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Abstract

Planning is a ubiquitous process in everyday life, but its covert nature makes it
difficult to study, and consequently, various paradigms and methods have been
proposed to do it.

In this thesis, we investigated human planning strategies in a novel task inspired
by the Travelling Salesman Problem (TSP), that we called the ThinkAhead task,
utilizing a combination of computational, behavioral, kinematic and eye-tracking
measures. The task required participants to solve a sequence of problems by
finding a path that connects a set of nodes placed in a 2D grid-like graph without
passing twice over the same node (simplicity condition). The task’s multistep nature,
combined with the simplicity requirement and a time limit, made it challenging
enough to require planning. We collected data about this task in two different setups:
at first, online, where participants completed the task on their mobile devices; then,
in-person, where we also recorded gaze and mouse movements.
We then attempted a characterization of their planning strategies from different
perspectives.

First, we employed a computational approach, and compared the behavior of
participants with that of artificial agents whose planning depth was manipulated.
We then tested whether the use of cognitive resources in this modeling paradigm
was better explained by a fixed planning depth or a flexible one that adapted to
the task demands. The results showed that the latter adaptive strategy provided a
better fit to the participants’ behavior.

Secondly, we looked for signatures of planning in the kinematics of mouse
trajectories and gaze behavior. We focused on instances of fluid movements, where
no pauses occurred, and observed an alternating pattern in eye-hand coordination.
This pattern involved a gaze fixating a target followed by a reaching movement
towards the fixation coordinates. Within this descriptive paradigm of motor plans
sequences, we searched for evidence of coarticulation, which is generally defined
as a phenomenon in which the execution of subtasks is influenced by the overall
task: for example sub-movements are different if part of the same motor plan rather
than independent.
To formally test this, we trained a (linear) classifier for the next action on: (1) seg-
ments of mouse trajectories, and (2) gaze position on the screen. In both cases, even
though with different performance, the classifier’s accuracy was significantly higher
than chance level, which means that current actions carry information about future
one. This coarticulation provides evidence for planning in this task. Additionally,
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we tested whether gaze behavior during a fixation could predict the direction of
the next fixation above chance level and beyond the predictions of models based
purely visual information.

Finally, we studied the commitment of participants to their plans, and the
possible determinants of backtracking. We found that backtracking was in most
of the cases performed only after a visual feedback of unsolvability of the task
(for example because the map had been bisecated and there were rewards to be
collected on both the (dis)connected components). This suggests that participants
did not perform a continual (or highly frequent) replanning, but rather relied upon
perceptual messages of errors. We then proposed a task-specific taxonomy that
might help differentiate the signals that triggered the backtracking event.
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Chapter 1

Introduction

1.1 Planning: a fundamental cognitive process

Thinking about the future is a frequent attitude in our life. At different timescales
and in different contexts, we are constantly imagining possible futures, and planning
our actions accordingly: we think and make plans about what to do at the current
moment, day, week or further periods of time. We plan our behaviour even out of
time, and decide how we would behave in a hypothetical situation, and we do this
in many different tasks, such as deciding what to eat, how to commute, how to win
current chess game etc.

Despite the intrinsic heterogeneity and richness of these tasks, the initial at-
tempts to explain planning shared the belief that a reductionist and formal approach
could uncover a general human strategy. Planning was assimilated to problem solv-
ing (B. Hayes-Roth & Hayes-Roth, 1979a; McDermott, 1978; Newell, Simon, et al.,
1972; Sacerdoti, 1975), and consequently a planner was essentially as a problem solver.

1.1.1 Planning as a search process

As stated in (McDermott, 1978):

A problem solver operates by reducing problems to simpler subprob-
lems repeatedly until immediately solvable (primitive) problems are
reached. The result is a plan which must be executed in order to realize
a solution to the problem.

This procedural description of problem solving — and thus of planning —
formulates the hypothesis that the planner can identify subgoals and decompose
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the task into simpler components. Planning is then conceptualized as the proccess
of search across this simpler elements of the problems, and of the best course of
action to achieve a goal (Craik, 1943; Korf, 1987; Sacerdoti, 1974), performed over
a mental map of the task (Tolman, 1948). This planning formalization is still valid
nowadays (Daw & Dayan, 2014; Hunt et al., 2021; Kolling et al., 2012). If we look for
example at the popular paradigm of reinforcement learning (Sutton & Barto, 1998),
a planner has a representation of the value of the states of the world, and chooses
the best action to do only after having estimated the value of the possible future
trajectories.
Similarly, the so-called paradigm of planning as inference (Botvinick & Toussaint,
2012; K. Friston et al., 2015; K. J. Friston et al., 2016) frames this search in a slightly
different way: a planner has a probabilistic representation of the world and its
dynamics and knows its goal, and tries to infer the course of actions that will lead
to it with the highest probability.

Because of this idea of a search among different possible futures, several plan-
ning studies in humans and other animals utilized tree-like structure for tasks,
primarily focusing on simple (e.g., two-step) problems that could be exhaustively
searched (Akam et al., 2015; Daw et al., 2011; Hasz & Redish, 2018; Miller et al.,
2017). Organizing the task as a tree allows for a clear representation of the possible
actions and outcomes, and the planner can then search through the tree to find the
best course of action.

Depending on the task to be solved, the combinatorial nature of the planning
can make an exhaustive search an infeasible strategy to be followed, especially
if time or cognitive resources are limited. This requires planners to trade off the
accuracy of the solution with their complexity. In the game of chess, for example,
the number of possible moves increases exponentially with the number of steps
ahead that the player wants to consider (Shannon, 1988). In the same way, while
commuting, the number of possible routes increases with the number of streets
that the driver can take, and there are many different factors that one can include
or exclude from this computation. There are many factors that have an impact
in the complexity of the exploration: the state space, the space of the actions, the
space of goals, the possibly stochastic interaction with the environment, and so on.
Furthermore, planning exhaustively, even if possible, might be costly in terms of
time and cognitive resources and an exhaustive search might not be worth the effort
(Russek et al., 2022).

This is a possible instance of the well-known problem of the exploration-
exploitation dilemma: when is it worth keeping on exploring the possible plans and
when is it better to exploit the current knowledge to make a decision (K. Friston
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et al., 2015; Sutton & Barto, 1998). Different models consider different principles to
address this problem.

1.1.2 Heuristics

Once assumed that evaluating everything is too hard, the problem of establishing
how much and what to evaluate emerges (Wiener et al., 2009).

Among the diverse possible strategies that reduce the cognitive cost of planning,
heuristics represent a frequently used approach in search problems (Geffner &
Bonet, 2013; Russell & Norvig, 1995). A heuristic is an approximate strategy that
intend to solve a task without performing all the necessary computations to be
optimal. It is a - possibly biased - strategy that simplifies the problem at hand to
make it more tractable. The origins of these heuristics might be a form of adaptation
of thinking process to the task properties (Anderson, 1990; Simon, 1996), derive
from a rational usage of the resources available to the planner (Bhui et al., 2021;
Callaway et al., 2018, 2022; Lieder & Griffiths, 2020; Simon, 1957), be induced by
the time pressure (Van Opheusden et al., 2017) or by some underlying objective
function (Solway et al., 2014; Tomov et al., 2020). In (Q. J. Huys et al., 2012) - and
also (Balaguer et al., 2016) - it is proposed that people prune unpromising branches
of the search tree, which means implicitly assuming that nothing "too good" will
happen in the direction of a specific branch, for example because the firsts "steps" in
that directions where extremely "negative".

A single heuristic is usually not enough to encompass all the complexity of
human behaviour even in simple tasks. For this reason it can also be beneficial to
explain it by considering an interplay of many different strategies (Q. J. M. Huys
et al., 2015). Other heuristics could be sampling only few promising routes, or many
routes but only up to a certain depth (Keramati et al., 2016; Pezzulo et al., 2013).

In the widely-used tree search description this resource rational usage might
mean deciding the appropriate planning depth for a particular problem can be
seen as an instance of metaplanning: namely, the formation of a plan about how to
approach the planning problem (Alterman, 1988; Gershman et al., 2015; B. Hayes-
Roth & Hayes-Roth, 1979b; Kuperwajs et al., 2024; Wilensky, 1981).

1.1.3 Encoding and Hierarchical planning

A second stream in the planning literature mitigates cognitive costs exploits the
encoding phase that preceeds the planning phase. Planners form a mental represen-
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tation of the problem upon which they base the mental search. Previous studies
suggest that during the encoding phase, participants might form simplified mental
representations of the problems, omitting many details of the original task (Ho
et al., 2022). The idea of using a cognitive map (Tolman, 1948) to redefine the state
space in which to plan can be expressed in many ways: it could be grounded in
information properties of the map and its possible transitions (thus, augmenting
the simple notion of topology) in (Maisto et al., 2016; van Dijk & Polani, 2011). This
compression can make the planning easier by reducing the number of states that
need to be considered, or by exploiting map properties that are useful to the task
(bottlenecks, isolated states etc.).

This encoding phase that creates a higher-level map of the problem, naturally
leads to hierarchical models for planning (Balaguer et al., 2016; Pezzulo et al., 2018;
Ribas-Fernandes et al., 2011; Solway et al., 2014). In such models, the planner can
decompose the task into more manageable subgoals, and then dynamically switches
between these two different levels of abstraction of the task, partly planning at a
higher-level and thanks to that getting constraint for the planning in the original
space. There are some general benefits from this approach (Maisto et al., 2015), and
as demonstrated in (Donnarumma et al., 2016) this could also explain aspects of
human performance in the Tower of Hanoi task. By leveraging multiple levels of
abstraction, the planner can optimize its strategy, balancing the need for detailed
planning in complex situations with the efficiency of higher-level strategies for more
straightforward scenarios.

This hierarchical approach not only mitigates the computational demands of
planning but also reflects a more realistic model of human cognitive processes,
where individuals often break down complex problems into simpler components
and adjust their level of detail based on the task at hand, similar to the general
problem solver previously quoted. Reaching a distant location when in a big city
is a concrete task where these hierarchical strategies are useful: one can first plan
some intermediate steps (for example reaching a metro station) and then plan the
details of the path to reach it.

1.2 Studying planning: how to probe a covert process

Both in past (Craik, 1943; Shallice, 1982) and modern descriptions (Daw & Dayan,
2014; Daw et al., 2011; Hunt et al., 2021) of planning, the formalization of cognitive
processes as computational processes has been a common approach. However, one
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of the main challenges in studying planning is that it is a covert process occurring
within the brain, making it difficult to observe and measure directly.

The covert nature of planning means that researchers cannot directly observe
the cognitive steps individuals take when formulating plans. Instead, they must
rely on indirect measures to infer these processes. This necessitates the creation
of experimental setups that capture behavioral or physiological outputs somehow
related to the underlying planning mechanisms. For instance, researchers may
use eye-tracking to monitor gaze patterns, analyze mouse movements to infer
decision-making processes, or employ neuroimaging techniques to observe brain
activity during planning tasks. These methods help to bridge the gap between the
unobservable cognitive processes and the measurable external behaviors, allowing
for a deeper understanding of how planning operates within the brain.

By combining data from these various indirect measures, researchers can build
robust models of the planning process, elucidate the cognitive architecture under-
lying planning, and also inform the development of artificial intelligence systems
that emulate human planning strategies.

1.2.1 Computational Model-Based Analysis

One viable approach to study planning is to directly look at the outputs of a task,
namely the "choices" made by the subject. The state space in which these choices
exist is usually task-specific, and range from a move in a game (Chase & Simon,
1973; De Groot, 1946; Krusche et al., 2018), to a route on a map (Lancia et al., 2023;
McDermott & Davis, 1983; Wiener et al., 2009).

To provide possible explanations for this behavior, one could develop artificial
model-based agents that make a "choice" within the same state space as the human.
Thus, modeling involves designing algorithms that can solve a task and then
comparing the models’ solutions to those of humans. This comparison can occur at
various levels of abstraction. For example, one could assess whether the choices
made by the model match those made by the human, or whether the model can
predict human choices. Alternatively, one might compare specific properties of the
choices made by the model with those made by the human, such as the time taken
to make the choice, as in the drift-diffusion model (Fudenberg et al., 2019; Myers
et al., 2022; Ratcliff, 1978; Stone, 1960).
This approach has interesting implications when the parameters of the model
are fitted to the participants, and correlated with other traits (even psychiatric),
allowing for a form of computational phenotyping (Q. Huys, 2014; Q. Huys et al.,
2020; Kafadar et al., 2022; Montague et al., 2012).
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Since fitting a model does not retain absolute meaning, it is generally neces-
sary to perform a model comparison on the same benchmark (MacKay, 2003). A
fundamental and widely used tool is the comparison of the likelihood function.
This function evaluates the fit of a model to the observed data and quantifies the
probability of the data given the model’s parameters, serving as a measure of model
adequacy. Models can be compared using likelihood-based criteria, such as the
Maximum Likelihood, the Akaike Information Criterion (AIC), or the Bayesian
Information Criterion (BIC), which incorporate both the likelihood of the model and
the complexity of the model in terms of the number of parameters. This approach
enables researchers to select models that most adequately describe the data while
avoiding overfitting, ensuring that the model generalizes well to new data.

