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ABSTRACT. This paper deals with the limit cases for s-fractional heat flows in a cylindrical
domain, with homogeneous Dirichlet boundary conditions, as s — 07 and s — 17 .

To this purpose, we describe the fractional heat flows as minimizing movements of the
corresponding Gagliardo seminorms, with respect to the L? metric. First, we provide an ab-
stract stability result for minimizing movements in Hilbert spaces, with respect to a sequence
of I'-converging uniformly A-convex energy functionals. Then, we provide the I'-convergence
analysis of the s-Gagliardo seminorms as s — 07 and s — 17, and apply the general stability
result to such specific cases.

As a consequence, we prove that s-fractional heat flows (suitably scaled in time) converge
to the standard heat flow as s — 17, and to a degenerate ODE type flow as s — 07 .
Moreover, looking at the next order term in the asymptotic expansion of the s-fractional
Gagliardo seminorm, we show that suitably forced s-fractional heat flows converge, as s —
0", to the parabolic flow of an energy functional that can be seen as a sort of renormalized
0-Gagliardo seminorm: the resulting parabolic equation involves the first variation of such
an energy, that can be understood as a zero (or logarithmic) Laplacian.
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INTRODUCTION

In this paper we consider the s-fractional heat equation (s € (0, 1))
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posed in a bounded set © C R? with homogeneous Dirichlet conditions, and we study its
asymptotic behavior as s — 0% and s — 1~. We adopt a purely variational approach, com-
bining the theory of minimizing movements for gradient flows and I'-convergence properties
for the underlying energies.
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The fractional heat equation may be seen as the L2-gradient flow of the squared s-Gagliardo

seminorm
|u(x (y)]?
dy dzx,
/Rd /Rd yld”s Y

with the support of u contained in €2 when the equation is posed in a bounded domain with
homogeneous Dirichlet boundary conditions.

The asymptotic behavior of s-Gagliardo seminorms has been studied by several authors.
The case s — 1~ has been first considered in [7], where it is proven that the pointwise limit
of the squared s-Gagliardo seminorms multiplied by (1 — s) is given by (a multiple of) the
Dirichlet integral. Such a result is indeed proven for every exponent 1 < p < 4oo ([]s
corresponds to p = 2). For p = 1 only a control of the limit in terms of the total variation is
provided, allowing to characterize the BV space; this has been extended in several directions:
first, in [I8], showing that the pointwise limit is exactly (a multiple of) the total variation,
and then in [37, 28] for more general kernels. The asymptotic behavior of (relative) fractional
perimeters (roughly said, considering characteristic functions in the framework of [1§]) is
provided in [4] in terms of I'-convergence.

For what concerns the limit as s — 01, the literature is much poorer. In [32] the authors
show that, as s — 07, the squared s-fractional Gagliardo seminorms multiplied by s pointwise
converge to (a multiple of ) the squared L?-norm (see also [23] for a similar result in the context
of s-fractional perimeters). The corresponding asymptotic analysis in terms of I'-convergence
has been developed in [22] in the context of fractional perimeters (that is, restricting to
characteristic functions). A functional with more interesting properties is obtained in the
limit as s — 0T by studying the next order term in the asymptotic expansion of the squared
s-fractional Gagliardo seminorms: in [22] it is shown, still restricting to fractional perimeters,
that the corresponding I'-limit provides a new nonlocal energy, referred to as 0-fractional
perimeter.

The first step in our analysis is to extend the results in [22] to the seminorms. In fact, we
remove the constraint on the admissible functions to be characteristic functions and we obtain
a I-convergence expansion (as s — 01) with respect to the L? topology for functions whose
support is in a bounded set 2. The zero-order I'-convergence result is Theorem while
the next order analysis is done in Theorem 1.4 . The I'-convergence analysis of the (scaled)
s-Gagliardo seminorms as s — 1~ is done in Theorem [2.1] -, giving back the I'-convergence
version of the result in [7].

The above asymptotic results, which are of independent interest, serve as a tool for the
stability of the corresponding parabolic flows.
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The main results of the present paper are the characterizations of the asymptotic behavior
of the s-fractional heat flows as s — 0" and s — 17 : the limit evolutions are an ODE
corresponding to an exponential growth for the 0-th order as s — 07, a O-fractional heat
equation for the first order as s — 07, and the classical local heat equation as s — 17. The
stability consists in a weak H!-in-time-convergence, which is proven to be strong if the initial
data are well prepared, namely if the approximating initial data are a recovery sequence for
the limit datum with respect to the I'-converging energies. Furthermore, in this case for every
time ¢ the approximating evolutions are recovery sequences (with respect to the I'-converging
energies) for the limit evolution, namely there is convergence of the corresponding energies
for every t.

Our approach is variational and based on abstract stability results of gradient flows with
respect to the I'-convergence of the corresponding energies. Such results have been widely
investigated in recent years in increasing generality (we refer, for instance, to [20] B35l 36, [39}
38| [40, 15, [0 11, 41, 12]). The gradient flows of A-convex energies, namely energies which are
convex up to a quadratic perturbation multiplied by A, admits a unique solution. Moreover,
such a solution can be approximated by the discrete-in-time implicit Fuler scheme; namely,
the solution coincides with the so called minimizing movements solution. This well-known
fact is the content of [5 Theorem 4.2.2] that, for the reader’s convenience, we restate and
reprove in Theorem providing also quantitative convergence estimates for the discrete-in-
time solutions to the unique solution of the parabolic flow, the convergence rates depending
essentially on A and on the initial data (see also [3,[34,[17]). The uniformity of the convergence
rates guarantees that the I'-convergence process and the limit of the discrete-in-time solutions
as the time step vanishes commute. This is the key tool for proving Theorem [3.8] which pro-
vides compactness and stability for parabolic flows in Hilbert spaces with respect to sequences
of I'-converging uniformly A-convex functionals. A primitive ancestor of our approach can
be envisaged in [9, Section 3|, where the analysis is restricted to the Moreau-Yosida approxi-
mation of maximal monotone operators in Hilbert spaces. As noticed by De Giorgi [20] (see
also [19) 30, B]) and then systematized in [5], the notion of gradient flow can be weakened
leading to that of curve of maximal slope. Within this modern language (unneeded in the \-
convex Hilbert case considered here), Theorems and are very close to the results in [35],
Section 2] (see also [30] [I5]), where the author shows that I'-converging uniformly A-convex
functionals satisfy a suitable liminf condition for the slopes; such a condition guarantees the
convergence of the curves of maximal slope to that of the I'-limit. Suitable lower bounds
on the slopes provide a solid abstract framework in order to prove stability of the parabolic
flows also for non A-convex functionals, as exploited in [39] in the context of Ginzburg-Landau
vortices and in [I] in the framework of minimizing movements for discrete screw dislocations
and XY vortices. Summarizing, the results in Section [3] contain slight modifications of pre-
vious results in the literature and are (maybe) well-established for experts; however, in order
to make the presentation clear and self-contained we decide to include them as well as their
(detailed) proofs.

Theorems and are the abstract tools we use to prove our stability results for the
s-fractional heat flows as s — 0" and s — 17 .

First, we apply Theorem in order to show that for every s € (0, 1) there exists a unique
solution to the Cauchy problem governed by the s-fractional parabolic flow and that such
a solution is the limit, as the time step vanishes, of the discrete-in-time evolution. Actually,
the parabolic flow in the abstract result Theorem is written - as usual - in terms of a
differential inclusion of —u; in the subdifferential of the underlying energy evaluated in wu,
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which in general could be multivalued. This is not our case, since the s-Gagliardo seminorms
are differentiable in the fractional Sobolev spaces H§(€2), which are dense in L?(); this
implies (see Proposition that along the parabolic flow, the subdifferential of the nonlocal
energy reduces to a point for a.e. ¢t > 0.

[3-5] to obtain the asymptotic behavior of the s-fractional
heat flows as s — 07 and s — 1.

limit of convolution
type energies and of the corresponding parabolic flows as the support of the convolution kernel
concentrates to a point. In that paper the authors focus on homogeneous Neumann boundary
conditions, and are able to deal also with anisotropic kernels; we believe that, up to minor
differences in the setting, their approach and the one developed in this paper are consistent
and that our analysis as s — 1~ could be derived by their analysis with minor modifications.
As well, we believe that our results (also for s — 07) could be generalized to natural variants
of the fractional heat flows considered here, dealing for instance with different boundary
conditions as well as anisotropic variants of the underlying Gagliardo seminorms. Finally,
let us mention that a parallel analysis in the geometric case of s-fractional curvature flows
and their limit as s — 07 and s — 1~ has been carried out in [14], within the framework of
viscosity solutions of the corresponding level set formulations (see also [21] for the supercritical
case s > 1 and again [I4] for s — 07).

