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ARTICLE INFO ABSTRACT

Keywords: Power distribution networks are usually characterized by a radial topology and therefore the related opti-
Distribution networks mization problems require radiality constraints in their formulations. However, practical instances may have
Graph models

very large size, and the number of radiality constraints may grow faster than the size of the instance.
Hence, the arising optimization models may become computationally intractable due to their huge dimension.
This work proposes a combinatorial optimization approach to overcome this issue. Our approach is based
on the combinatorial formulation of the radiality constraints and their delayed and efficient generation
in the model, following a separation-optimization scheme. We find an optimal acyclic spanning subgraph
subject to both technical side constraints and topological radiality requirements on a graph representing the
distribution network. This can be done without considering all the exponentially many radiality constrains
from the beginning of the model solution, but introducing only the ones that are needed to make the
solution feasible. It turns out that the number of required constraints is much smaller than the number of
all possible radiality constraints, also because some of the electric constraints already favor the elimination of
infeasible configurations. Computational experiments on reconfiguration benchmarks from the literature show
the effectiveness of the proposed approach.

Radiality constraints
Combinatorial optimization
Constraint generation

Lazy constraints

1. Introduction reconfigured in order to minimize power losses; in fault conditions,
after the detection and isolation of the faulted branch, the DN is recon-
The vast majority of distribution networks (DNs) have a meshed figured to restore service to the largest possible number of customers

topology but are radially operated, i.e. each secondary substation must
be supplied by a single primary substation, and the connection must have
no loops. Radial operation is preferred for a number of technical rea-
sons, such as simple protection scheme coordination and short circuit
current reduction [1,2].

In general, optimization problems involving DNs are formulated
by means of graph-based models, normally imposing some radiality

while optimizing other objectives relevant to the DSO. When dealing
with real-world distribution networks, we are particularly interested in
studying techniques to solve large sized instances, for several reasons.
Firstly, because electric networks constantly grow in size and com-
plexity, and since all technological improvements constantly drive this
process ahead, such a trend will likely continue in the future. Moreover,

constraints (RC) within a mixed-integer program (MIP) encoding the for large instances the choice of the solution approach usually makes
graph model [1-5]. In more detail, a DN is usually modeled as an the difference between having good quality solutions in acceptable
undirected graph, taking the nodes as vertices and the branches or lines times or not, whereas in the case of small instances the choice of the
as edges. The two electrical conditions above correspond in the graph solution algorithm appears less crucial.

model to the identification of a subgraph such that: (a) the subgraph Several approaches to ensure radiality of a DN have been proposed

spans all vertices of the graph; (b) the subgraph has no loops or paths in the literature. Works [7,8] use a Spanning Tree (ST) formulation;
between primary substations; (c) eth connected. component of the however, this ST formulation is a necessary but not sufficient condition
subgraph must include exactly one primary substation. In other words, to ensure radiality, as shown in [4,9]. Ref. [10] proposes a radial
we search for particular spanning trees or forests [6]. constraint representation based on a loop elimination approach. Models

Radiality check of DNs is a task often performed by the Distribution based on single commodity flow formulation are proposed in [11,12]
System Operator (DSO): in normal operation the DN is periodically & y prop e
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whereas a spanning forest model specifically designed to fully enable
the topological flexibility of DNs is detailed in [13]. Work [14] proposes
a formulation based on the concept of maximum density in graph
theory to enforce radiality. Various formulations are also reviewed and
compared in [15].

However, radiality formulations require a number of constraints
that grows quite fast with the size of the instance, sometimes even
exponentially. Therefore, the produced models tend to have very big
size. This, together with the fact that solving the larger instances is
particularly required in practice, leads to the need for solving larger
and larger optimization models. Since in general the computational
complexity of solving optimization models grows with the size of those
models, the larger instances remained unsolved. Therefore, recent years
have seen the proposal of more flexible formulations to address the
challenges posed by large DNs and avoid the use of exponentially many
constraints.

Aiming at ensuring that the DN has no loops and paths between
primary substations, Ref. [16] proposes an efficient algorithm able to
find all the simple cycles (i.e. each connected cycle without repeated
vertices) in a graph through the construction of a loop basis and
adding constraints that ensure the opening of at least one line of each
simple cycle. In [5], an iterative approach to identify only the most
important loop constraints is proposed to overcome scalability issues of
existing RC formulations. However, both [5,16] do not add constraints
dynamically. In [2], an algorithm specifically tailored for large DNs and
able to add constraints dynamically whenever a continuous solution is
obtained within the execution of a branch-and-cut is proposed to boost
the branching process. However, the algorithm in [2] only works on
arbitrarily selected critical nodes.

On the other hand, a powerful approach to the solution of very large
models developed in the field of Combinatorial Optimization is the
constraint generation strategy, see e.g. [17,18]. This approach is based
on the solution of an optimization model not containing (i.e., relaxing)
some set of constraints (usually the ones making the model difficult).
Such a technique proceeds with the iterative generation (i.e., intro-
duction in the model) of only some of the constraints from the above
set: those that are needed to cut away infeasible solutions possibly
obtained in the solution process. The constraints added at integer
infeasible solutions are also known as “lazy constraints” and are the
ones strictly necessary to ensure the correctness and the feasibility of
the solution found. Note that generally only a small subset of the set of
all relaxed constraints has to be added. Constraint generation requires
some effort to be carefully tailored on the specific model, in order to
be computationally convenient. In particular, the algorithm to check
the relaxed constraints and generate the violated ones, called separation
procedure, has to be developed for the specific type(s) of relaxed con-
straints. If not properly designed, this technique could even increase
the computational burden. The convergence of the algorithm to an
optimal solution (except for numerical imprecisions) is guaranteed, if
the separation procedure is correctly designed, see e.g. [18,19].

