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Introduction

The starting point of this thesis is the Buchweitz–Flenner semiregularity map, introduced in
1999 by Buchweitz and Flenner [15, 16] and generalising the semiregularity maps investigated
by Severi, Kodaira and Spencer, and Bloch. For a coherent sheaf F on a complex manifold X
the Buchweitz–Flenner semiregularity map

σ : Ext2
X(F,F)→

∏
k≥0

Hk+2(X,Ωk
X)

is defined in terms of the Atiyah class At(F) ∈ Ext1
X(F,F ⊗ Ω1

X) of F, introduced in 1957
by Atiyah [3] as the obstruction to the existence of a holomorphic connection on F, namely a
C-linear map of sheaves

∇ : F→ F ⊗ Ω1
X

such that the Leibniz rule holds:

∇(f · e) = f · ∇(e) + e⊗ df, ∀f ∈ OX , e ∈ F,

where d : OX → Ω1
X denotes the universal derivation. More explicitly, via the Yoneda product

ExtiX(F,F ⊗ Ωp
X)× ExtjX(F,F ⊗ Ωq

X)→ Exti+jX (F,F ⊗ Ωp+q
X ), (a, b) 7→ a ^ b,

it is possible to construct the powers, and hence the exponential, of the opposite of the Atiyah
class

exp(−At(F)) ∈
∏
q≥0

ExtqX(F,F ⊗ Ωq
X) .

When X is smooth, every coherent sheaf has locally finite projective dimension and the trace
maps are well-defined

Tr: ExtiX(F,F ⊗ Ωj
X)→ H i(X,Ωj

X), i, j ≥ 0 .

As proved by Atiyah for vector bundles and by Illusie in the general case [3, 42], when X is a
projective manifold, then with respect to the Hodge decomposition in cohomology, the trace of
the exponential of the opposite of the Atiyah class is the Chern character

ch(F) = Tr(exp(−At(F))) .

The Buchweitz–Flenner semiregularity map is defined by the formula:

σ : Ext2
X(F,F)→

∏
k≥0

Hk+2(X,Ωk
X), σ(x) = Tr(exp(−At(F)) ^ x). (*)

In order to explain the importance of this map in deformation theory, it is useful to give a brief
history of semiregularity maps.

The concept of semiregularity is due to Severi, who called a curve C in a surface S semiregular
if the restriction map H0(S, ωS)→ H0(C,ωS |C), where ωS denotes the canonical sheaf of S, is
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surjective and proved, in modern terminology, that the Hilbert scheme of S is smooth at every
semiregular curve [71].

For a smooth hypersurface Z in a compact complex manifold X, Kodaira and Spencer [46]
introduced a semiregularity map

σKS : H1(Z,NZ|X)→ H2(X,OX),

which is induced by the short exact sequence

0 OX OX(Z) NZ|X 0.

They proved that, if σKS is injective, then the Hilbert scheme of X is smooth at Z. The
cohomology group H1(Z,NZ|X) is an obstruction space for the functor of embedded deformations
of Z ⊂ X, see e.g. [35, Example 11.0.1]. This means that for every small extension of finitely
generated local Artin C-algebras 0 → C → A → B → 0 and every embedded deformation of
Z over Spec(B), there is a canonically defined obstruction u ∈ H1(Z,NZ|X), which vanishes if
and only if the deformation lifts to Spec(A). From Kodaira and Spencer’s proof it is possible to
infer the more general statement that the obstructions to embedded deformations of Z in X are
contained in the kernel of the semiregularity map σKS , see e.g. [59, Thm. 8.1.5].

In 1972, Bloch defined a semiregularity map

σB : H1(Z,NZ|X)→ Hp+1(X,Ωp−1
X )

for every locally complete intersection Z of codimension p in a smooth projective variety X and
proved, by using variations of Hodge structures, that every simple obstruction to embedded
deformations of Z in X is annihilated by σB [12].

An obstruction is called simple if it comes from a simple small extension, i.e., from a small
extension 0 → C → A → B → 0 such that the differential map d : C → ΩA/C ⊗A B in the
second exact sequence of Kähler differentials is injective. In general, simple obstructions do not
generate the whole obstruction space, but in characteristic zero their vanishing is sufficient to
ensure smoothness. Hence, if the Bloch semiregularity map is injective, then Z has unobstructed
embedded deformations in X.

The Buchweitz–Flenner semiregularity map is important both for the variational Hodge
conjecture and for the deformation theory of coherent sheaves. In this work we are interested in
its application to deformation theory; Buchweitz and Flenner’s result regarding the variational
Hodge conjecture is stated in Chapter 3.

The deformation theory of coherent sheaves has been studied extensively, see e.g [8, 24,
35, 39, 62]. Every problem in infinitesimal deformation theory can be formally described by
a functor of Artin rings, namely a covariant functor F from the category of local Artin rings
to the category of sets such that F (K) = {∗}. We denote by ArtK the category of local Artin
K-algebras with residue field K, which can be thought of as infinitesimal thickenings of a point.

Let F be coherent sheaf on a smooth separated scheme X of finite type over a field K of
characteristic zero. An infinitesimal deformation of F over A ∈ ArtK is given by a coherent sheaf
of OX⊗A-modules FA on X×SpecA, flat over A, with a morphism of sheaves of OX⊗A-modules
π : FA → F inducing an isomorphism FA ⊗A K ∼= F. Two deformations FA,F′A are isomorphic if
there exists an isomorphism of sheaves of OX ⊗A-modules f : FA → F′A that commutes with the
morphisms to F. Thus, studying the infinitesimal deformations of F corresponds to studying
the following deformation functor of Artin rings:

Definition 0.0.1. The functor of infinitesimal deformations of the coherent sheaf F is

DefF : ArtK → Set,

DefF(A) =
{

(FA, π)
∣∣∣ FA is a coherent sheaf of OX ⊗A-modules, flat over A

π : FA → F induces an isomorphism FA ⊗A K ∼= F

}
/ ∼.
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It is well known that the tangent space to the functor DefF is given by Ext1
X(F,F), and

Ext2
X(F,F) is a complete obstruction space.

The Buchweitz–Flenner semiregularity map is connected to the deformation theory of coherent
sheaves, in the same way as the semiregularity maps of Severi, Kodaira–Spencer and Bloch are
connected with embedded deformations of a subvariety. Explicitly, we have this key result:

Theorem 0.0.2 (Buchweitz–Flenner). The semiregularity map of a coherent sheaf F on a smooth
projective variety X annihilates all simple obstructions to deformations of F. In particular,
if the Buchweitz-Flenner map σ defined by Equation (*) is injective, then F has unobstructed
deformations.

This theorem relies on the fact that in characteristic zero the vanishing of simple obstructions
is enough to ensure the smoothness of the deformation functor, as does Bloch’s result.

Buchweitz and Flenner left open the problem of whether their semiregularity map annihilates
all obstructions to deformations of a coherent sheaf, but they conjectured that this should be true
and suggested a strategy to prove it. This strategy, outlined in [16], is to realise each component
of the semiregularity map

σk : Ext2
X(F,F)→ Hk+2(X,Ωk

X), σk(x) = (−1)k

k! Tr(At(F)kx), k ≥ 0,

as the obstruction map of a morphism of deformation theories with unobstructed target, which
would automatically imply the annihilation of all obstructions.

This can be done easily for 0th component of the semiregularity map, which is just the trace
map, recovering a result by Mukai [64] and Artamkin [2]:

Theorem 0.0.3 (Artamkin). Let F be a coherent sheaf on a complex projective manifold X.
Then the 0th semiregularity map (=trace) σ0 = Tr: Ext2(F,F)→ H2(X,OX) annihilates all
obstructions to deformations of F.

This thesis is based on on a series of articles written together with Ruggero Bandiera and
Marco Manetti [4, 5] with Marco Manetti [50] and alone [49], where the main goal was to
employ the strategy suggested by Buchweitz and Flenner for all the higher components of the
semiregularity map, i.e., to prove that each σk : Ext2

X(F,F)→ Hk+2(X,Ωk
X) is the obstruction

map of a morphism of deformation theories with unobstructed target, and hence it annihilates
all the obstructions to deformations of the coherent sheaf F.

Buchweitz and Flenner suggested that the unobstructed target should be given by an
intermediate Jacobian or by Deligne cohomology.

Intermediate Jacobians have been used in [26] and [40] as the target of the Abel–Jacobi
map and of the Bloch semiregularity map. More precisely, in [26] Fiorenza and Manetti proved
that the Abel–Jacobi map is the tangent map of a morphism of deformation theories, where
the target is an intermediate Jacobian, and in [40] Iacono and Manetti proved that the Bloch
semiregularity map for a locally complete intersection subvariety with extendable normal bundle
is the obstruction map of a morphism of deformation theories with target an intermediate
Jacobian, and hence that it annihilates all the obstructions to embedded deformations.

In the setting of derived algebraic geometry, Pridham [68] proved that the Buchweitz–Flenner
semiregularity map can be realised as the tangent of a generalised Abel–Jacobi map on the
derived moduli stack of perfect complexes on X, with target given by an analogue of Deligne
cohomology, which entails that, for every coherent sheaf F on a complex projective manifold,
the semiregularity map σ annihilates all obstructions.

In characteristic zero, the homotopy category of DG-Lie algebras is one of the possible
frameworks to study deformation theory. This approach, due to Deligne, Drinfeld and others,
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which follows the principle “In characteristic 0, a deformation problem is controlled by a
differential graded Lie algebra, with quasi-isomorphic DG-Lie algebras giving the same deformation
theory”, has been investigated thoroughly by Goldman and Millson, Hinich, Kontsevich, Manetti
and many others [33, 37, 47, 55, 59], and has been formalised independently by Lurie and
Pridham [52, 67]. In this setting, a deformation functor corresponds to a quasi-isomorphism
class of DG-Lie algebras, and a morphism of deformation functors corresponds to a morphism in
the homotopy category of DG-Lie algebras, or equivalently to an L∞ morphism between DG-Lie
algebras.

The relation between DG-Lie algebras and functors of Artin rings is obtained via Maurer–
Cartan equation and gauge equivalence. Precisely, given a DG-Lie algebra L and A ∈ ArtK with
maximal ideal mA, the deformation functor associated to L is defined as

DefL : ArtK → Set, DefL(A) =
{
x ∈ L1 ⊗mA

∣∣∣∣ dx+ 1
2[x, x] = 0

}
/∼ gauge .

The strategy of this approach is to find a DG-Lie algebra L controlling a geometric deformation
problem, namely such that DefL is isomorphic to the deformation functor of the geometric
problem considered. The DG-Lie algebra L then contains information about the deformation
problem: for instance, the first cohomology group H1(L) is equal to the Zariski tangent space of
the local moduli space, while the second cohomology group H2(L) is a complete obstruction
space.

For instance, the deformation theory of a coherent sheaf F is controlled by R HomOX (F,F)
considered as an element in the homotopy category of differential graded Lie algebras, see e.g.
[24, 39, 62]. When X is a complex manifold, if F admits a finite locally free resolution (e.g. if X
is projective)

0→ E−n → · · · → E0 → F→ 0

then a representative of R HomOX (F,F) is given by the Dolbeault complex A0,∗
X (Hom∗OX (E∗,E∗)).

Morphisms of DG-Lie algebras and more generally L∞ morphisms between DG-Lie algebras
induce morphisms between the associated deformation functors. They also induce morphisms in
cohomology, giving in degrees 1 and 2 the tangent and obstruction map respectively.

In this framework, to show that each component of the Buchweitz–Flenner semiregularity
map is the obstruction map of a morphism of deformation theories, we need to show that there
exists a sequence of L∞ morphisms between DG-Lie algebras whose linear components induce
in cohomology the components of the semiregularity map. If the DG-Lie algebra which is the
target of this L∞ morphism is abelian, i.e., it has trivial bracket, then its associated deformation
functor is unobstructed and we automatically obtain that each component of the semiregularity
map annihilates all obstructions to deformations of the coherent sheaf.

In view of the discussion about the unobstructed target and intermediate Jacobians, the goal
of our works [4, 49, 50] was to construct a sequence of L∞ morphisms whose linear components
induce in cohomology the components of the modified Buchweitz–Flenner semiregularity map

τk : Ext2
X(F,F) σk−→ Hk+2(X,Ωk

X) = H2(X,Ωk
X [k]) ik−→ H2(X,Ω≤kX [2k]), k ≥ 0,

where Ω≤kX = (⊕ki=0Ωi
X [−i], ∂) denotes the truncated holomorphic de Rham complex and ik is

induced by the inclusion of complexes Ωk
X [k] ⊂ Ω≤kX [2k].

The main result of [4] was the construction of canonical L∞ liftings

σk : A0,∗
X (Hom∗OX (E∗,E∗)) A≤k,∗X [2k]

of the modified Buchweitz–Flenner semiregularity maps for a coherent sheaf F equipped with
a finite locally free resolution E∗ on a complex manifold X. Then the modified Buchweitz–
Flenner semiregularity maps are obstruction maps of a morphism of deformation theories with
unobstructed target, and we obtain:
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Theorem 0.0.4 (=Corollaries 4.5.7 and 4.5.8). Let F be a coherent sheaf on a complex manifold
X admitting a locally free resolution. Then for every k ≥ 0 the semiregularity map

τk : Ext2
X(F,F)→ H2+2k(X,Ω≤kX ), x 7→ 1

k! Tr(At(F)k · x),

annihilates obstructions to deformations of F.
If the Hodge to de Rham spectral sequence of X degenerates at E1, then every obstruction to

the deformations of F belongs to the kernel of the map

σk : Ext2
X(F,F)→ Hk+2(X,Ωk

X), x 7→ 1
k! Tr(At(F)k · x).

This was achieved by considering curved DG-pairs, abstract algebraic structures which encode
the geometric situation of a complex of locally free sheaves equipped with a connection of type
(1, 0). A curved DG-pair is the data of a curved DG-algebra and of a Lie ideal which is closed
for the derivation and contains the curvature. It is possible to associate to a curved DG-pair an
Atiyah class and abstract semiregularity maps, and to introduce Chern–Simons classes, which
we used to construct L∞ liftings of the abstract semiregularity maps.

This construction of L∞ liftings of semiregularity maps can be also employed effectively in
other contexts. Consider the situation of a Lie algebroid A over a smooth separated scheme X
of finite type over K, i.e., the data of a locally free sheaf of OX -modules A equipped with a
K-linear bracket [−,−] : A ×A →A and a morphism of sheaves of OX -modules a : A → ΘX ,
which commutes with brackets, and such that the Leibniz rule holds:

[l, fm] = a(l)(f)m+ f [l,m], ∀l,m ∈A, f ∈ OX .

Define a Lie pair (L,A) of Lie algebroids to be an inclusion of Lie algebroids A ⊂ L such that
the quotient is locally free. An A-module is a locally free sheaf E on X equipped with a flat
A-connection ∇, namely a morphism of OX -modules

∇ : A → HomK(E,E), l 7→ ∇l

∇l(fe) = a(l)(f)e+ f∇l(e), ∀f ∈ OX , l ∈A, e ∈ E

with the property that ∇l∇m −∇m∇l = ∇[l,m] for all l,m ∈A.
Given an A-module (E,∇) and a Lie pair (L,A), it is possible to define the Atiyah class

AtL/A(E) ∈ H1(A; (L/A)∨ ⊗HomOX (E,E))

as the primary obstruction to the extension of ∇ to a flat L-connection. Here, for any A-module
(F,∇′), we denote by H∗(A;F) the cohomology of the complex (Ω∗(A)⊗F,∇′), where Ω∗(A)
is the de Rham DG-algebra of A. More precisely, the Atiyah class AtL/A(E) is the obstruction
to the extension of ∇ to an L-connection compatible with the A-module structure, i.e., to a
connection ∇′ : L→ HomK(E,E) such that [∇′l,∇′a] = ∇′[l,a] for every l ∈ L and a ∈A.

In [5] we constructed L∞ liftings of semiregularity maps associated to a locally free A-module
E and a Lie pair (L,A), which are defined as

τk : H2(A;HomOX (E,E))→ H2+k
(
A;
∧k

(L/A)∨
)
, τk(x) = 1

k! Tr(AtL/A(E)kx).

We also proved that the DG-Lie algebra of derived sections of the sheaf of DG-Lie algebras
Ω∗(A)⊗HomOX (E,E) controls the deformations of the A-module E, and then, by the principles
explained above, the semiregularity maps τk annihilate all obstructions to the deformations of
the A-module E, provided that a certain spectral sequence associated to the Lie pair degenerates
at E1.



Introduction ix

Chapter 1 The first chapter contains some algebraic preliminaries: the basic definitions and
theory of DG-Lie algebras, graded coalgebras, L∞-algebras and L∞ morphisms. It also contains
a brief recall of the Thom–Whitney totalisation of a semicosimplicial complex of vector spaces.

Chapter 2 The second chapter begins with a brief introduction to deformation functors
and obstruction theory, with an emphasis on simple obstructions. The deformation functors
associated to DG-Lie algebras and semicosimplicial Lie algebras are described. The last section
concerns the deformation theory of coherent sheaves, and three DG-Lie algebras controlling this
deformation problem are given.

Chapter 3 This chapter consists of a history of the semiregularity maps of Severi, Kodaira–
Spencer, Bloch and Buchweitz–Flenner and an account of their importance in deformation theory.
The annihilation of all obstructions for the Buchweitz–Flenner semiregularity map is discussed
thoroughly.

Chapter 4 The core of this part is based on [4] and it contains the construction of a
sequence of canonical L∞ morphisms associated to a curved DG-pair via Chern–Simons classes.
A particular case of this construction, where the curved DG-pair is obtained via a connection
of type (1, 0) on a complex of locally free sheaves on a complex manifold, allows to construct
canonical L∞ liftings of all the components of the Buchweitz–Flenner semiregularity map, and
therefore to prove that the semiregularity map annihilates all obstructions to deformations of a
coherent sheaf on a complex manifold. Also contained in this chapter is a part based on [50],
where we used connections of type (1, 0) on complexes of locally free sheaves to construct a
lifting of the first component of the semiregularity map via an explicit computation.

Chapter 5 This chapter is based on [49], where the results of [50] were extended to the
algebraic case. The situation considered is that of a transitive DG-Lie algebroid (A, ρ) over a
smooth separated scheme X of finite type over a field K of characteristic 0. Using simplicial
methods, it is possible to define a notion of connection on the kernel of the anchor map ρ,
and to construct an L∞ morphism between DG-Lie algebras f : RΓ(X,Kerρ) RΓ(X,Ω≤1

X [2])
associated to a connection and to a cyclic form on the DG-Lie algebroid, from which one obtains
a lifting of the first component of the semiregularity map.

Chapter 6 The last chapter is based on [5] and it concerns more general semiregularity
maps, defined for a Lie pair (L,A) and a locally free module over a Lie algebroid A on a smooth
separated scheme of finite type over a field K of characteristic zero.. We determine a DG-Lie
algebra controlling the deformations of the A-module, and prove that these semiregularity maps
annihilate the obstructions if a certain spectral sequence associated to the Lie pair degenerates
at E1. By considering the trivial Lie pair (ΘX , 0) one can recover the results of the Chapter 4
for a locally free sheaf in the algebraic setting.
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1

Notation

By K we denote a fixed field of characteristic 0; unless otherwise specified every (graded)
vector space is intended over K.

The term differential graded (DG) means graded over the integers and with differential of
degree +1. The degree of a homogeneous element x in a graded vector space will be denoted
x̄. We adopt the Grothendieck–Verdier formalism for degree shifting: given a DG-vector space
(V = ⊕nV n, dV ) and an integer p, we define the DG-vector space (V [p], dV [p]) by setting
V [p]n = V n+p, dV [p] = (−1)pdV .

All rings are commutative and unitary, unless specified. For any local ring R, we denote by
mR its maximal ideal. Let ArtK denote the category with objects Artin local K-algebras with
residue field K, and morphisms given by local morphisms of K-algebras.

If L is a DG-Lie algebra, H∗(L) always denotes the cohomology of the underlying complex
of vector spaces, which inherits a graded bracket from the one on L.

For every pair of sheaves of OX -modules F,G we denote by HomK(F,G) and HomOX (F,G)
the sheaves of K-linear morphisms and OX -linear morphisms respectively. The OX -module
structure on G induces an OX -module structure both on HomK(F,G) and HomOX (F,G). We
also write EndK(F) and EndOX (F) for HomK(F,F) and HomOX (F,F) respectively.

For two complexes of OX -modules E,F we denote by Hom∗OX (E,F) the graded sheaf of
OX -linear morphisms

Hom∗OX (E,F) =
⊕
i

Homi
OX

(E,F), Homi
OX

(E,F) =
∏
j

HomOX (Ej ,Fi+j).

For a complex manifold, Ap,q
X denotes the sheaf of differential forms of type p, q, and A

p,q
X (E)

denotes the sheaf of differential forms of type p, q with coefficients in a locally free sheaf E. The
global sections of these sheaves will be denoted by Ap,qX and Ap,qX (E) respectively.
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Chapter 1

DG-Lie algebras and L∞ morphisms

In characteristic zero, the homotopy category of DG-Lie algebras is one of the possible
frameworks to study deformation theory; this chapter contains a basic introduction to DG-Lie
algebras and L∞ morphisms, with the objective of deformation theory in view. Deformation
functors associated to DG-Lie algebras will be treated in the next chapter.

In the first section, the basic definitions and examples of DG-Lie algebras are given. The
third section concerns L∞ algebras and morphisms; one definition of L∞ morphism used here
relies on the properties of coalgebras and their coderivations, described in Section 1.2. In the
last section, we describe semicosimplicial objects and review the definition and of some of the
main properties of the Thom–Whitney totalisation functor.

The main reference for this chapter is [59]. For more details on the Thom–Whitney totalisation
we refer also to [23, 24, 27, 40].

1.1 DG-Lie algebras
A graded vector space is a vector space with a Z-graded direct sum decomposition V =⊕

n∈Z V
n. If V =

⊕
n∈Z V

n is a graded vector space, we denote by ā the degree of a non-zero
homogeneous element a: in other words ā = n whenever a ̸= 0 and a ∈ V n. It is implicitly
assumed that if a formula contains the degree symbols ā, b̄, . . . then all the elements a, b, . . .
involved are homogeneous and different from 0.

Definition 1.1.1. A differential graded vector space (a DG-vector space for short), or complex
of vector spaces, is the data of a graded vector space V =

⊕
n∈Z V

n together with a linear map
d : V → V , called differential, such that d(V n) ⊂ V n+1 for every n and d2 = dd = 0.

· · · V i−1 V i V i+1 · · ·d d

A morphism f : (V, dV ) → (W,dW ) of DG-vector spaces is a linear map f : V → W such that
f(V n) ⊂Wn for every n and dW f = fdV .

· · · V i−1 V i V i+1 · · ·

· · · W i−1 W i W i+1 · · ·

dV

f

dV

f f

dW dW

A complex of vector spaces (V, d) is called bounded above if there exists n ∈ Z such that
V k = 0 for all k > n, bounded below if there exists m ∈ Z such that V k = 0 for all k < m, and
bounded if it is bounded both above and below.

The tensor product of differential graded vector spaces is defined as follows:

V ⊗W =
⊕
n∈Z

(V ⊗W )n, (V ⊗W )n =
⊕
i+j=n

V i ⊗W j ,
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with differential dV⊗W (v ⊗ w) = dV v ⊗ w + (−1)vv ⊗ dWw.
The Hom complex of DG-vector spaces V,W is the DG-vector space

Hom∗K(V,W ) =
⊕
n∈Z

Homn
K(V,W ), Homn

K(V,W ) =
∏
i∈Z

HomK(V i,W i+n)

with the differential
df(v) = dW (f(v))− (−1)ff(dV v).

For every DG-vector space (V, d), Z∗(V ) = Ker d denotes the graded subspace of cocycles,
B∗(V ) = d(V ) denotes the graded subspace of coboundaries and H∗(V ) = Z∗(V )/B∗(V ) is
the cohomology of V . The cohomology of V can be considered as a DG-vector space with
trivial differential. A morphism f : V → W of DG-vector spaces naturally induces a map in
cohomology f : H∗(V )→ H∗(W ). Morphisms of DG-vector spaces V →W correspond exactly
to the elements of Z0(Hom∗K(V,W )).

Definition 1.1.2. 1. A morphism of DG-vector spaces f : V →W is a quasi-isomorphism if
it induces an isomorphism in cohomology, i.e. if f : H∗(V )→ H∗(W ) is an isomorphism.

2. A DG-vector space V is called acyclic if H∗(V ) = 0.

3. Two morphisms of DG-vector spaces f, g : V → W are homotopic if there exists h ∈
Hom−1(V,W ) such that f − g = dWh+ hdV .

4. A DG-vector space V is contractible if the identity is a coboundary in Hom∗(V, V ), i.e
there exists h ∈ Hom−1(V, V ) such that dh+ hd = IdV . It is equivalent to saying that the
identity is homotopic to the zero morphism.

Given a DG-vector space (V, dV ) and an integer p we define the DG-vector space (V [p], dV [p])
by setting

V [p]n = V n+p, dV [p] = (−1)pdV .

For instance, K[−n] is the complex that has K in degree n and 0 in degrees different from n.
The tautological map s : V → V [−1] of degree 1, defined in each degree n as the identity map
V n → V [−1]n+1 = V n is called a suspension; more generally, for any integer p there exists a
tautological morphism s : V → V [p] of degree −p, defined in each degree n as the identity map
V → V [p]n−p = V n; the definition of dV [p] implies that s−p is a cocycle in Hom∗(V, V [p]).

Definition 1.1.3. A double complex or bicomplex of vector spaces C is a family {Cp,q}, p, q ∈ Z,
of vector spaces, together with maps

dv : Cp,q → Cp,q+1, dh : Cp,q → Cp+1,q, ∀ p, q ∈ Z,

called vertical and horizontal differential respectively, such that

(dv)2 = (dh)2 = dvdh + dhdv = 0.

· · · · · ·

· · · Cp,q+1 Cp+1,q+1 · · ·

· · · Cp,q Cp+1,q · · ·

· · · · · ·

dh

dv

dh

dv
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Definition 1.1.4. Define the product total complex TotΠ(C) associated to a double complex C
as

TotΠ(C)n =
∏

p+q=n
Cp,q,

with differential the sum of the horizontal and vertical differentials. Define the sum total complex
Tot⊕(C) as

Tot⊕(C)n =
⊕

p+q=n
Cp,q, d = dv + dh.

Remark 1.1.5. A double complex (C, dh, dv) is called a first quadrant double complex if it is
concentrated in the first quadrant of the plane, i.e. if Cp,q = 0 if p < 0 or q < 0.

Notice that for a first quadrant double complex C one has that TotΠ(C) = Tot⊕(C), because
there are finitely many terms in any diagonal.

Definition 1.1.6. A differential graded Lie algebra, or DG-Lie algebra, over a field K of
characteristic zero is the data of a DG-vector space (L, d) with a bilinear bracket [−,−] : L×L→ L
satisfying the following conditions:

1. [−,−] is homogeneous graded skew-symmetric of degree 0. This means that:

• [Li, Lj ] ⊂ Li+j ,
• [a, b] + (−1)ab[b, a] = 0 for every a, b homogeneous,

2. (Leibniz identity) d[a, b] = [da, b] + (−1)a[a, db] for every a, b homogeneous;

3. (Jacobi identity) every triple of homogeneous elements a, b, c satisfies the equality [a, [b, c]] =
[[a, b], c] + (−1)ab[b, [a, c]].

A DG-Lie algebra with trivial differential d = 0 is simply referred to as a graded Lie algebra,
while a DG-Lie algebra is called abelian if its bracket is trivial. A morphism of differential
graded Lie algebras is a morphism of DG-vector spaces commuting with brackets.

Example 1.1.7. Every Lie algebra can be considered as a DG-Lie algebra concentrated in
degree 0, with trivial differential. If L =

⊕
Li is a DG-Lie algebra, L0 is a Lie algebra in the

usual sense.

Definition 1.1.8. A graded algebra over a field K of characteristic zero is the data of a graded
vector space A with a bilinear map A×A→ A, (a, b) 7→ ab, called a product, that satisfies the
following conditions:

1. ab = a+ b;

2. (ab)c = a(bc).

A differential graded algebra, or DG-algebra, is the data of a graded algebra A as above
and of a degree 1 map d : A→ A, called differential, such that d2 = 0 and the Leibniz rule holds:

d(ab) = d(a)b+ (−1)aad(b), ∀a, b ∈ A.

A commutative DG-algebra is a DG-algebra such that the graded commutativity holds:

ab = (−1)abba, ∀a, b ∈ A.

Remark 1.1.9. Notice that every (differential) graded associative algebra is also a (differential)
graded Lie algebra, with bracket given by the graded commutator [a, b] = ab− (−1)abba.

Example 1.1.10. Given a DG-Lie algebra L and a commutative differential graded algebra A,
the DG-vector space L⊗A has a natural structure of DG-Lie algebra, with bracket given by

[x⊗ a, y ⊗ b] = (−1)a y[x, y]⊗ ab.
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Example 1.1.11. Let V be a DG-vector space, then the Hom complex Hom∗K(V, V ) has a natural
structure of differential graded Lie algebra, with the bracket equal to the graded commutator

[f, g] = fg − (−1)f̄ ḡgf,

and the differential equal to the adjoint operator [d,−], where d is the differential of V .

Example 1.1.12. Let A be a DG-algebra over the field K. The DG-Lie algebra of derivations
of A is the DG-Lie subalgebra of Hom∗K(A,A) defined by:

Der∗K(A,A) =
⊕
n

DernK(A,A) ⊂ Hom∗K(A,A),

DernK(A,A) = {φ ∈ Homn
K(A,A) | φ(ab)=φ(a)b+ (−1)nāaφ(b)}.

Notice that the differential of A is a derivation of degree +1.
Let L be a differential graded Lie algebra, then the derivations of L

Der∗K(L,L) =
⊕
n

DernK(L,L),

DernK(L,L) = {φ ∈ Homn
K(L,L) | φ[a, b] = [φ(a), b] + (−1)nā[a, φ(b)]}

form a DG-Lie algebra, with bracket equal to the graded commutator [φ, ψ] = φψ − (−1)φ ψψφ
and differential equal to [d,−].

The cohomology of a DG-Lie algebra is defined as the cohomology of the underlying DG-vector
space. For any DG-Lie algebra (L, d, [−,−]) and every x, y ∈ L we have that if dx = dy = 0,
then d[x, y] = 0, and if dy = 0, then [dx, y] = d[x, y]. Therefore the bracket of L factors to a
bracket in H∗(L), inducing a graded Lie algebra structure on the cohomology of L. If f : L→M
is a morphism of differential graded Lie algebras, then f : H∗(L)→ H∗(M) is a morphism of
graded Lie algebras.

Definition 1.1.13. A quasi-isomorphism of DG-Lie algebras is a morphism of DG-Lie algebras
which is a quasi-isomorphism of the underlying DG-vector spaces.

Definition 1.1.14. The descending central series L[n], n ≥ 1, of a DG-Lie algebra L is defined
as L[1] = L and

L[n] = Span{[a1, [· · · [an−1, an] · · · ]] | a1, · · · , an ∈ L}, n ≥ 2.

Equivalently, it is defined by the recursive formulas L[1] = L and L[n] = [L,L[n−1]].
A DG-Lie algebra L is nilpotent if L[n] = 0 for some n > 0.

In particular, for every differential graded Lie algebra L and every proper ideal I of an Artin
local K-algebra, the DG-Lie algebra L⊗ I is nilpotent.

1.2 Graded coalgebras
Definition 1.2.1. A graded coalgebra is the data (C,∆) of a graded vector space C together
with a morphism of graded vector spaces ∆: C → C ⊗ C such that (IdC ⊗∆)∆ = (∆⊗ IdC)∆.
The map ∆ is called coproduct and the above property is called coassociativity.

The twist map tw: V ⊗W →W ⊗ V is defined as

tw(v ⊗ w) = (−1)v̄ w̄w ⊗ v, v ∈ V,w ∈W. (1.2.1)

Definition 1.2.2. A graded coalgebra (C,∆) is called cocommutative if tw ◦∆ = ∆.
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Given a graded coalgebra (C,∆), using coassociativity, one can define the iterated coproducts
∆n : C → C⊗n+1 as

∆0 = IdC , ∆n = (IdC ⊗∆n−1) ◦∆.

Definition 1.2.3. A graded coalgebra (C,∆) is called conilpotent if ∆n = 0 for n >> 0. It is
called locally conilpotent if C =

⋃
n Ker ∆n.

Definition 1.2.4. A morphism of graded coalgebras F : (C,∆) → (B,Γ) is a morphism of
graded vector spaces F : C → B such that ΓF = F⊗2∆.

C C ⊗ C

B B ⊗B

∆

F F⊗F

Γ

Definition 1.2.5. Let (C,∆) be a graded coalgebra. A morphism of graded vector spaces
p : C → V is called a cogenerator of C if for every x ∈ C, c ̸= 0, there exists n > 0 such that
p⊗n∆n−1(x) ̸= 0 in V ⊗n. Equivalently, p : C → V is a cogenerator of C if the linear map

(p, p⊗2∆, p⊗3∆2, . . .) : C −→
∏
n>0

V ⊗n

is injective. For a cogenerator p : C → V and a linear map f : B → C, the composition pf : B → V
is called the corestriction of f to p.

Proposition 1.2.6. Let p : B → V be a cogenerator of a graded coalgebra (B,Γ). Then every
morphism of graded coalgebras φ : (C,∆) → (B,Γ) is uniquely determined by its corestriction
pφ : C → V .

Proof. Given a morphism of graded coalgebras F : (C,∆)→ (B,Γ) for every n ≥ 0 one has that

ΓnF = F⊗n+1∆n : C → B⊗n+1.

Given two morphisms of graded coalgebras F,G : C → B such that pF = pG we have

p⊗n+1ΓnF = p⊗n+1F⊗n+1∆n = (pF )⊗n+1∆n = (pG)⊗n+1∆n = p⊗n+1G⊗n+1∆n = p⊗n+1ΓnG

and the claim follows.

Definition 1.2.7. Given a morphism of graded coalgebras F : (C,∆) → (B,Γ) the set of
F -coderivations of degree n is

Codern(C,B;F ) := {Q ∈ Homn
K(C,B) | ΓQ = (F ⊗Q+Q⊗ F )∆}

and we set
Coder∗(C,B;F ) =

⊕
n∈Z

Codern(C,B;F ).

We denote Coder∗(C,C; IdC) by Coder∗(C).

Given a graded vector space V , the twist map of (1.2.1)

tw: V ⊗W →W ⊗ V, tw(v ⊗ w) = (−1)v̄ w̄w ⊗ v,

extends naturally, for every n ≥ 0, to a right action of the symmetric group Σn on the nth tensor
power of V :

tw: V ⊗n × Σn → V ⊗n .

More explicitly, for v1, . . . , vn homogeneous elements and σ ∈ Σn we have:

tw(v1 ⊗ · · · ⊗ vn, σ) = ±(vσ(1) ⊗ · · · ⊗ vσ(n)),

where the above sign ± is equal to the signature of the restriction of σ to the subset of indices i
such that vi has odd degree.



1.2 Graded coalgebras 7

Definition 1.2.8. Given a permutation σ ∈ Σn, a graded vector space V and non-trivial
homogeneous elements v1, . . . , vn ∈ V \ {0}, the Koszul sign ε(σ, V ; v1, . . . , vn) = ±1 is defined
by the relation

tw(v1 ⊗ · · · ⊗ vn, σ) = ε(σ, V ; v1, . . . , vn)(vσ(1) ⊗ · · · ⊗ vσ(n))

The antisymmetric Koszul sign χ(σ, V ; v1, . . . , vn) = ±1 is the product of the Koszul
sign and the signature of the permutation:

χ(σ, V ; v1, . . . , vn) = (−1)σε(σ, V ; v1, . . . , vn).

By convention, if vi = 0 for some index i we set

ε(σ, V ; v1, . . . , vn) = χ(σ, V ; v1, . . . , vn) = 0 .

Definition 1.2.9 (Shuffles). Given two non-negative integers p, q ≥ 0 with p + q > 0, a
(p, q)-shuffle is a permutation σ of the set {1, . . . , p+ q} such that

σ(1) < σ(2) < · · · < σ(p) and σ(p+ 1) < · · · < σ(p+ q) .

The subset of (p, q)-shuffles is denoted by S(p, q) ⊂ Σp+q.

The (p, q)-shuffles are
(p+q
q

)
in number.

Example 1.2.10. For every n > 0 one has that S(0, n) = S(n, 0) = {Id}, while S(1, 1) = Σ2
and the three (2, 1)-shuffles are:

(1, 2, 3), (1, 3, 2), (2, 3, 1) .

It is possible to associate to a graded vector space V a cocommutative coalgebra, the
symmetric coalgebra of V . This is the graded coalgebra (S(V ), l), where S(V ) =

⊕
n>0 V

�n, and
l : S(V )→ S(V )⊗ S(V ) is given by

l(v1 ⊙ · · · ⊙ vn) =
n−1∑
a=1

∑
σ∈S(a,n−a)

ε(σ)(vσ(1) ⊙ · · · ⊙ vσ(a))⊗ (vσ(a+1) ⊙ · · · ⊙ vσ(n)), (1.2.2)

where S(a, n− a) denotes the set of (a, n− a)-shuffles and ε the symmetric Koszul sign.
The projection map pV : S(V )→ V is a cogenerator.

Lemma 1.2.11. Every morphism of locally conilpotent cocommutative coalgebras F : (C,∆)→
(S(V ), l) is uniquely determined by its corestriction f = pV F : C → V .

Every coderivation of a reduced symmetric coalgebra Q ∈ Coder∗(S(V )) is uniquely deter-
mined by its corestriction pVQ =

∑
n>0 qn : S(V )→ V .

For a proof we refer to [59, 11.5].

Definition 1.2.12. A differential graded coalgebra is the data of a graded coalgebra
C together with a coderivation d ∈ Coder1(C,C), called a differential, such that d2 = 0. A
morphism of differential graded coalgebras is a morphism of graded coalgebras commuting with
differentials.

Definition 1.2.13. The bar construction of a DG-Lie algebra (L, d, [−,−]) is the cocommutative
DG-coalgebra (S(L[1]), l, Q), where S(L[1]) is the symmetric coalgebra of the graded vector
space L[1], with the coproduct defined in (1.2.2) and the coderivation Q : S(L[1])→ S(L[1]) is
defined via Lemma 1.2.11 by

qi : L[1]�i → L[1], q1(x) = −dx, q2(x, y) = (−1)x[x, y], qi = 0 ∀i ≥ 3.
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1.3 L∞ and L∞[1]-algebras
Definition 1.3.1. An L∞ structure on a graded vector space L is a sequence of skew-symmetric
maps

ln : L∧n → L, deg(ln) = 2− n, n > 0,
such that for every n > 0 and every sequence of homogeneous vectors x1, . . . , xn we have:

n∑
k=1

(−1)n−k
∑

σ∈S(k,n−k)
χ(σ) ln−k+1(lk(xσ(1), . . . , xσ(k)), xσ(k+1), . . . , xσ(n)) = 0, (1.3.1)

where S(k, n− k) are the (k, n− k) shuffles of Definition 1.2.9 and χ is the antisymmetric Koszul
sign. An L∞-algebra (L, l1, l2, . . .) is a graded vector space L equipped with an L∞ structure
l1, l2, . . . .