The paper is structured as follows: in Sections [I| and [2| we study the I'-convergence of the
functionals as s — 0" and s — 17, respectively. Section |3| collects the abstract stability
result for gradient flows of uniformly A\-convex I'-converging energies. In Section [d] we prove
the main results of convergence for s-fractional parabolic flows as s — 0" and s — 1.

ACKNOLEDGMENTS: The authors are members of the Gruppo Nazionale per 1’Analisi
Matematica, la Probabilita e le loro Applicazioni (GNAMPA) of the Istituto Nazionale di
Alta Matematica (INAAM).

1. '-CONVERGENCE OF THE SQUARED s-(GAGLIARDO SEMINORMS AS s — 0"

In this section we analyze the asymptotic behaviour of the scaled and renormalized s-
Gagliardo seminorms as s — 0.

Let d € N, d > 1, and let s € (0,1). The Gagliardo s-seminorm of a measurable function
u: R — R is defined by

/ / Ju(@) =) 1
b= Rd JRd |d+28 Y ’

whenever the double integral above is finite. Let Q be an open bounded subset of R¢ with
Lipschitz continuous boundary. We denote by H{(£2) the completion of C°(Q2) with respect
to the Gagliardo s-seminorm defined above. For every measurable function u : Q — R we
denote by @ its extension to 0 on the whole R%, i.e., defined by @ = u in Q and @ = 0 in
R\ Q.
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In [32] Theorem 2] it has been proven that there exists a constant C'(d) depending only on
the dimension d, such that for d > 2s

Ju(z)? s(1 = s)

Q |z (d—2s)?

It follows that H5(Q2) C L?*(Q) for every d > 1 and every s € (0,1): for 2s < d this comes from

the above estimate, being Q bounded; for d < 2s it is enough to pass to suitable s’ < s with

25" < d, recalling that [u]s, < C(d,s)[t]s, for 0 < s; < s9 < 1 (see e.g. [24, Proposition 2.1]).

Along with [26, Theorem 1.4.2.2] (see also [33, Theorem 3.29]), the inclusion H§(Q2) C L%(2)
gives that

[@?2  for every u € Hi(9).

S

dz < C(d)

H3(Q) = {ue L*(Q) : [a]s < +oo} .
For every s € (0,1), we define the functional F* : L?(2) — [0, +o0] as
(1.1) Fé(u) := [a)?.
1.1. 0-th order I'-convergence for the functionals F* as s — 0. We define the func-
tional FO: L2(Q) — [0, +00) as

dwd

(1.2) Fo(u) = 7”“”%%
where wy is the measure of the unit ball of R¢. The following result is a trivial consequence
of [32, formula (9)].

Theorem 1.1. Let 6 € (0,1). For every s € (0, %) and for every u € H(2) we have

dwg [ |u(z)]? 228
—_— de <
2 Jo 2 A0

The following theorem follows easily from the above estimate.

(1.3) Fé(u).

Theorem 1.2. Let {s,}nen C (0,1) be such that s, — 07 as n — +o0.
(i) (Compactness) Let {u"}pen C L*(2) be such that

sup s, F*" (u") < C,
neN

for some constant C € R. Then, up to a subsequence, u™ — u in L*(Q) for some
u € L(Q).
(ii) (D-liminf inequality) For everyu € L?(SY) and for every {u"}pen C L?(Q) withu™ — u
in L?(2), it holds
FO(u) < liminf s, F*" (u™).

n—-+o0o
(iii) (T-limsup inequality) For every u € L?(SY) there exists a sequence {u"}peny C L?(12)
with u™ — u in L?(QY) such that

FOlu) = lim s,F*"(u").

n——+oo

Proof. Since € is bounded, there exists 0 < R < 400 such that Q C Bgr. Therefore, in view
of (1.3) and of the energy bound, for n large enough, we have that

u™(x)[?
(1.4) R;Sn/glu"(x)\zdxg/g‘m(%i’ dz < C(d).
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It follows that [|u"||72(q) is uniformly bounded and hence, up to a subsequence, u™ — w in
L2(9) for some u € L?(f2), proving (i).

Let us pass to the proof of (ii). Let 6 € (0,1) be fixed. Using again (1.3]), for n large
enough, we have

gy 5 (=0 [ W@ =02 doa [
SnF (u )Z 92sn T Q |l’|2s” dx222snR2$n | ‘ d‘T

which, passing to the limit as n — 400 and using the weak lower semicontinuity of the L2
norm, yields

liminf s, F*" (u™) > (1 — 5)2% / lu(z)|? da;
n—+00 2 Jq
by the arbitrariness of §, the claim (ii) follows.

Now we show that also (iii) holds true. If u € C2°(Q2), the claim is proven in [32], Theorem
3], with " = u. Since C°(f) is dense in L?(f2), the general case follows by a standard
diagonal argument. O

1.2. The first order I'-limit of the functionals F* as s — 0". In order to compute the
I’-limit of the renormalized functionals F® — 1F 0 as s — 07 we need to rewrite the functional
F* in a different manner. Let s € [0,1). We deﬁne the functional G§ : L?(Q) — [0, +0c0] as

|2
1.5 : // dydx,
( ) B ‘Jj _ y’d+23

where By := {(z,y) € R*x R? : |z —y| < 1}, and the functional J§ : L?(92) — (—oc, +00) as

u(z)u(y)
1.6 Ji(u :——// —— = dydx.
(1.6) i) R2\B, [T — y|TT2s
We notice that the functionals J7 are well-defined in L?(2) since, by Holder inequality,
(1.7) T )] < [[ull g < 190ulla g

It is easy to check that for every s € (0,1)
. 1
(1.8) Fé(u) := F*(u) — ;Fo(u) = Gi(u) + Ji(u) for every u € L*(Q).
In analogy with (1.8), we define the functionals FO : L2(Q) — (—o0, +00] as
(1.9) FO(u) = GY(u) + I} (u),
and we introduce the space
HO(Q) := {u € L*(Q) : G%u) < +o0}.
Remark 1.3. It is natural to endow the space H3(2) with a 0-Gagliardo type norm
1
[ulo == (2G1(u))2

We are now in a position to state our I'-convergence result for the functionals Fs defined
in (L)

Theorem 1.4. Let {s,}neny C (0,1) be such that s, — 07 as n — +oo. The following
I'-convergence result holds true.
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(i) (Compactness) Let {u"}nen C L*(Q) be such that
(1.10) For(u®) + 2190 [u |72 () < M,

for some constant M independent of n. Then, up to a subsequence, u™ — u strongly
in L*(Q) for some u € HY(Q) .
(ii) (D-liminf inequality) For everyu € L*(Y) and for every {u"}pen C L?(Q) withu™ — u
in L?(2), it holds
FO(u) < liminf B~ (u™) .

n——+o0o
(iii) (T-limsup inequality) For every u € HY(Q) there exists {u"}neny C L?() with u™ — u
in L?(Q2) such that
Fou) = lim F*~(u").

n—+oo
Remark 1.5. Notice that for all s € [0,1) and for all u, v € L?(Q) we have
I3 (w) = J7 ()] <(lJullpr @) + [0l @)l = vllpr o)
<I1QIUNull L2y + vl 2@ v = vl 22 -

In particular, for all s € [0, 1) the functionals J; are continuous with respect to the strong
L? convergence.

(1.11)

1.3. Compactness and I'-liminf inequality. In order to prove (i) of Theorem we
recall the following result proven in [27] .

Theorem 1.6 (Local compactness [27]). Let k : R? — [0, 4+-o00] be a radially symmetric kernel
such that

k(z)dz = 400 and / min{1, |z|*}k(z) dz < +oo
R4 R4
and let

WH(Q) = {u € L3(Q) - //R i) — iy)|k(z — y) dy dz < —i—oo}

be the Banach space endowed with the norm

1
fullwecoy == oy + ([ i) = i) Pha =) dyde)
Then, the embedding W*(Q) < L2(Q) is compact.
With Theorem on hand, we are in a position to prove compactness.

Proof of Theorem[1.4)(i). By (L.10), (1.8) and (L.7]), we have that
M > B ) + 200 u 220 > — 190" 220 + 202" 22 = 1920116 22y -
i.e., that [[u"| 12(q) is uniformly bounded. Therefore, by (1.8) we deduce

) G < 0 @Ol
o) <6y <M [ G dyde < M 100107

<oM,

(1.12)

whence, by applying Theorem with k(z) := Xillgz) , we deduce that, up to a subsequence,

u™ — u in L?(Q) for some u € L*(€2). Finally, by (1.12) and by the lower semicontinuity of
the functional GY with respect to the strong L? convergence, we get that u € HY(2). O
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Now we prove the I'-liminf inequality.
Proof of Theorem [1.4)(ii). By Fatou lemma we have
0 < : : Sn ny .
GY(u) < liminf G (u")
moreover, by (1.11)) we easily get
J(w) = lim J(u").

n—-+o00

In view of ([1.8)) and (1.9, we get the claim. O

1.4. I'-limsup inequality. Here we construct the recovery sequence for the functionals Fs.
We start by showing that, for smooth functions, the pointwise limit of the functional F** as
s — 01 coincides with the functionals F© .