1.2.2 Continous Movement Kinematic Recordings

A choice in the decision making task represents just the final output of a reasoning
process but the underlying process and mental search remain unexpressed. The
analysis of response time, i.e. the time taken before making a choice, as done
in (Fudenberg et al., 2019; Myers et al., 2022; Ratcliff, 1978; Stone, 1960) already
goes beyond the simplest output, as it can be related to the computation needed
to make that choice, and how "hard" making that choice is. However, in this
description, action and decision are assumed to be performed in a purely sequential
way: evidence for a choice is accumulated and after that, a choice is made. However,
decisions in real life can’t always be made in this way. As stated in the paper:
(Maselli et al., 2023):

[...] soccer players have to acquire information about the state of the
game while running and deciding where to position themselves, or
whether to pass or shoot the ball. Similarly, a car driver has to monitor
the road and the movements of the other cars while continuously making
decisions about where to turn, whether to accelerate or stop the car, etc.

In these cases the decision process is not separated from the action process, but
rather they are intertwined. The decision and the acting processes can be performed
in parallel, or they can influence reciprocally.

The kinematic analysis of the movements that implement a choice can provide
a window into the decision process (Barca & Pezzulo, 2012; Freeman et al., 2011;
Song & Nakayama, 2009). In (Barca & Pezzulo, 2012) authors considered a binary
discrimination task where the selection of the correct category was done via mouse
selection. They found that increasing the ambiguity of the stimuli increased the
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mouse trajectory curvature. This was interpreted as a sign of the decision process
unfolding over time, compatible with a paradigm of parallel processing of action
and decision. This sort of information could not be obtained by just looking at the
final choice, such in tasks where the choice is a simple button press.

This dependence of the modalities of execution on the underlying planning
process is obviously not limited to the simplified domain of the mouse movements.
In (Maselli et al., 2017) the analysis of the modalities of the implementation of a
choice, rather than the choice itself, is made explicit: in a throwing motor task the
predictability of the direction of the throw was analyzed by looking at the kinematics
of the whole body movement. Also in (Maselli et al., 2019) throwing styles were
analyzed by looking at the whole-body kinematics and providing a characterization
much richer than the simple choice that rested upon the coordination of different
body parts.
We could say that in general, the kinematic domain expands significantly the
possibility of analysis of a decision process and represents an interesting factor to
be considered in the design of an experiment (Krotov et al., 2022).

1.2.3 Eye tracking

Since the pioneering works of Yarbus (Yarbus, 1967) the importance of the eye
tracking in the study of cognitive processes, along with its complexity and richness,
has been recognized. A commonly accepted, and purely kinematic description of
eye movements, typically identifies few main different regimes of movements:

• Fixations. These are periods when the eyes remain stationary and focused on
a single point.

• Saccades. These are rapid, (mostly) ballistic movements that shift the eyes
from one point to another.

• Smooth pursuit. These are slow, continuous movements that track a moving
object.

This minimalistic description of eye movements is based upon the temporal
dynamic, but why a fixation is made on a certain point, or why a saccade is made
in a certain direction and at a certain time, is a much more complex question that
rests upon both sensory and cognitive processes.

Eye movements can in fact - and unsurprisingly - be related to the characteristic
of a visual input. In (Mannan et al., 1997) similarities in fixation patterns among
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subjects observing the same stimuli were found to have a correlation with the edge
density of the input image. Also in (Itti & Koch, 2001; D. Parkhurst et al., 2002;
D. J. Parkhurst & Niebur, 2003) the importance of the saliency, intended as how
much a region of the image stands out from the background, was recognized as a
determinant of the fixation position.
However, next to these bottom-up direction, the determinants of eye movements
can also be the end of a top-down stream. It was already shown in (Yarbus, 1967)
that the gaze position was influenced by what was the goal of the observer (or
almost dually: by the instructions given by the experimenter).

This task-dependency becomes even more interesting when some sort of control
or interaction with objects is considered. In many of Land works (M. Land, 2004;
M. Land & McLeod, 2000; M. F. Land et al., 1999) naturalistic tasks (making tea,
playing cricket etc.) show that the eyes fixate regions of interest for the specific task
and are strongly coupled with the phase of the task (e.g. the different moments
composing the making of tea). These considerations can lead to the augmentation of
the classification of eye movements beyond the simple kinematic as in (M. F. Land
et al., 1999) where a richer taxonomy of fixations based upon their function (such as
"monitoring", "planning" etc.) was used. Also, the very same properties of these
eye movements can be task-dependent. If we look at the duration of the fixations,
it is usually assumed that it ranges between 200 ms and 400 ms, but for example
looking at the widely-studied task of reading, it is reported in (Radach et al., 1999)
that there can be shorter fixations which last only 50 ms.

Fixations can also be related to the planning of future actions. In (Pelz & Canosa,
2001) found that in a complex task most of the fixations were directed towards
objects of immediate use, but a smaller number of times it was directed towards
objects whose use would be needed in the future. An even richer analysis of the
temporal dynamics of gaze behaviour (Zhu et al., 2022) shows a consistent presence
of backward and forward planning during a route planning task. In (Huang et al.,
2023) a variation of the tic-tac-toe game is implemented and played while recording
gaze behaviour. It is found that participants gaze showed a predictive ability with
regard to the next moves, which increased with participants’ expertise.

Similarly to fixations also saccades can be related to the planning of future
actions. In (De Vries et al., 2014) the authors found evidence of planning during
scanpath in a 2-saccades switching task where a modification of a planned sequence
was induced by a change in the visual stimuli. Also in (Baldauf & Deubel, 2008)
the authors performed a discrimination task to study attention allocation during
sequences of saccades and found that there is evidence that rather than being
planned purely sequentially, they are planned simultaneously, similarly as done
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in (McPeek et al., 2000) or (Ames et al., 2019). In (Azadi et al., 2021) they found
that the saccade amplitude and direction was modulated by the future saccade in a
sequence.

Many of these research have been made possible by the advancement in eye
tracking technology, from the mirror connected to the eye in (Yarbus, 1967) or
(Robinson, 1963). A less invasive and more powerful method of eye tracking
is provided by optical infrared-based systems. These systems are based on the
principle of the reflection of infrared light from the cornea and the pupil of the eye:
the corneal reflection is invariant to the eye movement, while the pupil reflection
moves with the eye. The difference between the two reflections is used to calculate
the gaze direction.

The other significant advancement in eye-tracking technology is the develop-
ment of portable devices. This advancement has allowed researchers to study gaze
behavior in more naturalistic settings, moving beyond the constraints of laboratory
environments. For instance, studies by (M. F. Land et al., 1999) and (M. Land, 2004)
utilized portable eye-tracking systems to observe naturalistic gaze behavior, pro-
viding valuable insights into how eye movements and planning processes function
in real-world scenarios. These portable devices have thus expanded the scope and
ecological validity of eye-tracking research, enabling the exploration of planning
and attention in more diverse and realistic contexts.

1.3 Structure of the thesis

The rest of the thesis is structured as follows.

Chapter 2

We introduce the task developed and used to study planning throughout this work:
the ThinkAhead task. We describe the task and the main features that make it a
good candidate to study planning.

Chapter 3

The main results of the first (online) study are presented. We explain how we
used a mode-based approach to compare the behaviour of participants with the
behaviour of artificial agents whose cognitive resources were manipulated. We then
tested if the usage of the cognitive resources in this modelling paradigm was better
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explained by the usage of a constant planning depth or by the usage of flexible
planning depth which adapted to the task demands. Results showed that indeed
the latter adaptive strategy was the one that better explained the behaviour of
participants.

Chapter 4

The results from the second experiment, where the task was performed in-person
while eyes and hand movements were being tracked, are presented. We looked
for signature of planning in the kinematics of the mouse trajectory and the gaze
behaviour. In particular, we considered the case of fluid movements, where no
pauses or backtracks occourred, and noticed an alternating behaviour in the eye-
hand coordination, that consisted in a gaze fixation on the target (node) followed
by a reaching movement towards it. This alternation provided us with a chunking
paradigm for the path implementation, and provided with a useful setup to test if
the kinematic behaviour of the mouse and of the fixation position were influenced
by the future actions. To do this, we used a linear classifier to predict the next action
from the mouse trajectory segments and gaze positions on the screen. Both methods,
despite differing in performance, significantly outperformed chance, suggesting
that current actions provide information about future ones via the modalities in
which it has been performed. This supports the presence of planning in the task. We
also tested the relation between gaze behavior during a fixation and the direction
of the next fixation better than chance and more accurately than models based on
purely visual data (and no planning).

Chapter 5

In the last chapter we explore the commitment of participants to their plans. By
looking at the moments where participants backtracked during the ThinkAhead
task, we found that in most of the cases there were strong visual feedback of non-
solvability of the task. This could suggest that participants did not always predict
the consequences of their actions before the movement was initiated, and rather
made a move and looked for a feedback signal, as in off-loading strategies. We then
proposed a taxonomy that could differentiate the signals that trigger a backtracking
event.
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Chapter 2

ThinkAhead: a novel task to study
human planning

As stated in the introduction, one of the striking features of planning is its presence
across many contexts. Some of these are more explicitly linked to planning processes,
as in chess (Chase & Simon, 1973; De Groot, 1946; Gobet, 1998; Krusche et al., 2018;
Saariluoma, 1995), the Travelling Salesman (MacGregor & Ormerod, 1996; Vickers
et al., 2001), the Canadian Traveler Problem (Papadimitriou & Yannakakis, 1991) or
the Tower of Hanoi (Donnarumma et al., 2016; Maisto et al., 2015; Shallice, 1982).
Each of these tasks highlight different aspects of the planning process, and have
been used to study different aspects of it.

In this chapter, we introduce a novel task, the ThinkAhead task, that we designed
to study planning in a controlled and systematic way. The task is inspired by
the Travelling Salesman Problem (TSP) and consists on a series of problems that
request finding a path in a 2D grid-like graph to connect all the “gems” in a grid,
without passing twice over the same node. However, nodes can be unselected by
backtracking.

In our setups participants solved the problems by “navigating” with the finger
(touch control) or a cursor in a grid that was fully visible on a screen.
Figure 2.1 shows an example problem, which requires finding a path from the start
location (yellow node) through all the gems (red nodes). The six panels show six
representative timesteps of the solution, with the links colored in blue indicating
the selected path on the graph (visible to participants), the azure points showing the
past trajectory (invisible to participants) and the small red dot showing the actual
gaze position at different times (invisible to participants). In the example illustrated
in Figure 2.1, the participants first see on the screen the configuration shown in
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Panel A. They first select an incorrect path towards the two gems to the right (Panel
B), then they backtrack to the home location (Panels C-D) and finally select a correct
path that connects all the gems (Panels E-F) – therefore solving the problem.

Figure 2.1. An example problem in the experiment. The problem requires finding a path
in the grid that starts from the home location (yellow node) and collects all the “gems”
(red nodes), without passing through the same node twice. Participants solved the
problem by navigating with their finger on the (fully visible) grid. The figure shows six
time steps of the solution, with the azure path indicating the path taken by one of the
participants, the azure dots the actual finger trajectory (sampled at 60Hz) and the small
red dot the current finger position.

This example highlights the richness in data that are provided by this task. As
will be explained in next section 2.1 problems that require different planning hori-
zons can be easily constructed, and the task can be used to study different aspects of
planning, such as the planning depth, the commitment to a plan, the determinants
of backtracking, and the kinematics of the movements.

2.1 Planning Depth

The simplicity condition, i.e. the fact that nodes cannot be crossed twice, and the
multiple objectives makes (a certain amount of) planning necessary to solve most
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of the problems. Crucially, we designed problems that require different planning
depths to be solved.

The concept of planning depth has not a unique definition: in general it is used
to refer to the property of “how much further from my current state am I thinking
of”. In this work, we anchor the planning depth to the number of gems (from 1 to
8) that a person considers collecting in the current plan. Some problems could be
solved using a “greedy” strategy to always move to the closest gem (i.e., planning
depth 1), while in other problems the “greedy” strategy leads to a dead end. To
solve these problems, it is necessary to select a plan to move to the next 2 to 8 closest
gems (i.e., planning depths 2 to 8). For example, the problem shown in Figure 2.1
requires a planning depth of 5. This means that finding a(ny) solution requires
planning 5 gems in advance and any planner that only considers a smaller number
of gems would fail. Henceforth, a problem is said to require planning depth n if n is
the minimum number of the closest gems that an agent has to take into account in
the plan, in order to be able to solve the problem.

This design allows us to study the planning depth that participants use to solve
each problem, by systematically comparing their behaviour with the behaviour
of 8 variants of the same planner, which only differ for the depth n parameter
(with depth n ranging from 1 to 8). In our analysis, we focused solely on the paths
chosen by participants before they made their first backtracks, as these paths serve
as valuable indicators of their initial plans. This approach also allows for easier
alignment with findings from studies on other games like chess, where movements
cannot be reversed.

Assessment of the minimum planning depth required for each problem

To assess problem minimum required planning depth we designed a planner that
uses a depth-first search strategy over all the simple paths that start from the current
position and reaches n gems.

