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The equations governing the simple shear
deformation of an incompressible inelastic material
undergoing finite strain are derived in this paper.
The constitutive assumptions are kept in their most
general form to allow the incorporation of widely
used viscoplastic or viscoelastic models from the
literature. It is shown that, while for a hyperelastic
material the simple shear problem is completely
determined by a single parameter, the amount of
shear, in the viscoplastic case, the elastic deformation
is the superposition of a triaxial stretch and a simple
shear, whose determination requires the solution
of three coupled nonlinear evolution equations.
We evaluate such a solution for different material
models and compare it with three-dimensional
finite element simulations to assess its accuracy. We
further assess the performance of these models using
experimental data from filled rubber, focusing on
their ability to capture the observed behaviour, such
as the well-known Payne effect. Additionally, we
extend our simple shear solution to address torsion
and the extension of thin-walled cylinders. These
derivations and analyses offer valuable insights
for experimentalists engaged in the mechanical
characterization of soft materials.

1. Introduction
A simple shear deformation is a type of homogeneous
deformation that preserves the volume and the normal
direction of a plane, while altering the in-plane principal
strain directions. The motion is usually applied by
sliding the parallel faces of a parallelogram-shaped
specimen while maintaining a constant distance between
the plates. This type of deformation is extensively
used to characterize materials spanning multiple length
scales, from elastomers [1] to soft tissues [2] to
granular materials [3] and geo-materials, due to the
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multiple advantages this experimental setup offers over other tests. In simple tension and
compression tests, stresses are uniform only in the central part of the sample, making it
challenging to measure the corresponding deformations accurately. However, in simple shear
experiments, by selecting an appropriate aspect ratio for the specimen, edge effects can be
minimized and the stress field approximated as uniform within most of the sample volume [4].
Furthermore, simple shear experiments allow for varying the strain rate and confining pressure
to simulate a range of loading conditions, providing insight into how material microstructure
evolves under different external conditions [5].

Starting from the seminal work of Rivlin [6], extensive research has been conducted on simple
shear for homogeneous isotropic elastic solids at large strain. This has resulted in a vast body
of literature, as seen in works such as [7–10] and the references therein. When considering finite
elasticity, the nature of simple shear deformation becomes complex and deviates from pure shear
observed in the small strain regime [11,12]. Furthermore, the absence of fixed principal strain
directions gives rise to various intriguing phenomena, one of which is the need for normal forces
to maintain a constant distance between the sliding faces of the specimen [13]. This phenomenon,
commonly referred to as Poynting’s effect, can manifest in either a positive manner, causing the
parallel faces to move apart, or a negative manner, causing them to come closer together [14].
Experimental evidence on negative Poynting’s effect has been documented in hydrogels [15] and
fibre-reinforced soft tissues [16], where it is induced by the relative inextensibility of the fibres in
comparison to the matrix.

Simple shear deformation is also used to study the behaviour of inelastic materials, whose
response depends not only on applied stresses but also on the rate of deformation and loading
history [17,18]. For these materials, either constant strain rate tests or cyclic experiments are
typically performed to assess rate dependence or hysteresis in stress–strain curves, respectively
[19]. The models used to fit the experimental data can be either viscoelastic, viscoplastic or plastic.

One of the challenges in modelling viscoplastic simple shear is to ensure the well-posedness
of the problem, which means that the solution exists, is unique and depends continuously
on the initial and boundary data. However, many nonlinear viscoelastic models, such as the
Oldroyd-B or the FENE-P models, are known to exhibit ill-posedness in simple shear, leading
to unphysical singularities or multiple solutions [20,21]. To overcome this difficulty, some authors
have proposed to introduce internal variables that account for the microstructural evolution of the
material under shear. For example, Tzavaras [22] developed a general framework for materials
with internal variables and relaxation of conservation laws, which ensures the well-posedness
of the problem under certain conditions. He applied his theory to a class of viscoelastic fluids
with fading memory and showed that the introduction of an internal variable related to the
conformation tensor leads to a well-posed problem in simple shear.

When it comes to investigating inelastic simple shear deformation at large strains and fitting
experimental data, the majority of studies rely on complex finite-element simulations to model
the material behaviour and determine the constitutive parameters [23–25]. This approach can
introduce additional challenges, particularly when attempting to solve the inverse problem of
parameter identification. Consequently, the objective of this work is to develop a framework that
allows for the derivation of the governing equations for a specimen undergoing large simple
shear deformations using an inelastic material model, whether it be viscoplastic or viscoelastic.
These equations will be obtained in closed form and solved numerically for different values of
the constitutive parameters, providing a valuable alternative to the reliance on finite-element
simulations.

Specifically, we will investigate how different material properties and boundary conditions
influence the stress–strain response. Unlike in the elastic case, where the deformation is
characterized by a single parameter (the amount of shear), the inelastic case requires determining
up to three independent components of the elastic deformation by solving three coupled
evolution equations. We will discuss some specific forms of these solutions that have been
proposed previously and the constitutive assumptions required to obtain them.
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In this sense, the paper extends previous literature results on simple shear in finite elasticity
to finite inelasticity. In expanding on the primary understanding of simple shear deformation,
moreover, this research examines scenarios combining simple shear with isochoric extension
by focusing on the torsion of a thin-walled cylinder, which is another setup often used in
experimental characterization of soft materials [26].

The structure of this paper is as follows. In §2, we establish a comprehensive three-dimensional
framework for the inelastic model, with a specific focus on viscoelastic and viscoplastic behaviour.
This general model is then further examined in the context of simple shear in §3. Section 4 explores
the specific forms of the constitutive equations that emerge from this analysis. The subsequent
sections address unique aspects of the model: §5 is dedicated to the study of extension and
torsion of a thin-walled cylinder, while §6 delves into the model’s behaviour under slow and
fast deformations. Finally the numerical solutions of the problem and a comparison with fully
three-dimensional FEM simulations are commented in §7. The appendix A is devoted to the
discretization of the model for FE.

2. A review of the simple shear solution for incompressible materials in finite
elasticity

In this section, we briefly review the simple shear solution in large strain elasticity. The interested
reader is referred to Horgan & Murphy [10] and references therein. To describe the kinematics
of hyperelastic materials, some basic concepts and notation have to be first defined. Let X be
the coordinates of points in the reference configuration Ω , which is the undeformed state of
the material. Let χ be the deformation map that assigns to each point X in Ω a point x = χ (X)
in the current configuration Ωt, which is the deformed state of the material. The deformation
gradient F = ∇χ is a second-order tensor that measures the local change in length and orientation
of material elements due to the deformation and B is the left-Cauchy Green strain tensor B = FFT.
Throughout the text, a prime ′ will be used to denote the deviatoric component of any tensor, that
is (A)′ = A − 1/3(A · I)I, where · is the inner product between tensors.

