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Abstract This research investigates the mechanical
behavior of a helicalwire rope isolator deforming along
its shear direction. In particular, we present the results
of an extensive experimental campaign including both
quasi-static and dynamic tests. The former provide
hysteresis loops characterizing the device quasi-static
behavior; the latter, performed by using an electro-
mechanical shaker, furnish frequency response curves
describing the dynamic behavior of a rigid block sup-
ported by the tested device. To simulate such a complex
behavior, we adopt a generalizedBouc–Wenmodel and
identify its parameters on the basis of the quasi-static
test results. Subsequently, such a model is employed to
reproduce the frequency response curves of the iso-
lated rigid block. Since the results of the dynamic
tests suggest the presence of rate-dependent hystere-
sis phenomena in the isolated system, the generalized
Bouc–Wen model is enhanced by introducing a linear
viscous component. Finally, to substantiate the model
validation, the experimental results obtained by apply-
ing a series of white noise signals are compared with
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those obtained numerically to demonstrate the model
capability of reproducing the device behavior in non-
stationary response conditions.

Keywords Helical wire rope isolator · Generalized
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1 Introduction

One of the core principle of the vibration isolation tech-
nique is represented by the adoption of flexible energy
dissipating devices capable of reducing the effects of
support motion. However, when dealing with problems
involving shock and vibrations of individual pieces of
equipment or components, isolation can be efficiently
accomplished by dissipating input energy using rigid
but highly energy absorbing systems [18].

A particular type of highly effective energy dissipat-
ing devices, typically used in seismic isolation, is repre-
sented by the HelicalWire Rope Isolator (HWRI). This
metallic device is renowned for its ability to protect sen-
sitive equipment from the damaging effects of shock
and vibrations. It comprises two essential components:
a stainless steel cable and two retainer bars, crafted
from either aluminum alloy or steel, which securely
houses the cable.

Their proven efficiency in dissipating input energy
makes them suitable for many applications, especially
when sensitive equipment or critical components are
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involved. This includes industrial and defense equip-
ment, critical machinery [18], electronic systems [35],
as well as more delicate items such as museum arti-
facts [17], hospital equipment [1], HV circuit breakers
[2,3], electrical switchboards in naval ships [26], com-
puter servers [31], and experimental equipment such
as the one adopted on the International Space Station
[32].

Internal and sliding friction between the braided
strands represents the primary source of the typi-
cal hysteretic behavior exhibited by HWRIs. This
behavior arises due to deformation of HWRI along
its principal directions, namely axial, roll, and shear
[36,46]. Another important issue characterizing the
shape of the force-displacement cycles is the geo-
metric nonlinearity involved in the large deflection of
the strands [24,25,28,29]. To allow for their practi-
cal application in aerospace [30], civil, mechanical,
and naval engineering, comprehensive experimental
campaigns, involving both quasi-static and dynamic
tests, are generally necessary [34,47]. The complex
hysteretic behavior can be characterized by symmet-
ric or asymmetric force-displacement hysteresis loops
[5,10,16,43]. Furthermore, when nonlinear analyses
are required in the design phase to evaluate the effec-
tiveness of these devices, accurate and computation-
ally efficient hysteretic models become essential. This
is especially important when the correct design of an
isolation system is crucial for the integrity of valuable
objects or structural elements behaving like rocking
rigid blocks [19,20].

Over the years, several hysteresis models have been
proposed in the literature [21]. Among them, we
mention the recently formulated Vaiana-Rosati model
[42,44,45] since it is capable of simulating a great vari-
ety of complex hysteresis loop shapes. At present, the
potentialities of such a model have not fully explored
yet, especially in nonlinear dynamics. Therefore, in this
work, a generalized version of the widely used Bouc–
Wen Model (BWM) of hysteresis is employed [9,49].

The BWM represents a rate-independent hysteresis
model, having differential nature, that is able to simu-
late symmetric force-displacement hysteresis loops. It
finds application in reproducing the behavior of many
hysteretic mechanical systems and materials used in
aerospace, civil, mechanical, and naval engineering.
Baber and Wen [8] enhanced the model accounting
for stiffness and/or strength degradation; subsequently,
Baber and Noori [6,7,11] and Foliente et al. [23] intro-

duced the possibility of simulating pinched hystere-
sis loops. Other modified and generalized versions of
such a model were proposed to obtain asymmetric hys-
teresis loops [18,22,27,33,34,40], describe an inflec-
tion point on the loading branches [39], and collect
several effects in one extended formulation [4]. Lit-
erature reviews, encompassing rate-independent hys-
teretic models, including the BWM as well as parame-
ter identification techniques, can be found in [37,48].

