JOURNAL OF TIME SERIES ANALYSIS
J. Time Ser. Anal. (2024)

Published online in Wiley Online Library
(wileyonlinelibrary.com) DOI: 10.1111/jtsa.12766

ORIGINAL ARTICLE

THE GRANGER-JOHANSEN REPRESENTATION THEOREM FOR
INTEGRATED TIME SERIES ON BANACH SPACE

PHIL HOWLETT,*(® BRENDAN K. BEARE,”® MASSIMO FRANCHL (> JOHN BOLAND! AND
KONSTANTIN AVRACHENKOV®

AScheduling and Control Group (SCG), Centre for Industrial and Applied Mathematics (CIAM), UniSA STEM, University of South Australia,
Mawson Lakes, SA, Australia
bSchool of Economics, University of Sydney, Camperdown, NSW, Australia
¢Sapienza University of Rome, Rome, Italy
dCentrefor Industrial and Applied Mathematics, UniSA, STEM, University of South Australia, Mawson Lakes, SA, Australia
¢INRIA, Sophia Antipolis, France

We prove an extended Granger—Johansen representation theorem (GJRT) for finite- or infinite-order integrated autoregressive
time series on Banach space. We assume only that the resolvent of the autoregressive polynomial for the series is analytic on
and inside the unit circle except for an isolated singularity at unity. If the singularity is a pole of finite order the time series is
integrated of the same order. If the singularity is an essential singularity the time series is integrated of order infinity. When
there is no deterministic forcing the value of the series at each time is the sum of an almost surely convergent stochastic
trend, a deterministic term depending on the initial conditions and a finite sum of embedded white noise terms in the prior
observations. This is the extended GJRT. In each case the original series is the sum of two separate autoregressive time series
on complementary subspaces — a singular component which is integrated of the same order as the original series and a regular
component which is not integrated. The extended GJRT applies to all integrated autoregressive processes irrespective of the
spatial dimension, the number of stochastic trends and cointegrating relations in the system and the order of integration.
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1. INTRODUCTION

We wish to establish an extended form of the Granger—Johansen representation theorem (GJRT) for vector autore-
gressive (AR) time series taking values in a Banach space. These series are often referred to as functional time
series because, for instance, each real-valued integrable function on the unit interval of the real line can be repre-
sented by an infinite-dimensional vector whose components are the coefficients of the Fourier sine series. In this
particular, case the sum of the magnitudes of the vector components will be finite. Thus we can study the space of
integrable functions on the unit interval by considering the vector space of all infinite-dimensional vectors where
the sum of the magnitudes of the components is finite. Consequently the study of vector AR processes on Banach
space can be regarded as a generalized form of the study of AR time series for functions.

An important early contribution to the analysis of functional time series is Bosq (2000), where a theoretical
treatment of linear processes in Banach and Hilbert spaces is developed. In particular the derivation of laws of
large numbers and central limit theorems allows estimation and inference for infinite-dimensional stationary AR
models. These models also enable direct representation of the dynamics of infinite-dimensional objects, such as a
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time series of continuous functions on a compact spatial domain, and they allow greater generality for modelling
of conditional means and variances (Horvath and Kokoszka, 2012).

Economic applications of functional time series include studies on the term structure of interest rates (Kargin
and Onatski, 2008), intraday volatility (Gabrys et al., 2013; Héormann et al., 2013) and the human influence on
climate (Chang et al., 2020). Additional applications can be found in the recent monograph by Kokoszka and
Reimherr (2017).

One might expect the analysis of functional time series to begin by testing for stationarity. In this regard Horvéth
et al. (2014); Kokoszka and Young (2016) and Kokoszka and Reimherr (2017) suggest extended forms of the
Kwiatkowski-Phillips-Schmidt-Shin (KPSS) test of stationarity proposed originally for single variable series by
Kwiatkowski et al. (1992) while Aue and van Delft (2020) devise a test of stationarity in the frequency domain.
However, the literature on this topic is somewhat sparse. An alternative approach by Chang et al. (2016) proposed
a test of non-stationarity based on the generalized eigenvalues for the covariance operator of the observed values
and on the long-run covariance operator for the associated first differences. If the dimension of the non-stationary
subspace is finite then the dimension is called the number of common stochastic trends. In a subsequent working
paper, Hu and Park (2016) consider an infinite-dimensional AR(1) process with a compact operator and show that
the common trends representation comprises a finite number of stochastic trends each integrated of order one and
an infinite-dimensional cointegrating space. Hu and Park also propose an estimator for the functional autoregres-
sive operator. More recently Nielsen et al. (2022) suggest a statistical procedure to determine the dimension of the
non-stationary subspace of cointegrated functional time series taking values in a Hilbert space of square-integrable
functions defined on a compact interval. As in Chang et al. (2016) they assume that the cointegrated series has
a finite-dimensional non-stationary subspace while the stationary subspace is infinite dimensional. That is, there
are infinitely many linearly independent cointegrating relations. The test is applied to several empirical examples:
age-specific US employment rates, Australian temperature curves and Ontario electricity demand. For more details
of functional time series we refer to extended reviews in Beare and Seo (2020), Franchi and Paruolo (2020) and
Nielsen et al. (2022).

Our primary concern here is to review the development of the GJRT for AR processes. According to
Hansen (2005) the GJRT for a finite-dimensional cointegrated vector AR(1) time series x ~ I(1) can be stated
informally as follows.

A cointegrated vector autoregressive process can be decomposed into four components: a random walk, a
strictly stationary process, a deterministic part, and a term that depends on the initial conditions.

The original theorem proposed by Engle and Granger (1987) was a representation theorem for finite-dimensional
cointegrated vector processes x ~ I(1) that connected the moving average, autoregressive, and error correction
forms. The focus for Johansen was to find a more explicit representation for finite-dimensional AR(p) processes
x = {x(t)},e7 satisfying

x(N) =@ x@ -1+ +Px—p)+ @), (1.1)
for all t € Z where @, ..., dlp € R™" are matrix coefficients and £(r) € R” is a strong white noise process.

The specific focus on AR(p) processes enabled Johansen to find necessary and sufficient conditions for x ~ I(1)
(Johansen, 1991) and for x ~ I(2) (Johansen, 1992). In each case the conditions depend only on the properties of

the matrix coefficients @, ..., d>p.

Beare ef al. (2017) used the model described in (1.1) for a process taking values in a Hilbert space H. In this
case x(1),&(r) € Hforallt € Z and @, ..., ®, € B(H) are bounded linear operators. Beare et al. defined an
autoregressive polynomial ® : C — B(H) by the formula

P
D) =1- ) D7, (1.2)

i=1
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for each z € C. For p = 1 they show that if the spaces ®(1)(H) and ®'(1)®(1)"!({0}) are closed complementary
subspaces in H then the resolvent ®(z)~! has a simple pole at z = 1 and x ~ I(1). For p > 1 they reach the
same conclusion using the additional assumption that @, ... ,®, are compact. In a subsequent paper, Beare and
Seo (2020) assume that @, ... , @, are compact and show that ®(z) has a simple pole at z = 1 if and only if
®(1)(H) and @' (1)®(1)~'({0}) are closed complementary subspaces in H. They also show that if ®(z)~! is analytic
forze D, (0)\ {1} ={zeC]|z| <1+e¢€}\ {1} for some ¢ > 0 and has a pole of order two at z = 1 with

Q@ =Y,/= DY, /= D+ Y V-1, (1.3)
¢eN-1

forall z € Dy (1) = {z € C|0 < |z = 1] < €} then x ~ I(2). They use the Moore-Penrose inverse to derive
a formula for the coefficient Y_, and a more complicated formula for Y_,. Franchi and Paruolo (2020) extend
these results to show that if ®(z)~! has a pole of order d at z = 1 with a corresponding unit root of finite type
then x ~ I(d). The assumption that ®,, ... ,®, are compact and the alternative assumption that the unit root
for ®(z) is of finite type are each sufficient to ensure that the subspace Y_,(H) C H is finite dimensional. Thus
determination of the generalized eigenspace for ®(1) and the associated Laurent series coefficients is reduced to a
matrix problem. The procedure proposed by Franchi and Paruolo (2020) is essentially equivalent to earlier work
by Avrachenkov et al. (2001), Avrachenkov et al. (2013), Franchi and Paruolo (2016) and Howlett (1982) on the
inversion of matrix power series. See also Howlett et al. (2009). The works by Beare ef al. (2017), Beare and
Seo (2020) and Franchi and Paruolo (2020) are restricted to Hilbert spaces where Y_,(H) is finite dimensional.

Seo (2023) extends the results in Beare and Seo (2020) to AR processes x ~ I(1) Vv I(2) taking values in a
Banach space X. The main results depend on two critical assumptions — for x ~ I(1) Vv I(2), that the subspaces
®(1)(X) and ®(1)~'({0}) can each be complemented in the space X and, for x ~ I(2), that certain additional key
subspaces in X can also be complemented. Complementation of closed subspaces is not guaranteed in Banach
space. Consequently, Seo (2023) leaves major theoretical questions unanswered. Seo considers only first and
second-order poles of the resolvent operator at z = 1 and does not consider isolated essential singularities.

It is well known that a necessary and sufficient condition for an AR process x to be integrated of order d < o
is that ®(z)~! has a pole of order d at z = 1. In the early papers on cointegration a plethora of seemingly ad hoc
conditions were used collectively to determine the order of integration. In some sense, the collective nature of
these conditions obscured the fact that the underlying necessary and sufficient condition was simply the order of
the pole.

The aim of this article is to obtain an extended form of the GJRT that is valid for all AR processes on Banach
space. In this regard it is sufficient to establish the extended form for first-order vector autoregressive AR(1)
processes' on Banach space. We will use recent research on the inversion of operator pencils (Albrecht et al., 2014;
Albrecht et al., 2020) that has not previously been used for the analysis of integrated time series.