The constitutive equation of the Cauchy stress for an incompressible material is

T = T′ − p I, (2.1)

where p is the Lagrange multiplier associated with the incompressibility constraint, i.e. det B =
1, and the deviatoric stress T′ is constitutively assigned through the specific (per unit of mass)
free energy density ϕ(B). For isotropic materials, the strain energy density only depends on the
invariants of the deformation tensor ϕ = φ(I1, I2) with

I1 = I · B and I2 = I · B−1. (2.2)

On defining, ϕi = ρ ∂φ/∂Ii, one has

T′ = 2ρ

(
∂ϕ

∂B
B

)′
= 2ϕ1B′ − 2ϕ2(B−1)′. (2.3)

Simple shear-like motion in the e1–e2 plane is defined by

B = I + γ 2e1 ⊗ e1 + γ (e1 ⊗ e2 + e2 ⊗ e1), (2.4)

where γ is the amount of shear. The constitutive equation (2.3) applied to the simple shear motion
(2.4) yields the following result for the deviatoric part of the Cauchy stress

T′
11 = 2

3
(2 ϕ1 + ϕ2) γ 2,

T′
22 = −2

3
(ϕ1 + 2 ϕ2) γ 2

and T′
12 = 2(ϕ1 + ϕ2) γ ,

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭

(2.5)
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where T′
ij = T′ ei · ej and T′

33 = −T′
11 − T′

22.
Typically, constraints on the constitutive functions ϕ1 and ϕ2 are expressed through the well-

known ‘empirical inequalities’:

ϕ1 > 0 and ϕ2 ≥ 0. (2.6)

Alternatively, a less restrictive set of constraints, known as the Baker–Ericksen inequalities, can be
used. These inequalities are derived from the observation that the principal stress is greater in the
direction of the greater principal stretch [27]. In addition, from experimental data on elastomer
materials it is reasonable to expect that

ϕ1 > 0 and ϕ1 + ϕ2 ≥ 0. (2.7)

In the case of an incompressible material, the empirical inequalities (2.6) imply the Poynting’s
effect to be positive [13], meaning that T22 ≤ 0. This indicates a tendency for the parallel faces of
the specimen to spread apart under simple shear deformation.

To determine the unknown pressure field p in the total stress T, appropriate boundary
conditions must be specified. Typically, two common boundary conditions are considered: plane
stress and zero normal traction on the inclined faces. In the case of plane stress, it is assumed that
the stress state is confined to a plane, meaning that there is no stress variation in the thickness
direction of the material. This condition is often applied when the specimen is much thinner
compared to the other dimensions of interest. Alternatively, the zero normal traction boundary
condition implies that there is no normal force acting on the inclined faces of the material. The
choice between these two boundary conditions depends on the specific problem being analysed.

(a) Plane stress
Plane stress boundary conditions assume that the material is subjected to external forces that act
parallel to the plane of the sheared sample. This type of boundary condition has been widely used
in experimental and theoretical studies of materials under simple shear deformation, including
studies on granular materials and polymers. The condition of plane stress implies

T e3 · e3 = 0, (2.8)

which upon substitution in (2.1) and on using of (2.5) gives the following expression of the reactive
pressure p

p = 2
3

(−ϕ1 + ϕ2) γ 2, (2.9)

needed to maintain the plane stress condition.
As a consequence the normal components of the Cauchy stress T are

T11 = 2 ϕ1 γ 2

and T22 = −2 ϕ2 γ 2

⎫⎬
⎭ (2.10)

which shows that the normal stress component acting between the sliding faces T22 responsible
for the so-called Poynting’s effect is only present when the elastic energy does depend on the
invariant I2. Moreover, Poynting’s effect can only be reverted if ϕ2 ≤ 0 meaning that the (2.6) are
violated, yet it must be ϕ1 + ϕ2 ≥ 0.

(b) Zero normal traction
Vanishing forces on the slanted faces boundary conditions are frequently used to simulate a free
surface where the material is unconstrained in the direction perpendicular to the shear plane.
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The stress vector acting on the slanted face is Tn with n = F∗e1/|F∗e1| = (1 + γ 2)−1/2(e1 − γ e2).
In particular, the normal and the shear components of the Cauchy stress are

N = Tn · n, and S = Tn · m, (2.11)

with m = (1 + γ 2)−1/2(γ e1 + e2). These lead to

S = T12

1 + γ 2 and N = T′
22 − p − γ S. (2.12)

When no forces act on the slanted faces, N = 0 and S = 0. To determine the reactive pressure p that
satisfies the first condition, equation (2.12)2 is employed. Regarding the second condition, S = 0,
equation (2.12)1 reveals that sustaining the simple shear deformation invariably necessitates the
presence of a shear stress at the boundary, unless both T12 and consequently γ are zero.

By incorporating the constitutive equations (2.5) into (2.12) and using the pressure expression
obtained from the condition N = 0, the corresponding stress components can be derived as
follows:

T11 = 2 γ 2

1 + γ 2 (ϕ1 + ϕ2) (2 + γ 2) (2.13)

and

T22 = 2 γ 2

1 + γ 2 (ϕ1 + ϕ2) = T11

2 + γ 2 , (2.14)

which shows that in absence of normal forces the Poyting’s effect has a reverse sign (T22 > 0) since
ϕ1 + ϕ2 > 0, meaning that the sliding faces would come closer together.

3. Inelastic model formulation
In the previous section, the equation governing the mechanical response of an elastic
incompressible material undergoing simple shear deformation was derived. However, for
many materials, the elastic model may not be sufficient to capture their complex deformation
behaviour [28]. Therefore, in this section, we introduce a large strain inelastic model that extends
the previous results to incorporate inelastic effects. The complexity of the material response
requires the introduction of additional degrees of freedom, defined through an elastic distortional
deformation tensor Be, such that det Be = 1, which in the present formulation is an internal-like
variable [29].

We postulate the standard principle of balance of linear momentum

div T + b = 0 and Tn = t, (3.1)

with b, t the forces per unit of (deformed) volume and area, respectively, and we set b = 0 for
the simple shear problem. Since only incompressible materials are considered in the present
development, the Cauchy stress follows the split in equation (2.1) in which p is the reactive stress
associated with the incompressibility constraint det B = 1.

The present inelastic theory requires the following constitutive equations to be specified at
each material point

T′ = T̂′(B, Be) and Ḃe = ̂̇Be(B, Be), (3.2)

where T̂′ is the constitutive equation of the deviatoric Cauchy stress and ̂̇Be is an evolution
equation for an elastic deformation tensor that includes a rate of inelasticity. Here and henceforth
a superimposed dot will be used to indicate material differentiation with respect to time.

The evolution equation of the elastic distortional strain can be alternatively expressed as

Ḃe = L′Be + BeL′ T + Be
�, (3.3)

emphasizing that Be does not evolve affinely with the total deformation B, unless Be
� is zero.1

Equation (3.3) shows that specifying a constitutive equation for inelastic strain rate necessitates

1In fact if B̄ = (det B)−1/3B, ˙̄B = L′B̄ + B̄L′ T . So, if Be
� = 0, Be evolves like B̄ [30].
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defining a constitutive equation for Be
�, that is often referred to as the ‘codeformational

derivative’ of Be [31]. To ensure that Be remains unimodular, one must have Ḃe · Be
−1 = 0, that

implies that the constitutive choice for Be
� must satisfy

Be
� · Be

−1 = 0. (3.4)

It is worth noting that definitions alternative to (3.3) were proposed in the literature by making use
of Cotter–Rivlin or Jaumann derivatives (refer to Farina et al. [32] for a recent review). However,
it should be emphasized that these alternative rates do not necessarily ensure that the evolution
of Be aligns with that of the total deformation B when the inelastic rate approaches zero.