The Generalized Bouc–Wen Model (GBWM)
employed in this work was proposed by Carboni et
al. [15] for modeling the nonlinear restoring forces
of a vibration control device. The latter relies on the
mechanical behavior of short wire ropes subjected to
bending and/or tensile cyclic loads. In [15], the authors
introduced a new pinching BWM to describe the quasi-
static and dynamic responses of this versatile hysteretic
tunedmass dampermadeof steel andNiTiNOLstrands.
This device can provide hardening or softening behav-
ior depending on the configuration adopted [13,14].
Thus, the model was generalized to simulate the typi-
cal asymmetric hysteresis loops exhibited by the pro-
posed hysteretic tuned mass damper due to large exci-
tation and unexpected situation [16]. The capability
to accurately reproduce a variety of hysteresis loop
shapes enlarged its applicability to compositematerials
[50] and wire rope isolators [38]. Notably, the GBWM
stands out for its effectiveness in capturing both quasi-
static and dynamic responses, making it a valuable tool
within heuristic algorithms. Its capabilities make it a
solid choice for in-depth understanding and simulation
of complex hysteretic mechanical behaviors, such as
those exhibited by HWRIs.

This study investigates both quasi-static and
dynamic responses of a HWRI when it deforms along
its shear direction. The complex behavior of the
device is simulated using the GBWM and the model
parameters are determined based on quasi-static test
results. Parameter identification is performed using
the differential evolution algorithm to minimize the
mean square error between experimental and simu-
lated force-displacement hysteresis loops. In particular,
it is verified if the parameters calibrated on the basis
of quasi-static tests are representative of the dynamic
behavior of the device in stationary and non-stationary
conditions.

The paper is organized into four parts. In the first
one (Sect. 2), details about the investigated device, with
particular reference to its geometry, dimensions and
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Fig. 1 Helical wire rope isolator: a tested device with geometric dimensions and b side view showing the shear direction

constituting materials, are illustrated. In addition, the
results of quasi-static and dynamic tests are presented
and discussed: the former provide the device hystere-
sis loops whereas the latter the Frequency Response
Curves (FRCs) associated with an isolated rigid block
subjected to increasing levels of the base excitation.
In Sect. 3, the equilibrium equations of the adopted
mathematical model are illustrated, with a focus on
the derivation of the non-dimensional GBWM. Sec-
tion4 describes the procedures employed to identify
the model parameters on the basis of the quasi-static
test results. Finally, in Sect. 5, the model is employed,
with and without an additional linear viscous compo-
nent, to numerically compute the FRCs obtained for the
isolated rigid block as well as to reproduce the experi-
mental displacement histories of the rigid block excited
by a series of white noise signals imposed at the base.

2 Helical wire rope isolator: experimental
campaigns

Figure1a shows the tested HWRI that differs from
similar devices, already studied in previous works
[38,46], because of the arrangement of the stainless
steel strands. Indeed, two helically shaped strands, with
different angles, are affixed to both the upper and lower
steel plates thus producing an asymmetric hysteretic
behaviorwhen the device deforms along its shear direc-
tion (Fig. 1b), as it will be shown in the sequel.

The selected device is characterized by an overall
length of 110mm and a height of 32mm. In addition,
the ropes exhibit a diameter of 2.2 mm and the heli-
cal coils have a width of 37mm. The above-mentioned

asymmetric hysteretic behavior of the tested HWRI is
attributed to the variation in winding pitches, with the
right (left) coils having awindingpitch of 7mm(9mm).
Finally, the device mass is equal to 0.065 kg.

The complex behavior exhibited by such a HWRI
was experimentally investigated at the Materials and
Structures Laboratory of the Sapienza University of
Rome (Italy) by performing both quasi-static (Sect. 2.1)
and dynamic (Sect. 2.2) tests.

2.1 Quasi-static tests

Quasi-static testswere performed by adopting a Zwick-
Roell machine. In particular, increasing displacement
ramps, at constant velocity, were applied along the
device shear direction and the associated restoring force
was measured.

In order to avoid a hardening effect, the relative dis-
placement between the two plates, along the direction
orthogonal to the shear one, was left free by placing
one of the two plates on a transversal slider. In such
a way, when the displacement ramps were applied to
one of the plates along the shear direction, they were
free to get closer thus preventing the elongation of the
strands.