Introducing the full features of this approach in the solution of a
radiality constraints formulation is still an open problem, as it require
identifying an appropriate formulation and designing a convenient sep-
aration procedure. The present work addresses at closing this research
gap, by proposing a new formulation of radiality constraints, called
Qpc, based on two sets of inequalities: a first set enforcing the elimina-
tion of cycles and of paths including more than one primary substation;
a second set imposing that each secondary substation is connected to
at least one primary substation. In case only one primary substation
appears in the system, the proposed formulation still works; it will
simply reduce to finding a spanning tree. The proposed formulation
is tight but requires a number of constraints that grows exponentially
with the size of the instance. However, we have been able to develop
an innovative constraint generation strategy and implement it using a
callback routine in GUROBI Optimizer 10.0.1.
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We present experiments on reconfiguration problems using our
formulation Qpc, alone or in combination with some of the con-
straints taken from two other known formulations: the so called single-
commodity flow + number difference equation (SCFO, [1,3]) and a
combination of SCF and spanning tree constraints (SCF + ST [20]),
obtaining the two variants called here Qz-, and Qz- + ST. We also
compare the above results to those produced by the original versions
of SCFO and SCF + ST on publicly available standard IEEE DNs.

Hence, the main contributions of this work are the following.

» A novel formulation of radiality constraints which is tight but
requires exponentially many constraints is presented. Some vari-
ants, obtained by including in our formulation constraints taken
from other known formulations for the same problem, are also
presented.

The large models corresponding to this formulation can be practi-
cally solved through a constraint generation approach making use
of lazy constraints, which is an advanced technique in combina-
torial optimization successfully applied in various fields including
logistics, manufacturing and transportation [17,18].

The application of a constraints generation approach requires the
design of a separation procedure. As another innovative point,
we propose an efficient separation procedure (polynomial in com-
plexity) for DN, which is used to generate in some cases more than
one constraint at a time [17,21].

Comparisons with state-of-the-art formulations on publicly avail-
able IEEE DNs show the soundness and effectiveness of the pro-
posed approach. Moreover, the proposed approach exhibits the
best advantages on the larger instances.

The rest of this article is organized as follows. Section 2 provides
the basic problem description by introducing a graph model of DNs,
and by describing the generic DN optimization model (DNO). Section 3
presents some convenient formulations of the problems, which however
present the drawback that the number of constraints grows exponen-
tially with the size of the graph. Section 4 describes the combinatorial
optimization technique used to generate only the needed radiality
constraints and not all the exponentially many. Section 5 reports com-
putational results on real-life IEEE reconfiguration instances going from
moderate to very large size. Finally, Section 6 draws conclusions. Fur-
thermore, Appendix contains the technical evaluation of the strength
of the proposed formulation.

2. Problem description

A DN usually contains: a set R of primary substations, also known
as root (or supply) nodes, and a set D of secondary substations, also
known as demand (or load) nodes, connected by the branches of the
network. The undirected graph model G(V, E) of the DN will therefore
have the set of vertices V = VR u VP, with VR the set of root vertices
and VP that of demand vertices, and the set of edges E associated with
the above branches and such that the graph is connected. Edges and
vertices may have additional attributes (e.g., capacity, cost) according
to the specific DN problem.

The basic problem to establish a radial configuration for the DN
consists in finding a subgraph H(Vy, Ey) of G(V, E) satisfying the
following basic radiality conditions:

(a) the subgraph spans all vertices of G (i.e., Vi = V);

(b) the subgraph has no loops (i.e., it is acyclic) or paths between
primary substations

(c) by calling k the number of roots, the subgraph H has exactly k
connected components (i.e., it is a spanning forest composed of k trees)
and each of them contains exactly one root vertex.

Condition (c) enforces the desired subgraph H(Vy, Ej) satisfying
the radiality constraints to be a k-rooted spanning forest [6,21].

The search for such k-rooted spanning forest H(V, Ey) can be en-
coded into an optimization model, where a set of binary decision
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variables x associated with all the edges will provide, upon solving,
the incidence vector of H. This optimization model will pursue the
objective (1) that is relevant for the considered DN application, and
will be generally subject to radiality constraints RC (2) and to technical
side constraints SC (3). We denote by Q- and Qg the sets of points
satisfying respectively RC and SC. Technical side constraints (3) often
require in their expression a set of additional variables y, which may be
real-valued. Usually, such constraints impose the power flow equations,
the operational limits of flows through branches and the acceptable bus
voltages, whereas variables y represent branch flows and bus voltages.
Hence, the conceptual DN optimization (DNO) model is:

min F(x,y) €y
Subject to : X € Qpc (@3]
X,y € Qgc 3)
xe€{0,1} @
YER 5

In the literature, RC are formulated in different ways [1-5], and some
formulations refer to the spanning forest integer polytope based on
the loop-elimination constraints, see (A.2) in the Appendix, hence they
contain a number of constraints growing exponentially with the size of
the instance.

These formulations allow the solution of moderate-sized DNO prob-
lems [16]. However, the presence of exponentially many radiality
constraints (2), the often non-linear objective F(x,y) (1), and the side
constraints SC (3) make these models very computationally demanding:
large-size DN instances rapidly become computationally intractable. In
this work, we propose an alternative and stronger reformulation for
the radiality constraints (2), for which we will be able to develop an
efficient separation procedure.