By confining our attention to the naturally complemented subspaces defined by the spectral projections for
the autoregressive polynomial at z = 1, we remove the need for restrictive assumptions about complementation
of certain subspaces or their finite dimensions as in Beare er al. (2017), Beare and Seo (2020), Franchi and
Paruolo (2020), and Seo (2023). The theory presented in this article applies to all integrated autoregressive
processes irrespective of the dimension of the space, the number of stochastic trends and cointegrating relations
in the system, and the order of integration. Hence the present results are a substantial extension of those reported
in Beare er al. (2017), Beare and Seo (2020), Franchi and Paruolo (2020), and Seo (2023). We provide several
particular examples to illustrate the key structural issues including a composite graph showing the simulated
evolution of an archetypal /(co0) process.

The rest of the article is organized as follows. Section 2 outlines the key components of the new representation
and summarizes the significance of our contribution, Section 3 describes the mathematical tools used in the solution
procedure and in Section 4 these tools are applied to solution of the time series model. Section 4 also includes

' Any AR(p) process on a space X can be modeled as an AR(1) process using augmented autoregressive coefficients on the product space X?.

J. Time Ser. Anal. (2024) © 2024 The Author(s). wileyonlinelibrary.com/journal/jtsa
DOI: 10.1111/jtsa.12766 Journal of Time Series Analysis published by John Wiley & Sons Ltd.

85U8017 SuOWILLIOD 8AIRa.1D) 8|qe!|dde 8y} Aq pauienob ase s9oiie O ‘88N JO S3|nJ 04 Akiqi 8UIIUO A1 UO (SUOTIPUOD-pUR-SLUBYLI0D" A3 1M AsRIq U1 |UO//ST1IY) SUONIPUOD PUe SWB | 8L 88S *[7202/80/8T] UO ARiqiTauIuO AB|IM * |10UN0D UoKessay [EIIPBIN PUY U3ESH [RUOIEN - HRIMOH |1ud AQ 99/ 2T eSH/TTTT 0T/I0p/wo0 A8 | imAzeiq1jpuluo//sdny woiy pepeojumoq ‘0 ‘2686.9T



4 P. HOWLETT ET AL.

formal statements of the main results. Section 5 shows that existing /(1) and /(2) representations are special cases
of the extended GJRT. The general structures are illustrated in Section 6 via three examples and in Section 7 the
new methods are applied to solve a non-autonomous problem for dynamic control of electrical power generation
in a wind farm. In Section 8, we draw some brief conclusions. In the Appendix A our notation and terminology are
listed and explained in Section A, the proofs of all formally stated results are given in Section B and the relevant
properties of the weighted Volterra (integral) operator used in the wind farm problem are justified in Section C.

2. MAIN RESULTS

Our main contribution, presented formally as Proposition 4.2, is an extended GJRT on Banach space that applies
to integrated AR(1) series of any spatial dimension, any number of stochastic trends and cointegrating relations,
and any order of integration. Let A,,A; € B(X,Y) and suppose that x = {x()},c7 € X7 satisfies

Apx(@®)+Ax(t—1) =&, 2.1

forallt € N—1wherex(—-1) =cand & = {£(t)},cz, €Y Zis a strong white noise. The autoregressive polynomial
iSA(z) =Ay+A;z=By+B,(z—1) € B(X,Y) forallz € Cwhere By =A,+A, € B(X,Y)and B, = A, € B(X,Y)
and the resolvent is R(z) = A(z)~! € B(Y,X) for all z € C \ ¢ where ¢ is the spectral set for A(z).

Assumption 2.1. The resolvent R(z) = A(z)™! is analytic for z € [D,(0)* \ {1}]U Dy;(1) ={zeCllzl < lor
0<|z—1] <6} \ {1} for some 6 > 0 and has an isolated singularity at 7 = 1.

The extended representation: The series x = {x(1)},cn_; is the sum of a stochastic trend

D DT ATE D, T,= (DT, BT, (2.2)
keN

where A is the difference operator, A~! is the inverse difference or cumulation operator, & JO=E&Mforte N-1
and &(¢) = 0 otherwise, and 7_, is the residue of R(z) at z = 1, a deterministic component

(-DRBie, R, =(=1)(A;'AYA7", 2.3)

and a finite weighted sum of strong white noise terms
t
ZWS &t — ), W, =R+ Iy —T_ B)™"'T_,. 2.4)
s=0

Additional observations: Our new results extend the GJRT in various ways.

1. If R(z) has an isolated singularity at z = 1 then Lemma 3.1 shows that R(z) is analytic for z € [D,(0)*\ {1}]U
D, 5(1) for some 6 > 0 if and only if there is some € > 0 such that R(z) is analytic for z € D, (0) \ {1}.

2. The Laurent series R(z) = ZiEZ Ty(z— 1y forz € D, (1) is found by solving the fundamental equations (3.1)
and (3.2) for {7} .7 subject to the magnitude constraints (3.3). The resolvent R(z) is analytic for z € D, (1) if
and only if the fundamental equations have a basic solution {7_,, 7,,}. The resolvent is completely determined
by the basic solution. A general solution procedure for the fundamental equations is available in separable
Banach space but simpler methods can always be used in finite dimensional problems.

3. There is a closed formula R(z) = [(z — DIy + T_B,]"'T_, + [Iy + T,B,(z — 1)]' T, for the resolvent when
z € Dy (1). The singular part is Ry, (z) = [(z = DIy + T_B)]™'T_; = Y, .y T4/ (z — ¥ when z # 1 where
T, = (DT By)*~'T_,. The regular part is R ,(z) = [y +TyB)(z— DI"'Ty = ¥, ey Tz = 1)
when z € D_(1) where T, = (—1)?(T,B,)’ T,,. These formulae are new to time series analysis.
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4. The coefficients (—1)¥T_, for the loadings on the stochastic trend components, R, for the deterministic com-
ponents and W, for the weights of the embedded noise terms are easily calculated using (2.2), (2.3) and
(2.4).

5. The resolvent R(z) may have a pole of order d € N at z = 1 with x ~ I(d) or an isolated essential singularity
atz = 1 withx ~ I(c0). In the former case T_, B, is nilpotent of degree d and the stochastic trend reduces to a
finite sum. In the latter case T_, B, is quasi-nilpotent with (T_, B,)* # 0 forall k € Nbut with ||(T_,B,)"||'/* —
Oask — oo.

6. The operators P = T_,B, € B(X) and Q = B,T_, € B(Y) are the spectral separation projections for A(z) at
z = 1. The direct sum decompositions X = P(X) @ P°(X) and Y = Q(Y) & Q°(Y) separate the singular and
regular parts of R(z) with R, (2)A(z) = P and A(z)R;,(z) = Q while Rreg(z)A(z) = P¢and A(z)Rreg (=01t
follows that T_, € B(Q(Y), P(X)) forall k € Nand T, € B(Q°(Y), P(X)) forallZ € N — 1.

7. The stochastic trend lies entirely in P(X) and depends only on previous values of the noise component in
Q(Y). The weighted sum of embedded noise terms lies entirely in P°(X) and depends only on previous
values of the noise component in Q°(Y). The term R,B,c¢ can be written as the sum of U,B,Pc € P(X) and
W,B,P‘c € P°(X).

8. The AR(1) time series x € XZ can be expressed as the sum of two separate AR(1) time series x;, € [P(X )]Z
andx,, € [P°(X)]%. The singular component x;, is defined by (QA(P)x, (1) + (QA,P)x,(t — 1) = Q&(¢) for
t € Z withx, (—1) = Pc and the regular component x,, is defined by (Q°AP )X, (1) +(Q°A | PO)x, ., (1—1) =

(z) = PR(2)Q is analytic for all z # 1 and the

Q°&(r) for t € Z with x,.,(=1) = P¢c. The resolvent R,
extended resolvent R ., (z) = P°R(z)Q¢ is analytic for z € D, (0). If x ~ I(d) for some d € N U {co} then
X, ~ 1(d). In all cases Xieg ™ 1(0).

9. The key subspaces P(X), P°(X), Q(Y), Q°(Y) need not be finite-dimensional and there are no restrictions on
the operators B, B, € B(X,Y). The subspaces T_;(Y) C P(X) and [T_,(Y )]* C X* are the attractor space
and cointegrating space respectively.

10. If x € R” then R(z) = adj[B, + B,(z — 1)1/ det[B, + B,(z — 1)] € R™" and the form of the Laurent series
R =Y jeN-n Tj(z — 1Y is known with T_, = O for k > n. The matrix formula gives no direct indication that
R(z) is completely determined by {7_,, T}}.

11. Our decision to restrict discussion to strictly stationary noise processes is one of convenience. Analogous
results remain true if the noise process is weakly stationary. In Banach space a process & € XZ is said to be
weakly stationary (Bosq, 2000, definition 2.4, p. 65) if E[||E(®)||?*] < oo for all t € Z, E[&(¢)] = u does not

depend on ¢ € Z and

I+e

E [(60+ 0 = N6 = 1)) = ¢ 40

depends only on ¢ € Z for each fixed pair of linear functionals f,g € X* and all s € Z.