The results of the experimental tests are shown in
Fig. 2. In particular, Fig. 2a illustrates the timehistoryof
the restoring force whereas Fig. 2b shows the restoring
force-displacement hysteresis loops.

Looking at Fig. 2b, wemay observe that the hystere-
sis loops present an asymmetric nature. Indeed, taking
the same displacement absolute values along the posi-
tive and negative parts of the horizontal axis, different
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Fig. 2 Experimental results: a time history of the restoring force, b force-displacement hysteresis loops and c frequency response
curves

Fig. 3 Experimental setup
employed for acquiring the
FRCs of the rigid block
connected to the shaker slip
table by means of the
HWRI: a top and b side
views

values of the restoring force are reached along the ver-
tical axis.

Finally, wemay note that the hysteresis loops exhibit
a softening behavior for small displacements and a
hardening behavior as the displacement amplitude
increases, with the latter more pronounced in the direc-
tion of displacement assumed to be negative. It is quite
reasonable to associate the softening behavior with dis-
sipative phenomena due to the friction of the wires and
the hardeningonewith the geometric nonlinearities that
become dominant with increasing displacements.

2.2 Dynamic tests

Dynamic testswere carriedout by employing amechan-
ical shaker driven in closed loop by the Simcenter Test-
lab system. To this end, an aluminum rigid block, hav-
ing mass of 0.735 kg, including auxiliary bolts, was
mounted on the top of the HWRI whereas the latter
was connected to the shaker slip table, as shown in
Fig. 3.

One PCB accelerometer was attached to the rigid
block and another one was placed on the slip table in
order to drive andmeasure the base excitation.Amicro-
epsilon linear laser was also clamped on the slip table
to measure the relative displacement of the rigid block.

Frequency sweep tests were performed in the fre-
quency range [10, 35] Hz with a sweep rate of 0.02
Hz/sec; the rigid block relative displacement ampli-
tude was acquired by means of an harmonic estimator
that was set to a resolution of 0.10 Hz.

Figure2c presents the FRCs obtained for four dif-
ferent values of the base acceleration amplitude, that
is, 0.35 g, 0.50 g, 0.75 g and 1.50 g where g indicates
the gravity acceleration. Such FRCs show a marked
softening behavior considering that the resonance fre-
quency decreases from approximately 23 Hz, in the
curve obtained for an acceleration amplitude of 0.35
g, to 13 Hz, in the curve acquired for an accelera-
tion amplitude of 1.50 g. The resonance displacement
amplitudes, associated with such two curves, assume
values of approximately 0.50mmand5.50mm, respec-
tively. This behavior is in complete agreement with the
hysteresis loops illustrated in Fig. 2b, considering that,
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within this range of displacement, the softening behav-
ior is clearly discernible.

3 Mathematical model

In this section we present the mathematical model
adopted to perform the numerical simulations. In par-
ticular, we first derive the dimensional equilibrium
equation of a Single Degree of Freedom (SDoF) hys-
teretic mechanical system and present the adopted
GBWM (Sect. 3.1). Subsequently, we perform the non-
dimensionalization of both the equilibrium equation
(Sect. 3.2) and the hysteresis model (Sect. 3.3). The
latter are particularly useful to improve the computa-
tional efficiency of the algorithms adopted to perform
the numerical simulations presented in Sects. 4 and 5.

3.1 Dimensional equilibrium equation

The selected SDoF hysteretic mechanical system con-
sists of a mass m connected to two different types of
elements:

• a rate-dependent hysteretic element;
• a rate-independent hysteretic element.

Denoting by u, u̇ and ü the generalized displace-
ment, velocity and acceleration of the mass, respec-
tively, the dimensional equilibrium equation of the sys-
tem can be derived from the general form of the New-
ton’s second law as:

mü + frd(u̇) + fri (u) = p (t) , (1)

where frd and fri represent the generalized rate-
dependent and rate-independent hysteretic forces,
respectively, exerted on the related hysteretic element,
whereas p is the generalized external force that is a
function of time t .

In this paper, the generalized rate-independent hys-
teretic force fri is evaluated by using the GBWM pro-
posed by Carboni et al. [16]. Such a model is versatile
and can accurately simulate a number of different hys-
teresis loop shapes. Additionally, it proves to be effec-
tive when used in heuristic algorithms for the identifi-
cation of both quasi-static and dynamic responses.

According to the GBWM, fri is computed as the
sum of three components:

fri (u) = fe(u) + fc(u) + z(u), (2)

where fe ( fc) represents a linear (nonlinear) elastic
force whereas z is a rate-independent hysteretic force.