The first equations of (1.3.1) are, for n = 1, 2, 3:

1. l1(l1(x1)) = 0;

2.
∑

σ∈S(2,0)
χ(σ)l1(l2(xσ(1), xσ(2)))−

∑
σ∈S(1,1)

χ(σ)l2(l1(xσ(1)), xσ(2)) = 0;

3.
∑

σ∈S(1,2)
χ(σ)l3(l1(xσ(1)), xσ(2), xσ(3))−

∑
σ∈S(2,1)

χ(σ)l2(l2(xσ(1), xσ(2)), xσ(3)) +

+
∑

σ∈S(3,0)
χ(σ)l1(l3(xσ(1), xσ(2), xσ(3))) = 0.

Remark 1.3.2. Notice that from the first equation for an L∞-algebra (L, l1, l2, . . .) we have
deg(l1) = 1 and l21 = 0. Therefore (L, l1) is a DG-vector space, and it is possible to consider its
cohomology H∗(L).

Example 1.3.3. Differential graded Lie algebras are L∞-algebras with l1 equal to the differential,
l2 equal to the Lie bracket and ln = 0 for every n > 2. In fact, the axioms of a differential graded
Lie algebra (L, d, [−,−]) over a field of characteristic 0:

1. d(d(x1)) = 0;

2. d[x1, x2]−
(
[dx1, x2]− (−1)x̄1 x̄2 [dx2, x1]

)
= 0;

3. [[x1, x2], x3]− (−1)x̄2 x̄3 [[x1, x3], x2] + (−1)x̄1(x̄2+x̄3)[[x2, x3], x1] = 0;

may be rewritten as:

1. d(d(xσ(1))) = 0;

2.
∑

σ∈S(2,0)
χ(σ)d[xσ(1), xσ(2)]−

∑
σ∈S(1,1)

χ(σ)[dxσ(1), xσ(2)] = 0;

3.
∑

σ∈S(2,1)
χ(σ)[[xσ(1), xσ(2)], xσ(3)] = 0.

Definition 1.3.4. The décalage isomorphisms of a graded vector space V are the linear
isomorphisms

déc: Homn
K(V ⊗k, V ) '−−→ Homn−k+1

K ((sV )⊗k, sV ), n, k ∈ Z, k ≥ 0,

defined by imposing the commutativity of the diagrams

V ⊗k
f //

s⊗k
��

V

s

��
(sV )⊗k

déc(f) // sV
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or, equivalently, by the formula

déc(f)(sv1, . . . , svk) = (−1)
∑

i
(k−i)v̄isf(v1, . . . , vk) .

The importance of décalage isomorphisms is expressed by the following proposition.

Proposition 1.3.5. The décalage isomorphisms exchange symmetric map into skew-symmetric
maps and conversely. For every n, k ∈ Z, k ≥ 0, we have two linear isomorphisms:

déc: Homn
K(V �k, V ) '−−→ Homn−k+1

K ((sV )∧k, sV ),

déc: Homn
K(V ∧k, V ) '−−→ Homn−k+1

K ((sV )�k, sV ).
(1.3.2)

Proof. See [59, 10.6].

The equations (1.3.1) take a simpler form after a décalage isomorphism, so it is convenient
to encode these new equations into a new algebraic structure called L∞[1] structure, which is
equivalent to the old one.

Definition 1.3.6. An L∞[1] structure on a graded vector space V is a sequence of symmetric
linear maps

qn : V �n → V, deg(qn) = 1, n > 0,

such that for every n > 0 and every sequence of homogeneous vectors v1, . . . , vn:
n∑
k=1

∑
σ∈S(k,n−k)

ε(σ) qn−k+1(qk(vσ(1), . . . , vσ(k)), vσ(k+1), . . . , vσ(n)) = 0 . (1.3.3)

An L∞[1]-algebra (V, q1, q2, . . .) is a graded vector space equipped with an L∞[1] structure.

For notational convenience we shall sometimes denote an L∞[1]-algebra (V, q1, q2, . . .) by the
pair (V, q), where

q ∈ Hom1
K(⊕n≥1V

�n, V ), q =
∞∑
n=1

qn .

Lemma 1.3.7. For every graded vector space V , the opposite of the décalage isomorphisms give
a canonical bijection from the set of L∞[1] structures on V and the set of L∞ structures on
sV = V [−1]:

−déc: {L∞[1] structures on V } '−−→ {L∞ structures on sV }.

More explicitly, in the notation above, the bijection is given by:

lk = −déc(qk), lk(sv1, . . . , svk) = −(−1)
∑

i
(k−i)v̄isqk(v1, . . . , vk).

It is possible to give an equivalent, more concise definition of L∞[1]-algebras in terms of
symmetric coalgebras, see e.g. [56, Chapter IX]:

Definition 1.3.8. An L∞[1]-algebra is a pair (V,Q), where V is a graded vector space, and
Q ∈ Coder(S(V )) such that Q2 = 1

2 [Q,Q] = 0.

Equivalently, (S(V ), Q) is a DG-coalgebra, as in Definition 1.2.12
An advantage of this second definition is the possibility of defining L∞-morphisms easily:

Definition 1.3.9. An L∞-morphism of L∞[1]-algebras f : (V, q)→ (W, r) is the corestriction of
a morphism of symmetric coalgebras F : (S(V ), Q)→ (S(W ), R) such that FQ = RF .
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Denoting by fn, n > 0, the components of f , i.e.,

f =
∑
n>0

fn, fn ∈ Hom0(V �n,W ),

we shall call f1 the linear part of f , f2 the quadratic part and so on.
An L∞ morphism of L∞[1]-algebras can be written more explicitly as follows:

Proposition 1.3.10. Given two L∞[1]-algebras (V, q1, q2, . . .) and (W, r1, r2, . . .), a sequence
of linear maps fn ∈ Hom0(V �n,W ) gives an L∞-morphism f =

∑
fn if and only if for every

v1, . . . , vn ∈ V we have
n∑
i=1

riF
i
n(v1 ⊙ · · · ⊙ vn)

=
n∑
i=1

∑
σ∈S(i,n−i)

ε(σ)fn−i+1(qi(vσ(1) ⊙ · · · ⊙ vσ(i))⊙ · · · ⊙ vσ(n)),
(1.3.4)

where the maps F in : V �n →W�i are defined recursively by the formulas F 1
n = fn and

F in(v1 ⊙ · · · ⊙ vn) = 1
i

n−i+1∑
a=1

∑
σ∈S(a,n−a)

ε(σ)fa(vσ(1) ⊙ · · · ⊙ vσ(a))⊙ F i−1
n−a(vσ(a+1) ⊙ · · · ⊙ vσ(n)).

Definition 1.3.11. An L∞-morphism of L∞-algebras is an L∞-morphism of the corresponding
L∞[1]-algebras.

Given two L∞-algebras (H,h1, h2, . . .) and (L, l1, l2, . . .), via the décalage isomorphisms of
Definition 1.3.4:

déc : Hom0
K(H[1]�n, L[1]) '−−→ Hom1−n

K (H∧n, L),

every L∞-morphism g : (H,h1, h2, . . .) (L, l1, l2, . . .) is given by a sequence of maps

gn ∈ Hom1−n
K (H∧n, L), n ≥ 1,

such that the maps fn = déc−1(gn) satisfy the condition of Proposition 1.3.10.
The general expression of the equations satisfied by the maps gn is complicated and outside

the scope of this thesis. However, in the following chapters, it will be useful to consider the
special case of a L∞ morphism between DG-Lie algebras, as in the following definition.

Definition 1.3.12. Let (V, δ, [−,−]) and (L, d, {−,−}) be DG-Lie algebras over the same field.
An L∞ morphism g : V  L is a sequence of linear maps gn : V ∧n → L, n ≥ 1, with gn of degree
1− n such that g1 is a morphism of complexes, while for every n ≥ 2 and every v1, . . . , vn ∈ V
homogeneous we have

1
2

n−1∑
p=1

∑
σ∈S(p,n−p)

χ(σ)(−1)(1−n+p)(vσ(1)+···+vσ(p)−p)
{
gp(vσ(1), . . . , vσ(p)), gn−p(vσ(p+1), . . . , vσ(n))

}
+ dgn(v1, . . . , vn) = (−1)n−1 ∑

σ∈S(1,n−1)
χ(σ)gn(δ(vσ(1)), vσ(2), . . . , vσ(n))

+ (−1)n−2 ∑
σ∈S(2,n−2)

χ(σ)gn−1([vσ(1), vσ(2)], vσ(3), . . . , vσ(n)).

When we deal with L∞ morphisms of DG-Lie algebras where the target L is abelian,
{−,−} = 0 and the above definition reduces to:

Definition 1.3.13. Let (V, δ, [−,−]) be a DG-Lie algebra and (L, d) an abelian DG-Lie algebra.
An L∞ morphism g : V  L is a sequence of maps gn : V ∧n → L, n ≥ 1, with gn of degree 1− n
such that the following conditions Cn, n = 1, 2, 3, . . ., are satisfied:
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C1 g1δ = dg1;

Cn, n ≥ 2 for every v1, . . . , vn ∈ V homogeneous we have

dgn(v1, . . . , vn) = (−1)n−1 ∑
σ∈S(1,n−1)

χ(σ)gn(δvσ(1), vσ(2), . . . , vσ(n))

+ (−1)n−2 ∑
σ∈S(2,n−2)

χ(σ)gn−1([vσ(1), vσ(2)], vσ(3), . . . , vσ(n)).

Notice that if gn = 0 for every n ≥ N then Cn is trivially satisfied for every n > N .
Remark 1.3.14. Notice that condition C1 entails that the linear component g1 induces a map in
cohomology g1 : H∗(V )→ H∗(M). It is clear that the cohomology H∗(M) of an abelian DG-Lie
algebra M is an abelian graded Lie algebra. Condition C2 can be written as

g1([v1, v2]) = dg2(v1, v2) + g2(δv1, v2) + (−1)v1g2(v1, δv2),

which implies that the map induced by g1 in cohomology is a morphism of graded Lie algebras.

Definition 1.3.15. An L∞-morphism f : (V, q1, · · · ) (W, r1, · · · ) is called a weak equivalence
if its linear component f1 : (V, q1)→ (W, r1) is a quasi-isomorphism of DG-vector spaces.

Theorem 1.3.16. Two DG-Lie algebras are weakly equivalent as L∞-algebras if and only if
they are quasi-isomorphic as DG-Lie algebras.

For the proof, we refer to [51, 11.4] or to [59, 12.6].

1.4 Semicosimplicial objects and the Thom–Whitney totalisation
For every integer n ≥ 0, consider the finite set [n] = {0, 1, · · · , n}, equipped with the usual

order relation. Let
−→
∆ be the category whose objects are [0] = {0}, [1] = {0, 1}, [2] = {0, 1, 2}, etc.

and whose morphisms are the strictly monotone maps. For instance, Mor−→∆([n− 1], [n]) contains
exactly n+ 1 morphisms called face maps, namely:

δk : [n− 1]→ [n], δk(p) =
{
p if p < k

p+ 1 if p ≥ k
k = 0, · · · , n.

The face maps satisfy the semicosimplicial identities:

δlδk = δk+1δl for every l ≤ k.

Every strictly monotone map f : [n]→ [n+ k], k > 0, admits a unique factorisation as

f = δi1 · · · δik , n+ k ≥ i2 > i2 > · · · > ik ≥ 0.

Definition 1.4.1. Let C be a category. A semicosimplicial object in C is a covariant functor
A :
−→
∆ → C. Equivalently, a semicosimplicial object A is a diagram

A : A0 A1 A2 · · ·
δ0

δ1

δ0

δ2

δ1

where each Ai is an object of C, and, for each n > 0, there are n+1 face operators δk : An−1 → An,
k = 0, · · · , n, which are morphisms in the category C and satisfy the semicosimplicial identities.

A morphism of semicosimplicial objects is a natural transformation of functors; equivalently,
a morphism f : A → B of semicosimplicial objects is a sequence of morphisms fn : An → Bn
such that δkfn−1 = fnδk for every k, n.
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Definition 1.4.2. A semicosimplicial Lie algebra over a field K is a semicosimplicial object
in the category of Lie algebras over K; it is represented by a diagram of Lie algebras

g : g0 g1 g2 · · ·
δ0

δ1

δ0

δ2

δ1

in which every face operator δi is a morphism of Lie algebras.

Analogously, a semicosimplicial DG-Lie algebra over K is a semicosimplicial object in
the category of DG-Lie algebras.

The Thom–Whitney totalisation is a functor from the category of semicosimplicial DG-vector
spaces to the category of DG-vector spaces. For every n ≥ 0 consider

An = K[t0, . . . , tn, dt0, . . . , dtn]
(1−

∑
i ti,

∑
i dti)

the commutative differential graded algebra of polynomial differential forms on the affine standard
n-simplex, and the maps

δ∗k : An → An−1, 0 ≤ k ≤ n δ∗k(ti) =


ti i < k

0 i = k

ti−1 i > k.

Definition 1.4.3. The Thom–Whitney totalisation of a semicosimplicial DG-vector space V

V : V0 V1 V2 · · ·
δ0

δ1

δ0

δ2

δ1

is the DG-vector space

Tot(V ) =
{
(xn) ∈

∏
n≥0

An ⊗K Vn | (δ∗k ⊗ Id)xn = (Id⊗δk)xn−1 for every 0 ≤ k ≤ n
}
,

with differential induced by the one on
∏
n≥0An ⊗ Vn. To simplify notation, we will sometimes

denote this differential by dTot = dA + dV , where dA denotes the differential of polynomial
differential forms, and dV the differential on V .

If f : V →W is a morphism of semicosimplicial DG-vector spaces, then Tot(f) : Tot(V )→
Tot(W ) is defined as the restriction of the map∏

Id⊗f :
∏
n≥0

An ⊗K Vn →
∏
n≥0

An ⊗K Wn.

The Tot functor is exact: given semicosimplicial DG-vector spaces V,W,Z and morphisms
f : V →W , g : W → Z such that for every n ≥ 0 the sequence

0 Vn Wn Zn 0f g

is exact, one obtains an exact sequence

0 Tot(V ) Tot(W ) Tot(Z) 0,f g

see e.g. [23, 59].
Given two semicosimplicial DG-vector spaces V and W , then Tot(V × W ) is naturally

isomorphic to Tot(V )×Tot(W ). An important consequence is the preservation of multiplicative
structures; in particular, we will use the fact that the functor Tot sends semicosimplicial DG-Lie
algebras to DG-Lie algebras.

To fix notation we recall here the definition of the Čech complex and its sheafified version.
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Definition 1.4.4. Let X be smooth separated scheme of finite type over the field K, let
U = {Ui}, i ∈ I, be an affine open cover of X, and denote by Ui1···in = Ui1 ∩ · · · ∩ Uin .

1. The Čech complex of a quasi-coherent sheaf F is

Cp(U,F) =
∏

i0<···<ip
F(Ui0···ip), p ∈ N, i0, . . . , ip ∈ I

ď : Cp(U,F)→ Cp+1(U,F), ď(α)i0···ip+1 =
p+1∑
k=0

(−1)kαi0···îk···ip+1
|Ui0···ip+1

. (1.4.1)

2. Let (E∗, dE) be a finite complex of quasi-coherent sheaves, the Čech hypercomplex is

(C∗(U,E∗))p =
⊕
q≥0

Cq(U,Ep−q)

Cp(U,Ek) =
∏

i0<···<ip
Ek(Ui0···ip), p ∈ N, i0, . . . , ip ∈ I, k ∈ Z

with differential ď+ dE.

3. The sheafified Čech complex of F is the complex of OX -modules given by

(C∗(U,F), ď), Cp(U,F) =
∏

i0<···<ip
(ji0···ip)∗F|Ui0···ip , p ∈ N, i0, . . . , ip ∈ I,

where ď is defined as in (1.4.1) and ji0···ip : Ui0···ip → X denotes the inclusion map.

4. The sheafified Čech hypercomplex of (E∗, dE) is defined as

(C∗(U,E∗), ď+ dE), (C∗(U,E∗))p =
⊕
q≥0

Cq(U,Ep−q).

In the above situation, the Čech cohomology, defined as the cohomology of the Čech
(hyper)complex, is isomorphic to the (hyper)cohomology of the (complex of) sheaves, and
the sheafified Čech complex is a resolution of the sheaf, see e.g. [34, III.4].

Example 1.4.5. Let (E∗, δ) be a bounded below complex of quasi-coherent sheaves on a smooth
separated scheme X of finite type over the field K, and let U = {Ui} be an open affine cover of
X. Consider the semicosimplicial DG-vector space of Čech cochains:

E∗(U) :
∏
i

E∗(Ui)
∏
i<j

E∗(Uij)
∏

i<j<k

E∗(Uijk) · · · ,
δ0

δ1

δ0

δ2

δ1

δs :
∏

i0<···<in
E∗(Ui0···in)→

∏
i0<···<in+1

E∗(Ui0···in+1), (δsα)i0···in+1 = αi0···îs···in+1
|Ui0···in+1

.

According to the Whitney integration theorem, there exists a natural quasi-isomorphism

I : Tot(U,E∗)→ C∗(U,E∗)

where C∗(U,E∗) is the hypercomplex of Čech cochains of Definition 1.4.4 (see [76] for the
C∞ version, [21, 31, 59, 66] for the algebraic version used here). Therefore the cohomology
of Tot(U,E∗) is isomorphic to the hypercohomology of the complex of sheaves E∗ and then
the quasi-isomorphism class of Tot(U,E∗) does not depend on the affine open cover, since
H i(Tot(U,E∗)) = Hi(X,E∗) and the map I commutes with refinements of affine covers.
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For our later application it is important to point out that there exists a natural inclusion of
DG-vector spaces Γ(X,E∗)→ Tot(U,E∗) such that the restriction of I to Γ(X,E∗) is the natural
inclusion map

i : Γ(X,E∗)→
∏
i

E∗(Ui), i(s) = {s|Ui}.

In fact, δ0i = δ1i, therefore

δjkδjk−1 · · · δi1i = δk0 i, for every 0 ≤ js ≤ s,

and this implies that

ι : Γ(X,E∗)→ Tot(U,E∗), ι(a) = (1⊗ i(a), 1⊗ δ0i(a), 1⊗ δ2
0i(a), . . .) (1.4.2)

is a properly defined injective morphism of DG-vector spaces.
For later use we also point out that for every quasi-coherent sheaf F and every affine open

cover U, the inclusion Γ(X,F) ⊂ Tot(U,F) induces an isomorphism Γ(X,F) ∼= H0(Tot(U,F)).
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Chapter 2

Infinitesimal deformations and
obstructions

This chapter begins with a brief review of functors of Artin rings, deformation functors
and obstruction theories, with a particular emphasis on simple obstructions. To a differential
graded Lie algebra L one can associate two functors of Artin rings MCL and DefL, called
Maurer–Cartan and deformation functor respectively. These are defined in Section 2.4, together
with their tangent spaces and natural obstruction theory. The references for Sections 2.1–2.4 are
[22, 59].

Section 2.5 concerns the deformation theory of coherent sheaves. In particular, using locally
free and injective resolutions of a coherent sheaf F, three DG-Lie models for R HomOX (F,F)
are outlined.

2.1 Deformation functors
For a fixed field K we denote by ArtK the category of Artin local K-algebras with residue

field K, with morphisms local morphisms inducing isomorphisms on the residue field. For every
local ring R, mR will denote its maximal ideal. In this chapter, unadorned tensor products are
taken over the field K. We denote by Set the category of sets (to avoid foundational problems
we always work in a fixed universe), and by 0 ∈ Set the singleton, i.e., the terminal object in
the category of sets.

Definition 2.1.1. A functor of Artin rings is a covariant functor F : ArtK → Set such that
F (K) = 0.

Functors of Artin rings are objects of a category where the morphisms are natural transfor-
mations.

Example 2.1.2. A vector space V over the field K induces a functor of Artin rings

V : ArtK → Set, V (A) = V ⊗K mA.

The category ArtK has fibre products: the fibre product of two maps f : S → R and
g : S′ → R in ArtK is the set-theoretic fibre product S ×R S′, which is an Artin local K-algebra
with residue field K and maximal ideal given by mS ×R mS′ .

Definition 2.1.3. Let F : ArtK → Set be a functor of Artin rings. For every fibre product

B ×A C

��

// C

��
B

β // A
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in ArtK consider the induced map

η : F (B ×A C)→ F (B)×F (A) F (C) .

The functor F is called a deformation functor if:

1. η is surjective, whenever β is surjective;

2. η is bijective, whenever A = K.

Definition 2.1.4. A natural transformation φ : F → G of functors of Artin rings is called
smooth if for every surjective morphism B → A in the category ArtK, the natural map

F (B)→ G(B)×G(A) F (A)

is surjective. A functor of Artin rings F is called smooth or unobstructed if the natural
transformation F → 0 is smooth; equivalently F is smooth if F (B) → F (A) is surjective for
every surjective morphism B → A in ArtK.

Definition 2.1.5. Let F : ArtK → Set be a deformation functor. The set

T 1F = F

(K[ε]
(ε2)

)
is called the tangent space of F .

The tangent space of a deformation functor has a natural structure of vector space, and for
every natural transformation of deformation functors F → G, the induced map T 1F → T 1G is
linear; for a proof see e.g. [59, 3.4.2].

2.2 Obstruction theory
In this context, by obstructions we intend obstructions for a deformation functor F to be

smooth, i.e., obstructions to the existence of a lifting of a ∈ F (A) to F (B), for any surjection
B → A in ArtK.

Definition 2.2.1. A morphism α : B → A in ArtK is a small surjection if α is surjective and
its kernel is annihilated by the maximal ideal mB.

If α : B → A is surjective with kernel I = ker(α) there exists an integer s > 0 such that
ms
BI = 0, and then α factors as the composition of the finite sequence of small surjections

B → B

ms−1
B I

→ · · · → B

mBI
→ A .

Definition 2.2.2. A small extension e in ArtK is an exact sequence of abelian groups

e : 0→M
ϕ−→ B

α−→ A→ 0,

such that α is a morphism in the category ArtK, ϕ is a morphism of B-modules and the ideal
ϕ(M) is annihilated by the maximal ideal mB. In particular M is a finite dimensional vector
space over B/mB = K.

A small extension as above is called principal if M = K.

A small extension is a small surjection together with a framing of its kernel. Every surjective
morphism in ArtK is a finite composition of small surjections arising from principal small
extensions.
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A morphism of small extensions is a commutative diagram

e1 : 0 // M1

αM
��

// B1 //

αB
��

A1

αA
��

// 0

e2 : 0 // M2 // B2 // A2 // 0

(2.2.1)

with αA and αB morphisms in ArtK. The push-out of a small extension

e : 0→M
ϕ−→ B

α−→ A→ 0,

by a morphism of finite dimensional K-vector spaces g : M → N is the small extension

g∗e : 0→ N
(0,Id)−−−→ B ⊕N

{(ϕ(m),−g(m)) | m ∈M}
g∗α−−→ A→ 0 , g∗α(b, n) = α(b) .

Definition 2.2.3. Let F be a functor of Artin rings. An obstruction theory for F with values
in a vector space V is the data, for every small extension in ArtK

e : 0→M → B → A→ 0 ,

of an obstruction map, a map ve : F (A)→ V ⊗M with the base change property with respect
to morphisms of small extensions: this means that for every morphism of small extensions

e1 : 0 // M1

αM
��

// B1 //

αB
��

A1

αA
��

// 0

e2 : 0 // M2 // B2 // A2 // 0

we have ve2(αA(a)) = (IdV ⊗αM )(ve1(a)) for every a ∈ F (A1).

The name obstruction theory is motivated by the following:

Lemma 2.2.4. Let (V, ve) be an obstruction theory for a functor of Artin rings F , and let

e : 0→M
α−→ B

β−→ A→ 0

be a small extension. If an element a ∈ F (A) lifts to F (B), i.e., if a = β(b) for some b ∈ F (B),
then ve(a) = 0.

Proof. Immediate consequence of the base change property applied to the morphism of small
extensions

0 // 0 //

��

B

Id
��

Id // B

β
��

// 0

e : 0 // M
α // B

β // A // 0 .
In particular, we have ve = 0 whenever there exists a morphism s : A→ B in ArtK such that
βs = IdA.

Every obstruction theory is uniquely determined by its behaviour on principal small extensions.
In fact, let

e : 0→M → B → A→ 0

be a small extension and a ∈ F (A); the obstruction ve(a) ∈ V ⊗M is uniquely determined by
the values (IdV ⊗f)ve(a) ∈ V , where f varies along a basis of HomK(M,K). By the base change
property, (IdV ⊗f)ve(a) = vf∗e(a), where f∗e is the push-out extension

f∗e : 0→ K→ B ⊕K
{(m,−f(m)) | m ∈M} → A→ 0.
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Definition 2.2.5. An obstruction theory (V, ve) for F is called complete if the converse of
Lemma 2.2.4 holds; i.e., the lifting exists if and only if the obstruction vanishes.

Thus, a functor of Artin rings F is smooth if and only if the trivial obstruction theory (0, 0)
is complete; complete obstruction theories play an essential role when we want to check the
smoothness of a natural transformation.

An obstruction theory (OF , obe) for F is called universal if, for every obstruction theory
(V, ve), there exists a unique morphism of obstruction theories (OF , obe)→ (V, ve).

It is clear that if the universal obstruction theory (OF , obe) exists then it is unique up to
isomorphism and it is uniquely determined by the functor F ; the vector space OF is called the
obstruction space of F .

Theorem 2.2.6. Let F be a deformation functor, then:

1. there exists a universal obstruction theory (OF , obe) for F that is complete;

2. every element of the obstruction space OF is of the form obe(a), for some principal extension

e : 0→ K→ B → A→ 0

and some a ∈ F (A).

For the proof, we refer to [59, 3.6.7].

2.3 Simple obstructions
There exist some special classes of small extensions for which it is easier to compute the

corresponding obstruction maps, and which can be enough to give some information on the
smoothness of a deformation functor. Of particular relevance for the following chapters will be
the simple extensions and obstructions.

Let F be a deformation functor and let C be a class of small extensions in ArtK, and denote
by OF the universal obstruction space of Theorem 2.2.6. The obstructions arising from C are
defined as the obstructions f(obe(x)) ∈ OF = OF ⊗K, with

e : 0→M → A→ B → 0

a small extension in C, x ∈ F (B) and f : M → K a linear map.

Definition 2.3.1. A curvilinear extension is a small extension in ArtK that is isomorphic to

0 −→ K tn−−→ K[t]
(tn+1) −→

K[t]
(tn) −→ 0

for some n ≥ 2. The curvilinear obstructions of a deformation functor are the obstructions
arising from the curvilinear extensions.

Theorem 2.3.2 ([22]). Let F : ArtK → Set be a deformation functor. Then F is smooth if and
only if for every integer n ≥ 2 the natural map

F

( K[t]
(tn+1)

)
−→ F

( K[t]
(tn)

)
is surjective. In other words, a deformation functor is smooth if and only if every curvilinear
obstruction vanishes.

Proof. For the proof, we refer to [22].
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For a deformation functor F , let OcF denote the vector subspace of OF generated by curvilinear
obstructions. Notice that the above theorem says that OF = 0 if and only if OcF = 0, but does
not imply in general that OF = OcF .

Associated to every small extension 0 → M → A → B → 0 is the second fundamental
sequence of Kähler differentials (see [61, Theorem 58]):

M ΩA/K ⊗A B ΩB/K 0,d

where d(x) = dA/K(x)⊗ 1 for x ∈M .

Definition 2.3.3. A small extension is simple if the natural map d : M → ΩA/K ⊗A B is
injective. Simple obstructions are the ones arising from simple extensions.

Over a field of characteristic 0 every curvilinear extension is simple.
For every A ∈ ArtK and every A-module M we denote by A⊕M the trivial extension, with

multiplication rule (a,m)(b, n) = (ab, an+ bm). Notice that A⊕M ∈ ArtK if and only if M is
finitely generated as an A-module.

Definition 2.3.4. A small extension in ArtK is called semitrivial if it is isomorphic to

0→ K → A⊕M α−→ A⊕N → 0

for some A ∈ ArtK and some short exact sequence 0→ K →M
β−→ N → 0 of finitely generated

A-modules with mAK = 0; the morphism α is the trivial extension of β, i.e., α(a,m) = (a, β(m)).
A semitrivial obstruction is an obstruction arising from a semitrivial extension.

Example 2.3.5. For every n ≥ 1 the small extension

0→ K xny−−−→ K[x, y]
(xn+1, y2) →

K[x, y]
(xn+1, xny, y2) → 0

is semitrivial and isomorphic to

0→ K xny−−−→ A⊕Ay → A⊕ A

(xn)y → 0, where A = K[x]
(xn+1) .

Lemma 2.3.6. Every semitrivial small extension is simple.

Proof. In the setup of Definition 2.3.4, the projection π : A⊕M →M is a derivation and then
there exists a morphism of A ⊕M -modules φ : ΩA⊕M/K → M such that φ(a db) = a π(b) for
every a, b ∈ A⊕M . Since KM = 0 we have φ(KΩA⊕M/K) = 0 and then φ factors through

ΩA⊕M/K ⊗A⊕M A⊕N = ΩA⊕M/K ⊗A⊕M
A⊕M
K

=
ΩA⊕M/K

KΩA⊕M/K
.

The proof follows by observing that the composition φd : K → M is the inclusion of K into
M .

Denoting by OsemiF and OsimpleF the obstructions arising from from the semitrivial and simple
extensions respectively, from Lemma 2.3.6 it follows that OsemiF ⊆ OsimpleF .

Proposition 2.3.7. Let F be a deformation functor, then every obstruction of F arising from a
simple small extension is semitrivial.

Proof. Given a simple small extension 0 → J → A
f−→ B → 0 we have a morphism of small

extensions
0 // J // A

g

��

// B

h
��

// 0

0 // J // B ⊕ (ΩA/K ⊗A B) // B ⊕ ΩB/K // 0

where g(a) = (f(a), da) and h(b) = (b, db). The bottom row is a semitrivial extension and the
conclusion follows by the base change of obstructions maps.
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Putting together Lemma 2.3.6 and Proposition 2.3.7, we obtain that OsemiF = OsimpleF ⊆ OF .

Theorem 2.3.8 (T 1-lifting trick). Let K be a field of characteristic 0 and F : ArtK → Set a
deformation functor. Then F is smooth if and only if for every n ≥ 2 the map

F

( K[x, y]
(xn, y2)

)
→ F

( K[x, y]
(xn, xn−1y, y2)

)
is surjective.

Proof. Apply Theorem 2.3.2 and base change to the morphisms of small extensions:

0 // K tn //

n

��

K[t]
(tn+1)

//

t7→x+y
��

K[t]
(tn)

//

t7→x+y
��

0

0 // K xn−1y // K[x, y]
(xn, y2)

// K[x, y]
(xn, xn−1y, y2)

// 0 ,

where the bottom small extension is semitrival, as seen in Example 2.3.5.

Corollary 2.3.9 (Abstract T 1-lifting theorem). Over a field K of characteristic 0, a deformation
functor is smooth if and only if every semitrivial obstruction vanishes.

Proof. For every n ≥ 1 the small extension

0→ K xny−−−→ K[x, y]
(xn+1, y2) →

K[x, y]
(xn+1, xny, y2) → 0 (2.3.1)

is semitrivial and isomorphic to

0→ K xny−−−→ A⊕Ay → A⊕ A

(xn)y → 0, where A = K[x]
(xn+1) .

Therefore, if all semitrivial obstructions vanish, so do obstructions coming from small
extensions of the form (2.3.1), and the Corollary follows from Theorem 2.3.8.

Remark 2.3.10. From Corollary 2.3.9 and from the fact that OsemiF = OsimpleF it follows that in
characteristic zero the vanishing of simple obstructions is enough to ensure the smoothness of
the deformation functor.

2.4 Maurer–Cartan and deformation functors associated to a
DG-Lie algebra

In this section we describe the Maurer–Cartan equation of a differential graded Lie algebra L,
which is used to define the Maurer–Cartan elements of L and to construct the Maurer–Cartan
functor MCL : ArtK → Set. The deformation functor DefL is obtained as the quotient of
the Maurer–Cartan functor MCL modulo the gauge action. The tangent spaces and natural
obstruction theory of these functors are also described.

Definition 2.4.1. Given a differential graded Lie algebra (L, d, [−,−]), the Maurer–Cartan
equation is given by

dx+ 1
2[x, x] = 0.

An element x ∈ L1 which satisfies the Maurer–Cartan equation is called a Maurer–Cartan
element. The set of Maurer–Cartan elements is denoted by

MC(L) =
{
x ∈ L1

∣∣∣∣ dx+ 1
2[x, x] = 0

}
.
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Definition 2.4.2. Let L be a DG-Lie algebra. The Maurer–Cartan functor associated to L
is the functor MCL : ArtK → Set,

MCL(A) = MC(L1 ⊗mA) =
{
x ∈ L1 ⊗mA

∣∣∣∣ dx+ 1
2[x, x] = 0

}
.

Notice that the DG-Lie algebra structure on L ⊗ mA is induced by the one on L, as in
Example 1.1.10.

Definition 2.4.3. Let L be a DG-Lie algebra and A ∈ ArtK. Two elements x, y in L1 ⊗mA are
gauge equivalent if there exists a ∈ L0 ⊗mA such that

y = ea ∗ x := x+
∑
n≥0

[a,−]n

(n+ 1)!([a, x]− da).

The operator ∗ is called the gauge action of the group exp(L0⊗mA): in fact ea∗(eb∗x) = ea•b∗x,
where • is the Baker–Campbell–Hausdorff product.

Notice that the gauge action is a perturbation of the adjoint action: if the differential d is
trivial, it reduces to the adjoint action.

The gauge action preserves Maurer–Cartan elements: for a proof we refer to [59, 6.3.4].

Definition 2.4.4. The deformation functor associated to a DG-Lie algebra L is

DefL : ArtK → Set

DefL(A) = MC(L1 ⊗mA)
exp(L0 ⊗mA) =

{
x ∈ L1 ⊗mA

∣∣∣ dx+ 1
2 [x, x] = 0

}
gauge action .

It is clear that for any DG-Lie algebra L, the functors MCL and DefL are functors of Artin
rings, as in Definition 2.1.1. Moreover, the functors MCL and DefL are deformation functors, as
in Definition 2.1.3; for a proof of this fact we refer to [59, Chapter 6].

Example 2.4.5. Consider a DG-Lie algebra L and A in ArtK such that the DG-Lie algebra
L⊗mA is abelian. Then one has that

DefL(A) = H1(L)⊗mA;

in fact, when the DG-Lie algebra is abelian the Maurer–Cartan equation reduces to dx = 0 and
then MCL(A) = Z1(L)⊗mA. If a ∈ L0 ⊗mA and x ∈ L1 ⊗mA we have

ea ∗ x = x+
∑
n≥0

ad(a)n

(n+ 1)!([a, x]− da) = x− da

and then DefL(A) = Z1(L)⊗mA

d(L0 ⊗mA) = H1(L)⊗mA.

From this follows the fact that the tangent space to the deformation functor DefL is given
by

T 1 DefL := DefL(K[ε]) = H1(L)⊗Kε, ε2 = 0, (2.4.1)

and the useful fact:

Lemma 2.4.6. If L is an abelian DG-Lie algebra, the associated deformation functor DefL is
smooth.

Proof. As seen in Example 2.4.5, DefL(A) ∼= H1(L)⊗mA, and for every surjection B → A in
ArtK, the map H1(L)⊗mB → H1(L)⊗mA is surjective.
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Proposition 2.4.7. Let L be a differential graded Lie algebra. The deformation functor MCL

carries a natural complete obstruction theory with values in the vector space H2(L).
Moreover, this complete obstruction theory is also a complete obstruction theory for the

functor DefL.
Proof. Consider a small extension

e : 0→M → B → A→ 0 ,

and take x ∈ MCL(A), i.e. x ∈ L1⊗mA such that dx+ 1
2[x, x] = 0. We can lift x to x̃ ∈ L1⊗mB,

and define
h = dx̃+ 1

2[x̃, x̃] ∈ L2 ⊗M.

Then
dh = d2(x̃) + [dx̃, x̃] = [h, x̃]− 1

2[[x̃, x̃], x̃],

and by the fact that [L2 ⊗M,L1 ⊗mB] = 0 and by the Jacobi identity we obtain dh = 0. We
define ve(x) = [h] ∈ H2(L⊗M) = H2(L)⊗M ; this does not depend on the choice of the lifting,
because if we take y another lifting of x, we have that y = x̃+ z, z ∈ L1 ⊗M , and

dy + 1
2[y, y] = h+ dz.

Then (H2(L), ve) is a complete obstruction theory for the functor MCL.
Given a surjective morphism α : A→ B in the category ArtK, an element x ∈ MCL(B) can

be lifted to MCL(A) if and only if its equivalence class [x] ∈ DefL(B) can be lifted to DefL(A). In
fact, if x ∈ MCL(B) lifts to some y ∈ MCL(A), it is plain that [y] ∈ DefL(A) lifts [x] ∈ DefL(B).
Vice versa, if [x] lifts to DefL(A) then there exists y ∈ MCL(A) and b ∈ L0 ⊗ mB such that
α(y) = eb ∗ x. Then one can lift b to an element a ∈ L0 ⊗mA and then x0 = e−a ∗ y is a lifting
of x.

Every morphism f : L → M of differential graded Lie algebras induces a natural trans-
formation of the associated Maurer–Cartan functors, which is compatible with the gauge
action, and therefore induces a natural transformation of the associated deformation functors
f : DefL → DefM .
Remark 2.4.8. Let f : L→M be a morphism of DG-Lie algebras, and let f : H i(L)→ H i(M)
be the maps induced in cohomology by f , and consider in particular f : H2(L)→ H2(M). This
map commutes with obstructions, and hence if DefM is smooth, f annihilates all obstructions
to DefL.

In particular, ifM is an abelian DG-Lie algebra, by Lemma 2.4.6 the functor DefM is smooth
and the map f annihilates all obstructions to DefL.
Proposition 2.4.9. Let L → N be a quasi-isomorphism of differential graded Lie algebras.
Then the induced morphism DefL → DefN is an isomorphism.

This follows from the Standard smoothness criterion of [22].
Finally, to work in the homotopy category of DG-Lie algebras, we need the following result:

Theorem 2.4.10. Every L∞ morphism between DG-Lie algebras f : L M induces a natural
transformation of functors

MCf : MCL → MCM , x 7→
∑
n

1
n!fn(x�n),

that factors to a natural transformation
Deff : DefL → DefM .

If f is a weak equivalence of L∞-algebras as in Definition 1.3.15, then Deff : DefL → DefM is
an isomorphism of functors.
Proof. See [59, Section 13.1].
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2.4.1 Deformation functors associated to semicosimplicial Lie algebras

Let h be semicosimplicial Lie algebra over K, as in Definition 1.4.2

h : h0 h1 h2 · · · .
δ0

δ1

δ0

δ2

δ1

One can associate to h two functors of Artin rings Z1
h , H

1
h : ArtK → Set, which here are described

in brief; for more details see [27, 59]. The functor of non-abelian 1-cocycles Z1
h is defined as

Z1
h (A) = {ex ∈ exp(h1 ⊗mA) | eδ1(x) = eδ2(x)eδ0(x)}.

For every A ∈ ArtK there is a left action of exp(h0 ⊗mA) on Z1
h (A)

exp(h0 ⊗mA)× Z1
h (A)→ Z1

h (A), (ea, ex) 7→ eδ1(a)exe−δ0(a).

The functor H1
h : ArtK → Set is then defined as

H1
h (A) =

Z1
h (A)

exp(h0 ⊗mA) .

A corollary of Hinich’s theorem on descent of Deligne groupoids [36] relates the Thom–
Whitney totalisation of Section 1.4 and the functor H1

g .

Proposition 2.4.11 (Hinich). For every semicosimplicial Lie algebra g there exists a natural
isomorphism of functors H1

g
∼= DefTot(g):

For the proof we refer to [36] or [59].