3. REPRESENTATION OF THE RESOLVENT AND THE M-TRANSFORM

We consider the AR(1) process defined in (2.1). The autoregressive polynomial is a bounded linear operator pencil
AR) =Ay+Az=By+B(z—1) € BX,Y) for all z € C. Albrecht et al. (2014) showed that the resolvent

R(z) = A(z)~' € B(Y,X) exists and can be expressed as a Laurent series R(z) = ZjeZ Y}(Z — 1y forallz € D, (1)

if and only if the coefficients {7}},c7z € B(Y,X )% satisfy a system of left and right fundamental equations

I, ifj=0
T B, +TB,=4 % /=" 3.1
' Oy ifjeZ, j#0,
and
I, ifj=0
BT +B ;=1 " ! . (3.2)
' 0, ifjeZ, j+#0,
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where the coefficients {7}},c7 also satisfy the magnitude constraints
]}im||T_k||'/k =0 and lim T, < 1/e. (3.3)

If (3.1), (3.2) and (3.3) are all satisfied then
T, =(D)"NT_B)"'T_, € B(Y,X), (3.4)

for all k € N and
T, = (=D)/(T,B)’T, € B(Y,X), (3.5)

for all # € N — 1. Thus the series is completely determined by the basic solution {7_,, T;;}. Now we can write
R(2) = Ry;,(2) + R,,(z) where the singular part of the Laurent series

R (2)=[yz—1)+T_B))'T_, = ZT_k(z — 1)k, (3.6)
keN

converges for all z # 1 and the regular part of the Laurent series

Rreg(z) =[,+T,B,(z— 1)]_1To = 2 T,(z— l)f, 3.7
reN-1

converges for all z € D (1). Formal statements of these results can be found in Albrecht et al. (2014) and Albrecht
et al. (2020). The next result, Lemma 3.1, shows that the necessary and sufficient conditions for the above repre-
sentation are satisfied if and only if R(z) is analytic for z € [D;(0)* \ {1}] U D, ;5(1) for some § > 0 and has an
isolated singularity at z = 1. Lemma 3.1 is proved in Section B of the Appendix.

Lemma 3.1. Assumption 2.1 holds if and only if R(z) is analytic on a set D, (0) \ {1} for some ¢ > 0 and has

an isolated singularity at z = 1.

1+€e

Our preferred method of solution is the Maclaurin transform, which we shall refer to as an M-transform. The
M -transform of the stochastic time series u € XZ with E[||u(w, 1)||] = /Q [lu(w, H)||du(w) < ¢/r forsome c,r > 0
and all r € N — 1 is an almost surely convergent random power series denoted by M[u](z) = U(z) : Q — X and
defined by

Uw2)= ) uwn, (3.8)
reN-1

for each z € D,(0) € C and all € Q. We justify the almost sure convergence as follows. Choose z € D,(0).
Now E[[|U(w, 2)|[1 £ X ,en- Elllu(@, DIzl < Xenoy ¢zl /P = ¢/(1 = |z]/r) < oo. Therefore [|U(w, 2)|| < co
for almost all @ € Q. See Bosq (2000, lemma 7.1, pp. 182-183). Clearly U(z) = M[ul(z) = Mlu_1(z) = U, (2)
because the transform uses no information for + < 0. If the time series is only observed for 1 € N — 1 the
M-transform captures all of the observed information. Because u_ (t — s) = 0 for s > ¢ it follows from (A1) and
(A2) in Section A of the Appendix that

t
K k+s—1 k+s—1
Au, =Y ( >u+(t —9=Y ( u(t - s), (3.9)
N N
seN-1 s=0
for k € N and
4 v min{Z,t} 7
¢
Au (=) < > Du=-s9)= ) < ) (~1'u(t—s), (3.10)
s=0 § s=0 §
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for# €e N—1andallt € N — 1. Therefore

M (A u, ()} enoy] @ = le(k+s >u(t_s)] E

t=l s=0

o

- . @3.11)
_ k+s—1 s | _ Nk
= ; ( . )z l ;u(r)z ] =(1-27"U(2),
for z € D,(0) and each k € N and
o min{Z,t}
M (AU, ()} enoy| (@) = Z l z < i > =D’u(r - s)] Z
=L =0 (3.12)

f (o)
= ( ‘ > Dz l Zu(r)zf] = (1-2/U),
s=0 $ =0

for z € D,(0) and each £ € N — 1. The M-transform satisfies a standard convolution identity. Let {V,},cn_; €
B(Y, X)N“ with [|V,]| < ¢/r" for some ¢, r > 0. The corresponding M-transform S(z) = Y, n_, Vi2' € B(Y,X)
is well defined for all z € D,(0). Suppose & € YZisa strong white noise with M-transform Z(z) = ZjeN—l E()x'
for z € D,(0). If we define the convolution w =V x & & w(t) = V, x &(¢) by setting

w(t)= ) V, &t-s), (3.13)
s=0
for all r € N — 1 then W(2) = S(2)E(z) © M[V % €](z) = M[V](z2)M[&](z) for all z € D,(0) n D,(0).

4. RESOLUTION OF THE AR(1) TIME SERIES MODEL

We consider the AR(1) process defined in (2.1) by Agx(f) + A, x(t — 1) = &(r) foreach t € N — 1 with x(—1) = ¢.
It follows from this infinite collection of equations that

Apx(0) + A x(=1) = £(0)

Apx(Dz+Ax(0)z = &(1)z
Ax(2)Z + Ax(DZ = EQ)F

.

for each z € C. By summing the equations we can collect all observable information into a single algebraic
equation
A(@)X(@) =E(@ -8B, ¢, 4.1)

where A(z) = A, + A,z is the autoregressive polynomial, X(z) = M[x](z) and E(z) = M[&](z) are the respective
M-transforms of x and & and where we prefer to write A; = B, on the right-hand side. According to Lemma 3.1
we may assume that R(z) = A(z)™' € B(Y,X) is analytic on a set D, (0) \ {1} for some € > 0 and has an isolated
singularity at z = 1. An intuitive resolution of (4.1) is therefore given by

X(@) = R@IE(2) — B €] = Ry, (9)[E(2) — Byc] + R, (2)[E(z) — Bycl, (4.2)

forall z € D, .(0) \ {1}. Our main task is to justify this intuitive resolution and obtain a suitable representation
forx() = M~ [X](¢) fort e N - 1.

J. Time Ser. Anal. (2024) © 2024 The Author(s). wileyonlinelibrary.com/journal/jtsa
DOI: 10.1111/jtsa.12766 Journal of Time Series Analysis published by John Wiley & Sons Ltd.
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8 P. HOWLETT ET AL.

4.1. A transform formula for the singular part of the resolvent

The function R (z) defined in (3.6) is analytic for all z # 1. Therefore we can write

sin

Rp@ = ) Uz = MU} N, 1@ 4.3)
seN-1

as an M-transform for all z € D ;(0) where the coefficients {U,},cn_; are given by the formula
U, =(1/1) [d 'Ry, @)/dZ| _, = (=1)Uy — T_,By)"'T_,. (4.4)
Consequently U, € B(Q(Y),P(X)) forallt € N — 1.

4.2. A transform formula for the extended regular part of the resolvent

The resolvent R(z) = (A, + A,z)~! is analytic for z € D,(0). Therefore A(;l is well defined and

R@= ) RZ = MR, },en, 1@ (4.5)
teN-1
for all z € D (0) where
R =(1/t) [d"(Ag+ A7 fdZ] _ = (=1)'(A;'A))A (4.6)
for all + € N — 1. It follows that lim,_, _ ||R,||'/* = 1. We can extend the function R,,(2) defined in (3.7) to an
analytic function W(z) on D, .(0) by defining

R(z) — R fi eD,. (0 1}.
W) = (2) = Ry (2) for z € D, (0)\ {1} @7
T, forz=1.
We can now express the extended function R, (z) = W(z) as an M-transform by writing
W@ = ) W = MUW,}en @) (4.8)
reN-1
for z € Dy, .(0) where W, € B(Y,X) and lim,_ _ ||W,||'/ < 1/(1 + €). Now (4.7) gives
W,=R,—-U, = (—1)’(A5'A,)’A0_1 + Uy —T By 'T_,, 4.9)

for each t € N — 1. The inequality lim,_,  ||W,||'/" < 1/(1 + €) means that [|W,|| < ¢/(1 + €)' for some ¢ > 0 and
allz € N — 1. If we write { = z — 1 and recall that R ,(z) = W(z) then

o= Zmoeor- [ £(0)¢ ]

reN-1 teN-1 =0
t £ 4 +r l
R INRIAEES N DR (G I a10)
¢eN-1 L 1eN-1+7 ¢eN-1 L reN-1
wileyonlinelibrary.com/journal/jtsa © 2024 The Author(s). J. Time Ser. Anal. (2024)
Journal of Time Series Analysis published by John Wiley & Sons Ltd. DOI: 10.1111/jtsa.12766
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GRANGER-JOHANSEN REPRESENTATION THEOREM 9

forall z € D ,(1). It follows from (4.10) that we can also calculate {7, },.n_, using the formula

T,= Y (f;r> W, @.11)

for each £ € N — 1. To solve Example 6.1 in Section 4.2 we define W(z) = R(z) = T_, /(z = 1) for z € D, (0)
and show that W, € B(Q“(Y), P°(X)) for allt € N — 1. Lemma 4.1 shows that this is true in general. The proof is
given in Section B of the Appendix.

Lemma 4.1. Let R, (z) = W(z) be represented by the M-transform W(z) = Y, _, W, for all z € D, (0).

reg

Then W, = P°W, = W,Q° € B(Q(Y), P°(X)) forall € N — 1.

We have shown that R, (2) = Y, cn_; U7 = M{U,},en_,1(2) and R, (2) = Yeng Wiz = MUW,} eno 1Q).
We can also see that 2(z) — B,c = M[&(?) — B,c 8(1)](z) where the series {8(?)},o7 is defined by 6(0) = 1 and
o(t) = 01if t # 0. It follows from (3.13) and (4.2) that

x(1) = X, (1) + X, (1) = U, % [£(t) — Byc 6()] + W, x [£(2) — B¢ &(1)], (4.12)

for all r € N — 1. Formula (4.12) is an implicit version of the extended GJRT. It remains to show that (4.12) can be
rewritten explicitly in the form (4.13) or in the modified form (4.17). The relevant proofs are given in Section B
of the Appendix.

