Figure 2.14: A f-orbit [a,]] in a triangulated octagon, its restriction and its rotated restriction.

In order to present the proof of Theorem 2.3.7, we first need some lemmas.

Lemma 2.3.10. If each diagonal of [a,b] crosses only one diagonal of T, then Fy, = F¢ o, and
8ab = gab‘

Proof. With the notation of the proof of Lemma 2.2.5, Res([a, b]) = Res([ b)) = {v;}, where ~; is
the diagonal of P43 which crosses only 7;. Let B(T)D = (b;;) and B(T) = (b;;). We have

LabTj = Yj H ;7 + H z; (2.3.7)
bij>0 bij<0
and
To;Tj = Yj H x; bii H z; b (2.3.8)
w>0 b1]<0
So

If j = n and k is such that 74 and 7, are both sides of a triangle of T', and 73, is clockwise from
Tn, then by, = —2, while by, = —1. So

[T = [T«
(8 = <deg(bi"<0xn>)k = (deg(g”‘“]%))k F1=(g k+1=(5%) (23.10)

Otherwise,

I] =" I«
(i = (e (22—)) - (m(”i))k LTI R CE RS

O

Lemma 2.3.11. Let B be a skew-symmetric n X n matriz, and let I be the n X n identity matriz.

Let D = diag(1,...,1,2) be n x n diagonal matriz with diagonal entries (1,...,1,2).

B B’ BD B'D
i) Let gy - - i ( ):[C],andletuil-'-uik( ) = ,foranyl <ip <--- < <

I 1 c’
n. Then, CF = (C")* for any k # n.
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B'D
Cl

BD
1

B
I

)

ii) Let g, -+ - i, ( ,foranyl <ip < -+ < <

Bl
T -

2(C™); if i £,

n. Then ((C")"); = -
(C™)p ifi =n.

Proof. B and BD differ only in the n-th column, and the n-th column of BD is equal to the n-th
one of B multiplied by 2. ¢) follows from the fact the 2 can appear in the bottom part of the matrix
only in the n-th column, since we mutate at n only eventually once at the beginning. In i), we start
mutating from the left. So in the bottom part of the n-th column, other than the last coordinate, only
the entries corresponding to iy, . . ., i can be non-zero. For each j, ju;, - - pi, (BD) = py; - - - puiy (B) D,
since the symmetrizer is constant in the mutation class of B (cf. Remark 1.1.20), i.e. p;; - - - sy (BD)
is equal to g, - - - pi, (B) with the n-th column multiplied by 2. So, for any i # n, ((C')"); # 0 if
and only if (C™); # 0, and ((C")™); = 2(C™);. Finally, ((C")"),, doesn’t change after mutations, as
well as (C™),,, so (C)"), =1=(C"), O

Proof of Theorem 2.3.7. We prove the theorem by induction on the number k of intersections be-
tween each diagonal of [a,b] and T' = {7y,..., 7 =d, ..., Ton—1}.

If £ = 0, the theorem holds by Definition 2.3.3. If £ = 1, the theorem holds by Lemma 2.3.10.
Assume k > 1. Let T = Res(T) = {71,...,7n = d}, and let xp = {27, ..., 25, } = {71,..., 25}
There are three cases to consider.

1) Let [a,b] = {(a,b), (b,a)} be such that Res([a,b]) = {(a,b)}. Let a = po,p1,..., Pk, Pes1 = b
be the intersection points of (a,b) and T in order of occurrence on (a,b), and let iy, s, ...,

be such that p; lies on the diagonal 7;; € T, forj=1,...,k Let [c,d] = {Tirs Tign_s, }-

S

Figure 2.15: On the left, the two f-orbits [a,b] and [c,d]. On the right, their rotated restrictions.

Then, by Lemma 2.2.7, z(,4) € pi, - - - ptij,(xp). Therefore, the c-vector corresponding to the

B(T)D
exchange between [a, b] and [c, d] is the bottom part of the i;-th column of ju;, - - - s, (I) ] ).
Since i1 # n, by Lemma 2.3.11 i), this is equal to the bottom part of the i;-th column of

B(T)

g =+ iy ( ), which is given by Proposition 1.4.18. Therefore, we have the following

exchange relation

dae dadpe
Ty Tah =Y Tadlhe T Y " Lactpd- (2.3.12)

Since (a,c) and (a,d) must be either boundary edges or diagonals of T, it follows from 2.2.11
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that
Fab — ydac,bdec + ydad,bCde' (2313)

By inductive hypothesis and Proposition 1.4.18,

Fab — ydac,bdF(ILC) + ydad’ch(b,d) — F(a,b) = Fcl; (2314)

a

It also follows from 2.3.12 that

ad + b if ydac,bd -1
€i; + 8ab = ¢ ‘ (2.3.15)
Lac t 8bd otherwise.

By inductive hypothesis and Proposition 1.4.18,

—e;, + &(a,d) + g(b,c) if ydac,bd =1 .
gab == . = g(a,b) = gab'
—ei; + 8(a,c) T 8h,a) Otherwise.

2) Let [a,a@] be a diameter. So Res([a,a]) = {(a,*), (a,b)}. Let * = pg,p1,...,Ds, Psp1 = @
be the intersection points of (a,*) and T in order of occurrence on (x,a), s < k, and let
i1,%2,...,1s be such that p; lies on the diagonal ;; € T, for j=1,...,s. Thus i; = n. Let
[b,b] = {7} = {d}. We have two cases to consider:

i) there is no i € {1,...,n} such that 7; and 7,, are both sides of a triangle of T', and 7; is

clockwise from 7,;

b b
a a
*
a
C
b

b

Figure 2.16: On the left, the two p-orbits [a,a] and [b,b]. On the right, their rotated restrictions.

ii) there exists i € {1,...,n} such that 7; is clockwise from 7,.

f_i c 2
a a
*
a
b b

Figure 2.17: On the left, the two p-orbits [a,a] and [b,b]. On the right, their rotated restrictions.
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First we prove i). By Lemma 2.2.7, x(,4) € f; -+ - i, (xp). Therefore, the c-vector corre-

sponding to the exchange between [a,a] and [b,b] is the bottom part of the i;-th column of

B(T)D

i+ g ( ). By Lemma 2.3.11 ii), this is equal to the bottom part of the i;-th

B(T)

column of g, -+ - g, ( ), which is given by Proposition 1.4.18, with all coordinates mul-

tiplied by two except the n-th one. If v € Z>(, we indicate by ¥ the vector whose coordinates

are multiplied by two but the n-th one. Therefore, we have the following exchange relation

InLag = yaab’B*ng + yab*’ai)xgb‘ (2316)

We note that yaabi’* = 1, since it cannot exist i such that L; intersects both (a,b) and (b, *).

It follows from 2.3.16 that

Fua = F% + ydoab {2 (2.3.17)

By inductive hypothesis and repeated applications of Proposition 1.4.18,

Fua = F gy + Yo Fl ) = Fla oy =y Qe s By B = Fig. - (2.3.18)

It also follows from 2.3.16 that
e + 8az = 28,5- (2.3.19)

By inductive hypothesis and Proposition 1.4.18,

8oz = —€n + 28(05) = B(a) + B(ap) = Buar
We now prove ii). As in i), we have the exchange relation

Tnaa = yaab’B*ng + yab*vaébe (2320)

ab*

In this case y%+ = 1, since it cannot exist i such that L; intersects both (b, %) and (a,b).

It follows from 2.3.20 that
Fz = ydab,é* FaQE 4 ng' (2.3.21)

By inductive hypothesis and repeated applications of Proposition 1.4.18,

dgp 5 172
Fa& — y ab,b*F

(QVE) + F(2a,b) = F(a7*)F(a’l_)) _ yReS(da*’CE+daB7b*)F((l,b)F(a,C) — F(% (2322)

It also follows from 2.3.20 that
€, + 8aa = 28ab- (2323)

By inductive hypothesis and Proposition 1.4.18,

8aa = —€n T 2g(a,b) = 8(a,*) + 8(a,b) +e; — 8(be) = g&'
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3) Let [a,b] = {(a,b), (b,a} be such that Res([a,b]) = {(a, ), (b,&)}.

Let a = po, p1, ..., Ps, Ps+1 = * be the intersection points of (a, *) and T in order of occurrence
on (a,*), and let iy,42,...,7s be such that p; lies on the diagonal 7, € T, forj =1,...,s.
So is = n. Let [c,d] = {7i,,Ti,, , }. Assume that (¢,d) = 7;, intersects (a,*) (otherwise we

consider (b, €) instead of (a, )).

e e

WNQ C
a b a

d d d *

BK@%EL b

Figure 2.18: On the left, the two 6-orbits [a, b] and [¢,d]. On the right, their rotated restrictions.

e

Then, by Lemma 2.2.7, 2, ) € iy - - - fti,(X7). Therefore, the c-vector corresponding to the

| | B(T)D
exchange between [a, b] and [c, d] is the bottom part of the i1-th column of g, - - - 4, ( s ).
By Lemma 2.3.11 i), this is equal to C*, where C*! is the bottom part of the i;-th column of

B(T
Wiy + - iy ( (T) ), which is given by Proposition 1.4.18.
We have the following exchange relation:
Liy Lab = ydac’d*-rad-rbc + ydad’c*xacxbd- (2324)
It follows from 2.3.24 that
Fap = y4et Fye + ydete By, (2.3.25)

where we have used that F,q = F,. = 1, since [a, d] and [a, ¢] must be either boundary edges

or pairs of diagonals of T.

By inductive hypothesis and repeated applications of Proposition 1.4.18,

Fap = y%eet (Fleu Fipe) — yResn petdecc) R @.5)) T Y4t (Fa F e
_yRés(dE*,fg‘Fddé,e*)F(d,e)F(I;,f)) = FlamFe — yRéS(dE*,fg+daé,e*)F(a7e)F(B7f) - Fg,-

It also follows from 2.3.24 that

8ad + 8b if ydocds =1
e, 8 =14 ¢ (2.3.26)

Sac + Ebd otherwise.

By inductive hypothesis and Proposition 1.4.18,

Azzurra Ciliberti 48



2.3. Type C

—€i; + 8(a,d) T B(cx) (€ — 8en) T 8wz if ydacas =1

—e; + g(a,c) + g(d,*)(+ei - g(é,f)) + g(g,é) otherwise;

= 8(ax)(T€i — 8@, ) + 8 = g%-

Sab =
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Chapter 3

Snake graphs and perfect matching

Laurent polynomials from polygons

In this chapter, mostly based on [16], we associate a modified snake graph G, to each 8-orbit [a, b],
and prove that the perfect matching Laurent polynomial of G, is precisely the cluster variable
which corresponds to [a,b]. The shape of G4, has been inspired by the work of Musiker for cluster
algebras of type B and C' [39], which this chapter extends to every seed.

3.1 Labeled snake graphs from polygons

In this section, we recall from [9-11] the combinatorial construction of the snake graph associated
to a diagonal of a polygon, and the main results about these objects that we will need in the next
section.

Let P, 13 be the regular polygon with n + 3 vertices. Let T = {ry,...,7,} be a triangulation of
P, 3. Let v be a diagonal which is not in 7. After choosing an orientation on =, such that s is its

starting point, and ¢ its endpoint, let

§ = DPo,P1,P2,---,Pd+1 =t

the points of intersection of v and T in order, with pj € ;. Let Aj_y and Aj be the two
triangles in T on either side of 7i;. Let Gj; be the graph with 4 vertices and 5 edges, having the
shape of a square with a diagonal, such that there is a bijection between the edges of GG; and the 5
diagonals in the two triangles A;_; and A;, which preserves the signed adjacency of the diagonals
up to sign, and such that the diagonal in G; corresponds to the diagonal 7;;. Thus G, which is

called tile, is given by the quadrilateral in 7" whose diagonal is Tij-

North

West Ti; | East

South

Figure 3.1: A tile G;.
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3.1. Labeled snake graphs from polygons

Given a planar embedding éj of G the relative orientation Rel(éj, T) of C~¥j with respect to T
is +1 (resp. -1) if its triangles agree (resp. disagree) in orientation with those of T'.

Diagonals 7;; and 7;, ., form two edges of the triangle A; in T. To the third edge in this triangle
is given label 7;. Tiles G1,...,Gy in order from 1 to d are glued together in the following way:
Gjt1 is glued to G, along the edge labeled 7(;), choosing a planar embedding Gj4+1 for Gj41 such
that rel(Gj41,T) # rel(G;,T), as in Figure 3.2. The resulting graph embedded in the plane is
denoted by Q,YA.

Tijyi

T4 5 g+

Figure 3.2: Gluing tiles éj and éj+1 along the edge labeled 7y;).

Definition 3.1.1. The snake graph G, associated to v is obtained from g$ by removing the diagonal

in each tile.

Example 3.1.2. In the example in Figure 3.3, we compute the snake graph G, associated to a
diagonal v in a triangulated polygon. The diagonal 7 crosses three diagonals of the triangulation,

hence the snake graph G, has three tiles.

Figure 3.3: On the left, a diagonal + in a triangulated hexagon; on the right, its snake graph G, .

Definition 3.1.3. A perfect matching of a graph G is a subset P of the edges of G such that each
vertex of G is incident to exactly one edge of P. The set of all perfect matchings of G is denoted by
Match(G).

Example 3.1.4. The edges in red form two different perfect matchings of the snake graph with
three tiles in Figure 3.4.

Figure 3.4: Two different perfect matchings of a snake graph with three tiles.
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3.1. Labeled snake graphs from polygons

Definition 3.1.5. Let v be a diagonal. G, has precisely two perfect matchings which contain only
boundary edges. If Rel(Gy,T) = +1 (resp. -1), e; and ey are defined to be the two edges of
g$ which lie in the counterclockwise (resp. clockwise) direction from the diagonal of Gi. Then
P = P_(g$) is the unique matching which contains only boundary edges and does not contain
edges e; or es. P_ is called the minimal matching. Py = P+(Q$), the maximal matching, is the
other matching with only boundary edges.

Let P~ 6 P = (P_-UP)\ (P-nN P) denote the symmetric difference of a perfect matching P
of the snake graph G, with the minimal matching P_. By [40, Theorem 5.1|, P_ & P is the set of
boundary edges of a subgraph Gp of G, and Gp is a union of tiles

gp = U G;.
el
Definition 3.1.6. Let P be a perfect matching of G,. The height monomial of P is
y(P) =] v-
el
Thus y(P) is the product of all y; for which the tile G; lies inside P_ & P.
Lemma 3.1.7. Let I = {i | P_ N P does not contain any edges of G;}. Then I = 1.

Proof. If e is an edge of G; such that e € P_ N P, then P~ © P = (P_ U P) \ (P- N P) does not
contain e, so it cannot contain G;. Vice versa, if P_ N P does not contain any edges of G;, then
P_ © P must contain G;, since P_ and P are perfect matchings of G, which do not have any edges

in common at the level of G;, so their union must have all the edges of G;. O

Remark 3.1.8. It follows from Lemma 3.1.7, that y(P) is the product of all y; such that P_ N P

does not contain any edges of Gj.