2.5 Deformations of coherent sheaves
Let F be a coherent sheaf on a smooth separated scheme X of finite type over a field K

of characteristic zero. This sections concerns the deformation theory of coherent sheaves: in
particular, three DG-Lie algebras controlling this deformation problem are given, under different
hypotheses on F and on X.

Definition 2.5.1. A deformation of F over A ∈ ArtK is a pair (FA, α) where FA is a coherent
sheaf of OX ⊗A-modules, flat over A, and α : FA → F is morphism of OX ⊗A-modules inducing
an isomorphism FA ⊗A K ∼= F.

Two deformations (FA, α) and (F′A, α′) are isomorphic if there exists an isomorphism of
OX ⊗A-modules f : FA → F′A commuting with the maps to F, i.e. such that α′f = α.

This defines a functor of Artin rings:

DefF : ArtK → Set, DefF(A) = {isomorphism classes of deformations of F over A}.

For a proof of the fact that DefF is a deformation functor as in Definition 2.1.3, we refer e.g. to
[35, 3.19].

2.5.1 DG-Lie representatives of R HomOX (F,F)
By an injective resolution of a coherent sheaf F we mean an injective quasi-isomorphism

F→ I∗, with (I∗, dI) a complex of injective OX -modules concentrated in positive degree.

Definition 2.5.2. Define R HomOX (F,F) as the quasi-isomorphism class of Hom∗OX (I∗,I∗),
for F→ I∗ any injective resolution of the coherent sheaf F.
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The definition is well-posed, because the quasi-isomorphism class of the DG-Lie algebra
Hom∗OX (I∗,I∗) is independent from the choice of the injective resolution of F. In fact, given
two injective resolutions F→ I∗ and F→ J∗, it is well known that there exists a morphism of
complexes f : I∗ → J∗, unique up to homotopy, lifting the identity on F. Then it is possible to
conclude that the DG-Lie algebras Hom∗OX (I∗,I∗) and Hom∗OX (J∗,J∗) are quasi-isomorphic
using the following lemma:

Lemma 2.5.3. Let f : I∗ → J∗ be a quasi-isomorphism of bounded below complexes of injective
OX-modules, then the associative DG-algebras Hom∗OX (I∗,I∗) and Hom∗OX (J∗,J∗) are quasi-
isomorphic.

Proof. Recall that the mapping cone C∗ = cone(f) of f is defined by Cn = In+1⊕Jn, dC(x, y) =
(−dx, f(x)+dy). The map f is a quasi-isomorphism between bounded below complexes of injective
objects, therefore its mapping cone is a bounded below, acyclic complex of injective objects and
by applying Lemma A.3.1 to its identity map we can see it is contractible.

Consider first the case where moreover f is degreewise split injective and its cokernel
K∗ = Coker(f) is contractible. In this case, we can identify I∗ with the image f(I∗) ⊂ J∗, and
consider the associative DG-algebra

L = {α ∈ Hom∗OX (J∗,J∗) | α(I∗) ⊆ I∗},

which fits inside the short exact sequence

0→ L
i−→ Hom∗OX (J∗,J∗)→ Hom∗OX (I∗,K∗)→ 0,

where i a morphism of DG-algebras. Since f is degreewise split injective, there exists a surjective
morphism of DG-algebras

p : L→ Hom∗OX (I∗,I∗), g 7→ p(g) = g|I∗ ,

which fits inside the short exact sequence

0→ Hom∗OX (K∗,J∗)→ L
p−→ Hom∗OX (I∗,I∗)→ 0.

Since the complex K∗ is contractible, so are Hom∗OX (K∗,J∗) and Hom∗OX (I∗,K∗), therefore
the maps p, i are quasi-isomorphisms of DG-algebras.

In the general case, consider the mapping cylinder H∗ := cyl(f), defined by Hn = In+1 ⊕
In ⊕ Jn, dH(x, y, z) = (−dx, dy − x, f(x) + dz). There are two natural inclusions I∗ → H∗,
J∗ → H∗, which are quasi-isomorphisms of bounded below complexes of injective objects and
are also degreewise split injective. Therefore, we can apply the first part to obtain a zigzag of
quasi-isomorphisms of DG-algebras:

Hom∗OX (I∗,I∗) p←− L i−→ Hom∗OX (H∗,H∗) i′←− L′ p
′
−→ Hom∗OX (J∗,J∗).

If there exists a finite locally free resolution E∗ → F of the coherent sheaf F, it can be used
to construct a particularly useful DG-Lie algebra model for R HomOX (F,F): the resolution
E∗ → F gives a sheaf of DG-Lie algebras Hom∗OX (E∗,E∗) on X, and taking the Thom–Whitney
totalisation of Definition 1.4.3 with respect to an affine open cover U one obtains a DG-Lie
algebra Tot(U,Hom∗OX (E∗,E∗)).

In the next proposition, we prove that it is in fact a DG-Lie model for the derived endomor-
phisms of F.

Proposition 2.5.4. Let E∗ → F be a finite locally free resolution of the coherent sheaf F, and
let F→ I∗ be a resolution of injective OX-modules. There is a quasi-isomorphism of DG-Lie
algebras between Tot(U,Hom∗OX (E∗,E∗)) and Hom∗OX (I∗,I∗).
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Proof. Let U = {Ui} be an affine open cover of X. It is well known (or it can be deduced
by applying Lemma A.3.1) that the complexes Hom∗OX (I∗,I∗) and Hom∗OX (F,I∗) are quasi-
isomorphic. Therefore, considering the semicosimplicial DG-vector spaces

Hom∗OX (I∗,I∗)(U) :
∏
i

Hom∗OX (I∗,I∗)(Ui)
∏
i<j

Hom∗OX (I∗,I∗)(Uij) · · ·
δ0

δ1

δ0

δ2

δ1

and

Hom∗OX (F,I∗)(U) :
∏
i

Hom∗OX (F,I∗)(Ui)
∏
i<j

Hom∗OX (F,I∗)(Uij) · · · ,
δ0

δ1

δ0

δ2

δ1

for every n ≥ 0 there is a quasi-isomorphism of DG-vector spaces

Hom∗OX (I∗,I∗)(U)n → Hom∗OX (F,I∗)(U)n.

By a corollary of Whitney’s integration theorem, see [59, 7.4.6], this gives a quasi-isomorphism
of DG-vector spaces

Tot(U,Hom∗OX (I∗,I∗)) ∼−→ Tot(U,Hom∗OX (F,I∗)).

Consider now the double complex

0→ Hom∗OX (F,I∗)→
∏
i

Hom∗OX (F,I∗)(Ui)
δ0−δ1−−−→

∏
i<j

Hom∗OX (F,I∗)(Uij)→ · · · , (2.5.1)

which is acyclic in the horizontal direction, i.e., for every n the complex

0→ Homn
OX

(F,I∗)→
∏
i

Homn
OX

(F,I∗)(Ui)
δ0−δ1−−−→

∏
i<j

Homn
OX

(F,I∗)(Uij)→ · · ·

is acyclic. This follows by the fact that HomOX (G,Q) is flasque for any injective OX -module Q,
see [32, Ch. II, 7.3.2] and by Leray’s theorem on acyclic covers. This double complex is contained
in the first quadrant, because Hom−kOX

(F,I∗) = HomOX (F,I−k) = 0 for all k > 0.
Consider the total complex associated to the double complex of (2.5.1), as in Definition 1.1.4

(as seen in Remark 1.1.5, for a first quadrant double complex the sum and product total complexes
coincide). Since the double complex of (2.5.1) is contained in the first quadrant, the acyclicity
in the horizontal direction implies that the associated total complex is acyclic. This implies that
there is a quasi-isomorphism of complexes

Hom∗OX (F,I∗)→ C∗(U,Hom∗OX (F,I∗)),

where C∗(U,−) denotes the Čech hypercomplex of Definition 1.4.4. Since the complex of
sheaves Hom∗OX (F,I∗) is bounded below, we can apply the Whitney integration theorem of
Example 1.4.5 to obtain a quasi-isomorphism of complexes

Hom∗OX (F,I∗) ∼−→ Tot(U,Hom∗OX (F,I∗)),

induced by the restriction maps Hom∗OX (F,I∗)→ Hom∗OX (F,I∗)(Ui).
Likewise, the restriction maps Hom∗OX (I∗,I∗)→ Hom∗OX (I∗,I∗)(Ui) induce a map

Hom∗OX (I∗,I∗)→ Tot(U,Hom∗OX (I∗,I∗)),

which is a morphism of DG-Lie algebras. We then obtain a commutative diagram

Hom∗OX (I∗,I∗) Tot(U,Hom∗OX (I∗,I∗))

Hom∗OX (F,I∗) Tot(U,Hom∗OX (F,I∗)),

∼ ∼

∼
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where the first vertical map is a quasi-isomorphism by Lemma A.3.1, and hence the map
Hom∗OX (I∗,I∗)→ Tot(U,Hom∗OX (I∗,I∗)) is a quasi-isomorphism of DG-Lie algebras.

Therefore, to obtain the main claim, it is now enough to prove that there is a quasi-
isomorphism of DG-Lie algebras between Tot(U,Hom∗OX (I∗,I∗)) and Tot(U,Hom∗OX (E∗,E∗)).

Let U = SpecR be an affine open set, with R a commutative unitary K-algebra. To prove
the proposition, it is enough to prove that for an R-module M equipped with a finite projective
resolution p : P ∗ →M and an injective resolution i : M → I∗, the DG-Lie algebras Hom∗R(P ∗, P ∗)
and Hom∗R(I∗, I∗) are quasi-isomorphic.

Consider the short exact sequence

0 Ker p P ∗ M 0,p (2.5.2)

where the complex Ker p is acyclic because p is a surjective quasi-isomorphism. Applying the
functor Hom∗R(−, I∗) to the exact sequence (2.5.2), we obtain the exact sequence

0 Hom∗R(M, I∗) Hom∗R(P ∗, I∗) Hom∗R(Ker p, I∗) 0,p∗

which is exact on the right because I∗ is a bounded below complex of injective modules. By
Lemma A.3.1 any morphism of complexes from an acyclic complex to a bounded below complex
formed by injective elements is homotopic to the zero morphism, and therefore the complex
Hom∗R(Ker p, I∗) is acyclic. This implies that the map p∗ is a quasi-isomorphism of complexes.

Similarly, we can apply the functor Hom∗R(P ∗,−) to the exact sequence (2.5.2) to obtain the
exact sequence

0 Hom∗R(P ∗,Ker p) Hom∗R(P ∗, P ∗) Hom∗R(P ∗,M) 0,p∗

which is exact on the right because P ∗ is a bounded complex of projective R-modules. By
Lemma A.3.1 the complex Hom∗R(P ∗,Ker p) is acyclic and the map p∗ is a quasi-isomorphism.

Consider now the short exact sequence of bounded below complexes

0 M I∗ Coker i 0,i (2.5.3)

where Coker i is acyclic because i is an injective quasi-isomorphism. As above, one can ap-
ply the functors Hom∗R(−, I∗) and Hom∗R(P ∗,−) to the sequence (2.5.3), and obtain, using
Lemma A.3.1 again, that i∗ : Hom∗R(I∗, I∗)→ Hom∗R(M, I∗) is a surjective quasi-isomorphism
and that i∗ : Hom∗R(P ∗,M)→ Hom∗R(P ∗, I∗) is an injective quasi-isomorphism.

Denote by f the composition f = ip : P ∗ → M → I∗. It follows from the above that the
maps

f∗ : Hom∗R(P ∗, P ∗)→ Hom∗R(P ∗, I∗), f∗ : Hom∗R(I∗, I∗)→ Hom∗R(P ∗, I∗) (2.5.4)

are quasi-isomorphisms of complexes, and therefore cone(f∗) and cone(f∗) are acyclic complexes.
Let C∗ denote the cone of the map f : P ∗ → I∗, and let N denote the DG-Lie algebra of

endomorphisms of the cone, N := Hom∗R(cone(f), cone(f)) = Hom∗R(C∗, C∗). As a graded vector
space, C∗ = P ∗[1]⊕ I∗, and the differential is given by

dC =
(
dP [1] 0
f [1] dI

)
,

so the differential of N is given by [dC ,−]. Elements of N can be represented by matrices of the
form (

a b
c e

)
a ∈ Hom∗R(P ∗[1], P ∗[1]), b ∈ Hom∗R(I∗, P ∗[1]),
c ∈ Hom∗R(P ∗[1], I∗), e ∈ Hom∗R(I∗, I∗).
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Following the proof of [70, Lemma 4.4], it is easy to see that the subspace L ⊂ N of matrices of
the form(

a 0
c e

)
a ∈ Hom∗R(P ∗[1], P ∗[1]), c ∈ Hom∗R(P ∗[1], I∗), e ∈ Hom∗R(I∗, I∗)

is a sub-DG-Lie-algebra of N . One can check that the projections

π1 : L→ Hom∗R(P ∗, P ∗), π1

(
a 0
c e

)
= (−1)aa,

π2 : L→ Hom∗R(I∗, I∗), π2

(
a 0
c e

)
= e

are surjective morphisms of DG-Lie algebras.
We claim that Kerπ1 and Kerπ2 are acyclic, which implies that π1 and π2 are quasi-

isomorphisms, so that the proof of the proposition is complete. In particular, we will prove that
up to a shift Kerπ1 is isomorphic to cone(f∗) and Kerπ2 to cone(f∗), where f∗ and f∗ are the
quasi-isomorphisms of (2.5.4). We only prove the statement for Kerπ1, as the proof for Kerπ2
is analogous.

The kernel of π1 is given by matrices of the form(
0 0
c e

)
c ∈ Hom∗R(P ∗[1], I∗), e ∈ Hom∗R(I∗, I∗),

and the differential is [dC ,−], inherited from Hom∗R(C∗, C∗). The cone of f∗ : Hom∗R(I∗, I∗)→
Hom∗R(P ∗, I∗) is the complexK∗ := cone(f∗) = Hom∗R(I∗, I∗)[1]⊕Hom∗R(P ∗, I∗) with differential

dK =
(
dHom∗R(I∗,I∗)[1] 0

f∗[1] dHom∗R(P ∗,I∗)

)
.

We claim that the map

ψ : (Kerπ1, [dC ,−])→ (K∗[−1],−dK),
(

0 0
c e

)
→ (e,−c)

is an isomorphism. It is clear it is an isomorphism of graded vector spaces, since as as a graded
vector space

Kerπ1 ∼= Hom∗R(P ∗[1], I∗)⊕Hom∗R(I∗, I∗) ∼= Hom∗R(I∗, I∗)⊕Hom∗R(P ∗, I∗)[−1].

We need only to prove that the map ψ commutes with the differentials. Consider an element(
0 0
c e

)

of degree j in Kerπ1, so that c ∈ Homj
R(P ∗[1], I∗) ∼= Homj−1

R (P ∗, I∗) and e ∈ Homj
R(I∗, I∗).

The differential of this element is given by(
0 0

dIc− (−1)jcdP [1] − (−1)jef [1] dIe− (−1)jedI

)
,

and then

ψ

([
dC ,

(
0 0
c e

)])
= (dIe− (−1)jedI ,−dIc+ (−1)jcdP [1] + (−1)jef [1]).
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On the other hand, the differential of (e,−c) is given by

−
(
dEnd∗(I∗)[1] 0
f∗[1] dHom∗(P ∗,I∗)

)(
e
−c

)
= −

(
−(dIe− (−1)jedI)

f∗[1](e)− dIc+ (−1)j−1cdP

)

=
(

dIe− (−1)jedI
−f∗[1](e) + dIc+ (−1)jcdP ,

)

and we have the claim by the fact that dP [1] = −dP and f∗[1](e) = (−1)jef [1].

In the case where F is a coherent sheaf on a complex manifold X admitting a finite locally free
resolution E∗ → F, there is another representative for R HomOX (F,F) given by the Dolbeault
model

(A0,∗
X (Hom∗OX (E∗,E∗)), [−,−], ∂ + [dE,−]).

This DG-Lie algebra is obtained as the global sections of the sheaf of DG-Lie algebras

A
0,∗
X (Hom∗OX (E∗,E∗)) = A

0,∗
X ⊗OX Hom∗OX (E∗,E∗).

Here, A
0,q
X denotes the sheaf of forms of type (0, q) on X, the degree of an element of

A0,q
X (Homn

OX
(E∗,E∗)) is q + n, and ∂ denotes the Dolbeault differential.

The bracket in A
0,∗
X (Hom∗OX (E∗,E∗)) and A0,∗

X (Hom∗OX (E∗,E∗)) is given by:

[ω · f, η · g] = (ω · f)(η · g)− (−1)(ω̄+f̄)(η̄+ḡ)(η · g)(ω · f) = (−1)f̄ η̄(ω ∧ η) · [f, g] ,

∀ ω, η ∈A
0,∗
X , f, g ∈ Hom∗OX (E∗,E∗).

Proposition 2.5.5. The DG-Lie algebra

(A0,∗
X (Hom∗OX (E∗,E∗)), [−,−], ∂ + [dE,−])

is quasi isomorphic to Tot(U,Hom∗OX (E∗,E∗)).

Proof. Let U be a Stein open cover, and consider the semicosimplicial DG-Lie algebras

h :
∏
i
End∗OX (E∗)(Ui)

∏
i,j

End∗OX (E∗)(Uij)
∏
i,j,k

End∗OX (E∗)(Uijk) · · ·

g :
∏
i
A0,∗
Ui

(End∗OX (E∗))
∏
i,j
A0,∗
Uij

(End∗OX (E∗))
∏
i,j,k

A0,∗
Uijk

(End∗OX (E∗)) · · · ,

where for every n ≥ 0, the inclusion hn → gn is a quasi-isomorphism. By a corollary of Whitney’s
integration theorem, see [59, 7.4.6], there is then a quasi-isomorphism of DG-Lie algebras

Tot(U,End∗OX (E∗))→ Tot(U,A0,∗
X (End∗OX (E∗))).

By Leray’s theorem on acyclic covers, the Čech hypercomplex of A0,∗
X (End∗OX (E∗)) is quasi-

isomorphic to A0,∗
X (End∗OX (E∗)) via the restriction map

A0,∗
X (End∗OX (E∗))

∏
i
A0,∗
Ui

(End∗OX (E∗))
∏
i,j
A0,∗
Uij

(End∗OX (E∗)) · · · .δ0−δ1

By Whitney’s integration theorem the restriction maps induce a quasi-isomorphism of DG-
Lie algebras A0,∗

X (End∗OX (E∗)) → Tot(U, A0,∗
X (End∗OX (E∗))), and therefore we have a zigzag of

quasi-isomorphisms of DG-Lie algebras

A0,∗
X (End∗OX (E∗))→ Tot(U,A0,∗

X (End∗OX (E∗)))← Tot(U,End∗OX (E∗)).

Therefore, via Theorem 2.5.4, A0,∗
X (Hom∗OX (E∗,E∗)) is a DG-Lie model for R HomOX (F,F).
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2.5.2 The DG-Lie models for R HomOX (F,F) control the deformations of F

Let F be a coherent sheaf on a smooth separated scheme X of finite type over a field K of
characteristic zero, and let F→ I∗ be an injective resolution of OX -modules. In the following,
we prove that the DG-Lie algebra Hom∗OX (I∗,I∗) controls the deformations of F.

Definition 2.5.6. Let (I∗, dI) be a complex of injective sheaves of OX -modules, a deformation
of (I∗, dI) over A ∈ ArtK is the datum of a complex of sheaves (I∗ ⊗ A, dA) such that dA
reduces to dI modulo mA. An isomorphism of deformations (I∗ ⊗ A, dA) and (I∗ ⊗ A, d′A) is
an isomorphism of complexes of sheaves f : (I∗ ⊗A, dA)→ (I∗ ⊗A, d′A) which reduces to the
identity modulo mA.

Proposition 2.5.7. Let (I∗, dI) be an injective resolution of the coherent sheaf F. For every
deformation (I∗ ⊗A, dA) of (I∗, dI) over A, H0

dA
(I∗ ⊗A) is a deformation of F over A.

Vice versa, for every deformation (FA, α) of F over A, there exists a deformation (I∗⊗A, dA)
of (I∗, dI) such that H0

dA
(I∗ ⊗A) ∼= FA.

Proof. Notice that Ik⊗A is flat over A for every k, because the functor Ik⊗KA⊗A− ∼= Ik⊗K−
is exact. By upper semicontinuity of the cohomology and by the fact that is reduces to (I∗, dI)
modulo mA, the complex (I∗⊗A, dA) is exact except in level zero, so that the following sequence
is exact:

0 Ker(d0
A) I0 ⊗A I1 ⊗A I2 ⊗A · · · .

d0
A d1

A

By Corollary A.2.8, Ker(d0
A) is flat over A. The map Ker(d0

A)→ F is induced by the isomorphism
Ker(d0

A)⊗A K→ F.
Vice versa, let (FA, α) be a deformation of F over A ∈ ArtK. We proceed by induction on

the length l(A) of the Artin ring, see Definition A.2.1. For l(A) = 1, A = K and there is nothing
to prove. Let

0→ K→ A→ B → 0

be a small extension. The sheaf FB := FA ⊗A B is a deformation of F over B, and by inductive
hypothesis there exists a differential dB on I∗ ⊗ B such that H0

dB
(I∗ ⊗ B) ∼= FB. Then there

exists a diagram of the form

0 F FA FB 0

0 I0 I0 ⊗A I0 ⊗B 0

ε εA εB

where the first row is obtained by applying FA ⊗A − to the small extension, which is an exact
functor because FA is flat over A.

The claim is that there exists a map εA : FA → I0⊗Amaking the above diagram commutative.
Notice that if εA exists, it is injective by the Five Lemma. There is an exact sequence

HomOX⊗A(FA,I0 ⊗A) HomOX⊗A(FA,I0 ⊗B) Ext1
OX⊗A(FA,I0).

We would like to say that Ext1
OX⊗A(FA,I0) = 0 by Corollary A.2.10, however the argument used

relies on the existence of projective resolutions. We must then proceed locally; let U = SpecR ⊂ X
be any affine open set, then by Corollary A.2.10 Ext1

R⊗A(FA|U×SpecA,I
0|U×SpecA) = 0 and by [34,

III.6.2], we have that Ext1X×SpecA(FA,I0) = 0. There is an isomorphism HomOX⊗A(FA,I0) ∼=
i∗HomOX (F,I0), where i denotes the inclusion X → X × SpecA. By [32, Ch. II, 7.3.2], the
sheaf HomOX (F,I0) is flasque because I0 is injective, and by [34, II.1.16], i∗HomOX (F,I0)
is also flasque. Then H1(X × SpecA,HomOX⊗A(FA,I0)) = 0, and by the local to global ext
spectral sequence, we finally obtain Ext1

OX⊗A(FA,I0) = 0.
This means that there exists εA : FA → I0 ⊗A, which reduces to ε modulo mA.
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We can iterate this procedure, by considering Coker εA in the place of FA; notice that it is
flat over A by Corollary A.2.6.

Proposition 2.5.8. Let (I∗, dI) be an injective resolution of F, then the isomorphism classes of
deformations of F over A ∈ ArtK are in bijective correspondence with the isomorphism classes
of deformations of (I∗, dI) over A.

Proof. It is clear that isomorphic deformations of (I∗, dI) give isomorphic deformations of F.
Vice versa, let (I∗ ⊗A, dA) and (I∗ ⊗A, d′A) be deformations of (I∗, dI) over A such that

there exists an isomorphism

FA := H0
dA

(I∗ ⊗A) f−→ H0
d′A

(I∗ ⊗A) =: F′A.

We claim that this isomorphism f can be lifted to an isomorphism of complexes (I∗ ⊗A, dA)→
(I∗ ⊗A, d′A), which reduces to the identity modulo mA.

We proceed by induction on l(A); let 0→ K→ A→ B → 0 be a small extension, and let
FB := FA ⊗A B and F′B := F′A ⊗A B. By inductive hypothesis, there exists an isomorphism FB

0 I0 I0 ⊗A I0 ⊗B 0

0 I0 I0 ⊗A I0 ⊗B 0

FA FB

which reduces to the identity modulo mB and such that the following diagram commutes:

0 FB I0 ⊗B

0 F′B I0 ⊗B.

εB

f⊗AIdB FB

ε′B

(2.5.5)

Since I0 ⊗ A is flat over A, with the same argument used in the proof of Proposition 2.5.7,
relying on Corollary A.2.10, we can lift FB to FA : I0 ⊗A→ I0 ⊗A, which is an isomorphism
by the Five Lemma and which reduces to the identity modulo mA.

However, it is not in general true that FA makes the following diagram commutative:

0 FA I0 ⊗A

0 F′A I0 ⊗A.

εA

f FA

ε′A

We have instead that (FAεA − ε′Af)⊗A IdB = 0, because of (2.5.5). Then FAεA − ε′Af factors
through I0, and via the isomorphism HomOX⊗A(FA,I0) ∼= HomOX (F,I0) we obtain a map
x : F→ I0 such that FAεA − ε′Af = ixα:

I0

F I0

FA I0 ⊗A,

yε

x

i

FAεA−ε′Af

α

Since I0 is injective, there exists a map y such that yε = x, so that

iyεα = FAεA − ε′Af.
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Let π : I0 ⊗A→ I0, and define yA := yπ. Let F̃A := FA − iyA, then

F̃AεA = FAεA − iyAεA = FAεA − iyπεA = FAεA − iyεα = FAεA − FAεA + ε′Af = ε′Af,

so that F̃A is the desired lifting.
To iterate this procedure, we consider the map FB : I1 ⊗B → I1 ⊗B obtained by inductive

hypothesis.

Theorem 2.5.9. Let F be a coherent sheaf and let F→ I∗ be an injective resolution, then the
DG-Lie algebra Hom∗OX (I∗,I∗) controls the deformations of F.

Proof. By Propositions 2.5.7 and 2.5.8, there is an isomorphism of functors DefF ∼= Def(I∗,dI).
It is then easy to see that deformations of (I∗, dI) are controlled by the DG-Lie algebra
Hom∗OX (I∗,I∗). In fact, given A ∈ ArtK, the datum (I∗ ⊗ A, dA) is a deformation of (I∗, dI)
if and only if dA reduces to dI modulo mA and d2

A = 0. This is equivalent to saying that
dA = dI ⊗ Id +ξ, with ξ ∈ Hom1

OX
(I∗,I∗)⊗mA and

0 = d2
A = (dI ⊗ Id +ξ)2 = dξ + 1

2[ξ, ξ] = 0,

where d = [dI,−] denotes the differential of Hom∗OX (I∗,I∗)⊗mA. Then a deformation corresponds
to a Maurer–Cartan element of Hom∗OX (I∗,I∗)⊗mA.

Two deformations (I∗⊗A, dA = dI⊗ Id +ξ) and (I∗⊗A, d′A = dI⊗ Id +ξ′) are isomorphic if
and only if there exists an isomorphism of complexes φ : (I∗⊗A, dA)→ (I∗⊗A, d′A) which reduces
to the identity modulo mA. Then φ is of the form φ = Id +η, with η ∈ Hom0

OX
(I∗,I∗)⊗mA, and

since we are in characteristic zero, φ = ea, with a ∈ Hom0
OX

(I∗,I∗)⊗mA. The commutativity
of φ with differentials translates to the equation

d′Ae
a = eadA ⇐⇒ dI + ξ′ = ea(dI + ξ)e−a ⇐⇒ ξ′ = ea ∗ ξ,

so that the deformations are isomorphic if and only if the corresponding Maurer–Cartan elements
are gauge equivalent.

Corollary 2.5.10. The tangent space to the functor DefF is given by Ext1
X(F,F) and obstruc-

tions are contained in Ext2
X(F,F).

Proof. This follows from the description of the tangent space in (2.4.1), from Proposition 2.4.7,
and from the well-known fact that the cohomology of the complex Hom∗OX (I∗,I∗) computes
Ext∗X(F,F).

In the next part, we discuss the fact that the DG-Lie algebra Tot(U,Hom∗OX (E∗,E∗)) controls
the deformations of a coherent sheaf F equipped with a finite locally free resolution E∗ → F.
Notice that this follows automatically from Theorem 2.5.9 and Propositions 2.4.9 and 2.5.4, but
we want to give here an idea of how the isomorphism

DefTot(U,Hom∗
OX

(E∗,E∗)) → DefF

works, based on the description contained in [24].
The first step for the Thom–Whitney model Tot(U,Hom∗OX (E∗,E∗)) is to show that locally

on an affine open set U = Spec(R), the deformations of F|U are controlled by the DG-Lie algebra
Hom∗R(P ∗, P ∗) of graded endomorphisms of a projective resolution P ∗ →M , where F|U = M̃ .

Let R be a commutative unitary algebra over a field K of characteristic zero, and let M be
an R-module.
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Definition 2.5.11. An infinitesimal deformation of M over A ∈ ArtK is a pair (MA, α), where
MA is a R⊗A-module, flat over A, and α : MA →M is a morphism of R⊗A-modules inducing
an isomorphism MA ⊗A K→M .

Two deformations (MA, α) and (M ′A, α′) are isomorphic if there exists an isomorphism of
R⊗A-modules f : MA →M ′A such that the following diagram commutes:

MA M ′A

M.

f

α α′

The map α is a morphism of R⊗A-modules, where M is considered as an R⊗A-module by
restriction of scalars via the ring map θ : R⊗A→ R⊗K = R induced by π : A→ A/mA = K.
The isomorphism MA ⊗A K→M is induced by α via the isomorphism

HomR⊗A(MA,M) ∼= HomR(MA ⊗R⊗A R,M) ∼= HomR(MA ⊗A K,M), (2.5.6)

induced by the ring map θ above.
The definition is functorial in A, and one can define the functor DefM : ArtK → Set, which

associates to every A ∈ ArtK the isomorphism classes of deformations of M over A.
Let now (P ∗, ∂) be a complex of projective R-modules.

Definition 2.5.12. An infinitesimal deformation of (P ∗, ∂) over A ∈ ArtK is a complex of
R⊗A-modules (P ∗⊗A, ∂A) which reduces to (P ∗, ∂) modulo mA. Two infinitesimal deformations
(P ∗ ⊗ A, ∂A) and (P ∗ ⊗ A, ∂′A) are isomorphic if there exists an isomorphism of complexes of
R⊗A-modules which reduces to the identity modulo mA.

Theorem 2.5.13. Let (P ∗, ∂) ϕ−→ M be a projective resolution of the R-module M . Then the
isomorphism classes of deformations of M as an R-module are in bijective correspondence with
the isomorphism classes of deformations of the complex (P ∗, ∂).

Proof. We begin by proving that for every deformation (P ∗ ⊗A, ∂A) of (P ∗, ∂) over A ∈ ArtK,
the module H0

∂A
(P ∗ ⊗A) is a deformation of M over A ∈ ArtK.

By upper semicontinuity of the cohomology and by the fact that the complex (P ∗ ⊗A, ∂A)
reduces to the resolution P ∗ → M modulo mA, the complex is exact except at the zero level,
hence there is an exact sequence:

· · · P−2 ⊗A P−1 ⊗A P 0 ⊗A Coker(∂A) 0.∂A ∂A

Each P i ⊗A is flat over A, because we have that P i ⊗A⊗A − ∼= P i ⊗−, which is an exact
functor. Then we can apply Corollary A.2.8 to obtain that Coker(∂A) is flat over A. The map
Coker(∂A)→M is induced by the isomorphism Coker(∂A)⊗A K ∼= M , as in (2.5.6).

Vice versa, let (MA, α) be a deformation of M over A. Notice that the map α : MA →M is
surjective: in fact, by (2.5.6), α is the composition of the isomorphism MA ⊗A K→M with the
canonical surjective mapMA →MA⊗AK induced by A→ A/mA = K. Then, by the projectivity
of P 0 ⊗A, see Lemma A.1.2, there exists a map ϕA of R⊗A-modules

MA

P 0 ⊗A M,

α

ϕπ

ϕA

where π denotes the map π : P 0 ⊗A→ P 0. This map reduces to ϕ : P 0 →M when tensoring by
−⊗A K, so it is surjective, by Lemma A.2.5.

The sequence

0 Ker(ϕA) P 0 ⊗A MA 0ϕA
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is exact: by Corollary A.2.6 Ker(ϕA) is flat over A and the map Ker(ϕA)⊗AK→ P 0⊗A⊗AK = P 0

is injective. Hence there is an isomorphism Ker(ϕA)⊗A K ∼= Ker(ϕ) which defines a surjective
morphism Ker(ϕA) → Ker(ϕ). We can iterate the above construction with this map and the
surjective morphism P−1⊗A→ Ker(ϕ). In this way, we obtain a differential ∂A on P ∗⊗A such
that H0

∂A
(P ∗ ⊗A) ∼= M .

Next, we need to show that if (MA, α) and (M ′A, α′) are isomorphic deformations of M , and
∂A, ∂

′
A are differentials on P ∗ ⊗A such that H0

∂A
(P ∗ ⊗A) ∼= MA and H0

∂′A
(P ∗ ⊗A) ∼= M ′A, then

(P ∗ ⊗A, ∂A) and (P ∗ ⊗A, ∂′A) are isomorphic deformations of P ∗.
Let f : MA →M ′A be an isomorphism such that α′f = α; we need to construct a lifting of

f which is an isomorphism of complexes of R⊗A-modules and which reduces to the identity
modulo mA. Consider the pullback

P 0 ×M M ′A M ′A

P 0 M.

α′

ϕ

By the universal property of the pullback, there exist maps u, v making the following diagrams
commute:

P 0 ⊗A P 0 ⊗A

P 0 ×M M ′A M ′A P 0 ×M M ′A M ′A

P 0 M P 0 M.

π

ϕ′A

v u

π

fϕA

α′ α′

ϕ ϕ

We claim that the map v is surjective. Take (x, y) in P 0 ×M M ′A, i.e. x ∈ P 0 and y ∈M ′A such
that ϕ(x) = α′(y). Both the maps π and ϕ′A are surjective, so there exist z, t ∈ P 0⊗A such that
π(z) = x and ϕ′A(t) = y. Then α′ϕ′A(z) = ϕπ(z) = ϕ(x) and α′ϕ′A(t) = α′(y), so that ϕ′A(t− z)
belongs to the kernel of α′, which is M ′A ⊗A mA. The morphism

ϕ′A : P 0 ⊗A mA →M ′A ⊗A mA

is surjective, so there exists w in P 0⊗AmA such that ϕ′A(w) = ϕ′A(t−z), and then v(z−w) = (x, y).
Since v is surjective, by the projectivity of P 0⊗A there exists a map F such that the diagram

commutes:

P 0 ⊗A

P 0 ⊗A P 0 ⊗M M ′A.

v

u

F

It is immediate to check that the map F is such that fϕA = ϕ′AF , and that it reduces to the
identity when tensored by −⊗A K. It is also an isomorphism, by Lemma A.2.5. The construction
can be iterated by considering the isomorphism of R⊗A-modules Ker(ϕA)→ Ker(ϕ′A) given by
F .

Proposition 2.5.14. Deformations of a complex of projective R-modules (P ∗, ∂) are controlled
by the DG-Lie algebra L = Hom∗R(P ∗, P ∗), i.e., there is an isomorphism Def(P ∗,∂) ∼= DefL.

Proof. A deformation of the complex (P ∗, ∂) over A ∈ ArtK is the datum of a degree one
map ∂A : P ∗ ⊗ A → P ∗ ⊗ A which squares to zero and which reduces to ∂ modulo mA. The
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last condition means that ∂A is of the form ∂A = ∂ ⊗ IdA +ξ, with ξ : P ∗ ⊗ A → P ∗ ⊗ mA.
Equivalently, ξ belongs to Hom1

R(P ∗, P ∗)⊗mA. Since ∂A has to square to zero,

0 = ∂2
A = (∂ ⊗ IdA +ξ)2 = (∂ ⊗ IdA)2 + ξ2 + [∂ ⊗ IdA, ξ] = ξ2 + [∂ ⊗ IdA, ξ] = d(ξ) + 1

2[ξ, ξ],

so that ξ is a Maurer–Cartan element of Hom∗R(P ∗, P ∗)⊗mA.
Two deformations (P ∗ ⊗A, ∂A) and (P ∗ ⊗A, ∂′A) of the complex (P ∗, ∂) are isomorphic if

there exists an isomorphism of complexes φ : (P ∗ ⊗A, ∂A)→ (P ∗ ⊗A, ∂′A) which reduces to the
identity modulo mA. This means that φ is of the form φ = Id +η, with η ∈ Hom0

R(P ∗, P ∗)⊗mA.
Since the DG-Lie algebra L⊗mA is nilpotent, and the characteristic is zero, φ is of the form
φ = ea, with a ∈ Hom0

R(P ∗, P ∗)⊗mA. The commutativity of φ with differentials is given by the
equation

∂′Ae
a = ea∂A ⇐⇒ ∂′A = ea∂Ae

−a ⇐⇒ ξ′ = ea(∂ ⊗ Id +ξ)e−a − ∂ ⊗ Id,

which is exactly ξ′ = ea ∗ ξ, where ∗ denotes the gauge action of Definition 2.4.3.

Corollary 2.5.15. Deformations of an R-module M are controlled by the DG-Lie algebra
L = Hom∗R(P ∗, P ∗), where P ∗ →M is projective resolution.

Remark 2.5.16. The quasi-isomorphism class of the DG-Lie algebra Hom∗R(P ∗, P ∗) does not
depend on the choice of a projective resolution P ∗ of M ; for a proof see [70, Lemma 4.4].

We pass now on to the global case: let F be a coherent sheaf on a smooth separated scheme X
of finite type over a field K of characteristic zero, admitting a finite locally free resolution E∗ → F.
Let U = {Ui} be an affine open cover of X and let Ri be K-algebras such that Spec(Ri) = Ui
for every i. Since the sheaves F,Ej |Ui are coherent, on every Ui they are of the form F|Ui = M̃i,
Ej |Ui = Ẽji for Eji projective Ri-modules.

For every open set Ui0···ik one has that E∗|Ui0···ik → F|Ui0···ik is a projective resolution.
Following [24], we can use the results above to deform the sheaf F locally and then glue together
the local deformations.

By Theorem 2.5.13 and Proposition 2.5.14, a deformation of F|Ui over A ∈ ArtK is
equivalent to a deformation of the complex E∗|Ui , hence it corresponds to an element li ∈
MC(End∗OX (E∗)(Ui)⊗mA) modulo the gauge action.

Denote by d the differential [dE,−], and let l = {li} ∈
∏
i End

1(E∗)(Ui)⊗ mA be such that
dli + 1

2 [li, li] = 0 for all i ∈ I, so that li defines a deformation of the complex (E∗|Ui , dE) for
every i. We need these deformations to glue, hence we need isomorphisms between the deformed
complexes on the double intersections Uij . These isomorphisms must reduce to the identity
modulo mA, and so are of the form

emij : (E∗|Uij ⊗A, dE + lj)→ (E∗|Uij ⊗A, dE + li), mij ∈
∏
i<j

End0
OX

(E∗)(Uij)⊗mA.

The condition of compatibility with the differentials translates to (dE + li|Uij )emij = emij (dE +
lj |Uij ), which can be rewritten as li|Uij = emij ∗ lj |Uij for all i < j.