Lemma 1.7. For every u € C2°(Q2) we have that
lim F*(u) = FO(u).

s—07F

Proof. In view of the definition of F* in (T.8) it is enough to show
(1.13) lim G5(u) = GY(u),
s—0t
(1.14) lim J§(u) = JY(u).
s—0+

We start by proving (T.13)). To this end, we note that, since @ € C®(R?), for every z, y € R?
we have

la(y) — a(x)]* < [Valielz —yf*.
Let U C R? be an open set such that dist(2,R%\ U) > 1 and let € € (0,1); we have

1 1 1
G5 (u) — GY(u g/da:/ a(z) — a(y)|? - d
Gi(0) — Gl <5 [ ax [ i) — 5| s~ |
1 1 1
+// ﬂx—ﬂy2 - dy dz.
2 Bl\Eg‘ (=) ~ )] |z —yldt2s o —y|d

By Dominated Convergence Theorem the second addend in the righthand side tends to zero
(for fixed €) as s — 0T, while the first addend is bounded from above by |U|||Vii||% « 5. Wﬁ dz,

which tends to zero as € — 0T. This clearly yields (1.13).
Finally, (L1.14) is a trivial consequence of the Dominated Convergence Theorem, once no-

ticed that
u(y)
Jsu:/ua:/ ——=——dydz.
== [ [

Lemma 1.8 (Density of smooth functions). For every u € HJ() there exists {ug}ren C
C°(Q) such that uy, — u (strongly) in L? and

lim JP(ug) = J? lim GY(ux) = GY(u).
k;gf@ﬁ(%) J1 () and kilfmG1(Uk) Gi(u)

0
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Proof. This result is proven in [33, Theorem 3.29], for domains with a continuous boundary.
For the reader’s convenience we recall the sketch of the proof: Up to a partition of the unity
argument, one may assume {2 to be the subgraph of a continuous function: thus it is enough
to approximate first with us(x) := u(a’, z,, + ), for small ¢, whose support is well contained
in 2, and then to take ugs * ¢, for a family of mollifiers {¢.}. and small . O

The limsup inequality in Theorem follows directly from the density proved above.

Proof of Theorem( iii). Let u € HO(Q). By Lemmathere exists a sequence of functions
{uF}ren € C(R?) such that ¥ — u in L? and

lim sup FO(u*) = FO(u).

k—+o0

In view of Lemma [[.7 we have

lim Fon(uF) = FO(ub) for every k € N.
n—r—+oo
Therefore, by a standard diagonal argument, there exists a sequence {u"},eny C C°(RY) with
u" = uP for every n € N satisfying the desired properties. ([l

2. T-CONVERGENCE OF THE SQUARED s-GAGLIARDO SEMINORMS AS § — 1~

Here we study the I'-convergence of the functionals (1 — s)F* as s — 17, where F* is
defined in (1.1)). The candidate T-limit is the functional F! : L2(Q2) — R U {+o0} defined by

Wd 2 . 1
— Vu(z)|”dx ifue Hy(Q),
T b AC j@)

+ o0 elsewhere in L?(Q).

Theorem 2.1. Let {sp}tnen C (0,1) be such that s, — 17 as n — +oo. The following
I'-convergence result holds true.

(i) (Compactness) Let {u"}pen C L*(Q) be such that

(2.1) sup(1 — s,) F* (u") + [0 720y < M,
neN

for some constant M independent of n. Then, up to a subsequence, u™ — u strongly
in L*(Q) for some u € H} ().

(ii) (T-liminf inequality) For everyu € L*(2) and for every {u™}nen C L*(Q) with u™ — u
in L?(2), it holds

Fl(u) < liminf(1 — s,) F*" (u").

n—-+o0o

(iii) (T-limsup inequality) For every u € L*(Q) there exists {u™}nen C L3(Q) with u™ — u
in L?(QY) such that

(2.2) Flu) = lim (1 — s,)F*"(u").

n—-+4o0o
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2.1. Proof of Compactness. This subsection is devoted to the proof of Theorem |2 ( ). To
accomplish this task, we adopt the strategy in [4] adapting it to our case. To this purpose, for
every function v € L?(Q) and for every h € R? we denote by 7,v the shift of v by h, defined
by mhv(-) == v(- + h). We recall the following two classical results.

Theorem 2.2 (Fréchet-Kolmogorov). Let {v"}peny C L2(R%) be such tha sup,,cy 0" L2 (Ray <
M , for some constant M independent of n. If

lim sup ||7,v" — v =0
IS0+ nepH h "2 (R4) )

then {v"}nen is pre-compact in L (RY).
Theorem 2.3. Let v € L2(R?). Then v € H'(RY) if and only if there exists C > 0 such that
[7hv — vl 2ay < C|h|  for every h € R?.
For every A C R? and for every ¢t > 0 we define the set
(2.3) Ay = {z e RY: dist(x, A) < t}.

The following result which allows to estimate the L? distance of a function from its shift has
been proven in [4, Proposition 5] in L!; for the sake of completeness, we state and prove it
also in our case.

Proposition 2.4. There exists a constant C(d) > 0 such that the following holds true: for
every v € L2(R?), for every h € RY and for every open bounded set Q' C RY we have

|?
@4) =l < Oy [ Ime ol ydy for every p € (0.1l

P

with Qihl defined as in (2.3)).

Proof. The proof closely resembles the one of [4, Proposition 5]. Let ¢ € Cl(B;) be a
fixed function with ¢ > 0 and [ ¢ B, x)dxr = 1. For every p > 0 we define the functions

U,,V,: R? - R as

o)== | e +y)¢<z) Q. V)= [ o) - v($+y))s0<i> dy
clearly, for every p > 0 and for every = € R?
v(a) = Up(x) + Vp(z),
and hence
(2.5) [mho(@) — v(@)* < 3JUp(x + h) = Up(@)* + 3|V, (2)|* + 3|V, (z + h)[*.

By Jensen inequality, for every & € R% we have
wq
(2.6) Vo6 < deSOH%oo(Bl)/B [0(€) — Tyu(€)[* dy.
P

Moreover, by the change of variable z = x + y, we have that




THE VARIATIONAL APPROACH TO s-FRACTIONAL HEAT FLOWS 11

whence we deduce that

DU,(z) = — ple /B,,m v(z)Dgo(Z ; x) dz
—— = [ PCCE v(a:))Dso(Z . ”C) dz

1
= P Bp(v(m +y) —v(z ))D<p<p> dy;

therefore, by the fundamental Theorem of Calculus and by Jensen inequality, we obtain

1
Ul + h) — Uy() 2 < [hf? / DU,z + th)dt

proplform3ddim| (2.7) B2

< ded+2||D80HLoo B1)/ / |Tyv(x + th) — v(z + th)[* dy dt.
Now, by (2.5, (2.6)), and (2.7)), taking p < |h|, we have

o (z) — v(@)2 <3wq ’d+2HDgoH2 // 7y 0(z + th) — v(e + th)[ dy dt

h
2] (28) n Swd[')mnsouio /B Iry0(@) — v(@)P dy

P

h 2
—|—3wdp‘d+2Hg0Hgo/B Iryv(z +h) —v(z + h)|*dy.

P
Finally, by integrating (2.8]) on €', by Fubini theorem, we obtain (2.4]) with C'(d) := 3wd(2H90||%oo(Bl)+
DG e 5, .

We recall the following version of Hardy’s inequality, that is proven in [4, Proposition 6].

Lemma 2.5. Let g : R — [0,4+00) be a Borel measurable function. Then for all 1 > 0 we

have
AT 1L [Tg(t)
/0 pd+l+1/0 g(t)dtdp < dJrl/g Wdt for every r > 0.

The following result will be used in the proof of Theorem (1) It is the L? analog of [4]
Proposition 4].

rop2enunciato| Proposition 2.6. There exists a constant C(d) > 0 such that for every v € L*(R?), for every
bounded open set Q' C RY, for every s € (0,1), and for every h € R%, it holds

Imwv = vlz2@y < IO —S)/ o ZE B gy,
B |y|dt2s

Proof. For every fixed v € L?(R?), we define the function g, : [0, |h|] — R as

go(t) = / Iy = oli2a(ey, ) ).
OB
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By integrating in polar coordinates formula (2.4]) we have

b2 [P
(2.9) [ SC(d)p’M/O go(t)dt.