In order to introduce constitutive prescriptions compatible with thermodynamics, we follow
the Colemann–Noll procedure requiring the dissipation to be positive for each admissible
thermodynamic process:

ρ δ = T · D − ρ ϕ̇ � 0, (3.5)

where δ is the specific (per unit of mass) dissipation density, ϕ the specific elastic energy density
and D the symmetric part of the velocity gradient L = ḞF−1.

In the subsequent analysis, in accordance with the constitutive assumptions (3.2), it is
presumed that the specific energy density solely depends on the elastic deformation, i.e. ϕ =
ϕ̂(Be). While some models in the literature decompose the energy into two additive terms—the
equilibrium energy, dependent upon the total deformation B, and the non-equilibrium energy,
dependent upon the elastic deformation Be—this study focuses on the inelastic behaviour,
neglecting the equilibrium energy. Its inclusion in the model is feasible [33], but its omission does
not alter the primary focus on inelastic behaviour, leading to the designation of the developed
material model as viscoplastic in this context.

Frame invariance requires the strain energy density to depend on the elastic strain invariants
only:

ϕ = φ(Ie
1, Ie

2), (3.6)

defined by

Ie
1 = I · Be, İe

1 = I · Ḃe = 2 Be
′ · D + I · Be

∇

and

Ie
2 = I · Be

−1, İe
2 = I · Ḃ−1

e = −I · (Be
−1ḂeBe

−1) = −2(Be
−1)′ · D − Be

−2 · Be
�.

Accordingly, the material time derivative of the strain energy density gives

ρϕ̇ = 2[ϕ1 Be
′ − ϕ2(Be

−1)′] · D + (ϕ1 I − ϕ2 Be
−2) · B∇

e , (3.7)

where the subscripts 1 or 2 denote the derivatives with respect to the first or second invariants,
respectively, i.e. ϕi = ρ ∂φ/∂Ie

i . Introduction of (3.7) into the dissipation inequality (3.5) yields

ρ δ = (T′ − 2 ϕ1 Be
′ + 2 ϕ2(Be

−1)′) · D + ( − ϕ1 I + ϕ2 Be
−2) · Be

� � 0. (3.8)

By assumption, a positive dissipation is associated with viscous losses and only the last term
contributes to the irreversible processes, i.e. can have a positive dissipation. Therefore, the first
term defines the constitutive equation for the Cauchy stress

T′ = 2 ϕ1B′
e − 2 ϕ2(B−1

e )′, (3.9)

that generalizes the elastic constitutive equation (2.3) to the present inelastic case. The second term
in (3.8) describes the viscous dissipation, that can model the energy loss due to internal friction
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Table 1. Viscoplastic/viscoelastic models from the literature incorporated in the proposed framework. In the table, we have
defined quantities J1 = B · Be

−1 and J2 = ||T′||.

constitutive model viscosity η

1 Reese & Govindjee [33] constant
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

2 Bergström & Boyce [34] J1−m
2 /A(λv − 1 + ξ )C withλv = √

J1/3
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

3 Kumar & Lopez-Pamies [35] (1/2)(η∞ + ((η0 − η∞ + K1[J
β1
1 − 3β1 ])/(1 + (K2J22 )

β2 )))
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

4 Strain hardening power law [36] J2/ ˙̄εcr with ˙̄εcr = (AJn2 [(m + 1)ε̄cr]m)1/(m+1)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

5 Drozdov [37] and Pom–Pommodel [38,39] c/
√
2 ||D||

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

6 Rubin & Papes [30] (4/3)(c/Γ ) Ie2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

and heat generation. The dissipation assumes the reduced form

ρ δ = −(ϕ1I − ϕ2Be
−2) · Be

∇ = −(ϕ1Be − ϕ2Be
−1) · (Be

∇Be
−1) ≥ 0, (3.10)

that by using (3.9) can be expressed directly in terms of the Cauchy stress as

ρ δ = T′ ·
(

−1
2

sym(Be
�Be

−1)
)

≥ 0. (3.11)

To achieve standard smooth viscoplasticity, a quadratic form of the dissipation function in
terms of the elastic stretch rate is usually assumed. Since the reduced dissipation in (3.11) is
expressed in terms of deviatoric tensors, one can assume that the inelastic rate satisfies:

1
2

sym(Be
�Be

−1) = − 1
η(B, Be)

T′, (3.12)

where η is the viscosity function that in general may depend on the total as well as the elastic
strains. It should be noted that alternative constitutive choices can also be considered to satisfy
(3.11). Nevertheless, the form (3.12) has the advantage of accommodating most of the viscoplastic
models commonly employed in the literature.

Equation (3.12) demonstrates that at stationarity, when both Ḃe and L are zero, and so is Be
�,

such as in the case of a relaxation test, the stress T′ becomes zero and the material fully relaxes
like a inviscid fluid. However, if a term in the energy dependent or the entire deformation B is
included, the stress cannot reach zero during a relaxation test, which aligns with the expected
behaviour of viscoelastic materials. It is important to note that this additional term in the energy
only affects the steady-state behaviour and not the evolution problem. The proposed framework
and constitutive assumptions are kept as general as possible to incorporates the vast majority of
viscoplastic models used in the literature and listed in table 1.

Beyond the assumption about the specific energy density, models can be distinguished only
by the form of the viscosity function. It was highlighted how elastomers display deformation-
induced shear thinning. In this context, the viscosity function η is not constant (as seen in the
Reese and Govindjee formulation, referred to as Model 1 in the table) but rather increases with
applied deformation and decreases with the deformation rate. In order to describe this behaviour,
Kumar and Lopez-Pamies (Model 3) use a viscosity function η that increases with J1 (a measure
of applied deformation) and decreases with J2 (a measure of deformation rate). Bergström and
Boyce model, on the other hand, postulates that viscosity is dependent upon the magnitude of
the deviatoric Cauchy stress. This stress measure indirectly reflects the strain rate and is grounded
in a microstructural rationale for the constitutive parameters. More precisely, the model assumes
that the constituent molecules have the capacity to undergo substantial conformational changes
when subjected to creep loading.

It is important to highlight that not all models were given with a specific form for the
strain energy function. For instance, in the work by Reese & Govindjee [33], no explicit form is
prescribed for the function ϕ, while a constant viscosity function is used. Similarly, the strain
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hardening power law implemented in Abaqus FEA [36], which falls within this framework,
allows for an arbitrary elastic strain energy, while the viscosity evolves according to the specified
differential equation. This framework accommodates various other models as well. For instance,
Kim et al. [40] employ a generic power law for the hyperelastic part and a viscosity that evolves
based on the rate of deformation. Another example is found in the work by Yoshida & Sugiyama
[41], where the evolution equation of the internal variables is defined in terms of the logarithmic
stretch in the material frame. These examples demonstrate the flexibility of the framework to
accommodate different formulations within the parallel rheological framework.