In our analyses, we considered 8 variants of the same planner, which only differ
for the depth parameter (n), ranging from 1 to 8 (Geffner & Bonet, 2013; Russell
& Norvig, 1995). For example, a “greedy” planner with n = 1 will look for all the
simple paths (i.e., paths that do not pass twice on the same node) that reach one
and only one gem. A planner with n = 2 will look for all the simple paths crossing
only 2 gems, and so on. After the computation, the shortest path among them is
selected. If there are many shortest paths the choice will be uniformly random
among them. From the new position (i.e., the end of the last selected path), and
with the nodes from the chosen paths being removed to comply with task rules, the
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computation of the next (partial) paths is repeated, until there are no more gems
to collect, or the planner has reached a dead-end (i.e. no more rewards can be
collected from that position). The planners cannot backtrack, so once a dead-end is
reached, the simulated trial ends. Note that since there might be various paths to
choose among, multiple runs of the same planner on the same problem might have
different outputs.

Please note that the use of the depth-first strategy for the search of the paths was
just a method to enumerate all the possible paths (compatible with the constraints
of the task and the instantaneous configuration) and any other exhaustive search
algorithm (e.g., breadth-first) would produce the same output, hence our choice
of a planning method does not necessarily entail the hypothesis that people use
depth-first search.

We varied the planning depth parameter of the planner to assess the minimum
planning depth required to solve each problem. For this, we classified each problem
according to the minimum value of n for which a solution could be found with
non-null probability, from 1 to 8. For example, problems of depth 5 can only be
solved by a planner with n = 5 (or possibly more), but not by a planner with n = 1 to
4. This permits us to group the problems into 8 groups, with the index denoting the
minimum planning depth required to solve them. Note that the fact that a problem
can be solved by a planner with depth n does not imply that deeper planners can
necessarily solve the same problem, or that planners at different depths find the
same solution to the same problem. Let’s suppose, for example, that a solution
to a problem exists for a planning depth of 5. This solution reflects the shortest
path connecting 5 gems, but there is no guarantee that a planner at depth 6 (or
higher), which looks for the shortest way of connecting 6 gems, would find the same
solution. This might be the case, for example, when a longer path to the first 5 gems
is needed in order to reach the sixth one with a globally shorter solution. Notable,
the fact that planners having different depths could solve the same problem in
different ways permitted us to estimate participants’ depths more carefully.

2.2 Experiment design

The experiment comprised 90 problems. Participants were instructed that they
would earn points proportional to the time left to solve the problems and that the
points were doubled in problems where the gems were red (which happened in half
of the trials) compared to those where the gems were blue (in the other half of the
trials). As soon as the problem was shown to the participants, the time countdown
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started. If the participants did not solve a problem within the deadline, it counted
as a failure; participants were allowed to either complete it (without getting any
points) or to skip it and pass to the next one.

We generated a range of problems that required different planning depths, from
1 to 8 (see the next section for the exact definition of planning depth). The problem
grids were all unique and were generated with an average level of edges density
of 0.75 ± 0.2, which we found in a pilot study to afford a good range of planning
solutions.

Before the experiment, participants performed a short practice session, in which
they had to solve 4 problems, whose results were not analysed. The 90 problems
were divided into 3 interleaved blocks (henceforth, “levels”), with 30 problems
for each level. We varied planning demands both within and between levels; see
Table 2.1. To vary planning demands between levels, the 3 levels were characterized
by increasingly large maps and more gems to be collected, making the higher-level
problems (on average) more challenging. To vary planning demands within lev-
els, we divided each level into 3 sublevels of 10 problems each. The 3 sublevels
comprised problems that could be solved using planning depth 1, 2-4, or 5-8, re-
spectively; see Table 2.1. Note that the levels have (on average) increasing difficulty
but include a fixed proportion of easier trials (i.e., requiring lower planning depth).
This design permits increasing the challenge and simultaneously maintaining a
high frequency of success across levels, which is important for intrinsic motivation
(van der Kooij et al., 2021).

Table 2.1. Experiment design. The experiment is structured into 3 levels of increasing
(average) difficulty, each including 30 problems. See the main text for explanation.

Level 1 Level 2 Level 3

Sublevel 1 Depth = 1
Size = 5x5
Gems = 4-5

Depth = 1
Size = 6x6
Gems = 6-7

Depth = 2-4
Size = 6x8
Gems = 6-7

Sublevel 2 Depth = 2-4
Size = 5x5
Gems = 7-8

Depth = 2
Size = 6x6
Gems = 7-8

Depth = 5-8
Size = 6x8
Gems = 4-5

Sublevel 3 Depth = 5-8
Size = 5x5
Gems = 4-5

Depth = 3
Size = 6x6
Gems = 6-7

Depth = 5-8
Size = 6x8
Gems = 7-8
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Figure 2.2. An example problem from the first experiment. The problem requires finding
a path in the grid that starts from the home location (yellow node) and collects all the
“gems” (red nodes), without passing through the same node twice.
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Figure 2.3. An example problem from the second experiment.
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Figure 2.4. An example problem from the third experiment.
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2.3 Discussion

The ThinkAhead task offers a rich platform for analyzing various dimensions of
human planning and problem-solving. Through this task, we can combine standard
behavioral measures analysis, such as success rates and completion times, with
model-based analyses of planning strategies. Additionally, the participants’ path
implementation via touchscreen or cursor continuous movement, along with the
integration of eye tracking, can provide deep insights into the dynamic interplay
between visual attention and motor actions, revealing patterns of coarticulation and
continuous planning.
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Chapter 3

Adapting planning depth in
problem solving

We humans are capable of solving challenging planning problems, but the range
of adaptive strategies that we use to address them are not yet fully characterized.
Here we compared the performance of a group of human participants with some
artificial planning models in the ThinkAhead task. We found that participants make
an adaptive use of their cognitive resources – namely, they tend to select an initial
plan having the minimum required depth, rather than selecting the same depth
for all problems. These results support the view of problem solving as a bounded
rational process, which adapts costly cognitive resources to task demands.

3.1 Introduction

Since the early days of cognitive science, researchers have asked how we solve
challenging problems that engage planning abilities, such as the Tower of Hanoi
and Traveling Salesman as well as popular games such as chess or go (Newell,
Simon, et al., 1972; Shallice, 1982; Wiener et al., 2009). Most cognitive theories
assume that planning requires a form of cognitive tree search over an internal
model or mental map of the task (Craik, 1943; Daw & Dayan, 2014; Hunt et al., 2021;
Kolling et al., 2012; Tolman, 1948). Following this view, several planning studies in
humans and other animals used tree-like tasks, but mostly focused on simple (e.g.,
two-step) problems which could be searched exhaustively (Akam et al., 2015; Daw
et al., 2011; Hasz & Redish, 2018; Miller et al., 2017).

It is still unclear how we solve more complex problems, which – given our
limited resources – defy exhaustive search. From a normative perspective, planning
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with limited resources could be described as a bounded rational processes, which
balances the accuracy of the solution and the cognitive resources invested, e.g.,
memory and time (Bhui et al., 2021; Lieder & Griffiths, 2020; Simon, 1957). One
way to lower cognitive resources is using heuristics to alleviate the burden of
exhaustive search (Geffner & Bonet, 2013; Russell & Norvig, 1995). For example, it
has been proposed that people use a pruning heuristic during mental search: if they
encounter a tree node that seems unpromising, they discard the whole branch of the
tree (Q. J. M. Huys et al., 2015, 2012; Van Opheusden et al., 2017). Other heuristics
consist of sampling only a few promising routes, or many routes but only up to a
certain depth (Keramati et al., 2016; Pezzulo et al., 2013).

Furthermore, it is possible to alleviate the burden of planning by using a hierar-
chical approach to split the problem into more manageable subproblems (Balaguer
et al., 2016; Donnarumma et al., 2016; Ribas-Fernandes et al., 2011; Solway et al.,
2014; Tomov et al., 2020) or by interleaving planning and execution; for example,
plan until a certain subgoal, then revise and complete the plan along the way, as one
moves toward the chosen subgoal (Geffner & Bonet, 2013; Russell & Norvig, 1995).
Despite this progress, we still have incomplete knowledge of the (approximate)
planning methods that humans and other animals might adopt during problem
solving, as well as their neuronal underpinning (Mattar & Lengyel, 2022; Miller &
Venditto, 2021; Pezzulo et al., 2019).

Another stream of research explored the limitations (e.g., the maximum depth)
of our planning abilities. Various studies have shown that with sufficient time,
people are able to find near-optimal solutions to challenging problems, such as
the Traveling Salesman, which requires finding the shortest possible closed path
that connects a fixed number of “cities”. Different explanations of the Traveling
Salesman are based on the idea that participants could solve complex problems by
using local planning (Vickers et al., 2001) or by avoiding planning ahead in depth
and instead evaluating the global perceptual properties of the problem to generate
their solution (MacGregor & Ormerod, 1996). Other studies have tried to quantify
planning depth in chess (Chase & Simon, 1973; De Groot, 1946) and other games
(Krusche et al., 2018), see (van Opheusden et al., 2023) for a recent review. Classical
studies reported that top chess players can plan ahead (on average) a relatively
small number of moves, between 3.6 and 5.4 and their maximum planning depth
is between 6.8 and 9.1 moves (De Groot, 1946; Gobet, 1998; Saariluoma, 1995) and
a recent large-scale study reported that planning depth in games increases with
expertise up to a ceiling at a similar level (van Opheusden et al., 2023); but see
(Campitelli & Gobet, 2004) for evidence that chess grand masters can plan ahead (on
average) 13.8 moves. Planning – especially when done at greater depths – requires
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engaging significant cognitive resources and hence a key question is whether people
make an adaptive or resource-rational (Callaway et al., 2018, 2022) use of these
resources. Deciding the appropriate planning depth for a particular problem can
be seen as an instance of metaplanning: namely, the formation of a plan about
how to approach the planning problem (Alterman, 1988; Gershman et al., 2015;
B. Hayes-Roth & Hayes-Roth, 1979b; Kuperwajs et al., 2024; Wilensky, 1981).

One possibility is that people are sensitive to the planning demands of different
problems and flexibly adapt their planning depth to the minimum depth necessary
to solve them. An alternative possibility is that people are insensitive to planning
demands and use a fixed planning depth to solve all the problems.

3.2 Methods

3.2.1 Data collection

The experiment was conducted with the support of ThinkAhead, an Android
application developed to study navigational planning and problem solving. We
recruited 160 participants online and all gave informed consent to our procedures
which were approved by the Ethical Committee of the National Research Council.
Participants were free to leave the experiment at any moment. In the analysis, we
consider the 65 players (42 male, age = 34 ± 11 years; 19 female, age = 35 ± 10; 4
participants who preferred not to specify their gender, age =34 ± 10years) who tried
at least 80 of the 90 problems of the experiment, although they did not necessarily
solve all of them.

3.2.2 Analysis of success probability, problem completion time and total
number of backtracks

We used multiple logistic and linear regressions and the R library lme4 (Bates
et al., 2015) to analyze participants’ success probability (i.e., the probability that
they solved the problems before the deadline), problem completion time (i.e., the
average time they needed to complete the problem, in seconds) and total number
of backtracks that they executed during the experiment. The 3x3 design considers
the 3 levels of the experiment (Levels 1-3) and the 3 planning depths (DepthID 1-3,
corresponding to depth 1, depths 2-4, and depths 5-8, respectively).
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3.2.3 Similarity between participants and planning models, for each of
the 8 problem groups

The comparison between human participants and planning models involved assess-
ing the similarity in planning depth across the eight problem groups that required
minimum planning depths ranging from 1 to 8. For each of the 90 problems, we
determined the likelihood of the data (number of gems collected by the participants
before the first backtrack) given the models (the eight possible values of the plan-
ning depth parameter). To ensure comprehensive coverage of potential solutions
at varying depths, we utilized 500 instances of each planner for every problem.
Subsequently, we identified which planner, with a planning depth ranging from 1
to 8, exhibited the highest probability (i.e., was the ’winner’) within each problem
group.

3.3 Results

3.3.1 Participants are sensitive to both problem level and planning depth,
but in different ways

We assessed the statistical significance of the effects of the experimental design
(Level x DepthID) on the success probability (i.e., the probability that they solved
the problems before the deadline of 60 seconds). For this, we used a general linear
mixed-effect model with Level and DepthID and their interaction as fixed-effects
while accounting for subject identity variability as a random effect. The values of the
coefficients of the model are reported in Table 3.1, with their errors and significance.
We were able to assess the statistical significance of the different terms of the full
model by comparing it against reduced models that excluded some fixed effect.
This shows significance for the main effect of the DepthID and the Level terms,
while no interaction was found. Also, the significance of the use of the random
term was assessed comparing the full model with one without the random term:
(χ2(1, 5697) = 112, p − value < 2.1 ∗ 10 − 16).

We also used a linear mixed-effect model to fit the relation between the com-
pletion time and the experimental design, with DepthID, Level and interaction
as fixed effects and the subject identity as random effect. The coefficients of the
regression are shown in Table 3.2, with their standard errors and their significance.
The inclusion of the random effect was shown significant by a model comparison of
the full model with and without it (χ2(1, 5697) = 951, p − value < 2.1 ∗ 10 − 16). In
an analogous way, we assessed the significance of the terms by a comparison of the
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Table 3.1. Success probability regression. A general linear mixed-effect model is used to fit
success probability. Significance code (0< *** <0.001; 0.001** <0.01; 0.01 < * <0.05).