Definition 3.1.9. If v is a diagonal of P43 and 7, ,7,,..., T, is the sequence of diagonals of T

d
which 7 crosses, the crossing monomial of v with respect to T is

d
cross(T, ) = H Tr. -
j=1

Definition 3.1.10. If G, is a snake graph and the edges of a perfect matching P of G, are labeled

Tjis- -+ Tj,, then the weight z(P) of P is the monomial ., ...%r, .

Definition 3.1.11. Let T be a triangulation of P, 3. Let v be a diagonal which is not in T, and
let G, be its snake graph. The perfect matching Laurent polynomial of G, is

o, = ———— 3 a(Py(P). (3.1.1)

CI‘OSS(T7 7) PeMatch(G)

Moreover, the perfect matching polynomial of G is the polynomial Fg  obtained from zg by spe-
cializing all the =, to 1, i.e.

Fg,= Y. ybP), (3.1.2)

PeMatch(G)
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3.1. Labeled snake graphs from polygons

x(P_(GA
and the g-vector of G, is the multi-degree of the Laurent monomial M with respect to the
cross(,T)

multi-grading given by deg(z,) = e;, i.e.
z(P-(G3)) G
gg, =deg(o— 1) = 3 - e, (3.13)
j=i

where T;,, Tiy, ..., Ti, is the sequence of diagonals of T' which v crosses. The definitions of xg.,,
Fg, and gg are extended to any diagonal of P13 by letting xg = z;, Fg, = 1 and gg, = e; if
v =1 €T, while xy =1, Fg, = 1 and gg, = 0 if 7y is a boundary edge of Py 3.

Example 3.1.12. We compute the perfect matching Laurent polynomial of the snake graph G,
associated to the diagonal v of Example 3.1.2. The graph G, admits exactly 5 perfect matchings
(drawn in red), and they form a linear poset in which P_(g$) is the unique minimal element and

P+(g$) is the unique maximal element.

1123 T1T3Y1Y2Y3
2
11213 Y1ys
VN
11213 11213 T2Y3 + T2Y1

[
\)
w

73

Figure 3.5: The poset of perfect matchings of G,, and the corresponding monomials.

Therefore, we have

T123Y1Y2y3 + Y1ys + T2y1 + T2y3 + SU%

xg, =

T1T2X3
0 1 -1
Hence, Fg, = y1y2ys +y1iys+y1 +ys+l,andgg, = | 2| — |1 ]| = | 1
0 1 —1

The following theorem is a particular case of the much more general result of [40, Theorem 5.1].

Theorem 3.1.13. Let T = {r1,...,7} be a triangulation of Ppy3, and let A = AXT) be the
cluster algebra of type A, with principal coefficients in T (cf. Definition 1.4.15). Let v be a diagonal
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3.2. Modified snake graphs from 0-orbits

of Ppys, and let ., be the cluster variable of A which corresponds to y. Then x, = zg., and Fg,

and gg. are its F'-polynomial and its g-vector, respectively.

3.2 Modified snake graphs from 6-orbits

Let n be a positive integer. Let Pa, 19 be the regular polygon with 2n + 2 vertices, and let 6 be the
rotation of 180° of the polygon. Let T be a #-invariant triangulation of Pa, o, and let AZ(T) and
AS(T) be the cluster algebras with principal coefficients in T of type B,, and C,, respectively (cf.
Definition 2.1.4).

In this section we associate a labeled modified snake graph G, to each #-orbit [a, b], and prove
that the perfect matching polynomial Fg,, (resp. the g-vector gg,) of Gu is equal to the F-
polynomial (resp. g-vector) of the cluster variable of AZ(T), and AS(T') respectively, which corre-
sponds to [a, b]. The definition of G, has been inspired by the work of Musiker [39] for type B and

C cluster algebras.

3.2.1 Type B

Definition 3.2.1. Let T = {7,...,7,} be a triangulation of P, 3, such that 7, is an edge of a
triangle of T whose other two edges are boundary edges. Let v be a diagonal of P,, 3 which is not
in T. We define the labeled modified snake graph ,C’/Ay associated to ~ as the usual labeled snake graph
G, of Definition 3.1.1 with these two modifications:

e the edge with label 7, in the tile G,,_1 is replaced by three new edges in order to have én,l

homeomorphic to a hexagon in the following way:

— Tn Tn

Tn—1]

Tn

e if [ is the label of an edge e of G}, and e is an internal edge of G,, then [ is also the label of

the edge of Gn opposite to e.

Remark 3.2.2. In QA,Y, unlike G, 7[,_1] can also be the label of an external edge. This is the edge
along which we will glue labeled modified snake graphs of diagonals to construct labeled modified

snake graphs associated to #-orbits. See Definition 3.2.4.

Example 3.2.3. In the example for n = 3 in Figure 3.21, we compute the snake graphs G, and 67
associated to a diagonal 7 in a triangulated polygon. The diagonal - crosses three diagonals of the

triangulation T, hence G, and C;7 have three tiles.
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3.2. Modified snake graphs from 0-orbits

2 3
G, = 112123
1 2
2
[2]
1/ 9 3 3

oo [0 "y
1 2

Figure 3.6: On the left, a diagonal v in a triangulated hexagon; on the right, its snake graphs G, and QAW.

Definition 3.2.4. Let T'= {m,...,7, =d, ..., Ton—1} be a f-invariant triangulation of Pg, 2 such
that 7, and 7,,_1 are edges of a triangle of T" whose third edge is a boundary edge, and 7,, = d is
oriented. Let [a,b] be a @-orbit which is not in 7. We associate to [a, b] the labeled modified snake
graph G,; defined in the following way:

e if Res([a,b]) = {7}, then Gu := G;

o if Res([a,b]) = {71,72}, with 1 counterclockwise (resp. clockwise) from =y, if 7,,_; is coun-
terclockwise (resp. clockwise) from 7, then G, is obtained by gluing the tile with label n of
.C’;W to the tile with label n —1 of QAM along 7,_1), following the gluing rule recalled in Section
3.1. If both QA% and QA72 contain a tile with label n — 1, we add an edge from the top right
vertex of the tile of g:,1 with label n to the top left vertex of the tile of gA,72 with label n — 1,

as in Figure 3.7.
pn —1
n n

Figure 3.7

Example 3.2.5. We compute the labeled modified snake graph G, of the f-orbit [a,b] in Figure
3.8.

Qo

Figure 3.8: A f-orbit [a,b] in a triangulated octagon and its restriction.

First, we compute QA71 (in red) and sz (in blue) from G,, and G,,, according to Definition 3.2.1:
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3.2. Modified snake graphs from 0-orbits

1
22| 1 3
Gy = 312011 gA%:
3 3
1
2 3
Gy = 31201 gﬁmz
3 3

Then, according to Definition 3.2.4, we glue them together, and we add an edge from the top
right vertex of the tile of G71 with label 3 to the top left vertex of the tile of QAW with label 2. We
get:

[9]
=1
3 3
2 2
A\ >/
3 2

If G, contains an additional edge as in Figure 3.7, we extend the definition of height monomial

w

gab =

y(P) of a perfect matching P of G, using Remark 3.1.8.

Definition 3.2.6. Let P be a perfect matching of G,,. The height monomial of P is

(2

where the product is over all ¢ for which P_ N P does not contain any edge of G; with label different

from 7,.

For a #-orbit [a,b] of Po,to (resp. a diagonal v of P, y3) the minimal matching P_(Gy) (resp.
P_(G,)) is defined as in Definition 3.1.5.

Definition 3.2.7. Let [a,b] be a §-orbit which is not in T', and 7, ..., 7;, be the sequence of diag-
onals of T' = Res(T') crossed by the diagonals of Res([a, b]). Then the perfect matching polynomial

Ofgab is
Fgab = Zy(P)v

P

where the sum is over all perfect matchings P of G,;, and the g-vector is

d
8w = D, =) cy
j=i

T,L-EP, (gab)
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3.2. Modified snake graphs from 0-orbits

The definition is extended to any §-orbit by letting Fg,, = 1 and gg,, = €; if [a,b] = {7, Topn—i} €
T, and Fg,, =1 and gg,, = 0 if (a,b) is a boundary edge of Py 2.

Remark 3.2.8. In the definition of gg,, we do not consider the edges of P_(Gy,) with a label of
the form 7).

Lemma 3.2.9. Let T = {r,...,7,} be a triangulation of P, 3, such that T, is an edge of a triangle

of T whose other two edges are boundary edges. Let vy be a diagonal of P53 which is not in T.
Then F_C;W = Ig,.

Proof. The operation f : Match(G,) — Match(G.) defined as follows:

r e
- f n n
Tln—1]
- f Tn Tn
n
Tln—1]

is a poset preserving isomorphism between the set of perfect matchings of G, and the set of perfect
matchings of C;,y. Moreover, y(P) = y(f(P)), for any P € Match(G,). Theorefore, FgAW =Fg. O

Example 3.2.10. We illustrate the proof of Lemma 3.2.9 for the diagonal v of Example 3.2.3.

yry2ys d% Y1y2y3
+ |2 2 +
o f JAnCYanN "
+ A3 — 1 — 3 +
371

+
| oD 1

Fg’y = FQ’Y

Figure 3.9: The posets of perfect matchings of G, and QA,Y, and the corresponding monomials which give
Fg, =F; .
Y

Example 3.2.11. We compute the perfect matching polynomial Fg_, and the g-vector gg,, of the
labeled modified snake graph G,; of Example 3.2.5. The set of all perfect matchings of G,;, with
the corresponding monomials, is the following:
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y1y3y3

n 1 2

i m%(" "ana

+

oro

Y2y3 [3\"/3\

Figure 3.10: The perfect matchings of G, and the corresponding monomials.
Therefore, we have

Fg,, = V19393 + y3y3 + y1y2y3 + 20293 + 2403 + 3 + 2y3 + 1,

and
2 1 1
g.,=12|—12|=]20
0 2 —2
Lemma 3.2.12. Let T ={m,..., 7 = d, ..., Ton—1} be a O-invariant triangulation of Popto such

that T, and T,—1 are edges of a triangle of T whose third edge is a boundary edge, and 1, = d is
oriented. For any 0-orbit [a,b] of Poyta, Fg,, = F5 (cf. Definition 2.2.1).
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3.2. Modified snake graphs from 0-orbits

Proof. If Res([a,b]) = {7}, the statement holds since Fg, = Fs = Fg, (cf. Lemma 3.2.9).
Otherwise, if Res([a, b]) = {71,72}, we have two cases to consider.

i) One of 71 and s, say 72, intersects only 7,,. So Gy will be of the following form:

n—1
n 7/1]”

Figure 3.11

where the red part represents QA%, and the blue part represents QAW. We have that
Fg,, = FgAA/1 FgAw —R=Fg Fg,6 —R, (3.2.1)

where R is the sum of the monomials which correspond to gluing of perfect matchings of QAM
(in red) and perfect matchings of QAW (in blue) which are not perfect matchings of G,p. They

are all of the form

62 / \ €1
n —
/ " Tt/u "

€3

Figure 3.12

Therefore, we have to describe all perfect matchings of QAM which do not contain the edge
with label 7,1}, along which we glue G of Q72 and G,,_1 of g}l. A similar question for QAW

is trivial, as it is just one tile.

We consider the type A exchange relation corresponding to the crossing of diagonals 7,,_1 and
41, which is the diagonal of P, 3 which intersects the same diagonals of T as 1 but 7,,. We

have two cases to consider.

1) Tjp—1) is not in P_(G.,). So the red edges ey, €2, e3 of G,y in Figure 3.12 are in P_(G., ).
Let f1, fa, f3 be the edges of the tile of QA71 with label n — 1 which are not in the set
{e1,e2,e3}. Then P = P,(giﬂ) \ {e1,e2,e3} U{f1, fo, f3} is a perfect matching of QA%
such that h(P) = yp—1. Therefore, y,_1 is a summand of Fg, . Tt follows that 7,1
has to be counterclockwise from 7,,. In fact, we will see in Chapter 5 that Fg, = Fp_ ,
where Fp is the F-polynomial of the representation L., of the quiver Q(7') associated
to T (cf. Definition 1.1.10). If 7,1 was clockwise from 7, then there would be an arrow
n—1— nin Q(T), and so y,_1 would not be a summand of Fr, . which contradicts
what we have just proved. This argument will be used several other times in the proof.

We will not repeat it.
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f=all
(]|

Figure 3.13: Type A exchange relation corresponding to the crossing of 41 and 7,_1.

We have that
F% = ydaB’CEF(%C) + F(a,E)‘ (3.2.2)

Since ey, e2, eg are in the minimal perfect matching of Q:,l, and so of g}l, the sum of the
monomials which correspond to the perfect matchings of QA:YI which contain them in the
right hand side of 3.2.2 is F{,, ). Therefore,

R=ynFl,p = yda*,E*F(a@, (3.2.3)

So, we obtain
d B
Fgab = F’YIF’Y2 -y Wl’WQF(a,E) = Fab'

2) Tjp—1) is in P_(G,,). So the edges ey, eg, e3 in Figure 3.12 are not in P_(G,,). Tt follows

that 1,1 is not a summand of kg, . Therefore, 7,,_1 has to be clockwise from 7,.

7 C
b
a/’ N
Tn
Tn-l *
C

Figure 3.14: Type A exchange relation corresponding to the crossing of 41 and 7,_1.

We have that
By, = yeere Fl 3 + Flag)- (3.2.4)

Since ey, e, e3 are not in the minimal perfect matching of QA%, and so of QA%, the sum
of the monomials which correspond to the perfect matchings of ,C’;:ﬂ which contain them
in the right hand side of 3.2.4 is ydaéﬁcF(avl;). Therefore,

R— ynydaé,ch(an) - yd“**g*F(a,g). (3.2.5)

So, we obtain
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3.2. Modified snake graphs from 0-orbits

ii) Both 1 and 9 intersect 7,,—1. So Ggp will be of the following form:

Figure 3.15

where the red part represents QAvl, and the blue part represents QAW. We have that
Foy = Fg, Fg, —R+85="Fg, Fg,, — R+, (3.2.6)

where R is the sum of the monomials which correspond to gluing of perfect matchings of QA%
(in red) and perfect matchings of G,, (in blue) which are not perfect matchings of Gap, and so

they are of the form

Figure 3.16

while S is the sum of the monomials which correspond to perfect matchings of G,; which

contain the additional edge, and so they are of the form

7

n—1 n—1
/ " -1 "

Ja fa

Figure 3.17

Therefore, first we have to describe all perfect matchings of ,C’;% and ,C’;W which do not contain

the edge with label 71, 1), along which we glue G of QA,YQ and G,,_1 of QA%.

We consider the type A exchange relation corresponding to the crossing of diagonals 7,,_1 and
A1 (resp. 72), which is the diagonal of P, 3 which intersects the same diagonals of T as v

(resp. ¥2) but 7,,. We have two cases to consider.
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1) Tjp—1) is not in P,(QA,YI). So the red edges ej, ea, ez of the tile of QA71 with label n — 1 in
Figure 3.16 are in P_ (QAM). It follows that y,—1 is a summand of Fg, . Therefore, 7,1

has to be counterclockwise from 7,,.

C
a
Tn—1 Tn *
l_) 1
d c

Figure 3.18: Type A exchange relation corresponding to the crossing of 41 and 7,_1.