4. Simple shear deformation
We consider a simple shear-like motion in the e1 − e2 plane, characterized by the deformation
rate tensor:

L = γ̇ e1 ⊗ e2, (4.1)

where γ̇ represents the time derivative of the amount of shear γ and L = ḞF−1. Our goal is to find
an elastic strain Be, the solution to the evolution equation (3.12), in the form

Be = b1 e1 ⊗ e1 + b2 e2 ⊗ e2 + b3 e3 ⊗ e3 + b12(e1 ⊗ e2 + e2 ⊗ e1), (4.2)

that represents a simple shear deformation superimposed upon a triaxial stretch. In order to
maintain this elastic deformation isochoric, it is required that:

b3 = (b1b2 − b2
12)−1, (4.3)

whereas the conditions

b1 > 0, b2 > 0 and b2
12 < b1b2, (4.4)

ensure that Be is a positive definite tensor.
The three unknown functions b1(t), b2(t) and b12(t) in (4.2)–(4.3) are determined by solving the

three ordinary differential equations obtained by specializing (3.9) and (3.12) to the chosen form
of Be, that yields

ḃ1 = 4 A1

3 η
+ 2 γ̇ b12,

ḃ2 = 4 A2

3 η

and ḃ12 = 4 A12

3 η
b12 + γ̇ b2

⎫⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎭

(4.5)

with the initial conditions b1(0), b2(0) and b12(0). The parameters A1, A2, A12 are given by

A1 = (b1(−2 b1 + b2 + b3) − 3 b2
12) ϕ1

− (b2
1(b2 + b3) − b1(b2

12 + 2 b2 b3) + 3 b2
12 b3) ϕ2,

A2 = (b2(b1 − 2 b2 + b3) − 3 b2
12) ϕ1

− (b2 (b1(b2 − 2b3) + b2 b3) − b2
12(b2 − 3 b3)) ϕ2

and A12 = (b3 − 2 b1 − 2 b2) ϕ1 − 1
b3

(b1 b2
3 + b2 b2

3 + 1) ϕ2

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(4.6)

and depend on the specific form of the constitutive equations enforced (table 1). It is noted that η

may depend on the elastic or macroscopic strains as well.
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The constitutive equation of the Cauchy stress specialized with (4.2) gives the following non-
zero stress components:

T′
11 = 2

3
(2 b1 − b2 − b3) ϕ1 + 2

3
(b1 − 2 b2) b3 ϕ2 + 2 ϕ2

3 b3
,

T′
22 = 2

3
(2 b2 − b1 − b3) ϕ1 + 2

3
(b2 − 2 b1) b3 ϕ2 + 2 ϕ2

3 b3

and T′
12 = 2 b12 (ϕ1 + b3 ϕ2),

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

(4.7)

with b3 given in equation (4.3) and T′
33 = −T′

11 − T′
22.

As discussed in §7, at extremely high shear rates, the response of this inelastic model coincides
with that of the hyperelastic model. Consequently, it is expected that the constitutive coefficients
ϕ1 and ϕ2 will adhere to either the Baker–Ericksen inequalities or the more restrictive empirical
inequalities.

Obtaining an analytical solution for the nonlinear evolution equations (4.5) becomes tractable
in certain simplified scenarios. For instance, under conditions of small strains, the model
simplifies to the standard rheological Maxwell model, allowing for analytical integration over
time. Additionally, specific constitutive assumptions can lead to the derivation of closed-form
steady-state solutions, particularly when the deformation rate approaches zero. An illustrative
example of this is found in the [30] model, where such a solution was obtained under the context
of monotonic loading with a constant shear rate.

(a) Rivlin’s universal relation
Rubin & Chen [42] showed that a viscoplastic material of the type discussed in this paper satisfies
the relationship

TBe = BeT, (4.8)

which is a consequence of the fact that Be and T have the same principal directions (see
equation (3.9)). Equation (4.8) generalizes the well-known property of the Cauchy stress that for a
hyperelastic material commutes with B, i.e. BT = TB, and gives the celebrated Rivlin’s universal
relation for simple shear

T11 − T22 = γ T12. (4.9)

When equation (4.8) is valid, it leads to the following relationship between normal and shear
stress components:

b12 (T11 − T22) = (b1 − b2) T12, (4.10)

which is a universal relation within the class of viscoplastic materials considered in this paper.
Its foundation lies in the fact that Be encompasses a simple shear deformation superimposed
on a triaxial stretch. Notably, a relationship akin to equation (4.10) was previously discussed by
Rajagopal and Wineman for hyperelastic materials in [43].

We further note that in order for (4.10) to give (4.9) one must have

b1 − b2 = γ b12, (4.11)

which implies ḃ1 − ḃ2 = γ̇ b12 + γ ḃ12. Upon substituting the evolution equations (4.5) into the last
expression, we find that it holds true if and only if the following relationships are satisfied:

b1 = (1 + γ 2) b2 and b12 = γ b2. (4.12)

This implies that the parameter b2 is the only independent parameter in the elastic deformation.
However, for this condition to be satisfied, the three evolution equations (4.5) must be linearly
dependent, which is not the case except when η → ∞. In such a scenario, the three evolution
equations yield ḃ1 = ḃ2 = ḃ12 = 0, leading to the recovery of the hyperelastic model where Rivlin’s
relation holds true. In the general case, however, it should be noted that the relationship (4.9)
cannot be fulfilled at every time instant, indicating that Rivlin’s universal relation does not apply
to the wide range of inelastic materials considered in this study.
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(b) Plane stress
Upon imposing the plane stress condition T33 = 0, the reactive pressure p can be determined from
T33 = −T′

11 − T′
22 − p = 0 as follows:

p = 2
3

(
ϕ2b3(b1 + b2) + 2ϕ1b3 − ϕ1(b1 + b2) − 2ϕ2

b3

)
. (4.13)

As a consequence, the non-vanishing normal components of the Cauchy stress are:

T11 = 2(b1 − b3) ϕ1 +
(

2
b3

− 2 b3 b2

)
ϕ2

and T22 = 2(b2 − b3) ϕ1 +
(

2
b3

− 2 b3 b1

)
ϕ2.

⎫⎪⎪⎪⎬
⎪⎪⎪⎭ (4.14)

Upon closer examination, the equations demonstrate that, unlike in the elastic case, the
maintenance of deformation requires a normal force T22, even for material models that do not
depend on the Ie

2 invariant (for which ϕ2 = 0). By contrast, in the hyperelastic case, such a force was
not present. This phenomenon can be interpreted as an inelastic manifestation of the Poynting’s
effect.

(c) Zero normal traction
With the constitutive equation (4.7), by applying (2.11), one can work out the normal and shear
forces acting on the inclined faces. These read as

S = T12

1 + γ 2

(
1 − γ 2 + γ

b1 − b2

b12

)
(4.15)

and

N = T′
22 − p + T12

1 + γ 2

(
b1 − b2

b12
− 2 γ

)
, (4.16)

with T12 = 2 b12(ϕ1 + b3ϕ2). By imposing a vanishing normal component N = 0, one can calculate
the value of the reacting pressure:

p = T′
22 + T12

1 + γ 2

(
b1 − b2

b12
− 2 γ

)
, (4.17)

that give the following expressions of the normal stress components:

T11 = γ T12

1 + γ 2

(
b1 − b2

b12
γ + 2

)

and T22 = − T12

1 + γ 2

(
b1 − b2

b12
− 2 γ

)
.

⎫⎪⎪⎪⎬
⎪⎪⎪⎭ (4.18)

When the response approach that of an elastic solid, b1 → 1 + γ 2, b2 → 1 and b12 → γ and so
equations (2.13) and (2.14) are recovered.