By multiplying both sides of (2.9) by p!™2 and integrating in the interval [0, |h]], using
Lemma 2.5 and the very definition of g, , we obtain

|h| 1 P
Hmv—wém/snxwu—swwié ¢WM1[;%@wum

i
<C(d)(1 - s)|h|25/0 tgdf? dt

Iryo = vllZa gy

=a@u—@w%/

Bin

which concludes the proof. O
We are now in a position to prove Theorem [2.1fi).

Proof of Theorem ( i). By Proposition and by the upper bound (2.1)) we obtain that
for every open bounded set ' € R% and for every h € R?

(2.10) | Tha"™ — a"|| 2y < C(d, M)|A[*™,

where we recall that %" is the extension of u” to 0 in R?\ Q2. Therefore, the sequence {@" },en
satisfies the assumption of Theorem and hence there exists a function v € L?(R%) with
v=0in R¢ \ ©, such that, up to a subsequence, 4" — v in L%OC(RC[). Now, sending n — +o00

in (2.10]), we obtain that for every open bounded set ' C R¢
|Thv — vl L2y < C(d, M)|h| for every h € R?,

and hence by Theorem (choosing Q' = R? in the above inequality) we obtain that Dv €
L?(R%) . Since v = 0 in R?\ Q, by the regularity of 9, we have that v is the extension to 0
in R?\ Q of a function u € H} (), thus concluding the proof. O

2.2. Proof of the I'-liminf inequality. Here we prove the I'-liminf inequality in Theo-
rem The proof of this result closely resembles the one of [7, Theorem 2].

Proof of Theorem ( ii). We can assume without loss of generality that (2.1)) holds true so
that the function u is actually in HJ ().
Claim 1. Let n € CX(By1) be a standard mollifier, i.e., n > 0 and fBl n(z)dez = 1. For

every € > 0, we set n(-) 1= e%ﬂ?(g) . Then, for every s € (0,1)

1
5[175]3 < F*(v) for every v € L*(Q) and for every e > 0,

where Ve 1=V * 1), .
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Indeed, setting Q. := {z € R? : dist(x,Q) < £}, we have that @ = 0 in R?\ Q. ; therefore,
by applying Jensen inequality to the probability measure 7. dz, we get

|U r—z —’U(y Z)’Q
UE /Rd /]Rd /]Rd |:E _ |d+25 775(2) dzdydx

8(a — 2) — iy — 2)|2
/// oz (y — oyares () dzdyda
—2FS

Claim 2. For every € > 0 and for every R > 0, it holds
Wd ~n |2 2(1 ﬂ?]?
(2.11) — lim inf / \Va?|?(dist(x, 0BR))> ") dz < lim inf(1 — sn)T”,
Br

n—-+o0o n—-+o0o

—

where u? = u" * n. , with n. as in Claim 1.
Indeed, by Taylor expansion, using that sup,,cy Hu”HQL2 @ = M we have that

_ . _ r—y |2
(o) a2 2|Vl () | =l

- ||Un||%1(g)||77€”202(Rd)|$ —yP’ - ||Un||%1(g)||77€”202(Rd)|$ —yl*

z\vag(@ yl2 = Cle, M)(|z — y> + |z — g%,

T —y
B
Therefore, for every = € R?, setting § := dist(z, 0Bg) , we get

jag (x) — al(y)? / |aZ (z) — ag(y)?
1-—s, / dy > (1 —s, d
( ) By |r—y|dt2en ( ) By(z) |7 —yldT2sm
o T—y |2 e
Z(l—Sn)/B() al(z) - y) |z — y[2(Isn)=d qy
(2.12) s(x

: |z — |
— (1= 8,)Ce, M)/

|z —y|* + o — y[*
Bs(zx)

|a:. _ y|d+28n
=150 Va2 (@) 2 = (1= 5,)C(e, M. d)

where in the last equality we integrated over spherical boundaries from 0 to §, using that

Jsamr VA2 (2) - 0]* O = we| Va2 (z)|?. By integrating (2.12)) over Bp, we get (2.11]).
By Claim 1 and Claim 2, for every € > 0 and for every R > 0 we have that

liminf(1 — 5,) F* (u") > =2 lim inf / Vi () *(dist(z, 0Bg))* ) da,
Br

n—-+00 n—-+o0o

whence, using that for every € > 0 the sequence {u },¢cn is equi-Lipschitz, we get that, up to
a (not relabeled) subsequence,

(2.13) liminf(1 — s,)F* (u") > =% lim inf / Vil (z)2 da .
Br

n——+o0o n——+o00

Notice that @7 — @, := @ * 1. in L?>(R?) as n — 4o0. By (2.13) and by (2.1, we have that
in fact 4% — 4. in H'(Bg).
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In conclusion, by (2.13), we deduce that for every ¢ > 0

liminf(1 — s,)F*" (u") > uJd/ Ve (x)|? de
4 Br

n—-+o0o

whence the claim follows sending first ¢ — 0 (using that @, — @ in H'(RY) as ¢ — 0) and
then R — +o00. O

2.3. Proof of the I'-limsup inequality. The proof of the I'-limsup inequality relies on the
pointwise convergence of (1 — s)F* to F'! (as s — 1) for smooth functions with compact
support and on the density of smooth functions in H&(Q) . As for the pointwise convergence
we recall the following result, proved in [29] in a more general setting.

Theorem 2.7. For every v € CX(RY) it holds

v(y)l® 2
li dz dy \Y% dz.
B [ f e s = g [ pr s

With Theorem on hand we can prove Theorem (iii) using standard density arguments
in I'-convergence.

Proof of Theorem [2.1)(iii). 1t is enough to prove the claim only for u € H}(Q). For every
u € H}(Q) there exists {uf}ren C C(Q) such that u¥ — u (as k — +oo) in HY(Q). In view
of Theorem [2.7| we have that for every k € N

. . 1 _’Sn @ (z) — a*(y)?
_ Sn ky _
nhr}rl (1—sp,)F (u)fnhrf /Rd/Rd \x— ‘d+23n dz dy
—u:ld/ |Vik (z )\de—wd/wu (z)*da.

Therefore by a standard diagonal argument there exists {k, },en such that

lim u® =wu, limsup(l — s,)F (uf) < led/ |Vu(z)|? de = F(u),
Q

n—+00 n——4o0o

ie., @2). O

3. MINIMIZING MOVEMENTS FOR A-CONVEX FUNCTIONALS DEFINED ON A HILBERT SPACE

In this section we develop the general theory that will allow us to study the stability of
the s-fractional heat flow as s — 0" and s — 1~ . Throughout this section % is a generic
Hilbert space, () is the inner product of J# and |- |, is the norm induced by such a
scalar product. In the abstract setting of this section, we denote by ¥ the time derivative of
any function v from a time interval with values in .77.

Definition 3.1 (A-convexity, A-positivity, A-coercivity). Let A > 0. We say that a function
F 1 A — (—00,+00] is A-convex if the function F(-) + 3| - |%, is convex. Moreover, we say
that F is A-positive if F(z) + 3|z|%, > 0 for every z € /¢, and we say that J is A-coercive
if the sublevels of the function F(-) + 3| - |%, are bounded.

Remark 3.2. We notice that if F is A-positive, then F is A-coercive for every A> .
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Proposition 3.3. Let F : # — (—o0,+o0] be a proper, strongly lower semicontinuous
function which is A-convex and A-positive for some A > 0. Then for every 0 < 7 < % and
for every y € J the problem

(3.1) min{]:(a:) + %L’L‘ —yl%: z € %ﬁ}

admits a unique solution.

Proof. We preliminarily notice that, since F is A-convex and strongly lower semicontinuous,
then the function F(-) 4+ % . |i¢ is strictly convex and strongly lower semicontinuous and, in
turn, weakly lower semicontinuous. Clearly, this implies that also F(-) + 5=| - —y|%, is weakly
lower semicontinuous. Moreover, by Remark we have that F is %—Coercive.

Since F is proper,

1
Oginf{}"(x)—l—2]a:—y@f: a:e%”} <M,
T
for some M > 0. Let {x}}reny C S be a sequence such that
. 1 . 1
(3.2) kgrfoo]:(xk) + §|xk —yl% = mf{]:(a:) + EL’L‘ —yl%: x € %ﬂ} .
By triangle inequality, for k£ sufficiently large, we have
1 1 1
2M 2F (xx) + o law — Y% > Flaw) + E’xk@f - Z‘yﬁ%ﬂ

whence, in view of the %—coercivity of the function F , we deduce that, up to a subsequence,

Tp A Too for some xo, € . Therefore, by (3.2) and by the weak lower semicontinuity of

the function F(-) + 5| - —y|%, , we obtain

1 1
inf |z —y% = li — e — gl
in {F(w) tolr—yly: we ﬂf} G Fae) + oo =yl

1 2
> F(roo) + §|~Too —yl%,

i.e., that o is a minimizer of the problem in (3.1)).
Finally, the uniqueness of the solution is a consequence of the strict convexity of the func-
tional F(-) + 5| - —y[?. O
For every function F : .# — (—o0,+00] we denote by D(F) the set of all z € J such
that F(x) € R.