Regression coefficients Std. error Dof Chi2 Pr(>Chi2)

Intercept 8.2 1.1 1 96.06 2.0e-16 ***
DepthID -1.02 0.40 1 7.22 0.0072 *
Level -0.87 0.41 1 4.81 0.028 *
Interaction 0.093 0.16 1 0.35 0.56

full model with reduced versions.

Table 3.2. Completion time regression. A linear mixed-effect model is used to fit completion
time. Significance code (0< *** <0.001; 0.001** <0.01; 0.01 < * <0.05).

Regression coefficients Std. error Dof Chi2 Pr(>Chi2)

Intercept 4.7 1.3 1 13.41 2.5e-4 ***
DepthID 0.91 0.50 1 3.35 0.07
Level 2.79 0.51 1 29.87 4.6e-8 ***
Interaction 0.85 0.23 1 13.54 2.3e-3 ***

A linear mixed-effect model for the number of backtracks (significance of the
addition of the random effect: (χ2(1, 5697) = 299, p − value < 2.2 ∗ 10 − 16)) shows
no main effect of DepthId and Level, but a significance for the interaction term.

Table 3.3. Number of backtrack regression. A linear mixed-effect model is used to fit
number of backtracks. Significance code (0< *** <0.001; 0.001** <0.01; 0.01 < * <0.05)

Regression coefficients Std. error Dof Chi2 Pr(>Chi2)

Intercept 0.056 0.17 1 0.11 0.74
DepthID 0.014 0.072 1 0.048 0.83
Level 0.14 0.074 1 0.11 0.74
Interaction 0.17 0.030 1 25.50 4.43e-7 ***
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Figure 3.1. Success probability as a function of the 3 levels of the experiment and of the 3
DepthIDs. The figure permits appreciating that participants’ performance decreases
as a function of levels, but remains stable across levels when the problem planning
depth is 1. See the main text for details. Error bars have been assigned according to the
standard error of the mean of a binomial distribution.
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Figure 3.2. Problem completion time (in seconds) as a function of the 3 levels of the
experiment and of the 3 planning depths. Results are organized by level and depth. The
plot shows the total time, which is bounded to 60 seconds in our experiment
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Figure 3.3. Total number of backtracks as a function of the 3 levels of the experiment and of
the 3 planning depths. Results are organized by level and depth.
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3.3.2 Participants’ initial planning depth is adaptive and matches task
demands

We assessed the similarity between the initial plans (i.e., the plans before the first
backtrack) of participants and planning models, for each of the 8 problem groups.
The results of this analysis, aggregated across the three levels and for red and
blue gems, are shown in Figure 3.4. Our results indicate that the planner that best
explains the behaviour of participants (i.e., has the maximum likelihood for the
majority of problems) is the one having the minimum required planning depth. For
example, the planner that best explains the behaviour of participants during the
solution of problems requiring minimum planning depth of 1 is the planner using
depth 1.

Figure 3.4. Comparison between participants and planning models. The figure shows the
number of times that each planner from depth 1 to 8 had the maximum likelihood of the
gems collected before the first backtrack by the participants, in the problems of each of
the 8 problem groups. Problems are grouped according to the minimum planning depth
required to solve them, from 1 to 8, and color coded (see the legend). The frequency of
each planner is normalized within each group. The figure shows that for each set of
problems, from 1 to 8, the planner that wins most frequently (i.e., that has the greatest
likelihood in the plurality of simulations) is the one having the minimum planning
depth.
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In order to assess the statistical significance of this consideration, we tested
how well using a fixed planning depth described participants’ behaviour against
a model where the planning depth was adapted to the minimum planning depth
required by the problem. To do that, we computed for each problem the distribution
of the rankings in the likelihood obtained by each possible value of the planning
depth (e.g., if in a problem the model using a planning depth of 2 has the highest
likelihood, it has a rank of 0 for that problem; all the other planners are ranked in a
decreasing order, accordingly to the same procedure). So, we obtained a distribution
of the ranks for each planning depth (90 values each). We also computed the rank of
a planner that adapts its planning depth to the minimum required for that problem.
The resulting distributions are shown in Figure 3.5

Figure 3.5. Rank values of fixed and adaptive depth planners across the 90 problems. The
figure shows the distributions of the ranks of planners using a fixed planning depth
(D1-D8) across all problems and of the planner using a planning depth adapted to
the minimum required depth to solve a problem (Min depth). The black dotted lines
show mean values, whereas the orange lines show median values. See the main text for
explanation
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To test whether the average rank of the adaptive planning depth model is
significantly lower than each of the fixed planning depth models we performed
chi squared independence tests. We found that for each couple (min depth – D1,
min depth – D2, etc.), the rank distributions are significantly different (χ2(1, 90) =
57, p − value < 4.0 ∗ 10 − 10). This implies that adaptive planning depth to the
minimum requirements of the problem provides the most accurate description of
participants’ behaviour.

As a final control simulation, we tested whether a variant of the planner used in
the main analysis that knows the identity of the last gem to be collected provides a
better account of participant’s behavior. The motivation for control planner, which
we called “obvious ending” planner, comes from the fact that some problems in
our experiment (n = 44) had an obvious ending: if a gem was placed in a dead-end
or close to it, it was necessarily the last one to be collected. We incorporated this
information in the “obvious ending” planner, by calculating all the paths as in
the planner used in the main analysis, but excluding all the paths where a gem
in a dead end (or was only connected to dead ends) was not the last one in the
plan. This procedure leads to 8 variants of the “obvious ending” planner, one
for each depth level. We then compared the performance of the 8 planners used
in the main analysis and of the 8 “obvious ending” planners, by computing for
all the problems how many times each model was the best fitting of participants’
performance, across all problems. We found that in the problems where the two
model where distinguishable, the best description was most frequently provided by
the planner used in the main analysis, even though the frequency difference was
minimal. Finally, we found that the advantage of using an adaptive planning depth
over a fixed planning depth emerges also when considering the “obvious ending”
planners, showing that it is robust to information about the last gem to be collected
(see Figure A.1 and Figure A.2).

3.4 Discussion

Since the early days of cognitive science, researchers have asked how we solve
complex planning problems that defy the exhaustive evaluation of all possible
choices (Newell, Simon, et al., 1972). It is commonly assumed that planning is a
form of cognitive tree search using a mental map (Craik, 1943; Daw & Dayan, 2014;
Hunt et al., 2021; Kolling et al., 2012; Tolman, 1948). However, except in the simplest
cases, exhaustive search is infeasible, hence pointing to bounded forms of planning
that adapt cognitive resources to task demands (Bhui et al., 2021; Lieder & Griffiths,
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2020; Simon, 1957).

In this study, we asked whether participants adapt their planning resources to
the demands posed by problems of different complexity. To address this question,
we asked participants to solve a series of planning problems that required finding a
path to connect all the “gems” in a grid, without passing through the same node
twice. The problems were divided into three levels, characterized by increased map
size and number of gems. We varied planning demands both within and between
levels, therefore designing 8 groups of problems that required a minimum planning
depth from 1 to 8. The planning depth required for each problem was unknown to
the participants.

Our results indicate that participants’ problem-solving performance depends
both on planning depth and the level of the problems, underscoring that the chal-
lenge lies both in the cognitive demands imposed by a problem and its spatial scale
(which increases with problem level), independently.

Furthermore, the time required for problem-solving is affected by spatial scale,
illustrating that addressing problems within larger maps inherently demands more
time. Also, the effect of the planning depth on time required for problem-solving
becomes relevant, via the interaction with the spatial scale. One possible explanation
is that while forming a complete plan early on is possible with smaller maps and
simpler problems, working memory or attention limitations might preclude this
with larger maps and more challenging problems. In other words, simpler and
smaller problems would afford a global evaluation strategy, while more challenging
and larger problems would require instead a more local evaluation strategy.

Additionally, the analysis of the number of backtracks shows that the spatial
scale of the map and the complexity of the problem increase how often participants
need to change their initial plans, but the effect size is not independent for the
two dimensions. Crucially, our results show that participants flexibly adapt their
initial planning depth (i.e., the depth of their plans before the first backtrack) to
the minimum depth required to solve the problems, as estimated using planning
models Figure 3.4. The adaptiveness of participant’s planning depth is confirmed
by the fact that a planner that uses the minimum depth level (from 1 to 8) for each
type of problem better explains participants’ behaviour, compared to a planner
that uses a fixed planning depth across all problems (Figure 3.5). This result holds
also when considering an additional model that also has the information about
the identity of the last gem to be collected, when this information is obvious to
participants (Figure A.1).

Taken together, these results indicate that during problem solving, people make
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an adaptive use of their cognitive resources, by selecting an appropriate level of
planning depth. Therefore, this study adds to a large literature showing that during
problem solving, people adapt to the complexity and structure of the environment
(Simon, 1996), make an adaptive use of their cognitive resources (Anderson, 1990)
and adopt various simplifications when the problems are too challenging. For
example, people prune unpromising branches of the search tree (Balaguer et al.,
2016; Q. J. Huys et al., 2012) and reduce tree search under time pressure (Van
Opheusden et al., 2017). An emerging idea is that these (and other) simplifications
might be “rational”, in the sense that they entail a flexible and efficient use of limited
resources– i.e., bounded or resource-rational planning (Callaway et al., 2018, 2022).
For example, during problem solving, people might spend more time planning
ahead when the benefits of investing cognitive resources are greater (Russek et al.,
2022).

An open objective for future research is assessing to what extent the results
reported in this study generalize to other planning tasks. An advantage of our
task is that it incentivizes planning, as opposed to (for example) moving as fast as
possible to find a solution by change, because the problem space is relatively large,
the subgoals (gems) are clear, there is a time incentive, and backtracking adds a time
penalty. The combination of these factors might have encouraged people to plan
ahead in adaptive ways, as testified by the good match with (deep) planners. At the
same time, our task is not representative of all the conditions in which planning can
arise, because it is static and (at least in principle) fully observable. Future studies
might address situations in which certain task elements, such as edge positions or
gem values, change dynamically over time. Such dynamic environments require
considering how to adapt action plans to varying temporal demands and how to
replan when an existing plan becomes unattainable.

Similarly, future studies might address situations in which certain task elements,
such as the presence or absence of a particular edge, are initially unknown or known
only with a certain probability, as in the Canadian Traveler Problem (Papadimitriou
& Yannakakis, 1991). Such partial observability requires balancing exploration
and exploitation during planning (K. Friston et al., 2015; Sutton & Barto, 1998).
Future studies might assess whether the results reported in this study generalize to
dynamical and partially observable settings, or to settings that present participants
with different incentives for planning versus following habits (Lancia et al., 2023).

This study has various other limitations that need to be addressed in future work.
First, this study indicates that participants adapt their initial planning depth to
task demands but does not clarify how they do that. There are multiple alternative
strategies that could explain our findings. For example, before navigation begins,
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participants might use a “gist” of the maze to decide planning depth – or how much
cognitive resources they would need to invest to plan ahead – and then use such
planning depth to find a solution (note that selecting an appropriate planning depth
does not necessarily entail solving a particular problem, because there are usually
several alternative paths at the same planning depth).

In the planning literature, there is a key distinction between an “encoding”
phase in which participants form a mental representation of the problem and the
“planning” phase, in which they form a plan based on the mental representation.
Previous results suggest that during the encoding phase, participants might form
simplified mental representations of the problems, which omit many details (Ho
et al., 2022). It is possible that this simplified (or gist) representation could be
sufficient to guide the selection of an appropriate planning depth, but future studies
are required to understand whether and how this is possible. Alternatively, before
navigation begins, participants might start searching for a solution at low planning
depth and then increase the depth progressively, until they find a (satisficing)
solution.

A related limitation is that this study does not address the “algorithm” used
by the brain to solve the problems. When establishing a similarity between the
planning models and human participants, we are not necessarily claiming that
human participants use depth-first planning, but only that they appear to adapt their
planning depth across problems – regardless of mechanism (e.g., a different planner
for each problem, “iterative deepening depth-first search”, or other methods).

Having said this, our specific setting, in which the problem maps are novel
and fully visible, epitomizes the use of model-based planners (Daw & Dayan, 2014;
Dickinson & Balleine, 1994; Dolan & Dayan, 2013; K. J. Friston et al., 2016; Parr
et al., 2022). While in principle the problems considered in this experiment could
be solved using model-free and successor representation algorithms that dispense
from planning (Dayan, 1993; Gershman, 2018; Sutton & Barto, 1998), these are
unlikely candidates, since they would require an extensive learning phase, whereas
in our experiment the participants never see the same map twice.

Future studies might compare more directly various planning (or even non-
planning) methods. Apart for those discussed above, another relevant class of
algorithms is Monte Carlo planning. These algorithms offer an approximate solution
to the problem of sampling in large or continuous state spaces (Silver & Veness,
2010) and have been linked to human cognitive search (Jensen et al., 2023; Mattar
& Lengyel, 2022; Pezzulo et al., 2019), but would behave similarly to depth-first
planners in our (relatively small scale) problems. Another possibility is using
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hierarchical planners, which split large problems into smaller, more manageable
ones (Donnarumma et al., 2016; Solway et al., 2014; Tomov et al., 2020).