C
a
T”lTn %
b\J2
d z

Figure 3.19: Type A exchange relation corresponding to the crossing of 45 and 7,_1.

We have
F;h — ydad,CEF(a,c) + F(a,d), (327)

and
Fy, =y Y F o + Fgq)- (3.2.8)

Since ep, eg, e3 are in P_(QAM), and so in P_(Gs,), the sum of the monomials which
correspond to the perfect matchings of QA% which contain them in the right hand side of
3.2.7 18 Flq,q). Since eq, ez, e3 are in P_((j%), it also follows that the red edges ey, €5
of the tile of G,, with label n — 1 in Figure 3.16 are not in P_(G,,). So the sum of the
monomials which correspond to the perfect matchings of QA% which contain ey, e in the
right hand side of 3.2.8 is ydEd,cEF(I;’C). Therefore,

R = ypy e Flo g Fig - (3.2.9)

On the other hand, let fi, fo be the red edges of the tile of QAM with label n — 1 in
Figure 3.17. Then fo = e3 has label 7,, while f; has a different label. Since ej, es, es
are in P,(g}l), it follows that f; is not in P,(QA,YI), and so it is not in P,(QA:H). So,
if P is a perfect matching of QA;,I which contain fi, then A(P) is a multiple of y,_.
Therefore, the sum of the monomials which correspond to the perfect matchings of QA%

which contain f; in the right hand side of 3.2.7 is ydad»ciF(ajc). Moreover, since ey, €3, e3
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are in P_ (QA,YI), it also follows that f3, f4 are in P,(QAW), and so in P_ (QA%). Then the
sum of the monomials which correspond to the perfect matchings of QA% which contain
f3, f4 in the right hand side of 3.2.8 is Fga)- Therefore,

S = ynydad,CEF(a”C)F(E’d). (3210)

Finally, we consider the exchange relation corresponding to the crossing of (a,d) and
(b, c).

Cc
a
T lTn *
b
d 2

Figure 3.20: Type A exchange relation corresponding to the crossing of (a,d) and (b, c).

We have that
FlaayFe = ydac,EdF(a@ + ydaE,ch(aﬁ) Fg.a)- (3.2.11)

Therefore,
—R+S= —ynydgd,céydac,l;dF(a,E) = _ya*’b*F(aj)- (3.2.12)

So, we obtain
d B
b, =I5 15, —y WlmF(a,E) = Fgp

2) The case in which Tin—1] 1s in the minimal perfect matching of QAM is analogous, exchang-
ing the roles of v and .
O

Lemma 3.2.13. Let T ={ry,...,7 = d,...,Ton—1} be a O-invariant triangulation of Pa, o such
that 1,, and T,_1 are edges of a triangle of T whose third edge is a boundary edge, and T, = d is
oriented. For any 0-orbit [a,b] of Ponio, 8g., = 95 (cf. Definition 2.2.1).

Proof. 1f Res([a,b]) = {7}, by construction, an edge with label n is in G, if and only if two edges

with label n are in g}. Therefore,
e If v does not cross 7,,, gg,, = 8, = Dgg. .

e Otherwise, if v crosses 7,, then gg,, = 8, = Dgg., + en, since in Dgg  we have subtracted

en twice, so we have to add it once.

If Res([a,b]) = {71,72}, the statement follows since the minimal matching of G, is the gluing of

the minimal matchings of QA% and QAW. 0
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Theorem 3.2.14. Let T ={r,...,7n =d, ..., Ton—1} be a O-invariant triangulation of Payp1o such
that 7, = d and T,_1 are edges of a triangle of T whose third edge is a boundary edge, and 1, = d
is oriented. Let A = Aq(T)P be the cluster algebra of type B, with principal coefficients in T (cf.
Definition 2.1.4). Let [a,b] be an orbit of the action of 6 on the diagonals of the polygon, and xu,
the cluster variable of A which corresponds to [a,b]. Let Fg, and g be the F-polynomial and the
g-vector of xqy, respectively. Then Fy, = Fg,, and gq, = gg,, -

Proof. The result follows directly from Theorem 2.2.2, Lemma 3.2.12 and Lemma 3.2.13. U

Remark 3.2.15. Theorem 3.2.14 extends the result of [39] for cluster algebras of type B to every
seed whose cluster corresponds to a #-invariant triangulation 7' = {m,...,7, = d,...,Ton—1} of

Py, 12, such that 7, = d and 7,,—1 are edges of a triangle of T' whose third edge is a boundary edge.

Example 3.2.16. Let [a,b] be the #-orbit in the triangulated octagon in Figure 3.8. It follows
from Theorem 3.2.14 that the Laurent polynomial Fg,,, and the integer vector gg,,, computed in
Example 3.2.11, are the F-polynomial, and the g-vector respectively, of x4, € Ae(T)?, where T is

the #-invariant triangulation of the octagon in Figure 3.8.

3.2.2 Type C

Definition 3.2.17. Let T = {71,...,7,} be a triangulation of P, 3, such that 7, is an edge of
a triangle of T whose other two edges are boundary edges. Let v be a diagonal of P,, 3 which is
not in T. We define the labeled modified snake graph QA7 associated to v as the usual labeled snake
graph G, of Definition 3.1.1 with the following additional labels on the tile G with label n: if [ is
a label of an edge e of GG, [ is also a label of the edge of Gn opposite to e.

Remark 3.2.18. A cluster algebra of type C), can also be realized as a disk with one orbifold point
of weight %, and n+ 1 boundary marked points [23]. In [12], Canakci and Tumarkin introduce snake
and band graphs associated to curves in a triangulated orbifold with orbifold points of weight %,
including type C. The tile G, of QA7 is the same as the tile they associate to the pending arc, i.e.

the arc of the triangulation of the orbifold connecting a boundary point to the orbifold point.

Example 3.2.19. In the example for n = 3 in Figure 3.21, we compute the snake graphs G, and
gﬂy associated to a diagonal v in a triangulated polygon. The diagonal v crosses three diagonals of

the triangulation T, hence G, and QA7 have three tiles.
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2 3
9 G, = 1712123
1 2
L/ 2 3 2
G,= | 1hathsh
1 2

Figure 3.21: On the left, a diagonal v in a triangulated hexagon; on the right, its snake graphs G, and QAW.

Definition 3.2.20. Let T' = {7y,...,7, = d,...,Ton—1} be a f-invariant triangulation of Pg, to.
Let [a,b] be a #-orbit which is not in 7. We associate to [a, b] the labeled modified snake graph G,
defined in the following way:

e if Res([a,b]) = {7}, then Gy, := g};

o if Res([a,0]) = {71,792}, then G, is obtained by gluing G5, and Gs, along their common

exterior edge, following the gluing rule recalled in Section 3.1.

Remark 3.2.21. In the case where Res([a, b]) = {71, 72}, with the notation of Definition 2.3.3, the
edge along which we glue QA% and QA% is (b, c) if [a,b] = [a,a] is a diameter, while it is (¢, d) if [a, b]

is a pair of diagonals which cross d.

Remark 3.2.22. Let [a,b] be a f-orbit such that Res([a,b]) = {71,72}. Then G, is obtained by
superimposing G, and G, over their tile G,, with label n, in the only way such that G, has different

relative orientation with respect to T' = Res(T) in G,, and G,,.

We define the perfect matching polynomial Fg , and the g-vector gg,, of Gg as in Definition
3.2.7, where for the height monomial we can use Definition 3.1.6 since, unlike type B, we do not

have an additional edge.

Example 3.2.23. We compute the labeled modified snake graph G,;, of the #-orbit [a, b] in Figure
3.22.

(=all
I

Figure 3.22: A f-orbit [a,b] in a triangulated octagon and its rotated restriction.
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~/

Figure 3.23: A triangulated orbifold with one orbifold point of weight %

3 2
3
Gap = 1 3 12
T

Remark 3.2.24. G, is the snake graph associated in [12] to the arc 7 in the triangulated orbifold
in Figure 3.23.

2

Y1Y2yY3 113
2

2

Y1y3 113
3

2

Y1 113
1

2

1 113

Figure 3.24: The poset of perfect matchings of G,;, and the corresponding monomials.
Therefore, we have

Fgab = y1Y2y3 +y1ys +y1 + 1,
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and
0 1 -1
g.,= 11| —|1]|= 0
1 1 0
Lemma 3.2.25. Let T = {711,...,7, = d, ..., Ton—1} be a O-invariant triangulation of Py, o with

oriented diameter d. For any 0-orbit [a,b] of Popia, Fg,, = Fac;) (cf. Definition 2.3.3).

Proof. 1f Res([a,b]) = {7}, the statement holds since Fg,, = 6, = Fg. . Otherwise, if Res([a, b]) =

{’}71 5 ’)72 }) then

Fs

Fgab = F ¢ Q;Q

¢, o, — B = Fo,, Fo,, — R, (3.2.13)

where R is the sum of the monomials which correspond to gluing of perfect matchings of QA:YI (in
red in Figure 3.25) and perfect matchings of QA% (in blue in Figure 3.25) which are not perfect
matchings of Gup. They are all of the form

€1 ég

no T
€9 €4
Figure 3.25

Therefore, we have to describe all perfect matchings of gﬁn and of QA% which do not contain the
edge with label 7(;, along which we glue G of QA:YI and G; of QA%.

We prove the statement in the case where [a,b] = [a,a] is a diameter. If [a,b] is a pair of
diagonals which cross d, the proof is completely analogous. We consider the type A exchange

relation corresponding to the crossing of diagonals 4, and 7,.

Figure 3.26: Type A exchange relation corresponding to the crossing of 4 and 7,.

We have that
Py, =y Fl g + Flop)- (3.2.14)

At this point, we have two cases to consider.
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1) 7(;) 1s not in the minimal perfect matching of g}l. So the red edges ey, ex of Gn in Figure 3.25
are in the minimal perfect matching of Gs,. So the sum of the monomials which correspond
to the perfect matchings of G5, which contain them in the right hand side of 3.2.14 is Fop)
Moreover, the fact that eq, ez are in the minimal matching of G5, means that the monomial
Yrn is a summand of Fg, . Therefore, 7; has to be clockwise from 7,. To prove the last two

sentences we use the argument stated explicitly in the proof of Lemma 3.2.12 point i-1).

We consider the type A exchange relation corresponding to the crossing of diagonals 72 and

T -
c b
/r
a )
Tn *
b

Figure 3.27: Type A exchange relation corresponding to the crossing of 45 and ;.

We have that
Fs, = y%eab Fg o + F(, 3. (3.2.15)

Since e1, es are in the minimal perfect matching of QA%, the red edges e3, e4 of G’Z in Figure
3.25 cannot be in the minimal perfect matching of Gs,. So the sum of the monomials which
correspond to the perfect matchings of QA% which contain es, e4 in the right hand side of 3.2.15
is ydbc,aEF(ayc). Therefore,

R= ydbc’aEF(aj)) F(a,c) — ydbc,a* F(a,B)F(CLC)' (3216)

So, we obtain (cf. Remark 2.3.6)

d C,a* — — C

Fg,, = F5 Iy =y Flapy Fla,e) = Fab.

2) 7 is in the minimal perfect matching of QA:/I. So e1, eg are not in the minimal perfect matching
of QA%. So the sum of the monomials which correspond to the perfect matchings of QA% which
contain e, ey in the right hand side of 3.2.14 is ydaEvb*F(@b). Moreover, the fact that ey, e
are not in the minimal matching of QA% means that the monomial ¥, is not a summand of

Fg. . Therefore, 7; has to be counterclockwise from 7,.

We consider the type A exchange relation corresponding to the crossing of diagonals 42 and

T -
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Tn *

2\

b

Figure 3.28: Type A exchange relation corresponding to the crossing of 45 and ;.

We have that
FQQ = yd“cviF(%b) + F(a,c)' (3217)

Since ey, eo are not in the minimal perfect matching of QA%, e3, e4 must be in the minimal
perfect matching of QA:YQ. So the sum of the monomials which correspond to the perfect

matchings of QA:YQ which contain e3, e4 in the right hand side of 3.2.17 is F{, ). Therefore,

R = yd“l;!b*F(a,b)F(ayc). (3218)

So, we obtain (cf. Remark 2.3.6)

Fg,, = F5, F5, — ydag’b* F(a7b)F(a,c) = Facl;'
O

Lemma 3.2.26. Let T = {71,...,7, = d, ..., Ton—1} be a O-invariant triangulation of Py, o with
oriented diameter d. For any 0-orbit [a,b] of Popt2, 8g,, = gg; (cf. Definition 2.5.3).

Proof. If Res([a, b]) = {4}, we have two cases to consider.
o If 7; and 7, are two different sides of a triangle of T', 7; is clockwise from 7,,, and 7 crosses 7,,
then the edge of G, with label i and its opposite must be in the minimal perfect matching
P_(Gap) of Gap. Since they both have label ¢ in G, it follows that 8G., = 8¢, T € =gyt e;.

e Otherwise, gg,, = 8¢, = &5-
If Res([a,b]) = {#1,72}, the statement follows since the minimal matching of G is the gluing of
the minimal matchings of G5, and Gs,. If 7; and 7, are two different sides of a triangle of T and 7;
is clockwise from 7,,, we have to subtract the vector of the canonical basis of R™ which corresponds
to the edge e of the triangle containing 7,, along which we glue gﬁh and QA:YQ, Le. 8@a) (resp. 8(5.c) if
[a,b] = (a,a) is a diameter) with the notation of Definition 2.3.3 (cf. Remark 3.2.21). We have to
do this since e is in the minimal perfect matching of Gs,, but it is not in P_(Ggp) since it becomes

an interior edge of G, after gluing. [l

Theorem 3.2.27. Let T be a 0-invariant triangulation of Ponio with oriented diameter d, and
let A = A (T)C be the cluster algebra of type C, with principal coefficients in T (cf. Definition
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2.1.4). Let [a,b] be an orbit of the action of 6 on the diagonals of the polygon, and x4, the cluster
variable of A which corresponds to [a,b]. Let Fyp and gqp be the F-polynomial and the g-vector of
Tap, respectively. Then Fu, = Fg,, and gqp = 8g,, -

Proof. The result follows directly from Theorem 2.3.7, Lemma 3.2.25 and Lemma 3.2.26. ]

Remark 3.2.28. Theorem 3.2.27 extends the result of [39] for cluster algebras of type C to every

seed.

Example 3.2.29. Let [a,b] be the f-orbit in the triangulated octagon in Figure 3.22. It follows
from Theorem 3.2.27 that the Laurent polynomial Fg,,, and the integer vector gg,,, computed in
Example 3.2.23, are the F-polynomial, and the g-vector respectively, of x4, € Ae(T)C, where T is

the #-invariant triangulation of the octagon in Figure 3.22.
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Chapter 4
Quiver representations

This chapter is devoted to a recollection on quiver representations, and it gives the background
necessary for the last chapter. We will review the notions of projective and injective modules (Section
4.1.1), quivers and path algebras (Section 4.2), representations of bound quivers (Section 4.3.1),
representations given by diagonals of a polygon (Section 4.3.2), quiver Grassmannians (Section
4.3.3), F-polynomials and g-vectors of quiver representations (Section 4.3.4), Auslander-Reiten
translation and Auslander-Reiten formulas (Section 4.4). For the exposition we follow mainly [1, 47].
We assume that the reader is familiar with the basic notions of category theory. Otherwise one can

find, for example in [1, Appendix A], a reminder on the subject.