Proposition 4.2 (GJRT). Under Assumption 2.1 the series x(¢) in (2.1) admits the solution
x(1) = X, (1) + X, (1)

= Z(—l)"T_kA‘k.f+(t)— UtBlc] + lZW E(t—s5)—WBcc|, (4.13)
keN 5=0

forall r € N — 1, where x(—1) = ¢, x ;,,(t) = Px(t) € P(X), X, (1) = Px(t) € P°(X), and

T = (DT BT,
U =(-DUy—T_B)™"'T_,,
W, = (—1)’(A51A1)’Aa1 -U.,.
The following consequence of the GJRT is proved in Section B of the Appendix.

Corollary 4.3 Under Assumption 2.1 the series x € X7 satisfies (2.1) with x(—1) = ¢ if and only if x(f) =
X () + X, (1) where the singular part x;, € P(X)N-! satisfies
QA Px (1) + QA Pxg (1 — 1) = Q(1), (4.14)
for t € N — 1 and x;,(—1) = Pc and the regular part Xeo € PC(X)N‘l satisfies
QAP X, (1) + O°A | Pix, (1 — 1) = Q°6(1), (4.15)

fort € N—1andx_,(—1) = P°c. Therefore an integrated AR(1) process x is the sum of separate AR(1) processes

reg
on complementary subspaces.

We define the extended singular and regular parts x, € P(X)% and X € Pe(X)Z by supposing that (4.14) and

(4.15) are true for all ¢ € Z. It is convenient to define A;, = Q°A;P° € B(P‘(X), Q°(Y)) for each i = 0, 1. The
resolvent R . (z) = (Aq, + A,,rz)*1 € B(O°(Y), P°(X)) is well defined and analytic for z € D, (0). Therefore

Teg I+e

J. Time Ser. Anal. (2024) © 2024 The Author(s). wileyonlinelibrary.com/journal/jtsa
DOI: 10.1111/jtsa.12766 Journal of Time Series Analysis published by John Wiley & Sons Ltd.
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10 P. HOWLETT ET AL.

1. Ajl € B(Q(Y), P°(X)) is well defined,
2. ® = (—l)A(;ALr € B(P°(X)) is well defined, and
3. (19l = [I(A5!A,,) Il < ¢/(1 + €)* for some ¢ > 0 and all s € N.

By rearranging the extended form of (4.15) it follows that x,., € Pe(X)% is an AR(1) process defined by the
equation

X,p (1) = X, (1 — 1) + 71(0), (4.16)

for all + € Z where x,.,(—1) = P°c and where the strong white noise n € P”(X)Z is defined by setting n(f) =

reg
Ay iQ‘é(t) for each t € Z. Our next result, Corollary 4.4, is an alternative version of the extended GJRT. This
corollary is proved in Section B of the Appendix.

Corollary 4.4. Under Assumption 2.1 the AR(1) process x € XZ satisfies
x(1) = X, (1) + X, (1)

= Z(—l)"T_kA"‘§+(t)— U,Blc] + l@’“zm + Z Onit—9)|, 4.17)
keN seN-1

forr € N—1wherez,, =lim,_,z, =lim,_  ®'x (-1-r)=Pc— Y eN_; P’'n(—1—15) € P°(X) almost surely.

Ifz, =0andx ~ I(d) ford € NU {oo} then x;, ~ I(d) and x,,, ~ 1(0).

If P’c = Y . @'n(=1—s)thenz, = 0and x,,
then @'z — 0 as r — oo in which case we say that x

() is a strictly stationary standard linear process. If z, # 0

reg(1) 1s asymptotically strictly stationary.

Remark 4.5. Suppose P‘(X) # {0} & P° # 0. Choose p € P°(X) with p # 0 and define a bounded linear
functional f,, # 0 on the subspace {x|x = ap forall « € C} C P‘(X) by setting (ap.f,) = a for all « € C. The
Hahn-Banach theorem shows that we can extend fp to a bounded linear functional fp € [P‘(X)]*. Now we can
further extend f, to a bounded linear functional f, € X* by defining (x,f,) = (P‘x.f,) for all x € X. Therefore
(Px.f,) = 0 forall x € X. Hence f, € P(X)*. By theorem 1 in Albrecht et al. (2020) one has T_,(Y) = P(X).
Therefore f, € T_ (M- Ifx(-1)=c=Pd+ Y n_, P'n(—1—s)forsomed € X then P’c = Y, n_, P'n(—1-15)
and so z,, = 0. Now (4.17) shows that (x(7),f,) = YN D (n(t — s).f,) for all # € N — 1. Therefore (x,f,) is a
standard linear process and (x,f,) ~ 1(0). We conclude that the condition P¢ # 0 is sufficient to ensure that x is
cointegrated.

Remark 4.6. The models (4.14) and (4.15) describe AR(1) processes on complementary subspaces. In an alge-
braic sense these processes are linearly independent. Any stochastic dependence is entirely due to stochastic
dependence in the noise terms. If & and Q& are stochastically independent then so too are x;, and x,,.

4.3. The attractor and cointegrating spaces

We suppose Assumption 2.1 is true. In our notation the usual definition of the attractor spaceis P(X) =T_,(Y) C X
while the usual definition of the cointegrating space is P(X)* = T_,(¥)* C X* where X* is the dual space to X.
The rationale for the definition of the attractor space is that the projected process P°x on the subspace P°(X) is a
stable process with ||P°x(¢)|| — O almost surely as ¢ — oo. The rationale for the definition of the cointegrating
space is that if P°(X) # {0} then our earlier remarks show that there is some non-zero bounded linear functional
fo € T_(Y)* C X* with (x,f,) ~ I(0).

If R(z) has a pole of order d € N at z = 1 there is a whole hierarchy of spaces with weaker versions of the
above properties. If x € T_,(Y) then we can findy € Y suchthatx = T,y = T_, |[(-1D)B,T_y] = T_,,.z

wileyonlinelibrary.com/journal/jtsa © 2024 The Author(s). J. Time Ser. Anal. (2024)
Journal of Time Series Analysis published by John Wiley & Sons Ltd. DOI: 10.1111/jtsa.12766
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where z = B,T_;y € Y. Thereforex € T_,_,(Y). It follows that 7_(Y) D T_,(¥) D --- D T_,(¥) D T_,_,(¥) =
{0}. The inclusions are proper as the following argument shows. Suppose 7_,_(Y) = T_.(Y) # {0} for some
r € N. Then (-1)(T_ByT_,_(Y) = (-1)(T_B,T_,(Y) & T_, ,(Y) = T_,_,(Y). Therefore T_,_,(Y) = T_.(Y).

An inductive argument now shows that 7_,(Y) = T_.(Y) for all kK € N + r but this is a cont_ra_diction because
T, , = {0}. A straightforward argument also shows that T_,(Y)! c T ,(Y) C --- c T_,(Y)! C X*. Once
again the inclusions are proper. If f € T_(Y)* \ T_,,,(Y)* for some r € {2,3, ... ,d — 1} then f # 0 and

.f) ~ 1(r).
If R(z) has an essential singularity at z = 1 the above inclusions are still valid but it is no longer necessary that
the inclusions are proper. Nevertheless it is still true that if f € T_ (Y)* \ T_,,,(Y)* for some r € {2,3, ... } then

f#0and (x,f) ~ I(r).

5. SPECIAL CASES: THE GJRT WHEN R(Z) HAS A POLE AT Z=1

Beare and Seo (2020) consider specific results for I(d) processes when d = 1,2. We will show that their results
are special cases of our extended results. We reiterate that our representation is also new for cointegrated AR(1)
vector processes on R”. We suppose only that R(z) is analytic on a set [D;(0)* \ {1}]U D, 5(1) for some 6 > 0 and
has an isolated singularity at z = 1.

5.1. The GJRT when R(z) has a simple pole at 7z = 1

If R(z) has a simple pole at z = 1 then T_, = (—1)*"/(T_,B,)*"'T_, = 0 for k > 1 and the binomial expansion
shows that

U =Dl - T_IBO]_’_IT_l =Dy +@+D)T_By)+---1T_, =(-DT_,,
for all r € N — 1. Therefore (4.17) becomes
t
x()=(~=DT_, ) Et =)+ T_Bic+ D'z + Y @it —s), (5.1)
5=0 seN-1
for all # € N — 1 where we have used the identity A™'&, (1) = Y'_ &(t — s) for all 1 € N — 1. Therefore x ~ 1(0).
Remark 5.1. If ¢ = Pd + ZseN—l ®°n(—1 — s) for some d € X thenz, = 0 and (5.1) implies

Ax() = (=DT_ &0 + ), @' An(i =),
seN-1

for all + € N. Therefore Ax = {Ax(t)},ny € XNis a strictly stationary standard linear process. Thus
Ax ~ [(0). It follows that x ~ I(1). Our results provide a natural extension of the results obtained by Beare and
Seo (2020).

5.2. The GJRT when R(z) has a pole of order 2 at 7 = 1

If R(z) has a pole of order two at z = 1 then T_, = (=1)*"!(T_,;B,)*~'T_, = 0 for k > 2 and the binomial expansion
shows that

—r-1
U=DUy—=T_B)""'T_, =(=DUy+ @+ DT_B)+---1T_, =-T_, + (t+ DT_,,
J. Time Ser. Anal. (2024) © 2024 The Author(s). wileyonlinelibrary.com/journal/jtsa
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12 P. HOWLETT ET AL.

for all € N — 1. The identities A‘1§+(t) = Z§=o &(t—s) and A‘2§+(t) = z;o (s + 1)&(t — 5) can then be used to
show that (4.17) becomes

x(1) = lT_zz(s + DE(E—5) =T, ) E(t—5)—(t+ DT _,B,c + T_Bc
s=0 s=0

+ l¢’+1zm+ Z Ot —s)|, (5.2)
seN-1

forallt € N— 1.
Remark 5.2. If ¢ =Pd + Y, _, ®’'n(—1 — s) for some d € X then z, = 0 and (5.2) becomes

X(t) =T, ) (s+ DEE—5)—T_, Y &t — )
s=0 5s=0

~(t+ DT ,Bd+ T Bd+ Y @7 -s). (5.3)
seN-1

for all t € N — 1. Therefore

Ax(t) =T, ) E(t—5) =T &)~ T,Bd+ Y, ®Ant—s),
5s=0 seN-1

forallr € N and

A%x(1) = T_,E(0) = T AW + ), DA~ 5),
seN-1

for all # € N+ 1. Therefore A%x = {A%x(f)},cny € XN+ is a strictly stationary standard linear process. Therefore
A? ~ I(0). Clearly x ~ I(0) and Ax ~ I(0). It follows that x ~ I(2). Once again these results are a natural extension
of the results reported in Beare and Seo (2020).