The delicate part is that it is not necessary to glue the deformed complexes (E∗|Ui⊗A, dE + li),
but their cohomology sheaves. Therefore the isomorphisms {emij} do not have to satisfy the
cocycle condition, but rather the cocycle condition up to homotopy. Taking the logarithm and
denoting by • the Baker–Campbell–Hausdorff product, this condition can be expressed as

mjk|Uijk • −mik|Uijk •mij |Uijk = [dE + lj |Uijk , nijk] = dnijk + [lj |Uijk , nijk]

for some n = {nijk} ∈
∏
i<j<k End

−1
OX

(E∗)(Uijk)⊗mA.
The above data (l,m) ensures that the the sheaves FA,Ui := H0(E∗|Ui ⊗A, dE + li) glue to

give a deformation FA of F over A, and every deformation of F can be obtained in this way; we
refer again to [24] for details of this correspondence.
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The next step is understanding how isomorphisms of deformations of F translate to this
data. Let FA and F′A be isomorphic deformations of F, with isomorphism f : FA → F′A and
corresponding to the data (l,m) and (l′,m′) respectively. The map f restricts to isomorphisms
FA(Ui)→ F′A(Ui) for every i, which can be lifted to isomorphisms to the resolutions fi : (E∗|Ui ⊗
A, dE + li) → (E∗|Ui ⊗ A, dE + l′i). Since every fi reduces to the identity modulo mA, these
isomorphisms must be of the form

eai : (E∗|Ui ⊗A, dE + li)→ (E∗|Ui ⊗A, dE + l′i), a = {ai} ∈
∏
i

End0(E∗)(Ui)⊗mA.

Since they have to be compatible with differentials, the condition eai ∗ li = l′i has to be satisfied
for all i.

Lastly, the isomorphisms {eai} have to commute with the isomorphisms {emij}, {em
′
ij} in

cohomology. This means that for every i < j the composition e−mije−aiem
′
ijeaj is homotopic to

the identity, therefore, taking the logarithm:

−mij • −ai|Uij •m′ij • aj |Uij = [dE + lj |Uij , bij ] = dbij + [lj |Uij , bij ]

for some b = {bij} ∈
∏
i<j End

−1
OX

(E∗)(Uij)⊗mA.
Denoting by l the semicosimplicial DG-Lie algebra associated to End∗OX (E∗):

l :
∏
i
End∗OX (E∗)(Ui)

∏
i,j

End∗OX (E∗)(Uij)
∏
i,j,k

End∗OX (E∗)(Uijk) · · · .
δ0

δ1

δ0

δ2

δ1

the deformation data can be summarised as follows(l,m) ∈ (l10 ⊕ l01)⊗mA

∣∣∣∣∣∣∣
dl + 1

2 [l, l] = 0,
δ1l = em ∗ δ0l,

δ0m • −δ1m • δ2m = dn+ [δ2δ0l, n] ∃n ∈ l−1
2 ⊗mA.


This data defines a functor Z1

sc(exp l) : ArtK → Set. One can then define an equivalence relation
on Z1

sc(exp l)(A): two elements (l,m) and (l′,m′) are equivalent if and only if there exists elements
a ∈ l00 ⊗mA, b ∈ l−1

1 ⊗mA such that

ea ∗ l = l′, −m • −δ1a •m′ • δ0a = db+ [δ0l, b].

We refer again to [24] for a proof of the fact that this is an equivalence relation.
This defines a functor

H1
sc(exp l) : ArtK → Set, H1

sc(exp l)(A) := Z1
sc(exp l)(A)
∼

.

Notice if the semicosimplicial DG-Lie algebra l is concentrated in degree zero, i.e., it is a
semicosimplicial Lie algebra, these functors reduce to the functors of Subsection 2.4.1.

When U is an affine open cover, the above considerations can be rephrased as an isomorphism
of functors

DefF ∼= H1
sc(expEnd∗OX (E∗)).

Theorem 2.5.17 ([24, Theorem 7.6]). Let l be a semicosimplicial DG-Lie algebra such that
Hj(li) = 0 for all i ≥ 0 and j < 0. Then there is a natural isomorphism of functors

DefTot(l) ∼= H1
sc(exp l).

In particular the tangent space to H1
sc(exp l) is H1(Tot(l)) and obstructions are contained in

H2(Tot(l)).
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Since negative Ext groups between coherent sheaves are always trivial, as a corollary of the
above theorem one obtains that the DG-Lie algebra Tot(U,End∗OX (E∗)) controls the deformations
of the sheaf F.

Let X be now a complex manifold, F a coherent sheaf and E∗ → F a finite locally free
resolution.

Proposition 2.5.18. The Dolbeault model (A0,∗
X (Hom∗OX (E∗,E∗)), [−,−], ∂ + [dE,−]) controls

the deformations of the coherent sheaf F.

Proof. By Propositions 2.5.4 and 2.5.5, there is a quasi-isomorphism of DG-Lie algebras between
A0,∗
X (Hom∗OX (E∗,E∗)) and Hom∗OX (I∗,I∗). By Theorem 2.5.9 there is an isomorphism of functors

of Artin rings DefHom∗OX (I∗,I∗) → DefF, and finally by Proposition 2.4.9 two quasi-isomorphic
DG-Lie algebras give isomorphic deformation functors.

Following [24] again, the isomorphism between the deformation functor associated to the
Dolbeault DG-Lie algebra A0,∗

X (Hom∗OX (E∗,E∗)) and the functor of deformations of F can
be described concretely. Let A be in ArtK, and consider a Maurer-Cartan element ξ ∈
MC(A0,∗

X (Hom∗OX (E∗,E∗)) ⊗ mA). The element ξ belongs to (A0,∗
X (Hom∗OX (E∗,E∗)))1 ⊗ mA,

so, via the isomorphism

A
0,∗
X (Hom∗OX (E∗,E∗))⊗mA

∼= Hom∗
A

0,∗
X

(A0,∗
X (E),A0,∗

X (E))⊗mA

∼= Hom∗
A

0,∗
X ⊗A

(A0,∗
X (E)⊗A,A0,∗

X (E)⊗mA),

the element ξ belongs to Hom1
A

0,∗
X ⊗A

(A0,∗
X (E) ⊗ A,A0,∗

X (E) ⊗ mA), so it induces a degree one

map ξ : A0,∗
X (E)⊗A→A

0,∗
X (E)⊗A with image contained in A

0,∗
X (E)⊗mA. Therefore ∂+ dE + ξ

is a degree one map from A
0,∗
X (E) ⊗ A to itself which reduces to ∂ + dE modulo mA, and it

squares to zero precisely because ξ satisfies the Maurer-Cartan equation. Then the isomorphism
of functors is given as follows:

Def
A0,∗
X (Hom∗

OX
(E∗,E∗))(A)→ DefF(A)

ξ ∈ MC(A0,∗
X (Hom∗OX (E∗,E∗))⊗mA) 7→ H0(A0,∗

X (E∗)⊗A, ∂ + dE + ξ).
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Chapter 3

Semiregularity maps

This chapter concerns the semiregularity maps studied by Severi, Kodaira and Spencer,
Bloch, and Buchweitz and Flenner, and their relevance in the deformation theory of subvarieties
and coherent sheaves. In the first two sections, a brief history of the semiregularity maps of
Severi, Kodaira–Spencer and Bloch is outlined. The Atiyah class of a coherent sheaf is described
in Section 3.3, and some representatives of it for locally free sheaves are given. Finally, the
Buchweitz–Flenner semiregularity map is described in Section 3.4, and the annihilation of
obstructions is discussed in Section 3.5.

3.1 The semiregularity maps of Severi and Kodaira–Spencer
The notion of semiregularity was introduced in 1944 by Severi [71], who defined a curve C

on a surface S to be semiregular if the canonical linear system of the surface cuts out a complete
linear system on C. This can be rephrased in the following way: denoting by ωS the canonical
sheaf of the surface S, a curve C on S is semiregular if the restriction map

r : H0(S, ωS)→ H0(C,ωS |C)

is surjective. By Serre duality, this is equivalent to asking for the map

σS : H1(C,OC(C)) ∼= H1(C,NC|S)→ H2(S,OS),

the Severi semiregularity map, to be injective.
In 1959 Kodaira and Spencer [46] generalised Severi’s definition to compact submanifolds of

codimension 1 of a complex manifold. They defined a submanifold Z of X of codimension 1 to
be semiregular if the map

v : H1(X,OX(Z))→ H1(Z,OZ(Z)) ∼= H1(Z,NZ|X)

induced by the restriction OX(Z) → OZ(Z) has zero image. In the above, NZ|X denotes the
normal bundle of Z in X.

Consider the short exact sequence

0 OX OX(Z) OZ(Z) ∼= NZ|X 0,

obtained by tensoring the ideal sheaf sequence of Z ⊂ X with the invertible sheaf OX(Z). From
the resulting long exact sequence in cohomology

· · · H1(X,OX(Z)) H1(Z,NZ|X) H2(X,OX) · · ·v σKS

one can see that the map v has image zero if and only if the Kodaira–Spencer semiregularity
map

σKS : H1(Z,NZ|X)→ H2(X,OX)
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is injective.
The property of semiregularity was considered by Severi, Kodaira and Spencer in the context

of completeness of characteristic systems, for which we follow the notation of [43].
Let D be an effective locally principal divisor on a complete variety X over an algebraically

closed field K, and let D be a flat family of deformations of D, i.e. the data of a variety W , a
point w ∈W and an effective divisor on X ×K W , flat over W , whose fibre over w is equal to D.

Definition 3.1.1. The characteristic map of D is the linear map

ρ : Θw(W )→ H0(D,ND|X)

and its characteristic system is the linear system on D cut out by the image of ρ.
The characteristic system is said to be complete if the map ρ is surjective.

For a rigorous definition of the characteristic map we refer to [46] or to [65, Lecture 22];
intuitively it is obtained in the following way: to every v ∈ Θw(W ) it is associated a canonical
map f : Spec K[ε]/(ε2) → W , which induces a family of divisors Df ⊂ X ×K Spec K[ε]/(ε2)
extending D, i.e., an element of H0(D,ND|X).

The connection between completeness of the characteristic system and smoothness of the
functor of embedded deformations of D ⊂ X is discussed for instance in [43, p. 305]. In particular,
when the parameter space W is smooth at w and the characteristic map ρ is surjective, the
functor of embedded deformations is smooth.

The main result of Severi’s work [71] was the proof of the theorem of completeness of
characteristic systems of complete continuous systems for semiregular curves on algebraic
surfaces, which therefore implies:

Theorem 3.1.2 (Severi). Every semiregular curve C ⊂ S has unobstructed embedded deforma-
tions.

Kodaira and Spencer proved the theorem of completeness of characteristic systems of complete
continuous systems for semiregular submanifolds of codimension 1 of higher dimensional manifolds,
which states the existence of a flat family of deformations of a codimension 1 submanifold Z
whose characteristic system is complete and whose parameter space is smooth at the point
representing a semiregular Z. As before, from this follows the result:

Theorem 3.1.3 (Kodaira–Spencer). Every semiregular hypersurface has unobstructed embedded
deformations.

From Kodaira and Spencer’s proof of the above theorem, the following more general result,
not stated explicitly in [46], can be deduced; see in particular [46, proof of Theorem 1, p. 488]:

Theorem 3.1.4 (Kodaira–Spencer, implicit). The Kodaira–Spencer semiregularity map

σKS : H1(Z,NZ|X)→ H2(X,OX)

annihilates every obstruction to embedded deformations.

3.2 The Bloch semiregularity map
In 1972 Bloch [12] constructed a semiregularity map for locally complete intersection sub-

schemes of a smooth complex projective variety, which reduces to Kodaira and Spencer’s
semiregularity map when the codimension is 1.

Let X be a smooth projective variety over C, let Z ⊂ X be a locally complete intersection of
codimension q, and denote by NZ|X the normal bundle of Z in X. The Bloch semiregularity
map

σB : H1(Z,NZ|X)→ Hq+1(X,Ωq−1
X ),
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is constructed as follows, as described in [12, 16]. Let m := dimZ, so that dimX = m+ q, and
denote by ωX and ωZ be the canonical sheaves of X and Z respectively. Denote by I the ideal
sheaf of Z in X, and let d̄ : I/I2 ∼= N∨Z|X → Ω1

X ⊗OZ be the map induced by the second exact
sequence of Kähler differentials, see [61, Theorem 58]. Then there is a natural pairing

Ωm+1
X × Λq−1N∨Z|X Ωm+1

X × Ωq−1
X ⊗OZ ωX ⊗OZ ,

Id×Λq−1d̄ ∧

or equivalently there exists a map

Ωm+1
X → Λq−1NZ|X ⊗ ωX .

By the adjunction formula ωZ ∼= detNZ|X⊗ωX and by the fact that Λq−1NZ|X ∼= N∨Z|X⊗detNZ|X ,
this gives a map

Ωm+1
X → N∨Z|X ⊗ ωZ .

In cohomology we obtain

Hm−1(X,Ωm+1
X )→ Hm−1(Z,N∨Z|X ⊗ ωZ),

and by Serre duality this gives a map

σB : H1(Z,NZ|X)→ Hq+1(X,Ωq−1
X ),

which is exactly the Bloch semiregularity map.
Like Severi and Kodaira–Spencer, Bloch defines Z ⊂ X to be semiregular if the semiregularity

map for Z is injective. His main result is:

Theorem 3.2.1 (Bloch). Every semiregular locally complete intersection subvariety has unob-
structed embedded deformations.

Theorem 3.2.2 (Bloch, implicit). The semiregularity map σB annihilates every simple obstruc-
tion to embedded deformations of Z ⊂ X.

As in the case of Theorem 3.1.4, by implicit we mean that the above result is not stated
explicitly in [12], but can be inferred from the proof of Theorem 3.2.1.

As discussed in Section 2.3, simple obstructions do not in general generate the whole
obstruction space, but in characteristic zero their vanishing is enough to ensure smoothness,
see e.g. [58, 59]. Bloch’s proof is based on Hodge theory and the Gauss–Manin connection. The
restriction to simple obstructions is then natural in this context, as these tools can be used only
for smooth proper families of manifolds over certain bases, for instance smooth bases.

It is worth mentioning that Bloch’s semiregularity map has an application to the variational
Hodge conjecture. In fact, Bloch proved the variational Hodge conjecture for cycle classes of the
form [Z], for a semiregular locally complete intersection Z ⊂ X.

Theorem 3.2.3 (Bloch). Let f : X → S be a smooth projective morphism with S smooth,
connected of finite type over C. Let 0 ∈ S and let z ∈ Γ(S,R2pf∗(ΩX/S)) be a horizontal section
of the de Rham cohomology. Suppose z0 = z|X0 ∈ H

2p
DR(X0,C) is algebraic, representing a local

complete intersection Z0 ⊆ X0 which is semiregular in X0. Then zs = z|Xs is algebraic for all
s ∈ S.

3.3 The Atiyah class
The Atiyah class of a coherent sheaf of OX -modules was introduced by Atiyah in 1957 [3]

and is defined as follows. Let F be a coherent sheaf on a smooth projective variety X over C,
and consider the Atiyah sequence

0 F ⊗ Ω1
X J1

X(F) F 0, (3.3.1)
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where the sheaf J1
X(F) of 1-jets or principal parts of F is defined as a sheaf of C-modules as

J1
X(F) = F ⊕F ⊗ Ω1

X , with OX -action given by

f · (s, σ) = (fs, fσ + s⊗ df) f ∈ OX , s ∈ F, σ ∈ F ⊗ Ω1
X .

The map F ⊗ Ω1
X → J1

X(F) is given by the inclusion i2(σ) = (0, σ), while the map J1
X(F)→ F

is given by p1(s, σ) = s.

Definition 3.3.1. The Atiyah class At(F) ∈ Ext1
X(F,F ⊗ Ω1

X) of the coherent sheaf F is the
extension class of the short exact sequence (3.3.1).

Denote by d the universal derivation d : OX → Ω1
X .

Definition 3.3.2. A global algebraic connection on a coherent sheaf F is a C-linear map of
sheaves

∇ : F→ F ⊗ Ω1
X

satisfying
∇(fe) = e⊗ df + f∇(e), ∀ f ∈ OX , e ∈ F.

One can easily see that the Atiyah sequence splits if and only if there exists a global algebraic
connection on a F. In fact, the sequence splits if and only if there exists a morphism of sheaves
t : F → J1(F) such that p1t = IdF. Then t is of the form IdF +u, with IdF : F → F and
u : F→ F ⊗ Ω1

X ,

(IdF +u)(fs) = (fs, u(fs)) = f · (s, u(s)) = (fs, fu(s) + s⊗ df), ∀f ∈ OX , s ∈ F,

and u is exactly an algebraic connection on F. Hence the Atiyah class of F is the obstruction to
the existence of a global algebraic connection on F.

The Atiyah class can be constructed more generally for any object E in the bounded derived
category of coherent sheaves D(X). Denoting by I the ideal sheaf of the diagonal ∆: X → X×X,
the ideal sheaf short exact sequence

0 I OX×X ∆∗OX 0

induces the short exact sequence

e : 0 I/I2 OX×X/I
2 ∆∗OX 0, (3.3.2)

where there is an isomorphism I/I2 ∼= ∆∗Ω1
X . Denoting by p, q : X×X → X the two projections

and by ΦK(E) = Rp∗(K ⊗L q∗E) the Fourier–Mukai transform with kernel K ∈ D(X ×X), the
Atiyah class of E is given by

At(E) = [Φe(E)] = [Rp∗(e⊗L q∗E)] ∈ Ext1
X(E,E ⊗ Ω1

X). (3.3.3)

When E = F is a coherent sheaf, the exact sequence (3.3.2) gives rise to an exact sequence

Φe(F) : 0 Φ∆∗Ω1
X

(F) ΦOX×X/I2(F) Φ∆∗OX (F) 0,

and using the derived projection formula for the map ∆: X → X ×X and the fact that ∆∗ is
an exact functor,

Φ∆∗Ω1
X

(F) = Rp∗(∆∗Ω1
X ⊗L q∗F) = Rp∗R∆∗(Ω1

X ⊗L L∆∗q∗F) = Ω1
X ⊗F,

and analogously Φ∆∗OX (F) = F, so that

Φe(F) : 0 F ⊗ Ω1
X ΦOX×X/I2(F) F 0.
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Equivalently, following [60], since the terms of the sequence (3.3.2) are supported on the
diagonal one may consider it as a sequence of sheaves of OX −OX -bimodules on X; the two
OX -module structures coincide on I/I2 and ∆∗OX but not on OX×X/I

2. The Atiyah class of
F can be thought as obtained by tensoring F with the exact sequence (3.3.2) using the left
OX -module structure and considering it via the right OX -module structure.

For a locally free sheaf of OX -modules E on a complex manifold X the Atiyah class At(E) ∈
H1(X,HomOX (E,E)⊗ Ω1

X) is the obstruction to the existence of a holomorphic connection and
it is represented by cohomology class of the (1, 1) component of the curvature of any connection
of type (1, 0) on E.

Denote by A
p,q
X the sheaf of differential forms of type (p, q), by A

p,q
X (E) the sheaf of differential

forms of type (p, q) with coefficients in E, and by Ap,qX and Ap,qX (E) their respective global sections.
Denote by d : A∗X → A∗+1

X the de Rham differential and by ∂ both the Dolbeault differential
∂ : A∗,∗X →A

∗,∗+1
X and the operator ∂ : A∗,∗X (E)→A

∗,∗+1
X (E).

Definition 3.3.3. Let E be a locally free sheaf of OX -modules on a complex manifold X.

1. A holomorphic connection on E is a C-linear map of sheaves ∇ : E → Ω1
X ⊗ E such that

∇(fs) = f∇(s) + df ⊗ s, ∀s ∈ E, f ∈ OX .

2. A connection of type (1, 0) on E, also called a connection compatible with the holomorphic
structure, is a C-linear sheaf homomorphism

D : A0
X(E)→A1

X(E) = A
1,0
X (E)⊕A

0,1
X (E)

such that the Leibniz rule

D(fs) = d(f)s+ fD(s), f ∈A0
X , s ∈A0

X(E)

holds and such that

D = D1,0 + ∂, D1,0 : A0,0
X (E)→A

1,0
X (E), ∂ : A0,0

X (E)→A
0,1
X (E).

Notice that a holomorphic connection on E is the same as an algebraic connection on E

(Definition 3.3.2), the name just changes depending on the complex or algebraic situation.
Therefore holomorphic connections exist if and only if the Atiyah sequence of (3.3.1) splits. On
the other hand, by a partitions of unity argument it is easy to see that connections of type (1, 0)
always exist.

Lemma 3.3.4. A representative of the Atiyah class for a locally free sheaf of OX-modules on a
complex manifold is given by the cohomology class of the component of type (1, 1) of the curvature
of a connection of type (1, 0).

Proof. Let D be a connection of type (1, 0) on E, then D − ∂ = D1,0 restricts to a holomorphic
connection E → Ω1

X ⊗ E if and only if it sends holomorphic sections to holomorphic sections, i.e.,
if and only if [∂,D − ∂] = [∂,D] = 0. The component of type (1, 1) of the curvature

R = D2 = ((D − ∂) + ∂)2 = (D − ∂)2 + [∂,D − ∂] ∈ A2,0
X (HomOX (E,E))⊕A1,1

X (HomOX (E,E))

is [∂,D − ∂] = [∂,D]. This is trivial in the cohomology of the complex (A1,∗
X (HomOX (E,E)), ∂)

if and only if there exists ϕ ∈ A1,0
X (HomOX (E,E) such that [∂,D − ϕ] = 0, so that D1,0 − ϕ

restricts to a holomorphic connection on E.
Vice versa, if there exists a holomorphic connection ∇ : E → Ω1

X ⊗ E, it can be extended to a
connection of type (1, 0)

∇+ ∂ : A0
X(E)→A1

X(E),
which is such that [∂,∇+ ∂] = [∂, ∂] = 0, because ∇ sends holomorphic sections to holomorphic
sections.
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The Chern connection is an example of connection of type (1, 0) and its curvature is only
of type (1, 1), so the cohomology class of the curvature of the Chern connection represents the
Atiyah class, see e.g. [38, 4.3.10].

The above construction can be generalised to a finite complex of locally free sheaves by
defining connections of type (1, 0) for finite complexes of locally free sheaves; this a key ingredient
of Chapter 4.

It is possible to give a representative of At(E) in Čech cohomology, for a locally free sheaf E
on a smooth separated scheme X of finite type over the field K.

Lemma 3.3.5. A representative of the Atiyah class of a locally free sheaf is given by the Čech
cocycle {αi0i1 = ∇i0 |Ui0i1 −∇i1 |Ui0i1}, where ∇i are local algebraic connections.

Proof. Let U = {Ui} be a an affine open cover of X such that the restriction of the Atiyah
sequence

0 E ⊗ Ω1
X |Ui J1

X(E)|Ui E|Ui 0,

splits for every i, and let ∇i : E|Ui → E ⊗ Ω1
X |Ui be local algebraic connections. In the Čech

complex
(C∗(U,HomOX (E,E ⊗ Ω1

X)), ď)

one can define the cocycle

α ∈ C1(U,HomOX (E,E ⊗ Ω1
X)), αi0i1 = ∇i0 |Ui0i1 −∇i1 |Ui0i1 .

Its cohomology class is trivial if and only if there exists a global algebraic connection on E: in
fact, α = ďβ if and only if {∇i − βi} glue to a global algebraic connection.

It is possible to generalise this construction to a finite complex of locally free sheaves; this
is done in [39, Section 10] and will be used in Lemma 4.5.4 to prove the equivalence with our
definition of Atiyah class.

When X is smooth, every coherent sheaf F has locally finite projective dimension and there
exist trace maps

Trp : ExtpX(F,F ⊗ Ωq
X)→ Hp(X,Ωq

X), ∀ p, q ≥ 0.

Combining the Yoneda product with the exterior product on Ω∗X one obtains products

‘ : ExtaX(F,F ⊗ Ωb
X)× ExtcX(F,F ⊗ Ωd

X)→ Exta+c
X (F,F ⊗ Ωb+d

X ),

which allow to construct powers of the Atiyah class

Atp(F) ∈ ExtpX(F,F ⊗ Ωp
X)

and then the exponential of the Atiyah class, which is called the Atiyah–Chern character

eAt(F) :=
∑
p≥0

Atp(F)
p! ∈

∏
p≥0

ExtpX(F,F ⊗ Ωp
X).

Theorem 3.3.6 (Atiyah [3], Illusie [42]). For the Chern character of a coherent sheaf F

ch(F) = Tr(e−At(F)) ∈
∏
p≥0

Hp(X,Ωp
X).
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3.4 The Buchweitz–Flenner semiregularity map
The third generalisation of the semiregularity map is due to Buchweitz and Flenner in 1999

[15, 16], and it is defined not for a subvariety but more generally for a coherent sheaf.

Definition 3.4.1. Let F be a coherent sheaf on a smooth projective variety X, the Buchweitz–
Flenner semiregularity map of F is defined as

σ : Ext2
X(F,F)→

∏
p≥0

Hp+2(X,Ωp
X), σ(c) = Tr(e−At(F) ‘ c).

It can be convenient to write the map as the sum of its components:

σ =
∑
p≥0

σp : Ext2
X(F,F)→

∏
p≥0

Hp+2(X,Ωp
X), σp : Ext2

X(F,F)→ Hp+2(X,Ωp
X),

σp(c) = Tr
((−1)p Atp(F) ‘ c

p!

)
,

It is not immediate to see how the Buchweitz–Flenner semiregularity map generalises the
Bloch semiregularity map σB; if Z ⊂ X has codimension q, Buchweitz and Flenner proved that
σB is the composition of the (q − 1)st component of the semiregularity map for the sheaf OZ ,

σq−1 : Ext2
X(OZ ,OZ)→ Hq+1(X,Ωq−1

X ),

and the natural map H1(Z,NZ|X)→ Ext2
X(OZ ,OZ).

The map H1(Z,NZ|X) → Ext2
X(OZ ,OZ) can be obtained by considering the extension

defined by the first fundamental neighbourhood of Z in X

Z(2) : 0 I/I2 OX/I
2 OZ 0,

where I denotes the ideal sheaf of Z ⊂ X. This induces a map Ext1
X(I/I2,OZ)→ Ext2

X(OZ ,OZ)
which can be composed with the forgetful map Ext1

Z(I/I2,OZ)→ Ext1
X(I/I2,OZ).

The map H1(Z,NZ|X)→ Ext2
X(OZ ,OZ) also has an interpretation in deformation theory,

as the obstruction map associated to the forgetful natural transformation from the functor of
embedded deformations of Z inside X to the functor of deformations of OZ as an OX -module.
As recalled before, see e.g. [35], the tangent space of the functor of embedded deformations
of Z inside X is isomorphic to H0(Z,NZ|X), and there exists a complete obstruction theory
with values in H1(Z,NZ|X). For the functor of deformations of a coherent sheaf of OX -modules
F, the tangent space is given by Ext1

X(F,F) and there exists a complete obstruction theory
with values in Ext2

X(F,F), see Corollary 2.5.10. The map H1(Z,NZ|X)→ Ext2
X(OZ ,OZ) is the

obstruction map of the morphism of deformation theories HilbZX → DefOZ .

Buchweitz and Flenner’s main result in deformation theory is the following:

Theorem 3.4.2 ([16]). The semiregularity map of a coherent sheaf F on a smooth projective
variety X

σ : Ext2
X(F,F)→

∏
p≥0

Hp+2(X,Ωp
X), σ(c) = Tr(e−At(F) ‘ c)

annihilates all simple obstructions to deformations of F. In particular if σ is injective, then F

has unobstructed deformations.

As remarked above, in characteristic zero the vanishing of the simple obstructions is enough
to ensure smoothness, see Remark 2.3.10.

Like Bloch’s, Buchweitz–Flenner’s semiregularity map has an application to the variational
Hodge conjecture. Buchweitz and Flenner call a coherent sheaf F k-semiregular if the component
σk of the semiregularity map is injective. They proved the variational Hodge conjecture for cycles
that are representable as the (k + 1)st component of the Chern character of a k-semiregular
sheaf F.
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3.5 Annihilation of all obstructions
Buchweitz and Flenner left unanswered the question of whether their semiregularity map

annihilates all obstructions to deformations of a coherent sheaf. The strategy they suggested in
[16] to prove this is to realise each component of the semiregularity map as the obstruction map
of a morphism of deformation theories, the target one unobstructed, which would automatically
imply the annihilation of all obstructions:

“Ideally, the semiregularity map, say, for a module F should correspond to a morphism
between two deformation theories so that it maps the obstruction space Ext2

X(F,F)
into the obstruction space of some other deformation theory. It seems quite clear that
this second deformation theory should be given in terms of the intermediate Jacobians,
or, more naturally, by Deligne cohomology.”

This strategy can be employed for the 0th component of the semiregularity map, which is
simply the trace map, recovering a result by Artamkin [2] and Mukai [64]:

Theorem 3.5.1 (Artamkin). Let F be a coherent sheaf on a complex projective manifold X.
Then the 0th semiregularity map (=trace) σ0 = Tr2 : Ext2(F,F)→ H2(X,OX) annihilates all
obstructions to deformations of F.

This map σ0 has a natural interpretation from the point of view of deformation theory [41].
Let F be a coherent sheaf on a smooth projective variety X over an algebraically closed field of
characteristic 0, so that in particular F admits a finite locally free resolution. Consider the trace
map Tr: HomOX (F,F)→ OX , and the induced maps in hypercohomology

Tri : ExtiX(F,F)→ H i(X,OX), i ≥ 0,

see e.g. [2, 44]. A deformation of the sheaf F naturally induces a deformation of the determinant
line bundle detF, hence there exists a morphism of deformation functors DefF → DefdetF. The
tangent and obstructions spaces to DefF are Ext1

X(F,F) and Ext2
X(F,F) respectively, while

the tangent and obstruction spaces to DefdetF are H1(X,OX) and H2(X,OX) respectively. The
maps Tr1 and Tr2 have an interpretation in deformation theory: they are induced on tangent
and obstructions spaces by the morphism DefF → DefdetF. In characteristic zero, the functor
DefdetF is smooth (see e.g. [65, Lecture 25]) and hence by the argument outlined in Remark 2.4.8
the trace map Tr: Ext2(F,F) → H2(X,OX) annihilates all obstructions, and one recovers
Theorem 3.5.1.

When trying to prove that each higher component σk of the semiregularity map is the
obstruction map of a morphism of deformation theories with unobstructed target, it is necessary
to identify such an unobstructed target. In the quoted text above, Buchweitz and Flenner suggest
that this should be an intermediate Jacobian or given by Deligne cohomology. This last strategy
is used by Pridham in [68] in the setting of derived algebraic geometry, where using as target an
analogue of Deligne cohomology defined in terms of cyclic homology, he proves the following:

Theorem 3.5.2 (Pridham). For every coherent sheaf F on a complex projective manifold, the
semiregularity map σ annihilates all obstructions.

On the other hand, Fiorenza and Manetti proved that the Abel–Jacobi map is the tangent
map of a morphism of deformation theories, where the target is an intermediate Jacobian
[26], and Iacono and Manetti proved that the Bloch semiregularity map for a locally complete
intersection subvariety with extendable normal bundle is the obstruction map of a morphism
of deformation theories with target an intermediate Jacobian, and hence that it annihilates all
obstructions to embedded deformations [40], see also [57].
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Denoting by Ω≤p−1
X the truncated de Rham complex, the tangent space and obstruction

space to the p-th intermediate Jacobian Jp(X) are given by the vector spaces

H2p−1(X,OX
ddR−−→ · · · ddR−−→ Ωp−1

X ) ∼= H1(X,Ω≤p−1
X [2(p− 1)])

and
H2p(X,OX

ddR−−→ · · · ddR−−→ Ωp−1
X ) ∼= H2(X,Ω≤p−1

X [2(p− 1)])

respectively. Since the k-th component of the Buchweitz–Flenner semiregularity has target
Hk+2(X,Ωk

X) ∼= H2(X,Ωk
X [k]), it makes sense to compose it with the map induced in hyperco-

homology by the inclusion of complexes ιk : Ωk
X [k]→ Ω≤kX [2k]:

ιk : H2(X,Ωk
X [k])→ H2(X,Ω≤kX [2k]).

Notice that when the Hodge–de Rham spectral sequence of X degenerates as E1 (for instance
when X is a complex projective manifold) this map is injective, and hence σk and ιkσk have the
same kernel. It is convenient to call ιkσk the k-th component of the modified Buchweitz–Flenner
semiregularity map:

ιkσk : Ext2
X(F,F) σk−→ Hk+2(X,Ωk

X) = H2(X,Ωk
X [k]) ιk−→ H2(X,Ω≤kX [2k]).

Choosing the approach to deformation theory via DG-Lie algebras and L∞-morphisms,
as described in Section 2.4, to show that each component of the modified Buchweitz–Flenner
semiregularity map is the obstruction map of a morphism of deformation theories, we need to
show that there exists an L∞ morphism between DG-Lie algebras that induces each component
of the modified semiregularity map in cohomology. If the DG-Lie algebra that is the target of
this L∞ morphism is abelian, i.e. it has trivial bracket, then its associated deformation functor
is unobstructed and we obtain automatically that each component of the semiregularity map
annihilates all obstructions to deformations of a coherent sheaf. This is the strategy that will be
employed in the next chapter.
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Chapter 4

L∞ liftings of semiregularity maps

This chapter, based on the paper [4], describes the construction of L∞ liftings of each
component of the Buchweitz–Flenner semiregularity map for coherent sheaves on complex
manifolds. This is done by introducing the notion of Chern–Simons classes for curved DG-pairs,
and by proving that a particular case of this general construction, where the curved DG-pair
is provided by a connection of type (1, 0) on a finite complex of locally free sheaves, provides
canonical L∞ liftings of the components of the Buchweitz–Flenner semiregularity map. In view
of the discussion in Section 3.5, this implies the fact that the Buchweitz–Flenner semiregularity
map annihilates all obstructions to deformations of a coherent sheaf.

In Section 4.1 curved DG-pairs and their associated Atiyah classes and semiregularity maps
are described. Chern–Simons classes of curved DG-algebras are introduced in Section 4.2, while
the proof of the main result is contained in Section 4.3. Section 4.4 contains explicit formulas for
the components of the L∞ morphisms in the case the curved DG-pair is split. The geometric
application is contained in Section 4.5, where a notion of connection of type (1, 0) on a finite
complex of locally free sheaves is introduced. This gives rise to a curved DG-pair, whose associated
Atiyah class is the usual Atiyah class of Section 3.3. This particular case of the construction
allows to construct L∞ liftings of the components of the Buchweitz–Flenner semiregularity map,
and finally Section 4.5 contains our main result regarding deformation theory.

Finally, in Section 4.6, which is based on [50], we give an alternative way of lifting the first
component of the semiregularity map, based on the properties of cyclic forms.

4.1 Atiyah classes and semiregularity maps for curved DG-pairs
Let A be a graded associative algebra, as in Definition 1.1.8. For every vector subspace

E ⊂ A we shall denote by E(k), k ≥ 1, the linear span of all the products e1 · · · ek, with ei ∈ E
for every i, and by EA the linear span of all the products ea, with e ∈ E and a ∈ A.

Definition 4.1.1. A curved DG-algebra is the datum (A, d, ·, R) of a graded associative
algebra (A, ·) together with a degree one derivation d : A∗ → A∗+1 and a degree two element
R ∈ A2, called curvature, such that

d(R) = 0, d2(x) = [R, x] = R · x− x ·R ∀x ∈ A.

For notational simplicity we shall write (A, d,R) in place of (A, d, ·, R) when the product · is
clear from the context. We denote by [A,A] ⊂ A the linear span of all the graded commutators
[a, b] = ab− (−1)abba. Following [30] we call A/[A,A] the cyclic space of A and we denote by

tr : A→ A/[A,A]

the quotient map. Notice that [A,A] is a homogeneous Lie ideal and then the cyclic space inherits
a natural structure of DG-Lie algebra with trivial bracket.
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Definition 4.1.2. Let A = (A, d,R) be a curved DG-algebra. A curved Lie ideal in A is a
homogeneous Lie ideal I ⊂ A such that d(I) ⊂ I and R ∈ I.

A curved DG-pair is the data (A, I) of a curved DG-algebra A equipped with a curved
Lie ideal I.

In particular, for every curved DG-pair (A, I), the quotient A/I is a (non-curved) DG-Lie
algebra and, for every k ≥ 1, the subset I(k)A is an associative bilateral ideal of A.

Example 4.1.3. It is useful to briefly anticipate from Section 4.5 the following paradigmatic
geometric example of curved DG-pair. Let E be a holomorphic vector bundle on a complex
manifold X equipped with a connection of type (1, 0) as in Definition 3.3.3, and denote by
R ∈ A1,1

X (EndOX (E)) ⊕ A2,0
X (EndOX (E)) the curvature. Denoting by d the induced connection

on the associated bundle EndOX (E), we have that (A∗,∗X (EndOX (E)), d, R) is a curved DG-
algebra and I = A>0,∗

X (EndOX (E)) is a curved Lie ideal. In this case the DG-Lie algebra
A/I = A0,∗

X (EndOX (E)) is the Dolbeault resolution of EndOX (E) and controls the deformations
of the vector bundle E, see Proposition 2.5.18 or [28]. Notice that I is also an associative ideal
and I(k)A = I(k) = A≥k,∗X (EndOX (E)) for every k > 0.

The classical theory of Atiyah classes and the above example suggest the introduction of the
following objects associated to a curved DG-pair.

Definition 4.1.4. Let A = (A, d,R) be a curved DG-algebra and I ⊂ A a curved Lie ideal.

The Atiyah cocycle of the pair (A, I) is the class of R in the DG-vector space I + I(2)A

I(2)A
. The

Atiyah class of the pair (A, I) is the cohomology class of the Atiyah cocycle:

At(A, I) = [R] ∈ H2
(
I + I(2)A

I(2)A

)
.

Definition 4.1.5. Let A = (A, d,R) be a curved DG-algebra and I ⊂ A a curved Lie ideal. For
every integer k ≥ 0, we introduce the morphism of complexes of vector spaces

σk1 : A
I
→ A

[A,A] + I(k+1)A
[2k], σk1 (x) = 1

k! tr(Rkx) .

Notice that σk1 depends only on the Atiyah cocycle of the pair (A, I), while the induced map
in cohomology

σk1 : H∗
(
A

I

)
→ H2k+∗

(
A

[A,A] + I(k+1)A

)
, σk1 (x) = 1

k! tr(At(A, I)kx) ,

depends only on the Atiyah class.
The semiregularity map of the curved DG-pair (A, I) is defined as the degree 2 component

σk1 : H2
(
A

I

)
→ H2k+2

(
A

[A,A] + I(k+1)A

)
, σk1 (x) = 1

k! tr(At(A, I)kx) ,

of the above map.
Remark 4.1.6. The name semiregularity map is clearly motivated by the analogous definition by
Buchweitz and Flenner [16], see Definition 3.4.1. More precisely, every morphism σk1 factors as
the composition of two morphisms of differential graded vector spaces

A

I

τk1−−→ I(k)A+ [A,A]
[A,A] + I(k+1)A

↪→ A

[A,A] + I(k+1)A
, τk1 (x) = 1

k! tr(Rkx) ,

and the direct generalisation of Buchweitz–Flenner’s semiregularity maps should be the maps
induced by τk1 in the group H2(A/I), up to signs. However, several geometric considerations
about Abel–Jacobi maps, see Section 3.5 and the introduction of [40], strongly suggest that,
from the point of view of deformation theory, the right objects to consider are the maps σk1 .
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Remark 4.1.7. For every x ∈ A1 one can consider the twisted derivation dx = d+ [x,−] and an
easy computation shows that Ax := (A, dx, Rx) remains a curved DG-algebra with curvature
Rx = R + d(x) + 1

2 [x, x]. In particular, if x ∈ I then I is a curved Lie ideal also for Ax, the
derivations d, dx induce the same differential in A/I and A/[A,A], the difference Rx−R is exact
in A/[A,A] and therefore the semiregularity maps of the pairs (A, I) and (Ax, I) induce the
same map in cohomology.

Since [A,A]+I(k+1)A is a Lie ideal, the space A

[A,A] + I(k+1)A
[2k] inherits from A a structure

of DG-Lie algebra with trivial bracket and it is obvious that σ0
1 is a morphism of DG-Lie algebras.