In this chapter K denotes an algebrically closed field.

4.1 Modules over an algebra

Definition 4.1.1. Let A be a K-algebra with identity element denoted by 1. A right A-module (or
a right module over A) is a pair (L, ), where L is a K-vector space and - : Lx A — L, (m,a) — ma,

is a binary operation satisfying the following conditions:

i) (z+y)a=za+ya;

ii) z(a+b) = za + zb;

x(ab) = (zab);

111

iv
v) (zM\)a = z(a)) = (za)A

for all z,y € L, a,b € A and A € K. A K-subspace L' of L is said to be an A-submodule of L if

lae L' foralll e L',a € A.

)
)
)
)

zl = x;

The definition of a left A-module is analogous. Throughout, we will write L or L4 instead
of (L,-). Moreover, we will write A4 and 4A to denote the algebra A viewed as a right or left
A-module, respectively.

Let A be a K-algebra. Let L and L’ be right A-modules. A K-linear map h : L — L’ is said
to be an A-module homomorphism (or simply an A-homomorphism) if h(la) = h(l)a for any [ € L

and a € A. An A-module homomorphism is said to be a monomorphism (resp. an epimorphism)
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if it is injective (resp. surjective). A bijective A-module homomorphism is called an isomorphism.
Two right A-modules L and L’ are said to be isomorphic if there exists an A-module isomorphism
h: L — L'. We denote by Mod A the abelian category of right A-modules, i.e. the category whose
objects are right A-modules, the morphisms are A-module homomorphisms, and the composition
of morphisms is the usual composition of maps.

A right module L is finite dimensional if the dimension dimg L of the underlying K-vector space
of L is finite, while it is finitely generated if there exists a finite subset {l1,...,ls} of elements of L
such that for any element [ € L there exist a1,...,as € A such that [ = lya1 +---+1sas. We denote
by mod A the full subcategory of Mod A whose objects are the finitely generated modules. It follows

that, if A is a finite dimensional K-algebra, then all modules in mod A are finite dimensional.

4.1.1 Projective and injective modules

Definition 4.1.2. A right A-module P is projective if, for any epimorphism h : M — N, the
induced map Homyu (P, h) : Homy(P, M) — Hom4(P, N) is surjective, i.e., for any epimorphism
h: M — N and any f € Homu(P, N), there is an f' € Homy4 (P, M) such that the following

diagram is commutative

P
/lf
M-I sN_—50

The full subcategory of mod A whose objects are the projective modules is denoted by projA.

Definition 4.1.3. A right A-module I is injective if, for any monomorphism w : L — M, the
induced map Homg(u, 1) : Homy(M,I) — Homa(L, I) is surjective, i.e., for any monomorphism
w: L — M and any g € Homa(L, I), there is a ¢ € Homy4 (M, I) such that the following diagram
is commutative

0—— L 2> M

gl /
1
The full subcategory of mod A whose objects are the injective modules is denoted by inj A.

The functor D(—) = Homg (—, K), known as standard K -duality, defines two dualities of cate-

gories
mod A 2> mod A°P 2> mod A

such that there are natural equivalences of functors Do D = 1,04 4 and D o D = 1,,,q aop, Where
A°P is the opposite algebra of A or, in other words, mod A°P is the category of finitely generated
left A-modules. This allows us to study the injective modules in mod A by means of the projective

modules in mod A°P.

Definition 4.1.4. The Nakayama functor of mod A is defined to be the endofunctor
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v =D oHomy(—,A) : mod A — mod A.
Lemma 4.1.5. The Nakayama functor v is right exact.

Proof. See [1], I11.2.9. O

Proposition 4.1.6. The restriction of the Nakayama functor v : mod A — mod A to proj A
induces an equivalence between proj A and inj A. The quasi-inverse of this restriction is given by
v~ Homyu(D(aA),—) :inj A — proj A.

Proof. See [1], I111.2.10. O

Let A be a finite dimensional K-algebra. Then A can be viewed as a bimodule over itself. Let

{e1,...,en} be a complete set of primitive orthogonal idempotents of A, so ey, ..., e, are orthogonal

1

/ 2
i, Where e; and e;

idempotents, i.e. e;e; = eje; = 0;;, ; cannot be written as a sum e; = eg +e
are non-zero orthogonal idempotents, and 1 = e; + --- + ¢,. Therefore, A = e1A®---Pe,Ais a

decomposition of A into indecomposable submodules. We have the following result:

Theorem 4.1.7. i) Every indecomposable projective right A-module is isomorphic to one of the

modules
P(l) = 81A,P(2) = eQA,...7P(7’L) = enA.
2) Every indecomposable injective right A-module is isomorphic to one of the modules

I(1) = D(Aey), 1(2) = D(Aes), ..., I(n) = D(Aey).

Proof. See [1], 1.5.17. O

Definition 4.1.8. A projective resolution of a right A-module L is a complex
Po:oos P, 2P, 1w PP —0

of projective A-modules together with an epimorphism pg : Py 2o, I of right A-modules such that
the sequence
L N B - Ny ) (4.1.1)
is exact.
Definition 4.1.9. Dually, an injective resolution of L is a complex
im+1

I.:0—>1011+11—>-~-—>Im—>lm+1—>---

of injective A-modules together with a monomorphism ig : L — Iy of right A-modules such that
the sequence _
0L ST S — oLy N Ly — e (4.1.2)

is exact.
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Definition 4.1.10. An A-submodule X of L is superfluous if for every submodule Y of L the
equality X +Y = L implies Y = L. An A-epimorphism h : L — M in mod A is minimal if ker(h)
is superfluous in L. An epimorphism p: P — L in mod A is called a projective cover of L if P is a

projective module and p is a minimal epimorphism.
The notions dual to minimal epimorphism and to projective cover are defined as follows.

Definition 4.1.11. An A-module monomorphism « : L — M in modA is minimal if every non-zero
submodule X of M has a non-zero intersection with im(u). A monomorphism i : L — I in mod A

is called an injective envelope of L if I is an injective module and ¢ is a minimal monomorphism.
Definition 4.1.12. An exact sequence
PP L0

in mod A is called a minimal projective presentation of the A-module L if the A-module homomor-
phisms Py 2% L and P, 2% ker(pg) are projective covers.
An exact sequence as in 4.1.1 in mod A is called a minimal projective resolution of L if p; : P; —

im(p;) is a projective cover for all j > 1 and P P Lisa projective cover.

Theorem 4.1.13. Let A be a finite dimensional K-algebra. Any module L in mod A admits a

minimal projective presentation and a minimal projective resolution in mod A.

Proof. See [1], 1.5.10. O

Definition 4.1.14. Dually, an exact sequence

0L %1
in mod A is called a minimal injective presentation of the A-module L if the A-module homomor-
phisms L “% Iy and im(i1) < I; are injective envelops.

An exact sequence as in 4.1.2 in modA is called a minimal projective resolution of L if im(i,,) —

I,,, is an injective envelope for all m > 1 and L ~% I is an injective envelope.

Theorem 4.1.15. Let A be a finite dimensional K-algebra. Any module L in mod A admits a

minimal injective presentation and a minimal injective resolution in mod A.

Proof. See [1], 1.5.16. O

Definition 4.1.16. Let A be a finite dimensional K-algebra. The projective dimension of a right

A-module M is the non-negative integer pd L = m such that there exists a projective resolution
0= Pp Xt Pp1—- PP L0

of L of length m and L has no projective resolutions of length m — 1, if such a number m exists.
If L admits no projective resolutions of finite length, the projective dimension pd L of L is defined
to be infinity. Dually, the injective dimension of L is the non-negative integer id L = m such that
there exists an injective resolution of L of length m and L has no injective resolutions of length
m — 1, if such a number m exists. If L admits no injective resolutions of finite length, id L of L is
defined to be infinity.
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Definition 4.1.17. Let A be a finite dimensional K-algebra. The global dimension of A is the
non-negative integer gl.dim A = max{pd L | L € mod A}.

One can show that the global dimension of A is also equal to max{idL | L € mod A}. See |1,
A 4] for details.

Definition 4.1.18. Let A be a finite dimensional K-algebra. A is said to be hereditary if the global

dimension of A is at most 1.

Given two A-modules L and N, we take a projective resolution P, of N and construct the

induced cochain complex

Homy(P,, L) : 0 — Homu (P, L) Homa(ps,L),

-+« — Homy (P, L

Homuy (P, L) — ---

) 2An D, Hom (P, L) = -+

of K-vector spaces.

Definition 4.1.19. The i-th extension group Ext’y(N, L), i > 1, is defined to be the i-th cohomology

group of this complex, i.e.,
ExtYy (N, L) = ker(Hom 4 (pm+1, L))/im(Hom 4 (ppm, L)).

One can show that this definition does not depend on the choice of the projective resolution;
see [1, A.4].

Notation 4.1.20. We will denote by [N, L] the dimension of the vector space Ext’ (N, L).

Remark 4.1.21. If A is hereditary, Ext’y(N, L) = 0 for any i > 2, and for any A-modules L and
N.

The Ext'-groups provide very interesting information. Now will see that the vector space

Extl(N , L) is isomorphic to the vector space of extensions of N by L.

Definition 4.1.22. An extension £ of N by L is a short exact sequence 0 — L i> M N = 0.

Two extensions £ and & are called equivalent if there is a commutative diagram:

€:0 JEA N 0
¢ 0 LN 0

An extension is split, or trivial, if the short exact sequence is split, i.e., if the extension is equivalent

to the short exact sequence
0—-L—->L&N —- N —0.

It can be easily seen that this happens if and only if f is a section (equivalently, g is a retraction).
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Given two extensions & and & of N by L, one can define their sum & +¢’; see [1, A.5] for details.
The set of equivalence classes €4 (N, L) of extensions of N by L together with the sum of extensions
is an abelian group, and the class of the split extension is the zero element of that group. We have

the following result:
Theorem 4.1.23. For any pair of A-modules L and N, there is a functorial isomorphism
X : Ea(N, L) — Exty (N, L).

Proof. See [1], A.5.9. O

4.2 Quivers and path algebras

We recall the definition of quiver given in Section 1.1.

Definition 4.2.1. A (finite) quiver Q = (Qop, @1, s,t) is a quadruple consisting of two (finite) sets:
Qo (whose elements are called vertices) and @1 (whose elements are called arrows), and two maps
s,t: Q1 — Qo which associate to each arrow o € Qg its source s(a)) € Qo and its target t(a) € Qo,

respectively.

An arrow a € Q7 of source i = s(a) and target j = t(«) is usually denoted by o : i — j. A
quiver Q = (Qo, @1, s,t) is usually denoted briefly by @ = (Qo, @1), or even simply by Q.

Thus, in this section, in contrast to Definition 1.1.1 given in Section 1.1, we do not have any
restrictions neither on the number of arrows between two points, nor on the existence of loops or

oriented 2-cycles.
Example 4.2.2. The following quiver is given by Qo = {1,2,3,4,5}, Q1 = {o, 8,7,9,¢,(}, s(a) =
2, s(B) =3, s(y) =1, s(6) =3, s(e) =5, s({) =5, and t(a) = 1, t(B) = 2, t(y) = 3, t(d) = 4,
t(e) =4, t(¢) =5.

9 ¢
o ()
1253 5

s

4
Definition 4.2.3. Let Q = (Qo, @1, s,t) be a quiver and i,j € Qp. A path of length [ > 1 with
source 4 and target j (or, more briefly, from ¢ to j) is a sequence

(i‘al,QQ,...,Oél ’j)v

where o € @ for all 1 < k <, and s(a1) = 4, t(ag) = s(ags1) for each 1 < k < [, and finally

t(ay) = b. Such a path is denoted briefly by ajas - - - o, and may be visualised as follows:

. a1 a2 (67 .
t=ayp—a —ay — - —> a;=]J.
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It is also associated with each point ¢ € Qg a path of length [ = 0, called the trivial path at 1,
and denoted by ¢;.

Thus the paths of lengths 0 and 1 are in bijective correspondence with the elements of Qg and
Q1, respectively. A path of length [ > 1 is called an oriented cycle whenever its source and target
coincide. A cycle of length 1 is called a loop. A quiver is called acyclic if it contains no oriented

cycles.

Definition 4.2.4. Let @ be a quiver. The path algebra KQ of @ is the K-algebra whose underlying
K-vector space has as its basis the set of all paths (i | aq,...,aq | j) of length I > 0 in @ and such
that the product of two basis vectors (a | ai,...,; | b) and (¢ | B1,..., Bk | d) of KQ is defined by

(a,|061,...70(l’b)(c‘ﬂl,...,ﬁk’d):(Sbc(a’@1,.--,@[,51,...,6]{‘d),

where dp. denotes the Kronecker delta. In other words, the product of two paths a7 ---q; and
B1--- Bk is equal to zero if t(ay) # s(B1) and is equal to the composed path aj---aify--- B if
t(ay) = s(B1). The product of basis elements is then extended to arbitrary elements of KQ by
distributivity.

Example 4.2.5. Let @ be the quiver

[0

)

1

consisting of a single point and a single loop. The defining basis of the path algebra K@ is

{e1,a,a?,...,al,...}, and the multiplication of basis vectors is given by

ol =aleg =al foralll >0, and
alaF = altk for all I,k > 0,

where a” = ¢;. Thus K@ is isomorphic to the polynomial algebra K[t] in one indeterminate ¢,

the isomorphism being induced by the K-linear map such that
eg—~1 and o—t.

Example 4.2.6. Let @ be the quiver

12— 2.

The path algebra K@ has as its defining basis the set {e1, €2, a}. Clearly, K@ is isomorphic to the

2 x 2 lower triangular matrix algebra

'JI‘Q(K):<§ f{):{(i 2) ya,b,ceK},

where the isomorphism is induced by the K-linear map such that

10 0 0 0 0
€] — , €3> R — .
0 0 01 10
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Definition 4.2.7. Let @ be a finite and connected quiver. The two-sided ideal of the path algebra
K@ generated (as an ideal) by the arrows of @ is called the arrow ideal of K@, and is denoted by
Rg.

Note that there is a direct sum decomposition
Ro=KQi®PKQ® - DKQ & ---

of the K-vector space Rg, where K(Q); is the subspace of K@ generated by the set (); of all paths
of length [. In particular, the underlying K-vector space of Rg is generated by all paths in @ of
length [ > 1. This implies that, for each [ > 1,

Ry = P KQum,

m>1

and therefore RZQ is the ideal of K@ generated, as a K-vector space, by the set of all paths of length
> 1.

Theorem 4.2.8. Let Q) be a finite, connected, and acyclic quiver. The path algebra KQ is a basic

and connected associative finite dimensional K-algebra with identity 1 = Z €, having the arrow
1€Qo
ideal as radical, and the set {€; | i € Qo} as a complete set of primitive orthogonal idempotents.

Proof. See [1], I.1.11. O

4.2.1 Admissible ideals and quotients of the path algebra

Let @ be a finite quiver. By Theorem 4.2.8, the path algebra K@ of @) is an associative algebra
with an identity, and it is finite dimensional if and only if @ is acyclic. The aim of this section is to
study the finite dimensional quotients of a not necessarily finite dimensional path algebra. We will

see that they correspond to certain ideals which are called admissible.