In particular, the expression of fe is:

fe(u) = keu, (3)

whereas the one of fc is:

fc(u) = k3u
3 + H+k+

3

(
u − u+

0

)3 +
H−k−

3

(|u| − u−
0

)3
.

(4)

We note that the second (third) term of the previous
equation is a function acting when the threshold dis-
placement u+

0 (−u−
0 ) is reached. In addition, H+ and

H− are defined as follows:

H+ = +1 + sgn
(
u − u+

0

)

2
,

H− = −1 + sgn
(
u + u−

0

)

2
.

(5)

As far as z is concerned, it is evaluated by solving
the following first order ordinary differential equation:

ż = {
kdh + k+

d h
+ + k−

d h
− − [γ + β sgn(zu̇)]|z|n} u̇,

(6)

in which h, h+ and h− are pinching functions having
expressions:

h(u) = 1 − ξe− u2
uc ,

h+(u) = 1 − e
− (|u|−u+

b )
2

u+
c

L+L+
v
,

h−(u) = 1 − e
− (|u|−u−

b )
2

u−
c

L−L−
v
,

(7)
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with:

L+ = 1 + sgn
(
u − u+

b

)

2
, L+

v = 1 + sgn(u̇)

2
,

L− = 1 − sgn
(
u + u−

b

)

2
, L−

v = 1 − sgn(u̇)

2
.

(8)

We may observe that the terms k+
d h

+ and k−
d h

− act
exclusively when the threshold displacements u+

b and
−u−

b are respectively reached.
Finally, the quantities ke, k3, k

+
3 , k

−
3 , u

+
0 , u

−
0 , kd ,

k+
d , k

−
d , γ , β, n, ξ , uc, u+

c , u
−
c , u

+
b , u

−
b represent the

eighteen model parameters that need to be calibrated
from experimental tests. The conditions that need to be
satisfied by such parameters can be found in [16].

3.2 Non-dimensional equilibrium equation

The adopted non-dimensionalization procedure con-
sists of five distinct steps [12] that are briefly illustrated,
in the sequel, for the reader’s convenience:

i) variables identification: identify all the indepen-
dent and dependent variables appearing in the equa-
tion to be non-dimensionalized;

ii) non-dimensional variables introduction: replace
such variables with non-dimensional counterparts
obtained by introducing characteristic units;

iii) equation normalization: normalize the resulting
equation dividing it by the coefficient of the highest
order term;

iv) characteristic units selection: assign expressions to
the characteristic units thus obtaining simple aux-
iliary conditions;

v) expression in non-dimensional form: reformulate
the equation in terms of the identified non-
dimensional parameters.

Let us apply the above-illustrated five steps toEq. (1)
governing the dynamic behavior of the analyzed sys-
tem.

i) We observe that time t is the independent variable
whereas both the generalized displacement u and
rate-independent hysteretic force z represent the
dependent ones.

ii) We introduce the corresponding non-dimensional
variables:

τ := t

ts
, x := u

us
, ρ:= z

zs
, (9)

in which ts , us and zs represent the characteristic
units that, in such a case, assume the role of dimen-
sional scaling factors. Consequently, the dimen-
sional variables can be expressed as follows:

t = tsτ, u = usx, z = zsρ. (10)

On the basis of Eq. (10), Eq. (1) becomes:

mus
t2s

ẍ + frd

(
us
ts
ẋ

)
+ zs f̃ri (x) = p (tsτ) , (11)

in which an overdot represents differentiation with
respect to the non-dimensional time τ , whereas f̃r i
is the non-dimensional rate-independent hysteretic
force defined as:

f̃r i (x) = f̃e(x) + f̃c(x) + ρ(x). (12)

In particular, as a consequence of the non-
dimensional variables substitution, the non-
dimensional linear elastic force f̃e is:

f̃e(x):= fe(usx)

zs
= keus

zs
x, (13)

whereas, the non-dimensional nonlinear elastic
force f̃c is:

f̃c(x):= fc(usx)

zs
= k3u3s

zs
x3+

+ H̃+ k+
3

zs

(
usx − u+

0

)3 +

+ H̃− k−
3

zs

(|usx | − u−
0

)3
,

(14)

with:

H̃+ = +1 + sgn
(
usx − u+

0

)

2
,

H̃− = −1 + sgn
(
usx + u−

0

)

2
.