Definition 3.4 (Fréchet subdifferential). For F : J# — (—oo,4o00] and € D(F), the
Fréchet subdifferential of F at z is defined as

— 1 Niming T W) — F (@) — v,y — @)
8F (x) ._{ € : liminf ol 20}.

Remark 3.5. Whenever F is a A-convex function it holds that
A
(3.3) 0F(z) = {v e H: Fly)—F(z)—(v,y —x)p > —3 ly — x|% for every y € :%”} .

Indeed, for a convex function ¢, v € d¢(z) if and only if ¢(y) — ¢(z) — (v,y — ) > 0 for
every y € J€, namely the Fréchet subdifferential coincides with the usual subdifferential of
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convex analysis. Then, being F A-convex and since 8<¢ + 3 ’27%) = 0¢ + A -, it holds that
v € OF(z) if and only if
Ao A
Fly) + §\y|f — F(z) — 5]3:\%; —(v+Ar,y—x)p >0 foreveryye
which coincides with the condition in (3.3) since |y — z|%, = |y|%, — |z|% — 2(z,y — z) .

Let F : # — (—o0,+00] be a proper, strongly lower semicontinuous function which is
A-positive and A-convex, for some A > 0, and let zy € D(F). For every 0 < 7 < %, we
denote by {«] }ren the discrete-in-time evolution for F with initial datum zg, defined by

2T

Since zg € D(F), then z € D(F) for every k € N. Furthermore, we define the piecewise-
affine interpolation 27 : [0, +00) — JZ of {z] }ren as

1
movmin| (3.4) xh = o, Ty € argmin{]—"(x) + —|z— xﬂif} for every k € NU {0} .

xT ., —x]
funzdeftratti| (3.5) () = af + R kr), te [k (k4 1)7).
T

exist| Theorem 3.6. Let F : 5 — (—o0,+00] be a proper, strongly lower semicontinuous function
which is A-convex and \-positive, for some X > 0. Let moreover o € D(F). Then, there
exists a unique solution x € H'([0,4+00); H) to the following Cauchy problem

{x(t) € —0F(x(t)) for a.e. t€|0,+00),

probcauchy | (3.6) (0)
T =g .

Moreover, for every T > 0, 7 — x in HY([0,T);5¢), where 27 is defined in (3.5) for
0<t< % . Furthermore,

dopo0 | (3.7) H:EH%Q((QT);%) < ABTH(| F(w0)| + Mzol%y) for every T >0,

1
dopo| (3.8) lz(t) — 27 (t) % < 87 128/\t+4(].7-"(x0)\ + Awol%) for everyt >0, 7 < Ton-

Proof. Uniqueness. Let T > 0 and let x1,22 € H([0,T]; #) satisfy the Cauchy problem
(3.6) up to time T'. We first observe that

IIIIIHI

monsotdiff | (3.9) (y1 —y2,v1 —v2)r < AN|y1 — y2|§f for every y1,ys € A, —v; € OF (y;) for i =1,2.
Indeed, by (3.3), we have

A
Fly) = Fly) + w1,y —y1)ow > —§\y—y1!3f, y €A,

which, for y = yo implies

A
mlaasd123123]| (3.10) Fly2) — F(y1) + (vi,y2 — y1) o > -5 ly2 — 1%
analogously
A
laasd12341234| (3.11) Fy) — F(y2) + (v2, y1 — y2) o > —5 ly2 — 11l -

Therefore, (3.9) follows by summing (3.10)) and (3.11]).
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Finally, by formula (3.9) we have

d . .
a|x1(t)—x2(t)@f = 2(i1 () —do(t), 21 () —22(t)) s < 2N |21 (t)—22(t) %  for ace. t € [0,T],
which, by Gronwall’s Lemma, implies
21 (t) — 22(t)|% < |wo — 0| e® =0 for ace. t €[0,T],

ie., x1(t) = xo(t) for a.e. t € [0,T]. We notice that the solution is in CO’%([O,T]; ) by the
Sobolev embedding of H!([0,T]; ##) into o ([0,T]; 7), so that z1(t) = z2(t) when passing
to the continuous representatives.

Ezistence. We first prove that for every T' > 0 the functions 7 defined in (3.5 converge
(as 7 — 0) weakly in H'([0,T]; #) to some function x € H'([0,T]; ##) and then we show
that the limit x satisfies (3.6)) up to time 7.

By (3.4)) we have that

imalitthmmain| (3.12) F(rper) + %‘ZL’E+1 —xf% < F(al), forevery k€N,
which together with the A-positivity of F implies that
K 4 ) K
S faf -2l <23 (F@i) - Fai)
k=0 k=0

=2(F(xg) — F(rx 1))
:2<7($0) + §\$K+1\ij - §|xK+1|2j£” - ]:(mK+1))

A
<2 (f(xo) + 2\36}'(“\2%;) for every K € N.

(3.13)

Setf’:iandlet0<7§ﬁ.Wesetf(:: [?‘;by (3.13]), we have

n K
. 1 A
(3.14) /O @7 (8% dt < - |2y —2f|%, <2 (f(:co) + QIx’}gH!if) -

k=0
Moreover, by triangle and Jensen inequalities and using again (3.13)), we get

1 T T
Q ‘Tf(+1|=29f - |l’0’2%0 < |$K+1 - x0|29f
K+1 1 ) K 1 )
<7T(K+1) Z - 2k — 2} 4|, :T(K—Fl)Z;}xZH—wZ P
k=1 k=0
T A T 2
<2(T +27) (Flao) + Sla} I )
which, recalling that 0 < 27 < é =T, implies that
2
(3.15) 27 a3 < 2 F (o) + Aol

By (3.14) and (3.15)), we have that, for every 7 small enough,
(3.16) 67 ey < AF () + Nl
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Iterating the estimates in (3.15)) and (3.16)), using also that F(z}) is not increasing with
respect to k, we deduce that for every j € N

.A 1
27 (D) < 4 (517 (@o)| + ol ).
12712 0y < 4 (IF (20)] + Aol -
In particular, for every T' > 0, we have that

(3.17) 147 1220700 < AXTH4F 0)] + Mol

Therefore, for every T' > 0, ||27|| g1(j0,7);,¢) is uniformly bounded and hence, up to a subse-
quence, z7 — x in H([0,T]; ##) for some x € H'([0,T]; ##); this, in particular, implies the
convergence in CO’%([O,T]; 7€) and hence that z(0) = xo. Passing to the limit in we
readily get .

Now we aim at proving that x solves up to time 7', for every T' > 0, that is
(3.18) &(t) € —0F(z(t)) for almost every t € (0,7).
To this end, we define the piecewise-constant interpolation 7 : [0, 4+00) — 2 of {x] }ren as
T7(t) =gy, telkr,(k+1)71),
and we notice that, by minimality, for 7 small enough,
(3.19) 7 (t) € —0F(T7(t)) for almost every t € [0, 4+00).
We claim that
(3.20) % in L2((0,T); ), forevery T > 0.
Indeed, by triangle inequality, we have that

- 2 2 B 9
(3.21) 127 = 222 (0,1)2) < 2127 = 2l 20,1y + 2187 = 27 |Z2((0.7),)
< 2l|27 — @ll720.1y0) + 27187 22 (0.1y0) 5

where in the last inequality we have used that
xT(t) —T7(t) = w(t —(k+1)71)=2"@t)(t— (k+ 1)), foreveryte (kr,(k+1)7).
Therefore, by and we get

127 = 212 (0 1)) < 2027 = @ Fa(o,ry,) + 274N HUF (0)| + Alaol%)

which, sending 7 — 0 and recalling that ™ — z in Hl(‘O, T); #), implies (i3.20]).
With (3.20) on hand, we are in a position to prove (3.18). Let ¢y € (0,T") be a Lebesgue
point of the function & : [0,7) — 4. By (3.19), we have that

(322)  Fly) > F@ W)~ @0y~ F )~ Yly— O forevery ye 2.