It is easy to see that in general σk1 is not a morphism of DG-Lie algebras for k > 0. It is therefore
natural to ask whether σk1 is the linear component of an L∞ morphism.

In Section 4.3 we prove the following result:

Theorem 4.1.8 (=Corollary 4.3.10). Let I be a curved Lie ideal of a curved DG-algebra (A, d,R)
and denote by π : A→ A/I the projection. Then to every k ≥ 0 and every morphism of graded
vector spaces s : A/I → A such that πs = IdA/I it is canonically associated an L∞ morphism

σk : A
I
 

A

[A,A] + I(k+1)A
[2k]

with linear component the map σk1 .

The proof of the above theorem is constructive and an explicit description of the higher
components of σk is possible but rather cumbersome for general sections s. In Section 4.4
we study the higher components of the L∞ morphism of Theorem 4.1.8 under the additional
assumption that s is a morphism of graded Lie algebras. This hypothesis is satisfied in most of
the applications and has the effect of a dramatic simplification of the algebraic and combinatorial
aspects.

Definition 4.1.9 ([69]). A trace map on a curved DG-algebra (A, d,R) is the data of a complex of
vector spaces (C, δ) and a morphism of graded vector spaces Tr: A→ C such that Tr ◦d = δ ◦Tr
and Tr([A,A]) = 0.

Thus every trace map Tr: A → C factors to a morphism of abelian DG-Lie algebras
A/[A,A]→ C and we have the following immediate consequence of the above theorem.

Corollary 4.1.10. Let I be a curved Lie ideal of a curved DG-algebra (A, d,R) and let Tr: A→ C
be a trace map. Then for every k ≥ 0 there exists an L∞ morphism

ηk : A
I
 

C

Tr(I(k+1)A)
[2k]

with linear component

ηk1 : A
I
→ C

Tr(I(k+1)A)
[2k], ηk1 (x) = 1

k! Tr(Rkx) .

We then have a clear application of the above results to deformation theory. In the situation
of Corollary 4.1.10, denote for simplicity by Ck the quotient complex Ck := C/Tr(I(k+1)A), and
suppose that a given deformation problem is controlled by the DG-Lie algebra A/I. Then the
L∞ morphism ηk induces a morphism of deformation functors

ηk : DefA/I → DefCk[2k]

that at the level of tangent and obstruction spaces gives the maps

H i(A/I)→ H2k+i(Ck), x 7→ 1
k! Tr(At(A, I)kx), i = 1, 2.

Since Ck[2k] is abelian, the deformation functor DefCk[2k] is unobstructed and therefore the
above map H2(A/I)→ H2k+2(Ck) annihilates the obstructions, see Remark 2.4.8.
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4.2 Curved DG-algebras and Chern–Simons classes
The general theory of Chern–Simons classes for differential graded associative algebras [69]

extends naturally to the curved case.
Let (A, d,R) be a curved DG-algebra. Then for every x ∈ A1 we have the twisted curved

DG-algebra Ax := (A, dx, Rx), where

dx(a) = d(a) + [x, a], Rx = R+ d(x) + x2 = R+ d(x) + 1
2[x, x].

Let t be a central indeterminate of degree 0, and consider the family of polynomials

P (t)kx =
k∑
i=1

Ri−1
tx xRk−itx =

k∑
i=1

(R+ td(x) + t2x2)i−1x(R+ td(x) + t2x2)k−i ∈ A[t] ,

with k ≥ 0 an integer and x ∈ A1.

Lemma 4.2.1. In the above notation, for every k ≥ 0 and every x ∈ A1 we have

Rkx −Rk = d

(∫ 1

0
P (t)kxdt

)
+
[
x,

∫ 1

0
tP (t)kxdt

]
.

Proof. In the graded algebra A[t] consider the derivations ∂t = d

dt
and dtx = d+ [tx,−]. Since

Rkx −Rk =
∫ 1

0 ∂t(Rktx)dt it is sufficient to prove that

∂t(Rktx) = d(P (t)kx) + [x, tP (t)kx] = dtx(P (t)kx) . (4.2.1)

Since d2(x) = [R, x], d(x2) = 1
2d[x, x] = [d(x), x], [x2, x] = 0, we have

dtx(Rtx) = d(R+ td(x) + t2x2) + [tx,R+ td(x) + t2x2] = td2(x) + t2d(x2)− t[R+ td(x), x] = 0

and
∂t(Rtx) = ∂t(R+ td(x) + t2x2) = d(x) + 2tx2 = dtx(x) .

By the Leibniz formula, for every k ≥ 0 we have

dtx(P (t)kx) =
k∑
i=1

dtx
(
Ri−1
tx xRk−itx

)
=

k∑
i=1

Ri−1
tx dtx(x)Rk−itx =

k∑
i=1

Ri−1
tx ∂t(Rtx)Rk−itx = ∂t(Rktx).

Denote by tr : A → A/[A,A] the projection; this is the universal trace of A in the sense
that every trace map A → C is induced from tr by a unique morphism of DG-vector spaces
A/[A,A]→ C. For notational simplicity we denote by a tr= b the fact that tr(a) = tr(b).

Following the theory of Chern classes, we can define the (universal) Chern character

ch(A) =
∑
k≥0

ch(A)k, ch(A)k ∈ H2k
(

A

[A,A]

)
,

where ch(A)k is the cohomology class of 1
k! tr(Rk).

Similarly, following Chern–Simons’ theory [18, 30, 69], it also makes sense to define the
(universal) Chern–Simons class

cs =
∑
k>0

cs2k−1, cs2k−1 : A1 → (A/[A,A])2k−1,

cs2k−1(x) = 1
(k − 1)! tr

∫ 1

0
Rk−1
tx x dt ∈

(
A

[A,A]

)2k−1
, k ≥ 1, x ∈ A1 ,

where as before Rtx := R + td(x) + t2x2, t ∈ K, x ∈ A1, denotes the curvature of the twisted
curved DG-algebra Atx := (A, dtx, Rtx).
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Lemma 4.2.2. The Chern character is invariant under twisting: more precisely for every x ∈ A1

and every k ≥ 1 we have
d(cs2k−1(x)) = 1

k! tr
(
Rkx −Rk

)
.

Proof. Immediate consequence of Lemma 4.2.1 since

Rk−1
tx x

tr= 1
k

k∑
i=1

Ri−1
tx xRk−itx

and therefore
cs2k−1(x) = 1

k! tr
∫ 1

0
P (t)kxdt .

For the explicit computations in the following Section 4.4, it will be useful to introduce the
elements

W (x)k+1 = 1
k!

∫ 1

0
Rktxx dt = 1

k!

∫ 1

0
(R+ td(x) + t2x2)kx dt ∈ A2k+1, x ∈ A1, k ≥ 0, (4.2.2)

as a representative set of liftings to A of Chern–Simons classes.

4.3 Convolution algebras and L∞ liftings of σk1

Our next step is to prove that curved DG-algebras are preserved by taking convolution with
the bar construction of a DG-Lie algebra.

For a graded vector space V we shall denote by V [1] the same vector space with the degrees
shifted by −1. More precisely, if v ∈ V is homogenous of degree v, then the degree of v in V [1]
is v − 1. Unless otherwise specified, for any v ∈ V [1] we shall denote by v the degree of v as an
element of V .

In the following we adopt the following sign convention for the décalage isomorphisms: given
a pair of graded vector spaces V,W , for every i > 0, k ∈ Z we consider the isomorphisms:

déc : Homk
K(V ∧i,W )→ Homk+i−1

K (V [1]�i,W [1]),

déc(f)(v1, . . . , vi) = (−1)k+i−1+
∑i

s=1(i−s)(vs−1)f(v1, . . . , vi).
(4.3.1)

In particular, for i = 1 and k = 0 the décalage isomorphism is the identity.
Let (L, ∂, [−,−]) be a DG-Lie algebra. Then there exists a counital DG-coalgebra structure

on the symmetric coalgebra S(L[1]), where the differential Q : S(L[1]) → S(L[1]) is given in
Taylor coefficients qi : L[1]�i → L[1] by

q1(x) = −∂(x), q2(x, y) = (−1)x[x, y], qi = 0 for i ̸= 1, 2,

where x denotes the degree of x in L, see also Definition 1.2.13. In other words q1 and q2 are the
images of ∂ and [−,−] under the décalage isomorphisms (4.3.1).

More precisely, see e.g. [48, 59], Q decomposes as Q = Q0 +Q1, where Q0, Q1 : S(L[1])→
S(L[1]) are the coderivations defined by Q0(1) = Q1(1) = 0 and

Q0(x1 ⊙ · · · ⊙ xn) =
n∑
i=1

(−1)i+x1+···+xi−1x1 ⊙ · · · ⊙ ∂(xi)⊙ · · · ⊙ xn,

Q1(x1 ⊙ · · · ⊙ xn) =
∑

τ∈S(2,n−2)
ε(τ)(−1)xτ(1) [xτ(1), xτ(2)]⊙ xτ(3) ⊙ · · · ⊙ xτ(n),
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for every x1, . . . , xn ∈ L[1], n ≥ 1, where we denote by S(i, n − i) the set of (i, n − i)-shuffles
(Definition 1.2.9), i.e., permutations τ ∈ Sn such that τ(1) < · · · < τ(i) and τ(i+1) < · · · < τ(n),
and by ε(τ) the symmetric Koszul sign defined by the identity xτ(1)⊙· · ·⊙xτ(n) = ε(τ)x1⊙· · ·⊙xn
in the symmetric power L[1]�n, see Definition 1.2.8.

In particular, for every x, y ∈ L[1] we have

Q(x) = −∂(x), Q(x⊙ y) = −∂(x)⊙ y − (−1)x−1x⊙ ∂(y) + (−1)x[x, y] .

Notice also that Q1(L[1]) = 0, Q0(L[1]�i) ⊂ L[1]�i and Q1(L[1]�i) ⊂ L[1]�i−1 for every i.
Given a curved DG algebra (A, d,R), we shall denote by

C(L,A)i := Hom∗K
(
L[1]�i, A

)
, C(L,A) =

⊕
i≥0

C(L,A)i ⊂ Hom∗K
(
S(L[1]), A

)
.

The unshuffle coproduct ∆: S(L[1])→ S(L[1])⊗2 and the algebra product m : A⊗2 → A induce
an associative product f ? g := m(f ⊗ g)∆ on the space C(L,A), called the convolution product.
More explicitly, if f ∈ C(L,A)i and g ∈ C(L,A)j , then f ? g ∈ C(L,A)i+j is defined by

(f ? g)(x1, . . . , xi+j)
=

∑
τ∈S(i,j)

ε(τ)(−1)g(xτ(1)+···+xτ(i)−i)f
(
xτ(1), . . . , xτ(i)

)
g
(
xτ(i+1), . . . , xτ(i+j)

)

=
∑

τ∈Si+j

ε(τ)
i!j! (−1)g(xτ(1)+···+xτ(i)−i) f

(
xτ(1), . . . , xτ(i)

)
g
(
xτ(i+1), . . . , xτ(i+j)

)
.

(4.3.2)

In particular, for a, b ∈ A = Hom∗K
(
L[1]�0, A

)
and f ∈ Hom∗K

(
L[1]�1, A

)
we have

a ? b = ab, a ? f = af, [a, f ]?(x) = [a, f(x)],

where [−,−]? is the graded commutator of ?.
On the algebra C(L,A) we can define the degree one derivations

δ0, δ1, δ ∈ Hom1
K(C(L,A),C(L,A))

induced by the derivation d on A and by the coderivations Q0, Q1, Q on S(L[1]) respectively.
Namely, given f ∈ C(L,A), we put

δ0(f) := df − (−1)ffQ0, δ1(f) := (−1)f+1fQ1, δ(f) := δ0(f) + δ1(f) = df − (−1)ffQ.

Notice that δ0(C(L,A)i) ⊂ C(L,A)i and δ1(C(L,A)i) ⊂ C(L,A)i+1 for every i.
Defining a weight gradation in C(L,A) by setting the elements in C(L,A)i of weight i we

have that δ = δ0 + δ1 is precisely the weight decomposition of the derivation δ.
More explicitly, given f ∈ C(L,A)i, then δ0(f) ∈ C(L,A)i and δ1(f) ∈ C(L,A)i+1 are

defined by:

δ0(f)(x1, . . . , xi) = df(x1, . . . , xi)

+ (−1)ff(∂x1, . . . , xi) + · · ·+ (−1)f+x1+···+xi−1+i−1f(x1, . . . , ∂xi),

δ1(f)(x1, . . . , xi+1) = (−1)f+1 ∑
τ∈S(2,i−1)

ε(τ)(−1)xτ(1)f([xτ(1), xτ(2)], xτ(3), . . . , xτ(i+1)).

Finally, we continue to denote by R ∈ C(L,A)0 the degree two element corresponding to the
curvature R ∈ A under the isomorphism

C(L,A)0 := Hom∗K
(
L[1]�0, A

)
= Hom∗K(K, A) = A.

(in other words, R(1) = R and R(x1, . . . , xi) = 0 whenever i > 0).
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Proposition 4.3.1. In the above situation, the data (C(L,A), δ, ?, R) is a curved DG-algebra.

Proof. Using the fact that d is an algebra derivation and Q0, Q1, Q are coalgebra coderivations,
it is easy to check that δ0, δ1, δ are algebra derivations with respect to the convolution product
?. For instance, given f ∈ C(L,A)i and g ∈ C(L,A)j we have

δ(f ? g) = dm(f ⊗ g)∆− (−1)f+gm(f ⊗ g)∆Q

= m(d⊗ Id + Id⊗d)(f ⊗ g)∆− (−1)f+gm(f ⊗ g)(Q⊗ Id + Id⊗Q)∆

= m(df ⊗ g + (−1)ff ⊗ dg)∆− (−1)f+gm((−1)gfQ⊗ g + f ⊗ gQ)∆

= m(δ(f)⊗ g + (−1)ff ⊗ δ(g))∆ = δ(f) ? g + (−1)ff ? δ(g).

Moreover, using the fact that d2 = [R,−] and Q2
0 = Q2

1 = Q2 = 0, one readily checks that

δ(R) = δ0(R) = 0, δ2
1 = δ0δ1 + δ1δ0 = 0, δ2 = (δ0)2 = [R,−]?.

Definition 4.3.2. In the above notation, we shall call (C(L,A), δ, ?, R) the convolution
(curved DG) algebra associated with the curved DG-algebra A and the DG-Lie algebra L.

Definition 4.3.3. A morphism of curved DG-algebras is a morphism of graded algebras that
commutes with the derivations and and curvatures:

f : (A1, d1, R1)→ (A2, d2, R2), fd1 = d2f, f(R1) = R2.

Remark 4.3.4. If f : A1 → A2 is a morphism of curved DG-algebras then the induced map
C(L,A1)→ C(L,A2) is a morphism of curved DG-algebras. Similarly, if M → L is a morphism
of DG-Lie algebras (or, more in general, an L∞ morphism), then the induced map C(L,A)→
C(M,A) is a morphism of curved DG-algebras.
Remark 4.3.5. Given a degree one element x ∈ L1 = L[1]0, there is an associated morphism of
graded associative algebras

evx : C(L,A) → A,

f ∈ C(L,A)i 7→ evx(f) := 1
i!f(x, . . . , x).

In fact, if f ∈ C(L,A)i and g ∈ C(L,A)j , then

evx
(
f ? g

)
= 1

(i+ j)!
(
f ? g

)
(x, . . . , x) = 1

(i+ j)!

(
i+ j

i

)
f(x, . . . , x)g(x, . . . , x)

= 1
i!f(x, . . . , x) 1

j!g(x, . . . , x) = evx(f) evx(g) .

It is also clear that evx sends the curvature R ∈ C(L,A)0 to the curvature R ∈ A2.
In general evx is not a morphism of curved DG algebras, but it is so when x ∈ MC(L). In

fact if ∂x+ [x, x]/2 = 0, then for every f ∈ C(L,A)i we have:

evx
(
δ(f)

)
= 1
i!δ0(f)(x, . . . , x) + 1

(i+ 1)!δ1(f)(x, . . . , x)

= 1
i!df(x, . . . , x) + (−1)f

(i− 1)!f(∂x, x, . . . , x) + (−1)f

2(i− 1)!f([x, x], x, . . . , x)

= d evx(f) .

For every graded subspace E ⊂ A, we denote by C(L,E) =
⊕
i Hom∗K(L[1]�i, E) ⊂ C(L,A).
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Lemma 4.3.6. If I is a curved Lie ideal of A, then C(L, I) is a curved Lie ideal of C(L,A).
Moreover C(L, I)(k)C(L,A) ⊂ C(L, I(k)A) for every k, and [C(L,A),C(L,A)] ⊂ C(L, [A,A]).

Proof. Immediate from the definitions and from the fact that, since the unshuffle coproduct ∆
is graded cocommutative, given f, g ∈ C(L,A), every element in the image of [f, g] is a linear
combination of elements of type

m(f ⊗ g − (−1)fgg ⊗ f)(x⊗ y + (−1)(x−1)(y−1)y ⊗ x)
= (−1)g(x−1)[f(x), g(y)] + (−1)(x+g−1)(y−1)[f(y), g(x)].

Let (A, d,R) be a curved DG-algebra with a curved Lie ideal I ⊂ A and denote by π : A→ A/I
the projection.

Given a DG-Lie algebra L = (L, ∂, [−,−]) together with a morphism of graded vector spaces
s : L→ A, the latter can be seen as an element of degree +1 in C(L,A)1 = Hom∗K(L[1], A), and
then it gives a sequence of Chern–Simons forms

W (s)k+1 = 1
k!

∫ 1

0
(R+ tδ(s) + t2s ? s)k ? s dt ∈ C(L,A)2k+1 = Hom2k+1

K (S(L[1]), A), k ≥ 0.

Notice that

W (s)k+1 =
2k+1∑
i=1

W (s)k+1
i , with W (s)k+1

i ∈ Hom2k+1
K (L[1]�i, A) and W (s)k+1

1 = Rks

k! .

(4.3.3)

Lemma 4.3.7. In the above situation, let s : L→ A be a morphism of graded vector spaces such
that the composition πs : L→ A/I is a morphism of DG-Lie algebras. Then δ(s) + s? s ∈ C(L, I)
and

δW (s)k+1 ∈ [C(L,A),C(L,A)] + C(L, I)(k+1) ∀k ≥ 0.
Moreover, δ(s) + s ? s ∈ C(L, I)1 if and only if s is a morphism of graded Lie algebras.

Proof. By Lemma 4.2.2

δ(W (s)k+1) tr= 1
(k + 1)!

(
(R+ δ(s) + s ? s)k+1 −Rk+1).

Since R ∈ C(L, I), it is sufficient to show that δ(s) + s ? s belongs to C(L, I).
Since δ0(s) ∈ C(L,A)1 and δ1(s), s ? s ∈ C(L,A)2, the condition δ(s) + s ? s ∈ C(L, I) is

equivalent to:

πδ0s(b1) = 0, πδ1s(b1, b2) + π(s ? s)(b1, b2) = 0, ∀b1, b2 ∈ L .

By definition, δ0s(b1) = ds(b1)− s(∂b1), so that

πδ0s(b1) = πds(b1)− πs(∂b1) = dπs(b1)− πs∂b1 = 0 .

On the other hand,

(s ? s)(b1, b2) = m(s⊗ s)(b1 ⊗ b2 + (−1)(b1−1)(b2−1)b2 ⊗ b1)

= (−1)b1−1s(b1)s(b2) + (−1)(b1−1)(b2−1)+b2−1s(b2)s(b1)

= (−1)b1−1[s(b1), s(b2)].

Since πs and π are morphisms of graded Lie algebras we have

πδ1s(b1, b2) = (−1)b1πs([b1, b2]) = (−1)b1 [πs(b1), πs(b2)] = (−1)b1π[s(b1), s(b2)] .

The same computation shows that δ1s+ s ? s = 0 if and only if s is a morphism of graded Lie
algebras.
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Remark 4.3.8. In fact, the above computations also prove the converse of the first part of
Lemma 4.3.7: namely, that for a morphism of graded vector spaces s : L→ A we have δ(s)+s?s ∈
C(L, I) if and only if the composition πs is a morphism of DG-Lie algebras.

By Lemma 4.3.6 we have a natural morphism of differential graded vector spaces

θk : C(L,A)
[C(L,A),C(L,A)] + C(L, I)(k+1)C(L,A)

→ Hom∗K
(
S(L[1]), A

[A,A] + I(k+1)A

)
and then, for every s ∈ C(L,A)1 and every k ≥ 0, it is defined the element

θk(W (s)k+1) ∈ Hom2k+1
K

(
S(L[1]), A

[A,A] + I(k+1)A

)
that we can view as

θk(W (s)k+1) ∈ Hom0
K

(
S(L[1]), A

[A,A] + I(k+1)A
[2k + 1]

)
.

Theorem 4.3.9. In the above situation, suppose that πs : L→ A/I is a morphism of DG-Lie
algebras. Then θk(W (s)k+1) is the corestriction of an L∞ morphism

L 
A

[A,A] + I(k+1)A
[2k]

with linear Taylor coefficient σk1πs, where σk1 is the morphism from Definition 4.1.5, and all
Taylor coefficients L[1]�i → A

[A,A] + I(k+1)A
[2k + 1] of degree i ≥ 2k + 2 vanishing.

Proof. Recall that an L∞ morphism f : L  M between two DG-Lie algebras is the same
as a morphism of DG coalgebras F : S(L[1])→ S(M [1]) between their bar constructions, see
Section 1.3. By cofreeness of S(M [1]), the correspondence sending F to its corestriction f = pF ,
where we denote by p : S(M [1])→M [1] the natural projection, establishes a bijection between
the set of morphisms of graded coalgebras F : S(L[1])→ S(M [1]) and the set of morphism of
graded vector spaces f : S(L[1]) → M [1]: in general, compatibility with the bar differentials
translates into a countable sequence of algebraic equations in f , see e.g. Section 1.3, [6, 59].
However, in the particular situation we are concerned with, that is, when the bracket on M
is trivial, the situation simplifies considerably, and we have that f ∈ Hom0

K(S(L[1]),M [1]) is
the corestriction of an L∞ morphism F : S(L[1])→ S(M [1]) if and only if r1f = fQ, where we
denote by r1 the shifted differential r1(m) = −dM (m) on M [1] and by Q the bar differential on
S(L[1]). In other words, when M has trivial bracket the L∞ morphisms L M are in bijective
correspondence with the set of 0-cocycles in the complex Hom∗K(S(L[1]),M [1]).

On the other hand, by Lemma 4.3.7 the image ofW (s)k+1 onto C(L,A)
[C(L,A),C(L,A)]+C(L,I)(k+1)C(L,A)

is a degree (2k + 1) cocycle. Therefore, in order to conclude it is sufficient to define the desired
L∞ morphism as the image of θk(W (s)k+1) under the natural isomorphism of differential graded
vector spaces

Hom∗K
(
S(L[1]), A

[A,A] + I(k+1)A

)
[2k + 1] = Hom∗K

(
S(L[1]), A

[A,A] + I(k+1)A
[2k + 1]

)
.

Finally, the last two statements about the Taylor coefficients follow immediately from the
definitions and (4.3.3).

Corollary 4.3.10. Let I be a curved Lie ideal of a curved DG-algebra A and denote by
B := A/I. For every morphism of graded vector spaces s : B → A such that πs = IdB, the image
of W (s)k+1 ∈ Hom2k+1

K (S(B[1]), A) onto

Hom2k+1
K

(
S(B[1]), A

[A,A] + I(k+1)A

)
= Hom0

K

(
S(B[1]), A

[A,A] + I(k+1)A
[2k + 1]

)
,
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is an L∞ morphism

σk = (σk1 , σk2 , . . . , σk2k+1, 0, 0, . . .) : B  A

[A,A] + I(k+1)A
[2k]

with linear Taylor coefficient σk1 and all Taylor coefficients of degree ≥ 2k + 2 vanishing.

Remark 4.3.11. It follows by Remark 4.3.5 that the induced push-forward on Maurer–Cartan
elements

MC(σk) : MC(B)→ MC
(

A

[A,A] + I(k+1)A
[2k]

)
= Z2k+1

(
A

[A,A] + I(k+1)A

)
,

MC(σk)(x) :=
2k+1∑
i=1

1
i!σ

k
i (x, . . . , x) = tr

(
evx

(
W k+1(s)

))
= tr

(
W k+1(s(x)

))
,

sends the Maurer–Cartan element x ∈ B1 to the residue modulo tr
(
I(k+1)A

)
of the Chern–Simons

class cs2k+1
(
s(x)

)
∈ A/[A,A].

For general s an explicit combinatorial description of the higher Taylor coefficients σki ,
although possible, is quite complicated. In the next section we study these components under
the additional assumption that s : B → A is a morphism of graded Lie algebras, or equivalently,
by Lemma 4.3.7, that δ(s) + s ? s ∈ C(B, I)1. This is often satisfied in concrete examples: for
instance, in the geometric example that we shall consider in the following Section 4.5.

4.4 Explicit formulas in the split case.
Let K⟨Z0, Z1, Z2⟩ be the associative algebra of noncommutative polynomials in Z0, Z1, Z2.

Following [30], we denote by Σ[Zp0 , Z
q
1 , Z

r
2 ] ∈ K⟨Z0, Z1, Z2⟩, p, q, r ∈ N, the symmetric functions:

by definition Σ[Zp0 , Z
q
1 , Z

r
2 ] is the sum of all the words in Z0, Z1, Z2 having p factors Z0, q factors

Z1 and r factors Z2. For instance, Σ[Z0
0 , Z

0
1 , Z

0
2 ] = 1 and Σ[Z1

0 , Z
2
1 , Z

0
2 ] = Z0Z

2
1 +Z1Z0Z1 +Z2

1Z0.
For every k ≥ 0 we define homogeneous polynomials V k(Z0, Z1, Z2) ∈ K⟨Z0, Z1, Z2⟩ by the

formula
V k(Z0, Z1, Z2) = 1

k!

∫ 1

0
(Z0 + tZ1 + (t2 − t)Z2)k dt .

Notice that for every curved DG-algebra (A, d,R) and every x ∈ A1 we have

W (x)k+1 = V k(R, d(x) + x2, x2)x . (4.4.1)

It is also useful to assign to each variable Zi the weight i, and denote by V k =
∑2k
i=0 V

k
i the

associated isobaric decomposition. Notice that every monomial in Z0, Z1, Z2 of weight i with r
occurrences of the variable Z2 (hence i− 2r ≥ 0 occurrences of the variable Z1) appears in V k

i

with coefficient

1
k!

∫ 1

0
ti−r(t− 1)rdt = (−1)rr! (i− r)!

k! (i+ 1)! = (−1)r

k! (i+ 1)

(
i

r

)−1

.

Therefore, for every 0 ≤ i ≤ 2k

V k
i =

∑
p+q+r=k
q+2r=i

(−1)rr! (i− r)!
k! (i+ 1)! Σ[Zp0 , Z

q
1 , Z

r
2 ] .
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For instance, one checks that for 0 ≤ i ≤ 2k ≤ 6 the above formula for V k
i gives:

V 0
0 = 1, V 1

0 = Z0, V 1
1 = 1

2Z1, V 1
2 = −1

6Z2,

V 2
0 = 1

2Z
2
0 , V 2

1 = 1
4
(
Z0Z1 + Z1Z0

)
, V 2

2 = 1
6Z

2
1 −

1
12
(
Z0Z2 + Z2Z0

)
,

V 2
3 = − 1

24
(
Z1Z2 + Z2Z1

)
, V 2

4 = 1
60 Z

2
2 ,

V 3
0 = 1

6Z
3
0 , V 3

1 = 1
12
(
Z2

0Z1 + Z0Z1Z0 + Z1Z
2
0
)
,

V 3
2 = 1

18
(
Z0Z

2
1 + Z1Z0Z1 + Z2

1Z0
)
− 1

36
(
Z2

0Z2 + Z0Z2Z0 + Z2Z
2
0
)
,

V 3
3 = 1

24Z
3
1 −

1
72
(
Z0Z1Z2 + Z0Z2Z1 + Z1Z0Z2 + Z1Z2Z0 + Z2Z0Z1 + Z2Z1Z0

)
,

V 3
4 = − 1

120
(
Z2

1Z2 + Z1Z2Z1 + Z2Z
2
1
)

+ 1
180

(
Z0Z

2
2 + Z2Z0Z2 + Z2

2Z0
)
,

V 3
5 = 1

360
(
Z1Z

2
2 + Z2Z1Z2 + Z2

2Z1
)
, V 3

6 = − 1
840Z

3
2 .

Definition 4.4.1. A split curved DG-algebra is the datum of a curved DG-algebra A =
(A, d,R) equipped with a direct sum decomposition

A = B ⊕ I,

where B ⊂ A is a graded Lie subalgebra and I ⊂ A is a curved Lie ideal.

We shall denote by ı : B → A the inclusion and by P : A→ B the projection with kernel I
(in particular, ı, P are morphisms of graded Lie algebras) and by P⊥ := idA−P : A → I. We
shall also denote by

∂ := Pd : B → B, ∇ := P⊥d : B → I .

Notice in particular that since Ker(P ) = I is d-closed, then the identity Pd = PdP holds, and
in particular

∂
2 = (Pd)2 = Pd2 = P [R,−] = 0,

since I is a Lie ideal and R ∈ I. Thus (B, ∂, [−,−]) is a DG-Lie algebra and the natural map
(B, ∂)→ (A/I, d) is an isomorphism of DG-Lie algebras. Moreover,

d∇+∇∂ = [R,−] : B → I, (4.4.2)

since for every b ∈ B we have

[R, b] = d2(b) = d∇(b) + d∂(b) = d∇(b) +∇∂(b) + ∂∂(b) .

Lemma 4.4.2. Let A = B⊕I be a split curved DG-algebra and consider the inclusion ı : B ↪→ A
as an element of C(B,A)1. Then for every x, y ∈ B we have

ı ? ı ∈ Hom2
K

(
B[1]�2, A

)
= C(B,A)2

2, ı ? ı(x, y) = (−1)x−1[x, y],

δ(ı) + ı ? ı = ∇ ∈ Hom2
K

(
B[1], I

)
⊂ C(B, I)2

1, (δ(ı) + ı ? ı)(x) = ∇(x),

R ∈ C(B, I)2
0.

In particular W (ı)k+1 =
∑2k+1
i=1 W (ı)k+1

i with

W (ı)k+1
i ∈ C(B,A)i, W (ı)k+1

i = V k
i−1(R,∇, ı ? ı) ? ı .
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Proof. We have already proved that ı ? ı(x, y) = (−1)x−1[x, y] in the proof of Lemma 4.3.7. It
remains to show that (δ(ı) + ı ? ı)(x) = ∇(x). Again by Lemma 4.3.7 we have δ(ı) + ı ? ı =
δ0(ı) ∈ C(B, I)1 and then for every x ∈ B

(δ(ı) + ı ? ı)(x) = δ0(ı)(x) = (dı− ı∂)(x) = ∇(x) .

The last claim follows from Equation (4.4.1).

Corollary 4.4.3. Let A = B⊕I be a split curved DG-algebra with inclusion morphism ı : B ↪→ A.
For every i, k with 1 ≤ i ≤ 2k+1 denote by σki ∈ Hom0

K

(
B[1]�i, A

[A,A]+I(k+1)A
[2k + 1]

)
the image

of V k
i−1(R,∇, ı ? ı) ? ı under the trace map

C(B,A)2k+1
i

tr−→ Hom0
K

(
B[1]�i, A

[A,A] + I(k+1)A
[2k + 1]

)
.

Then
σk = (σk1 , σk2 , . . . , σk2k+1, 0, 0, . . .) : B  A

[A,A] + I(k+1)A
[2k]

is an L∞ morphism with linear component σk1 .

Example 4.4.4. More explicitly, the Taylor coefficients

σki : B[1]�i → A

[A,A] + Ik+1A
[2k + 1]

are given on the diagonal, i.e., when all the arguments equal a certain x ∈ B1, by the formula

1
i!σ

k
i (x, . . . , x) = tr

(
V k
i−1(R,∇(x), x2)x

)
,

and in general is given by the above formula via graded polarization.
For instance, using the previous explicit formulas for the non-commutative polynomials V k

i−1
(together with the cyclic invariance of the trace), we see that for k ≤ 3 the L∞ morphism from
Corollary 4.4.3 is given explicitly as follows. For k = 0, we have the DG-Lie algebra morphism

σ0 : (B, ∂, [−,−])→
(

A

[A,A] + IA
, d, 0

)
, σ0(x) = tr(x) .

For k = 1 we have the L∞ morphism

σ1 = (σ1
1, σ

1
2, σ

1
2, 0, 0, . . .) : (B, ∂, [−,−]) 

(
A

[A,A] + I(2)A
[2], d, 0

)
given by:

σ1
1(x) = tr

(
Rx
)
,

σ1
2(x1, x2) =

∑
τ∈S2

ε(τ)
2 tr

(
∇(xτ(1))xτ(2)

)
,

σ1
3(x1, x2, x3) =

∑
τ∈S3

−ε(τ)
6 tr

(
xτ(1)xτ(2)xτ(3)

)
,

(4.4.3)

where we denote by ε(τ) the symmetric Koszul sign, defined by the identity xτ(1) ⊙ · · · ⊙ xτ(i) =
ε(τ)x1⊙· · ·⊙xi in the symmetric power B[1]�i. Hence we recover, in a more general framework,
the formulas of [50] with the curvature in place of the Atiyah cocycle, see Remark 4.4.5 below.

For k = 2 we have the L∞ morphism

σ2 = (σ2
1, . . . , σ

2
5, 0, 0, . . .) : (B, ∂[−,−]) 

(
A

[A,A] + I(3)A
[4], d, 0

)
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given by:

σ2
1(x) = 1

2 tr
(
R2x

)
,

σ2
2(x1, x2) =

∑
τ∈S2

ε(τ)
4 tr

(
R∇(xτ(1))xτ(2) +∇(xτ(1))Rxτ(2)

)
,

σ2
3(x1, x2, x3) =

∑
τ∈S3

ε(τ)
6 tr

(
(−1)xτ(1)+1∇(xτ(1))∇(xτ(2))xτ(3) −Rxτ(1)xτ(2)xτ(3)

)
,

σ2
4(x1, x2, x3, x4) =

∑
τ∈S4

−ε(τ)
12 tr

(
∇(xτ(1))xτ(2)xτ(3)xτ(4)

)
,

σ2
5(x1, x2, x3, x4, x5) =

∑
τ∈S5

ε(τ)
60 tr

(
xτ(1)xτ(2)xτ(3)xτ(4)xτ(5)

)
.

Finally, for k = 3 we have the L∞ morphism

σ3 = (σ3
1, . . . , σ

3
7, 0, 0, . . .) : (B, ∂, [−,−]) 

(
A

[A,A] + I(4)A
[6], d, 0

)
given by

σ3
i (x1, . . . , xi) =

∑
τ∈Si

ε(τ) tr(Pi(τ)),

where:

P1(τ) = 1
6R

3x1,

P2(τ) = 1
12
(
R2∇(xτ(1)) +R∇(xτ(1))R+∇(xτ(1))R2

)
xτ(2)

P3(τ) = − 1
18 R

2xτ(1)xτ(2)xτ(3) −
1
36 Rxτ(1)xτ(2)Rxτ(3)

+ 1
18 (−1)xτ(1)+1

(
R∇(xτ(1))∇(xτ(2)) +∇(xτ(1))R∇(xτ(2)) +∇(xτ(1))∇(xτ(2))R

)
xτ(3),

P4(τ) = 1
24
(
(−1)xτ(2)+1∇(xτ(1))∇(xτ(2))∇(xτ(3))xτ(4)

)
− 1

36
(
∇(xτ(1))Rxτ(2)xτ(3)xτ(4) +R∇(xτ(1))xτ(2)xτ(3)xτ(4)

)
− 1

72
(
(−1)xτ(1)+xτ(2)Rxτ(1)xτ(2)∇(xτ(3))xτ(4) +∇(xτ(1))xτ(2)xτ(3)Rxτ(4)

)
,

P5(τ) = 1
60
(
Rxτ(1)xτ(2)xτ(3)xτ(4)xτ(5) − (−1)xτ(1)+1∇(xτ(1))∇(xτ(2))xτ(3)xτ(4)xτ(5)

)
− 1

120
(
(−1)xτ(1)+xτ(2)+xτ(3)+1∇(xτ(1))xτ(2)xτ(3)∇(xτ(4))xτ(5)

)
,

P6(τ) = 1
120

(
∇(xτ(1))xτ(2)xτ(3)xτ(4)xτ(5)xτ(6)

)
,

P7(τ) = − 1
840

(
xτ(1)xτ(2)xτ(3)xτ(4)xτ(5)xτ(6)xτ(7)

)
.
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Remark 4.4.5. In the above setup, suppose that I is a bilateral associative ideal. Then the
morphism σki depends only on the class of R in I/I(2) if and only if either i ≤ 2 or i ≥ 2k. This
partially explains the unsuccessful attempts of the last two authors to extend the formulas of
[50], described in the following Section 4.6, involving the Atiyah form instead of the curvature,
to the case k > 1.

4.5 Connections of type (1, 0) and curved DG-pairs
Let X be a complex manifold and let

E∗ : 0→ Ep
dE−−→ Ep+1 dE−−→ · · · dE−−→ Eq → 0, p ≤ q ∈ Z, d2

E = 0,

be a fixed finite complex of locally free sheaves of OX -modules. We denote by Hom∗OX (E∗,E∗)
the graded sheaf of OX -linear endomorphisms of E∗:

Hom∗OX (E∗,E∗) =
⊕
i

Homi
OX

(E∗,E∗), Homi
OX

(E∗,E∗) =
∏
j

HomOX (Ej ,Ei+j) .

Then Hom∗OX (E∗,E∗) is a sheaf of locally free DG-Lie algebras over OX , with the bracket equal
to the graded commutator

[f, g] = fg − (−1)f ggf

and the differential given by

f 7→ [dE, f ] = dEf − (−1)ffdE .

For every a, b, r denote by A
a,b
X (Er) ≃ A

a,b
X ⊗OX Er the sheaf of differential forms of type

(a, b) with coefficients in Er, and by ∂ : Aa,b
X (Er)→A

a,b+1
X (Er) the Dolbeault differential.

We consider
A
∗,∗
X (E∗) =

⊕
a,b,r

A
a,b
X (Er)

as a graded sheaf of A∗,∗X modules, where the elements of Aa,b
X (Er) have degree a+ b+ r. It is

useful to use the dot symbol · to denote the natural left multiplication map

A
∗,∗
X ×A

∗,∗
X (E∗) ·−→A

∗,∗
X (E∗) .

The differential dE extends naturally to a differential

dE : Aa,b
X (Er)→A

a,b
X (Er+1), dE(φ · e) = (−1)φ φ · dE(e), φ ∈A

a,b
X , e ∈ Er .

We have that ∂2 = d2
E = 0 and [∂, dE] = ∂dE +dE∂ = 0, so that ∂+dE is a differential in A

∗,∗
X (E∗).

Therefore the space of C-linear morphisms of sheaves

Hom∗C(A∗,∗X (E∗),A∗,∗X (E∗))

carries a natural structure of differential graded associative algebra: the product is given by
composition and the differential is the graded commutator with ∂ + dE.