5. Specific forms of the constitutive equation
Within the aforementioned general framework, we now focus on specific solutions of the
evolution equations that have been employed in the literature. We aim to elucidate the form of
the strain energy density required to sustain such solutions. One of the distinctive characteristics
of the simple shear deformation is that both strain invariants, I1 and I2, are equal and given by
3 + γ 2. This implies that in a simple shear-like motion, the energy density ϕ(I1, I2) is evaluated on
the bisector of the I1 − I2 plane.



11

royalsocietypublishing.org/journal/rspa
Proc.R.Soc.A479:20230603

..........................................................

3.0 3.5 4.0 4.5 5.0

elastic
τm/τd = 10

3.0

3.5

4.0
Ie 2

I e1

4.5

5.0

5.5

ϕ1 = μ/2, ϕ2 = μ/4

γ (t) = γ1 sin (ωt)

Figure 1. Elastic strain invariants Ie1 versus I
e
2 during a simple shear testwith a sinusoidal time law. The elastic energy ismodelled

using the Mooney–Rivlin constitutive equation with ϕ1 = μ/2 and ϕ2 = μ/4. The results illustrate the deviation from the
elastic solution, represented by the dashed line.

In the viscoplastic case this is not necessarily the same in fact

Ie
1 = b1 + b2 + b3, (5.1)

and

Ie
2 = 1

b3
+ (b1 + b2) b3 = Ie

1 b3 − b2
3 + 1

b3
. (5.2)

These expressions demonstrate that, for the general form of Be as given in (4.2), the two invariants
are distinct and not equal to each other. This implies that during simple shear testing of this
inelastic material, the elastic energy is evaluated over a larger portion of its domain, not confined
to the bisectrix of the Ie

1–Ie
2 plane. An illustrative example of this phenomenon is provided in

figure 1, where γ follows a sinusoidal time law, and the material is modelled using a Mooney–
Rivlin constitutive equation with ϕ1 = μ/2 and ϕ2 = μ/4. The results clearly demonstrate that
during the test, the ratio between the two invariants deviates from the behaviour observed in
the purely elastic case.

One may question whether it is possible to focus on a specific class of materials for which the
solution of the evolution problem is such that Ie

1 = Ie
2. By equalling (5.1) and (5.2), immediately

follows that the two invariants coincide when

b3 = 1, (5.3)

that implies

b1 = 1 + b2
12

b2
. (5.4)

Substituting the solution (5.3) into the evolution equations (4.5), to guarantee the solvability of the
system two of the three equations must be linearly dependent. This is true for a particular class
of materials for which:

ϕ1 = ϕ2 and η �= 0, (5.5)

when Ie
1 = Ie

2, implying that the elastic strain energy density has the same functional dependence
on the first and second invariants. It is worth noting that a Neo-Hookean constitutive assumption
would not fulfil this requirement, while a Mooney–Rivlin constitutive assumption with equal
coefficient c10 = c01 would satisfy it.
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Under this circumstance the stress turns out to be

T′
11 = 2

b2
ϕ1 (1 − b2

2 + b2
12),

T′
22 = − 2

b2
ϕ1 (1 − b2

2 + b2
12)

and T′
12 = 4 ϕ1 b12,

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

(5.6)

where the elastic stretch components b2 and b12 are determined by the evolution equations:

ḃ2 = 4 ϕ1

η
(1 − b2

2 − b2
12), (5.7)

and

ḃ12 = b2 γ̇ − 4 ϕ1 b12

η b2
(1 + b2

2 + b2
12), (5.8)

with the corresponding initial condition b2(0) = 1 and b12(0) = 0.
Interestingly the solution (5.6) implies the out-of-plane component T′

33 to vanish, which is also
true for the elastic solution (2.3) when ϕ1 = ϕ2.

It is further noted that several papers in the open literature have made the more restrictive
assumption that the elastic triaxial stretch vanishes. This assumption corresponds to a specific
case of the solution (5.3), where an additional condition is imposed such that b2 = 1, resulting
in both Be and B having the same functional form (as seen in, for example, [44] where b12 = γe).
However, it should be noted that this is not a solution of the evolution equations (4.5). Specifically,
it can be observed that in such a case, ḃ2 would need to be zero. However, based on (5.7), this
condition can only be satisfied if ϕ1 = 0, which together with the condition ϕ1 = ϕ2, is clearly
impossible.

6. Torsion and extension of a thin-walled incompressible cylinder
In this section, we study a thin-walled circular cylinder under the influence of both axial force and
a twisting moment. Our objective here is to extend prior discussions by addressing a deformation
that combines simple shear and isochoric extension. Such deformation configurations are
frequently employed in experimental settings to effectively determine the constitutive parameters
of hyperelastic models as an alternative to simple shear deformation (see, for instance,
[26]). Furthermore, our analysis sheds light on the intricate relationship between constitutive
parameters and the Poynting effect, as discussed in [43].

We consider a thin-walled cylinder with undeformed dimensions H0, T0 and R0 (T0 � R0),
representing height, thickness of the wall, and radius, respectively. To describe the motion of
such a cylinder, we employ a cylindrical coordinate system in which e3 is the fixed cylinder axis,
and er and eθ are the polar coordinates in the cross-section plane of the deformed configuration;
we call {z(t), θ (t), r(t)} the coordinates of point p at time t. Accordingly, {E3, Eθ , Er} are the reference
axes with the corresponding referential coordinates given by {Z, Θ , R}. With respect to the fixed
orthonormal triad {e1, e2, e3}, one has

er = cos(θ ) e1 + sin(θ ) e2 and eθ = − sin(θ ) e1 + cos(θ ) e2,

such that ėr = θ̇ eθ and ėθ = −θ̇ er.
Accordingly, the motion of the cylinder is a one-to-one map that assigns at each point P in the

reference configuration, a point p in the deformed configuration with coordinates

z(t) = λ(t) Z, θ (t) = Θ + φ(t)
Z

H0
, r = R√

λ(t)
. (6.1)

Here, λ represents the longitudinal stretch, while φ/H0 denotes the relative torsion angle
between the top and bottom faces of the cylinder, expressed per unit of reference height. We
will consider two cases: one in which the torsion angle is prescribed and expansion along the
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cylinder axis is hampered in a way that λ(t) = 1, by referring to it as pure torsion; the other in
which the cylinder is let free to expand in the axis direction in a way that the normal force is zero;
the additional hypothesis, that the cylinder is thin-walled, allows us to write previous condition
locally as Tzz = Te3 · e3 = 0.

The deformation tensor in the cylindrical reference system resulting from the motion described
in equation (6.1) is

F = λ e3 ⊗ E3 + 1√
λ

(eθ ⊗ EΘ + er ⊗ ER) + γ√
λ

eθ ⊗ E3, γ = κ φ R
R0

, (6.2)

where we have defined the aspect ratio of the cylinder κ = R0/H0, and the shear strain γ that
under the assumption that the cylinder is thin-walled, R 
 R0, is γ 
 κ φ. The tensor in (6.2)
corresponds to a simple shear deformation with a shear component of γ superimposed on an
isochoric extension with a magnitude λ. The deformation rate is non-homogeneous throughout
the height and is expressed in terms of the normalized reference coordinate ζ = Z/H0, ζ ∈ [0, 1],
as

L = λ̇

λ

(
e3 ⊗ e3 − 1

2
eθ ⊗ eθ − 1

2
er ⊗ er

)
+ κ φ̇

λ3/2 eθ ⊗ e3 + ζ φ̇ (eθ ⊗ er − er ⊗ eθ ), (6.3)

where, again, the fact that R 
 R0 was used. It is noted that the last component of the deformation
rate represents an additional shearing velocity that arises in the problem due to the geometry of
the specimen. Notably, it was not present in the previously studied simple shear case.