Let y € A and h > 0; by integrating (3.22)) in the interval (¢g, %o + h) and dividing by h, we
obtain

1 to+h 1 to+h 1 to+h )\ ~ 9
Fwzg [ F@ma- g [ w - Oed - [ -0k d,
to to
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which, sending 7 — 0, and using the strong lower semicontinuity of F, the weak L2-
convergence of 7 to 4, and ([3.20)), yields

1 t0+h to+h ) 1 to+h A )
Fly) >+ / )dt— / () pdt - / Ay~ a(t)% dt.
h to to h to 2

Now, since = € CO’E([O, T); ) and since t( is a Lebesgue point for &, sending h — 0 in the
formula above, and using again that F is strongly lower semicontinuous, by the arbitrariness

of y, we get (3.18).
Finally, we prove that ( . ) holds true. Let ™ : [0,+00) — (0, 7] be the function defined
by n7(t) = (k + 1)1 — ¢t for every t € [kr, (k+ 1)T By-,

T (t) € —OF (" (t +n"(t))) for every t > 0,
which, using and . ), yields

o)~ 2T = 2Aalt) — a7 (1),3(0) — (D)
= 2(alt) — a7+ (0). () — 8T (0)
P20 (1 (0) 270, 4(0) 5 ()
< ANa(t) 270+ 07 () B + 27 (E 4 7 (0) — 2T (OLléle) — 870
< 8Aa(t) — a7 ()3 + 8N (14 07 (6) — 2" (D)%
2L 7 (8) — 2T (L () + 15 (D)r)
< 8\a(t) a7 (0% + 78X +8)([87 (1) + () ).
< 8Aa(t) — a7 (1) + 47 (O + (1)),

where in the last inequality we have used that 7 < 125 (recall also |27 (t+ 7" (t)) — 27 (t)| » =

" (t)|27(t)| . < T|27(t)| ) . By integrating the equation above and using (3.7) and (3.17)),
we get

o) =7 O < [ $Aals) a7 () ds 47 [ (5760 +1a(6) ) s
< /Ot 8A|z(s) — 27 ()% ds + T4 F(x0)| + Axo|%y) -
Setting a(s) := 87483 H4(| F(z0)| + A|wo|%,) and B(s) := 8 for every s > 0, we have
|z (t) — a7 (6)5 < /Ot B(s)|z(s) — 27(s) |5 ds + a(t).
Noticing that « is non-decreasing, by Gronwall Lemma we get
2 (t) — 27 ()% Sa(t)eh FOL = 8ra¥NH (| F(zg)| + Mzol2)e®,

thus providing (3.8]). O

For every vectorial space ¥ we denote by ¥™* the algebraic dual space of ¥ and by ¥ the
topological dual space of 7.
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Proposition 3.7. Let F : A — (—o00,+00| be a proper lower semicontinuous function which
is A-convezx, for some X > 0 and let x € D(F). Let S be a dense subspace of A . If there

exists T € (A)* such that

(3.23) lim 22+ t0) = F (@)
t—0 t

then, either OF (x) = 0 or OF (x) = {v}, where v is the (unique) element in J satisfying

~

T(p) = (v, ) for every o € H . In particular, T € () and v is its unique continuous
extension to .

=T(y) for every ¢ € A,

Proof. Since A is dense in S , in order to get the claim it is enough to prove that for every
v € OF(x)

(3.24) (v,Q)w =T(p)  for every p € A .

To this purpose, we notice that every v € OF (x) satisfies

A -
Flx+tp) — F(x) —t{v, o) p > —t2§|cp|§f for every p € S, t € R,

which, dividing by ¢, yields

lim F(z +tp) — F(x)
t—0 t

therefore, in view of (3.23]), we get (3.24]). O

The following theorem provides a convergence result for gradient-flows associated to a I'-
converging sequence of functions satisfying the assumptions of Theorem [3.6] As mentioned in
the introduction, Theorem is related to the results in [35, Section 2]; in particular, under
the set (b) of assumptions the statement can be seen as a consequence of [35, Propositions 5,
6, and 13], whereas assumption (a) does not enter in such an analysis.

= (v, ) for every ¢ € J ;

Theorem 3.8. Let {F"}pen with F" : A — (—00,+00] for every n € N be a sequence of
proper, strongly lower semicontinuous functions which are A-convex and A-positive, for some
A > 0 independent of n. Let {xf}neny C € be such that xf} € D(F™) for every n € N,
S = sup,eny F(zg) < 400 and zf — xi° for some xy® € . Assume that one of the
following statements is satisfied:
(a) The functions F™ I'-converge to some proper function F°° with respect to the weak F -
convergence (as n — +00) and every sequence {y" tnen C J with sup,cny F"(y") +
%\,1/“\?// < 400, admits a weakly convergent subsequence. Moreover, the I'-limsup
inequality is satisfied with respect to the strong J€-convergence, i.e., for everyy € €
there ezists a sequence {y" }nen with y™ A y such that F"(y") — F>(y) as n — +o0
(b) The functions F™ I'-converge to some proper function F°° with respect to the strong
J€ -convergence (asn — +00) and every sequence {y" }nen C J with sup,,cy F" (y™)+
%|y”|§f < 400, admits a strongly convergent subsequence.

Then, x5° € D(F>) and, for every T > 0, the solutions x™ to the Cauchy problem

(3.25)

{:t’(t) € —0F™(z(t))  for ae. t€ (0,T),
z(0) =z
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weakly converge, as n — +oo , in H'([0,T]; #) to the unique solution x> to the problem

(3.26) {i’(t) € —0F>®(x(t))  forae te(0,T),

Furthermore, if

(3.27) lim F(al) = Fo(ad),

n—-+00

then, we have that

(3.28) " — ™ (strongly) in H'([0,T); )  for every T >0,
(3.29) x"(t) A x°(t) and F"(z"(t)) = F>(x™>(t)) for everyt > 0.

Proof. We preliminarily notice that, if either (a) or (b) is satisfied, then the function F°
is strongly lower semicontinuous, A-convex and A-positive and z§° € D(F*°). Moreover, by
Theorem for every n € N there exists a unique solution z" to (3.25)).

Let 0 < 7 < 55 and let {z"" }yen denote the discrete-in-time evolution in for xq :=
xg° and F := F°°. Analogously, for every n € N, let {fUZ’T}k:eN denote the discrete-in-time
evolution in for zo := 2z} and F := F". By Proposition {277 Yhen and {2, }ren

are uniquely determined. Furthermore, for every k € N we set
1
Z7T() = F()+ E‘ x5 foreveryn €N,
1
TT() = O+ gl el
We first show that, if either (a) or (b) is satisfied, then for every k € N

(3.30) Fapy™) = FX(a") and  |zp" —ap”

» —0 as n — +00.

By finite induction, it is enough to show (3.30)) for £ = 1. We distinguish the two cases in
which either (a) or (b) holds true.
Assume first that (a) holds true. By the assumptions on zjj , we have that

I (2)7) < F'(ag) < S,

whence, using that for % > A the functions Z7""(-) are equicoercive, we deduce that, up to

a subsequence, z]"" X y1 for some y; € 5. Moreover, since |z — 25°|» — 0 as n — +00
and since the functions F™ I'-converge to the function F°° with respect to the weak J¢-
convergence, we have that

. i .. , 2 . , .
(3.31) 7" (yn) < liminf 7 (2777) + o lminf [oy"" — 255, < liminf 7,7 (2777)
Furthermore, since the I'-limsup inequality is satisfied with respect to the strong J#-convergence,

there exists {Z]"" }nen C # such that

—n,7 H T

(3.32) T 520" and  F(z)T) — F(277),
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where 27”7 is the unique solution to the problem ([3.4)) with 7 = 7> and k = 1. Therefore,
by (3.31)) and (3.32), we get

1
00,T <1 . n( Nn,T T . n,T __ ,.n|2
B ) S AT + g iyl vl

<liminf Z}"" (z}"") < limsup Z;"" («7"")

n—+0o0 n—+o0
< . n,T ( =N,T — IOO,T o0, T
= nE)I—&r—looIl (1) L (@),

whence, by the minimality of 27°7, we deduce that all the inequalities above are in fact
equalities and, in particular, that y; is a minimizer of Z;”"; in view of the uniqueness of the
minimizer of Z;”", we deduce that y; = 27”7 . By Urysohn Lemma, this implies that the
whole sequence {z]"" }nen weakly converges to z7°" . Moreover, using that

1 1
00 (,,,00,T T 1.00T 00|12 — i i n(,..,T T i S n,T __ n|2
F2(wy )+271x1 25" |5 %gﬂg@f}— (z )+27_17%r_1>1i1£|x1 615 »
since
. , 1, o S )
FX@®T) <Hminf F'@f7)  and  —|ef*T —af e < o-liminf o] - of %,

we deduce that

00 (.00, T\ _ : M (T T 00, T .00 — : T M
Fo(x] )_ngrfoo]: (") and |xy x| v ngrfoo]xl x| e,

which implies (3.30) (for £ = 1 and then for all k£ € N).
Assume now that (b) holds true. As above (recall A < 5-) we have that

Fr@yT) + AT —ag 5 <717 <8,

whence, by the strong compactness property of the functions F"(-)+ % |- \?yf we deduce that, up

to a subsequence, x| 2 y1 for some y; € 5. Moreover, since |z{ —25°| » — 0 as n — +o0,
we have that the functionals Z7"" T-converge with respect to the strong-7# convergence to
the functional Z;*" . By the fundamental theorem of I'-convergence and by the uniqueness of
the minimizer of the problem with 7 = F*° and k = 1, we get that y; = 27>, that the
whole sequence {z]"" },en strongly converges to 27”7, and that is satisfied for k = 1.
This concludes the proof of for both the cases (a) and (b).