3. Radiality constraints formulation

We now introduce the basic ideas of our reformulation, starting with
the classical spanning tree formulation. Let .S be a generic subset of V,
and Eg the set of edges of the subgraph induced by S in G. For graph
G(V, E), the formulation of the spanning tree problem, i.e. the known
spanning-tree polytope Py, is:
x € {0,1}/El such that
Y xe=Vi-1,

Pr = {eckE . (6)
2 x,<|S|-1 VScV, |S|>2

e€Eg

The first constraint in the formulation forbids the creation of a cycle
containing all the vertices, since that would require |V'| edges and we
only impose |V | — 1 edges. Similarly, for each subset S, the constraints
in the second group implement the loop elimination request [6,22] by
allowing only |S| — 1 edges from Eg. Clearly, the number of possible
subsets S is exponential in |V|, and so it is the number of constraints
in the second group. On the positive side, polytope Py is integer, and
its vertices are exactly the incidence vectors of the spanning trees of
G(V,E) [17]. Note that this loop elimination condition, taken from
the Dantzig, Fulkerson, Johnson formulation [23], is known to be
particularly strong and it is stronger than enumerating all possible
cycles and imposing that at least one edge of each cycle is open, as
shown in the Appendix. See also [24] for further details on formulation
strength. However, the obtained tree is not bounded to respect the
above condition (c), as shown in the following example. Hence, we
need to extend this stronger version of loop elimination constraints to
obtain full radiality.
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Fig. 1. Spanning subgraph (in solid lines) composed of only one connected component
and with 3 roots: nodes 1, 6 and 7.

Fig. 2. Spanning forest composed of 3 connected components and with 3 roots (nodes
1, 6 and 7), but not having one root in each connected component.

Example 1. Fig. 1 depicts a case with n = 9 vertices, where the roots,
represented in red squares, are VR = {1,6,7)}, and the demand vertices
are VP = {2,3,4,5,8,9}). They are connected by the 15 edges E =
{(1,2),(1,3),(2,3),(2,4).(2,5),(2,6),(2,8),(2,9),(3.4),(4,6),(5,6),(5.7),
(5,8),(7,8),(8,9)}. A solution satisfying constraints (6) is x = (0, 1,0,0, 1,
1,0,0,1,1,0,1,1,0, 1), which is reported in the figure by drawing in solid
blue the edges at 1, and in dotted cyan the edges at 0. It is easy to see
that it has exactly n—1 = 8 edges at 1 and that it has no loops. However,
it does not respect the above condition (c).

If we replace the constraint on the number of edges ) .z x, = [V] -1
with Y, x, = |V| -k, we split the single spanning tree into k different
spanning trees, hence a spanning forest. Thus, we obtain the k-spanning
forest polytope P.g of G(V, E), i.e. the formulation of a spanning forest
having k connected components, each of which is a tree.

x € {0, 1}1El such that
Y x.=IVI-k

Pisp =19ceE @)
Y x <IS|-1 vScV,|s|>2

e€Eg

This polytope preserves integrality [17,21]. If k = |VE|, we are
producing a number of trees equal to the number of roots. However,
we still may have trees in which there is not exactly one root. Fig. 2
shows such an example.

Example 2. Fig. 2 represents the same case with n = 9 vertices
and 15 edges. A solution satisfying constraints (7) is for example
x=1(0,1,0,0,1,1,0,0,1,0,0,1,0,0, 1), which is reported in the figure by
drawing in solid blue the edges at 1, and in dotted cyan the edges at
0. It is easy to see that it has exactly n — k = 6 edges at 1 and that it
contains 3 trees. However, it still does not respect condition (c).
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Condition (c) further requires H(V, Ey;) to be a k-rooted spanning forest
of G(V, E). Hence, we propose to use the formulation that we call P zsp
polytope:

x € {0, 1}/El such that

Y xe=IVI-k

Pirsr = <k 8
z x, <min(|S| -1, |[SnVP))
e€Eg

vScv, |S|>2

Now the constraints in the second group enforce the selected subgraph
to have no loops and at most one root vertex in each connected component
(tree). This holds because we are requiring that the number of edges for
each subset .S is not larger than both |.S|—1 and the number of demand
nodes that happen to be in S. If for example S has 6 nodes, 4 demand
nodes and 2 roots, then we can only take up to 4 edges in it. On the
other hand, when the subset composed only of those 2 root nodes is
considered (all subsets must be considered), no edges in it are allowed,
so the 4 edges in the example subset S can only connect 1 root per
connected component. Fig. 3 shows such an example.

Example 3. Fig. 3 represents the same case with n = 9 vertices and
15 edges. A solution satisfying constraints (8) is for example x =
0,1,0,0,1,1,0,0,1,0,0, 0,0,1,1), which is reported in the figure by
drawing in solid blue the edges at 1, and in dotted cyan the edges at
0. It is easy to see that it has exactly n — k = 6 edges at 1 and that it
contains 3 trees, each of which has exactly 1 root, so it finally respects
the above conditions (c).

Note that this set of constraints defines an equivalent but stronger for-
mulation than the enumeration formulation proposed in [2,16] where
all the cycles or paths between two roots must have at least an open
edge. This insight constitutes one of the contributions of this work; a
detailed proof of this is in Appendix. This means that even the strongest
condition (c) in the radiality constraints is now satisfied. However, it
is easy to see that the number of constraints in the second group grows
with O(21). Therefore, the size of this model increases very rapidly
with the size of the DN instance.

For the implementation of our separation procedure, instead of (8),
we prefer to use the following equivalent reformulation for 2., where
the role of both sets of nodes VR and VP is explicit. This because we
noticed in our experiments that this reformulation often allows slightly
shorter solution times, especially in the case of large instances. We
express those constraints using the cutset 5(S) associated with every
possible subset S of the set of demand nodes V? [6,22].

Proposed 2y formulation

x € {0, 1}/El such that
Y xe21, VSCVP S#p
Qe = e€5(S) ©)
Z x, <min(|S| -1, [SnVP)

e€Eg

vScv, |S|>2

Formally, constraints in the first group of (9) prescribe the selection of
at least one edge of the cutset §(S) associated with any subset S of the
set of demand nodes V' ?. This means that, for every nonempty subset of
demand nodes, there is at least one edge connecting them to something
else, hence to a root node (or to another demand node that in turn must
be connected to a root node due to another constraint on a larger .5),
so that islands (i.e., connected components without a root node) are
forbidden. Note that transfer nodes, if present, can be treated by simply
considering them demand nodes with demand = 0. Note also that even
the constraints in the first group of (9) are exponentially many.