Denoting by Aa,bX (−) the global sections ofAa,b
X (−) we have two differential graded subalgebras

A0,∗
X (Hom∗OX (E∗,E∗)) ⊂ A∗,∗X (Hom∗OX (E∗,E∗)) ⊂ Hom∗C(A∗,∗X (E∗),A∗,∗X (E∗)),

where for
ω, η ∈A

∗,∗
X , f ∈ Hom∗OX (E∗,E∗), e ∈ E∗
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one has that
(ω · f)(η · e) = (−1)f̄ η̄(ω ∧ η) · f(e) ,

so that the elements of Aa,bX (Homn
OX

(E∗,E∗)) have degree a+ b+ n.
For every a ∈ A∗,∗X (Hom∗OX (E∗,E∗)) we have

∂a = [∂, a] (4.5.1)

where the bracket on the right is intended in the DG-Lie algebra Hom∗C(A∗,∗X (E∗),A∗,∗X (E∗)). In
fact, for ω, η ∈A

∗,∗
X , f ∈ Hom∗OX (E∗,E∗) and e ∈ E∗ we have:

[∂, ω · f ](η · e) = ∂((−1)fηω ∧ η · f(e))− (−1)ω+f (ω · f)(∂(η) · e)

= (−1)fη∂(ω) ∧ η · f(e) + (−1)fη+ωω ∧ ∂(η) · f(e)− (−1)ω+fηω ∧ ∂(η) · f(e)
= (∂(ω) · f)(η · e).

The composition product in A0,∗
X (Hom∗OX (E∗,E∗)) and A∗,∗X (Hom∗OX (E∗,E∗)) works in the

following way:
ω, η ∈A

∗,∗
X , f, g ∈ Hom∗OX (E∗,E∗)

(ω · f)(η · g) = (−1)f̄ η̄(ω ∧ η) · fg ,
and the commutator is

[ω · f, η · g] = (ω · f)(η · g)− (−1)(ω̄+f̄)(η̄+ḡ)(η · g)(ω · f) = (−1)f̄ η̄(ω ∧ η) · [f, g] .

The above commutator and the differential [dE + ∂,−] = [dE,−] + ∂ give A0,∗
X (Hom∗OX (E∗,E∗))

and A∗,∗X (Hom∗OX (E∗,E∗)) a structure of DG-Lie algebra.
We now define an obvious generalisation of the notion of connection of type (1, 0) to complexes

of locally free sheaves.

Definition 4.5.1. Let (E∗, dE) be a finite complex of locally free sheaves on X.

1. A connection on E∗ is a C-linear morphism of graded sheaves of degree +1

∇ : E∗ →A
∗,∗
X (E∗)

such that ∇(fe) = ddR(f) · e+ f · ∇(e) for every f ∈ OX , e ∈ E∗. Here ddR denotes the de
Rham differential.

2. A connection ∇ as above is called of type (1, 0) if ∇(e)− ∂(e) ∈ ⊕kA1,k
X (Ei−k) for every

i and every e ∈ Ei.

Thus, a connection ∇ is of type (1, 0) if and only if ∇ = ∂+
∑
k∇1,k, with ∇1,k : Ei →A

1,k
X (Ei−k)

for every i.

Notice that ∇1,k is OX -linear for every k > 0, and that, denoting by ∂ = ddR − ∂ : A∗,∗X →
A
∗+1,∗
X ,

∇1,0(fe) = ∂(f) · e+ f · ∇1,0(e), ∀f ∈ OX , e ∈ E∗.

As in the nongraded case (see e.g. [45]), every connection ∇ extends uniquely to a C-linear
morphism of graded sheaves of total degree +1

∇ : A∗,∗X (E∗)→A
∗,∗
X (E∗)

such that ∇(φ · ω) = ddR(φ) · ω + (−1)φφ · ∇(ω), for every φ ∈A
∗,∗
X , ω ∈A

∗,∗
X (E∗).

It is clear that giving a connection ∇ of type (1, 0) with ∇1,k = 0 for every k > 0 is the same
as giving a classical connection of type (1, 0) on every Ei as in Definition 3.3.3. In particular,
connections of type (1, 0) always exist.

Denote by A = A∗,∗X (Hom∗OX (E∗,E∗)) the graded associative algebra of global differential
forms with values in the graded sheaf Hom∗OX (E∗,E∗). Every element of A may be naturally
interpreted as an endomorphism of the sheaf A∗,∗X (E∗).
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Lemma 4.5.2. For any connection ∇ of type (1, 0) the adjoint operator

d = [∇+ dE,−] : A∗,∗X (Hom∗OX (E∗,E∗))→ A∗,∗X (Hom∗OX (E∗,E∗))

is a well-defined derivation.
Moreover R = (∇+dE)2 = 1

2[∇+dE,∇+dE] belongs to A∗,∗X (Hom∗OX (E∗,E∗)), and the triple
(A∗,∗X (Hom∗OX (E∗,E∗)), d, R) is a curved DG-algebra.

Proof. It is clear that [dE,−] is a well-defined derivation of A = A∗,∗X (Hom∗OX (E∗,E∗)). Since ∇
is a connection of type (1, 0), it can be written as

∇ = ∂ +∇1,0 +
∑
k≥1
∇1,k,

with ∇1,k that is OX -linear for every k ≠ 0. Therefore for every k ̸= 0, ∇1,k belongs to
A1,k
X (Hom−kOX

(E∗,E∗)), which implies that [∇1,k,−] is an inner derivation of A for every k ̸= 0. It
then suffices to show that [∂ +∇1,0,−] is a derivation of A. For brevity, denote D := ∂ +∇1,0.

Since every Ei is locally free, we can describe A∗,∗X (Hom∗OX (E∗,E∗)) as the set of morphisms
of graded sheaves h : A∗,∗X (E∗)→ A

∗,∗
X (E∗) that are A

∗,∗
X -linear, i.e., h(f · s) = (−1)h̄ f̄f · h(s),

f ∈A
∗,∗
X , s ∈A

∗,∗
X (E∗).

Thus, for every f ∈A
∗,∗
X and s ∈A

∗,∗
X (E∗) we have

[D,h](f · s) = (−1)h̄ f̄D(f · h(s))− (−1)h̄h(ddRf · s+ (−1)f̄f ·D(s))

= (−1)h̄ f̄ (ddRf · h(s) + (−1)f̄f ·D(h(s)))− (−1)h̄+h̄(f̄+1)ddRf · h(s)+

− (−1)h̄+f̄+h̄f̄f · h(D(s))

= (−1)(h̄+1)f̄f · [D,h](s),

which proves that [D,h] ∈ A∗,∗X (Hom∗OX (E∗,E∗)). For h ∈ Ap,qX (Homj
OX

(E∗,E∗)) according to
(4.5.1) we have

[∇1,0, h] = [D,h]− ∂(a) ∈ Ap+1,q
X (Homj

OX
(E∗,E∗)) . (4.5.2)

For the second part, notice that

R = 1
2[∇+ dE,∇+ dE] = 1

2

[
∂ + dE +

∑
k≥0
∇1,k, ∂ + dE +

∑
j≥0
∇1,j

]
=

=
[
∂ + dE,

∑
k≥0
∇1,k

]
+ 1

2

[∑
k≥0
∇1,k,

∑
j≥0
∇1,j

]
=: R1 +R2.

We begin by showing that R1 = [∂ + dE,
∑
k≥0∇1,k] belongs to A1,∗

X (Hom∗OX (E∗,E∗)). In fact,
R1 can be be written as

R1 =
[
∂ + dE,

∑
k≥0
∇1,k

]
= [∂ + dE,∇1,0] +

[
∂ + dE,

∑
k≥1
∇1,k

]
,

and since ∇1,k belongs to A1,∗
X (Hom∗OX (E∗,E∗)) for every k ̸= 0, it is clear that the second part

belongs to A1,∗
X (Hom∗OX (E∗,E∗)).

It then remains to show that u := [∂ + dE,∇1,0] also belongs to A1,∗
X (Hom∗OX (E∗,E∗)). The

element u : A∗,∗X (E∗)→A
∗,∗
X (E∗) is a morphism of graded sheaves of even degree and we need

to show that it is A∗,∗X -linear. By (4.5.2) we have [dE,∇1,0] ∈ A1,0
X (Hom1

OX
(E∗,E∗)) and we only

need to prove that [∂,∇1,0] is A∗,∗X -linear.
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For f ∈A
∗,∗
X , s ∈A

∗,∗
X (E∗) we have:

[∂,∇1,0](fs) = ∂(∂f · s+ (−1)f̄f · ∇1,0(s)) +∇1,0(∂f · s+ (−1)f̄f · ∂s)

= ∂(∂f) · s+ (−1)f̄+1∂f · ∂s+ (−1)f̄∂f · ∇1,0(s) + f · ∂(∇1,0(s))

+ ∂(∂f) · s+ (−1)f̄+1∂f · ∇1,0(s) + (−1)f̄∂f · ∂s+ f · ∇1,0(∂(s))
= f [∂,∇1,0](s).

Therefore [∂,∇1,0] belongs to A1,1
X (Hom0

OX
(E∗,E∗)).

Now, we show that R2 belongs to A2,∗
X (Hom∗OX (E∗,E∗)): we can write it as

R2 = 1
2

[∑
k≥0
∇1,k,

∑
j≥0
∇1,j

]
= 1

2[∇1,0,∇1,0] +
[
∇1,0,

∑
j≥1
∇1,j

]
+ 1

2
∑
j,k≥1

[∇1,k,∇1,j ].

The last term is clearly in A2,∗
X (Hom∗OX (E∗,E∗)) because ∇1,k belongs to A1,k

X (Hom−kOX
(E∗,E∗))

for k ̸= 0. The middle term is also in A2,∗
X (Hom∗OX (E∗,E∗)), by the first part of the claim. For

the first term and f ∈A
∗,∗
X , s ∈A

∗,∗
X (E∗) we have that

1
2[∇1,0,∇1,0](fs) = (∇1,0)2(fs) = ∇1,0(∂f · s+ (−1)ff · ∇1,0(s)) =

∂2f · s+ (−1)f+1∂f · ∇1,0(s) + (−1)f∂f · ∇1,0(s) + f(∇1,0)2(s) = f(∇1,0)2(s),

and we have the claim.

To every connection ∇ = ∂ +
∑
k∇1,k : A∗,∗X (E∗)→A

∗,∗
X (E∗) of type (1, 0) it is associated a

curved DG-pair (A, I) as in Definition 4.1.2, according to the following construction. Denote by
A = A∗,∗X (Hom∗OX (E∗,E∗)) the graded associative algebra of global differential forms with values
in the graded sheaf Hom∗OX (E∗,E∗). By Lemma 4.5.2 the adjoint operator

d = [∇+ dE,−] : A→ A

is a well defined derivation and R = (∇+ dE)2 = 1
2[∇+ dE,∇+ dE] belongs to A, so that the

triple (A, d,R) is a curved DG-algebra.
Writing ∇ = ∂ +

∑
k∇1,k, since (∂ + dE)2 = 0 we have

R = R1 +R2, Ri ∈ Ai,∗X (Hom∗OX (E∗,E∗)).

In particular, R belongs to the ideal I = A>0,∗
X (Hom∗OX (E∗,E∗)). Moreover, R1 = [∂+dE,

∑
k∇1,k]

and then the connection ∇ is such that [dE + ∂,∇] = 0 if and only if R1 = 0.

Lemma 4.5.3. The Atiyah class

At(A, I) ∈ H2(A1,∗
X (Hom∗OX (E∗,E∗))) = E xt1

X(E∗,Ω1
X ⊗ E∗) .

of the curved DG-pair (A, I) = ((A∗,∗X (Hom∗OX (E∗,E∗)), d, R), A>0,∗
X (Hom∗OX (E∗,E∗))) is trivial

if and only if E∗ admits a connection ∇̃ of type (1, 0) such that [dE + ∂, ∇̃] = 0.

Proof. Since I(k) = I(k)A = A≥k,∗X (Hom∗OX (E∗,E∗)) the Atiyah class At(A, I) of the curved DG-
pair is precisely the cohomology class of R1 in the complex (A1,∗

X (Hom∗OX (E∗,E∗)), [∂ + dE,−]);
notice that this complex is the Dolbeault resolution of the complex Hom∗OX (E∗,Ω1

X ⊗ E∗) and
therefore

At(A, I) ∈ H2(A1,∗
X (Hom∗OX (E∗,E∗))) = E xt1

X(E∗,Ω1
X ⊗ E∗) .

Since two connections of type (1, 0) differ by a degree 1 element of A1,∗
X (Hom∗OX (E∗,E∗)), the

Atiyah class is independent from the choice of the connection. Conversely, for every degree 1
element φ ∈ A1,∗

X (Hom∗OX (E∗,E∗)) the map ∇̃ = ∇+ φ is again a connection of type (1, 0) with
1-component of the curvature R̂1 = R1 + [dE + ∂, φ]: it follows that At(A, I) = 0 if and only if
E∗ admits a a connection ∇̃ of type (1, 0) such that [dE + ∂, ∇̃] = 0.
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Lemma 4.5.4. The class At(A, I) is the same as the usual Atiyah class of the complex E∗ as
an object in the derived category of X.

Proof. We show that our definition is equivalent to the one of [39, Section 10.1], where a
representative of the Atiyah class is given via Čech cohomology.

First, we recall the definition of the complex of 1-jets of E∗, and of two variants. For E∗ a
finite complex of locally free sheaves, a representative of the Atiyah class of (3.3.3) is given by
the class of the short exact sequence

0 E∗ ⊗ Ω1
X J1(E∗) E∗ 0p1 (4.5.3)

where J1(E∗) is the complex of 1-jets of E∗, defined as (E∗⊕E∗⊗Ω1
X , (dE, dE ⊗ Id)) as a complex

of sheaves of C-modules, with OX -action given by:

f · (e, σ) = (fe, fσ + e⊗ ddRf) f ∈ OX , e ∈ E∗, σ ∈ E∗ ⊗ Ω1
X .

Denoting by C∗(U,E∗) the sheafified version of the Čech complex, recalled in Definition 1.4.4,
and by i the inclusions i : E∗ → C∗(U,E∗) and i : E∗ ⊗Ω1

X → C∗(U,E∗ ⊗Ω1
X), we can define the

complex J̃1(U,E∗) = (E∗ ⊕ C∗(U,E∗ ⊗ Ω1
X), (dE, ď+ dE)) a a complex of sheaves of C-modules,

with OX -action given by

f · (e, σ) = (fe, fσ + i(e⊗ ddRf)) f ∈ OX , e ∈ E∗, σ ∈ C∗(U,E∗ ⊗ Ω1
X).

The quasi-isomorphism i : E∗ → C∗(U,E∗) induces a quasi-isomorphism J1(E∗) → J̃1(U,E∗).
The complex J̃1(U,E∗) fits into the short exact sequence

0 C∗(U,E∗ ⊗ Ω1
X) J̃1(U,E∗) E∗ 0,p1 (4.5.4)

which also represents the Atiyah class of E∗ as an object in the derived category, because of the
commutative diagram

0 E∗ ⊗ Ω1
X J1(E∗) E∗ 0

0 C∗(U,E∗ ⊗ Ω1
X) J̃1(U,E∗) E∗ 0.

i∼ i∼

Similarly, denoting by j the inclusions j : E∗ →A
0,∗
X (E∗) and j : E∗⊗Ω1

X →A
1,∗
X (E∗), we can

define the complex A
0,∗
X (J1(E∗)) := (E∗ ⊕A

0,∗
X (E∗ ⊗ Ω1

X), (dE, ∂ + dE)) as a complex of sheaves
of C-modules, with OX -action given by:

f · (e, σ) = (fe, fσ + j(e⊗ ddRf)) f ∈ OX , e ∈ E∗, σ ∈A
0,∗
X (E∗ ⊗ Ω1

X).

This complex is quasi-isomorphic to J1(E∗) via the map j and it sits inside the short exact
sequence

0 A
1,∗
X (E∗) A

0,∗
X (J1(E∗)) E∗ 0,p1 (4.5.5)

which also represents the Atiyah class, in view of the commutative diagram

0 E∗ ⊗ Ω1
X J1(E∗) E∗ 0

0 A
1,∗
X (E∗) A

0,∗
X (J1(E∗)) E∗ 0.

j∼ j∼
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The representative in Čech cohomology of the Atiyah class given in [39] is constructed as
follows, as a generalisation of the construction in Lemma 3.3.5. Choose an affine open cover
U = {Ui} of X such that the restriction of the short exact sequence (4.5.3)

0 Ek ⊗ Ω1
X J1(Ek) Ek 0p1

splits on Ui for every i, k, and denote by Dk
i : Ek|Ui → Ek ⊗ Ω1

X |Ui a set of local holomorphic
connections. Defining

α′ ∈ C1(U,Hom0
OX

(E∗,E∗ ⊗ Ω1
X)), α′qi0i1 = Dq

i0
|Ui0i1 −D

q
i1
|Ui0i1 ,

α′′ ∈ C0(U,Hom1
OX

(E∗,E∗ ⊗ Ω1
X)), α′′qi = dED

q
i −D

q+1
i dE,

one can see that α = α′ + α′′ is a cocycle in the Čech hypercomplex

(C∗(U,Hom∗OX (E∗,E∗ ⊗ Ω1
X)), ď+ [dE,−]),

and it is a representative of the Atiyah class At(E∗) according to [39].
The cocycle α is trivial in cohomology if and only if there exists β ∈

(
C∗(U,Hom∗OX (E∗,E∗⊗

Ω1
X))

)0 such that ď(D−β)+[dE, D−β] = 0 in the complex (C∗(U,Hom∗C(E∗,E∗⊗Ω1
X)), ď+[dE,−]).

Notice that β =
∑
k≥0 β

k, with βk ∈ Ck(U,Hom−kOX
(E∗,E∗⊗Ω1

X)), with βk in general not trivial
for k ≥ 1. There is an isomorphism of complexes of vector spaces

(C∗(U,Hom∗C(E∗,E∗ ⊗ Ω1
X)), ď+ [dE,−]) ∼= (Hom∗C(E∗,C∗(U,E∗ ⊗ Ω1

X)), ď+ [dE,−])

and then D′ := D − β is exactly a C-linear morphism of complexes of sheaves of degree zero
D′ : E∗ → C∗(U,E∗) such that the Leibniz identity

D′(fe) = fD′(e) + i(e⊗ ddRf), ∀f ∈ OX , e ∈ E∗

holds. In fact, the cohomology class of α is trivial if and only if there exists such a map D′. From
D′ we can construct a morphism of complexes of sheaves

IdE⊕D′ : E∗ → J̃1(U,E∗),

and the existence of the map D′ is equivalent to the existence of a morphism of complexes of
sheaves ψ : E∗ → J̃1(U,E∗) such that p1ψ = IdE, i.e., a splitting of the short exact sequence
(4.5.4).

The argument for our definition of Atiyah class is completely analogous. Let∇ be a connection
of type (1,0) on E∗ and consider its Atiyah class, i.e., the cohomology class of R1 = [∂ + dE,∇]
in the complex A1,∗

X (Hom∗OX (E∗,E∗)). As seen in Lemma 4.5.3, this class is trivial if and only
if there exists a connection ∇′ of type (1,0) on E∗ such that [∂ + dE,∇′] = 0. In view of the
isomorphism of complexes

(A1,∗
X (Hom∗C(E∗,E∗)), ∂ + [dE,−]) ∼= (Hom∗C(E∗,A1,∗

X (E∗)), ∂ + [dE,−])

the existence of such ∇′ is equivalent to the existence of a C-linear map of complexes of sheaves
∇′ : E∗ →A

1,∗
X (E∗) such that the Leibniz rule

∇′(fe) = f∇′(e) + j(e⊗ ddRf), ∀f ∈ OX , e ∈ E∗

is satisfied. This is equivalent to the existence of a map of complexes of sheaves φ : E∗ →
A

0,∗
X (J1(E∗)) such that p1φ = IdE, i.e., a splitting of the short exact sequence (4.5.5).
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Remark 4.5.5. For every x ∈ A we have that

[R1, x] =
[
∂ + dE,

[∑
k

∇1,k, x

]]
+
[∑

k

∇1,k, [∂ + dE, x]
]
.

If x ∈ A is such that [∂ + dE, x] = 0, then [R1, x] = [∂ + dE, [
∑
k∇1,k, x]] and this immediately

implies that the Atiyah class is a central element in the cohomology of the differential graded

algebra GrI(A) = ⊕k
I(k)

I(k+1) , cf. [16, Prop. 3.12].

Lemma 4.5.6. The A∗,∗X -linear extension of the usual trace map

Tr: A∗,∗X (Hom∗OX (E∗,E∗))→ A∗,∗X , Tr(φ · f) = φTr(f),

is a trace map in the sense of Definition 4.1.9. In fact, for every h ∈ A∗,∗X (Hom∗OX (E∗,E∗)) we
have

Tr(dh) = Tr([∇+ dE, h]) = Tr([∇, h]) = ddR Tr(h).

Proof. Let ∇ = ∂ +
∑
k≥0∇1,k be a connection of type (1, 0) on E∗, and denote D = ∂ +∇1,0.

Since ∇1,k is OX -linear for all k ̸= 0, Tr([∇1,k, h]) = [Tr(∇1,k),Tr(h)] = 0 for all k ̸= 0 and
Tr([∇, h]) = Tr([D,h]).

By linearity it is sufficient to consider the case h = η·g, with η ∈A
∗,∗
X and g ∈ Homn

OX
(E∗,E∗).

It is clear that it is enough to consider g of degree 0, and by linearity we may assume g concentrated
in one degree, i.e., g = gl : El → El. Let e1, . . . , em be a local basis of holomorphic sections for El,
and let

g(ei) =
∑
j

aijej , D(ei) =
∑
j

ωijej , Tr(g) = (−1)l
∑
i

aii.

Then
ddR Tr(η · g) = ddR(ηTr(g)) = ddRηTr(g) + (−1)ηηddR Tr(g),

[D, η · g](ei) = D(
∑
j

ηaijej)− (−1)η(η · g)(
∑
j

ωijej)

=
∑
j

ddR(η)aijej +
∑
j

(−1)ηη ∧ ddR(aij)ej +
∑
j

(−1)ηηaij ∧D(ej)− (−1)η
∑
j

η ∧ ωijg(ej)

=
∑
k

ddR(η)aikek +
∑
k

(−1)ηη ∧ ddR(aik)ek +
∑
j,k

(−1)ηηaij ∧ ωjkek − (−1)η
∑
j,k

η ∧ ωijajkek .

Therefore

Tr([D, η · g]) = (−1)l
∑
i

(
ddRηaii + (−1)ηηddR(aii) +

∑
j

(−1)η
(
η ∧ ωjiaij − η ∧ ωijaji

))
= (−1)l

∑
i

(
ddRηaii + (−1)ηηddR(aii)

)
= ddRηTr(g) + (−1)ηηddR Tr(g).

Assume now that the complex E∗ is a resolution of a coherent sheaf F. Then At(A, I) is
equal to the Atiyah class At(F) of F and the DG-Lie algebra

A

I
= A0,∗

X (Hom∗OX (E∗,E∗))

is precisely Dolbeault’s model of the DG-Lie algebra controlling deformations of F, see Proposi-
tion 2.5.18 and [24, Section 8].
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Consider the trace map Tr: A → A∗,∗X : for every k ≥ 0 we have Tr(I(k+1)A) = A>k,∗X , and
then the map σk1 from Definition 4.1.5 becomes

σk1 : A0,∗
X (Hom∗OX (E∗,E∗))→ A≤k,∗X [2k], σk1 (x) = 1

k! Tr(Rk1x) .

Therefore, at the cohomology level σk1 induces the composition of

Ext∗X(F,F)→ H∗+k(X,Ωk
X), x 7→ 1

k! Tr
(
At(F)k · x

)
,

with the natural map j : H∗+k(X,Ωk
X)→ H2k+∗(A≤k,∗X ).

By Corollary 4.1.10 the map σk1 is the linear component of an L∞ morphism, and since the
deformation functor associated to the abelian DG-Lie algebra A≤k,∗X [2k] has trivial obstructions
(see Lemma 2.4.6) we immediately obtain the following result.

Corollary 4.5.7. Let F be a coherent sheaf on a complex manifold X admitting a locally free
resolution. Then for every k ≥ 0 the semiregularity map

Ext2
X(F,F)→ H2k+2(A≤k,∗X ), x 7→ 1

k! Tr(At(F)k · x),

annihilates obstructions to deformations of F.

Proof. Since X is assumed smooth, by Hilbert’s syzygy theorem, if F admits a locally free
resolution, then it also admits a finite locally free resolution, see e.g. [44, V.3.11].

Corollary 4.5.8. Let F be a coherent sheaf on a complex projective manifold X. Then for every
k ≥ 0 the semiregularity map

Ext2
X(F,F)→ Hk+2(X,Ωk

X), x 7→ 1
k! Tr(At(F)k · x),

annihilates obstructions to deformations of F.

Proof. Since F is projective every coherent sheaf admits a locally free resolution. Moreover,
the Hodge to de Rham spectral sequence degenerates at E1 and therefore the natural map
Hk+2(X,Ωk

X)→ H2k+2(A≤k,∗X ) is injective.

4.6 Cyclic forms and an alternative way of lifting σ1
1

This section contains the results from [50], where we constructed a lifting of the first
component of Buchweitz–Flenner semiregularity map with direct computations.

As in the previous section, let

E∗ : 0→ Ep
dE−−→ Ep+1 dE−−→ · · · dE−−→ Eq → 0

be a fixed finite complex of locally free sheaves on a complex manifold X and let ∇ be a
connection of type (1, 0) on E∗, as in Definition 4.5.1.

Lemma 4.6.1. In the above setup, for every a ∈ A∗,∗X (Hom∗OX (E∗,E∗)) we have:

[[∇, ∂], a] = [∇, ∂a] + ∂[∇, a] .

Proof. By (4.5.1), we have that [[∇, ∂], a] = [∇, [∂, a]] + [∂, [∇, a]] = [∇, ∂a] + ∂[∇, a].
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Definition 4.6.2. By a cyclic (bilinear) form on the sheaf of DG-Lie algebras Hom∗OX (E∗,E∗)
we mean a graded symmetric OX -bilinear product of degree 0

Hom∗OX (E∗,E∗)×Hom∗OX (E∗,E∗) 〈−,−〉−−−→ OX ,

such that
⟨f, [g, h]⟩ = ⟨[f, g], h⟩ ∀ f, g, h .

Equivalently, for every f, g, h we have

⟨[f, g], h⟩+ (−1)f̄ ḡ⟨g, [f, h]⟩ = 0,

i.e., ⟨−,−⟩ is invariant under the adjoint action. In particular

⟨[dE, g], h⟩+ (−1)ḡ⟨g, [dE, h]⟩ = 0 . (4.6.1)

Notice that (4.6.1) is equivalent to the fact that the bilinear form ⟨−,−⟩ is closed in the dual of
Hom∗OX (E∗,E∗)�2.

Every cyclic form on Hom∗OX (E∗,E∗) has a natural extension to

A∗,∗X (Hom∗OX (E∗,E∗))�2 〈−,−〉−−−→ A∗,∗X , ⟨φf, ψg⟩ = (−1)f̄ ψ̄φ ∧ ψ⟨f, g⟩,

and it is immediate to check that, for f, g ∈ A∗,∗X (Hom∗OX (E∗,E∗))

∂⟨f, g⟩ = ⟨∂f, g⟩+ (−1)f ⟨f, ∂g⟩, (4.6.2)

and then ⟨−,−⟩ is ∂ + [dE,−] closed. Cyclic forms have received a lot of attention in several
recent papers; for instance cyclic forms that are nondegenerate in cohomology play a central
role in the proof of the formality conjecture for polystable sheaves on projective surfaces with
torsion canonical bundles, given in [7].

Definition 4.6.3. We shall say that a connection ∇ of type (1, 0) on E∗ is compatible with the
cyclic form ⟨−,−⟩ if

⟨[∇, f ], g⟩+ (−1)f̄ ⟨f, [∇, g]⟩ = ddR⟨f, g⟩ ,

or equivalently if
⟨[∇− ∂, f ], g⟩+ (−1)f̄ ⟨f, [∇− ∂, g]⟩ = ∂⟨f, g⟩ ,

for every f, g ∈ A∗,∗X (Hom∗OX (E∗,E∗)).

Example 4.6.4. According to Lemma 4.5.6, for every a, b ∈ C the form

⟨f, g⟩ = aTr(fg) + bTr(f) Tr(g)

is a cyclic form of degree 0 compatible with every connection of type (1,0).

In the following we consider the shifted quotient A∗,∗X
A≥2,∗
X

[2] of the de Rham complex by the

2nd subcomplex of the Hodge filtration as a DG-Lie algebra with trivial bracket. We denote
u = [D − ∂, ∂ + dE] = [D, ∂ + dE] ∈ A1,∗

X (Hom∗OX (E∗,E∗)) the Atiyah cocycle.

Theorem 4.6.5. Let E∗ be a finite complex of locally free sheaves on a complex manifold X and
let ⟨−,−⟩ be a cyclic form of degree 0 on Hom∗OX (E∗,E∗) which is compatible with a connection
D of type (1, 0). Then there is an L∞ morphism between DG-Lie algebras over the field C

g : A0,∗
X (Hom∗OX (E∗,E∗)) A∗,∗X

A≥2,∗
X

[2]
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with components

g1(f) = ⟨u, f⟩ = ⟨f, u⟩ ∈ A1,∗
X [2],

g2(f, g) = 1
2
(
⟨[∇− ∂, f ], g⟩ − (−1)fg⟨[∇− ∂, g], f⟩

)
∈ A1,∗

X [2],

g3(f, g, h) = −1
2⟨f, [g, h]⟩ ∈ A0,∗

X [2],

and gn = 0 for every n > 3.

Notice that the definition of g only involves the DG-Lie structure of A0,∗
X (Hom∗OX (E∗,E∗))

and not the associative composition product.

Proof. Since the theorem gives explicit formulas for the components gn, the proof reduces to a
straightforward computation. Since gn = 0 for every n ≥ 4 we need to check the conditions Cn
of Definition 1.3.13 for n = 1, 2, 3, 4. For C1 we have to prove that

dg1(a) = g1([dE, a] + ∂a).

This follows from the fact that [dE, u] + ∂u = 0 and that on the subcomplex A1,∗
X ⊆

A∗,∗X
A≥2,∗
X

we

have d = ∂:

g1([dE, a] + ∂a) = ⟨u, [dE, a] + ∂a⟩ = −⟨[dE, u], a⟩+ ∂⟨u, a⟩ − ⟨∂u, a⟩
= −⟨[dE, u] + ∂u, a⟩+ ∂⟨u, a⟩ = ∂⟨u, a⟩ = dg1(a).

The condition C2 is

g2([dE, a1] + ∂a1, a2) + (−1)a1g2(a1, [dE, a2] + ∂a2) = g1([a1, a2])− dg2(a1, a2).

On the left hand side we have

g2([dE, a1] + ∂a1, a2) + (−1)a1g2(a1, [dE, a2] + ∂a2)

= 1
2
(
⟨[∇− ∂, [dE, a1]], a2⟩+ ⟨[∇− ∂, ∂a1], a2⟩ − (−1)a1 a2+a2⟨[∇− ∂, a2], [dE, a1]⟩

− (−1)a1 a2+a2⟨[∇− ∂, a2], ∂a1⟩
)

+ 1
2(−1)a1

(
⟨[∇− ∂, a1], [dE, a2]⟩+ ⟨[∇− ∂, a1], ∂a2⟩

− (−1)a1 a2+a1⟨[∇− ∂, [dE, a2]], a1⟩ − (−1)a1 a2+a1⟨[∇− ∂, ∂a2], a1⟩
)

= 1
2
(
⟨[[∇− ∂, dE], a1]), a2⟩ − ⟨[dE, [∇− ∂, a1]]), a2⟩+ ⟨[∇− ∂, ∂a1], a2⟩+

− (−1)a1 a2+a2⟨[∇− ∂, a2], [dE, a1]⟩ − (−1)a1 a2+a2⟨[∇− ∂, a2], ∂a1⟩+

+ (−1)a1⟨[∇− ∂, a1], [dE, a2]⟩+ (−1)a1⟨[∇− ∂, a1], ∂a2⟩ − (−1)a1 a2⟨[[∇− ∂, dE], a2]), a1⟩

+ (−1)a1 a2⟨[dE, [∇− ∂, a2]]), a1⟩ − (−1)a1 a2⟨[∇− ∂, ∂a2], a1⟩
)

= ⟨[∇− ∂, dE], [a1, a2]⟩+ 1
2
(
⟨[∇− ∂, ∂a1], a2⟩ − (−1)a1 a2+a2⟨[∇− ∂, a2], ∂a1⟩

+ (−1)a1⟨[∇− ∂, a1], ∂a2⟩ − (−1)a1 a2⟨[∇− ∂, ∂a2], a1⟩
)
.

Using Lemma 4.6.1 and Remark 4.5.5, the right hand side is:

g1([a1, a2])− dg2(a1, a2) = ⟨[∇− ∂, dE] + [∇− ∂, ∂], [a1, a2]⟩ − 1
2
(
⟨∂[∇− ∂, a1], a2⟩



4.6 Cyclic forms and an alternative way of lifting σ1
1 69

− (−1)a1⟨[∇− ∂, a1], ∂a2⟩ − (−1)a1 a2⟨∂[∇− ∂, a2], a1⟩+ (−1)a1 a2+a2⟨[∇− ∂, a2], ∂a1⟩
)

= ⟨[∇− ∂, dE], [a1, a2]⟩ − 1
2
(
⟨∂[∇− ∂, a1], a2⟩ − (−1)a1⟨[∇− ∂, a1], ∂a2⟩

− (−1)a1 a2⟨∂[∇− ∂, a2], a1⟩+ (−1)a1 a2+a2⟨[∇− ∂, a2], ∂a1⟩
)

+ 1
2
(
⟨[[∇− ∂, ∂], a1], a2⟩+

− (−1)a1 a2⟨[[∇− ∂, ∂], a2], a1⟩
)

= ⟨[∇− ∂, dE], [a1, a2]⟩+ 1
2
(
− ⟨∂[∇− ∂, a1], a2⟩+ (−1)a1⟨[∇− ∂, a1], ∂a2⟩

+ (−1)a1 a2⟨∂[∇− ∂, a2], a1⟩ − (−1)a1 a2+a2⟨[∇− ∂, a2], ∂a1⟩+ ⟨[∇− ∂, ∂a1], a2⟩

− (−1)a1 a2⟨[∇− ∂, ∂a2], a1⟩+ ⟨∂[∇− ∂, a1], a2⟩ − (−1)a1 a2⟨∂[∇− ∂, a2], a1⟩
)

= ⟨[∇− ∂, dE], [a1, a2]⟩+ 1
2
(
(−1)a1⟨[∇− ∂, a1], ∂a2⟩ − (−1)a1 a2+a2⟨[∇− ∂, a2], ∂a1⟩

+ ⟨[∇− ∂, ∂a1], a2⟩ − (−1)a1 a2⟨[∇− ∂, ∂a2], a1⟩
)
,

and this proves C2. For C3 we need to check that

dg3(a1,a2, a3) = g3([dE, a1] + ∂a1, a2, a3)− (−1)a1 a2g3([dE, a2] + ∂a2, a1, a3)

+ (−1)a3(a1+a2)g3([dE, a3] + ∂a3, a1, a2)− g2([a1, a2], a3) + (−1)a2 a3g2([a1, a3], a2)

− (−1)a1(a2+a3)g2([a2, a3], a1).

Using the compatibility of the connection and the cyclic form, the terms involving g2 can be
expanded as:

− g2([a1, a2], a3) + (−1)a2 a3g2([a1, a3], a2)− (−1)a1(a2+a3)g2([a2, a3], a1)

= −1
2
(
⟨[∇− ∂, [a1, a2]], a3⟩ − (−1)a3(a1+a2)⟨[∇− ∂, a3], [a1, a2]⟩

)
+ 1

2(−1)a2 a3
(
⟨[∇− ∂, [a1, a3]], a2⟩ − (−1)a2(a1+a3)⟨[∇− ∂, a2], [a1, a3]⟩

)
− 1

2(−1)a1(a2+a3)(⟨[∇− ∂, [a2, a3]], a1⟩ − (−1)a1(a2+a3)⟨[∇− ∂, a1], [a2, a3]⟩
)

= −1
2
(
⟨[[∇− ∂, a1], a2], a3⟩+ (−1)a1⟨[a1, [∇− ∂, a2]], a3⟩ − (−1)a3(a1+a2)⟨[∇− ∂, a3], [a1, a2]⟩

− (−1)a2 a3⟨[[∇− ∂, a1], a3], a2⟩ − (−1)a2 a3+a1⟨[a1, [∇− ∂, a3]], a2⟩

+ (−1)a1 a2⟨[∇− ∂, a2], [a1, a3]⟩+ (−1)a1(a2+a3)⟨[[∇− ∂, a2], a3], a1⟩

+ (−1)a1(a2+a3)+a2⟨[a2, [∇− ∂, a3]], a1⟩ − ⟨[∇− ∂, a1], [a2, a3]⟩
)

= −1
2∂⟨a1, [a2, a3]⟩.

On the other hand,

g3([dE, a1] + ∂a1, a2, a3)− (−1)a1 a2g3([dE, a2] + ∂a2, a1, a3)+
+ (−1)a3(a1+a2)g3([dE, a3] + ∂a3, a1, a2)

= −1
2
(
⟨[dE, a1], [a2, a3]⟩+ (−1)a1⟨a1, [[dE, a2], a3]⟩+ (−1)a1+a2⟨a1, [a2, [dE, a3]]⟩+

+ ⟨∂a1, [a2, a3]⟩+ (−1)a1⟨a1, [∂a2, a3]⟩+ (−1)a1+a2⟨a1, [a2, ∂a3]⟩
)

= −1
2∂⟨a1, [a2, a3]⟩

so that we obtain

dg3(a1, [a2, a3]) = −1
2d⟨a1, [a2, a3]⟩ = −1

2∂⟨a1, [a2, a3]⟩ − 1
2∂⟨a1, [a2, a3]⟩.
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Lastly, the condition C4 is

g3([a1, a2], a3, a4)− (−1)a2 a3g3([a1, a3], a2, a4) + (−1)a4(a2+a3)g3([a1, a4], a2, a3)

+ (−1)a1(a2+a3)g3([a2, a3], a1, a4)− (−1)a3 a4+a1 a2+a1 a4g3([a2, a4], a1, a3)

+ (−1)(a1+a2)(a3+a4)g3([a3, a4], a1, a2) = 0.

We have that

1
2⟨[a1, a2], [a3, a4]⟩ − (−1)a2 a3 1

2⟨[a1, a3], [a2, a4]⟩+ (−1)a4(a2+a3) 1
2⟨[a1, a4], [a2, a3]⟩

+ (−1)a1(a2+a3) 1
2⟨[a2, a3], [a1, a4]⟩ − (−1)a3 a4+a1 a2+a1 a4 1

2⟨[a2, a4], [a1, a3]⟩

+ (−1)(a1+a2)(a3+a4) 1
2⟨[a3, a4], [a1, a2]⟩

= ⟨[a1, a2], [a3, a4]⟩ − (−1)a2 a3⟨[a1, a3], [a2, a4]⟩+ (−1)a4(a2+a3)⟨[a1, a4], [a2, a3]⟩

= ⟨a1, [a2, [a3, a4]]⟩ − (−1)a2 a3⟨a1, [a3, [a2, a4]]⟩+ (−1)a4(a2+a3)⟨a1, [a4, [a2, a3]]⟩

= ⟨a1, [a2, [a3, a4]]− (−1)a2 a3 [a3, [a2, a4]]− [[a2, a3], a4]⟩ = 0 .