(15)

Finally, the rate equation defining the non-
dimensional rate-independent hysteretic force ρ

becomes:
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zs
ts

ρ̇ =
{
kd h̃ + k+

d h̃
+ + k−

d h̃
−+

−
[
γ + β sgn

(
zsus
ts

ρ ẋ

)]
|zsρ|n

}
us
ts
ẋ,

(16)

in which h̃, h̃+ and h̃− are defined as:

h̃(x) = 1 − ξe− (us x)2
uc ,

h̃+(x) = 1 − e
− (|us x |−u+

b )
2

u+
c

L̃+ L̃+
v
,

h̃−(x) = 1 − e
− (|us x |−u−

b )
2

u−
c

L̃− L̃−
v
,

(17)

with:

L̃+ = 1 + sgn
(
usx − u+

b

)

2
,

L̃+
v =

1 + sgn
(
us
ts
ẋ
)

2
,

L̃− = 1 − sgn
(
usx + u−

b

)

2
,

L̃−
v =

1 − sgn
(
us
ts
ẋ
)

2
.

(18)

iii) We note that, in Eqs. (11) and (16), the coefficients
of the highest order term are mus

t2s
and zs

ts
, respec-

tively. Hence, upon dividing Eq. (11) by mus
t2s

aswell

as Eq. (16) by zs
ts
, we obtain:

ẍ + t2s
mus

frd

(
us
ts
ẋ

)
+ zs t2s

mus
f̃ri (x) = t2s

mus
p (tsτ) ,

(19)

and

ρ̇ = us
zs

{
kd h̃ + k+

d h̃
+ + k−

d h̃
−+

−
[
γ + β sgn

(
zsus
ts

ρ ẋ

)]
|zsρ|n

}
ẋ . (20)

iv) To simplify the dimensionless expressions, we set:

t2s := muc

n

√
kd+k+

d +k−
d

γ+β

,

us :=uc,

zs := n

√
kd + k+

d + k−
d

γ + β
, (21)

thus obtaining the following auxiliary condition:

zs t2s
mus

= 1. (22)

v) We finally provide the non-dimensional equilib-
rium equation:

ẍ +
frd

(
us
ts
ẋ
)

zs
+ f̃r i (x) = p (tsτ)

zs
, (23)

that can be rewritten as:

ẍ + f̃rd(ẋ) + f̃r i (x) = p̃ (τ ) , (24)

after defining:

f̃rd(ẋ):=
frd

(
us
ts
ẋ
)

zs
, p̃ (τ ) := p (tsτ)

zs
. (25)

3.3 Non-dimensional hysteresis model

To derive the Non-Dimensional Generalized Bouc–
Wen Model (NDGBWM), we first introduce the fol-
lowing non-dimensional parameters:

k̃e:= keus
zs

,

k̃3:= k3u3s
zs

, k̃+
3 :=k+

3 u
3
s

zs
, k̃−

3 :=k−
3 u

3
s

zs
,

k̃d := kdus
zs

, k̃+
d :=k+

d us
zs

, k̃−
d :=k−

d us
zs

,

xc:= uc
u2s

, x+
c :=u+

c

u2s
, x−

c :=u−
c

u2s
,

x+
0 := u+

0

us
, x−

0 :=u−
0

us
,

x+
b := u+

b

us
, x−

b :=u−
b

us
,

γ̃ := γ us |zs |n−1,

β̃:= βus |zs |n−1. (26)
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Table 1 GBWM parameters adopted for simulating the responses in Fig. 4

ke k+
3 k−

3 kd k−
d γ β n

[kN/mm]
[
kN/mm3

] [
kN/mm3

]
[kN/mm] [kN/mm] [1/mm] [1/mm] [−]

4.614 × 10−3 5.377 × 10−7 8.981 × 10−6 1.173 × 10−2 8.758 × 10−2 0.584 0.584 1

Consequently, the non-dimensional linear elastic
force f̃e, given in Eq. (13), becomes:

f̃e(x) = k̃ex, (27)

whereas the non-dimensional nonlinear elastic force,
provided by Eq. (14), is rewritten as:

f̃c(x) = k̃3x
3+

+ H̃+k̃+
3

(
x − x+

0

)3 +
+ H̃−k̃−

3

(|x | − x−
0

)3
,

(28)

with:

H̃+ = +1 + sgn
(
x − x+

0

)

2
,

H̃− = −1 + sgn
(
x + x−

0

)

2
.