Now we show that for every T > 0, 2" — 2* in H([0,T]; #), where x*° is the unique
solution to (3.26)) . To this end, we first notice that, for n large enough, |F™(z%)| < S+2A|zo|?,
so that |F™(xl)| + A|zB|? < S + 4\|zo|?; therefore, by (3.7)

. A
Han%Z((O,T);%) < ABTH(S + 4 zo[3)

so that, up to a subsequence, ™ — z in H'([0,T]; ), for some z € H'([0,T]; ) . Now we
show that £ = z°°.
For every 0 < 7 < % , let 2°°7 and ™" (n € N) denote the piecewise affine interpolations

defined in (3.5)), of {#}"" }ren and {z}"" }ren, respectively. By (3.30), we have that

1
(3.33) lim |27 (t) — x°7(t)|e =0 forevery t > 0,0 <7< —

n—-+o0o 2)\ '
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Let t > 0. For every 0 < 7 < % , by triangle inequality and by (3.8)) we have that

[27(t) — 2 (Ol |2 (1) = (1) e+ |5 (E) — 20T () + 77 () — (1) e
<16712%MH4(S - dX|xo|%p) + [2™7(8) — 27 ()|

therefore, sending first n — +oo and then 7 — 0 in (3.34) and using (3.33]), we get that

" (t) A 2 (t) as n — +o0. By the uniqueness of the limit we deduce that & = x> and that
the whole sequence {2"},en weakly converges in H([0,T]; ) to >

Finally, we prove that (3.28]) and (3.29) hold true. By (3.34), the first part of (3.29) is
satisfied. Moreover, by [38, formula (1.10)] (notice that, as observed in [38], the formula
applies also for A-convex energies), we have that, for every ¢ > 0,

(3.34)

F(zg(t)) — F (2" (t)) = 1/ 127 (5)|% ds for every n € N,
(3.35)
PR - P 0) = 3 [ 156 ds,

which, using (3.27)), the I'-liminf inequality (that holds true in both the cases (a) and (b))
and the weak H"-convergence of " to z°°, implies

F(ag" (1)) — liminf 77 (2" (2)) < (a7 (2)) — F77 (2 /!°° )% ds
T T . L

<liminf 5 ; E (5)‘%d5§1711rgi1£§ ; 2" (s)[ 5 ds

<li " (2 (t)) — liminf F7(a"(t)) = F (28 (t)) — lim inf F"(a"()).

< limsup 7%z (¢)) — lim inf F7(2"(¢)) = 7> (2g°(t)) — lim inf 7" (2" (¢))

Therefore, all the inequalities above are actually equalities; in particular,

t
(3.36) /|g; 9%, ds = lim /|:b"(s)|?yfds,
0

n——+oo 2

which, together (3.27)) and (3.35)), yields
FE(0) = lm Fan(1),

thus obtaining also the second part of (3.29)). Finally, by (3.36]), we obtain also (3.28)), thus
concluding the proof of the theorem. O

4. CONVERGENCE OF THE S-FRACTIONAL HEAT FLOWS

This section is devoted to the proof of the stability of the s-fractional heat flows as s — 0
and s — 17. In the first part, we define the s-fractional laplacian for s € (0,1) and for s = 0.
The second part contains the convergence theorems, which are the main results of the paper.
In this section we denote by v; the partial time derivative of a function v .

4.1. The s-fractional laplacian for s € (0,1) and for s = 0. For every s € (0,1) and for

every ¢ € C(R%) the s-fractional laplacian of 1 is defined by
s 2Y(x) —Y(x+2) —Y(x — 2

ayu = [ PO v

d cRY.
e 2] d+2s 2 x




emma : firstvar
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In [24, Lemma 3.2] it is proven that the above integral is finite, that (—A)%) € L>®(R%), and
that

Y(x) —p(x +2)

’Z’d—f—?s

(4.1) (—A)*(z) = 2 lim dz.

r—0% JRd\ B,.(0)
For every u € H§(€2) we define the s-fractional laplacian of u by duality as
(4.2) (A, ¢) = (u, (=A)°p),  forall p € CZ(Q).

Here and below (-,-) denotes the standard scalar product in L?. Clearly, the s-fractional
laplacian is nothing but the first variation of the squared Gagliardo s-norm, as shown below.

Proposition 4.1. Let s € (0,1). For every u € H§(2) and for every ¢ € C°(Q2) we have

Fs _ Fs
(4.3) lim £ t9) = FP(w)
t—0 t

= {(-A)u,p).
Proof. We have
_ Fiutto) = F(u) (@(x) —a(y)(e(z) = 2M) 4 4.
lim = /]Rd /Rd dyd

t—0 t ’1- _ y’d+25

- / u(z) lim o) Pt 2) g a4y

Q r—0% JRd\ B,.(0) |z|d+2s
. Py) — oy — =)
+/ u(y) lim dzdy
Q >7‘—>0+ R\ B,.(0) ‘Z|d+25
= (u, (=A)°@) = ((=A)"u, p),
where we have used the change of variable z =y — x, (4.1)) and (4.2). O

For every ¢ € C2°(R?) we define the 0-fractional laplacian of ¢ as
D) _ _ _
(—=A)%(z) == / ¥(z) — Yz +2) — gz - 2) dz — 2/ vl +2) dz, zeR?.
R\ By

By 2] KR
We notice that (—A)%) is well-defined for every 1 € C°*(R9) since
[ e e vt sl o [ 1) e, oy,

2] 2| B ’

and

Y(x+ 2
[ B < .
R\ B |2|

Remark 4.2. In [I6] the notion of logarithmic laplacian La has been introduced as follows

Lat(z) = cq1(—A)%(z) + capib(z)

where cq1 and cq 2 are specific constant depending only on the dimension d. Such a logarith-

mic laplacian would correspond to renormalizing the Gagliardo s-seminorm of ¥ by removing
w12,

S .

all but a finite amount of the blowing up quantity

For every u € HJ(£2) we define O-fractional laplacian of u by duality as
(44) (=8) u, ) i= (u, (=4)°3),  for all p € C(Q).
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Clearly, the 0O-fractional laplacian is the first variation of the functional F°, as shown in the
following result (we recall that the functions GY and JY have been introduced in (L.5) and

(1.6]), respectively).
ma:firstvar0| Proposition 4.3. For every u € H)(Q) and for every ¢ € C(Q) we have
G (u)

o1 firstvar0] (4.5) iy Gt t9) = Glw) <u / 20(x) — oz + 2) — Pz — 2) dz>
=3 . . t4>0 t ) Bl |Z|d
0 70 -
o irevare] (46) g AUEESA ([ A g
t—0 t RNE, |z‘

so that
FO(u+ tp) — F°
q3:firstvar0] (4.7) T ) Bl O RN U
t—0 t
Proof. Fix u € HJ(Q) and ¢ € CX(Q2). Then, using the change of variable z = y — z, we
have
0 ~ o ~
iy L) =GR _ [ (G0 MNP =500 g,
0 B, \:c -y

:/Qu(a:)/B gZa(gc) |ZST§Q;+Z) dzdx—i—/gu(y)/B ) —’jcgy—z) dzdy
RNy TR PR

2]

i.e., (4.5). Moreover, using again the change of variable z = y — x, we obtain

t
IWE AL R Oy . EUP
t—0 t R24\ B, ‘J; — y[
o(y)

= [ u(x —2/ dy ) dx,

/Q ( )( R4\ B (z ’»’U*Z/’d )
:<U7_2/ (x_ZZ) dZ>,

R4\ B |2
namely, (4.6)). Finally, . ) follows from (4.5)) and (4.6)), using U

4.2. The main results. Here we first state and then prove the convergence results for the
parabolic flows corresponding to the (either scaled or renormalized) s-Gagliardo seminorms as
s — 0 and s — 1. These follow by collecting the preparatory results of the previous sections,
and Lemma for the first order convergence as s — 07.