A limitation of this work is focusing on the first part of the plan is meaningful,
since previous research has established that the initial moves of participants during
problem solving are “good enough” and revelatory of their strategy (Klein et al.,
1995). Furthermore, from a methodological perspective, considering only the first
part of the plan drastically simplifies the assessment of planning depth, since it does
not require making assumptions about the algorithm used to decide (for example)
when to backtrack or whether to change plan or plan depth along the way, as some
planning models do (Weld, 1994). In other words, this choice does not require
delving into the full complexity of planning, acting and replanning dynamics that
can occur in our setup. However, a more complete analysis of planning dynamics
in our experiments should consider that backtracking is part and parcel of human
problem solving (De Groot, 1946) and that people might generate longer plans when
they are forced to do so – for example, because they cannot backtrack (Delaney
et al., 2004).

Furthermore, our experiment was not designed to study whether and to what
extent participants learn novel and potentially better planning strategies over time.
Future studies might address learning dynamics, by comparing how people behave
when presented with different sequences of planning problems – or “training
curricula” (Dekker et al., 2022) – that afford or do not afford generalization across
problems.

Finally, another limitation of the study is that by restricting our analysis to par-
ticipants who downloaded the app for the task and completed at least 80 problems,
we could have selected those having sufficient skill and/or engagement levels.
Previous studies with a much larger pool of participants reported significant indi-
vidual differences in navigation ability (Coutrot et al., 2022), suggesting that weaker
navigators might not show the same adaptive use of resources that we report here.
Therefore, the possible differences in adaptive planning depth between good and
weak navigators remains to be tested in future studies.
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Chapter 4

Coarticulation in eye-hand
coordination as a signature of
planning

In this second work we searched for behavioural signatures of planning process in
the ThinkAhead task. The experiment was carried out with a computer via mouse
controls, while gaze position was acquired with an eye-tracker in a head-stabilized
configuration. The kinematic of the eye-hand coordination during the solution
implementation exhibited a robust sequential structure consisting of a gaze fixation
(of a target node) followed by a reaching movement of the cursor (end-effector
of the hand) on the screen towards this target. With this alternated dynamics
we decomposed the hand movements in a sequence of motor plans. Both within
and between the motor plans we detected a significant presence of a coarticulation
effect, i.e. the modification of a single actions composing a plan depending on
the next ones. We found this effect both in the kinematic of the mouse control-
while navigating the map problem- and in the fixation positions. This result was
corroborated by the information that current fixation provides about the direction
of the next fixation. The results suggest that the planning process is not a single-shot
process that follows a decision but rather a continuous process where the decision
and the action are intertwined and influence each other.

4.1 Introduction

Planning is a covert process and because of this many modelling studies look for
similarities between the solutions adopted by humans and the ones adopted by
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a model, or, in other words by comparing what has been chosen. Response time
analysis yield deeper insight beyond the final choice, providing indication of the
cognitive effort required. In a popular traditional model family -known as drift
diffusion models- it is assumed a sequential process where evidence is gathered
before making a decision (Fudenberg et al., 2019; Myers et al., 2022; Ratcliff, 1978;
Stone, 1960).

However, in real life, decisions often need to be made simultaneously with
actions: as when driving, or playing soccer or cooking. In these cases, the planning
process is not a single-shot process but rather a continuous process, where action
and decision either act on parallel or form a closed loop, affecting each other (Maselli
et al., 2023).

Kinematic analysis of movements offers even deeper insights into the decision
process that are not apparent from final choices alone. For example, in a study
involving a binary discrimination task using mouse selection, the trajectory curva-
ture has been linked to the stimulus ambiguity, linking the decision to the process
unfolding over time. This information would have been unavailable from simple
button-press tasks (Barca & Pezzulo, 2012).

This interplay between action execution and planning is not limited to mouse
movements (Barca & Pezzulo, 2012; Freeman et al., 2011; Song & Nakayama, 2009).
Studies on throwing tasks analyzed the predictability and style of throws by exam-
ining whole-body kinematics, revealing a phenomenology richer than the simple
final choice (Maselli et al., 2017, 2019, 2022). Overall, kinematic analysis significantly
enhances our understanding of decision processes and should be considered in
experimental design.

Another possibility is to study the gaze behaviour during the planning process
(Hayhoe & Ballard, 2005; Rothkopf et al., 2016). Gaze behaviour can be related to
both visual characteristic of the stimulus (Itti & Koch, 2001; Mannan et al., 1997;
D. Parkhurst et al., 2002; D. J. Parkhurst & Niebur, 2003), and the planning process
itself. Sometimes this can be done by directly looking at what is being watched
and with which temporal dynamics (Baldauf & Deubel, 2008; Binder et al., 2023;
Najemnik & Geisler, 2005; Pelz & Canosa, 2001; Rayner, 2009; Zhu et al., 2022)
in order to determine the underlying strategy and where the attention allocation.
This is particularly true during preparatory phases (Crowe et al., 2000; Fiedler
& Glöckner, 2012), which are often found in the planning process, and where
the gaze is used to scan the environment and to gather information about the
problem. Studies have shown that in complex tasks, most eye fixations are on
objects immediately needed, but some are on objects needed in the future (Pelz &
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Canosa, 2001). Additionally, research on a variation of tic-tac-toe demonstrated that
participants’ gaze could predict upcoming moves, with accuracy increasing with
their expertise In (Huang et al., 2023). Further analysis of gaze behavior in route
planning tasks reveals consistent backward and forward planning (Zhu et al., 2022).

Research indicates that saccades, like fixations, are linked to future action plan-
ning. In a two-saccade switching task, planning during scanpaths was influenced by
changes in visual stimuli. Studies on attention allocation during saccade sequences
reveal that saccades are planned simultaneously rather than sequentially, and their
amplitude and direction are affected by subsequent saccades in a sequence (Ames
et al., 2019; Azadi et al., 2021; Baldauf & Deubel, 2008; De Vries et al., 2014; McPeek
et al., 2000; Robinson, 1963).
Thus, if not explicit in the eyes behaviours themselves, the planning process can
be inferred by the presence of these modifications induced by the planning pro-
cess, defined as coarticulation. Coarticulation is a well-known phenomenon in the
domain of phonology where it has been observed that the same group of letters
can be pronounced slightly differently depending on what comes next (Daniloff &
Hammarberg, 1973; Fowler & Saltzman, 1993; Whalen, 1990). The same has been
found in the domain of motor control (Jerde et al., 2003; Shah et al., 2013), yielding
a more general definition as a phenomenon in which the execution of subtasks is
influenced by the overall task.
Because of the richness in this kind of data, we decided to perform a second data
collection of the ThinkAhead task, in person, where both gaze data and mouse
movement (hand end-effector) were tracked and recorded. In the rest of the chapter
we will use the expression "eye position" and "hand position" to indicate the projec-
tion of the gaze (averaged between the two eyes) and the mouse position on the
screen, and by eye-hand distance the distance between these two projections.

By looking at the eye-hand distance over time it seems that the implementation
of a path in the ThinkAhead task possess a sequential structure, with a characteristic
coordinated dynamics between eye and hand movements shown in Figure 4.1 and
Figure 4.2, where the implementation of a solution is realized as an alternation of
fixation-reaching movement. A similar situation in a different task is reported in
(Zhao & Marquez, 2013).

Obviously this kind of ordered dynamics does not explain all the variability in
the implementation of a plan: we excluded in this analysis all the cases where the
participant was pausing, or backtracking, because this kind of events are charac-
terized by a dynamics most likely influenced by the uncertainty of the plan which
often realizes in an increased variability. However it is also a good starting point to
understand the structure of the plan itself.
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Figure 4.1. A visualization of the eye-hand coordination in a specific trial of the ThinkAhead
task. On the y-axis nodes of the graph named after their coordinates, on the x-axis time.
Gaze and hand position are collapsed on the closest node of the graph. The blue line
represents the gaze position, the orange line the hand position. It can be seen that the
eye position is ahead of the hand position most of the times. In the initial phase the
eyes scan the graph and the hand is still.

Figure 4.2. The distance between the gaze and the hand position in a trial of the ThinkAhead
task (different from the one in figure Figure 4.1). On the left: the difference in coordinates
is computed separately for the two dimensions x (blue) and y (orange); shaded areas
correspond to the full link distance (lighter) and the half link distance (darker). On the
right: the euclidean distance between the gaze position and the hand position.
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This alternated dynamics provided a (more natural) temporal segmentation
of the hand movements as what happens during a fixation. Thus, looking for
coarticulation in this alternated dynamics means looking for: (1) a modification of
this movement depending on the next one; (2) the modification for the eye position
depending on the next action. In other words we checked if both gaze behaviour
and motor control during the plan implementation carried information about future
actions.

To preview our results: in both eye movements and hand trajectories, though
with different intensity, a coarticulation is detected. Interestingly we also show
that the gaze angular position can be used to predict the direction of next fixation,
which refers to next motor plan, without using any additional information about
the problem or the task.
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Figure 4.3. An example of the coarticulation effect in the gaze position during a sequence
of fixations. Rather than fixating directly the node concluding the motor plan, a slight
modification is performed in the direction of the next one.

Figure 4.4. An example of the coarticulation effect in the hand trajectory during the
execution of a motor plan. Rather than moving directly to the node concluding the
motor plan, a curvature is performed in the direction of the next one.
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4.2 Methods

Experimental Setup

We used an Eye-Link 1000+ tracker used in a chin-rest desktop mount configuration
with a 16 mm lens. The experiment was performed inside an isolated room with
no source of light except the IR camera of the eye tracker and the (LED) light of
the screen where the task was running. The eye-tracker configuration used was
the chin-forehead rest desktop-mount and realized following the indications of the
producer: the chin-forehead support was kept at a fixed height such that the eyes of
the subjects were approximately at ¾ of the screen height. Subjects seated on a chair
with adjustable height. The IR-camera was placed at approximately 50 cm from
the eye position of the subject, between the subject and the screen. Subjects could
control the movement in the app via a mouse cursor. The synchronization of the
ThinkAhead app and the eye trackers was performed via a Python script mainly
relying on Pylink libraries (the Python library of the Eye Link) and the PyAutoGUI
(a Python library for mouse and visual interactions).

Experimental Procedure

Each subject was first shown the video tutorial (https://drive.google.com/file/
d/1RDkY6B_-vM830H_2HgZK1tELSA5N9vJq/view) and given the information
about the structure of the experiment: (1) calibration, (2) validation, (3) task divided
in three levels of 30 problems each, preceeded by 4 training problems. Subjects were
instructed that the total point depended first on the completion of the problem, and
then on the velocity of completion. It was also said that the rewards in the task
could randomly appear with two colors (blue or red) with the latter case yielding
double points. The passage from the trial levels to the first level, as well as the
passages from each level to the next, and the end of the whole experiment were
indicated by a message on the screen.

For each subject a standard 9+1 points calibration was performed on a grid with
the same area of the task problems at the beginning of the experiment. A 9+1 point
validation was performed after each calibration. Subjects were asked to move as
little as possible once the calibration was validated. The acceptance criterion for the
calibration was the one suggested by the producer: a maximum error in calibration
of 1° and an average error smaller than 0.5°. Eye tracking sampling frequency was
2000 Hz, while mouse-tracker sampling frequency was 60 Hz.

The duration of the experiment varied significantly with the subject, ranging

https://drive.google.com/file/d/1RDkY6B_-vM830H_2HgZK1tELSA5N9vJq/view
https://drive.google.com/file/d/1RDkY6B_-vM830H_2HgZK1tELSA5N9vJq/view
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from 30 to 60 minutes.

Experimental Subjects

We recruited 31 Subjects (19 M age = 27 ± 4 years, 12 F age=24 ± 5 years) with
normal-to-corrected vision took part to the experiment. Participants were free to
leave the experiment at any moment. All gave informed consent to our procedures
which were approved by the Ethical Committee of the National Research Council
All of them were rewarded for taking part to the experiment with a 10€ voucher.
All the subjects completed the experiment.

Data Preprocessing: Trajectory resampling

While the sampling rate of mouse tracking was fixed, the movement duration could
vary greatly. Thus, the number of points composing a trajectory was not fixed.

In order to standardize the dimensions of the vector representation of trajectories
and make them comparable we resampled trajectories with a fixed amount of (2D)
points (N = 50). The resampling frequency depended on the velocity profile: so,
if in a region of the trajectory geometry original data showed fewer points due to
high speed of the movement, the same relative density was used in the resampled
trajectory.

We used a linear spline with no smoothness effect, in order to be sure that
no additional information about curvatures was added. Notice, however, that
in many of the case the choice of the resampling points for the trajectory was an
oversampling of the original data (i.e. the resampled trajectory has more data points
than the original one). This solution was preferred to a downsampling because it
allowed to keep the same amount of information in the trajectory, and to avoid the
loss of information due to the downsampling.