(29)

Finally, the non-dimensional first order ordinary dif-
ferential equation in (20), that allows for the eval-
uation of the non-dimensional rate-independent hys-
teretic force ρ(u), becomes:

ρ̇ =
{
k̃d h̃ + k̃+

d h̃
+ + k̃−

d h̃
−+

−
[
γ̃ + β̃ sgn(ρ ẋ)

]
|ρ|n

}
ẋ, (30)

in which h̃, h̃+ and h̃− are defined as:

h̃(x) = 1 − ξe− x2
xc ,

h̃+(x) = 1 − e
− (|x |−x+b )

2

x+c
L̃+ L̃+

v
,

h̃−(x) = 1 − e
− (|x |−x−b )

2

x−c
L̃− L̃−

v
,

(31)

with:

L̃+ = 1 + sgn
(
x − x+

b

)

2
, L̃+

v = 1 + sgn(ẋ)

2
,

L̃− = 1 − sgn
(
x + x−

b

)

2
, L̃−

v = 1 − sgn(ẋ)

2
.

(32)

4 Simulation of quasi-static response

In the sequel, we employ the GBWM, presented
in Sect. 3.1, to reproduce the complex experimental
behavior exhibited by the tested HWRI and illustrated
in Fig. 2a, in terms of restoring force history, as well
as in Fig. 2b, in terms of force-displacement hysteresis
loops.

In particular, the optimalmodel parameters are iden-
tified by minimizing the Mean Square Error (MSE)
defined as:

MSE(p) = 100

Nσfe

N∑

j=1

[
fexp(u j , t j ) − fs(u j , t j , p)

]2
,

(33)

where N represents the number of time instants t j at
which the experimental restoring force fexp(u j , t j ) and
the applied displacement u j are recorded (e.g., t0 = 0
and tN = T ), whereas σfe is the variance of the exper-
imentally acquired restoring force vector. In addition,
the term fs(u j , t j , p) indicates the simulated restoring
force at the time instant t j , evaluated according to the
tentative values of the parameters collected in vector p.

The parameter identification is conducted by means
of the Differential Evolution (DE) algorithm [15,41]
by adopting 200 vectors for each population, normally
distributed on the research space, and performing 1000
iterations. The mutation coefficient is set equal to 0.9
whereas the crossing probability equal to 0.5.

The identified model parameters, obtained with a
MSE of 0.21%, are presented in Table 1. We note that
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Fig. 4 Experimental versus simulated responses obtained by using the GBWM parameters in Table 1: a time history of the restoring
force and b force-displacement hysteresis loops

Table 2 NDGBWM parameters adopted for simulating the responses in Fig. 5

k̃e k̃+
3 k̃−

3 k̃d k̃−
d γ̃ β̃ n

[−] [−] [−] [−] [−] [−] [−] [−]

54.266 6.324 × 103 1.056 × 105 137.958 1.030 × 103 584 584 1

uc = u+
c = u−

c = 1000 whereas all the other param-
eters, not listed in the table, are set equal to zero, and
the function L̃−

v is equal to 1.
In addition, to clearly show the model accuracy,

Fig. 4a compares the experimental and simulated restor-
ing force histories whereas Fig. 4b presents a compari-
son between the experimental and simulated force-dis-
placement hysteresis loops.

The identified dimensional parameters, given in
Table 1, are subsequently used to derive the correspond-
ingnon-dimensional ones, listed inTable 2, by adopting
Eq. (26).

For the reader’s convenience, Fig. 5 presents the
force-displacement relations associated with the three
terms defined in Eq. (12) and computed by employing
the parameters in Table 2.

It is crucial to note that, although the results illus-
trated in Sects. 4 and 5 are presented in terms of the
GBWM, theMATLABcodes, employed to perform the

simulations, adopt the NDGBWM for computational
efficiency reasons.

5 Simulation of dynamic response

In this section, the mathematical model illustrated
in Sect. 3.1 is employed to simulate the complex
experimental dynamic response of the isolated rigid
block in both stationary (Sect. 5.1) and non-stationary
(Sect. 5.2) conditions.

In particular, it is shown that, for accuracy reasons,
it may be necessary not only to adopt the GBWM,
whose parameters are identified by using the quasi-
static test results, but also a linear rate-dependent hys-
teresis model able to take into account rate-dependent
hysteresis phenomena observed in dynamic tests.
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Fig. 5 Force-displacement relations simulated by using the NDGBWM parameters in Table 2: a non-dimensional linear elastic force,
b nonlinear elastic force and c rate-independent hysteretic force

Fig. 6 Comparison between experimental FRCs and those simulated by using the a GBWM as well as the b GBWM with additional
linear viscous damping

5.1 Stationary response

In the sequel, we investigate the capability of the
GBWM, calibrated on the basis of the quasi-static tests,
to simulate the FRCs, illustrated in Fig. 2c, obtained by
imposing harmonic accelerations at the base of the iso-
lated rigid block.