We start with the convergences as s — 07.

vheatOordsto0| Theorem 4.4. Let {s,}nen C (0,1) be such that s, — 0% asn — +oo. Let ud € L?(Q) and
let {uf}nen C L*(2) be such that ul} € Hy"(Q), S := sup,cy snF*" (ul) < +00 and uly — uf
in L2(Q)) . Then, for every n € N there exists a unique solution u™ € H'([0,4+00); L*(Q)) to

(4.8) {ut(t) = —sp(—A)°"u(t) for a.e. t € [0, +00)

u(0) = ug,
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and such a solution satisfies (—A)*ru™(t) € L*(Q) for a.e.t > 0. Moreover, for every T > 0,
u™ — u® in H([0,T); L?()) asn — +oc , where u® € Hl([O T]; L*(Q2)) is the unique solution
to

u(t) = —dwqu(t) for a.e. t € (0,T),
(4.9) 0

u(0) = ug .
Furthermore, if
lim s, F (uf) = FO(ul),

n—-+o0o

then, u™ — u® (strongly) in H'([0,T); L*(Q)) for every T >0, and
|lu™(t) — u®(t Mz — 0 and s, F (u"(t)) — FO(u®(t)) for everyt > 0.

Theorem 4.5. Let {sp}nen C (0,1) be such that s, — 0T asn — +oo. Let u € L*(Q) and
let {ufl}nen C L3(Q) be such that ul € Hy* (), S 1= sup,en F5" (uf) < +o0 and uly — uf) in
L*(Q). Then, for every n € N there ezists a unique solution u™ € H*([0,+00); H™(Q)) to
(4.10) wg(t) = — | (=A)*u(t) — Cic:iu(t)] for a.e. t € (0,T),

u(0) =g ,
and such a solution satisfies (—A)*ru™(t) € L*(Q) for a.e.t > 0. Moreover, u € H3(Q) and,
for every T > 0, u™ — u® in H([0,T]; L*(Q)) as n — +oo, where u® € H'([0,T]; H(Q)) is
the unique solution to

=—(-A)% or a.e.
(4.11) {“t(t)— (=A)u(t)  f te(0,7T)

u(0) = ug,
and such a solution satisfies (—A)°u%(t) € L*(Q) for a.e.t > 0. Furthermore, if
Sn(,m\ — 10/, 0
im Fo(uf) = Fud)
then, u™ — u® (strongly) in H([0,T]; L*(Q)) for every T >0, and
[u™(t) — u’(t)|l 2y = 0 and F(u"(t)) = FO(u’(t))  for everyt>0.
The result below shows the convergence toward the classical heat equation as s — 17 of
the rescaled in time s-fractional heat equations.

Theorem 4.6. Let {s,}nen C (0,1) be such that s, — 1~ asn — +oo. Let ul® € L*(Q) and
let {ul}nen C L2(Q) be such that u € Hi (), S 1= sup,en(1—s,)F*" (uf) < +00 and uff —
ul® in L2(Q). Then, for every n € N there exists a unique solution u™ € H'([0,+00); L?())
to

(4.12) {ut(t) = —(1 = sn)(=2)"u(?) for a.e. t € [0, +00)

and such a solution satisfies ( A)snu(t) € L3(Q) for a.e.t > 0. Moreover, u3® € HL(?),
and, for every T > 0, u™ — u® in H([0,T]; L*(Q)) asn — +oo , where u™ € Hl([O T); HL(2))
is the unique solution to

u(t) = —Au( ) for a.e. t € [0,400)
u(0) = ug° .

(4.13)
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Furthermore, if
lim (1 — s,)F5 (ul) = FL(ud),

n—-+4o0o

then, u™ — u™ (strongly) in H'([0,T]; L?(Q)) for every T >0, and
[u™(t) = u> ()2 = 0 and (1 —s,)F*(u"(t)) — FY(u(t)) for every t > 0.
We first prove Theorem [£.4]

Proof of Theorem[{.} By the very definition of F* in (L.1)), we have that for every n € N
D(spF*7) = H{" () # 0 and that the functionals s, F*" are strongly lower semicontinuous,
A-positive and A-convex for every A > 0. Moreover, by combining Proposition with
Proposition for F = spFsn | # = L), and 2 = CX(Q), we have that for every
u € Hy*(Q), either (s, F*)(u) = 0 or O(s, F*")(u) = {(—A)*"u} with s, (—A)*u € L3(Q).
Therefore, by Theorem there exists a unique solution to the Cauchy problem , with
sp(—=A)mu € L3(Q) for a.e.t > 0, for every n € N. Furthermore, for every u € L?(f2) we
have that

Fo .y o
(4.14) Jim £ (0 F10) = FT(w)
t—0 t

= dwg(u, p)r2(0) for every ¢ € L*(Q),

whence we deduce that 0F%(u) = {dwqu}. As a consequence, there exists a unique solution
to the problem . Finally, the stability claims follow by applying Theorem with
F" = 5,F* and F* = F° once noticed that, in view of Theorem assumption (a) is
satisfied. 0

In order to prove Theorem we provide below a lemma showing uniform A-convexity of
the underlying functionals.

Lemma 4.7. For every A > 2|Q|, the functionals Fs are A-positive and A-convex for every
se0,1).

Proof. As for the A-positivity it is enough to notice that, by the very definition of F** in (11.8))
and (1.9) and by (1.7]), recalling that G > 0 for every s € [0, 1), we have that

A . A
F(u) + Sl 2 G + (5 - 191) ol 0.

Now we show that the functionals F'* are A-convex for every s € [0,1). We preliminarily
notice that the functionals G are convex for every s € [0,1). Therefore, it is enough to
show that the functionals Jj are A-convex. To this end, for every u,v € Hg (©2) we define the
function

A
fR—=R, f(t) = Jf(u+tv)+§||u+tv”%2(9)

and we claim that 3—; f(t) >0 for every t € R. Indeed, since

T3+ tv) = J3 (u) —2t// D) 44y 4 1255(0)
R2a\B, |7 — y|9T2s

and

ot tol2a0) = lullZagqy + 2t /ﬂ u(@)o(e) do + 2ljol[Zaq -
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by (1.7 we have
d? s
G2l =277 (0) + AlllZzg) = (=210 + Nljvl720) > 0,
which implies the A-convexity of the functional J;{ and then the A-convexity of Fs. U

Proof of Theorem[].5. Let A > 2|Q| be fixed. Then, by the very definition of F** in (T.8) for
every n € N we have that D(F*) = Hy"(©2) # () and, by Remark |1.5| and Lemma that
the functionals F*» are strongly lower semicontinuous, A-positive and A-convex. Moreover,

by (4.3) and by (4.14), for every u € H"(2) and for every ¢ € C2°(£2) we have

Fon(u+ tp) — Fn (u) dwqg

}tg% ; = ((—A)*"u — zu, g0>L2(Q) ,

which, by applying Proposition with F = Fs» | s = L2(Q) and s = C°(2), implies
that for every u € H*" (Q) either OF* (u) = () or DF*» (u) = {(—A)S"u—%u} with (—A)Sru—
ds%u € L?(Q). Analogously, by Lemma and by Proposition we have that for every
u € HY(Q) either DF(u) = 0 or FO(u) = {(—A)u} with (—A)u € L3(Q).

Therefore, by Theorem the solutions to the problems (4.10) (n € N) and are
uniquely determined, and the righthand sides in (4.10)) and (4.11)) belong to L? for a.e.t.
Finally, the stability claim follows by applying Theorem with F" = F%» and F>® = FO,
once noticed that, in view of Theorem assumption (b) is satisfied. O

It lasts to prove Theorem [£.6] Also in this case, this follows from the general results already
discussed.

Proof of Theorem[{.6 By the very definition of F* in (L.I), we have that for all n € N
D((1 — sp)F*) = Hy"(©2) # 0 and that the functional (1 — s,,)F®" is strongly lower semi-
continuous, A-positive and A-convex for every A > 0. Now, by combining Proposition 4.1
with Proposition for F = (1 — s,)F*, o = L2(Q) and # = C2(Q), we have that for
every u € Hy" (), either (1 — s,)0F*"(u) =0 or (1 — 5,)0F*"(u) = {(1 — sp)(—A)*"u} with
(1 —8,)(=A)*mu € L?(Q). Furthermore, for every u € H}(Q2) and for all ¢ € C2°(Q) we have
that

i Futhe) = Fl(u) _ wa

h—0 h 2
therefore, by applying Proposition with F = F!, 2 = L*(Q) and H = C2°(2) we have
that either OF'(u) = 0 or OF'(u) = {(—Au)} with (—=Au) € L?(Q2). Now, by Theorem
the solutions to the problem (n € N) and are uniquely determined, and the
righthand sides in (4.12) and (4.13) belong to L? for a.e.t. Finally, the stability claim follows
by applying Theorem with F* = (1 — 5,)F** and F* = F!, once noticed that, in view
of Theorem assumption (b) is satisfied. O

W,
(Vu, Vo) r200) = g((—A)u, ) r2(Q);
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