It is important to note that the i-th point in different trajectories corresponds to
different absolute times but is equivalent in terms of the percentage of trajectory
completion. Notice also that in order to have a larger statistics of trajectories to
compare, we decided to roto-traslate the trajectories so that the starting point was
always the same (the origin (0,0)) and the direction of the first link to be the same
(the positive y-axis, or North direction).
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Spatio-Temporal Principal Component Analysis (st-PCA)

The spatio-temporal principal component analysis (st-PCA) is a method that allows
to decompose the variability of a set of trajectories in a set of principal compo-
nents. It is a generalization of the standard PCA capable of handling the temporal
dimension of the data without resorting to a time-series analysis.

The idea behind this method is to treat each point of the resampled trajectory as
a distinct variable. The 2D coordinates are flattened in a single vector, resulting in
each trajectory of N points being represented as a 2N-vector (x1, . . . , xn, y1, . . . , yn).
Stacking all the considered trajectories creates an Ntrajectories × 2N matrix, allowing
us to perform a standard principal component analysis.

The PCA generates a basis of trajectories, and their linear combinations can
accurately reconstruct all the original trajectories with absolute precision. Selecting
a subset of this basis enables us to reconstruct the original trajectory with reduced
accuracy, as it involves discarding a certain amount of variability present in the
original trajectory. This approach allows for the description of the complex trajectory
space with a standard method, the PCA, incorporating in a simple way the complex
information of the kinematics.

Linear Discriminant Analysis

This low-dimensional representation of the trajectories can then be used to train a
classifier to predict the next action.

A widely employed method to do so is the Linear Discriminant Analysis (LDA).
The primary objective of LDA is to identify linear combinations of features that
optimally differentiate between two or more classes, concurrently minimizing
the variance within each class. Its aim is to determine a data projection onto an
nclasses − 1 dimensional space such that the distances between class means are
maximized, while the spread (variance) within each class is minimized.

In the feature space, the boundary delineating classes is a hyperplane, repre-
senting a linear combination of the features. This method has been successfully
applied in the field of motor control, demonstrating efficacy not only in addressing
multi-class problems but also in providing a straightforward interpretation of the
factors contributing to class distinguishability.
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Repeated Stratified K-Fold Cross-Validation

To evalutate the performance of the classifiers we used a standard cross-validation
procedure.

Repeated Stratified K-Fold Cross-Validation is a comprehensive technique em-
ployed to evaluate models’ accuracy. This method integrates two phases. Firstly,
in the Stratified K-Fold Cross-Validation phase, the dataset is divided into K folds,
ensuring a consistent distribution of class labels across each fold to address imbal-
ances. The model is then trained on K-1 folds and tested on the remaining fold, with
this process repeated K times, using a different fold as the test set in each iteration.
Subsequently, the Repeated Cross-Validation aspect involves repeating the entire
Stratified K-Fold Cross-Validation process multiple times. Each repetition intro-
duces a fresh randomization of the dataset, leading to distinct splits into folds. The
model’s performance is assessed across all repetitions, providing a robust estimate
of its average performance, and accommodating potential variations in the dataset
splitting process. This approach enhances the reliability of evaluating a model’s
generalization capabilities.

Data Preprocessing: distinguishing a general and a restricted case of
eye-hand coordination

As anticipated in the introduction, from a preliminary analysis of the eye-hand
distance we noticed an alternated dynamics of eye-hand coordination (sequences
of fixations and reaching movements). However, since the aim of the study was
looking for the information that this dynamics carried about future and in many
occasions the eye performed a saccade towards the next target before the current
reaching movement was completed, we decided to distinguish two cases: a general
and a restricted case.

In the restricted case we only considered cases where the fixated node was
the last reached node during the fixation (in the sense that the next saccade was
performed only once the hand reached the gaze position).

Data Preprocessing: splitting data in within and between motor plan
condition

Once assumed the segmentation of the hand dynamics into motor plans, we looked
for coarticulation effects in two different conditions. The first case is within a motor
plan: this case requires us to consider all the fixations during which at least two
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links have been crossed. The trajectory to select the first node trains the classifier
and the second one will act as test to be classified. Notice that while for the training
set the full trajectory is used, for the test set it is discretized into four possible
directions (corresponding to the cardinal directions of the lattice).

Additionally, fixations performed during a pause or a backtrack were excluded.
The second case is between two motor plans: during the first fixation a single link
had to be crossed, while during the second fixations at least one link. These coupled
fixations had to be performed during a movement where no pauses or backtracks
occurred.

4.3 Results

The four main results of this second experiment are: (1) the identification of a regime
of eye-hand alternated dynamics in the implementation of a plan; (2) the estimation
of the coarticulation effect in the kinematics of the mouse control; (3) the estimation
of the coarticulation effect in the gaze position; (4) the predictive relation between
current fixation and next fixation.

4.3.1 Eye-Hand Alternated Dynamic

If we restrict ourselves to the case of fluid movements (i.e. movements that are
not interrupted by pauses), the dynamics of eye-hand coordination exhibits an
alternating structure, composed of sequences of fixation-reaching movements. As
shown in Figure 4.1, the eye position is "ahead" of the hand position most of the
times, and the gaze position is mainly on the target node, and is then followed by a
reaching movement of the hand towards the gaze position.

To test the statistical significance of a regime in which new fixations are per-
formed towards a further position, and then the hand reduces its distance from the
gaze position during the fixation, we examined two quantities: (1) the difference
between the eye-hand distance at the end of a fixation (dt(eye, hand)) -i.e. slightly
before a new saccade is performed- and the eye-hand distance at the beginning of a
new fixation (dt+1(eye, hand)), and (2) the derivative of this eye-hand distance over
time after the new saccade is performed.
The difference in eye-hand distance computed between consecutive fixations is
defined as:

∆dt = dt+1(eye, hand) − dt(eye, hand) (4.1)
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Figure 4.5. The difference in the eye-hand distance between two consecutive fixations. The
distance is computed as the euclidean distance between the two positions. Positive
values of this distance difference mean that the gaze moved further from the current
hand position with the next fixation, while negative values mean that the gaze shortened
the distance from the current hand position with the next fixation. The (solid) red line is
the mean of the distribution; the (dashed) red lines identify an interval of two standard
deviation; the (solid) blue line is set at zero. The mean of the distribution is significantly
positive, meaning that the next fixation is usually done towards a farther position with
respect to the current position.

Positive values of this distance difference mean that the gaze moved further from
the current hand position with the next fixation, while negative values mean that the
gaze shortened the distance from the current hand position with the next fixation.
As shown in Figure 4.5, the difference in eye-hand distance computed between
consecutive fixations is on average significantly greater than zero (pvalue < 10−3).
Thus, when a new fixation is performed, a node which is further with respect to the
current position is usually selected.
Then, we tested if the eye-hand distance ∆d decreases during the fixation, as ex-
pected from a reaching movement. To do that we computed the temporal derivative
of ∆d during the fixation duration: a negative value in the derivative is associated
with a reduction over time of the eye-hand distance, while a positive value is asso-
ciated with an increase over time of the eye-hand distance. Note that in order to
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compare distances during fixation of different duration, we first defined a normal-
ized time t̄ given by the absolute time t shifted to start from 0 and normalized by
the temporal interval duration:

t̄ = t − tstart

tend − tstart
(4.2)

where tstart and tend are the start and end of the fixation, respectively. t̄ will indicate
the percentage of trajectory completion during current fixation (or, in other words:
the percentage of fixation duration), and will be comprised between 0 and 1. Once
computed the derivative the eye-hand distance difference with respect to this
normalized time t̄, we can test the significance of the derivative sign (and thus, the
significance of the increasing/decreasing behaviour of the eye-hand distance) at
each percentile of fixation completion. As shown in Figure 4.6 the time derivative of
this distance is negative throughout the fixation duration, implying that, on average,
the hand reduces its distance from the gaze position, as in a reaching movement.
The significance of the negative sign of the derivative is confirmed throughout the
whole fixation duration (pvalue(t) < 10−3, ∀t ∈ [0, 1]).

Consequently, in this work we decided to segment the events in the interval of
time defined by start and end of fixations and distinguish motor plans happening
within a fixation and between two fixations.
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Figure 4.6. The temporal derivative of the distance between the gaze and the hand position
during a fixation over a normalized time (percentile of the fixation duration). The blue
(solid) line is the mean value of the derivative over time; the (smaller) shaded area is the
standard error of the mean, and the (wider) shaded area is the standard deviation from
the mean; the (darker) red line is the estimated pvalue at each time, and the (lighter) red
line is a threshold pvalue(t) = 0.05. The fact that the derivative is significantly negative
throughout the fixation suggests that the on average after a fixation is performed the
hand reduces its distance from it, in a reaching movement.
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4.3.2 Spatio-Temporal Principal Component Analysis (st-PCA) reveals
meaningful structure in the kinematics

The explained variance of the original data is already good (See Figure A.5 for the
cumulative explained variance) when few components are considered, as shown
in Figure 4.7. Remaining analysis make use of 10 PCs (however: the main results
are tested when varying the number of components to characterize and ensure
robustness)

Figure 4.7. Reconstruction of the trajectory from the first 6 PCs in the general case within
fixations. The original trajectory is shown in blue, the reconstructed one in orange.

Figure 4.8 shows the projection coefficients of the principal components in
the original space (i.e., the 2D 50 points-resampled trajectories, with the first 50
points being the x coordinates and the remaining 50 points being the corresponding
50 y coordinates). Interestingly, not only the higher the number of components,
the higher the complexity of the associated movement, but there is also a clear
alternation in the relevance of the x and y coordinates in the projection coefficients,
which segregate their importance into different components.

Looking at these projection coefficients we see that the first two components
mainly describe an offset with respect to the average, with the second component
that seems to show a mild dilation/contraction effect along the y-axis. Third and
fourth component represent a curvature in the trajectory where there is a crossing of
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Figure 4.8. PCA coefficients for the first 10 PCs in the general case within fixations. The
values are the coefficients of the linear combination of the resampled trajectory that
allows to reconstruct the original trajectory.

the vertical axis. Fifth and sixth component introduce curves where the beginning
and the ending of the trajectory bend towards a direction, but the middle part
of the trajectory moves toward the opposite. We could say than that in these
first components there are two main movement strategies: one -third and fourth
components- that looks for the shortest path (and thus bend the trajectory towards
the next target), and one -fifth and sixth components- that looks for a smoother
path, despite the biggest length. Higher components show a higher complexity,
with more S-shaped trajectories.

Interestingly, in the within-fixation case - and in particular in the seventh and
eighth components - we see that the segregation effect is milder or lost, and replaced
by a PC that mixes the x and y dimensions. In the case of these last components
however, the corresponding PCs in the between fixations case can be recovered
via a simple sum-difference operation. Despite these differences, Figure 4.8 shows
that the same structure of the principal components is shared among the cases
considered (Between/Within X Restricted/General). Thus, we decided to perform
the same analysis on all the data, and use the resulting principal components as
compressed base for the trajectory description in the following classification task.
The projection of these components into the original space is shown in Figure 4.9.
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Figure 4.9. Projection of the first 10 components in the original space.

4.3.3 Detecting Coarticulation in the Hand Kinematics and Eye Position

Linear Discriminant Analysis

In Figure 4.10 there is an example of LDA coefficients, where we have projected the
PCs over the LDA space. The values show how much each principal component
allows to discriminate the three labels considered in the classification task.

The coefficients shown here are for four LDA models trained over all the data
of that case. This model is obviously prone to overfitting and is not used for the
cross-validation, so the corresponding values should be considered simply as an
example. Let’s note that the discriminative power increases with the number of
components considered, while the unexplained variance decreases with them. This
means that the overall coarticulation effect will result from the balance of these two
factors.
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Figure 4.10. LDA coefficients for the first 10 PCs in the general case within fixations. The
values are the coefficients of the linear combination of the PCs that allows to discriminate
the three classes.

The Classification Validation: Accuracy Estimation, K-fold Cross Validation and
Confusion Matrices

In order to assess the statistical significance of the LDA model accuracy in the
different cases, we used a repeated stratified K-fold cross-Validation procedure
(number of folds = 3, number of replicas = 10). In Figure 4.11. We computed the
average classification accuracy for LDA models on the different cases. We used
the LDA for both the eye position with respect to the origin of motif, and the
trajectory projected on the compressed PC space (10 components). In all the cases
we balanced the classes’ volume by a downsampling procedure, so the random case
we had to compare models’ accuracies was 1

nclasses
, with nclasses = 3 and thus 0.33.

In Figure 4.11 we see that: (1) accuracy is always higher than the random model; (2)
accuracy is higher within a fixation, rather than between different fixations, for both
the cases (general/restricted) and both the predictive variables (eye fixations/ hand
trajectory); (3) the eye position provides more predictive power than the kinematics
of the trajectory.
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Figure 4.11. Accuracy of the LDA models in the different cases. The error bars represent the
standard deviation of the accuracy across the 10 replicas of the cross-validation.

We also tested the robustness of the coarticulation effect when considering a
different number of principal components in the trajectory description, varying from
1 to 10. Figure ?? demonstrates that coarticulation effects in the within cases become
significant (i.e., exceed chance level) when considering more than the first two
components (the ’offsets’), whereas in the between cases, even the offsets contribute
to discrimination.
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Figure 4.12. The accuracy for LDA classifiers trained on trajectories compressed to a varying
number of principal components (from 1 to 10) for (A) the restricted case and (B) the
general case.