To solve the evolution problem (3.12), we follow the same semi-inverse approach used in the
simple shear case by seeking for a solution of the evolution equation in the following form

Be = bz e3 ⊗ e3 + bθ eθ ⊗ eθ + br er ⊗ er + bzθ (e3 ⊗ eθ + eθ ⊗ e3), (6.4)

with only three independent components due to the constraint det Be = 1, e.g. br = 1/(bz bθ − b2
zθ ).

Consequently, the differential equations governing the evolution of the elastic variables, as
derived from previous definitions, are

ḃz = 4 Bz

3 η
+ 2

λ̇

λ
bz,

ḃθ = 4 Bθ

3 η
− λ̇

λ
bθ + 2

κ φ̇

λ3/2 bzθ

and ḃzθ = 4 Bzθ

3 η
bzθ + λ̇

2 λ
bzθ + κ φ̇

λ3/2 bz

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎭

(6.5)

with

Bz =
(

bz (br − 2 (bz + bθ )) + 3
br

)
ϕ1 +

(
3 − bz

br
− brbz(bz + bθ )

)
ϕ2,

Bθ = (
3brb4

zθ + (br + 4bz)bθ − (2 + 3brb2
z)b2

θ

)
ϕ1 + (

3 − 2bzb2
θ − brbθ (bz + b4

zθ + bθ − b2
zb2

θ )
)
ϕ2

and Bzθ = (
br − 2 (bz + bθ )

)
ϕ1 − (

2bzbθ + br (bz + b4
zθ + bθ − b2

z b2
θ ),

)
ϕ2.

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

(6.6)

The integration of equation (6.5) is performed with the initial conditions bz(0) = bθ (0) = 1 and
bzθ (0) = 0, and upon substituting this solution into the constitutive equation (3.9), we obtain
the expression for the deviatoric component of the Cauchy stress. The determination of the
unknown pressure field p(t), which is a result of the incompressibility constraint, is achieved by
enforcing zero pressure on the external surface of the cylinder. This requirement, combined with
the assumption of a thin-walled cylinder, results in the condition Trr = T · er · er = 0.

In §8, we present the numerical solution of equation (6.5) for both the pure torsion and zero
normal force cases.
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7. Limiting elastic and viscous behaviour
In the limiting cases of fast or slow deformations, the proposed viscoplastic model exhibits
characteristics akin to those of an elastic solid or a viscous fluid, respectively. To explore this
further, we analyse the response of the model under a constant shear rate deformation such that
γ = t/τd, where τd represents the characteristic time scale of the deformation, and γ̇ = 1/τd denotes
the shear rate. Additionally, we introduce a relaxation time τm = sup(η/μ), where μ corresponds
to the shear modulus of the material.

Upon a dimensionalization of the evolution equations, we obtain the following forms:

b′
1 = 4

3
τd

τm
Ã1 + 2 b12,

b′
2 = 4

3
τd

τm
Ã2

and b′
12 = 4

3
τd

τm
Ã12 b12 + b2.

⎫⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎭

(7.1)

Here, a prime is used to indicate the derivative with respect to the dimensionless time t/τd,
and the tilde indicates a dimensionalization with respect to μ.

(a) Fast shear rates
For fast shear rates one has τd/τm → 0, the material undergoes rapid deformation, and the
evolution equations simplify to:

b′
1 = 2 b12, b′

2 = 0, b′
12 = b2, (7.2)

These equations can be integrated analytically with the initial conditions b1(0) = b2(0) = 1 and
b12(0) = 0, yielding:

b1(t) = 1 + γ 2(t), b2(t) = 1, b12(t) = γ (t), (7.3)

where γ (t) = t/τd. It can be observed that Be coincides with B, indicating that the material’s
response is equivalent to that of an elastic material.

(b) Slow shear rates
In the case of slow applied shear rates (τm/τd → 0), the evolution equations reduce to the following
system of algebraic equations:

A1(b1, b12, b2) = 0,

A2(b1, b12, b2) = 0

and A12(b1, b12, b2) = 0.

⎫⎪⎪⎬
⎪⎪⎭ (7.4)

By employing the definitions (4.6), the only valid solution of this system b1 = b2 = 1 and b12 = 0,
that means that the elastic deformation vanishes (Be = I), and the stress is zero. Therefore, under
such slow deformation, the material flows at zero stress like a viscous fluid.

8. Numerical solution of the evolution problem
In this section, we provide some insight into the material behaviour by solving numerically the
evolution problem for both simple shear and torsion cases. The analytical solution is compared
with three-dimensional finite-element simulations to assess its accuracy for varying specimen
geometry and with experimental data on filled rubber.
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Figure 2. (Constant shear rate test) Normalized Cauchy stress components T11/μ, T22/μ, and T12/μ as functions of shear
amount γ for two different strain rates: τm/τd = 1 (a) and τm/τd = 100 (b) under plane stress condition. The elastic energy
is Neo-Hooke withϕ = μ/2.
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Figure 3. (Constant shear rate test) Normalized Cauchy stress components T11/μ, T22/μ and T12/μ as functions of shear
amount γ for two different strain rates: τm/τd = 1 (a) and τm/τd = 100 (b) under plane stress condition. The elastic energy
is Mooney–Rivlin withϕ1 = μ/2 andϕ2 = −μ/4.

(a) Simple shear
We define the shear rate γ̇ in equation (4.1) to be

γ̇ = 1
τd

,

with 1/τd the constant shearing rate and

γ̇ =

⎧⎪⎨
⎪⎩

1
τd

, 0 ≤ t ≤ tm

− 1
τd

, tm ≤ t ≤ 2 tm,

for a cyclic test lasting 2 tm. The elastic energy density is assumed to be either of Neo-Hookean
type with ϕ1 = μ/2 (μ is the shear modulus) or of Mooney–Rivlin type with ϕ1 = μ/2 and
ϕ2 = −μ/4, with this latter coefficient being negative to simulate a negative Poynting’s effect. The
viscosity function η is assumed to be constant and defined in terms of the shear modulus μ and a
material time constant τm such that η = μτm.

For a constant shear rate test with low rate (τm/τd = 0.1), both the Neo-Hooke figure 2a and
the Mooney–Rivlin figure 3a models display the typical response of a viscoplastic material:
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Figure 4. Effects of boundary conditions on the stresses for constant shear tests under plane stress (T33 = 0) and zero normal
forces (N = 0). The elastic energy is Neo-Hookewithϕ = μ/2 and the characteristic time isτm/τd = 1 (a,b,c) andτm/τd =
100 (d,e,f ).

the stress components increase with strain and then reach stationary values, indicating that
the material flows at constant stress levels. It is noteworthy that the steady-state values of the
component T22 are negative for both the models, indicating the tendency of the parallel faces
of the specimen to expand (positive Poynting’s effect). Although this is expected for the Neo-
Hookean material model, the Mooney–Rivlin hyperelastic material with ϕ2 < 0 should have a
reversal of the Poytining effect with T22 > 0 (negative Poynting’s effect) as equation (2.10.2)
shows. In the viscoplastic case this is only true in the initial part of the loading curve for very
short time (figure 3a), but at longer times, the sign of the Poynting’s effect is reverted, meaning
that the parallel faces which were initially contracted, start expanding.