We also recap here two state-of-the-art complete radiality con-
straints formulations: SCFO, presented in [1,3], and SCF+ST presented
in [4], that will be used for comparison.

Electric Power Systems Research 241 (2025) 111278

Fig. 3. Spanning forest composed of 3 connected components and with 3 roots (nodes
1, 6 and 7), having exactly one root in each connected component. This is a radial
configuration.

Single Commodity Flow (SCF) is a formulation which guarantees
connectivity of all demand nodes to at least one root by assuming that
each demand node has a fictitious demand of a commodity and each
root is a fictitious source of that commodity. A direction is defined
for each edge and the fictitious flow is defined positive or negative
according to this direction. The symbols §(i)*, §(i)~ of (10) refer to the
inward and outward star of node i with respect to the above directions.
The SCF equations are:

x € {0,1}/El, F e RIEl such that

scp=) D F +D;= )F, Viev’ (10)
ecs(i)t e€s (i)
-VPx, < F, <|VP|x, VeeE.

The first constraint of (10) imposes the flow conservation for all the
demand nodes, and the second constraint ensures that the flow can
be different from O only on active branches. Moreover, if we take the
first constraint of (8) and all constraints of (10) we obtain the known
formulation called SCFO, which imposes, in addition to SCF, that the
number of active branches is equal to the number of demand nodes.
The spanning tree (ST) constraints instead are based on parent—child
relations of the branches and provide a necessary but not sufficient
condition to ensure a radial topology to the network [4,9]. In these
case, for each (i,j) = e € E,i,j € V we define two sets of binary
variables b1; ; and b2, ;. bl;; is equal to 1 if i is the parent of j and

iLj
vice-versa for b2, ;.

ij

x,b1,b2 € {0,1}'El such that

bl +b2,,=x, VYe=(i,j)€EE
ST=AY b1+ b2, =1 Viev? an
k k
bl b2, =0 vie VR

The first equation of (11) states that, if line (i, ) is connected, either
i is parent of j or vice-versa. The second equation imposes that every
demand node has exactly one parent, whereas the last equation states
that root nodes have no parent. Now, if we take all the constraints of
(10) and (11) we obtain the formulation called SCF+ST.

Finally, by adding to our formulation (9) some of the constraints
taken from other formulations, we obtain the following two new for-
mulation variants for the radiality constraints:

* Qpc formul. (9) and all constraints of (11), called 2+ST for-
mulation;

* Qpc formul. (9) and the first constraint of (8), called Qg
formulation.

4. Separation procedure

As remarked above, the constraints in both the first and the second
group of Qp- (9) are exponentially many. Nevertheless, we avoid the
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explicit use of those constraints by introducing a Separation Procedure
(SP) to either certify the feasibility of a given solution (x, y) or generate
a valid constraint of (9) violated by it. This technique is also known
as constraint generation, or separation optimization, and constitutes a
very powerful technique used in combinatorial and integer optimiza-
tion [17,18]. This approach is especially useful for the considered RC
models which, despite being strong formulations, have exponentially
many constraints.

In practice, we start the solution of DNO by relaxing (i.e., removing)
the RC (2) and postponing their generation (i.e., insertion into the
formulation) until they are actually needed. Then, for every solution
found, we apply the separation procedure to obtain one of the two
following answers: (a) that solution violates radiality constraints, and
at least one of them is generated and added to the formulation; (b) that
solution does respect all radiality constraints, even those not explicitly
added in the formulation.

Remarkably, it turns out that only a few of the exponentially many
radiality constraints must be added to the formulation to obtain a
solution satisfying all of them, as shown by the experiments in the next
Section. This approach helps to reduce the solution time, and so it also
improves the quality of the solutions achievable within a reasonable
time. This can be obtained because the solver only deals with a smaller
and more manageable MIP reduced model, which is initialized including:
the objective (1), all side constraints (3), the integrality constraints (4),
and relaxing all the RC (2). The main difficulty in implementing such
a solution approach is the design of an efficient separation procedure,
which must be developed for the specific constraints that we use.

The proposed SP, described in Algorithm 1, is based on the identifi-
cation and use of the connected components of the subgraph H(V, Ey)
of GV, E), with E; = {e € E : x, = 1}, and works as follows. We call
H'(V, Eg) the graph correspondent to an incumbent solution (x’, '),
that is a best so far binary solution of the reduced model (RM) obtained
during the branch-and-cut execution. The SP is divided in two parts:
the first searches for violated constraints in the set

Y x. 21, VScVP S#0,
e€5(S)

while the second part searches for them in the set

> x, <min(IS| =1, [SAVP]) VScV,|S|>2

e€kg

Algorithm 1 Separation Procedure

1: Initialization: Extract x’, y’ from the incumbent solution and define
the corresponding graph H'(V, Ey/)

N

: Find connected components:
connComponents « PartitionIntoConnComp(H")

3: for each component in connComponents do

4 S < component > get the current component
5 if S c VP then > Cond 1
6: Compute newConstraint1

7 AddLazyConstraint(newConstraint1)

8 end if

9:  if [SNVE|>1 then > Cond 2
10: Compute newConstraint2
11: AddLazyConstraint(newConstraint2)
12: end if
13: if [SNVR <1 ¢ |[EgnEy|>|S|-1 then

> Cond 3

14: Compute newConstraint3
15: AddLazyConstraint(newConstraint3)
16: end if
17: end for

Electric Power Systems Research 241 (2025) 111278

The first part accepts (x’,)’) and builds the corresponding graph model

H'(V, Eg); then it partitions the set of nodes into connected compo-

nents by using a depth-first-search (DFS) in H'(V, Eyy). After this, it

cycles over all connected components. If the connected component .S

has only demand nodes (without root nodes) and so .S € V'? (Cond 1),

then the corresponding violated constraints Y, ;s X, > | is generated.
The second part checks S for the following conditions:

+ |SNVR| > 1. In this case, the connected component has more
than one root (Cond 2) and the violated constraint
Yeers Xe Smin(IS| =1, |SN 124))
is generated and added to the model.