6. THREE EXAMPLES TO ILLUSTRATE THE PROPOSED REPRESENTATION

The first example is a two-dimensional time series where R(z) has a simple pole at z = 1. We show that x is the
sum of two separate AR(1) time series. The second example is an infinite-dimensional time series where R(z) has
an essential singularity at z = 1. The third example is taken from Seo (2023, Examples 3.3, pp 757-758 and 3.4,
pp. 763—764) and concerns an infinite-dimensional series where R(z) has a pole of order two at z = 1. This example
is used to demonstrate the general solution procedure on separable Banach space. The general solution procedure
is described in Albrecht et al. (2020).

Example 6.1 (x ~ I(1)). Let X = ¥ = R2and lete € (0,1). Let x € XN-! be an AR(1) process with
Apx()+Ax(t—1) = &) for all t € N — 1 where

0 -1 10 Z -1
Aozl ], A1=l ] and A(z)=l ]
l+e —2+e¢) 01 l+ez-Q2+¢)

wileyonlinelibrary.com/journal/jtsa © 2024 The Author(s). J. Time Ser. Anal. (2024)
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We assume thatx(—1) = 0 and that E[£(7)] = 0 € R? and E[||€(?)||?] = o? forall 1 € N—1. We define B, = Ay +A,
and B, = A,. The resolvent is given by

Ro=G-0t |1 T et | T

2)=(z— z—1-—¢ )

14+e! —€! —(l+eH14¢!

for all z € C\ o where 6 = {1,1 + €}. Therefore R(z) has a pole of order one at z = 1 and we can write
R =T ,z-D'+ Ysenog Tz — 1)? as a Laurent series for z € D, (1) where

146! —¢! -1 —
T, = R Ty=¢" ¢ ¢ and T, =¢€¢"’T,.
1+e! —! (I4+e) -1 +eh

The spectral projectionon X is P = T_,B; = T_, with P(X) = {x|Px = x} = sp{e, + e,} and the complementary
projection P¢ = I, — P with P°(X) = {x|P°x = x} = sp{e; + (1 + e)e,}. The spectral projection on Y is
Q = B,T_, = T_, where similar remarks apply. The singular part of the resolvent R ; (z) € B(Q(Y), P(X)) can be
written directly as an M-transform

sin

Ra@ =T~ D= Y (~DTd'= Y UZ,
teN-1 reN-1

for z € D,(0) where U, = (—1)T_,. The same direct approach for the regular part R,.,(z) gives

14
t=0

£eN-1 ¢eN-1
22 ()]s
t
teN-1 |zeN+r-1

which is not valid because ¢ € (0, 1) and each coefficient of 7’ involves the sum of a divergent series. However
R, (2) € B(Q“(Y), P‘(X)) can be written as an M-transform using the extended definition

Re(2) =R@) —R@ = [1 = (1+ )77 el + ) ' Ty = > W, 2,
reN-1

forz € D, (0)\ {1} and R, (1) = T;, where W, = e(1 + €)""*VT,, € B(Q*(Y), P°(X)). We can use the relationship
R(z) = Rg;y(2) + R,,(2) and the initial condition x(—1) = 0 to rewrite (4.2) as two equations X;,(z) = Rg;,(2)0E(2)
and X,,(2) = R, (2)Q°B(z) where X(2) = X;,(2) + X, (2). Therefore x(1) = x,(1) + X, (1) = U, x [Q&](1) + W, %

[Q°€](r) for all t € N — 1 where x;, ~ I(1) is an AR(1) process in P(X) satisfying
(QAGP)x G, (1) + (QA Pl (f = 1) = Q1)

withx (—1) = 0 and Xy ™~ 1(0) is an AR(1) process in P¢(X) satisfying

(Q°AGPNX (1) + (Q°A | PO)x o, (1 — 1) = Q°4(D),

with x,.,(—1) = 0. The original time series x is therefore the sum of separate AR(1) time series on complementary

subspaces. We show in Corollary 4.3 that this is true in general. O
J. Time Ser. Anal. (2024) © 2024 The Author(s). wileyonlinelibrary.com/journal/jtsa
DOI: 10.1111/jtsa.12766 Journal of Time Series Analysis published by John Wiley & Sons Ltd.
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14 P. HOWLETT ET AL.

Example 6.2 (x ~ I(c0)). Let {4}y C R with 4, > 0 and ,1]?/1‘ 10as;j1ooand {4}y C R with g, > 0 and
ZjeN #; = 1. Suppose that x; = {x,(1)},c7 € RZ for each j € N and that x;,x;, satisfy the recurrence relation

X,(0) = x,(t = 1) = A%, (5) = w&(0),
with x;(—1) = 0 for each j € N where & € RZ is a strong white noise. An M-transform gives
X,(2) - 2X,2) = AX;1,(2) = wEQ),
for each j € N, where X;(z) = Mlx;](z) and E(z) = M[&](2). In vector form we can write
[(1 =2 - UlX(2) = E2)u,

for each z € C where X(2) = Y, .y X;(2)e; € C®, p = Yy we; € ', 1 = [e,e,, ...] € B(£") is the identity

operator and U = [0, A,e,, 1,e,, A;e;, ... ] € B(£!) is a strictly upper triangular operator. We can see that
U? =10,0, 4, Aye), Ay Asey, Asdgey, ... ], U =10,0,0, 4 A,Ase,, Az dqey, A A4 A6, ... ],

and so on. Thus U"e, = 0 for k < nand U'e,,, = A4, .. Ayp_i€; for n.k € N. It follows that ||U"||'/" <
A A,l/ "1 0asnt oo. A Neumann expansion now shows that

R =[1-I-U""'=1/0-2)+ U/ =2+ U*/(A =2 +---,

for all z # 1. Therefore R(z) has an isolated essential singularity at z = 1. Hence x ~ I(o0). If we define
V = M™'[R] then

V(t)=[1+UA‘1+U2A‘2+---][1](t)=1+(ttl>u+(t"2'2>(]2+...,

where 1(r) = 1 and t:") =@+nmit+n—1)...¢+1)/n!forallt € N—1and n € N. Because E(z) € Cisa
scalar it follows that

M R@E@)uI() = M [EQR@uIE) = (& * V(D).
where (€ * V)() = Z;zof(t —s5)V(s) for all t € N — 1. Therefore

0= Z D) (S:”)] U,

neN-1 | s=0

for all r € N — 1. We can extract the component x,(t) = (e,,x(f)) for each k € N. In this regard we note that
(e, U'M) = Ay ... Ayyn_1Misn for n € N and so

t t
s+n
x,(0) = lz £t - s)] wt Y lz DI )] A oor ot o
n
s=0 neN [ s=0
-1 —n—1
= AT O+ Y [ATTED] Ay o A Hgs
neN
wileyonlinelibrary.com/journal/jtsa © 2024 The Author(s). J. Time Ser. Anal. (2024)
Journal of Time Series Analysis published by John Wiley & Sons Ltd. DOI: 10.1111/jtsa.12766

85U8017 SuOWILLIOD 8AIRa.1D) 8|qe!|dde 8y} Aq pauienob ase s9oiie O ‘88N JO S3|nJ 04 Akiqi 8UIIUO A1 UO (SUOTIPUOD-pUR-SLUBYLI0D" A3 1M AsRIq U1 |UO//ST1IY) SUONIPUOD PUe SWB | 8L 88S *[7202/80/8T] UO ARiqiTauIuO AB|IM * |10UN0D UoKessay [EIIPBIN PUY U3ESH [RUOIEN - HRIMOH |1ud AQ 99/ 2T eSH/TTTT 0T/I0p/wo0 A8 | imAzeiq1jpuluo//sdny woiy pepeojumoq ‘0 ‘2686.9T



GRANGER-JOHANSEN REPRESENTATION THEOREM 15

4000 T

3000

2000

1000 -

—1000 -

—2000 -

—-3000 -

—4000 : : ! !
0 20 40 60 80 100

t

Figure 1. Composite graph for the simulated values {x(*)},c(0,1,... 100} in Example 6.2

for all t € N — 1. The final form shows that no finite-order difference will eliminate all of the unbounded terms.
This confirms that x, ~ I(o0) for each k € N.

We used MATLAB to simulate the evolution of the component x; ~ I(co) setting 4; = 1/j! and p; = 1/ !
with noise defined by a pseudo-random variable with a uniform distribution on the interval (—1/2,1/2). We per-
formed 20,000 independent trials for the series {x,(1)},c(o1, ... 100)- The composite graph is shown in Figure 1. The
histogram for the frequency distribution of the normalized values [x,(7) — m(x,()]/s(x,(¢) at t = 100 is shown in
Figure 2. The mean and SD for the trials were m[x,(100)] ~# —12.8811 and s[x,(100)] = 1.0051 x 10°. Although
the composite graph shows that the range of values for x, () increases rapidly as ¢ increases the histogram shows
that the maximum frequency occurs when x,(¢) = 0. O

Example 6.3 (The general solution process). Let X = Y = ¢, be the space of real-valued vectors x = [x, ],y
with lim,_,  x, = 0 and norm ||x|| , = max,y |, |. The space ¢, is a closed separable subspace of £* with basis
{e,},en- Let A € (0, 1) and suppose the time series x € X7 satisfies Apx(t) + Ax(t — 1) = &(2) for all t € Z with
x(—1) = ¢ € X where

Ay=1=]e,,e,, ...1€ BX,Y) and A, =(=Dle,,e, +e,, e, Ae,, Ve, ...]1 € BX,Y).