When τm/τd = 100 in figures 2b and 3b, the experimental test is ‘fast’ and the material response
approaches that of an elastic material and the relationship between the amount of shear γ and
the shear stress T12 becomes almost linear, whereas the normal stress T11 is a quadratic function
of γ . As for the hyperelastic Neo-Hookean model in plane stress, the component T22 is almost
zero, and the Poynting’s effect is absent, whereas the Mooney–Rivlin model displays the negative
Poytning effect expected from the constitutive choice ϕ2 < 0.

It is noted that the horizontal dashed lines in the figures represent the stationary values of the
stresses obtained by numerically solving equation (7.1) with b′

1(t) = b′
2(t) = b′

12(t) = 0.
The comparison in figure 4 provides observations regarding the effects of different boundary

conditions on stress evolution. The shear stress is unaffected by the boundary conditions
as it is independent of pressure. Conversely, significant disparities emerge in the normal
stress components, particularly T22: when the material response exhibits viscoplastic behaviour
(characterized by τm/τd = 1), T22 experiences a reversal between the plane stress and zero normal
force conditions. However, as the response approaches the elastic Neo-Hooke model, T22 tends to
converge to zero for plane stress.

The cyclic tests shown in figure 5 exhibit the characteristic hysteresis behaviour anticipated in
a viscoplastic material model. When τm/τd is low, indicating that the deformation’s characteristic
time is longer than the material’s time, the material undergoes steady flow at a constant stress.
Upon unloading, the material experiences compression once more at a consistent shear stress
level. The peak dissipation effect is most pronounced at τm/τd = 1, while larger values lead to
a response that approaches that of an elastic material, characterized by considerably reduced
hysteresis.
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Figure 6. Reference specimen geometry used in FE to simulate the simple shear experiment (a). Details of a quarter of the
specimen in the deformed configuration with γ = 1 (b) (the contour plot displays the reactive pressure field).

Table 2. Geometric and constitutive parameters used in the FE simulations

geometry constitutive parameters

H = 1 mm μ = 10 MPa
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

L= W = 10 mm η = μτm, τm = 1 s
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

We further proceed to compare the closed form solutions with the outcomes of three-
dimensional numerical simulations carried out using the finite-element software Comsol
Multiphysics [45]. The objective of this analysis was to assess the validity of the approximate
deformation forms (4.1)–(4.2) used to derive the closed form expression of the evolution
equation for varying specimen geometries and deformation rates. The details of the numerical
implementation are given in appendix A, whereas the geometry of the specimen and the details
of the mesh are shown in figure 6. For all simulations, it was assumed that L = W, i.e. the specimen
has a square cross-section in the e2 − e3 plane. The discretization was carried out with 1.700
tetrahedral elements corresponding to 15.300 degrees of freedom. To simulate the simple shear
experiment, the bottom face of the specimen was clamped, such that the displacement is zero
u = 0, whereas the top face was displaced such that u = H γ (t) e1. The geometric and constitutive
parameters used in the FE simulations are listed in table 2 and kept constant for all simulations
except were noted.

The results of the three-dimensional numerical simulations are displayed in figures 7 and 8 for
two different ratio between material to deformation times τm/τd = 1 and τm/τd = 10, in terms of
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stress and normal stress difference. (c,d) The relative error between the model prediction and the FE simulations.

shear stress and normal stress difference computed as average over the mid-plane of the specimen
(see appendix A). The aspect ratios of the specimen were varied in this range H/L = 1, 3, 10, 30, 50
passing from a cube H/L = 1 to a lamina H/L = 50. For both characteristic times, the results
show that the closed form solution matches well the three-dimensional FE solution when the
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(M-R) material models during torsion test with free ends.

specimen aspect ratio is larger than 10. In this case, the relative error is below 5% for the shear
stress and below 10% for the normal stress difference. For aspect ratios larger than 10, the degree
of inhomogeneity in the three-dimensional deformation is rather limited, and the homogeneous
approximation works well. For even larger aspect ratios, the error is negligible, and the prediction
of the model matches that of the computationally intensive three-dimensional FE simulations.

(b) Torsion of a thin-walled cylinder
The results of the simulation concerning the pure torsion of a thin-walled cylinder are displayed
in figures 9 and 10. The torsional angle is controlled in a way that the resulting shear rate is
constant, i.e.

φ(t) = t
κ τd

, s.t. γ (t) = κ φ(t) = t
τd

,

and the height of the cylinder is kept fixed in a way that λ(t) = 1. The unknown pressure field
p, necessary to evaluate the Cauchy stress, is determined by the condition of a vanishing radial
stress Trr = 0.

The results are shown in figure 9a,b in terms of the Cauchy stress components for the two
previously defined material models (Neo-Hooke and Mooney–Rivlin). Interestingly the Neo-
Hooke elastic energy shows that compressive longitudinal stresses arise in the cylinder due to
the fixed height constraint; on the other hand the Mooney–Rivlin model displays a change of
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Figure 11. Performance of some of themodels listed in table 1 against the experimental data on filled silicone elastomer at 1 Hz
reported in [19] for storage (a) and loss (b) moduli.

the sign of the Tzz component which is initially positive (traction) and then become negative
(compression) as the Neo-Hookean material. At very low twisting angles, both the normal stress
components Tzz and Tθθ are quadratic functions of the twisting angle, whereas the shear stress is
linear; as a consequence the cylinder is locally in a state of pure shear.

The case of cylinder free to expand longitudinally requires the determination of the additional
unknown of the problem λ. This is achieved by complementing the system of evolution equations
(6.5) with the algebraic equation arising from the local condition Tzz = 0. The resulting system of
algebraic–differential equations can be solved by numerical integration.

The results are displayed in figure 10 in terms of longitudinal stretch λ versus amount of
shear γ and confirm the behaviour observed in the pure torsion case. In the axial stretch versus
amount of shear plots, interesting material behaviour is observed for the Neo-Hookean (N-H) and
Mooney–Rivlin (M-R) models. For the N-H model, the cylinder exhibits a consistent expansion
with increasing twist angle. This behaviour is indicative of a positive Poynting effect. By contrast,
the Mooney–Rivlin model initially shows a contraction as the twist angle increases, followed by
an expansion. This transient behaviour demonstrates a negative Poynting effect. The Mooney–
Rivlin model’s behaviour during torsion mirrors the effects observed in the simple shear tests,
where the material initially was under tension before exhibiting a subsequent compression.

(c) Model calibration and comparison
To evaluate the accuracy and applicability of various models (referenced in table 1), we used
experimental data from tests on filled silicone elastomers, as detailed in [19]. The experiments
centred on simple shear sweep tests, where the material was subjected to a sinusoidal strain, given
by γ (t) = γs + γd sin(ωt). With these tests, the strain amplitude γd varied, while maintaining a
constant frequency of 1 Hz (ω = 2 π f ). During these tests, the shear stress, T12, was measured. This
specific test setup is frequently employed to deduce the amplitude and frequency dependence
of materials akin to rubber, largely because it enables the exploration of vast amplitude and
frequency domains.