« |ISNVR| <1but |[Egn Ey/| > |S| -1, that is the active edges of
the incumbent solution having both endpoints in .S close a cycle
(Cond 3). In this case, the connected component is not a tree and
the corresponding violated constraint
Yeerg Xe Smin(lS| =1, |SNn 124}
is generated and added to the model.

If no constraint is generated by SP, then all requirements on the pres-
ence of islands, cycles and multiple roots in the connected components
are met. Therefore, the considered solution (x’, )’) satisfies all radiality
constraints, even those that were not explicitly generated. Thus, that
solution is feasible for DNO.

To explore the complexity of the proposed SP, let n be |V| and m
be |Ey|. The SP can be efficiently performed, because the partition
in connected components is a standard algorithm based on a DFS
requiring O(n + m) steps. The subsequent phase is a cycle over the
connected components, which means that the number of iterations
is O(n). Each single iteration contains the testing of 3 if conditions,
followed by the possible computation of the corresponding constraint.
Each of the first 2 if conditions requires a scan over the nodes, hence
O(n), while the computation of the corresponding constraint requires
a scan over the edges, hence O(m). The third if requires a scan over
nodes and over edges, hence O(n + m), while the computation of the
corresponding constraint requires a scan over the edges, hence O(m).
So, the total complexity of the second part is O(n(n + m)), which is
therefore the complexity of the whole SP. Thus, the complexity of the
proposed SP is low order polynomial.

The overall conceptual scheme of the proposed separation-
optimization method is illustrated in the flow chart reported in Fig. 4,
where the optimization process of RM is assumed to be based on the
branch-and-cut method. During the solution of RM, when an integer
solution is found, it is compared to the best so far optimal solution,
called incumbent solution. In case the new integer solution is better than
the incumbent, it represents a candidate incumbent solution. For each of
such candidate incumbent solutions obtained during the optimization
process, the SP is applied either to certify its feasibility (so the candidate
will become the new incumbent) or to generate a valid (lazy) constraint
to add to the current RM formulation and continue the optimization
process while maintaining all the generated constraints. At the end
of the iterations of the RM optimization process, the latest found
incumbent solution is optimal for the DNO problem since there are no
violated constraints in RC.

The implementation of this approach allows to overcome the burden
discussed in the literature [3,4] to explicitly generate all the expo-
nentially many RC. Furthermore, it is facilitated by the possibility of
using lazy constraint callbacks [18] offered by the major modern solvers
available for RM. Note that a separation procedure based on the idea of
the max-flow/min-cut algorithm can be developed in order to identify
a single violated constraint in the first set of constraints in (9) even at
fractional solutions in the branch-and-cut process, as the one proposed
in [2].
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5. Experimental results

This section compares the performance of the three following pro-
posed formulations, all using SP (1):

* Qpc formulation (9)
* Qpc (9) and the first constraint of (8) called Qg
* Qpc (9) and all constraints (11) called 2z + ST

and these two state-of-the art formulations, already described in Sec-
tion 3:

» SCFO [1,3], composed of the first constraint of (8) and all con-
straints of (10)

» SCF + ST [4], composed of all the constraints of (10) and all those
of (11).

We use these five strategies for the reconfiguration of publicly avail-
able IEEE networks [25]. The distribution network is modeled through
the Kirchhoff’s laws equations presented on page 9 of [26], which
employ the linearized network model proposed in [27]. These problems
are taken from [28]; the objective is the minimization of a convex
quadratic function representing loss minimization. Note that, when solv-
ing real-world reconfiguration problems, the emphasis is generally not
on the pure optimality of the solution, but rather in finding in short
times, and sometimes in real-time (in the sense of compulsory time
constraints) a solution that could even be near-optimal. For this reason,
in our experiments we chose a maximum time limit of 1 h, with
checks at smaller intervals of 15 min and 30 min, and on the other
hand we slightly relax the numerical precision by accepting, as optimal
solutions, those having an optimality gap < 5% or < 10%. Recall that the
optimality gap in a minimization problem is defined during the solution
process as the percentage distance between the current best integer
solution and the highest lower bound on the integer solution, and it
decreases as the branching algorithm approaches the optimal solution.

All the models are implemented in Python and solved by means of
the Gurobi Optimizer 10.0.1 with the default solver settings, except for
parameter MIPGAP used to accept solutions with the described opti-
mality gaps, setting PRESOLVE at level 0 instead of —1 (to prevent the
solver from altering the model), and using the lazy constraints callback
for formulations Qzc, 2rco, Lrc + ST. The experiments are conducted
on a workstation with Intel Core i7-7820X processor (3.6 GHz clock
speed) and 64 GB RAM running MS Windows 7 operating system.

In more detail, our instances have been obtained from the six
testcases available in [25] going from small to very large size, namely
bus_32.1, bus 8311, bus1358, bus 2013, bus 8737 and
bus_10476_84. Moreover, we added two new testcases of intermediate

size, named here bus_2619 21 and bus_5835_47. The first number in
the name of each testcase specifies the number of buses of the DN,
i.e. the number of nodes in the graph model, while the second number
refers to the number of MV feeders, i.e. the number of root nodes in the
graph model; see also [25] for additional details. Testcase bus_2619_21
is obtained by combining three times bus_873_7 testcase, and testcase
bus_5835_47 contains the first 47 feeders of bus_10476_84 testcase.
Lastly, in each testcase all branches are candidate to be opened/closed
to perform network reconfiguration.