Definition 4.2.9. Let @ be a finite quiver and R be the arrow ideal of the path algebra K@Q. A
two-sided ideal I of K@ is said to be admissible if there exists m > 2 such that

2
Ry € IC Rp.

If I is an admissible ideal of K@, the pair (@, I) is said to be a bound quiver. The quotient algebra
KQ/I is said to be the algebra of the bound quiver (Q,I), or simply a bound quiver algebra.

Remark 4.2.10. The condition Ry €1 implies that the admissible ideal I contains all paths of
length greater or equal to m, which guarantees that the bound quiver algebra is finite dimensional.
If the quiver ) does not contain any oriented cycles, then there always exists m such that Ry
is a subset of I, it suffices to take m greater than the length of the longest path in . Thus, if @
has no oriented cycles, an ideal is admissible if and only if it is contained in RQQ.
The condition I C Ré guarantees that we do not cut any arrows when we take the quotient, so

that the bound quiver algebra is connected.

Azzurra Ciliberti 78



4.2. Quivers and path algebras

Examples 4.2.11. i) For any finite quiver @) and any m > 2, the ideal Ry is admissible.
ii) The zero ideal is admissible in K@ if and only if @ is acyclic. Indeed, the zero ideal is

admissible if and only if there exists m > 2 such that R}y = 0, i.e. any product of m arrows

in KQ is zero. This is the case if and only if @) is acyclic.
iii) Let @ be the quiver

2
% |
1 S 4
N
3
The ideal I; = (o —vd) of the K-algebra K@ is admissible, but Iy = (af — A) is not; indeed,
2
iv) Let @ be the quiver

g
1?2#3

Each of the ideals I} = (af) and Is = (af — ay) is clearly admissible. The bound quiver
algebras kQ/I; and kQ/I; are isomorphic under the isomorphism kQ /Iy — kQ /I induces by
the correspondence €; — ¢; for i =1,2,3, a— «a, B+— S —, and 7 — 7.

Lemma 4.2.12. Let Q be a finite quiver. Fvery admissible ideal I of KQ is finitely generated.

Proof. See [1], I1.2.8. O

Definition 4.2.13. Let @) be a quiver. A relation in () with coefficients in K is a K-linear
combination of paths of length at least two having the same source and target. Thus, a relation p
is an element of K@) such that

m
p=> N,
i=1

where the \; are scalars (not all zero) and the w; are paths in @ of length at least 2 such that, if

i # j, then the source and the target of w; coincide with those of w;.

If (pj)jes is a set of relations for a quiver @ such that the ideal they generate (p; | j € J) is
admissible, we say that the quiver @) is bound by the relations (p;);es, or by the relations p; = 0
for all j € J.

Example 4.2.14. The quiver @ of Example 4.2.11 iii) is bound by the relation a8 = 7.

Remark 4.2.15. For every admissible ideal I, there exists a set of relations that generate I. In
fact, let I be an admissible ideal. Then [ is generated by some elements o1, 09,...,0, (cf. Lemma
4.2.12). For every pair of vertices z, y, the element e;o0;e, is a linear combination of paths from x

to y, hence a relation. Since o; = Z ez0iey, we have that the ideal I is also generated by the set

w?y
of relations {eoie, | i =1,2,...,572,y € Qo}.
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Theorem 4.2.16. Let () be a finite connected quiver, Rg be the arrow ideal of KQ, and I be an
admissible ideal of KQ. The bound quiver algebra KQ/I is a basic and connected finite dimensional
algebra with an identity, having Rg/I as radical, and {¢; | i € Qo} as complete set of primitive

orthogonal tdempotents.

Proof. See [1], 11.2.12. O

We recall that, for a K-algebra A, rad A denotes the Jacobson radical of A, i.e., the intersection

of all the maximal right ideals in A.

Definition 4.2.17. Let A be a basic and connected finite dimensional K-algebra, and let {ej,...,e,}
be a complete set of primitive orthogonal idempotents of A. The quiver of A, also known as the
Gabriel quiver of A, denoted by @ 4, is defined as follows:

i) the vertices of Q4 are the idempotents ey, ..., ey;

ii) the number of arrows from e; to e; is the dimension of the K-vector space e;(rad A/rad?A)e;.
Remark 4.2.18. If A = KQ/I for a finite quiver () and an admissible ideal I, then Q4 = Q.

The following important result shows that every basic and connected finite dimensional K-

algebra is actually a bound quiver algebra:

Theorem 4.2.19. Let A be a basic and connected finite dimensional K-algebra. There exists an
admissible ideal I of KQa such that A= KQa/I.

Proof. See [1], I1.3.7. O

Theorem 4.2.20. Let A =~ KQa/I be a basic and connected finite dimensional K -algebra. Then
A is hereditary if and only if Q4 is acyclic and I = 0.

Proof. See [1], VIL.1.7. O

4.3 Representations and modules

As we saw in Section 4.2, quivers provide a convenient way to visualise finite dimensional algebras.

In this section we will see how quivers may be used to visualise modules.

Definition 4.3.1. Let Q be a finite quiver. A K-linear representation L of (), or more briefly a
representation of ), or simply a @Q-representation, is defined by the following data:

1) to each point i in Qg is associated a K-vector space V;;
ii) to each arrow av: 4 — j in Q) is associated a K-linear map ¢, : V; — Vj.
Such a representation is denoted as L = (V;, ¢n)icQo,ac@.» or simply L = (Vj, o). It is called finite

dimensional if each vector space V; is finite dimensional.

Definition 4.3.2. Let L = (V;, o) be a representation of @, and let |Qo| = n. The dimension

vector of L is defined to be the vector
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dimgVq
dimL = : € Z%,.
dimKVn
2
Example 4.3.3. Let @ be the quiver ; / 3 5 - A representation L of @ of dimension
4

vector (1,1,1,0,0)7 is given by

Notation 4.3.4. Sometimes we will use indices of vertices with a non-zero dimensional vector space
to indicate representations. For instance, for L of the previous example the shorthand is 123. With
this notation we mean that V; = Vo = V3 = k, and there are two arrows going downward from 2,

one going to 1 and one going to 3, which both carry the identity map.

Definition 4.3.5. Let L = (Vj,¢o) and L' = (V/, ¢,,) be two representations of Q). A morphism
of representations f : L — L' is a family f = (f;)icq, of K-linear maps (f; : L; — L)icq, that are
compatible with the structure maps ¢, and ¢, i.e., for each arrow « : i — j, we have ¢, fi = f;¢q

or, equivalently, the following square is commutative:

Vi 2

lfi |5

/
U o /!
v =V

A morphism f = (f;) : L — L’ is an isomorphism if each f; is bijective. The class of all representa-
tions that are isomorphic to a given representation L is called the isoclass of L.

Let f: L — L' and g : L' — L” be two morphisms of representations of @, where f = (fi)icq,
and g = (¢i)icq,. Their composition is defined to be the family g o f = (g; © fi)icg,- Then go f is

easily seen to be a morphism from L to L”.

This defines a category Rep(Q) of K-linear representations of ). We denote by rep(Q) the full

subcategory of Rep(Q) consisting of the finite dimensional representations of Q.

Example 4.3.6. Let () be the Kronecker quiver 1 ﬁi 2 .
B

A representation L of @) is given by

Azzurra Ciliberti 81



4.3. Representations and modules

Another representation L' is given by

10
01

K? & K*

00

10

Both are finite dimensional. We have a morphism L — L’ defined by

e A | R A L I

10

01

K?$— K?

00

10

[ ol

0
1

Lemma 4.3.7. Let Q be a finite quiver. Then Repy (Q) and repy(Q) are abelian K -categories.

Proof. See [1], I11.1.3.

O

Definition 4.3.8. A representation L € rep(Q) is called indecomposable if L # 0 and L cannot

be written as a direct sum of two non-zero representations, that is, whenever L = M & N with

M, N € rep(Q), then M =0or N =0.

Definition 4.3.9. A quiver () is said to be of finite representation type if the number of isoclasses

of indecomposable representations of () is finite.

Quivers of finite representation type are listed by the following theorem which is one of the most

important results of the theory:
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Theorem 4.3.10 (Gabriel’s Theorem). Let Q) be a connected quiver. Then
1. Q is of finite representation type if and only if Q is any orientation of a Dynkin diagram of
type A, D or E (cf. Figure 1.9).

2. If Q is any orientation of a Dynkin diagram T of type A, D or E, then the dimension vector
induces a bijection from isoclasses of indecomposable representations of Q) to the set of positive

roots of the root system corresponding to I.

4.3.1 Representations of bound quivers

Definition 4.3.11. Let @ be a finite quiver and L = (V;, ¢,) be a representation of ). For any
non-trivial path w = ajas -+ - o from i to j in Q, the evaluation of L on the path w is the K-linear

map from V; to V; defined by

Pw = Py © Pay_1 O 0 Pay O Pay-

The definition of evaluation extends to K-linear combinations of paths with a common source

and a common target; thus let

m
p= Z Ajw;
i=1

be such a combination, where \; € K and w; is a path in @, for each i, then

bp = Xidw,.
=1

This allows us to define a notion of representation of a bound quiver.

Definition 4.3.12. Let @ be a finite quiver and I be an admissible ideal of KQ). A representation
L = (V;, ¢a) of @ is said to be bound by I, or to satisfy the relations in I, if

¢, =0, for all relations pel.

If L is a representation of @) bound by I, we say simple that L is a representation of (Q,I), or a
(Q, I)-representation.

We denote by Rep(Q, I) (resp. by rep(Q,I)) the full subcategory of Rep(Q) (resp. of rep(Q))

consisting of the representations of (@, I) (resp. of the finite dimensional representations of (Q, I)).

Example 4.3.13. Let @ be the quiver of Example 4.2.11 iii). We consider the @Q-representations
L given by
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and L' given by

?

K

[y

1

4N

K

With the notation of Example 4.2.11 iii), we have that L is a representation of (@, I), while L' is

not.

Theorem 4.3.14. Let A = KQ/I, where Q is a finite connected quiver and I is an admissible ideal

of KQ. There exists a K-linear equivalence of categories
F :Mod A = Rep(Q, 1)

that restricts to an equivalence of categories F : mod A —» rep(Q, I).

4.3.2 Representations given by diagonals of a polygon

Let T = {71,...,7,} be a triangulation of P, 3, and let Q(T) be the quiver associated to T (cf.
Definition 1.1.10), so that there is an arrow from the vertex j to the vertex i if and only if 7; and
7; are sides of a triangle of T, and 7; is counterclockwise from 7j. Let I be the admissible ideal

generated by the set of relations given by all paths ¢ — j — k such that there exists an arrow k — .

Definition 4.3.15. Let T,Q(T) and I as above. Then (Q(T),I) is called a cluster-tilted bound
quiver of type A,.

Remark 4.3.16. If each triangle of T has at least one edge on the boundary of the polygon, then
I =0, and Q(T) is an orientation of a Dynkin diagram of type A,,. Furthermore, all quivers of type

A, arise in this way.

Since T is a triangulation of the polygon, any other diagonal v which is not already in 7' will
cut through a certain number of diagonals in T'; in fact, any such diagonal v is uniquely determined

by the set of diagonals in T' that + crosses.

Definition 4.3.17. To such a diagonal 7, it is associated a representation L, = (V;, ¢o) of (Q(T), I)

defined as follows:

v k if v crosses the diagonal i;
Z' =
0 otherwise;

and ¢, =1 whenever V) = V() = k, and ¢ = 0 otherwise.

Example 4.3.18. The triangulation of the octagon in Figure 4.1 gives rise to the quiver Q(T') of
type As. In this case I = 0, since each triangle of the triangulation has at least one side on the

boundary of the polygon.
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Figure 4.1: On the left, a triangulation T of the octagon, on the right the associated quiver Q(T).

The diagonal 7 crosses the diagonals 1,2,3 of T, so the corresponding Q(T)-representation L, is
given by

The map v + L, is a bijection from the set of diagonals that are not in T and the set of
isoclasses of indecomposable representations of (Q(T),I). Moreover, let (a,b) and (c,d) be the
diagonals which connect vertices a and b, and ¢ and d respectively. If (a,b) and (¢, d) cross, then
exactly one of the groups Extl(L(avb), L. q)) and Extl(L(Qd), L(4,)) is non-zero; otherwise they are
both zero. Furthermore, if (a,b) and (¢, d) cross, then the dimension of the non-trivial group is 1,
and the middle term of the non-trivial extension is given by L, 4y © L) (vesp. Lqe) ® L(p.q)) if
there exists ¢ such that the elementary lamination L; associated to 7; (cf. Definition 1.4.16) crosses
both (a,d) and (b,c) (resp. (a,c) and (b,d)). For more details see [8].

a/\d

Cc \/ b
4.3.3 Quiver Grassmannian

In this section we introduce a family of projective varieties which generalize the Grassmannian of

vector spaces to the context of quiver representations. For the exposition we follow mainly [44].
Let @ be a finite quiver, I be an admissible ideal, and L = (V;, ¢,) be a representation of (@, I).

Definition 4.3.19. A subrepresentation of L is a tuple (W;);cq, such that
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e cach W; is a subspace of V;;

e for each arrow a in Q1, ¢a(Ws(a)) € Wya)-

In this case, L' = (W}, gzﬁalws(a)) is a representation of (@, I), and the canonical inclusion into L
is a morphism of representations.

Grassmannians of vector spaces are projective varieties whose points parametrize subvector
spaces of a given dimension. Quiver Granssmannians generalize this notion: they are projective

varieties whose points parametrize subrepresentations of a given dimension vector.

Definition 4.3.20. Let e € Zgg be a dimension vector. The quiver Grassmannian of L with
dimension vector e is the subset Gre(L) of [[;cq, Gre; (Vi) of all points (W;)ieq, defining a subrep-

resentation of V.

The quiver Grassmannian Gre(L) is a Zariski-closed subset of [[;co, Gre;(Vi), hence it is a

projective variety.

Examples 4.3.21. i) If the quiver @) has only one vertex and no arrows, then representations

of ) are just vector spaces, and their quiver Grassmannians are just usual Grassmannians.

ii) Let @ be the Kronecker quiver 1 % 2.

Consider the representation L of () given by

10
01

K? —2 K? .
11

01

There are six dimension vectors for which the quiver Grassmannian of L is non-empty. The
table below lists those dimension vectors and gives a variety isomorphic to the corresponding

quiver Grassmannian.

e (0,0) 1 (0,1) ] (0,2) | (1,1) | (1,2) | (2,2)
Gre(L) || point | P! | point | point | P' | point

4.3.4 F-polynomials and g-vectors of quiver representations

In this section we give the definition of F-polynomial and g-vector of a representation of a bound
quiver (@, ). Roughly, the F-polynomial can be seen as a generating function for counting subrep-
resentations of a given representation. This theory originates from [7], although F-polynomials and

g-vectors of quiver representations appeared later in [20]. For the exposition we follow mainly [44].