To this end, the mathematical model described in
Sect. 3.1 is employed. In particular, the mass m is
assumed to be the sum of the rigid block mass (0.7350

kg) and half of the devicemass (0.0325 kg) whereas the
adopted GBWM parameters are those listed in Table 1.

To numerically evaluate the FRCs, the MATLAB
ode45 function is employed and a frequency step of
0.10 Hz is used within the range [10, 35] Hz. In addi-
tion, as done in the experimental tests, the FRCs are
obtained for four different values of base acceleration
amplitude, that is, 0.35 g, 0.50 g, 0.75 g, 1.50 g.

The comparison between experimental and simu-
lated FRCs, shown in Fig. 6a, reveals crucial pieces of
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information on the complex dynamics of the analyzed
mechanical system. Indeed, it canbenoted that, for base
acceleration amplitudes equal to 0.35 g, 0.50 g and 1.50
g, the adopted mathematical model overestimates the
mass relative displacement amplitudes in the region
close to the resonance frequency. On the other hand,
for the base acceleration amplitude of 0.75 g, a moder-
ate overestimation is observed. Such a discrepancy is
more likely to be associated with additional damping
phenomena, having rate-dependent nature, that are not
present in the performed quasi-static tests adopted to
calibrate the GBWM parameters.

Accordingly, to drastically improve the accuracy of
the numerical simulations, the mathematical model is
enriched by using a linear rate-dependent hysteretic
element. In particular, for each FRC, an equivalent
damping ratio ζ , associated with the linear resonance
frequency computed as

√
ke/m, with ke provided by

Table 1, is evaluated to minimize the MSEs defined as:

MSEs(ζ ) = 100

NσAe

N∑

j=1

[
Aexp( f j ) − As( f j , ζ )

]2
.

(34)

In such a case, N represents the number of station-
ary displacement amplitudes Aexp( f j ) experimentally
acquired at the base acceleration frequency f j whereas
σAe indicates the variance of the displacement ampli-
tude values collected in the vector Ae. In addition,
As( f j , ζ ) is the simulated displacement amplitude
obtained at f j for the damping ratio ζ .

Table 3 provides the computed damping ratios with
the associated MSEs values. Such a table also gives
the MSE values obtained by using the GBWM with-
out additional viscous damping. In addition, Fig. 6a
and b illustrate the experimental and simulated FRCs
obtained without and with viscous damping correc-
tions, respectively.

Such results suggest that the proposedmathematical
model is particularly reliable to simulate the dynamic
response in the middle-high base excitation range.

To sum up, we may note that the presented GBWM
is extremely accurate in simulating the quasi-static
behavior of the selectedHWRI.Furthermore, if adopted
in conjunction with a linear rate-dependent hysteresis
model, it also achieves high accuracy in predicting the
steady dynamic response of a rigid block supported by
the HWRI.

5.2 Non-stationary response

We finally investigate the capability of the proposed
mathematical model, adopting the GBWM with or
without additional viscous damping, to simulate the
dynamic response of the isolated rigid block when it
is subjected to a base motion having a non-stationary
nature, as it typically happens in real vibration isolation
problems.

To this end, the rigid block mounted on the HWRI,
illustrated in Fig. 3, was preliminary tested by impos-
ing, at the base, four white noise signals having a fre-
quency content in the range [5, 50] Hz and character-
ized by peak accelerations of 2.0 g, 2.8 g, 3.5 g and 5.8
g, respectively.

Subsequently, the GBWM, adopted with and with-
out additional viscous damping corrections, is employed
to simulate the time history of the mass relative dis-
placement.

To investigate the accuracy of the numerical simula-
tions, Table 4 presents the MSEt values computed, for
each applied white noise signal, as follows:

MSEt = 100

Nσue

N∑

j=1

[
uexp(t j ) − us(t j )

]2
, (35)

where uexp(t j ) and us(t j ) indicate the experimental
and simulated mass relative displacement at time t j ,
respectively. In addition, ue is a vector collecting the
N experimental displacement values whereas σue rep-
resents its variance.