In the first two Tables, for each instance/model, we allow a compu-
tation time of 3600 s, when exceeded we report (*). For each instance,
we report if the optimization model has been solved within that time
at the chosen accuracy (gap within 5% or 10%); the value of the best
solution obtained in the time limit (for the cases ended in timeout, we
add the symbol *); the corresponding optimality gap; the computation
time and the number of generated constraints. When there is a clear
winner on an instance, we highlight the winning results in boldface.
We deem that there is no clear winner when the instance is solved
with all formulations with very similar results or when the instance
remains unsolved within the time limit with all formulations. Hence, a
clear winner can be found when: only some of the formulations allow to
solve the instance within the time limit and the chosen optimality gap,
and moreover the difference in the solutions obtained is numerically
appreciable.

The analysis of the results shows that the proposed 2y and its vari-
ants has a comparable behavior to the two state-of-the-art formulations
on small instances, which are optimally solved by all approaches. On
the contrary, Qz and its variants exhibits a distinctly better behavior
on the larger instances. In particular, in Table 1 there is a clear winner
(as defined above) in 2 cases, and that is always Qgc. In Table 2 there
is a clear winner in 4 cases, and that is Qg in 3 cases and its variant
Qgc+ST in the remaining case (and with Qg very near to it). Thus, it
appears that the proposed formulation and its variants are able to find
better quality solutions (i.e. with smaller values of loss) for the larger
instances.

The constraints dynamically added by the SP are generally few,
despite the fact that their number is much larger, and that the complete
formulation requires an exponential number of them. This confirms
the adequacy of the proposed method. When the number of added
constraints is 0, this means that, during the optimization process, the SP
successfully examined all radiality constraints and discovered that they
are already satisfied. Hence, even in this case, the obtained optimal
solution is guaranteed to respect all radiality conditions. We hypoth-
esize that the technical constraints in SC tend to force the solutions
to a certain degree of connectivity and radiality even when radiality
constraints are missing.
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Table 1
Comparison on network reconfiguration allowing an optimality gap of <5%. Symbol (*) means terminated for timeout after 3600 s.
Case study Qpc SCFO Qgco SCF+ST Qg +ST Additional data
Y Y Y Y Y Solved in time (Y/N)
135 13.5 13.5 135 135 Solution value
bus_32_1 0% 0% 0% 0% 0% Optimality gap
0.05 0.1 0.1 0.1 0.08 Time elapsed (s)
3 0 0 0 0 # added constraints
Y Y Y Y Y Solved in time (Y/N)
37.3 38.2 37.9 38 38 Solution value
bus_ 8311 2.6% 4.8% 3% 3.6% 3.4% Optimality gap
0.01 0.3 0.9 0.4 0.2 Time elapsed (s)
0 0 6 0 0 # added constraints
Y Y Y Y Y Solved in time (Y/N)
43.5 43.3 43.2 43.4 43.1 Solution value
bus_135_8 2.4% 2.8% 3.6% 2.7% 2.9% Optimality gap
2.9 1.6 1.6 1.6 0.4 Time elapsed (s)
53 0 18 0 0 # added constraints
Y Y Y Y Y Solved in time (Y/N)
68.1 65.9 66.3 66.8 66.7 Solution value
bus_201_3 4.6% 4.9% 4.9% 4.2% 4.1% Optimality gap
1328.1 1446.5 1488.4 24.2 25.4 Time elapsed (s)
48 0 14 0 0 # added constraints
Y N N Y Y Solved in time (Y/N)
5726.7 6699.5* 6328.9* 5841.6 5852.0 Solution value
bus_873.7 3.0% 16.6%* 11.8%* 4.9% 4.5% Optimality gap
0.25 ) ) 19.9 99 Time elapsed (s)
0 0 0 0 0 # added constraints
Y N N Y N Solved in time (Y/N)
17,180.0 27,351.6* 22,798.2* 17,443.7 17,872.6* Solution value
bus_2619_21 3.0% 39.1%* 26.6%* 4.5% 6.1% * Optimality gap
1.49 ™) *) 125 *) Time elapsed (s)
0 0 0 0 0 # added constraints
N N N N N Solved in time (Y/N)
66,991.5% 71,152.4* 70,131.0* 68,624.1* 64,708.9* Solution value
bus_5835_47 8.9%* 14.2%* 13.0%* 11.1%* 5.5% * Optimality gap
™ ™ ™ ™ ™ Time elapsed (s)
1 0 2 0 0 # added constraints
N N N N N Solved in time (Y/N)
112,592.1* 143,251.9* 144,237.4* 144,704.6* 111,139.9* Solution value
bus_10476_84 6.7%%* 26.7%* 27.2%* 27.4%* 5.5% * Optimality gap
(@) ™ ) *) *) Time elapsed (s)
18 0 0 0 0 # added constraints
Table 2
Comparison on network reconfiguration allowing an optimality gap of < 10%. Symbol (*) means terminated for timeout.
Case study Qpc SCFO Qgco SCF+ST Qpc +ST Additional Data
Y Y Y Y Y Solved in time (Y/N)
135 13.8 13.9 13.9 13.6 Solution value
bus_32_1 6.1% 8.3% 8.7% 9.1% 7.0% Optimality gap
0.007 0.08 0.063 0.079 0.057 Time elapsed (s)
0 0 0 0 0 # added constraints
Y Y Y Y Y Solved in time (Y/N)
37.3 38.2 40.4 40.0 39.4 Solution value
bus_ 8311 2.6% 4.8% 9.2% 8.4% 7.6% Optimality gap
0.013 0.306 0.646 0.344 0.163 Time elapsed (s)
0 0 6 0 0 # added constraints
Y Y Y Y Y Solved in time (Y/N)
43.5 43.3 44.0 45.5 43.4 Solution value
bus_135_8 5.4% 3.9% 5.6% 9.6% 5.2% Optimality gap
0.028 2.786 2.174 0.71 0.367 Time elapsed (s)
4 0 10 0 0 # added constraints
Y Y Y Y Y Solved in time (Y/N)
67.7 67.6 68.1 69.7 68.4 Solution value
bus_201_3 7.8% 7.8% 8.1% 9.4% 8.8% Optimality gap
0.466 1.494 4.951 12.59 0.564 Time elapsed (s)
14 0 10 0 0 # added constraints
Y N N Y Y Solved in time (Y/N)
5726.7 6699.5* 6328.9* 6090.8 6151.3 Solution value

(continued on next page)
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Table 2 (continued).