In this section, the base field K is the field C of complex numbers.
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Definition 4.3.22. Let L be a representation of (Q, I). Its F-polynomial is

Fi(y):== > x(Gre(L))y®,

eeZ§8

where

e y is the tuple of variables (y; | i € Qo);

o yo =[] v

1€Qo

o Gre(L) is the quiver Grassmannian of L with dimension vector e (cf. Definition 4.3.20);
e Y is the Euler-Poincaré characteristic.

It is easy to see that the F-polynomial of a representation L only depends on the isomorphism

class of L.
Proposition 4.3.23. Let L and M be two representations of (Q,I). Then Fren = FrF.

Proof. See [7], [21]. O

Examples 4.3.24. i) Let @ be the quiver with one vertex and no arrows. Its path algebra is
simply C, and representations of ) are just vector spaces. Let L = V be a d-dimensional

vector space. Then

4 d

Fr(y) =
OEDS <>y

=0
This can be seen by observing that, for d = 1, the F-polynomial is 1 4+ y, and then by
applying Proposition 4.3.23. As a corollary, we get a nice proof of the known fact that the
Euler-Poincaré characteristic of the usual Grassmannian Gr;(C?) is equal to (‘f)

ii) Let Q and L be as in Example 4.3.21 ii). Then Fy,(y1,y2) = 1+ 2y2 + 93 + y1y2 + 2y193 + y3y3.

iii) If L and L’ are isomorphic, then F, = Fy,. The converse is false: consider the Kronecker

quiver 1 ﬁ 2 . Then the representations
B

L:(C:?;C and L':C$c

are not isomorphic, but their F-polynomials are both equal to 1 + y9 + y12.

iv) If Fy, is an irreducible polynomial, then L is indecomposable. The converse is false: consider

the quiver 1 === 2 . Then the representation
B
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is indecomposable, but its F-polynomial is 1 + 31 + y19y2 + y2y2 = (1 + y1y2) (1 + y1).

v) An F-polynomial may have negative coefficients. An example for a quiver with two vertices

and four arrows is given in [20, Example 3.6].

Definition 4.3.25. Let L be a representation of a bound quiver (@,I) viewed as A = KQ/I-

module. Let
0—-L—>1Iy—1
be a minimal injective presentation of L in mod A, where Iy = @ I(i)* and I; = @ I(i)% (cf.

1€Qo i€Qo
Theorem 4.1.7). Then the g-vector of L is the vector g7, € Z%?° whose i-th coordinate is given by

(gL)'L' = bl — Q;.

Example 4.3.26. Let @ be the quiver

and let I = (af3, Bv,va). Then I(1) = 3, I(2) =
given by

., I(3) = 3. Let L be the representation of (Q,I)

N

N

C
0
Then a minimal injective presentation of L is

0—L—1I(1)— I(3).

-1
Therefore, gr, = | 0
1

Definition 4.3.27. Let B = B(Q) be the exchange matrix of a quiver @ (cf. Definition 1.1.12),
and let n = |Qo|. Let L be a representation of (Q,I). The cluster character of L, also known as

Caldero-Chapoton map, is the Laurent polynomial

CO(L) = 3 x(Cre(L)x"*8t y© € Zfys, .. et . i)

eEZgO
Remark 4.3.28. One can obtain Fj, by specializing CC(L) at 1 = --- = 2, = 1. On the other
hand, g is the multi-degree of CC(L) with respect to the Z"-grading in Z[y1, ..., yn] [xfl, I

given by deg(z;) = e; and deg(y;) = —bj, where e€; is the i-th vector of the standard basis of Z",
and b; is the j-th column of B.
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4.4 Awuslander—Reiten theory

As we saw in the previous sections, quivers provide a convenient way to visualise finite dimensional
algebras and their modules. However, to actually compute the indecomposable modules and the
homomorphisms between them, we need other tools. Particularly useful in this context are the
notions of irreducible morphisms and almost split sequences.

In this section A is a finite dimensional K-algebra. In order to define almost split sequences, we

first need to introduce the concept of almost split morphisms.

Definition 4.4.1. Let L, M be modules in mod A. A morphism f : L — M is called left minimal
almost split if

i) f is not a section, i.e., there is no morphism h : M — L such that ho f = 1p;

ii) for each morphism w : L — U in mod A which is not a section, there exists a morphism
u': M — U such that v’ o f = u;

S
\J\
Q\

iii) if h: M — M is such that ho f = f, then h is an automorphism of M.
Similarly, a morphism g : M — N is called right minimal almost split if
i) g is not a retraction, i.e., there is no morphism h : N — M such that go h = 1y;

ii) for each morphism v : V' — N in mod A which is not a retraction, there exists a morphism
v/ : V — M such that gov' = v;

24— =<

M

iii) if A : M — M is such that g o h = g, then h is an automorphism of M.
Definition 4.4.2. A short exact sequence in mod A
/ g
0=-L—=>M=N-—=0

is called an almost split sequence (or Auslander-Reiten sequence) if f is a left minimal almost split

morphism, and g is a right minimal almost split morphism.

Remark 4.4.3. An almost split sequence is not split since, by definition, f is not a section and g

is not a retraction.

Definition 4.4.4. A morphism f: X — Y in modA is called irreducible if

i) f is not a section;

ii) f is not a retraction;
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4.4. Auslander—Reiten theory

iii) whenever f = g o h for some morphisms h: X — Z and g : Z — Y, then either h is a section

or g is a retraction.
Lemma 4.4.5. A short exact sequence itn mod A
0-LLMS N0

1s an almost split sequence if and only if L and N are indecomposable and f and g are irreducible

morphisms.

Proof. See [1], IV.1.13. O

Definition 4.4.6. Let C be an additive K-category. The Jacobson radical rad¢ is defined to be the
class of all morphisms such that for any pair of objects X, Y in C, rad¢(X,Y) is equal to
{f € Hom¢(X,Y) | (1x — ho f) is an isomorphism for all h € Home(X,Y)}.
Remark 4.4.7. Note that if f € rade(X,Y), then f is not an isomorphism, since otherwise
Ix—ftof=0.
Now we will characterize irreducible morphisms in terms of the Jacobson radical of mod A. For
simplicity, we will write rad instead of radoqa-

Let rad?(X,Y) be the span of all morphisms f : X — Y for which we have a factorization f =
goh, with g € rad(Z,Y) and h € rad(X, Z), for some module Z. Clearly rad*(X,Y) C rad(X,Y).

Lemma 4.4.8. Let X, Y be indecomposable A-modules. Then f: X — Y is irreducible if and only

if f € rad(X,Y) \rad?(X,Y).

Proof. See [47], Lemma 7.8. O
We are now able to give the definition of Auslander-Reiten quiver.

Definition 4.4.9. Let A be a finite dimensional algebra. The Auslander-Reiten quiver of A is the
quiver whose vertices are the isomorphism classes [X] of indecomposable A-modules X; and if X

and Y are indecomposable A-modules, then the number of arrows from [X] to [Y] is equal to the
dimension of the K-vector space rad(X,Y)/rad?(X,Y).

Remark 4.4.10. If follows from Lemma 4.4.8 that there exists an arrow [X]| — [Y] if and if there

exists an irreducible morphism X — Y.

Example 4.4.11. Let @ be the quiver 1 — 2 — 3 — 4. The Auslander-Reiten quiver of K@ is:

\MNH
S

e

4

SN TN

2 1

NN
\3
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4.4. Auslander—Reiten theory

4.4.1 Auslander—Reiten Translation

Let L be an A-module. The Auslander—Reiten translation 7L of L is defined as follows: start with

a minimal projective presentation of L
P2 P20

Thus Py 2% Lisa projective cover and Py LN ker(po) is a projective cover. Applying the Nakayama

functor yields an exact sequence
0 — ker(vpy) — vP; PPy 2% vl — 0.
Definition 4.4.12. The Auslander—Reiten translate of L is 7L := ker(vp;).

Example 4.4.13. Let @ be the quiver 1 — 2 — 3 — 4 of Example 4.4.11. Let L = é A minimal

projective resolution of L is given by

1
0—+P4)=4—->P(1)=35—=L—0.
4

Applying the Nakayama functor we get the exact sequence

1
0—>§—>I(4):§—>I(1):1—>VL—>0.
4

2
Therefore, we have that 7L = 3.

Dually, start with a minimal injective presentation
0L% %1
and apply v~ ! to get an exact sequence
—1. —1.:
0 v ip 2201 2 1 o coker(vtiy) — 0.
Definition 4.4.14. The inverse Auslander—Reiten translate of L is 771 L = coker(v~1iy).
Remark 4.4.15. If L is projective, then 7L = 0, since in the minimal projective presentation
above L = Py and P; = 0. Dually, if L is injective, then 77!L = 0, since in the minimal injective
presentation above L = Iy and I; = 0.

The following result, due to Auslander and Reiten, is the main existence theorem for almost

split sequences:

Theorem 4.4.16. i) For any indecomposable non-projective A-module N, there exists an almost

split sequence 0 = TN — E — N in mod A.

it) For any indecomposable non-injective A-module L, there exists an almost split sequence 0 —
L —F — 7 'L =0 i modA.

Proof. See [1], IV.3.1. O

Now we will state the Auslander—Reiten formulas. This is a fundamental result which, on the
one hand, is of conceptual nature, since it describes a relation between short exact sequences and
morphisms in the module category, on the other hand, it provides a powerful computational tool,

since it allows us to calculate Ext! in terms of morphisms.
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4.4. Auslander—Reiten theory

Definition 4.4.17. Let P(X,Y) be the set of all morphisms f € Hom(X,Y') such that f factors
through a projective A-module, and define

Hom(X,Y) := Hom(X,Y)/P(X,Y).

Dually, let I(X,Y) be the set of all morphisms f € Hom(X,Y') such that f factors through an

injective A-module, and define
Hom(X,Y) := Hom(X,Y)/I(X,Y).

Theorem 4.4.18 (Auslander—Reiten formulas). Let X, Y be A-modules. Then there are isomor-

phisms
Ext!(X,Y) = DHom(r~'Y, X) = DHom(Y, 7X)
that are functorial in both variables, that is, the following functors are isomorphic:

Ext!(—,Y) = DHom(r 'Y, —) & DHom(Y, 7—)
Ext!(X, ) = DHom(r~'—, X) = DHom(—, 7X)

Proof. See [1], IV.2.13. O

Corollary 4.4.19. Let X, Y be A-modules. Then
i) If pd X <1 andY is arbitrary, then there exists a K-linear isomorphism

Ext!(X,Y) = DHom(Y, 7X).
ii) IfidY <1 and X is arbitrary, then there exists a K-linear isomorphism
Ext!(X,Y) = DHom(r~'Y, X).

Corollary 4.4.20. Let X, Y be non-projective indecomposable A-modules such that pd X <1 and
id7Y <1. Then

Hom(7Y,7X) = Hom(Y, X).
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Chapter 5

Categorification of cluster algebras of

type B and C through symmetric quivers

In this last chapter, mostly based on [17], we present a categorification of cluster algebras of type
B and C through symmetric quivers and their representations. First, in Section 5.1, we give
an introduction to symmetric representation theory. Then, in Section 5.4, we explain how each
cluster variable of type B,, and C), corresponds to a symmetric indecomposable representation of a
cluster tilted bound symmetric quiver of type As,_1. Finally, in Section 5.5, we show a categorical
interpretation of the formula relating cluster variables of type B to cluster variables of type A (cf.
Theorem 2.2.2 of Chapter 2), in the case of quivers without oriented cycles. This result (cf. Theorem
5.5.15) relies on the cluster multiplication formula of Cerulli Irelli, Esposito, Franzen, Reineke [14]
for acyclic quivers. We also present a conjectural extension of this formula to the case of bound

quivers, and provide several examples supporting our conjecture.

We work over the field K = C of complex numbers.

5.1 Symmetric quivers and their representations

The representation theory of symmetric quivers has been developed by Derksen and Weyman in
[19], as well as Boos and Cerulli Irelli in [5].

Definition 5.1.1. A symmetric quiver is a pair (Q, o), where @ is a finite quiver and o is an

involution of Qg and of ()1 which reverses the orientation of arrows.

Example 5.1.2. Let Q =1 % 2 ﬁ> 3and Q' =15 2 <£ 3 be two quivers of type As. Then
@ is symmetric, with the involution ¢ given by o(1) = 3, 0(2) = 2 and o(«) = 3, while Q' is not

symmetric, i.e., it cannot be endowed with the structure of a symmetric quiver.

Definition 5.1.3. Let (Q, o) be a symmetric quiver. Let I C k@ be an admissible ideal such that
o(I)=1. Then (Q,1,0) is called a bound symmetric quiver, and the pair (A = kQ/I, o) is called

a symmetric quiver algebra.
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5.1. Symmetric quivers and their representations

Remark 5.1.4. If (A = KQ/I,0) is a symmetric quiver algebra, then A is isomorphic via o to its
opposite AP = KQ°P/o(I), where Q°P is the opposite quiver of @, i.e., the quiver obtained from

Q@ by reversing the direction of all arrows.

Definition 5.1.5. A symmetric representation of a bound symmetric quiver (@, I, o) is a triple
(Vi, &, (-, ), where (Vi, ¢, ) is a representation of (@,I), (-,-) is a non-degenerate symmetric or

skew-symmetric scalar product on V = @ Vi such that its restriction to V; x Vj is 0 if j # o(i),
1€Qo
and (o (v), w) + (v, g(a)(w)) = 0, for every a:i — j € Q1, v € Vi, w € V. If (-, ) is symmetric

(resp. skew-symmetric), (Vi, da, (-, -)) is called orthogonal (resp symplectic).

Remark 5.1.6. If d is the dimension vector of a symmetric representation (V;, ¢q, (-, -)) of a bound
symmetric quiver (Q, I, o), then d; = dg(s)- 1f the dimension vector d of a (Q, I)-representation has

this property, we say that it is symmetric.

Definition 5.1.7. If (V;, ¢qa, (-,-)) and (V/, ¢L,(-,-)') are two orthogonal (resp. two symplectic)

representations of a bound symmetric quiver @), then their direct sum is given by (V; & V/, ¢o @

/
)

not isomorphic to the direct sum of two non-trivial symmetric representations.

(-,) + (-,-)"). A symmetric representation is called indecomposable if it is non-trivial, and it is

Remark 5.1.8. Let @ be a symmetric quiver. The full subcategory of Rep(Q) generated by

orthogonal (resp. symplectic) representations of @ is an additive category which is not abelian.

Example 5.1.9. Let Q : 1 +—2+—3. Let f: 2 ® 3 — 3 be the morphism between
1

L

po Ll

K« K<l K

orthogonal representations of ) given by:

We have that ker(f) = 3, which is not orthogonal.

Definition 5.1.10. Let L = (V;, ¢4) be a representation of a bound symmetric quiver ). The
twisted dual of L is the Q-representation VL = (VV;, V¢, ), where VV; = U*(i) and Vo, = — Z(a)
(* denotes the linear dual).