In addition, Table 5 shows the absolute values of
the peak mass relative displacements recorded during
the experimental tests as well as those provided by the
GBWM employed with and without additional viscous
damping.

We can observe that the GBWM gives the better
estimates of the peak mass relative displacements for
the white noise signals having peak accelerations equal
to 2.8 g, 3.5 g and 5.8 g, respectively. On the contrary,
the GBWM adopted with a damping ratio of 3.83%
furnishes the peak mass relative displacement closer
to the experimental value obtained for the white noise
signal with peak base acceleration of 2.0 g.

Finally, Fig. 7 compares the time histories of the
experimental and simulated mass relative displace-
ments obtained for the white noise signals character-
ized by peak base accelerations of 2.0 g (Fig. 7a), 2.8
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Table 3 MSEs between experimental and simulated FRCs shown in Fig. 6

Base acceleration amplitude [g] MSEs [%]
GBWM GBWM

+ζ = 6.08%
GBWM
+ζ = 3.83%

GBWM
+ζ = 0.55%

GBWM
+ζ = 1.53%

0.35 153.86 55.40 − − −
0.50 53.13 − 19.76 − −
0.75 8.35 − − 6.49 −
1.50 42.01 − − − 1.99

Table 4 MSEt between experimental and simulated mass relative displacements obtained for the four White Noise (WN) signals

WN peak acceleration [g] MSEt [%]
GBWM GBWM

+ζ = 6.08%
GBWM
+ζ = 3.83%

GBWM
+ζ = 0.55%

GBWM
+ζ = 1.53%

2.0 37.14 23.97 24.98 34.03 29.88

2.8 25.11 26.95 24.60 24.33 23.71

3.5 19.32 25.96 22.30 19.16 19.53

5.8 10.76 24.28 18.43 11.19 12.81

Table 5 Experimental and simulated peak mass relative displacements obtained for the four White Noise (WN) signals

WN peak accel. [g] peak mass relative displacement [mm]

Experiment GBWM GBWM
+ζ = 6.08%

GBWM
+ζ = 3.83%

GBWM
+ζ = 0.55%

GBWM
+ζ = 1.53%

2.0 1.71 1.89 1.59 1.68 1.85 1.80

2.8 3.22 2.91 2.34 2.45 2.80 2.69

3.5 4.84 4.40 3.14 3.52 4.22 3.98

5.8 6.65 6.60 4.68 5.28 6.36 5.99

g (Fig. 7b), 3.5 g (Fig. 7c) and 5.8 g (Fig. 7d), respec-
tively. To obtain such an excellent match, the simula-
tions are performed by using the model that provides
the lower MSEt , as suggested by Table 4.

6 Conclusions

In this work, the generalized Bouc–Wen model, pro-
posed by Carboni et al. [15], has been adopted to sim-
ulate the quasi-static response of a helical wire rope
isolator characterized by asymmetric hysteresis loops.
The comparison between experimental and simulated
responses suggests an excellent model accuracy that
leads to a mean square error of 0.21%.

In addition, the proposed model, calibrated on the
basis of the quasi-static tests, has been employed to

simulate both stationary and non-stationary dynamic
responses of a rigid block mounted on the helical wire
rope isolator.

It has been found that, when employed to reproduce
frequency response curves obtained imposing base har-
monic accelerations, such a model overestimates the
experimental results because of the presence of addi-
tional rate-dependent hysteresis phenomena occurring
during the dynamic tests. Consequently, to improve
the accuracy of the numerical results, it is necessary
to introduce an additional viscous damping dependent
upon the excitation level.

On the other hand, when used to simulate the
response of the isolated rigid block subjected to base
white noise signals, the proposed model, adopted with-
out additional viscous damping, displays a superior per-
formance, particularly at the highest excitation level.
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Fig. 7 Comparisons between experimental and simulated mass relative displacement histories obtained by imposing at the base a white
noise signal having peak accelerations of a 2.0 g, b 2.8 g, c 3.5 g and d 5.8 g

It can be concluded that a quasi-static (dynamic)
identification should be performed to simulate the
behavior of mechanical systems equipped with
helical wire rope isolators that work in non-stationary
(or stationary) dynamic regimes. Based on the results
obtained in this study, future investigations into the iso-
lation capability of theHWRI are planned. Specifically,
the isolation performance of a small rigid object will be

studied both experimentally and numerically, employ-
ing the GBWM and a new experimental setup where
several HWRIs will be placed in parallel. This investi-
gation aligns with the authors’ current research focus
on the isolation of valuable art objects and sensitive
equipment.
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