Remark 4.6.6. If in Theorem 4.6.5 we use the cyclic form ⟨f, g⟩ = Tr(fg) we obtain the following
L∞ morphism

g : A0,∗
X (Hom∗OX (E∗,E∗)) A∗,∗X

A≥2,∗
X

[2]

with components

g1(f) = Tr(uf) ∈ A1,∗
X [2]

g2(f, g) = 1
2 Tr

(
[∇− ∂, f ]g − (−1)fg[∇− ∂, g]f

)
∈ A1,∗

X [2]

g3(f, g, h) = −1
2 Tr(f [g, h]) ∈ A0,∗

X [2],

and gn = 0 for every n > 3, which can be seen to be the same as the L∞ morphism in (4.4.3).
Remark 4.6.7. The homotopy class of the L∞ morphism g depends on the choice of the connection.
This also holds for holomorphic connections, that is for connections where the Atiyah cocycle
vanishes u = 0 and therefore g1 = 0. This implies that g2 factors to a bilinear graded skew-
symmetric map in cohomology

g2 : ExtiX(E∗,E∗)× ExtjX(E∗,E∗)→ Hi+j+1
(
A∗,∗X
A≥2,∗
X

)

that depends only on the homotopy class of g.
In order to see that the above maps depend on the connection it is sufficient to consider the

example of a trivial bundle of rank 2 over an elliptic curve X. In this case, since Ω1
X is trivial,

every holomorphic connection is of type D = d + θ, where θ is a 2 × 2 matrix with values in
H0(X,Ω1

X) and then ∇ = ∂ + [θ,−]. Similarly Ext0
X(E∗,E∗) is identified with the Lie algebra

M2,2(C) of 2× 2 matrices with constant coefficients and therefore

g2(a, b) = −1
2([θ, a]b− [θ, b]a) ∈ H0(Ω1

X) = H1
(
A∗,∗X
A≥2,∗
X

)
.
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If dz is a generator of H0(X,Ω1
X) and θ = Cdz, with C ∈ M2,2(C), the conclusion follows by

observing that the rank of the bilinear map

M2,2(C)×M2,2(C)→ C, (A,B) 7→ 1
2 Tr([C,A]B − [C,B]A) = Tr(C[A,B]),

is equal to 0 when C is a multiple of the identity and is 2 otherwise.
Let F be a coherent sheaf on a complex manifold X equipped with a finite locally free

resolution E∗. Then, via Theorem 4.6.5 and Remark 4.6.6, every connection of type (1, 0) on the
resolution E∗ gives a lifting of

τ1 : Ext∗X(F,F)→ H∗(X,Ω≤1
X [2])

to an L∞ morphism

g : A0,∗
X (Hom∗OX (E∗,E∗)) A∗,∗X

A>1,∗
X

[2] .

Corollary 4.6.8. Let F be a coherent sheaf on a complex manifold X admitting a locally free
resolution. Then every obstruction to the deformations of F belongs to the kernel of the map

τ1 : Ext2
X(F,F)→ H2(X,Ω≤1

X [2]).

If the Hodge to de Rham spectral sequence of X degenerates at E1, then every obstruction to the
deformations of F belongs to the kernel of the map

σ1 : Ext2
X(F,F)→ H3(X,Ω1

X), σ1(a) = −Tr(At(F) ◦ a).

Proof. By the syzygy theorem it is not restrictive to assume that F admits a finite locally free
resolution E∗. The map τ1 lifts to an L∞ morphism

g : A0,∗
X (Hom∗OX (E∗,E∗)) A∗,∗X

A≥2,∗
X

[2]

and we have that the linear component g1 commutes with obstruction maps of the associated

deformation functors. By construction the DG-Lie algebra A∗,∗X
A≥2,∗
X

[2] has trivial bracket and hence

every obstruction of the associated deformation functor is trivial, as seen in Lemma 2.4.6.
If the Hodge to de Rham spectral sequence of X degenerates at E1 then the inclusion of

complexes A1,∗
X [2] ⊂ A∗,∗X

A≥2,∗
X

[2] is injective in cohomology

H3(X,Ω1
X) ↪→ H2(X,Ω≤1

X [2])

and the maps σ, τ have the same kernel.
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Chapter 5

Cyclic forms on DG-Lie algebroids
and semiregularity

This chapter is based on the paper [49]; the initial objective was to carry out in the algebraic
case a construction analogous the one done for the complex case in [50], Section 4.6.

More in general, given a transitive DG-Lie algebroid (A, ρ) over a smooth separated scheme
X of finite type over a field K of characteristic 0 it is possible to define a simplicial notion
of connection ∇ : RΓ(X,Kerρ) → RΓ(X,Ω1

X [−1] ⊗ Kerρ) and to construct an L∞ morphism
between DG-Lie algebras f : RΓ(X,Kerρ) RΓ(X,Ω≤1

X [2]) associated to a connection and to a
cyclic form on the DG-Lie algebroid.

In a particular case of this construction, we obtain a lifting of the first component of the
modified Buchweitz–Flenner semiregularity map in the algebraic context, which implies that this
map annihilates all obstructions to deformations of coherent sheaves on X admitting a finite
locally free resolution. In Section 5.3, another application is given, to the deformation theory of
(Zariski) principal bundles on X.

5.1 DG-Lie algebroids, connections and extension cocycles
The goal of this section is to define K-linear operators

∇ : Tot(U,L)→ Tot(U,Ω1
X [−1]⊗L)

called connections on the kernel L of the anchor map of a transitive DG-Lie algebroid. In order
to construct a connection, we introduce the notion of simplicial lifting of the identity. The section
ends with the definition of the extension cocycle associated to a simplicial lifting of the identity,
which generalises the notion of Atiyah cocycle. Different notions of Atiyah classes for DG-Lie
algebroids have been considered elsewhere in the literature, see e.g. [9, 13, 63].

Let X be a smooth separated scheme of finite type over a field K of characteristic zero, and
let ΘX ,Ω1

X = Ω1
X/K denote its tangent and cotangent sheaves respectively. Often it will be useful

to consider the cotangent sheaf as a trivial complex of sheaves concentrated in degree one, so
as to have an inclusion Ω1

X [−1]→ Ω∗X , where Ω∗X = ⊕pΩp
X [−p] denotes the algebraic de Rham

complex.

Definition 5.1.1. A DG-Lie algebroid over X is a complex of sheaves of OX -modules A

equipped with a K-bilinear bracket [−,−] : A×A →A, which defines a DG-Lie algebra structure
on the spaces of sections, and with a morphism of complexes of OX -modules ρ : A → ΘX , called
the anchor map, such that the induced map on the spaces of sections is a homomorphism of
DG-Lie algebras. Moreover for any sections a1, a2 of A and f of OX , the following Leibniz
identity holds:

[a1, fa2] = f [a1, a2] + ρ(a1)(f)a2.
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Example 5.1.2. The sheaf ΘX is a trivial example of a DG-Lie algebroid concentrated in
degree zero, with anchor map given by the identity. A DG-Lie algebroid over Spec K is exactly a
DG-Lie algebra over the field K. Every sheaf of DG-Lie algebras over OX can be considered as a
DG-Lie algebroid over X with trivial anchor map.

Definition 5.1.3. Let (A, ρ) and (B, σ) be DG-Lie algebroids over X. A morphism of DG-Lie
algebroids ϕ : A → B is a morphism of complexes of sheaves which preserves brackets and
commutes with the anchor maps:

A B

ΘX .

ϕ

ρ σ

Let (A, ρ) be a DG-Lie algebroid over X and assume that L = Ker ρ is a finite complex
of locally free sheaves. Notice that on L there is a naturally induced graded Lie bracket: for
sections x, y of L

[x, y] := [i(x), i(y)],

where i : L→A denotes the inclusion. This bracket is OX -linear, in fact for any sections x, y of
L and f of OX one has

[x, fy] := [i(x), i(fy)] = [i(x), fi(y)] = f [i(x), i(y)] + ρ(i(x))(f)y
= f [i(x), i(y)] = f [x, y],

so that L is a sheaf of DG-Lie algebras over OX .

Definition 5.1.4. [54, Chapter 3] A DG-Lie algebroid (A, ρ) over X is transitive if the anchor
map ρ : A → ΘX is surjective.

Let now (A, ρ) be a transitive DG-Lie algebroid over X, consider the short exact sequence
of complexes of sheaves

0 L A ΘX 0i ρ

and tensor it with the shifted cotangent sheaf Ω1
X [−1] to obtain the short exact sequence

0 Ω1
X [−1]⊗L Ω1

X [−1]⊗A Ω1
X [−1]⊗ΘX 0.Id⊗i Id⊗ρ (5.1.1)

Because of the isomorphism

Ω1
X [−1]⊗ΘX

∼= Hom∗OX (Ω1
X ,Ω1

X [−1]) ∼= Hom∗OX (Ω1
X ,Ω1

X)[−1],

one can consider IdΩ1 ∈ Γ(X,Ω1
X [−1]⊗ΘX) as an element of degree one.

Definition 5.1.5. A lifting of the identity is a global section D in Γ(X,Ω1
X [−1]⊗A) such

that (Id⊗ρ)(D) = IdΩ1 ∈ Γ(X,Ω1
X [−1]⊗ΘX).

Since the map Id⊗ρ is not in general surjective on global sections, a lifting of the identity
does not always exist. However a germ of a lifting of the identity, i.e., a preimage of IdΩ1 in
Ω1
X [−1]⊗A, always exists.

Example 5.1.6. For particular DG-Lie algebroids, the notion of lifting of the identity can be
related to the more familiar notion of algebraic connection. Let (E∗, δE) be a finite complex of
locally free sheaves. Following [41, Section 5], define the complex of derivations of pairs

D∗(X,E∗) =
{

(h, u) ∈ ΘX ×Hom∗K(E∗,E∗)
∣∣ u(fe) = fu(e) + h(f)e, ∀f ∈ OX , e ∈ E∗

}
.
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The complex D∗(X,E∗) is a finite complex of coherent sheaves and the natural map

α : D∗(X,E∗)→ ΘX , (h, u) 7→ h,

which is called the anchor map, is surjective, see [41]. The graded Lie bracket is defined as

[(h, u), (h′, u′)] = ([h, h′], [u, u′]),

where the (graded) Lie brackets on ΘX and Hom∗K(E∗,E∗) are the (graded) commutators of the
composition products. For f ∈ OX we then have that

[(h, u), f(h′, u′)] = [(h, u), (fh′, fu′)] = ([h, fh′], [u, fu′])

= (h(f)h′ + fhh′ − fh′h, fuu′ + h(f)u′ − (−1)uu′fu′u)
= (h(f)h′ + f [h, h′], h(f)u′ + f [u, u′])
= f([h, h′], [u, u′]) + h(f)(h′, u′)
= f [(h, u), (h′, u′)] + α((h, u))(f)(h′, u′),

hence (D∗(X,E∗), α) is a transitive DG-Lie algebroid over X. Define an algebraic connection on
the complex of locally free sheaves E∗ as the data for every i of an algebraic connection on Ei,
i.e., a K-linear map D : Ei → Ω1

X ⊗ Ei such that for e ∈ Ei, f ∈ OX

D(fe) = ddRf ⊗ e+ fD(e),

where ddR denotes the universal derivation ddR : OX → Ω1
X . A global algebraic connection on E∗

need not exist. The kernel of the anchor map α is the sheaf of DG-Lie algebras Hom∗OX (E∗,E∗),
the graded sheaf of OX -linear endomorphisms of E∗, with bracket equal to the graded commutator

[f, g] = fg − (−1)fggf,

and differential given by
g 7→ [δE, g] = δEg − (−1)ḡgδE .

The short exact sequence in (5.1.1) in this case is isomorphic to

0→ Hom∗OX (E∗,Ω1
X [−1]⊗ E∗) g 7→(0,g)−−−−−→ J∗Ω1

(β,g)7→β−−−−−→ Der∗K(OX ,Ω1
X [−1])→ 0 ,

where the complex J∗Ω1 is defined as the subcomplex of

Der∗K(OX ,Ω1
X [−1])×Hom∗K(E∗,Ω1

X [−1]⊗ E∗)

of elements (β, v), with β ∈ Der∗K(OX ,Ω1
X [−1]) and v ∈ Hom∗K(E∗,Ω1

X [−1]⊗ E∗) such that

v(fx) = fv(x) + β(f)⊗ x,

for all x ∈ E∗ and f ∈ OX . In this case a lifting of the identity is exactly a global algebraic
connection on the complex of sheaves E∗: via the isomorphism Ω1

X [−1] ⊗D∗(X,E∗) ∼= J∗Ω1 a
lifting of the identity D corresponds to K-linear maps D′ : Ei → Ω1

X [−1]⊗ Ei for all i such that
D′(fe) = fD′(e) + ddR(f)⊗ e for all f ∈ OX and e ∈ Ei.

We now define connections on L = Ker ρ, the kernel of the anchor map of a transitive DG-Lie
algebroid (A, ρ) over X. Assume that L is a finite complex of locally free sheaves and fix an
affine open cover U = {Ui} of X. The short exact sequence

0 Ω1
X [−1]⊗L Ω1

X [−1]⊗A Ω1
X [−1]⊗ΘX 0Id⊗i Id⊗ρ

gives a short exact sequence of the corresponding semicosimplicial complexes of Čech cochains.
Consider the Thom–Whitney totalisation functor Tot described in Section 1.4, which is exact
and hence gives an exact sequence



5.1 DG-Lie algebroids, connections and extension cocycles 75

0 Tot(U,Ω1
X [−1]⊗L) Tot(U,Ω1

X [−1]⊗A) Tot(U,Ω1
X [−1]⊗ΘX) 0.Id⊗i Id⊗ρ

Denote by d the differential on A and L, which can be extended to Ω1
X [−1] ⊗A and to

Ω1
X [−1]⊗L by setting

d(η ⊗ x) = (−1)ηη ⊗ dx = −η ⊗ dx.

Denote by dTot the differentials on all the above Tot complexes: for Tot(U,Ω1
X [−1]⊗L) and

Tot(U,Ω1
X [−1]⊗A) the differential dTot is equal to dA + d, while for Tot(U,Ω1

X [−1]⊗ΘX) one
has that dTot is just dA, where dA is the differential of polynomial differential forms on the affine
simplex, see Definition 1.4.3.

Because of the natural inclusion of global sections in the totalisation, see Example 1.4.5,
IdΩ1 belongs to Tot(U,Ω1

X [−1]⊗ΘX), where it has degree one.

Definition 5.1.7. A simplicial lifting of the identity is an element D of Tot(U,Ω1
X [−1]⊗A)

such that (Id⊗ρ)(D) = IdΩ1 in Tot(U,Ω1
X [−1]⊗ΘX).

It is clear that a simplicial lifting of the identity always exists and that D has degree one in
Tot(U,Ω1

X [−1]⊗A).
Remark 5.1.8. Notice that via the isomorphism

Ω1
X [−1]⊗ΘX = Ω1

X [−1]⊗DerK(OX ,OX) ∼= Der∗K(OX ,Ω1
X [−1]),

we have that (Id⊗ρ)(D) = ddR ∈ Tot(U,Der∗K(OX ,Ω1
X [−1])).

In order to define a connection on L, it is necessary to define a Lie bracket

[−,−] : Tot(U,Ω1
X [−1]⊗A)× Tot(U,L)→ Tot(U,Ω1

X [−1]⊗L),

induced by the bracket of the following lemma.

Lemma 5.1.9. There exists a well defined K-bilinear bracket

[−,−] : (Ω1
X [−1]⊗A)×L→ Ω1

X [−1]⊗L.

Proof. Denote by i : L→A the inclusion, take η ⊗ a with η ∈ Ω1
X [−1] and a ∈A, and define

for x ∈ L

[η ⊗ a, x] := η ⊗ [a, i(x)].

Notice that the Leibniz identity in Definition 5.1.1 implies that

[fa1, a2] = f [a1, a2]− (−1)a1 a2ρ(a2)(f)a1.

Hence the bracket [η ⊗ a, x] is well defined: for any f ∈ OX

[η ⊗ fa, x] = η ⊗ [fa, x] = η ⊗
(
f [a, x]− (−1)a xρ(x)(f)a

)
= η ⊗ f [a, x]

= fη ⊗ [a, x] = [fη ⊗ a, x].

It is clear that [η ⊗ a, x] belongs to Ω1
X [−1]⊗L:

(Id⊗ρ)([η ⊗ a, x]) = (Id⊗ρ)(η ⊗ [a, x]) = η ⊗ [ρ(a), ρ(x)] = 0.

Since the functor Tot preserves products, the map

[−,−] : (Ω1
X [−1]⊗A)×L→ Ω1

X [−1]⊗L

induces a K-bilinear map

[−,−] : Tot(U,Ω1
X [−1]⊗A)× Tot(U,L)→ Tot(U,Ω1

X [−1]⊗L), (5.1.2)

which is defined component-wise as the restriction of
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An ⊗
∏

(Ω1
X [−1]⊗A)(Ui0···in)×An ⊗

∏
L(Ui0···in) [−,−]−−−→ An ⊗

∏
(Ω1

X [−1]⊗L)(Ui0···in)

[ηn ⊗ (ti0···in), φn ⊗ (ui0···in)] = ηnφn ⊗ ([(−1)φn ti0···in ti0···in , ui0···in ]),

for ηn, φn in An, ti0···in in (Ω1
X [−1]⊗A)(Ui0···in) and ui0···in in L(Ui0···in).

Definition 5.1.10. A connection on L is the adjoint operator of a simplicial lifting of the
identity D ∈ Tot(U,Ω1

X [−1]⊗A)

∇ = [D,−] : Tot(U,L)→ Tot(U,Ω1
X [−1]⊗L),

where [−,−] : Tot(U,Ω1
X [−1]⊗A)×Tot(U,L)→ Tot(U,Ω1

X [−1]⊗L) is the bracket in (5.1.2).
It is a K-linear operator.

We will now examine the relationship between connections and particular representatives of
extension classes. The short exact sequence

0 L A ΘX 0ρ (5.1.3)

gives an extension class [uρ] ∈ Ext1
X(ΘX ,L). It is possible to give a representative of [uρ] in the

totalisation Tot(U,Ω1
X [−1]⊗L) with respect to an affine open cover U of X.

Definition 5.1.11. An extension cocycle u of the transitive DG-Lie algebroid A is the
differential of a simplicial lifting of the identity D in Tot(U,Ω1

X [−1]⊗A), u = dTotD.
Notice that u belongs to Tot(U,Ω1

X [−1]⊗L):

(Id⊗ρ)u = (Id⊗ρ)dTot(D) = dTot(Id⊗ρ)D = dTot IdΩ1 = 0,

where the last equality is a consequence of the fact that IdΩ1 is a global section and Ω1
X [−1]⊗ΘX

has trivial differential (see Example 1.4.5). Note that u has degree two in Tot(U,Ω1
X [−1]⊗L)

and that dTotu = dTotdTotD = 0.
Using the isomorphisms

Ω1
X [−1]⊗L ∼= Hom∗OX (ΘX [1],L) ∼= Hom∗OX (ΘX ,L)[−1],

the cohomology class of u belongs to

H2(Tot(U,Ω1
X [−1]⊗L)) ∼= H2(Tot(U,Hom∗OX (ΘX ,L)[−1])) ∼= H2(X,Hom∗OX (ΘX ,L)[−1])

∼= H1(X,Hom∗OX (ΘX ,L)) ∼= Ext1
X(ΘX ,L).

This cohomology class does not depend on the chosen simplicial lifting of the identity: if
D and D′ are two simplicial liftings of the identity in Tot(U,Ω1

X [−1] ⊗ A), we have that
(Id⊗ρ)(D −D′) = IdΩ1 − IdΩ1 = 0, so D −D′ belongs to Tot(U,Ω1

X [−1]⊗L) and dTotD and
dTotD

′ differ by the coboundary dTot(D′ −D). It is easy to see that the cohomology class of u is
trivial if and only if the short exact sequence in (5.1.3) splits.
Lemma 5.1.12. Let ∇ : Tot(U,L)→ Tot(U,Ω1

X [−1]⊗L) be a connection on L, associated to
the simplicial lifting of the identity D ∈ Tot(U,Ω1

X [−1]⊗A). Let u = dTotD be the corresponding
extension cocycle, then for every x in Tot(U,L) we have that

∇(dTotx) = [u, x]− dTot∇(x).

Proof. Recall that d denotes the differential of A and L, which can be extended to Ω1
X [−1]⊗A

and to Ω1
X [−1]⊗L by setting d(η ⊗ x) = (−1)ηη ⊗ dx = −η ⊗ dx. It is easy to see that for the

K-bilinear map [−,−] : (Ω1
X [−1]⊗A)×L→ Ω1

X [−1]⊗L of Lemma 5.1.9,

d[η ⊗ a, x] = [d(η ⊗ a), x] + (−1)η+a[η ⊗ a, dx].

A straightforward calculation then shows that for z ∈ Tot(U,Ω1
X [−1]⊗A) and w ∈ Tot(U,L),

dTot[z, w] = [dTotz, w] + (−1)z[z, dTotw],

and the conclusion follows from the fact u = dTotD.



5.2 Cyclic forms and L∞ morphisms 77

5.2 Cyclic forms and L∞ morphisms
This section describes cyclic forms on DG-Lie algebroids and illustrates how DG-Lie algebroid

representations give rise to cyclic forms. We then discuss induced cyclic forms on the Thom–
Whitney totalisation and the property of dTot-closure. The central result is the construction
of a L∞ morphism associated to a connection and to a dTot-closed cyclic form for a transitive
DG-Lie algebroid. This allows us to state the results of Section 4.6, [50] for a coherent sheaf
admitting a finite locally free resolution on a smooth separated scheme of finite type over a field
K of characteristic zero.

Let A be a DG-Lie algebroid over a smooth separated scheme X of finite type over a field K
of characteristic zero, with anchor map ρ : A → ΘX . Assume that the kernel of the anchor map
L is a finite complex of locally free sheaves. Notice that for any a ∈A and x ∈ L, the bracket
[a, x] belongs to L:

ρ([a, x]) = [ρ(a), ρ(x)] = 0.
Definition 5.2.1. A cyclic bilinear form on a DG-Lie algebroid (A, ρ) is a graded symmetric
OX -bilinear product of degree zero on L = Ker ρ

⟨−,−⟩ : L ×L→ OX

such that for all sections x, y of L and a of A

⟨[a, x], y⟩+ (−1)a x⟨x, [a, y]⟩ = ρ(a)(⟨x, y⟩). (5.2.1)

Notice that the definition implies that for all x, y, z ∈ L

⟨x, [y, z]⟩ = ⟨[x, y], z⟩. (5.2.2)

These two properties will be discussed after giving some examples.
In the following two examples, the cyclicity of the forms will follow from Lemma 5.2.5.

Example 5.2.2. An example of cyclic form on (A, ρ) is induced by the Killing form. Consider
the adjoint representation as a morphism of sheaves of DG-Lie algebras

ad: L→ Hom∗OX (L,L), a 7→ [a,−]

and consider the trace map Tr: Hom∗OX (L,L)→ OX , which is morphism of sheaves of DG-Lie
algebras (when considering OX as a trivial sheaf of DG-Lie algebras). Then one can define the
form

⟨−,−⟩ : L ×L→ OX , (x, y) 7→ Tr(adx ad y).
Example 5.2.3. For the DG-Lie algebroid D∗(X,E∗) of Example 5.1.6,

0 Hom∗OX (E∗,E∗) D∗(X,E∗) ΘX 0,

a natural bilinear form onHom∗OX (E∗,E∗) is induced by the trace map Tr: Hom∗OX (E∗,E∗)→ OX

as follows:
Hom∗OX (E∗,E∗)×Hom∗OX (E∗,E∗)→ OX , ⟨f, g⟩ := −Tr(fg).

Example 5.2.3 explains the definition of cyclic form: (5.2.2) reflects the cyclicity property of
the trace map Tr: Hom∗OX (E∗,E∗)→ OX , Tr(ab) = (−1)ab Tr(ba), while (5.2.1) is related to the
properties of the extension of the trace map to D∗(X,E∗), for which we refer to [41].

The Leibniz identity of Definition 5.1.1

[a, fx] = f [a, x] + ρ(a)(f)x ∀a ∈A, x ∈ L, f ∈ OX

can be restated by noticing that for all a in A the operator (ρ(a), [a,−]) belongs to D∗(X,L)
of Example 5.1.6. Hence there is a morphism of DG-Lie algebroids

ad: A → D∗(X,L).

The morphism ad: A → D∗(X,L) restricts to the morphism ad: L → Hom∗OX (L,L) of
Example 5.2.2, so that the following diagram commutes



5.2 Cyclic forms and L∞ morphisms 78

0 L A ΘX 0

0 Hom∗OX (L,L) D∗(X,L) ΘX 0.

i

ad

ρ

ad

α

This motivates the following definition:

Definition 5.2.4. A representation of a DG-Lie algebroid (A, ρ) over X is a morphism of
DG-Lie algebroids θ : A → D∗(X,E∗), where E∗ is a finite complex of locally free sheaves over
X:

A D∗(X,E)

ΘX .

ρ

θ

α

Every representation θ : A → D∗(X,E∗) induces a form ⟨−,−⟩θ : L × L → OX : for any
x ∈ L we have that α ◦ θ(x) = ρ(x) = 0, so that

θ|L : L→ Hom∗OX (E∗,E∗),

and using the trace map Tr: Hom∗OX (E∗,E∗)→ OX we can define for x, y sections of L

⟨x, y⟩θ := Tr(θ(x)θ(y)).

Forms obtained in this way are cyclic:

Lemma 5.2.5. For any DG-Lie algebroid representation θ : A → D∗(X,E∗) the induced form
⟨−,−⟩θ : L ×L→ OX is cyclic.

Proof. For a ∈A and x, y ∈ L

⟨[a, x], y⟩θ + (−1)a x⟨x, [a, y]⟩θ = Tr(θ([a, x])θ(y) + (−1)a xθ(x)θ([a, y]))
= Tr([θ(a), θ(x)]θ(y) + (−1)a xθ(x)[θ(a), θ(y)])
= Tr(θ(a)θ(x)θ(y)− (−1)a(x+y)θ(x)θ(y)θ(a))
= Tr([θ(a), θ(x)θ(y)]).

Notice that if a ̸= 0 then a belongs to L, so that θ(a) belongs to Hom∗OX (E∗,E∗) and it is clear
that Tr([θ(a), θ(x)θ(y)]) = 0, by the properties of the trace map.

The only remaining non-trivial case is when a = x+ y = 0. Let {eki } with i = 1, · · · , nk be a
local basis of Lk and let

θ(a)(eki ) =
∑
j

Akije
k
j , θ(x)θ(y)(eki ) =

∑
j

Bk
ije

k
j , Akij , B

k
ij ∈ OX ,

then

[θ(a), θ(x)θ(y)](eki ) = θ(a)θ(x)θ(y)(eki )− θ(x)θ(y)θ(a)(eki )
= θ(a)

(∑
j

Bk
ije

k
j

)
− θ(x)θ(y)

(∑
j

Akije
k
j

)
=
∑
j

Bk
ijθ(a)(ekj ) +

∑
j

(α ◦ θ)(a)(Bk
ij)ekj −

∑
j,s

AkijB
k
jse

k
s

=
∑
j,s

Bk
ijA

k
jse

k
s +

∑
j

ρ(a)(Bk
ij)ekj −

∑
j,s

AkijB
k
jse

k
s .

The trace of [θ(a), θ(x)θ(y)] is hence equal to∑
k

(−1)k
(∑
j,i

Bk
ijA

k
ji +

∑
i

ρ(a)(Bk
ii)−

∑
j,i

AkijB
k
ji

)
=
∑
k,i

(−1)kρ(a)(Bk
ii) =
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ρ(a)
(∑
k,i

(−1)kBk
ii

)
= ρ(a) Tr(θ(x)θ(y)) = ρ(a)(⟨x, y⟩θ).

For every i ≥ 0, let Ωi
X [−i] denote the sheaf Ωi

X seen as a trivial complex concentrated in
degree i. Any cyclic form ⟨−,−⟩ : L ×L → OX can be extended to a collection of OX -bilinear
forms

⟨−,−⟩ : (Ωi
X [−i]⊗L)× (Ωj

X [−j]⊗L)→ Ωi+j
X [−i− j], i, j ≥ 0,

according to the Koszul sign rule, by setting for x, y ∈ L, ω ∈ Ωi
X [−i], an η ∈ Ωj

X [−j]

⟨ω ⊗ x, η ⊗ y⟩ = (−1)xjω ∧ η⟨x, y⟩.

It is immediate to see that this form is cyclic in the sense that

⟨[b, x], y⟩+ (−1)bx⟨x, [b, y]⟩ = (Id⊗ρ)(b)(⟨x, y⟩) ∀b ∈ Ω1
X [−1]⊗A, ∀x, y ∈ L,

where the bracket is the one of Lemma 5.1.9, and the anchor map has been extended to
Ω1
X [−1]⊗A by setting (Id⊗ρ)(ω ⊗ a) := ω ⊗ ρ(a).

Definition 5.2.6. A cyclic form ⟨−,−⟩ : L ×L→ OX is d-closed if for all z, w ∈ L

⟨dz, w⟩+ (−1)z⟨z, dw⟩ = 0.

Lemma 5.2.7. For any DG-Lie algebroid representation θ : A → D∗(X,E∗) the induced cyclic
form ⟨−,−⟩θ : L ×L→ OX is d-closed.

Proof. Since θ|L : L→ Hom∗OX (E∗,E∗) is a morphism of DG-Lie algebroids it commutes with
differentials: for x ∈ L,

θ(dx) = dHom∗(E∗,E∗)(θ(x)) = [dE, θ(x)].

For x, y sections of L

⟨dx, y⟩θ + (−1)x⟨x, dy⟩θ = Tr(θ(dx)θ(y) + (−1)xθ(x)θ(dy))
= Tr([dE, θ(x)]θ(y) + (−1)xθ(x)[dE, θ(y)])
= Tr(dEθ(x)θ(y)− (−1)x+yθ(x)θ(y)dE) = Tr([dE, θ(x)θ(y)]) = 0.

It follows from the properties of the Thom–Whitney totalisation functor Tot that every
collection of cyclic forms ⟨−,−⟩ : (Ωi

X [−i]⊗L)× (Ωj
X [−j]⊗L)→ Ωi+j

X [−i− j], with i, j ≥ 0,
induces a collection of K-bilinear forms

⟨−,−⟩ : Tot(U,Ωi
X [−i]⊗L)× Tot(U,Ωj

X [−j]⊗L)→ Tot(U,Ωi+j
X [−i− j]).

Recalling Definition 1.4.3, the required forms are induced component-wise by the restriction of

An⊗
∏
i0···in

(Ωi
X [−i]⊗L)(Ui0···in)×An⊗

∏
i0···in

(Ωj
X [−j]⊗L)(Ui0···in)→ An⊗

∏
i0···in

Ωi+j
X [−i−j](Ui0···in),

⟨ηn ⊗ (xi0···in), ωn ⊗ (yi0···in)⟩ := ηnωn(⟨(−1)ωn (xi0···in )xi0···in , yi0···in⟩),

with ηn, ωn in An, xi0···in in (Ωi
X [−i]⊗L)(Ui0···in) and yi0···in in (Ωj

X [−j]⊗L)(Ui0···in).
Let (Ω∗X = ⊕pΩp

X [−p], ddR) denote the algebraic de Rham complex. In the following, when
working with Tot(U,Ω∗X) the differential is denoted by dTot if Ω∗X = ⊕pΩp

X [−p] is considered as
complex with trivial differential, and by dTot + ddR if it is considered as a complex with the de
Rham differential.
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Lemma 5.2.8. The form induced on the totalisation by a cyclic form ⟨−,−⟩ : L ×L→ OX is
cyclic: for all b ∈ Tot(U,Ω1

X [−1]⊗A) and z, w ∈ Tot(U,L) one has that

⟨[b, z], w⟩+ (−1)bz⟨z, [b, w]⟩ = (Id⊗ρ)(b)(⟨z, w⟩).

Moreover if the form ⟨−,−⟩ : L×L→ OX is d-closed (Definition 5.2.6), then for the induced
form, for z ∈ Tot(U,Ωi

X [−i]⊗L) and w ∈ Tot(U,Ωj
X [−j]⊗L) we have that

⟨dTotz, w⟩+ (−1)z⟨z, dTotw⟩ = dTot⟨z, w⟩.

The above condition will be called dTot-closure.

Proof. For the first item, since everything is defined component-wise, it suffices to prove that for
every a ∈ An ⊗

∏
(Ω1

X [−1]⊗A)(Ui0···in) and every x, y ∈ An ⊗
∏

L(Ui0···in)

⟨[a, x], y⟩+ (−1)a x⟨x, [a, y]⟩ = (Id⊗ρ)(a)(⟨x, y⟩)

for every n ≥ 0 . By linearity let a = ωn ⊗ zn, with ωn ∈ An and zn ∈
∏

(Ω1
X [−1]⊗A)(Ui0···in);

let x = ηn ⊗ xn and y = φn ⊗ yn, with ηn, φn in An and xn, yn in
∏

L(Ui0···in). Then

⟨[a, x], y⟩+ (−1)a x⟨x, [a, y]⟩ =
⟨[ωn ⊗ zn, ηn ⊗ xn], φn ⊗ yn⟩+ (−1)a x⟨ηn ⊗ xn, [ωn ⊗ zn, φn ⊗ yn]⟩ =
(−1)ηn zn⟨ωnηn ⊗ [zn, xn], φn ⊗ yn⟩+

+ (−1)a x⟨ηn ⊗ xn, (−1)φnznωnφn ⊗ [zn, yn]⟩ =

(−1)φn(zn+xn)+ηn zn
(
ωnηnφn⟨[zn, xn], yn⟩+

+ (−1)ωn ηn+zn xnηnωnφn⟨xn, [zn, yn]⟩
)

=

(−1)φn(zn+xn)+ηn znωnηnφn
(
⟨[zn, xn], yn⟩+ (−1)xn zn⟨xn, [zn, yn]⟩

)
=

(−1)φn(zn+xn)+ηn znωnηnφn(Id⊗ρ)(zn)(⟨xn, yn⟩) = (Id⊗ρ)(a)(⟨x, y⟩).

For the second item, recall that dTot is the differential on Tot(U,Ω∗X) when considering Ω∗X
as a complex with trivial differential. Again, since everything is defined component-wise, it is
sufficient to prove that

⟨dTot(ηn ⊗ xn), ωn⊗yn⟩+ (−1)xn+ηn⟨ηn ⊗ xn, dTot(ωn ⊗ yn)⟩ = dTot⟨ηn ⊗ xn, ωn ⊗ yn⟩,

for ηn, ωn ∈ An and xn ∈
∏

(Ωi
X [−i]⊗L)(Ui0···in) and yn ∈

∏
(Ωj

X [−j]⊗L)(Ui0···in). Then

⟨dTot(ηn ⊗ xn), ωn ⊗ yn⟩+ (−1)xn+ηn⟨ηn ⊗ xn, dTot(ωn ⊗ yn)⟩ =
⟨dAnηn ⊗ xn + (−1)ηnηn ⊗ dxn, ωn ⊗ yn⟩+
+ (−1)xn+ηn⟨ηn ⊗ xn, dAnωn ⊗ yn + (−1)ωnωn ⊗ dyn⟩
= (−1)ωn xndAn(ηn)ωn⟨xn, yn⟩+ (−1)ηn+ωn(xn+1)ηnωn⟨dxn, yn⟩+
+ (−1)xn+ηn+(ωn+1)xnηndAn(ωn)⟨xn, yn⟩+
+ (−1)xn+ηn+ωn+ωn xnηnωn⟨xn, dyn⟩ =
(−1)ωn xndAn(ηnωn)⟨xn, yn⟩+ (−1)ηn+ωn(xn+1)ηnωn

(
⟨dxn, yn⟩+

(−1)xn⟨xn, dyn⟩
)

= (−1)ωn xndAn(ηnωn)⟨xn, yn⟩ =
dAn⟨ηn ⊗ xn, ωn ⊗ yn⟩ = dTot⟨ηn ⊗ xn, ωn ⊗ yn⟩,

where dAn denotes the differential on An, the differential graded algebra of polynomial differential
forms on the affine n-simplex.
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Corollary 5.2.9. Let D in Tot(U,Ω1
X [−1]⊗A) be a simplicial lifting of the identity and let

∇ = [D,−, ] : Tot(U,L)→ Tot(U,Ω1
X [−1]⊗L)

be its associated connection, as in Definition 5.1.10. Then for any cyclic form

⟨−,−⟩ : Tot(U,Ωi
X [−i]⊗L)× Tot(U,Ωj

X [−j]⊗L)→ Tot(U,Ωi+j
X [−i− j]),

with i, j ≥ 0, we have
⟨∇(x), y⟩+ (−1)x⟨x,∇(y)⟩ = ddR⟨x, y⟩

for x, y ∈ Tot(U,L).

Proof. It follows from the cyclicity of the form and by Remark 5.1.8.

The next part is dedicated to defining an L∞ morphism associated to a connection and to a
dTot-closed cyclic form on a transitive DG-Lie algebroid.

Recall that since the functor Tot sends semicosimplicial DG-Lie algebras to DG-Lie algebras,
the complex Tot(U,L) is a DG-Lie algebra. The complex of OX -modules Ω≤1

X = OX
ddR−−→ Ω1

X can
be considered as a sheaf of abelian DG-Lie algebras, and hence it gives rise to a semicosimplicial
abelian DG-Lie algebra; therefore the complex Tot(U,Ω≤1

X [2]) is an abelian DG-Lie algebra.

Theorem 5.2.10. Let (A, ρ) be a transitive DG-Lie algebroid over a smooth separated scheme
X of finite type over a field K of characteristic zero. Let L = Ker ρ be a finite complex of locally
free sheaves and let ⟨−,−⟩ : Tot(U,Ωi

X [−i]⊗L)×Tot(U,Ωj
X [−j]⊗L)→ Tot(U,Ωi+j

X [−i− j]),
i, j ≥ 0, be a cyclic form which is dTot-closed. For every simplicial lifting of the identity
D ∈ Tot(U,Ω1

X [−1]⊗A) there exists a L∞ morphism between DG-Lie algebras on the field K

f : Tot(U,L) Tot(U,Ω≤1
X [2])

with components

f1(x) = ⟨u, x⟩,

f2(x, y) = 1
2
(
⟨∇(x), y⟩ − (−1)x y⟨∇(y), x⟩

)
,

f3(x, y, z) = −1
2⟨x, [y, z]⟩,

fn = 0 ∀n ≥ 4,

where ∇ = [D,−] : Tot(U,L)→ Tot(U,Ω1
X [−1]⊗L) denotes the connection associated to the

simplicial lifting of the identity D, and u = dTotD its extension cocycle.

Proof. The strategy of the proof it to check that the conditions Ci of Definition 1.3.13 hold for
n = 1, 2, 3, 4. In fact, since fn = 0 for n ≥ 4, the conditions are automatically satisfied for n ≥ 5.

Denote by dTot the differential on Tot(U,L), and by dTot + ddR the differential on
Tot(U,Ω≤1

X [2]). Condition C1 requires that

f1(dTotx) = (dTot + ddR)f1(x);

notice however that since u belongs to Tot(U,Ω1
X [−1] ⊗ L), (dTot + ddR)f1 = dTotf1 in

Tot(U,Ω≤1
X [2]). Then by the dTot-closure of the cyclic form and by the fact that u is closed:

f1(dTotx) = ⟨u, dTotx⟩ = (−1)udTot⟨u, x⟩ − (−1)u⟨dTotu, x⟩ = dTot⟨u, x⟩
= dTotf1(x).