Remark 5.1.11. The twisted dual is a contravariant exact endofunctor on Rep(Q). Moreover, if L

is symmetric, the scalar product (-, -) induces an isomorphism from V = @ Vito VV = @ VV;.

i€Qo i€Qo
Proposition 5.1.12. The functor V fulfills
V=717V,
where T is the Auslander-Reiten translation (cf. Definition 4.4.12).
Proof. See [19], Proposition 3.4. O

The following result shows that every indecomposable symmetric representation is uniquely

determined by the V-orbit of an ordinary indecomposable representation:
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5.2. p-orbits as orthogonal and symplectic representations

Lemma 5.1.13. Let M be an indecomposable symmetric representation of a bound symmetric quiver
Q. Then, one and only one of the following three cases can occur:
(I) M is indecomposable as a Q-representation; in this case, M is called of type (I), for “inde-

composable”;
(S) there exists an indecomposable Q-representation L such that M = L & VL and L 2 VL; in
this case, M is called of type (S), for “split’;

(R) there exists an indecomposable Q-representation L such that M = L & VL and L = VL; in
this case, M is called of type (R) for “ramified”.

Proof. See 5], Lemma 2.10. O

5.2 p-orbits as orthogonal and symplectic representations

Let Py,,42 be the regular polygon with 2n + 2 vertices. Let d be a diameter of P, 5. Let p denote
the reflection of the polygon along d. It induces an action on the diagonals of Po, 0. If T is a
p-invariant triangulation of P, 49, then (Q(1”),0,) (cf. Definition 1.1.10) is a cluster-tilted bound
symmetric quiver of type As,_1 (cf. Definition 4.3.15), with involution o, induced by p.

Example 5.2.1. Let p be the reflection of the octagon along the diameter d in Figure 5.1. Let o,
be the involution of Q(T") defined by o,(1) = p(1) =5, 0,(2) = p(2) =4, 0,(3) = p(3) = 3, and
op(a) =9, 0,(8) =~. Then (Q(T"),0,) is a symmetric quiver of type As.

Figure 5.1: A p-invariant triangulation of Pg and the associated quiver.

Moreover, if [a,b]? = {a1,a2} is a p-orbit, and «; corresponds to the indecomposable repre-
sentation of Q(T") Ly, (cf. Definition 4.3.17), then ag corresponds to Lo, = VL,,. In fact, if we
denote by d,, the vector of indices of diagonals of T" crossed by «;, i.e. the dimension vector of
L, we have that both d,, and d,, are not symmetric, while d,, + d,, is. It follows from Lemma
5.1.13 that L., ® L, is symmetric indecomposable of type S, so Ly, = VL,,.

On the other hand, if [a,b]” = {a}, then « corresponds to the V-invariant indecomposable

representation of Q(T”) L, since d, is symmetric.

Let T = {71, ..., T2n—1} be a p-invariant triangulation of P, 5. Then it has n — 1 p-invariant
pairs of diagonals not orthogonal to d, and exactly one p-invariant diagonal 7,,. We have two cases

to consider.
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5.3. From 0-orbits to p-orbits

Tn=d

Tn # d

5.3

In this case Q(T”) has a fixed vertex n and no fixed arrows. Therefore, every p-invariant
diagonal o which is not in T” crosses 7,. So L, is orthogonal indecomposable of type I, while
L, & L, is symplectic indecomposable of type R, since in the latter case the non-zero vector

space at vertex n of the quiver must be a symplectic space, so it must have dimension 2.

Example 5.2.2.

!
Il

—_
w

I

T

.
Ut
©
el
S~—
—

A — o

ot

In this case Q(7”) has a fixed vertex n and a fixed arrow 3 : ¢ — j. Therefore, every p-invariant
diagonal « which is not in 7" crosses i and j, while it cannot cross 7,,. Let {v} be a basis of
the 1-dimensional vector space of L, at vertex i and let {w} be a basis of the 1-dimensional
vector space of L, at vertex j. If (Ly, (-,-)) is a symmetric representation of Q(7”), then by

definition

(w,v) = (fp(v),v) = =(v, f5,(5) (V) = —(v, f3(v)) = —(v,w). (5.2.1)

Since (-,-) is a non-degenerate scalar product, it must be skew-symmetric. It follows from
Lemma 5.1.13 that L, is symplectic indecomposable of type I, while L, & L, is orthogonal
indecomposable of type R.

Example 5.2.3.

T/

W —> N

Q(T") :
7

From 6-orbits to p-orbits

Let T be a f-invariant triangulation of Pg,,o with oriented diameter d. Then the quiver Q(T)

associated to T' (cf. Definition 1.1.10) is not symmetric.

Example 5.3.1. Let T be f-invariant triangulation of the octagon in Figure 5.2. Then the quiver

Q(T) is not symmetric.
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5.3. From 0-orbits to p-orbits

T = QT):1+2+3—-4—-5

Figure 5.2: A f-invariant triangulation of Pg and the associated quiver.

In order to get a symmetric quiver, we define an involution on the polygon depending on d, that
we call Fy:

Definition 5.3.2. Fj is the operation on Pa, 12 which consists of the following three steps in order:
1) cut the polygon along d;

3) glue again the right part along d.

Remark 5.3.3. F; induces an action on isotopy classes of diagonals of the polygon.

Lemma 5.3.4. Under the bijection Fy, 0-orbits correspond to p-orbits. In particular, diameters
correspond to p-invariant diagonals, while pairs of centrally symmetric diagonals correspond to p-
mwvariant pairs of diagonals which are not orthogonal to d.
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5.3. From 0-orbits to p-orbits

Proof. Let [a,b] be a #-orbit. We have three cases to consider:
i) (a,b) is a diameter (illustrated in Figure 5.3);

ii) [a,b] is a pair of centrally symmetric diagonals which cross d (illustrated in Figure 5.4);

iii) [a,b] is a pair of centrally symmetric diagonals which do not cross d (illustrated in Figure 5.5).

Sl

Figure 5.3: The action of F; on the diameter (a,b).

(SN

Figure 5.4: The action of F; on the #-orbit [a, b] whose diagonals cross d.

@‘ |

Ql

b b

Figure 5.5: The action of F; on the #-orbit [a,b] whose diagonals do not cross d.
U

Remark 5.3.5. Let 7" be the element in the isotopy class of Fy(T') which is also a triangulation.
It follows from Lemma 5.3.4 that 7" is a p-invariant triangulation of Pg,1o which contains the
diameter d. Then Q(T") is a cluster-tilted bound symmetric quiver of type Ag,—1 with a fixed

vertex corresponding to d and no fixed arrows (cf. Section 5.2).
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5.4. Categorification of cluster algebras of type B and C

5.4 Categorification of cluster algebras of type B and C

In Section 1.4.2, we have seen that clusters of cluster algebras of type B, and C,, are in bijection
with triangulations of Py, o invariant under the action of the 180°-rotation € of the polygon.
Furthermore, cluster variables correspond to the orbits of the action induced by 6 on the diagonals
of Poyyo. In this section we will explain how each cluster variable of type B,, and C), corresponds
to a symmetric indecomposable representation of a cluster tilted bound symmetric quiver of type
Agp—1 (cf. Definition 4.3.15 and Section 5.1).

Let T be a -invariant triangulation of Po, o with oriented diameter d. In Section 5.3 we have
seen that, if 7" is the element in the isotopy class of Fy(T') which is also a triangulation, then T’
is a p-invariant triangulation of P9, o which contains the diameter d, and Q(T") (cf. Definition
1.1.10) is a cluster-tilted bound symmetric quiver of type As,_1 with a fixed vertex corresponding
to d and no fixed arrows (cf. Remark 5.3.5).

Now let A = A4(T)? be the cluster algebra of type B, with principal coefficients in 7' (cf.
Definition 2.1.4), and let [a,b] be a @-orbit which is not in 7', and x4 the cluster variable of A
which corresponds to it. If Fy([a,b]) = {a} consists of only one p-invariant diagonal, then z
corresponds to the orthogonal indecomposable Q(T”)-representation L, of type I (cf. Section 5.2).
Otherwise, Fy([a,b]) = {a1,a2}. In this case, x4, corresponds to Ly, @ Lo, = Lo, ® V Ly, which is
an orthogonal indecomposable Q(T”)-representation of type S (cf. Section 5.2).

Moreover, the restriction on #-orbits (cf. Definition 2.1.1) corresponds to an operation on or-

thogonal indecomposable Q(T")-representations defined in the following way:

Definition 5.4.1. Let M = (V;, ¢q, (-, -)) be an orthogonal indecomposable Q(T")- representation.
Then the restriction of M is Res(M) = (Res(V);,Res(¢),), where Res(V); = V; if i < n, and
Res(V); = 0 otherwise; while Res(¢)q = ¢ if o : i — 7, with 7,5 < n, and Res(¢), = 0 otherwise.
In other words, if [a,b] is the f-orbit which corresponds to M, and Res([a,b]) = {v1,72} (resp.
Res([a,b]) = {7}), then Res(M) = L.,, ® L, (resp. Res(M) = L).

Remark 5.4.2. Note that Res(M) is no longer orthogonal. Moreover, Res(M) is a representation
of the quiver associated to the triangulation of P53 obtained from 7" by identifying the vertices
which lie on the right of d, i.e. T = Res(T") = Res(T) (the part of T on the left of d is equal to the
one of 7" on the left of d).

On the other hand, let A = A4(T)¢ be the cluster algebra of type C' with principal coefficients
in T' (cf. Definition 2.1.4). Let [a,b] be a -orbit, and let x4, be the cluster variable of A which
corresponds to [a,b]. If Fy([a,b]) = {a} consists of only one p-invariant diagonal, then x,, cor-
responds to the symplectic indecomposable Q(T”)-representation L, & L, of type R (cf. Section
5.2). Otherwise, Fy([a,b]) = {a1,a2}. As before, in this case z,, corresponds to the symplectic
indecomposable Q(T")-representation Ly, @ La, = Lo, © V Lq, of type S.

Moreover, the rotated restriction on #-orbits (cf. Definition 2.3.1) corresponds to the operation

on symplectic Q(T")-representations defined in the following way:

Definition 5.4.3. Let M be an indecomposable symplectic representation of Q(7”), and let [a, b]
be the f-orbit that corresponds to M. If Res([a,b]) = {%1,52} (resp. Res([a,b]) = {7}), then
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5.4. Categorification of cluster algebras of type B and C

Res(M) = Lz, @ Ls, (resp. Res(M) = Lz).

Remark 5.4.4. Note that Res(M) is no longer symplectic. Moreover, as for Res(M), Res(M) is a
representation of the quiver associated to the triangulation T' = Res(T”) = Res(T) of P, 3.

Example 5.4.5.

4
;

5,T3 5} is a cluster of Ae(T)?, while
ol 204

2%3 173
12

i > Tl
Q(T):1+2+3+4<«5
{LIT s L4
3
{z

} is a cluster of A4(T)C.

PVARE P
593 173
1 2

Figure 5.6: An example of cluster for a cluster algebra of type Bz and Cj.

Finally, on the one hand, Theorem 2.2.2 and Theorem 2.3.7 give two formulas (the former for
type B, and the latter for type C),) to express each cluster variable associated to a f-orbit in terms
of cluster variables of type A,,, on the other hand Theorem 3.2.14 and Theorem 3.2.27 (the former
for type B, and the latter for type C),) give its cluster expansion in the initial cluster variables.
It follows from the above correspondence that, given a cluster-tilted bound symmetric quiver ) of
type Aa,—1 with no fixed arrows, they allow us to express the type B, (resp. type C,) cluster
variable that corresponds to an orthogonal (resp. symplectic) indecomposable representation of @,
on the one hand in terms of (ordinary) representations of Q(T), where T' = Res(7”"), and T’ is
the triangulation of Pg,42 such that @ = Q(T”), on the other hand in terms of the initial cluster
variables. In other words, we get a Caldero-Chapoton like map (see [7]) from the categories of
orthogonal and symplectic representations of cluster tilted bound symmetric quivers of type Agj,_1

(with no fixed arrows) to cluster algebras of type B, and C),.

Remark 5.4.6. The techniques presented in this section could be used to produce a categorification
of other classes of skew-symmetrizable cluster algebras through the representation theory of symmet-

ric quivers. For example, they could provide an alternative categorification of non-skew-symmetric
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5.5. Categorical interpretation of the cluster expansion formula in the acyclic case

cluster algebras associated by Felikson, Shapiro and Tumarkin [23] to surfaces with marked points
and order-2 orbifold points. These algebras have been categorified in the work of Geuenich and

Labardini-Fragoso [35, 36| by species with potential.

5.5 Categorical interpretation of the cluster expansion formula in

the acyclic case

In this section, we show a categorical interpretation of the formula relating cluster variables of type
B to cluster variables of type A (cf. Theorem 2.2.2 of Chapter 2), in the case of quivers without
oriented cycles. The result we are going to present (cf. Theorem 5.5.15) relies on the cluster
multiplication formula of Cerulli Irelli, Esposito, Franzen, Reineke [14] for acyclic quivers. We will
also see a conjectural extension of this formula to the case of bound quivers, and provide some

examples supporting our conjecture.

5.5.1 Cluster multiplication formula for acyclic quivers
In the following @) is an acyclic quiver. Let

E:0-XS5Y 5 S5—-0
be a short exact sequence in rep(Q). This induces the map

UC: Gre(Y) = J] Gre(X) x Grg(S): N+ (o7'N,w(N))
f+g=e

between quiver Grassmannians (cf. Definition 4.3.20).

By taking the preimage ngg = (V&) }(Gre(X) x Grg(S)) of each piece, we get the algebraic
map

W, Sgp — Gre(X) x Grg(S) : N (7'N, m(N)).

Remark 5.5.1. If £ is split, the map WS¢ is crearly surjective for any e.
Definition 5.5.2. An element ¢ € Ext!(S, X) is generating if Ext!(S, X) = C¢.

In other words ¢ € Ext!(S, X) is generating if either [S, X]' = 0 and £ = 0, or [S, X]! = 1 and
€ #0 (cf. 4.1.20).

Let X, S be representations of @ such that [S, X]' = 1. In [14], Lemma 27, it is shown that the

following subrepresentations of X and S, respectively, are well defined:
Xg :=max{N C X|[S,X/N]! =1} c X, S¥X :=min{N C S|[N,X]' =1} C S.

In other words, the subrepresentation Xg is the maximal subrepresentation of X such that the

“push-out” sequence

£:0 X Y S 0
Pl f
P& 10 —— X/Xg Y S 0
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5.5. Categorical interpretation of the cluster expansion formula in the acyclic case

does not split. Dually, the subrepresentation SX C S is the minimal subrepresentation such

that the “pull-back” sequence

€10 X Y SX 0
oL
£:0 X Y S 0

does not split. If & is almost split (cf. Definition 4.4.2), then this description implies that
S¥ =S and Xg = 0.

Example 5.5.3. Let Q be the quiver 1 < 2 <— 3 < 4 < 5. The Auslander-Reiten quiver of K@ is:

Rk Ot

=N QO

N

N

N\
NN N
NSNS\ S

We consider the short exact sequence
5
3 4 5
§:O—>X:%—>Y:§@3—>S:%—>O.
1

Then Xg = 1 and S¥X = é.

Definition 5.5.4. A generating extension £ : 0 - X — Y — 5§ — 0 is called a generalized almost
split sequence if S¥ = S and Xg = 0.

Remark 5.5.5. An almost split sequence is generalized almost split.