Confusion matrices give us more information into how the quality of the classi-
fication. Between fixations, the hand trajectory classification is not able to classify
the north direction against the west and east direction, and it turns out to be just a
random classifier. In all the other cases the diagonal shows higher values than the
off- diagonal terms.
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Figure 4.13. Confusion matrices for the LDA models in the general case. The values are the
average of the confusion matrices across the 10 replicas of the cross-validation.
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Figure 4.14. Confusion matrices for the LDA models in the restricted case. The values are
the average of the confusion matrices across the 10 replicas of the cross-validation.
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4.3.4 Predicting next fixation: coarticulation in the eye angular position

We analyzed more in depth the information shared between the current fixation
and the next one. As previously said: if the motor implementation phase was just a
fixation-reaching sequence, the gaze position could simply fixate very closely (apart
from physiological noise), the ending node of a motor plan. However, in many
cases the eye position tilts slightly towards other direction. Because of this we are
able to define an angle that span from a reference point -for example the horizontal
axis- and the direction connecting the eye position and the ending node of a motor
plan.
We thus fitted the relation between the current fixation angle and the next fixation
angle.

Figure 4.15 shows the relation in a Cartesian plane. However, since both of the
variables are angular, the map from one to the other is defined over a torus. To fit
the relation between these two angles we used a circular-to-circular regression (as
formulated in (Jammalamadaka & SenGupta, 2001)). The regression fits sine and
cosine of the dependent angle with a trigonometric polynomial of order m of the
independent angle. This regression comes with a natural statistical test to assess the
significance of increasing the order of the polynomial.

To see if the angular position of the current fixation carried information about
the next one, we compared the accuracy of the model used to regress the current
fixation angle to the next fixation angle, and to two random models. The first one
used a random point around the nodes that had not been visited; the second one
used a random point in an interval around only the rewards that had not yet been
collected. The importance of these two random models is that they do not rely on
planning information (such as for example future path), but rather on perceptual
information constantly available to the subject (position of available nodes, position
of missing rewards).

To test the predictive power of these three models we used a classification task:
we discretized the angles into 8 bins of equal angular span. In this estimation
accuracy it was not used a downsampling procedure because classes were (approxi-
mately) balanced: the null case was 0.126 versus 0.125 of a perfectly balanced case
1
8 .

To estimate the accuracy of the model regressing the current fixation angle to the
next fixation angle we used a 3-fold cross-validation procedure repeated 50 times.
At each folding we performed a new circular to circular regression -thus estimating
first the necessary order of the trigonometric polynomial- discretized the predicted
output, and thus we computed the accuracy of the model.
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Figure 4.15. Relation between the current fixation angle and the next fixation angle in the
general case. The orange line represents the fitted values of the circular-to-circular
regression.
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Figure 4.16. Accuracy of the circular-to-circular regression model in the general case. The
boxplots represent the accuracy of the models. The dashed line represents the accuracy
of the uniform chance level.

For the random models we additionally considered 30 sets of randomly sampled
variables (unvisited node for the first model, uncollected reward for the second one),
and for each of them we performed a 3-fold cross-validation procedure repeated 10
times. The accuracy of the model was then computed as the average of the accuracy
of the 30 instances of the models.

As shown in Figure 4.16, the circular-to-circular regression model is able to
predict the next fixation angle with an accuracy significantly higher than the random
models (ANextF ixation = 0.350 ± 0.008, pvalue < 10−3ARemainingNode = 0.183 ±
0.006, pvalue < 10−3, ARemainingReward = 0.225 ± 0.006, pvalue < 10−3). This result is
consistent with the idea that the gaze position is influenced by the future actions,
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and thus that the implementation of a plan is not a single-shot process but rather a
continuous process that affects the implementation of the plan itself. Note also that
all the three models have an accuracy higher than the uniform chance level.

4.4 Discussion

Planning is a covert process, and thus it is difficult to study it directly. However,
as long as the output of a planned decision takes place in the world, we can study
both the decision taken and how it has been performed, in the attempt to track
the planning process. In this second experiment we expanded the paradigm by
considering not only the solution to the task chosen by participants, but also the
eye-hand dynamics in doing it.

A preliminary analysis of the dynamics of their coordination showed the pres-
ence of an alternation between a fixation and a reaching movement, which was
found to be consistent during fluid movements (i.e., movements that did not present
pauses).

This structure was thus employed to segment the data in the interval of time
defined by the start and the end of a fixation, and to distinguish motor plans
happening within a fixation and between two fixations.
The interesting variables that we studied in this segmentation were the kinematics
of the hand trajectory and the gaze position. The kinematics of the hand trajectory
was analyzed via a spatio-temporal PCA, which revealed a meaningful structure
in the kinematics of the movements, and two main possible movement strategies,
compatible with the idea of a trade-off between the shortest path and the smoothest
path.

Also, when using this comprehensive low-dimensional description of the trajec-
tory, we found that the hand trajectory was able to predict the direction of the next
fixation with an accuracy significantly higher than the random case.
This result is a signature of coarticulation and of the idea that when planning a
movement, the implementation of the different parts of a plan is influenced by the
future actions.

We also looked for coarticulation effect in the gaze behaviour, and found that it
was able to predict the next action with an accuracy significantly higher than the
random case.

Finally, we analyzed more in depth the information shared between the current
fixation and the next one. We did this by regressing the current fixation angle
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to the next fixation angle, and to two other random models based on perceptual
information only. We considered a classification task where the angles were dis-
cretized into 8 bins of equal angular span and tested the accuracy of these three
regression models. We found that the circular-to-circular regression model was able
to predict the next fixation angle with an accuracy significantly higher than the
random models.

Globally, these results not only confirm the idea that the implementation of a
plan is affected by the nature of the plan itself - rather than being conceived as a
simple sequence of actions- but it also expands the repertoire of cases where this
property of coarticulation has been found.
There are many limitations of the current study that need to be addressed in future
works.

The first one is that the paradigm adopted to segment the hand trajectory into
motor plans associated with different fixations does not explain all the phenomenol-
ogy encountered in this task. For example there are cases where the gaze goes back
and forth from the current target and future nodes, during the reaching phase. In
these cases, rather than a coarticulation there is an explicit prospection of the future
actions.

Secondly, and even more important, in this work we have neglected the ex-
tremely interesting phases of explicit scanpath that occur during the initial planning
phase and during the pauses after that. This would provide valuable insights into
the strategy of information foraging that the participants adopt during the planning
phase.

Finally, for simplicity of analysis, we had to reject all the cases where the partici-
pants trajectories missed the collider of a node when reaching a target. We observed
that very often these cases comprised movements where the coarticulation effect
was more pronounced and trajectories modifications were exaggerated, so including
them in future analysis would provide a stronger result.
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Chapter 5

The Determinants of Backtracking:
Evidence against continual
replanning

This chapter investigates the mechanisms underlying the commitment to plans and
the triggers for backtracking during the ThinkAhead task. By analyzing recordings
of participant actions and visual feedback, the study reveals how individuals man-
age their plans in response to task demands and perceptual cues. It was found that
backtracking primarily occurs after strong visual feedback indicating the unsolv-
ability of the current plan, suggesting that participants do not continuously monitor
their plans but rely on perceptual triggers to revise their strategies. Here, we also
propose a taxonomy of possible backtracking signals, distinguishing between cases
that requires only visual information and other that require some sort of planning.
These findings highlight the dynamic interplay between perception and action in
planning and decision-making, contributing to our understanding of how people
detect and correct errors.

5.1 Introduction

In previous chapters we described how difficult and resource-consuming planning
can be (Anderson, 1990; Russell & Norvig, 1995; Simon, 1957, 1996; Wiener et al.,
2009), and what are the main strategies to face these limitations (Alterman, 1988;
Balaguer et al., 2016; Gershman et al., 2015; B. Hayes-Roth & Hayes-Roth, 1979b;
Q. J. M. Huys et al., 2015, 2012; Keramati et al., 2016; Kuperwajs et al., 2024; Pezzulo
et al., 2013; Wilensky, 1981).
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In a condition of perfect and exhaustive planning, the agent would not need to
replan its actions but, under the (reasonable) assumption of bounded rationality,
humans might prefer not to make a full plan from the beginning, but rather make
partial plans and then replan halfway (Callaway et al., 2022; Newell, Simon, et al.,
1972). This leads to a secondary problem in the planning process: if a full plan
cannot be made, how much do I monitor the plan, and how frequently do I replan?

We consider multiple hypotheses about when (and how often) participants
replan. One possibility is that in parallel to task execution, participants constantly
monitor and revise their plans (continual revision). Another possibility is that
they monitor and revise their initial plans intermittently, e.g., at key subgoals
(intermittent revision). A last possibility is that they only revise their initial plans
when they observe an explicit message of error, such as the fact that they reached a
dead-end. In this last case, participants would not fully solve the planning problem
in their minds, but rather they would use a strategy of cognitive off-loading (Kirsh &
Maglio, 1994).

In this section, we show that in this task participants do not monitor their
plans frequently, but rather they rely more on perceptual feedback signaling that
their initial plan was erroneous (e.g., because the initial plan reached a dead-end).
This suggests that the simple unsolvability of the task is not the only trigger for
backtracking. Thus, we proposed a taxonomy to help explain what might be the
triggers for backtracking and found that in more than half of the cases participants
backtrack in conditions of perceptual feedback of errors.

5.2 Methods

5.2.1 Participants and Experimental Setup

For this analysis we analyzed the data from the second experiment. See section 4.2
for the details about the participants and the experimental setup.

5.2.2 Determining the task solvability

In the first analysis we computed the number of steps that separated the moment
where the task became unsolvable and the moment where the backtracking started.
The task solvability was determined with a model-free approach, by checking if the
current path selected by the participant was part of a solution.
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5.2.3 Creating a taxonomy of backtracking events

The taxonomy is shown in Figure 5.1 and comprises seven categories, hierarchically
organized in three main groups.

The first group contains a single category that includes backtracking events that
were not necessary (solvable).

The second group includes three categories: unsolvable, double dead-end,
prospected proximal bisection. By unsolvable we indicated the generic cases that did
not fall into any other category; double dead-end indicates cases where the current
path selected by the participant has made the task unsolvable by creating two
rewards which are dead-end (and thus for the task rules are mutually exclusive);
the prospected proximal bisection, that includes the cases where the path has only
one possible development and this lead to the bisection of the graph. This is not
properly a planning phenomenon but rather a short term prospection, because only
one possible path is to be selected.

The last group includes three categories: proximal bisection, bisection and no more
rewards. These categories are characterized by the fact that there was visual feedback
of the non-solvability of the task that did not require any form of planning. The
proximal bisection category includes the cases where in the current position any
choice but the backtracking will lead to a clear bisection of the map (while keeping
rewards on both the (dis)connected components). The bisection category includes
the cases where the map has been already bisected and the are rewards in both the
(dis)connected components. The no more rewards category includes the cases where
the participant cannot reach any of the remaining rewards.

Categories are exhaustive but in principle are not mutually exclusive. However,
we decided to consider that an event could belong only to the most restrictive
category (e.g. a no more rewards is obviously also an unsolvable case, but we decided
to consider it only as a no more rewards case).
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Figure 5.1. Example of the categories of the taxonomy. The figure an instance of the cases
making part of the taxonomy. The yellow node is the start location, the red nodes are
the rewards. The blue nodes are the nodes that have been visited. Nodes that darkened
belong to the path selected by the participant so far. The light blue dots are the trace of
the hand trajectory. The figure shows the categories: A) Bisection, B) Proximal Bisection,
C) No more rewards, D) Prospected Proximal Bisection, E) Double Dead-end
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5.3 Results

In this work we discussed different hypotheses concerning the monitoring of the
plan. First we extrapolated participants’ behaviour to understand how long after
having made the task unsolvable they started backtracking. Then we proposed
a taxonomy to help differentiate the error signals that might have triggered the
backtracking event.

5.3.1 Continual monitoring of a plan or visual feedback?

We estimated the distance (intended as number of links selected) from the moment
that the task became unsolvable (because of the path selected by the subject) and
the moment that the backtracking was started. The unsolvability condition is a
model-free property since it is defined by the task rules.

Figure 5.2 shows the distribution of the histogram of this distance. The fact
that the distribution slowly decreases after the zero, means that people do not
immediately recognizes the unsolvability of the task, but rather keep ongoing
building their (wrong) solution.
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Figure 5.2. Probability distribution of the distance (number of steps) between the position
where backtracking was started and the position where the problem became unsolvable.
The dashed line shows the mean value. Bins are centered around integer values and
have a width of 1. The fact that the distribution of distances is broad and (qualitatively)
decreases slowly from 0, suggests that the simple unsolvability of the task is not the
only trigger for backtracking. This goes against the idea that a plan is continuously
monitored and revised.
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5.3.2 The determinants of backtracking: a taxonomy

Because of this result, we hypothesized that the backtracking could be triggered
by different signals, and that the unsolvability of the task may not be the only one.
We propose a taxonomy that might help differentiate among these signals (see
subsection 5.2.3). The percentage of backtracking events that fall into each of the
categories of the taxonomy is shown in 5.3.

In almost 16% of the cases the backtracking was done when it was not necessary.