The autoregressive polynomial is A(z) = A, +A,z € B(X,Y) for all z € C. The operator A(1) = A;+A, is singular
and so we write A(z) = B, + B;(z — 1) where

By=A,+A, =[0,—e,,(1 — De;, (1 — APe,, (1 — AP)es, ...] and B, =A,.

We wish to find a Laurent series R(z) = ZjeZ Ti(z— 1Y which converges on some region z € D, (1). Thus we
need to find {7}},c7 € B(Y, X) satisfying the fundamental equations (3.1) and (3.2) and the magnitude constraints
(3.3). We follow Albrecht et al. (2020) and begin by finding the infinite-length Jordan chains at z = 1.

The singular Jordan chains {u_,},c satisfy

Bu_,+Bu_,_, =0, (6.1)
J. Time Ser. Anal. (2024) © 2024 The Author(s). wileyonlinelibrary.com/journal/jtsa
DOI: 10.1111/jtsa.12766 Journal of Time Series Analysis published by John Wiley & Sons Ltd.
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Figure 2. Histogram showing the frequency distributed of simulated values for the normalized variable [x,(f) —
m(x,(H))]1/s(x,(#)) at t = 100 in Example 6.2

for all n € N with ||u_n||¥" - 0asn — oo. If wesetu_, =t =te, +te,+te;+ - then (6.1) shows that

u,,=0forn>2,u,, =-u,,,=0forn>3andu_,; =1—-1/¥7?)""t foralln € Nandall j > 3. If
tj;EOforjszthen

n, nj

”u_n”}x{n > (1//1]—2 _ 1)l—l/n

|tj|1/" - (1/#72=1) >0,
for eachj > 3 as n - oo. Thus we must choose ¢; = 0 for j > 3. Therefore u_, = t,e, + t,e,, u_, = ae, for some
a € Randu_, = 0 for n > 3. This means the subspace X;, C X is the closed subspace sp({e;,e,}) C c,.

The regular Jordan chains {u, }, . satisfy

in

Byu,,, +Bu, =0, 6.2)
for all n € N with ||un||(1x{" — g forsomea > 0.If wesetu, =s =s,e, +s,e, +5;e; + - - - then (6.2) shows that
u,,=s,=0 Wealsohaveu,, =0andu,, = —u, ; = —s,. Therefore s; = 0 as well. The remaining equations

show that u,; = [1 = 1/(1 = ¥7)]""'s; for all » € N and all j > 3. If we choose u, = ¢, for some k > 3 then
u,=[1-1/(1-1%]"'e, and hence

1-1/n

N 1= [1/(1=272) = 1] 77" > [1/(1= A7) = 1] = 22/(1 =A%) <4/ = 4)

as n — oo. It follows that X, C X is the closed subspace ¢, N sp({e;, ey, ... })* C ¢,.
Therefore X = X;, @ X, = X, XX, and ¥ =¥, @Y, = Y, XY, where ¥, = B, (X;,) = sp({e,,e,}) and

reg sin
Yiee = By(X,ep) = coNsp({e;. ey, ... })*. The corresponding key projections are P = Q = [e,, €,,0,0, ... ] € B(c,)

reg

and the basic solution is found by solving 7_;B, = P and B,7_;, = Q to find 7_;, € B(Y,X) and by solving
T,B, = P° and B)T,, = Q¢ to find T, € B(Y, X). Elementary algebra gives

T, =[-e,e —¢,,0,0,...] and T,=1[0,0,{1/(1— A)}es, {1/(1 = A")}e,, ...].

wileyonlinelibrary.com/journal/jtsa © 2024 The Author(s). J. Time Ser. Anal. (2024)
Journal of Time Series Analysis published by John Wiley & Sons Ltd. DOI: 10.1111/jtsa.12766
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The algebra is simply Gaussian elimination but the calculation of 7|, requires consideration of both T)B, = P¢
and B,T, = O°. Now we can calculate the entire Laurent series using T_, = (—=1)*"1(T_,B)*"'T_, € B(Y,X) and
T, = (—1)/(TyB,)’T, € B(Y,X) which gives

T,=10,e,0,0,..] and 7_, =0 fork>3,

and
T, =1[0,0,{A" /(1 = )" }es, (A% /(1 — 22 }e,, ...] for £ € N.

Therefore R(z) has a pole of order 2 at z = 1. The singular partis R (z) = T_,/(z — 1)*+T_, /(z—1) for z # 1 and
the regular partis R,.,(z) = Ty + T, (z— D)+ T,(z — 12 +---forze D, /4-,(1). Thus the Laurent series converges
forz € Dy ; ;1_3(D). O

7. AN APPLICATION TO THE CONTROL OF ELECTRICAL POWER GENERATION

We consider an application to the dynamic control of electrical power generation in a wind farm. The proposed
feedback control is designed to mitigate the high volatility of power generation in wind farms observed by Agrawal
et al. (2013). The time series x is a non-autonomous AR(1) process. Thus — strictly speaking — this example lies
beyond the theoretical scope of the article. However, we will show that the new methods can be used to find x(#).

Example 7.1 (Power generation). Business Managers of Australian wind-farms sign short-term contracts with
the Australian Energy Market Operator to supply an agreed number H = H of kilowatt-hours of electrical energy
during the next trading intervalt € 7 = {1, ... ,N}.Letw = {w()} ,cn_; € RN-1 be the number of kilowatt-hours
of electrical energy collected on the interval [0, 7]. To moderate the observed high volatility we seek a suitable
feedback mechanism that encourages an appropriate target for the energy Aw(s) = w(¢) —w(¢ — 1) collected during
each subinterval [t — 1, ] for t € 7. Our aim will be to ensure that

x(t)=w()— Ht/N - 0

as t — N where x(¢) is the notional cumulative error at time ¢t € 7. Intuitively we could manage the error by
setting x(t) — x(t — 1) = —px(t — 1)/(t + g) for some p,q € N with p < g and all ¢+ € 7. Thus we would set
x(t) = [l =p/t+q@lx(t—1).Now 1 —p/(t+q) € (0,1) forall t € T and so either x(t — 1) < x(¢) < 0 or
0 < x(#) £ x(t—1). Thus the notional error must decrease in magnitude. In practice, we observe xg(t) =x()+&@)
where &(7) is an inherent stochastic noise. Hence our target becomes

x()=[1=p/t+ @kt = 1) ©x() =[1 —p/(t+ @t — 1) + &), (7.1)
for all t € T. Suppose (7.1) is true for all # € N and assume x£(0) = 0. It follows that
DX =2 Y x (=1 = (/) | Poxt = DI+ @) | + Y807,
teN teN eN teN
which we can rewrite in terms of the M-transform as
X,(2) = 2X,(2) — WX,(2) + B(2) — £0) & [(1 — DI + WIX,(2) = E(2) — £(0), (7.2)

where W is a weighted Volterra operator defined by the formula WF(z) = (p/z%) fOZF (&)¢ad¢ for all F(z) =
> en- J(OZ' which are analytic when z € D,(0) for some r > 0. An intuitive application of the Neumann expansion
suggests that we may have

He=D+W'={I-(1-2""W+[1-2"'WP=-[d-2"'WP+--- -2, (7.3)
J. Time Ser. Anal. (2024) © 2024 The Author(s). wileyonlinelibrary.com/journal/jtsa
DOI: 10.1111/jtsa.12766 Journal of Time Series Analysis published by John Wiley & Sons Ltd.
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for z # 1. This is not entirely true but a detailed justification of (7.3) for z € D,(0) is given in section C of the
Appendix. Order is important because (1 — z)~!W # W(1 — z)~!. The formula (7.3) suggests that [I(z — 1) + W]~!
has an essential singularity at z = 1 and thatx, ~ I(c0). If z € D,(0) and we write (1 — )l =14z4+7>+--then
straightforward calculations give

(1 = 2)7'[E@) = &O)] = EMDz+ [E) + EQ)IZ + [E) + EQ) + EB)IZ + - - -,

(1-2)7'W{ - 27 [E@) - &©0)]
= {pE(D)/(q + )2 + (P& /(g +2) + plEMD) + EDV /(g + 3} + -+,

[(1=27'WP (1 - 27 '[E(x) — EO0)] = {p?E(D)/[(q + 2)(g + 3)]}Z°
+HPPEW) /(g + (g + D]+ [{pEM) /(g +2) + plED) + EDV /(g + D} /(g + D] }* + - -

and so on. By collecting the coefficients of the various powers we have

[(1 =21 + WIT'[E(z) — £(0)]
=&z + {[1 - p/(q + DIE() + £Q2)}2
+{[1 —p/(g+ DI —p/(g+2IED) + [1 —p/(g+ DIER) + EB)}T + - - -
=x,(Dz+x,2)2 +x,3)2 +--- .

In general we can show that

(0) = & fortr=1
¢ EO+ Y Il . [1=p/(g+ ]} Et—s) fort € N+ 1.

Therefore x (1) may grow without bound as 7 — oo. It can be shown that Afx ¢(7) may also grow without bound for
all k € Nas? — co. Thus x, ~ I(co). The corresponding increment is Aw(#) = —px.(t —1)/(t+q) + H/N for all
t € T. In practice p, g could be adjusted to get the best results. The detailed calculations are justified in section C
of the Appendix. |

Remark 7.2. In retrospect we could change the dependent variable to y (1) = (¢ + q)(q‘P)xE(t) in Example 7.1.
Now y (1) =yt = 1) = (1 + QU ™PE() for all + € N with Y£(0) = 0 where the factorial power is defined by
(t+n® = (t+r)(t+r=1)---(@+r—s+1)foralls,r,s € N~1 withs € [r,7+r]. Hence y, is an autonomous AR(1)
process with an unbounded /(co) noise term. A simple recursion gives y,(t) = (1 + @) PE@D)+(t — 1 + ) TP E( -
D+---(1+ g PE1)forallt € N. Hence y(#) may grow without bound as 7 — oo. It can be shown that Akyé(t)
may also grow without bound for each k € N as 7 — co. Therefore y, ~ I(c0).