Example 5.5.6. We exhibit an example of generalized almost split sequence which is not almost
split for a type A quiver. This is a counterexample for [14, Example 30| which asserts that, for a

quiver of type A, generalized almost split sequences are almost split.
Let Q be the quiver
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5.5. Categorical interpretation of the cluster expansion formula in the acyclic case

The Auslander-Reiten quiver of K@ is:

/\/\/
\/\/\
\/\/
/\/\

We consider the short exact sequence

=N

.
/!

[SV1 )

{:O—>§1—>3@§—>§—>0.
We have that £ is generalized almost split, but not almost split.

If ¢ € Ext}(S,X) is generating and non-split, then, by the Auslander-Reiten formulas (cf.
Theorem 4.4.18 and Corollary 4.4.19), [X,75] = [r71X,S]=1. Let f: X - 7Sandg: 71X — S

be two non-zero maps, then
Lemma 5.5.7.

Xg =ker(f) and S¥ =im(g). (5.5.1)
Proof. See [14], Lemma 31. O

It turns out that a pair (N1, Na) € Gre(X) x Grg(S) is not in the image of \Ilfg if and only if
N1 C Xg and Ny D S%. We hence have the following result:

Theorem 5.5.8. Let 0 # ¢ € Ext!(S, X) be a generating extension. Then
im (WG ) = (Gre(X) x Grg(9)) \ (Gre(Xs) x Gry_gimsx (5/5%)).

Proof. See [14], Theorem 32. O

Corollary 5.5.9. Let 0 # ¢ € Ext!(S, X) be a generating extension. Then, for (f,g) # (0,dim S¥),

the map \Ilf g U surjective if and only if € is generalized almost split.
Definition 5.5.10. A representation L of @ is called rigid if Ext!(L, L) = 0.

Let X, S be representations of @ such that [S, X]! = 1. Then there exists an exact sequence
0— X/Xg — 78X — I — 0, where [ is either injective or zero [14, Lemma 31|. Let |Qo| = n, let
I=I)"@I(2)2@®---®I(n)/ be the indecomposable decomposition of I (cf. Theorem 4.1.7),
and let £ = (f1, -+, fn). Let B = B(Q) be the exchange matrix of @ (cf. Definition 1.1.12), and let
CC be the cluster character (cf. Definition 4.3.27). We have the following multiplication formula

for cluster characters:
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5.5. Categorical interpretation of the cluster expansion formula in the acyclic case

Theorem 5.5.11. Let £ € Ext!(S, X) be a generating extension with middle term Y. Then
CC(X)CC(S) = COY) +y¥mS* cC(Xg @ 5/5%)x (5.5.2)

where x = (x1,...,2,) and y = (Y1,...,Yn). Moreover, if Ext'(X,S) = 0, and both X and
S are rigid and indecomposable, then formula 5.5.10 is an exchange relation between the cluster
variables CC(X) and CC(S) for the cluster algebra Ae(B) with principal coefficients at the initial
seed (x,y, B) (cf. Definition 1.3.8).

Proof. See [14], Theorem 67. O

Remark 5.5.12. The multiplication formula of 5.5.10 can be interpreted as a categorification of

the exchange relations in the cluster algebra associated with Q.

Remark 5.5.13. Let Q be a symmetric quiver, and let L be a representation of ) such that
[VL,L]' = 1. By definition, Ly = ker(L — 7VL), and VL* = im(77!L — VL). So we have
that V(Lyy) = coker(t~'L — VL) = VL/VL*, where we have used the fact that V7 = 77!V (cf.
Proposition 5.1.12). Therefore, Ly @ VL/VL* is a symmetric representation of Q.

Example 5.5.14. Let Q, &, X, S as in Example 5.5.3. Then it follows from Theorem 5.5.11 that

CC(X)CO(S) = 00(%)00( )= CO(5 @ 3) + y3yaCC(1 & 5) (5.5.3)

[SVrEN
RO Ut

In this case f is zero in 5.5.10, since 7% = X/Xg. Since both X and S are rigid and indecom-
posable, 5.5.3 is an exchange relation for the cluster algebra Ae(B) of type Az, where B = B(Q).

5.5.2 Categorical interpretation of Theorem 2.2.2 in the acyclic case

In this section, () is a symmetric quiver of type As,_1, i.e., a symmetric orientation of the Dynkin

diagram of type Aop_1.

Observe that, if L is a representation of @, then

cC(L) = > yexbeter, (5.5.4)
{e=dimL/cZ"|L'CL}

where B = B(Q) (cf. Definition 1.1.12), since Gre(M) is either empty or a point.

Let T" be the triangulation of Pg, o such that @ = Q(T”) (cf. Definition 1.1.10 and Remark
4.3.16). Since @ has a fixed vertex n and no fixed arrows, then 7" contains a diameter d = 7,,, and if
p is the reflection along d, T" is p-invariant (cf. Section 5.2). Let [a,b] = {(a,b), (b,a)} be a f-orbit
such that each diagonal of [a, b] crosses d, so Res([a, b]) = {(a, *), (b, %)}, and let (a,a), (b, b) be the
diameters starting in a and b respectively, so that Res([a,a]) = {(a,*)} and Res([b, b]) = {(b, *)}, see
Figure 5.7 (the restriction is with respect to d). Therefore [a, b] corresponds via Fy (cf. Definition
5.3.2) t0 Ly 55) © VL(a,p@))» With [VL, ,5)): L(ayp(,;))]l = 1 because (a, p(b)) and (b, p(a)) cross (cf.

Section 4.3.2). Since the elementary lamination L, associated to 7, = d crosses both (a, p(a)) and
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5.5. Categorical interpretation of the cluster expansion formula in the acyclic case

(b, p(b)), then there exists a non-degenerate square in the Auslander-Reiten quiver of @ from Lo o)
to VL4 p3)) = L(,p(a))> Whose middle vertices are the V-invariant Q-representations L, y(a)) and

L(E, p(®)- In other words, there is the non-split short exact sequence

0= Liap®) = Liap@) D Lpm)) = V@) = 0- (5.5.5)

Figure 5.7: The action of F; on the #-orbit [a,b] whose diagonals cross d.

By Theorem 5.5.11, we have that

L —
dimVL (“a@(b>>
(a:p(5)) ]
Ty o F 1 Fan®)

Fr o @V gy =L Lz o6
(a,p(B)) (a,p(B)) (a,p(a)) DL (G, p(B)) _ _
? . g . Llaip@)) VL (a0 () BV E@n®) /Y E 0, p0y)

On the other hand, by Proposition 1.4.18,

d _ _
) — o ap(a),bp(b) ) )
L 0@ ® V(@) = L Lian@n®@Lpmy TY PO FL, 6V, 5 -
Thus

. Lap@) _ o
dimV L 50 = dopa) (b

and

) ) Lap@) _ ) B
(Lo @)V (i) D VEap®)/ V) = Liad) @ Viap):

Let AZ(T) be the cluster algebra of type B,, with principal coefficients in the #-invariant trian-
gulation T' of Pg,, 42 in the isotopy class of Fy(T") (cf. Definition 2.1.4). Let M be an orthogonal
indecomposable representation of ). We denote by Fi; and gys the F-polynomial and the g-vector
respectively of the cluster variable of AZ(T) that corresponds to M (cf. Section 5.4). On the
other hand, Freg(as) and gres(ar) are the F-polynomial and the g-vector respectively of the Q-
representation Res(M) (cf. Definitions 4.3.22, 4.3.25 and 5.4.1). Then, it follows from the above

discussion that Theorem 2.2.2 can be reformulated as:

Theorem 5.5.15. Let M be an orthogonal indecomposable Q-representation. If Res(M) = (Vi, ¢q)

1s indecomposable as Q-representation, then

Fyr = Fres(uy, (5.5.6)
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5.5. Categorical interpretation of the cluster expansion formula in the acyclic case

and

Dgpes if dimV,, = 0;
gy = Res(M) . (5.5.7)
DgRes(M) + e, if dimV, 7é 0.

Otherwise, M = LOV L with dim Ext'(VL, L) = 1, and there exists a non-split short exact sequence
0—-L—>G &Gy — VL —0,
where G1 and Go are orthogonal indecomposable QQ-representations of type I. Then

Res(dimV L)

Fyr = Fres(vy — Y Fres(Ly evL/vLL), (5.5.8)

and
gm = D(gRes(M) + en)- (559)

Remark 5.5.16. Observe that on the right hand sides of 5.5.6, 5.5.7, 5.5.8, 5.5.9 we have only

F-polynomials and g-vectors of ordinary type A quiver representations.

Remark 5.5.17. By Remark 5.5.13, Ly; @ VL/VL" is an orthogonal indecomposable represen-
tation of Q).

Example 5.5.18. Let Q be the quiver

2
1 3 5
4
of Example 4.3.18 and Example 5.5.6. We compute the F-polynomial and the g-vector of Example

2.2.4 using Theorem 5.5.15. Let M = L & VL = 3 & 4 be an orthogonal indecomposable Q-

representation. We have the short exact sequence
2
2
0— 3 — 135 ® 38— 0.
Since the sequence is almost split, Ly, = 0 and VLY = VL. Therefore
_ yRes(dim 2)

Fy =F

Res(3 @ 2) =F3 F123 — Y1Y2y3 = Y1Yay3 + Y13 + 201y3 +y3 + 1+ 2y3 + 1.

On the other hand, the g-vector is

-1 0 —1 —1
gM:D(ggRes(M)+e3):D<g3@123 +e3>:D( 2 + (0 ):D( 2 ): 2
—2 1 —1 —2
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5.5. Categorical interpretation of the cluster expansion formula in the acyclic case

5.5.3 Conjecture in the cyclic case

The definitions of Xg and S%, and the proof of Theorem 5.5.11 heavily rely on the fact that, if
Q@ has no oriented cycles, the algebra A = K@ is hereditary (cf. Theorem 4.2.20), and therefore
ExtYy (N, L) = 0 for any i > 2, and for any A-modules L and N.

We would like to extend the multiplication formula of 5.5.10 to finite dimensional non-hereditary
algebras. This would allow us to have a categorical interpretation of Theorem 2.2.2 even in the case
where Q(T") has oriented cycles, i.e., when 7" has at least one triangle with no edges on the boundary
of the polygon.

In this section, we present a conjectural extension of the formula of Cerulli Irelli, Esposito,
Franzen, Reineke to the case of bound quivers, and provide some examples supporting our conjec-

ture.

Let (Q,I) be a bound quiver. Let X, S be representations of (Q,I) such that [S, X]' = 1. The
idea is to define Xg and S¥ directly as

Xg :=ker(f) C X; SX :=im(g) C S,

where f : X — 7.5 is the only (up to scalar) non-zero morphism from X to 7.5 which does not
factor through an injective K@Q/I-module (cf. Theorem 4.4.18), and g : 771X — S is the only (up
to scalar) non-zero morphism from 7' X to S which does not factor through a projective KQ/I-
module (cf. Theorem 4.4.18). We have the following conjecture on the product of the F-polynomials
of X and S (cf. Definition 4.3.22):

Conjecture 5.5.19. Let (Q,I) be a bound quiver. Let X, S be representations of (Q,I) such that
[S, X]' = 1. Let ¢ € Ext'(S, X) be a generating extension with middle term Y. Then

FxFs = Fy +y%™" Fy, (5.5.10)

where
o M =Xg®S5/S% if Ext}(SX, X/X5s) #0;
e otherwise, if Ext'(SX, X/Xs) =0, M is the unique non-trivial extension between S/SX and
Xg.

Remark 5.5.20. If the algebra KQ/I is hereditary, i.e., @ has no oriented cycles and I = 0,
Ext!(SX, X/Xs) is always non-zero (see [14], Lemma 31), so we recover the specialization of the

formula of Theorem 5.5.11 at 1 = --- = x,, = 1, where n = |Qo].

Example 5.5.21. Let () be the quiver
1 7 3 i 5
2 4

and let I = (af, B, v, Ce, €0, ().
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5.5. Categorical interpretation of the cluster expansion formula in the acyclic case

(Q,1) is a cluster tilted bound symmetric quiver of type As, and it comes from the following

triangulation of the octagon Pg:

The Auslander-Reiten quiver of KQ/I is the following, where one has to identify the two rep-

resentations labeled 1 and the two representations labeled 2, so it has the shape of a Moebius

AN N /
NSNS NS
NN LN

SN

We consider the short exact sequence

[\

0= X=3-2Y=5383-5=% -0

4
Then Xg =ker(X — 75) =ker({, — 3)=1® 4, and S¥ =im(r 71X - ) =im(3 — ¥) = 3.
In this case, Ext'(SX, X/Xg) = Ext!(3, 3) =0, and in fact

=Wt

F3Fas =F5 2 +ysFi4,
a3 3@3 295

where 1 @ 2 is the only non-trivial extension between S/SX =2 @5 and Xg = 1 @ 4. Indeed,

there is the non-split short exact sequence
0—2®5 >3@t—>1®4—0.

Example 5.5.22. Let () be the quiver

AN
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5.5. Categorical interpretation of the cluster expansion formula in the acyclic case

and let I = (8v,70,08). (@, ) is a cluster tilted bound symmetric quiver of type As, and it comes

from the following triangulation of the octagon Pg:

The Auslander-Reiten quiver of KQ/I is the following, where one has to identify the two rep-

}

resentations labeled 3:

/
/\ N

/\/\

\/\/

\/
N
\/

We consider the short exact sequence
1
02 X=F-Y=2845—>5=453—0

Then Xg = ker(X — 75) =ker(3 — 2) = 3, and S¥ =im(77 !X —» S) =im(} - ¥)=1. In
this case, Ext!(S¥, X/Xg) = Ext!(}, 2) =0, and in fact

FoFia =Fy  +uyiy2ls,
325 2044 4
3 5

3. . . .
where 41 the only non-trivial extension between S/SX = 2 and Xg = 3. Indeed, there is a

non-split short exact sequence
0%%%%%3%0
We also consider the short exact sequence
&0%X:§%Yzé@2%$z%%0

Then Xg = 0 and S¥ = S, since ¢’ is almost split. In this case, Ext!(SX, X/Xg) = Ext!(S, X) #
0, and Fx gg/9x = 1. In fact, we have
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5.5. Categorical interpretation of the cluster expansion formula in the acyclic case

FoFy =F1 4+ y1y0.
3 2 202

Example 5.5.23. Let () be the quiver

and let I = (o). The Auslander-Reiten quiver of KQ/I is the following, where one has to identify

the two representations labeled 2:

VNN
NSNS
SN\

We consider the short exact sequence
£:0-X=22Y=3355=3=0.

In this case, Hom(X, 7.5) = Hom(?, 32 ) is of dimension 2, since there is the irreducible injective
morphism f that corresponds to the arrow in the Auslander-Reiten quiver and there is also the
morphism f’ with kernel 1 and image 2 corresponding to the lower left 2 in 32. The morphism f’ is
given in the Auslander-Reiten quiver as the composition of 5 arrows, starting at ? going downward
until 2 and then, using the identification in the Auslander-Reiten quiver, going upward until 32
Therefore, f’ factors through the injective module I(1) = 32. Then Xg = ker(f) = 0. On the other
hand, X = im(77!X — §) = im(3 — 3) = 3.

We have that Ext!(SX, X/Xg) = Ext!(3, 2) # 0, and Fxges/sx = 1. In fact, we can compute
that

F%Fg :F312 + ys3.
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