In more than half of the cases the remaining cases, backtracking followed a
visual feedback of the non-solvability of the task (such as the bisection of the map
or the impossibility of reaching any other reward).

In the remaining cases (less than half) no immediate visual feedback was pro-
vided. However, we identified two other possible conditions that could have
induced participants to replan and which are based upon some sort of short term
prospection. This is an intermediate condition between the simple perceptual do-
main and the planning one, since in this case there is not an evaluation of possible
futures. In particular in around 9 % of the cases the backtrack was done after the
creation of a second dead-end containing a reward; in around 14 % of the cases it
was done after the prospected proximal bisection. The remaining unsolvable cases
(around 17% of the total cases) contain the cases where no obvious error signal
had been provided. In these cases, and also in the cases where the backtracking
was not necessary, the participants might have been monitoring of the plan and
subsequently having decided to revise it (though not correctly in all the cases).

The cases of proximal bisection and bisection (respectively 15 % and 11 %)
were separated into two different categories even though strictly correlated. The
remaining 19% of the cases are cases where the participant cannot reach any of the
remaining rewards.

This sort of distribution tells us that in many cases participants might be relying
upon the visual feedback of an error, rather than a (possibly costly) continual
monitoring.
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Figure 5.3. Taxonomy of the backtracking events. The figure shows the percentage of
backtracking events that fall into each of the categories of the taxonomy. The taxonomy
identifies three main groups: No error, No visual feedback, Visual Feedback. The first
group includes backtracking events that were not necessary, the second group includes
categories whose error detection required some sort of planning, short-term prospection
or not immediate reasoning (which are: unsolvable, double dead-end, prospected
proximal bisection). The group includes categories whose error detection was triggered
by a visual feedback of the non-solvability of the task (which are: proximal bisection,
bisection and no more rewards categories. See main text for the description).

5.4 Discussion

In this work we have shown that in the ThinkAhead task, people usually do not
interrupt their plan immediately after the task has become unsolvable. In fact, the
distribution of the distance between the position where backtracking was started
and the position where the problem became unsolvable is broad and decreases
slowly from 0. This suggests that the simple unsolvability of the task is not the only
trigger for backtracking. This result helps narrow down the possible models to be
considered to study planning in this task.

We proposed a taxonomy to help explain what might be the triggers for back-
tracking distinguishing between cases where the error detection was triggered by a
visual feedback of the non-solvability of the task and cases where the error detection
required some sort of planning, short-term prospection or not immediate reasoning.

A strong limitation of this taxonomy, is that they only have a descriptive power
of the situation where the backtracking was triggered. However, if the participants
actually backtracked because of that condition rather than something different is
extremely difficult to prove. An interesting future work could be looking for what
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are the dimensions created by the gaze and the hand kinematic that might help to
detect in an unsuperivised way the backtracking events.
Another limitation of this study is that in the analysis are included all the cases
where the backtracking was fixing an error due to motor control problems. These
cases would require an ad-hoc detection strategy based on the rapidity of the error
correction.
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Chapter 6

Conclusions

Planning is an integral part of human cognition, manifesting in everyday tasks
and complex problem-solving scenarios. Despite its ubiquity, studying planning
is challenging due to its covert nature. This thesis aims to do this by combining
multiple approaches: computational behavioral modelling, kinematic analysis, and
eye-tracking measures, in a novel task named the ThinkAhead.

In chapter 1 we briefly lay the historical background of research on planning. We
discuss the fundamental aspects of planning as a cognitive process and provide what
is a common definition, intended as the process of evaluation of future scenarios
and choice of the appropriate actions. The chapter introduces various models
and theories that conceptualize planning as a search process and discusses how
the problem of a bounded cognition prompted the use of heuristics and adaptive
strategies as methods to manage the cognitive load. It also outlines the challenges of
studying planning, such as the difficulty of capturing the hidden processes involved
and the need for controlled experimental paradigms that rely on multiple measures.

Chapter 2 introduces the ThinkAhead task, a novel task that we designed to
study planning in a controlled way. The task consists on navigating a 2D grid to
connect nodes without revisiting any node, thus requiring substantial planning. The
chapter details the experimental setup, where data were collected both online and
in-person, including gaze and mouse movement recordings. The crucial property
is that the task’s design allows for varying the planning depth required to solve a
problem and makes it suitable for analyzing different aspects of planning.

Chapter 3 investigates the adaptability of human planning strategies in the
ThinkAhead task, specifically focusing on how individuals adjust their planning
depth in response to varying task demands. The central question addressed is
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whether participants employ a fixed planning depth across different problems or if
they adaptively adjust their planning depth to optimize performance. Data were
collected from 160 participants, but the analysis focused on 65 participants who
completed at least 80 of the 90 problems. The study utilized a combination of
logistic and linear regressions to analyze participants’ success probability, problem
completion time, and the total number of backtracks executed during the experi-
ment.
The statistical analysis revealed significant effects of both the experimental design
(level and depth) on success probability and problem completion time. Participants’
success rates decreased as the complexity of the problems increased, highlighting
the impact of problem level on performance. However, the success rates remained
relatively stable across different levels when the planning depth was 1, indicating
that simpler problems were consistently solved more successfully. The completion
time analysis showed that participants took longer to solve problems at higher
levels and greater planning depths. This suggests that more complex problems,
requiring deeper planning, naturally took more time to solve. The interaction
between problem level and planning depth was significant, indicating that the
difficulty of the task was influenced by both the spatial complexity of the map
and the cognitive demands of planning. The analysis of backtracking behavior
provided additional insights into the planning process. While the total number of
backtracks increased with problem complexity, the effect was not independent for
the two dimensions (level and depth). This indicates that participants were more
likely to revise their plans when faced with larger and more complex maps, but the
propensity to backtrack was also influenced by the specific planning demands of
the problem.

The model compared human performance to that of artificial agents with fixed
and adaptive planning depths. The agents with adaptive planning depth adjusted
their depth based on the minimum depth required for each problem, while fixed
depth agents used the same depth for all problems.
One of the key findings of this chapter is the evidence of adaptive planning depth
among participants. The comparison between human behavior and the computa-
tional models showed that participants adjusted their planning depth to match the
minimum required depth for each problem.
The analysis of the initial plans (before the first backtrack) indicated that participants
tended to start with a planning depth that was sufficient to solve the problem but
not excessively deep. This adaptive strategy suggests a resource-rational approach,
where individuals optimize their cognitive resources by selecting an appropriate
planning depth that balances the need for accuracy and the cost of planning.
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To ensure the robustness of these findings, control simulations were conducted.
One such simulation involved a planner that mixed forward and backward strategy,
which had prior knowledge of the last gem to be collected. This control aimed to
test whether participants’ planning depth was influenced by obvious cues in the
problem layout. The results confirmed that the adaptive planning depth model still
provided a better fit to participants’ behavior, even when accounting for such cues.
The findings from this chapter support the view that human problem-solving is a
bounded rational process, where individuals adapt their cognitive resources to meet
task demands. The use of flexible planning depth highlights an efficient strategy to
manage the cognitive load associated with complex planning tasks.
The chapter also discusses the implications of these findings for understanding
human cognition. The ability to adapt planning depth suggests a sophisticated
level of metacognitive control, where individuals not only plan their actions but
also plan how to plan. This metaplanning ability allows for dynamic adjustment of
cognitive strategies based on the specific requirements of the task at hand.
Future research could explore the mechanisms underlying this adaptive planning
behavior. Investigating how individuals determine the appropriate planning depth
and the cues they use to make these decisions could provide deeper insights into the
cognitive processes involved. Additionally, extending this research to dynamic and
partially observable environments would test the generalizability of these findings
and further our understanding of human adaptability in planning.

Chapter 4 explores the kinematics of eye-hand coordination during the ThinkA-
head task to identify behavioral signatures of planning. The study investigates how
the interplay between eye movements and hand movements during task execution
reflects underlying planning processes.
The experiment was conducted in-person with participants using a computer and a
mouse controller to solve the ThinkAhead task, while their gaze was tracked using
an eye-tracker.
The analysis centered on identifying patterns of eye-hand coordination, particularly
looking for instances of coarticulation. Coarticulation refers to the phenomenon
where the execution of one action is influenced by subsequent actions, indicative of
a planning processes.

The study found that participants exhibited a robust structure of sequential
motor plans during task execution. These plans consisted of a fixation on a target
followed by a reaching movement towards the target with the cursor. This alternat-
ing pattern allowed us to decompose the path implementation into discrete motor
plans.
Within and between these motor plans, significant coarticulation effects were de-
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tected. The analysis showed that the kinematics of mouse movements and fixation
positions were influenced by future actions, suggesting that participants were not
merely reacting to immediate stimuli but were continuously planning ahead.
To formally test the presence of planning, a linear classifier was trained to predict
the next action based on segments of mouse trajectories and gaze positions. The
classifier’s accuracy significantly outperformed chance, demonstrating that current
actions carried information about future movements. This predictive capability
provided strong evidence for continuous planning processes in the ThinkAhead
task.
The study also examined whether gaze behavior during fixations carried infor-
mation about the direction of the next fixation beyond chance levels, and beyond
models based on purely visual information (i.e.,no planning). By comparing accura-
cies for these models on the same classification test we showed that it was indeed
the case.

The findings from this chapter highlight the intricate coordination between
vision and action in planning. The presence of coarticulation effects indicates that
planning is a dynamic and continuous process, where actions are interdependent
and influenced by future goals. This challenges the traditional view of planning as
a discrete and sequential process, instead proposing a model where planning and
execution are closely intertwined.
The use of kinematic data provides a deeper understanding of the planning process,
revealing aspects that are not apparent from final choices alone. The ability to pre-
dict future actions from current movements highlights the sophistication of human
planning strategies and the importance of considering continuous dynamics in
cognitive models. Further studies could also explore individual differences in plan-
ning strategies, examining how factors such as expertise, cognitive load, and task
familiarity influence eye-hand coordination and planning efficiency. Understanding
these individual variations would enhance the applicability of these insights across
diverse populations and contexts.

Chapter 5 explores the participants’ commitment to their plans and the triggers
for backtracking. It was observed that backtracking often occurred after visual
feedback indicated the task was unsolvable, suggesting that participants did not
frequently replan but relied on perceptual cues. A taxonomy was proposed to dif-
ferentiate the signals that trigger backtracking, providing insights into the interplay
between planning and perceptual feedback.

This thesis represented an attempt to study human planning strategies through
the innovative ThinkAhead task and a combination of multiple strategies. The find-
ings underscore the adaptive nature of planning, where individuals modulate their
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planning depth based on task complexity. The use of kinematic and eye-tracking
data reveals the intricate coordination between vision and action.
Potential applications of this research might make use of the relations between eye
movements and hand kinematics to predict user actions, enabling the development
of interfaces that dynamically adjust the visual output to the expected users need,
to improve efficiency and user experience.
Future research could extend these findings by exploring dynamic and partially
observable environments, where task elements change over time or are initially
unknown. Investigating how individuals adapt their planning strategies in such
contexts would provide deeper insights into the flexibility and robustness of human
planning. Additionally, examining the learning dynamics and the impact of dif-
ferent training sequences on planning could further elucidate how planning skills
develop and improve over time.
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Appendix A

Supplementary materials
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Figure A.1. Comparison of the performance of the planner used in the main analysis and of
the “obvious ending” planner. About half of the problems (51%, n = 46) do not have any
obvious ending and hence cannot distinguish between the two models. The planner
used in the main analysis and the “obvious ending” planner better explain participants’
behaviour in 26% (n = 23) and 23% (n = 21) of the remaining problems, respectively.
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Figure A.2. Comparison between participants and planning models, for the “obvious
ending” planner. The figure shows the number of times that each “obvious ending”
planning model from depth 1 to 8 had the maximum likelihood of the gems collected
before the first backtrack by the participants, in the problems of each of the 8 problem
groups. Problems are grouped according to the minimum planning depth required to
solve them, from 1 to 8, and color coded (see the legend).
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Figure A.3. Rank values across the 90 problems, for the “obvious ending” planner with fixed
or adaptive planning depth. The figure shows the distributions of ranks of planners
using a fixed planning depth (D1-D8) across all the problems and of the planner using
a planning depth adapted to the minimum required depth to solve a problem (Min
depth). The black dotted lines show mean values, whereas the orange lines show median
values. See the main text for explanation. The adaptive planning depth distribution is
significantly smaller than any of the other distributions (χ2(1, 90) = 31.51, p − value <
5.0 ∗ 10 − 5).
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Velocity threshold detection

Figure A.4. Velocity threshold detection. The figure shows the distribution of the velocity
of the mouse cursor in the ThinkAhead task. The red line shows the threshold used to
detect the end of a movement.

By looking at the distribution of the velocity of the mouse cursor in the ThinkA-
head task (Figure A.4), we can see that the velocity of the mouse cursor is bimodal.
One peak corresponds to the (higher) velocity of the mouse cursor when the partici-
pant is moving the mouse cursor, while the other peak corresponds to the (lower)
velocity of the mouse cursor when the participant is not moving the mouse cursor
or is doing it very slowly. The threshold used to detect the end of a movement is
set at the minimum between the two peaks. This threshold was thus computed for
each participant.
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Figure A.5. The figure shows the explained variance of the principal components of the
mouse trajectory data
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