Case study Qpc SCFO Qgco SCF+ST Qg +ST Additional Data
bus_873_7 3.0% 16.6%* 11.8%* 8.8% 9.7% Optimality gap
0.225 ) *) 14.28 3.29 Time elapsed (s)
0 0 0 0 0 # added constraints
Y N N Y Y Solved in time (Y/N)
17,180.0 27,351.6* 22,798.2* 18,445.3 18,248.8 Solution value
bus_2619_21 3.0% 39.1%* 26.6%* 9.7% 8.7% Optimality gap
1.35 ) ) 72.21 18.58 Time elapsed (s)
0 0 0 0 0 # added constraints
Y N N N Y Solved in time (Y/N)
66,991.5 71,152.4* 70,131.0* 68,624.1* 65,936.3 Solution value
bus_5835_47 8.9% 14.2%* 13.0%* 11.1%* 7.4% Optimality gap
65.52 *) ) ) 108.08 Time elapsed (s)
1 0 2 0 0 # added constraints
Y N N N Y Solved in time (Y/N)
112,592.1 143,251.9* 144,237.4% 144,704.6* 114,691.3 Solution value
bus_10476_84 6.8% 26.7%* 27.2%%* 27.4%* 8.5% Optimality gap
20.16 ™) ™) ) 932.87 Time elapsed (s)
0 0 0 0 0 # added constraints
Table 3

Analysis of the evolution of the solution process on Network Reconfiguration. Symbol — means that the optimal solution was already found at the

previous time check.

Case study Qpc SCFO Qpco SCF+ST Qpc +ST
0% 0% 0% 0% 0% Optimality gap at 15’
- - - - - Optimality gap at 30’
bus_32_1 - - - - - Optimality gap at 60’
13.5 13.5 13.5 135 13.5 Solution value at 15’
- - - - - Solution value at 30’
- — - - - Solution value at 60’
0% 0% 0% 0% 0% Optimality gap at 15’
- - - - - Optimality gap at 30’
bus_ 8311 - - - - - Optimality gap at 60’
37.3 37.3 37.3 37.3 37.3 Solution value at 15’
- - - - - Solution value at 30’
- — - - - Solution value at 60’
0% 0% 0% 0% 0% Optimality gap at 15’
- - - - - Optimality gap at 30’
bus_135_8 - - - - - Optimality gap at 60’
42.5 42.5 42.5 42.5 42.5 Solution value at 15’
- - - - - Solution value at 30’
- — - - - Solution value at 60’
0% 5.0% 5.2% 0% 0% Optimality gap at 15’
- 4.9% 4.3% - - Optimality gap at 30’
bus_201_3 - 4.8% 4.0% - - Optimality gap at 60’
65.9 65.9 66.3 65.9 65.9 Solution value at 15’
65.9 65.9 66.0 65.9 65.9 Solution value at 30’
65.9 65.9 66.0 65.9 65.9 Solution value at 60’
1.9% 16.7% 11.8% 3.3% 3.0% Optimality gap at 15’
1.9% 16.6% 11.8% 1.9% 2.3% Optimality gap at 30’
bus_873_7 1.9% 16.6% 11.8% 1.8% 1.6% Optimality gap at 60’
5726.7 6699.5 6328.9 5799.2 5783.3 Solution value at 15’
5726.7 6699.5 6328.9 5728.4 5753.4 Solution value at 30’
5726.7 6699.5 6328.9 5728.4 5717.4 Solution value at 60’
3.0% 39.1% 26.6% 3.4% 6.1% Optimality gap at 15’
3.0% 39.1% 26.6% 3.4% 6.1% Optimality gap at 30’
bus_2619_21 3.0% 39.1% 26.6% 3.4% 6.1% Optimality gap at 60’
17,180 27,351.6 227,98.2 17,363.1 17,872.6 Solution value at 15’
17,180 27,351.6 227,98.2 17,363.1 17,872.6 Solution value at 30’
17,180 27,351.6 227,98.2 17,363.1 17,872.6 Solution value at 60’
8.9% 14.2% 13% 25% 5.5% Optimality gap at 15’
8.9% 14.2% 13% 25% 5.5% Optimality gap at 30’
bus_5835_47 8.9% 14.2% 13% 11.1% 5.5% Optimality gap at 60’
66,991.5 71,152.4 70,131 81,368.1 64,708.9 Solution value at 15’
66,991.5 71,152.4 70,131. 81,368.1 64,708.9 Solution value at 30’
66,991.5 71,152.4 70,131 68,624.1 64,708.9 Solution value at 60’
6.8% 26.7% 27.2% 27.4% 12.9% Optimality gap at 15’
6.8% 26.7% 27.2% 27.4% 5.5% Optimality gap at 30’
bus_10476_84 6.8% 26.7% 27.2% 27.4% 5.5% Optimality gap at 60’
112,592.1 143,251.9 144,237.4 144,704.6 120,490.0 Solution value at 15’
112,592.1 143,251.9 144,237.4 144,704.6 111,139.9 Solution value at 30’
112,592.1 143,251.9 144,237.4 144,704.6 111,139.9 Solution value at 60’
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Fig. 5. Reduction of the optimality gap over time for instance bus_2619_21.