The outcomes of these experiments are illustrated in figure 11, where they are characterized by
storage modulus G′ and loss modulus G′′. These moduli are the real and imaginary components
of the complex modulus G(ω), defined by

G′ = 2ω

Nπ

∫ Nπ/ω

0

T12(t)
γd

sin(ωt)dt and G′′ = 2ω

Nπ

∫ Nπ/ω

0

T12(t)
γd

cos(ωt)dt. (8.1)

To calibrate the models in table 1, we employed a particle swarm optimization (PSO) approach
facilitated by the Pymoo Python library [46]. The primary objective of this routine is to minimize
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Table 3. Constitutive parameters identified from experiments for different models.

model no. model name parameter value

1 Reese & Govindjee μ∞ (MPa) 0.10
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

μ (MPa) 4.63
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

η (MPa s) 4.98
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

2 Bergström & Boyce μ∞ (MPa) 0.07
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

μ (MPa) 5.17
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

C −0.82
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ξ 0.14
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

m 3.03
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

A (MPa−m s−1) 1.00 × 103
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

3 Kumar & Lopez-Pamies μ∞ (MPa) 0.27
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

μ (MPa) 5.18
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

η∞ (MPa s) 5.47 × 10−4
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

η0 (MPa s) 5.80 × 10
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

β1 6.74 × 10−3
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

β2 0.44
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

K1 (MPa s) 4.32 × 104
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

K2 (MPa−2) 1.18 × 106
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

4 Strain Hardening Power Law μ∞ (MPa) 0.30
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

μ (MPa) 1.11 × 101
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

n 4.91
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

A (MPa−n s−m−1) 5.42 × 104
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

m 0
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

discrepancies between experimental and predicted moduli, the latter being derived from the
stresses generated by the models for various strain histories. While calibrating to the chosen
material’s data, it is evident that the material exhibits more viscoelastic traits than viscoplastic
ones. As such, an extra energy term, dependent on the entire deformation B, was integrated into
the model. This term is akin to a parallel spring in the suggested rheological model, critical for
capturing the rubber’s elastic reaction at particularly slow rates. The parameters obtained from
the optimization are presented in table 3.

A noteworthy observation from the experimental data is the pronounced fluctuation in the
storage modulus, marking an over tenfold change between the smallest (0.001) and largest
(0.2) dynamic strain amplitudes tested. Such a characteristic is a dominant contributor to the
nonlinearity seen in filled elastomers and is usually referred to as the Payne Effect.

Figure 11 highlights that Model 1 with a constant viscosity function η is not able to capture the
decrease in storage and loss moduli seen in the experimental data, resulting in constant moduli
with γd. Differently the other models use viscosity functions dependent upon strain and strain
rates, leading to a more accurate representation of this modulus reduction. For Model 4 (Strain
Hardening Power Law), the parameter m was set to 0 as it is customary in the literature and
this reduce the number of free parameters to four. Model 2 (Bergström and Boyce) and Model
3 (Kumar and Lopez-Pamies) have the best performance in terms of absolute error reaching the
lowest value of the objective function. Indeed, they are able to match accurately the transition
from the values of the storage modulus from low dynamic amplitude to high dynamic amplitude.
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9. Conclusion
In this paper, we have derived the simple shear solution for viscoplastic/viscoelastic material
models. We demonstrated that unlike in large strain hyperelasticity where simple shear is
determined by a single parameter, in inelastic models, the elastic deformation depends on three
independent strains, requiring the solution of three coupled evolution equations. We emphasized
the significant differences between this solution and the one sometimes used in the literature
where only one independent elastic strain components is used. The derivations highlighted that
the characteristics of the simple shear deformation of having equal invariants I1 = I2, is also true
for the elastic invariants Ie

1 = Ie
2, but for a very specific class of materials that have the same

derivative of the elastic energy density with respect the two invariants, e.g. Mooney–Rivlin with
equal constitutive coefficients.

The comparison between the model prediction and the full three-dimensional simulation
carried out with finite elements provide insight into the accuracy of the closed form solutions.
In particular it is shown that for specimen with length-to-thickness ratio of 10, the relative error
between the model prediction and the three-dimensional solution drops below 5% for the shear
stress and below 10% for the normal stress difference. For aspect ratio larger than 30, the error
is practically negligible. For experimentalists, this implies that the inverse problem of identifying
constitutive coefficients can be efficiently accomplished using the derived closed form solution,
eliminating the need for computationally expensive three-dimensional FEM simulations.

Four of the models included in the proposed framework underwent calibration and were
subject to comparative analysis using experimental data gathered from tests conducted on filled
rubber. This comparative analysis demonstrated that particular models were capable of accurately
replicating the observed decrease in storage and loss moduli, a phenomenon commonly known
as the Payne effect.

The simple shear solution is extended to encompass a scenario where simple shear is combined
with isochoric extension by investigating torsion and extension of a thin-walled cylinder. The
analysis outcomes reveal a distinctive behaviour during torsion with free ends. Unlike an
elastic material with the same energy function, where the height of the cylinder undergoes a
continuous reduction, the cylinder experiences an initial shortening followed by an expansion.
This behaviour represents a transient negative Poynting effect that can be attributed to the
material’s viscosity.
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Appendix A. Finite-element implementation
The viscoplastic model is implemented into the finite element software Comsol Multiphysics
[45] to solve a fully three-dimensional boundary value problem. All fields are defined in the
Lagrangean setting, i.e. assumed to depend on the reference coordinates X, with the state
variables of the problem defined by: the displacement field u, that has three independent

https://zenodo.org/records/10201580
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Figure 12. Effects ofmesh refinement on the results for a constant shear rate test with γ̇0 = 1 s−1 and constitutive parameters
listed in table 2. (a) Shear stress, (b) normal stress.

components, the elastic distortional strain Be that has only five independent components due
to the assumption det Be = 1, and the additional pressure field p, used to integrate separately the
incompressibility constraint det F = 1. The weak form expression of the balance and evolution
equations (integrated over the reference configuration Ω) is

δI[u, p, Be] =
∫

Ω0

(
S − p F∗) · ∇δu −

∫
Ω0

( J − 1) δp

+
∫

Ω0

(
1
2

sym(Be
�Be

−1) + 1
η(B, Be)

T′
)

· δBe (A 1)

in which S = T′ F∗ is the first Piola–Kirchhoff stress tensor, with F∗ = J F−T, and here δ indicates
the test fields. The displacement u is discretized thorough quadratic Lagrangean shape functions,
whereas the fields p and Be use linear Lagrangean shape functions to avoid locking. Time
differentiation was carried out with a backward differentiation scheme.

Details of the mesh are given in figure 6. The number of elements was chosen after running
a convergence study whose results are shown in figure 12: for a constant shear rate test with
γ̇ = 1 s−1 increasing the number of elements over 1.700 does not produce any significant change
in the results.

For all numerical simulations stresses are computed as the average over the undeformed area

T = 1
W L

∫
S0

T(X) dX,

where S0 is the mid-plane of the specimen defined by S0 = {(X1, X2, X3) ∈ Ω|0 ≤ X1 ≤ W, X2 =
H/2, 0 ≤ X3 ≤ L}.
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