8. CONCLUSIONS

We have used the new formula R(z) = [(z — DIy + T_By1"'T_, + [y + T,B,(z — 1)]7' T, for the resolvent of the
autoregressive polynomial to establish an extended GJRT that applies to all integrated autoregressive processes
irrespective of the dimension of the space, the number of stochastic trends and cointegrating relations, and the
order of integration, all of which may be finite or infinite. The present results are a substantial extension of those
reported in Beare et al. (2017), Beare and Seo (2020), Franchi and Paruolo (2020), and Seo (2023). Standard linear
algebra can be used to find the key spectral separation projections in finite-dimensional problems but it may be
necessary to use infinite-length Jordan chains in more general problems.

wileyonlinelibrary.com/journal/jtsa © 2024 The Author(s). J. Time Ser. Anal. (2024)
Journal of Time Series Analysis published by John Wiley & Sons Ltd. DOI: 10.1111/jtsa.12766
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APPENDIX A: NOTATION AND TERMINOLOGY

We use the following notation throughout. In general X, Y will denote complex Banach spaces and (Q, X, ) will
denote a probability space.

* N = {1,2, ... } is the set of natural numbers, N — 1 is the set of non-negative integers, Z = (-N) U (N — 1) is
the set of integers, N + m is the set {1 + m,2 + m, ... } for each m € Z, R is the set of real numbers, and C is
the set of complex numbers. If z € C then z € C denotes the complex conjugate.

* If D c C we follow Yosida (1978, p. 3) and write D to denote the closure of D.
For zy € Cand s,r € [0,00] C RU {oo} with s < r we write D (zy) = {z € C||z— 2| < r} and D ,(zy) =
{zeCls<|z—2z)| <r}.
A linear operator A : X — Y is bounded if ||Ax||, < cl||x||y for some ¢ € R with ¢ > 0. The set of all such
bounded linear operators is denoted by B(X,Y). IfA € B(X,Y)and T C Y we write A~'(T) = {x € X|Ax € T}
whether or not A is invertible. The set B(X, X) is denoted by B(X). The identity operator I, € B(X) is defined by
I,x = x forallx € X. If P € B(X) is a projection we write P° = I, — P to denote the complementary projection.
We may write [ instead of I if X is clear from the context.
We follow Luenberger (1969, sections 5.6, 5.7, pp. 115-118) and use the scalar product notation (x,f) € C to
denote the value of the bounded linear functional f € X* at the point x € X. If S C X is a subset of X then
St c X* is the subspace defined by S+ = {f € X*|(s,f) = 0 for all s € S}.
A stochastic time series on X is a sequence of strongly measurable maps from €2 to X. The stochastic time series
x={x(O}ez : Q- XZ is a series with value x(@) = {x()},ez(@) = {x(@,1)},c7 € XZ that depends on
the outcome @ € Q of some random process in the probability space (€2, Z, u). Thus the value of the series
is simply defined as the corresponding series of values. If A € B(X,Y) is a bounded linear operator then the
stochastic time series y = Ax is defined by y(@) = [A{x(?)},c7](®@) = {Ax(@,1)},c7 € YZ for each @ € Q. The
dependence on @ is normally suppressed unless it is directly relevant to the issue at hand.

According to Doob (1953, p 94) a stochastic time series x = {x(*)},c7z € X2 is strictly stationary if the

multi-variate joint distribution of the variables x(¢, + ¢g), ... ,x(tp + g) for each finite collection of times

{#, ... ,tp} € 7P does not depend on g € Z.

For each stochastic time series # € XZ we define the associated observable time series u +=1u M}z € X%

by setting u_ () = u(t) fort € N — 1 and u_ () = 0 otherwise.

For each u € X% the time series Au € X7 of first differences is defined using the (backward) difference operator

Au(t) = u(t) — u(t — 1) and the corresponding series delayed by one unit of time Lu € X7 is defined using the

lag operator Lu(t) = u(t — 1) for each t € Z. The operator identity A = I, — L shows that

L]
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Au() = Iy - D u = Y, (k + ' ! ) Lu@y= Y (k + ' ! ) u(t - s), (A1)
seN-1 seN-1

for all k € N, provided E[||u(t — $)||]] < c(t)/r* for some c(¢), r > 0 and all sufficiently large s € N and that

4 4
Nu(n) = Iy - L u) = Y, <f > hLun =Y, <f > (~1yu(t - 9) (A2)

s=0 s 5s=0

for all # € N — 1. In each case (’; ) is the binomial coefficient for p,q € N — 1 with p > g.

A stochastic time series & = {&(@,1)},c7 €Y Z is called a strong white noise process if it is an i.i.d. process with
0<o?=E|[|€]*] = /, IE@,D|’du(®) < oo and p = E[£] = [, &(@, du(w) = 0 for each 1 € Z, where the
latter integral is a Bochner integral (Yosida, 1978, chapter V, sections 4 and 5, pp. 130-134). The noise process
is not necessarily Gaussian. A strong white noise process is strictly stationary.

A stochastic time series x = {x(®,1)},c7 € X2 is said to be integrated of order zero, written x ~ 1(0), if there
exists a strong white noise process {&(@,1)},c7 € Y Z and a sequence of bounded linear operators {A}eno €
B, )N with ¥ .y, |A]| < o0 and ¥ ., A, # 050 that x(@,1) = ¥ .y, A&(e, — s) forall € Z. In
Bosq (2000, p. 183) a series in this form is called a standard linear process. A standard linear process is strictly
stationary and converges almost surely. See Bosq (2000, lemma 7.1, pp. 182-183).

A stochastic linear process x is said to be integrated of order d for some d € N, written x ~ I(d), if d is the
smallest natural number such that A% ~ I(0). A stochastic linear process x € XZ is said to be integrated of
order infinity, written x ~ I(o0) if there is no d € N such that A%x ~ I(0).

APPENDIX B: PROOFS OF THE MAIN RESULTS

Proof of Lemma 3.1. Suppose R(z) is analytic on D, .(0) \ {1} for some e > 0. Therefore R(z) is analytic on
[D 0¥\ {1} JuD, (1) c D, (0)\ {1}. Now suppose R(z) is analytic on [ D ;(0)* \ {1} Ju D, (1) for
some & > 0. Define the compact set C = {z € C||z]| = l andz € D 5,2(1)}. The resolvent R(z) is analytic on
C and so for each w € C we can find e(w) > 0 such that R(z) is analytic on the open neighborhood D ,,(w).
Therefore C C | J,c¢c D ¢y(W)- The set C is compact so there exists a finite subcollection of open neighbourhoods
{D. (W)}, withw; € C and ¢; > 0 foreach i = 1, ... ,n such that CC |J._, D, (w,). The set [J._ D . (w)) is
open so there is some ¢ € (0,6/2) such that N(C, ¢) = {z € C||z—w]| < € for some w € C}C U;’:l D . (w;). Thus
R(z) is analytic for z € N(C, €). Now D, (0)\ {1} CN(C,e)U[ D ;(0)*\ {1} JuD  5(1). Consequently R(z) is
analytic for D, .(0) \ {1}. |

Proof of Lemma 4.1. We observe that PW(z) = Y, _n_, PW,2' for all z € D, .(0). However we also know that
PT, = Oforall # € N—1and so PW(z) = PR ,(2) = Yvenog PT (z— 1) = 0 forall z € D (1). Since
PW(z) = 0 on a non-trivial open set it follows by analytic continuation that PW(z) = 0 for all z € D, .(0) and
hence PW, = O forall t € N—1. A similar argument shows that W(z)Q = 0 for all z € D,,(0). Therefore W,Q = 0
forallt e N—1. |

Proof of Proposition 4.2. Consider the term X _._(z). It follows from (3.11) that

sin

X (@) = R, (D[E(R) — Bic] = ZT_k(z - D™ [E@) - By¢]

keN
k —k
= YT, (DM [{AE - Bie 8), (0} ] @) (B1)
keN
J. Time Ser. Anal. (2024) © 2024 The Author(s). wileyonlinelibrary.com/journal/jtsa
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Now we can apply (3.4), (3.9) and (4.4) to deduce that

X = M H Z(—l)kT_kA‘ké+<t)} ] ©)
reN-1

keN
k—1 _
~M l{Z(“,;_l ) (T_iBy) 1T_lBlc} ](z)
keN reN-1
=M lZ(—l)kT_kA—"§+(t) - U[Blc] ). (B2)
keN

We justify convergence of (B2) as follows. For each n > 0, we can find ¢, > 0 such that ||7_,|| < c,,n" for all
k € N. If we choose 1 € (0, 1) then

E l||2<—1)’<T_kA‘k§+<r>n] - E l Iy (T 1)§<t—s)||]

keN keN s=0
s k—1
sEnu;ln-keZNcm"';( k-1 )
t+k
San[II§|I]~k€2N( )t

¢, ELNEN - [1/( =m™! = 1]

is well defined and finite. Therefore X, (z) = M [{xsin(t)},eN_l] (z) where

Xo() = D (=1 A™E, (1) - UB,c € P(X) (B3)
keN

for eachz € N — 1. Now consider the term X ., (z). We have

X,,(2) = WEIGE) - Bc]

> we Y (& -Bied), ()
seN-1 reN-1

D [ > W, (£-Bc 6)+(t—s)] 7
eN-1 [seN-1
D lZW Eit—s5)—W, Blc] Z (B4)

reN-1 |s=0

for all z € D, ,(0). Therefore X,.,(z) = M [x,.,(1)] (z) where

t
Xeot) = )0 W, E(t =)= W, Byc € P(X), (B5)
s=0
wileyonlinelibrary.com/journal/jtsa © 2024 The Author(s). J. Time Ser. Anal. (2024)
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for all r € N — 1. We know that ||W || < ¢/(1 + ¢)° and so convergence is straightforward with