We also provide, in Table 3, an analysis of the evolution of the so-
lution process in short times, by considering the best solution obtained
within: 15 min; 30 min and 60 min. This because, in real-world cases,
it would be particularly useful to be able to reconfigure the network in
short times. In this case, MIPGAP was set at 0%, to allow the possibility
to reach the optimal solution if that could be done within the time limit.
When the optimal solution (with gap 0%) is already obtained in one of
the shorter times, for the subsequent time checks there is no need to
try to improve it, so we simply report symbol -. Again, we observe that,
when results are not all aligned, 2, and its variants generally allow to
reach good solutions faster than the other state-of-the-art formulations,
in particular for the larger instances.

We finally provide an even more detailed analysis of the optimality
gap reduction over time for instance bus 261921 in Fig. 5. On the
vertical axis we report the gap value, with all formulations stating
from 100%, and on the horizontal axis computational time in seconds,
limited to the first 3 min. For all formulations, the gap sharply de-
creases in short times, and we can observe that the fastest and most
pronounced decrease is obtained with Qg., which reaches 3%. After
that, the gap tends to remain more constant for longer times, since for
all formulations the exploration of all the remaining open problems in
the branching tree remains quite time consuming.

6. Conclusions

Solving the larger instances of the DNO problem is particularly
needed in practice, however most optimization formulations for this
problem suffer from combinatorial explosion, since they need exponen-
tially many constraints to impose the radiality conditions. Therefore,
large-scale problems easily become computationally intractable. In this
work, we consider the use of a polyhedral formulation for the radiality
constraints in power DN reconfiguration, showing the potentiality of
its use in a separation-optimization scheme. Our computational results
for a set of standard test instances from the literature indicate that the
proposed lazy constraints approach based on a strong combinatorial
formulation is comparable or superior with the state-of-the-art models
in terms of the overall quality of solutions and number of instances
solved. Moreover, the proposed approach shows a significantly better
behavior for large-size instances. These results suggest that the use
of the proposed modeling and algorithmic approach may be key for
the solution of larger and larger instances. This can foster further
research in this field exploiting combinatorial optimization techniques.
Future research might include the extension of the proposed approach
to network planning problems, or to the case of microgrid formation,
where de-energized nodes and flexible boundaries of microgrids created
by distributed generators are allowed.
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Appendix. Comparison of formulations

We show here that the set of constraints (A.1), which is the second
set of constraints in (9), is stronger (in the sense that it has a smaller LP
feasible region) than the enumeration formulation of cycles and paths
between two roots (A.2), presented in [2,16], even if it defines exactly
the same set of feasible integer points:

Y x, <min(|S| -1, [SnVP)

e€Eg (Al)
vScV. |S|>2

Y x <ILI-1 VLeL (A.2)

e€L

with £ being the family of all loops and all paths between any two roots
in the network.

First we show that a set of edges E’, defined by an incidence vector
x', contains a path between two roots or a loop if and only if it violates
(A.1). In other words, the graph configurations forbidden by (A.2) are
also forbidden by (A.1).

Necessity: Suppose x’ defines a set E’ which contains a path between
two roots or a loop in the network. Let P’ C E’ be the set of edges of this
path or loop, and let S’ be the set of nodes defined by P’. Define Eg as
the set of edges with both endpoints in .S, and note that P’ C Eg and
that Eg may be different from E’. Then, the constraint of type (A.1)
corresponding to S’ is violated. Indeed, if P’ is a path between two
roots, then ZeeES, x, > |8'|-1and |S'nVP| =|S'| -2 (or < if there
are more than 2 roots in that path), so the constraint is not satisfied.

If P’ is a loop (and we are not in the previous case with more than
one root), then Y . Eg Xe 2 |S”| £ |S’| — 1, so again the constraint is
not satisfied.

Sufficiency: Suppose that x’ defines a set E’ which does not contain
a path between two roots or a loop in the network but violates (A.1). It
follows that there is at least one induced subgraph with a set of nodes
S with at most a number of edges greater than min(|S| -1, |S NV P)).
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4

Fig. A.6. Cycle with 4 nodes and a chord.

It means that such subgraph must contain at least a path between two
of its roots or a cycle, which is a contradiction. This proves that the two
formulations define exactly the same sets of feasible integer points.

Now we show that (A.1) is stronger than (A.2) by showing that, if
a vector 0 < x < 1 violates (A.2), then it also violates (A.1), but the
converse is not true.

If a constraint of (A.2) is violated for a given L', then the constraint
of (A.1) corresponding to the set of the nodes S’ of L’ (i.e., the set of
nodes of the path between two roots or of the loop) is violated as well.
Indeed both violated inequalities are a sum of positive variables, in the
left hand side of (A.2) the sum is over L’ while in the corresponding
inequality of (A.1) the sum is over Egy 2 L'. Thus, given the same
positive values of the x variables, ), . Bl Xe 2 Yeci’ Xe- On the other
hand, for the right hand sides we have:

min(|S'| -1, |S'nVPp <L -1.

Therefore, any 0 < x < 1 that is outside the formulation (A.2) is also
outside the formulation (A.1).

However, if a vector 0 < x < 1 violates (A.1), then it does not
necessarily violates (A.2). As an example, take a cycle over 4 demand
nodes with a chord in it (see Fig. A.6) and consider a solution x
assigning each edge a value of 0.65. This graph contains 3 cycles: one
over the 4 edges C; = {(1,2)(2,3)(3,4)(4, 1)} and two over 3 edges C, =
{(1,2)(2,4)(4, 1)} and C5{(2,3)(3,4)(4,2)}. The corresponding constraints
(A.2) become

C: 065x4<4-1-260<3
Cy: 065x3<3-1-195<2
Cy: 065x3<3-1-195<2

and they are all satisfied. Hence, solution x is within the polyhedron
defined by the (A.2) constraints. Instead, at least one of the constraints
of (A.1) is not satisfied: the one corresponding to the set of all nodes
{1,2,3,4} summing over all the 5 edges.

0.65x5<min(4-1,4) - 325<3

Hence, solution x is outside the polyhedron defined by the (A.1)
constraints, and so the formulation given by the (A.1) is stronger and
we proved the claim.
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