E luZ W, ar—s)n] <ELIEN Y /(1 +e) < c ELIEN +e)/e,
s=0

5s=0

for all 7 € N — 1. Finally we set x(#) = x (1) + X,,(7) forall 7 € N — 1. |

Proof of Corollary 4.3. We have Ry, (z) = [(z — DIy + T_B,]7'T_, = ¥, .n_, U2 for z € D,(0) where PU, = U,
for all t € N — 1. Therefore PR ,(z) = R, (2). The equation

Xin(2) = R, (2)[E(2) — Bycl, (B6)

shows that we also have PX, (z) = X;,(2). If we multiply both sides of (B6) on the left by B,[(z — 1)Iy + T_,B,]
and use the identity T,B, + T_,B, = I we get

B,[(z—= DIy +T_,B1[TyBy + T_,B,1X 4,(z) = B,T_E(2) — B,T_;c,

for all z € D,(0). Now we can use the relationships B, = A, + A, and B, = A|, the identity T_,B,T,, = 0 and the
definitions P = T_, B, and Q = B,T_, to deduce that

[QAOP + QAIPZ]Xsin(Z) = QE‘(Z) - QBlc7

for all z € D,(0). Finally we have OB, = B,T_,[B,T_, + B,T,1B, = B,P*> = A,P from which it follows that
OB, = 0B, = QA,P. Thus we obtain

[QAP + QA PZ)X ;,(2) = OE(2) — QA P, (B7)

for all z € D,(0). This means that x;, () € P(X) satisfies the AR(1) equation

sin

QA Px, (1) + QA Pxg, (1 = 1) = Q&(1), (B8)

for all t € N — 1 with x,(—1) = QA,Pc. We know that OB,P + Q°B,P° = B, for each i = 0, 1. It follows that
QAP + Q°A;P° = A, for each i = 0, 1. Therefore

Agx(0) + Ax(r = 1) = [QA P, (1)(2) + QA Px, (1 — 1) = &(1) — Q&(0),

forallr € N—1. We have Ax(t) = (QA; P+ Q°A;PO)[x (1) +x,., ()] = QA Px g, (1) + Q°A;Px
Therefore the previous equation becomes

(t)foreachi=0,1.

reg

Q°AgP X, (1) + QA Px (1 — 1) = Q°6(1), (B9)

forallt € N—1 withx,_(-1) = ¢ — Qc = Q%. If x € XN~! and Assumption 2.1 is true we have shown that

reg

X =X, + X, where xg, € P(X)N-1 and Xy € P<(X)N-!. Similar algebraic manipulations show that the reverse

implication is also true. L
Proof of Corollary 4.4. By recursive application of (4.16) we obtain

t+r

Xeg(t) = OV x (=1 = F) 4 Y (1 — ), (B10)
s=0
J. Time Ser. Anal. (2024) © 2024 The Author(s). wileyonlinelibrary.com/journal/jtsa
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for all r € N — 1. In particular for = —1 we have
r—1
Pe = 'x, (1= 1)+ Y (=1 —5),

5s=0

for all r € N — 1. We know that

E

r—1 r—1
1Y @01~ s)||] < D k/(L+e) <k +1/e),
s=0 5s=0

for some £k > 0 and all r € N. It follows that E;éd)“n(t — 5) converges almost surely as r — oo. Therefore

z, = ®'x,,(—1 —r) also converges almost surely as r — co. Thus we obtain

Ze = lim z, = lim @'x,, (—1 = 1) = P'c — D dn(=1-s5) € PX).

seN-1
If we return to (B10) we now have
t+r
Xpeg(t) = @ D'x (=1 = 1)+ Y D — ), (B11)
s=0

for all r € N — 1. By taking the limit in (B11) as r — oo we get

(D) = @z + Y Dt - ),
seN-1

for all r € Z. If R(2) has a pole of order d at z = 1 then

U, = (=D)Uy —T_By)™""
t+k
> (4w,
keN-1
-1
t+k> X
= > (") T,
2
because T_,_, = 0fork > d — 1. If z, = 0 it follows from (4.13) that
- = t+k
x(0) = YDA 0+ Y DT (T ) Be+ Y o),

k=0 k=0 seN-1

forallz € N—1. Now A (’:k> = <H];k) - <[_L+k> = <’:]:1 ) An inductive argument shows that A (’:k> =1.

Therefore A? (’Zk> = 0 for all k < d. Some elementary algebra gives

Alx(t) =T &)+ Y, @' A'nit—s),

seN-1
wileyonlinelibrary.com/journal/jtsa © 2024 The Author(s). J. Time Ser. Anal. (2024)
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forallz € N—1+d. It follows thatx ~ I(d), x, ~ I(d) and x,., ~ 1(0). If z,, = 0 but R(z) has an isolated essential
singularity at z = 1 then no finite number of differences will reduce x;,(¢) to a strictly stationary standard linear

process. Therefore x ~ (), x;, ~ I(c0) and x,., ~ 1(0). [

APPENDIX C: THE WEIGHTED VOLTERRA OPERATOR
The weighted Volterra operator W is defined by W[F(z)] = (p/z%) fOZF (£)¢4d¢ for all functions F(z) = f(0) +
Sz + f(2)72 + - - - which are analytic on some region D,(0) where r € (0, 1]. We wish to justify the formula
S =[(1 — 2)I + W]~! where S is defined by
SG(@) :=[(1-2"' = [1 -2 W1 -2 +[(1 -2 WP1 -2 —--- | G(2), (C1)

for all G(z) = g(0) + g(1)z + g(2)z*> + - - - which are analytic for z € D,(0). Consider the operator [(1 — z)I + W].
Direct calculations show that [(1 — z)I + W]F(z) = G(z) where

8(0) =£0), g(1) =f(1) = [1 —p/(g + DIFO0), g2) =f2) - [1 —p/(g + D)D), -, (C2)

and so on. If F(z) is analytic for D,(0) it follows that G(z) = g(0)+g(1)z+g(2)z>+- - - is also analytic for z € D,(0).
Solving (C2) gives

J0) = g(0), f(1) =g +[1-p/ig+D]g0),
f2) =g +[1-p/(g+2D)g() +[1-p/(g+ D1 -p/(g+1)gQ),- - (C3)

and so on. If G(z) is analytic for z € D,(0) then F(z) = f(0) + f(1)z +f(2)z* + - - - is also analytic for z € D,(0). In
general we have

f) =g +[1-p/(qg+Dlgt—D+---+[1=p/(g+D]---[1-p/g+1)1g0)

=g+ Y1 =p/(g+D]---[1=p/(q+i—s+ D1 =p/(g+1 5+ Dlglt —s),

s=1
for all t € N — 1. Thus we now have a general formula for the desired inverse operator. To justify (C1) we argue

as follows. If z € D, (0) and we write (1 —z)™' = 14 z+ 7> + - - - then for each k € N — 1 direct calculation gives
(1 =27 = X,y 2 from which it follows that

seN-1 [1<ii<s+1j=1

1
[1 —Z)—IW](I —z)—l[zk] =p- Z l Z H(q+k+ l-j)—ll Zs+l+k’

2
[(1=2~'"WPA1 = 27 '] =p2 . Z l Z H(q +k+ ij)—l] et

seN-1 | 1<i<iy<s+2 j=1

and so on. An elementary induction can now be used to show that

[(1 -2~ w1 - Z)—l[zk] =p". Z l z (g+k+ ij)—l] Paakar
1

seN-1 | 1< <<i, <s+n j=
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for all n € N provided z € D,(0). If we calculate [(1 — )] + W]~![z*] but extract only the coefficients of z* for
some fixed value of r € N — 1 we need only consider values of k£ < ¢. Thus we have

(1=27"1'), =1,

1
(DI ='Wl =27 ]), = =p- Y. [Ja+k+i)™,

1<iy<t—k j=1

2
(DA ="' WPA-27'1), =D D [Ja+k+i)",
1<i;<i,<t=k j=1
3

(DA =27 WP = 27'[Z]), = (=1)p* - Z (g+k+i),
1

1<ii<i<iz3<t—k j=

and so on. In general

t—k
(DA =7 WIH), = 0 Y [Ja+k+ip™

1<iy <<y St=k  j=1

Finally ((—1)"[(1 -z W]"[z"])t = 0 for n > t — k. Collecting all of the terms shows that

(SI1), = M =p/(g+k+ DI —p/(g+k+2)]---[1 —p/(g+ 1]

t—k

= [Tt -p/@+k+s),

s=1

for each t, k € N with k < ¢. It follows that
S[g(0) + g(1)z +g(2)z" + - - - + g(1)Z']

- {g(t)+ Dll=p/q+D]--[1=p/(q+i1 =5+l —p/(g+1t—s+ l)lg(t—s)}

s=1

= ft),

for all t € N — 1. Therefore SG(z) = F(z). It follows that S = [(1 — )] + W]~ for z € D,(0). If F(z) is analytic
for z € D, .(0) where ¢ > 0 the definition of WF(z) as an analytic function remains valid on this region. The
difficulty with the definition of S = [(1 — z)I + W]~! arises because if we define H(z) = F(z)z? and write

HR)=HO)+HO)GE—-1)+---

for z € D, _(0) then

1+e
W(l -2)7'F(z) = (P/Zq)/~ [H(D)/(1 =) +--- | d¢ = (=D(p/z)H(1)log,(1 —2) + - -
0

contains the term log,(1 — z) which can only be defined as a single-valued analytic function if a suitable cut
terminating at z = 1 is inserted into the complex plane. For instance the cut {z € C|R(z) € [1, o), F(z) = 0} is
suitable. Our earlier intuitive analysis suggested that [(1 — z)I + W]~! has an essential singularity at z = 1. We can
now see that it is not an isolated singularity.
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