For n = 2 the condition is

(C2) : f2(dTotx, y) + (−1)xf2(x, dToty) = f1([x, y])− (dTot + ddR)f2(x, y).
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By definition of f2 we have again that (dTot + ddR)f2 = dTotf2, and then, using Lemma 5.1.12,

f2(dTotx, y) + (−1)xf2(x, dToty) =
1
2
(
⟨∇(dTotx), y⟩ − (−1)(x+1)y⟨∇(y), dTotx⟩+ (−1)x⟨∇(x), dToty⟩+

− (−1)x y⟨∇(dToty), x⟩
)

=
1
2
(
− ⟨dTot∇(x), y⟩+ ⟨[u, x], y⟩ − (−1)(x+1)y⟨∇(y), dTotx⟩

+ (−1)x⟨∇(x), dToty⟩+ (−1)x y⟨dTot∇(y), x⟩ − (−1)x y⟨[u, y], x⟩
)

=
1
2
(
⟨u, [x, y]⟩ − (−1)x y⟨u, [y, x]⟩ − dTot⟨∇(x), y⟩+ (−1)x ydTot⟨∇(y), x⟩

)
=

⟨u, [x, y]⟩ − 1
2dTot(⟨∇(x), y⟩ − (−1)x y⟨∇(y), x⟩) = f1([x, y])− dTotf2(x, y).

Condition C3 is the following:

(dTot + ddR)f3(x, y, z) =
f3(dTotx, y, z)− (−1)x yf3(dToty, x, z) + (−1)z(x+y)f3(dTotz, x, y)+
− f2([x, y], z) + (−1)y zf2([x, z], y)− (−1)x(y+z)f2([y, z], x),

and we begin by noting that by the dTot-closure

f3(dTotx, y, z)− (−1)x yf3(dToty, x, z) + (−1)z(x+y)f3(dTotz, x, y) =

− 1
2
(
⟨dTotx, [y, z]⟩ − (−1)x y⟨dToty, [x, z]⟩+ (−1)z(x+y)⟨dTotz, [x, y]⟩

)
=

− 1
2
(
⟨dTotx, [y, z]⟩ − (−1)x y⟨[dToty, x], z⟩+ (−1)x+y⟨[x, y], dTotz⟩

)
=

− 1
2
(
⟨dTotx, [y, z]⟩+ (−1)x⟨[x, dToty], z⟩+ (−1)x+y⟨x, [y, dTotz]⟩

)
=

− 1
2
(
⟨dTotx, [y, z]⟩+ (−1)x⟨x, dTot[y, z]⟩

)
= −1

2dTot⟨x, [y, z]⟩ =

dTotf3(x, y, z).

On the other hand, by Corollary 5.2.9

− f2([x, y], z) + (−1)y zf2([x, z], y)− (−1)x(y+z)f2([y, z], x) =

− 1
2
(
⟨∇([x, y]), z⟩ − (−1)z(x+y)⟨∇(z), [x, y]⟩ − (−1)y z⟨∇([x, z]), y⟩+

+ (−1)x y⟨∇(y), [x, z]⟩+ (−1)x(y+z)⟨∇([y, z]), x⟩ − ⟨∇(x), [y, z]⟩
)

=

− 1
2
(
⟨[∇(x), y], z⟩+ (−1)x⟨[x,∇(y)], z⟩ − (−1)z(x+y)⟨∇(z), [x, y]⟩+

− (−1)y z⟨[∇(x), z], y⟩ − (−1)y z+x⟨[x,∇(z)], y⟩+ (−1)x y⟨∇(y), [x, z]⟩+
+ (−1)x(y+z)⟨[∇(y), z], x⟩+ (−1)x(y+z)+y⟨[y,∇(z)], x⟩ − ⟨∇(x), [y, z]⟩

)
=

− 1
2
(
⟨∇(x), [y, z]⟩+ (−1)x⟨x,∇([y, z])⟩

)
= −1

2ddR⟨x, [y, z]⟩ = ddRf3(x, y, z).

Lastly, condition C4 is

f3([a1, a2], a3, a4) + (−1)(a1+a2)(a3+a4)f3([a3, a4], a1, a2)+
+ (−1)a1(a2+a3)f3([a2, a3], a1, a4)− (−1)a3 a4+a1 a2+a1 a4f3([a2, a4], a1, a3)
− (−1)a2 a3f3([a1, a3], a2, a4) + (−1)a4(a2+a3)f3([a1, a4], a2, a3) = 0

By the graded Jacobi identity we have that

− 1
2
(
⟨[a1, a2], [a3, a4]⟩ − (−1)a2 a3⟨[a1, a3], [a2, a4]⟩+
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+ (−1)a4(a2+a3)⟨[a1, a4], [a2, a3]⟩+ (−1)(a1+a2)(a3+a4)⟨[a3, a4], [a1, a2]⟩+
− (−1)a3 a4+a1 a2+a1 a4⟨[a2, a4], [a1, a3]⟩+ (−1)a1(a2+a3)⟨[a2, a3], [a1, a4]⟩

)
= −(⟨[a1, a2], [a3, a4]⟩ − (−1)a2 a3⟨[a1, a3], [a2, a4]⟩+
+ (−1)a4(a2+a3)⟨[a1, a4], [a2, a3]⟩) = −(⟨a1, [a2, [a3, a4]]⟩+
− (−1)a2 a3⟨a1, [a3, [a2, a4]]⟩+ (−1)a4(a2+a3)⟨a1, [a4, [a2, a3]]⟩) =
− ⟨a1, [a2, [a3, a4]]− (−1)a2 a3 [a3, [a2, a4]]− [[a2, a3], a4]⟩ = 0 .

We can now state the results of Section 4.6 for a coherent sheaf admitting a finite locally
free resolution on a smooth separated scheme X of finite type on a field K of characteristic zero.
Remark 5.2.11. It is not very restrictive to require that a coherent sheaf on X has a finite
locally free resolution: in fact, by [34, III, Exercises 6.8, 6.9] every coherent sheaf on a smooth,
Noetherian, integral, separated scheme admits a finite locally free resolution.

Let (E∗, dE) be a finite complex of locally free sheaves. Consider the DG-Lie algebroid of
derivations of pairs D∗(X,E∗) of Example 5.1.6, [41], and the short exact sequence

0 Hom∗OX (E∗,E∗) D∗(X,E∗) ΘX 0;α

it was noted in Example 5.1.6 that by tensoring with Ω1
X [−1] one obtains

0→ Hom∗OX (E∗,Ω1
X [−1]⊗ E∗) g 7→(0,g)−−−−−→ J∗Ω1

(β,g)7→β−−−−−→ DerK(OX ,Ω1
X [−1])→ 0 ,

Fixing an affine open cover U of X and applying the Tot functor, we get the short exact sequence

0 Tot(U,Hom∗OX (E∗,Ω1
X [−1]⊗ E∗)) Tot(U,J∗Ω1) Tot(U,DerK(OX ,Ω1

X [−1])) 0.

In Example 5.1.6 we have remarked that a lifting of the identity in J∗Ω1 is equivalent to a global
algebraic connection on every component Ei; hence a lifting to Tot(U,J∗Ω) of the universal
derivation ddR : OX → Ω1

X [−1] in Tot(U,DerK(OX ,Ω1
X [−1])) can be termed a simplicial

connection on the complex of locally free sheaves E∗. As seen in Example 5.2.3, a natural cyclic
form to consider is the one induced by

Hom∗OX (E∗,E∗)×Hom∗OX (E∗,E∗)→ OX , (a, b) 7→ −Tr(ab),

where Tr: Hom∗OX (E∗,E∗) → OX is the usual trace map. Then the L∞ morphism of Theo-
rem 5.2.10 yields :

Corollary 5.2.12. Let E∗ be a finite complex of locally free sheaves on a smooth separated
scheme X of finite type over a field K of characteristic zero. For every simplicial connection
D ∈ Tot(U,J∗Ω1) there exists an L∞ morphism between DG-Lie algebras on the field K

g : Tot(U,Hom∗OX (E∗,E∗)) Tot(U,Ω≤1
X [2])

with components

g1(x) = −Tr(ux),

g2(x, y) = −1
2 Tr(∇(x)y − (−1)x y∇(y)x),

g3(x, y, z) = 1
2 Tr(x, [y, z]),

gn = 0 ∀n ≥ 4.
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Corollary 5.2.13. Let F be a coherent sheaf admitting a finite locally free resolution E∗ on
a smooth separated scheme X of finite type over a field K of characteristic zero. Then every
simplicial connection on the resolution E∗ gives a lifting of the map

τ1 : Ext∗X(F,F)→ H∗(X,Ω≤1
X [2])

to an L∞ morphism

g : Tot(U,Hom∗OX (E∗,E∗)) Tot(U,Ω≤1
X [2]).

Corollary 5.2.14. Let F be a coherent sheaf admitting a finite locally free resolution on a
smooth separated scheme X of finite type over a field K of characteristic zero. Then every
obstruction to the deformations of F belongs to the kernel of the map

τ1 : Ext2
X(F,F)→ H2(X,Ω≤1

X [2]).

If the Hodge to de Rham spectral sequence of X degenerates at E1, then every obstruction to the
deformations of F belongs to the kernel of the map

σ1 : Ext2
X(F,F)→ H3(X,Ω1

X), σ1(a) = −Tr(At(F) ◦ a).

Proof. If E∗ is a finite locally free resolution of F, the DG-Lie algebra Tot(U,Hom∗OX (E∗,E∗))
controls the deformations of F, see Section 2.5, [24]. According to Corollary 5.2.13, the map

τ1 : Ext2
X(F,F)→ H2(X,Ω≤1

X [2])

lifts to an L∞ morphism

g : Tot(U,Hom∗OX (E∗,E∗)) Tot(U,Ω≤1
X [2]),

whose linear component g1 commutes with obstruction maps of the associated deformation
functors. By construction the DG-Lie algebra Tot(U,Ω≤1

X [2]) is abelian and therefore every
obstruction of the associated deformation functor is trivial.

If the Hodge to de Rham spectral sequence of X degenerates at E1 then the inclusion of
complexes Tot(U,Ω1

X [1]) → Tot(U,Ω≤1
X [2]) is injective in cohomology, so that H3(X,Ω1

X) ↪→
H2(X,Ω≤1

X [2]) and the maps σ and τ have the same kernel.

Remark 5.2.15. In the setting of Theorem 5.2.10, if the cyclic form is induced by a DG-Lie
algebroid representation θ : A → D∗(X,E∗), the L∞ morphism can be obtained up to a sign
from the the L∞ morphism of Corollary 5.2.12 as follows. Let D ∈ Tot(U,Ω1

X [−1]⊗A) denote a
simplicial lifting of the identity, and denote by Id⊗θ : Tot(U,Ω1

X [−1]⊗A)→ Tot(U,Ω1
X [−1]⊗

D∗(X,E∗)) ∼= Tot(U,J∗Ω) the induced map on the totalisation. Denoting as usual by α the anchor
map of the transitive DG-Lie algebroid D∗(X,E∗), it is clear that (Id⊗θ)(D) is a simplicial
lifting of the identity in Tot(U,Ω1

X [−1]⊗D∗(X,E∗)):

(Id⊗α)(Id⊗θ)(D) = Id⊗(α ◦ θ)(D) = (Id⊗ρ)(D)
= IdΩ1 ∈ Tot(U,Ω1

X [−1]⊗ΘX).

Let u = dTotD ∈ Tot(U,Ω1
X [−1]⊗L) denote the extension cocycle associated to D, then

(Id⊗θ)(u) = (Id⊗θ)(dTotD) = dTot(Id⊗θ)(D).

Therefore the L∞ morphism f : Tot(U,L) Tot(U,Ω≤1
X [2]) associated to D and to ⟨−,−⟩θ is

the composition of the DG-Lie algebra morphism

θ : Tot(U,L)→ Tot(U,Hom∗OX (E∗,E∗))

and of the L∞ morphism

−g : Tot(U,Hom∗OX (E∗,E∗)) Tot(U,Ω≤1
X [2])

associated to the simplicial lifting of the identity (Id⊗θ)(D) and to the cyclic form (a, b) 7→ Tr(ab).
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5.3 The L∞ morphism for the Atiyah Lie algebroid of a principal
bundle

Since Lie algebroids arise naturally in connection with principal bundles, we give an application
of the L∞ morphism constructed in Theorem 5.2.10 to the deformation theory of principal
bundles.

Let X be a smooth separated scheme of finite type over an algebraically closed field K of
characteristic zero, let G be an affine algebraic group with Lie algebra g, and let P → X be a
principal G-bundle on X. By G-principal bundle we mean a G-fibration which is locally trivial
for the Zariski topology, see e.g. [73]. We begin by finding a DG-Lie algebra that controls the
deformations of P , using an argument similar to those in [11, 59, 74] . Let ArtK be the category
of Artin local K-algebras with residue field K. For any A in ArtK denote by mA its maximal
ideal and by 0 the closed point in SpecA.

Definition 5.3.1. [11, 20] An infinitesimal deformation of P over A ∈ ArtK is the data of a
principal G-bundle PA → X × SpecA and an isomorphism θ : i∗(PA) ∼= P .

P PA

X X × SpecA.

p pA

i

Two deformations (PA, θ) and (PA, θ′) are isomorphic if there exists an isomorphism of principal
G-bundles λ : PA → P ′A such that θ = θ′ ◦ i∗(λ).

This defines a functor DefP : ArtK → Set such that DefP (A) is the set of isomorphism
classes of deformations of P over A ∈ ArtK. For every A ∈ ArtK, the set DefP (A) contains the
trivial deformation P × SpecA→ X × SpecA.

Fix an open cover U = {Ui} of X such that P is trivial on every Ui, and let {gij : Uij → G}
denote the transition functions for P . Let g be the Lie algebra of G.

• Let adP = P ×G g denote the adjoint bundle of P , with transition functions {Adgij}, and
let ad(P ) denote the sheaf of sections of the vector bundle adP .

• The group G acts on itself by conjugation; denote by AdP = P ×GG the associated bundle
corresponding to this action. Recall that Γ(X,Ad(P )) ∼= Gauge(P ), where Gauge(P ) is
the group of bundle automorphisms of P .

There is a one to one correspondence between first order deformations of P , i.e., deformations
over K[t]/(t2) ∈ ArtK, and H1(X, ad(P )), see e.g. [20, 74]. This implies that on every affine
open set the deformations of P are trivial.

Lemma 5.3.2. Let P ×G (g⊗mA) be the associated bundle induced by the action Ad⊗ Id : G×
g⊗mA → g⊗mA. Then there is an isomorphism

Γ(P ×G (g⊗mA)) ∼= Γ(ad(P ))⊗mA.

Proof. A section of P ×G (g⊗mA) is the data of

{ωi : Ui → g⊗mA | ωi(p) = (Adgij(p)⊗ Id)ωj(p) ∀p ∈ Uij}.

Let t1, · · · , tn be a basis of the finite dimensional vector space mA, then for every p ∈ Ui one
can write ωi(p) =

∑
k hi,k(p)⊗ tk. Since the action of G on g⊗mA is defined as

g · (x⊗ t) = Adg(x)⊗ t,

the maps hi,k are such that hi,k(p) = Adgij(p) hj,k(p) for every p ∈ Uij .
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An element of Γ(ad(P ))⊗mA is a finite sum
∑
k ηk ⊗ tk, with ηk sections of adP , so that

each ηk is the data of

{ηk,i : Ui → g | ηk,i(p) = Adgij(p) ηk,j(p) ∀p ∈ Uij}.

Then, setting (ηk,i ⊗ tk)(p) = ηk,i(p)⊗ tk for every p ∈ Ui, the data {ηk,i ⊗ tk : Ui → g⊗mA} is
exactly a section of P ×G (g⊗mA).

Lemma 5.3.3. For every A ∈ ArtK there is an isomorphism of groups

exp(Γ(ad(P ))⊗mA) ∼=
{ automorphisms of the trivial

deformation P × SpecA

}
.

Proof. Denote by G0(A) the group of morphisms f : SpecA → G such that f(0) = IdG, and
recall that there is an isomorphism of groups exp(g⊗mA) ∼= G0(A) (see e.g. [72, Section 10]).
The group structure on G0(A) is induced by the group structure on G, while exp(g⊗mA) is a
group with the Baker–Campbell–Hausdorff product. By Lemma 5.3.2

Γ(ad(P ))⊗mA
∼= Γ(P ×G (g⊗mA)),

so that we can work with exp(Γ(P ×G (g⊗mA))). Consider the associated bundle P ×G G0(A),
induced by the adjoint action of G on G0(A); the isomorphism exp(g⊗mA) ∼= G0(A) induces
an isomorphism exp(Γ(P ×G (g⊗mA))) ∼= Γ(P ×G G0(A)). In fact, a section of P ×G (g⊗mA)
is the data of

{ηi : Ui → g⊗mA | ηi(p) = (Adgij(p)⊗ Id)ηj(p) ∀p ∈ Uij},

and composing with the exponential exp: g⊗mA → G0(A) we obtain

{exp ◦ηi : Ui → G0(A) | exp ◦ηi(p) = gij(p) exp ◦ηj(p)gij(p)−1 ∀p ∈ Uij}.

Notice that this data is equivalent to{
λi : Ui × SpecA→ G

∣∣∣∣ λi(p, 0) = IdG ∀p ∈ Ui,
λi(p) = gij(p)λj(p)gij(p)−1 ∀p ∈ Uij

}
,

which is a section of the associated bundle Ad(P × SpecA) = (P × SpecA)×G G, where G acts
on itself by conjugation.

For any G-principal bundle Q the global sections of the associated bundle Ad(Q) = Q×G G
correspond to bundle automorphisms of Q. Therefore the {λi} give an element F ∈ Gauge(P ×
SpecA), and the condition λi(p, 0) = IdG for all p ∈ Ui is equivalent to the fact that the
automorphism F induces the identity when restricted to P , so that F is an automorphism of
the trivial deformation.

In the following, Z1
ad(P )(U) and H1

ad(P )(U) will denote the functors associated to the semi-
cosimplicial Lie algebra ad(P )(U), defined in Subsection 2.4.1.

Proposition 5.3.4. Let U = {Ui} be an affine open cover of X and let ad(P )(U) be the
semicosimplicial Lie algebra of Čech cochains:∏

i ad(P )(Ui)
∏
i,j ad(P )(Uij)

∏
i,j,k ad(P )(Uijk) · · · .

There is a natural isomorphism of functors H1
ad(P )(U) → DefP .
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Proof. Recall that all deformations of P on an affine open set are trivial, as mentioned above.
Fix A ∈ ArtK; by Lemma 5.3.3 an element f of Z1

ad(P )(U)(A) is the data for every Uij of
isomorphisms fij : P |Uij × SpecA→ P |Uij × SpecA, which restrict to the identity P |Uij → P |Uij
and such that fik = fijfjk for all i, j, k.

The last condition means that the {fij} glue to obtain a principal G-bundle PA → X×SpecA
and isomorphisms fi : PA|Ui×SpecA → P |Ui × SpecA such that fij = fif

−1
j . Such isomorphisms

coincide when restricted to fi : i∗(PA|Ui×SpecA) → P |Ui and hence glue to an isomorphism of
principal bundles i∗(PA)→ P . This means that an element of Z1

ad(P )(U)(A) gives a locally trivial
deformation of P over A ∈ ArtK.

An element of exp(
∏
i ad(P )(Ui) ⊗ mA) is again by Lemma 5.3.3 the data, for every Ui,

of automorphisms λi : P |Ui × SpecA → P |Ui × SpecA which restrict to the identity P |Ui →
P |Ui . Two elements f = {fij}, h = {hij} of Z1

ad(P )(U)(A) are equivalent under the action of
λ ∈ exp(

∏
i ad(P )(Ui)⊗mA) if and only if hij = λifijλ

−1
j for all i, j.

PA|Ui×SpecA P |Ui × SpecA

P ′A|Ui×SpecA P |Ui × SpecA

fi

λ λi

hi

This can be expressed as h−1
i λifi = h−1

j λjfj , which means that the {λi} glue to a bundle
isomorphism λ : PA → P ′A, where PA is the deformation corresponding to {fij}, and P ′A to {hij}.
Since each λi restricts to the identity on P |Ui , λ is an isomorphism of deformations.

Corollary 5.3.5. If U = {Ui} is an affine open cover of X, there is an isomorphism

DefP ∼= DefTot(U,ad(P )),

i.e., the DG-Lie algebra Tot(U, ad(P )) controls the deformations of P .
Proof. Consequence of Propositions 5.3.4 and 2.4.11 .

We now specialise the L∞ morphism of Section 5.2 to the Atiyah Lie algebroid of the principal
G-bundle P .

A Lie algebroid is DG-Lie algebroid (Definition 5.1.1) concentrated in degree zero. Consider
the Atiyah Lie algebroid of the principal bundle P introduced in [3], which is a Lie algebroid
structure on the sheaf Q of sections of the vector bundle Q = ΘP /G, the quotient of the tangent
bundle of the total space ΘP by the canonical induced G-action. There is a canonical short exact
sequence of locally free sheaves over X

0 ad(P ) Q ΘX 0,ρ (5.3.1)

where ad(P ) denotes the sheaf of sections of the adjoint bundle adP = P ×G g and ρ : Q → ΘX

is the anchor map. The vector bundle Q is the bundle of invariant tangent vector fields on P ,
and the Lie bracket on Q is induced by the Lie bracket of vector fields.
Definition 5.3.6. [3] A connection on the principal bundle P → X is a splitting of the exact
sequence in (5.3.1). The Atiyah class of P is the extension class AtX(P ) ∈ Ext1

X(ΘX , ad(P )) ∼=
H1(X,Ω1

X ⊗ ad(P )) of the short exact sequence (5.3.1).
Therefore the Atiyah class AtX(P ) is trivial if and only if there exists a connection on P .
Let Ω1

X denote the cotangent sheaf, and Ω1
X [−1] the cotangent sheaf considered as a trivial

complex of sheaves concentrated in degree one. As in Section 5.1, one can tensor the short exact
sequence (5.3.1) with Ω1

X [−1] to obtain a short exact sequence of complexes of sheaves

0 Ω1
X [−1]⊗ ad(P ) Ω1

X [−1]⊗ Q Ω1
X [−1]⊗ΘX 0.Id⊗ρ

Fix an affine open cover U = {Ui} of X; as in Section 5.1 the short exact sequence above
induces a short exact sequence of DG-vector spaces
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0 Tot(U,Ω1
X [−1]⊗ ad(P )) Tot(U,Ω1

X [−1]⊗ Q) Tot(U,Ω1
X [−1]⊗ΘX) 0,Id⊗ρ

and we denote by dTot the differentials of the above complexes.
It is easily seen that a lifting of the identity IdΩ1 ∈ Γ(X,Ω1

X [−1]⊗ΘX) to D ∈ Γ(X,Ω1
X [−1]⊗

Q) is equivalent to a splitting of the exact sequence in (5.3.1). Hence in the case of a principal
bundle P , a lifting of the identity can be identified with a connection on P . Therefore we call
a preimage of IdΩ1 in Ω1

X [−1] ⊗ Q a germ of a connection on P , and we use the following
terminology:

Definition 5.3.7. A simplicial connection on the principal bundle P is a lifting D in
Tot(U,Ω1

X [−1]⊗ Q) of the identity IdΩ1 in Tot(U,Ω1
X [−1]⊗ΘX).

Definition 5.3.8. The Atiyah cocycle of P is

u = dTotD ∈ Tot(U,Ω1
X [−1]⊗ ad(P )).

It is natural to use the name Atiyah cocycle instead of extension cocycle of Definition 5.1.11,
because its cohomology class is equal to the Atiyah class of Definition 5.3.6.

As in Definition 5.1.10, given a simplicial connection D ∈ Tot(U,Ω1
X [−1]⊗ Q) it is possible

to define an adjoint operator

∇ = [D,−] : Tot(U, ad(P ))→ Tot(U,Ω1
X [−1]⊗ ad(P )).

A cyclic form on the Atiyah Lie algebroid Q is a symmetric bilinear form ⟨−,−⟩ : ad(P )×
ad(P )→ OX such that for all x, y ∈ ad(P ) and q ∈ Q,

⟨[q, x], y⟩+ ⟨x, [q, y]⟩ = ρ(q)(⟨x, y⟩),

where ρ : Q → ΘX is the anchor map of the Atiyah Lie algebroid Q.

Example 5.3.9. The cyclic form induced by the adjoint representation of a DG-Lie algebroid
of Example 5.2.2 in this case can be constructed in an equivalent way, starting from the Killing
form of the Lie algebra g of the group G:

K : g⊗K g→ K, K(g, h) = Tr(ad g adh).

Take x, y in ad(P )(U) and let U =
⋃
i Ui with Ui open sets trivialising the principal bundle P ,

then
x = {xi : Ui → g | xi(p) = Adgij(p) xj(p) ∀p ∈ Uij},

and analogously for y. Define ⟨x, y⟩ as {⟨xi, yi⟩ : Ui → K}, where for p ∈ Ui,

⟨xi, yi⟩(p) = K(xi(p), yi(p)).

This is well defined because the Killing form is invariant under automorphisms of the Lie algebra
g, so that for p ∈ Uij

K(xi(p), yi(p)) = K(Adgij(p) xj(p),Adgij(p) yj(p)) = K(xj(p), yj(p)).

Recall that Tot preserves multiplicative structures, hence Tot(U, ad(P )) is a DG-Lie algebra.
In the sequel, Tot(U,Ω≤1

X [2]) = Tot(U,OX [2] ddR−−→ Ω1
X [1]) is considered as a DG-Lie algebra with

trivial bracket; its differential is denoted dTot + ddR. Theorem 5.2.10 then yields the following.

Corollary 5.3.10. For every simplicial connection D on a principal bundle P on a smooth
separated scheme X of finite type over an algebraically closed field K of characteristic zero,
endowed with a dTot-closed cyclic form ⟨−,−⟩ : Tot(U,Ωi

X [−i] ⊗ ad(P )) × Tot(U,Ωj
X [−j] ⊗
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ad(P ))→ Tot(U,Ωi+j
X [−i− j]), i, j ≥ 0, there exists an L∞ morphism of DG-Lie algebras on

the field K
f : Tot(U, ad(P )) Tot(U,Ω≤1

X [2]),

with components

f1(x) = ⟨u, x⟩,

f2(x, y) = 1
2
(
⟨∇(x), y⟩ − (−1)x y⟨∇(y), x⟩

)
,

f3(x, y, z) = −1
2⟨x, [y, z]⟩,

fn = 0 ∀n ≥ 4.

As seen in Remark 1.3.14, the linear component f1 of the L∞ morphism induces a map of
graded Lie algebras

f1 : H∗(Tot(U, ad(P )))→ H∗(Tot(U,Ω≤1
X [2])),

which, since the open cover U is affine, becomes

f1 : H∗(X, ad(P ))→ H∗(X,Ω≤1
X [2]).

Corollary 5.3.11. Let P be a principal bundle on a smooth separated scheme X of finite type
over an algebraically closed field K of characteristic zero and let

Tot(U,Ωi
X [−i]⊗ ad(P ))× Tot(U,Ωj

X [−j]⊗ ad(P )) 〈−,−〉−−−→ Tot(U,Ωi+j
X [−i− j]),

for i, j ≥ 0, be a dTot-closed cyclic form. Then every obstruction to the deformations of P belongs
to the kernel of the map

f1 : H2(X, ad(P ))→ H2(X,Ω≤1
X [2]), f1(x) = ⟨At(P ), x⟩,

where At(P ) denotes the Atiyah class of the principal bundle P .

Proof. The proof is analogous to the one of Corollary 5.2.14: the linear component of the L∞
morphism of DG-Lie algebras of Corollary 5.3.10 induces a morphism in cohomology which
commutes with obstruction maps of the associated deformation functors, and the deformation
functor associated to an abelian DG-Lie algebra has trivial obstructions. By Corollary 5.3.5,
if U = {Ui} is an affine open cover of X, the DG-Lie algebra Tot(U, ad(P )) controls the
deformations of P and an obstruction space is H2(Tot(U, ad(P ))) ∼= H2(X, ad(P )). Since the
DG-Lie algebra Tot(U,Ω≤1

X [2]) is abelian, we obtain that f1 annihilates all obstructions.
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Chapter 6

Semiregularity maps and
deformations of modules over Lie
algebroids

This chapter is based on the paper [5], where we generalise the results of [4] to produce L∞
liftings of all the components of a semiregularity map associated to a locally free A-module and
a Lie pair (L,A) on a smooth separated scheme X of finite type over a field K of characteristic
0. For every flat inclusion of Lie algebroids A ⊂ L we introduce semiregularity maps and prove
that they annihilate obstructions, provided that the Leray spectral sequence of the pair (L,A)
degenerates at E1. We also determine a DG-Lie algebra controlling deformations of a locally
free module over a Lie algebroid A. The main results are described in detail in Section 6.1, after
giving the necessary definitions.

By considering the Lie pair (ΘX , 0), one obtains the classical Buchweitz–Flenner semiregu-
larity map and hence the results of Chapter 4 for a locally free sheaf in the algebraic setting.

6.1 Outline of the main results
The main goal is to extend the results of [4], Chapter 4 to locally free modules over a Lie

algebroid A on a smooth separated scheme X of finite type over a field K of characteristic
0, which is the data of (A, [−,−], a), where A is a locally free coherent sheaf of OX -modules,
[−,−] is a K-linear Lie bracket on A, a : A → ΘX is a morphism of sheaves of OX -modules
commuting with the brackets and the Leibniz rule holds:

[l, fm] = a(l)(f)m+ f [l,m], ∀ l,m ∈A, f ∈ OX .

By definition, a locally free A-module is a pair (E,∇), where E is a locally free OX -module, and

∇ : A → HomK(E,E), l 7→ ∇l,

is a flat A-connection, i.e., an OX -linear map such that:

∇l(fe) = a(l)(f)e+ f∇l(e), ∀ l ∈A, f ∈ OX , e ∈ E

and such that its curvature ∇2(l,m) = [∇l,∇m]−∇[l,m] vanishes identically.
When A = ΘX with anchor map the identity, then the notion of A-connection reduces to

the usual definition of algebraic connection. As seen in Section 3.3, the Atiyah class of a locally
free sheaf can be defined as the obstruction to the existence of a global algebraic connection.
In other words, the Atiyah class of E can be defined as the obstruction to the lifting of the
(unique) 0-connection on E to a Θ-connection; in view of the generalisation we can also write
At(E) = AtΘ/0(E).
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By a straightforward generalisation, we can replace Θ with A and define AtA/0(E) as the
obstruction to the existence of an A-connection on E; however, this generalisation does not lead
to anything new from the point of view of semiregularity maps and deformation theory.

Instead, we are interested here in the definition of a class AtL/A(E) in the following situation:

1. A ⊂ L is an inclusion of Lie algebroids such that the quotient sheaf L/A is locally free;

2. (E,∇) is a locally free A-module.

In the above situation the quotient sheaf L/A carries a natural structure of A-module given
by the Bott connection ∇B : A → EndK(L/A,L/A), ∇Ba (x) = [a, x] (mod A). Thus, for every
r ≥ 0, the sheaf

∧r(L/A)∨ ⊗HomOX (E,E) carries a natural structure of A-module.
Denoting by H∗(A;F) the Lie algebroid cohomology of A with coefficients in an A-module

(F,∇), i.e., the hypercohomology of the complex (Ω∗(A)⊗F,∇), where Ω∗(A) is the de Rham
algebra of A, we prove in particular that:

1. H1(A;HomOX (E,E)) is the space of first order deformations of E as an A-module;

2. H2(A;HomOX (E,E)) is a complete obstruction space for deformations of E as an A-
module;

3. the Atiyah class AtL/A(E) ∈ H1(A; (L/A)∨ ⊗HomOX (E,E)) is properly defined.

The first two items above are proved by showing that the DG-Lie algebra of derived sections
of the sheaf of DG-Lie algebras Ω∗(A) ⊗HomOX (E,E) controls deformations of E as an A-
module. The Atiyah class AtL/A(E) is the primary obstruction to the extension of ∇ to a
flat L-connection. More precisely, AtL/A(E) is the obstruction to the extension of ∇ to an
L-connection ∇′ : L → HomK(E,E) such that [∇′l,∇′a] = ∇′[l,a] for every l ∈ L and a ∈ A, cf.
[17].

By analogy with the classical case, we define the semiregularity maps

τk : H2(A;HomOX (E,E))→ H2+k
(
A;
∧k

(L/A)∨
)
, τk(x) = 1

k! Tr(AtL/A(E)kx),

and we use the main result of [4] in order to prove that every τk annihilates obstructions, provided
that the Leray spectral sequence (Definition 6.5.2) of the pair (L,A) degenerates at E1.

6.2 Semiregularity maps for curved DG-algebras
We introduce here a slight simplification of the notion of curved DG-pair of Chapter 4, in

which the ideal I is a bilateral associative ideal of the curved algebra, instead of a Lie ideal.
This property is satisfied in all the geometric applications considered and it has the advantage
of slightly simplifying notation and calculations.

Definition 6.2.1. Let A = (A, d,R) be a curved DG-algebra, as in Definition 4.1.1. An
(associative) curved ideal in A is homogeneous bilateral ideal I ⊂ A such that d(I) ⊂ I and
R ∈ I.

By an (associative) curved DG-pair we mean the data (A, I) of a curved DG-algebra A
equipped with a curved ideal I.

In particular, for every curved DG-pair (A, I), the quotient A/I is a (non-curved) associative
DG-algebra, and therefore also a DG-Lie algebra. Writing I(k), k ≥ 0, for the kth power of I, we
have that I(k) is an associative bilateral ideal of A for every k. The differential graded algebra

GrI A =
⊕
k≥0

I(k)

I(k+1) is non-curved, since d(I) ⊂ I and d2(I) ⊂ I(2), the derivation d factors
through differentials

d : I(k)

I(k+1) →
I(k)

I(k+1) , d2 = 0.
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The Atiyah cocycle and class of a curved associative DG-pair are defined analogously to
Definition 4.1.4:

Definition 6.2.2. Let A = (A, d,R) be a curved DG-algebra and I ⊂ A a curved ideal. The
Atiyah cocycle of the pair (A, I) is the class of R in the DG-vector space I

I(2) . The Atiyah
class of the pair (A, I) is the cohomology class of the Atiyah cocycle:

At(A, I) = [R] ∈ H2
(
I

I(2)

)
.

For every x ∈ I of degree 1, we can consider the twisted derivation dx := d + [x,−] with
curvature Rx = R+dx+ 1

2[x, x]. Then I remains a curved ideal of the twisted curved DG-algebra
(A, dx, Rx).

Lemma 6.2.3. The Atiyah class of the pair (A, dx, Rx, I) does not depend on the choice of
x ∈ I. The Atiyah class At(A, I) is trivial if and only if there exists x ∈ I of degree 1 such that
Rx belongs to I(2).

Proof. Firstly, notice that the differential on the algebra GrI A does not depend on the choice
of x ∈ I: since x belongs to I the adjoint operator [x,−] sends I(k) to I(k+1), and so d = dx :=

d+ [x,−] in I(k)

I(k+1) . In
I

I(2) , one has that [x, x] = 0, so that

Rx −R = R+ dx+ 1
2[x, x]−R = dx,

and the cohomology classes of R and Rx in H∗
(
I

I(2)

)
coincide.

Let now x ∈ I be such that Rx = R+ dx+ 1
2[x, x] belongs to I(2). Then R+ dx also belongs

to I(2) and R = −dx in I

I(2) , so that the Atiyah class is trivial. Conversely, let R = dx in I

I(2) ,

then R− dx belongs to I(2), and so does R−x = R− dx+ 1
2[x, x].

Assume now there are given a curved DG-algebra (A, d,R), a curved ideal I and a trace
map Tr: A → C as in Definition 4.1.9. Consider the decreasing filtration Ck = Tr(I(k)) of
subcomplexes of C. By basic homological algebra, the spectral sequence associated to this
filtration degenerates at E1 if and only if for every k the inclusion Ck/Ck+1 ⊂ C/Ck+1 is
injective in cohomology, see e.g. [59, Thm. C.6.6].

Definition 6.2.4. The semiregularity maps of the curved DG-pair (A, I) and trace map
Tr: A→ C are defined as:

τk : H2
(
A

I

)
→ H2+2k

(
Ck
Ck+1

)
, τk(x) = 1

k! Tr(At(A, I)kx).

The composition of τk with the natural morphism H2+2k(Ck/Ck+1) → H2+2k(C/Ck+1) is
induced by the morphism of complexes

σ1
k : A

I
→ C

Ck+1
[2k], σ1

k(x) = 1
k! Tr(Rkx).

Considering C/Ck+1 as a DG-Lie algebra with trivial bracket, we can immediately see that σ1
k is

a morphism of DG-Lie algebras for k = 0, while for k > 0 the main result of [4], Corollary 4.1.10,
can be stated as follows:

Theorem 6.2.5. In the above situation, the map σ1
k is the linear component of an L∞-morphism

σk : A/I  C/Ck+1[2k]. In particular, σ1
k annihilates obstructions for the deformation functor

associated to the DG-Lie algebra A/I.
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6.3 Lie algebroid connections
Let X be a smooth separated scheme of finite type over a field K of characteristic 0. We

denote by ΘX its tangent sheaf and by Ωk
X , k ≥ 0, the sheaves of differential forms.

Unless otherwise specified we write ⊗ for the tensor product over OX , in particular for two
OX -modules F,G we have F ⊗G = F ⊗OX G.

A Lie algebroid is a DG-Lie algebroid (Definition 5.1.1) concentrated in degree zero; however
in this chapter we also require every Lie algebroid to be locally free.

Definition 6.3.1. A Lie algebroid over X is the data of (L, [−,−], a) where:

• L is a locally free coherent sheaf of OX -modules;

• [−,−] is a K-linear Lie bracket on L;

• a : L→ ΘX is a morphism of sheaves of OX -modules, called the anchor map, commuting
with the brackets;

• finally, we require the Leibniz rule to hold

[l, fm] = a(l)(f)m+ f [l,m], ∀ l,m ∈ L, f ∈ OX .

Example 6.3.2. As seen in Example 5.1.2, the tangent sheaf L = ΘX , with anchor map equal
to the identity, is a Lie algebroid. The trivial sheaf L = 0 is also a Lie algebroid. A Lie algebroid
over Spec K is exactly a Lie algebra over the field K. Every sheaf of Lie algebras with OX -linear
bracket can be considered as a Lie algebroid over X with trivial anchor map.

Example 6.3.3 (see [41] and Example 5.1.6). Let E be a locally free OX -module, then the sheaf
of first order differential operators on E with principal symbol has a natural structure of Lie
algebroid. Since ΘX is the sheaf of K-linear derivations of OX , we can introduce the sheaf

P (ΘX ,E) = {(θ, φ) ∈ ΘX × EndK(E) | φ(fe) = fφ(e) + θ(f)e, f ∈ OX , e ∈ E}.

Denoting by a : P (ΘX ,E)→ ΘX the projection on the first factor, we have an exact sequence of
locally free OX -modules

0→ EndOX (E)→ P (ΘX ,E) a−→ ΘX → 0

and it is immediate to check that P (ΘX ,E) is a Lie algebroid with anchor map a. Moreover,
the map P (ΘX ,E)→ EndK(E), (θ, φ) 7→ φ, is injective and its image is the sheaf of first order
differential operators on E with principal symbol.

The de Rham algebra of L is defined as the sheaf of commutative graded algebras

Ω∗(L) =
rankL⊕
k≥0

Ωk(L), Ωk(L) = Hom∗OX (L[1]�k,OX),

equipped with the convolution product. Notice that L[1] is just L considered as a graded sheaf
concentrated in degree −1, hence Ω∗(L) is a locally free graded sheaf with Ωk(L) in degree k.
By definition the convolution product is the dual of the coproduct ∆ on the graded symmetric
algebra S(L[1]) =

⊕
kL[1]�k, defined by

∆(l1, . . . , ln) =
n∑
a=0

∑
σ∈S(a,n−a)

ε(σ)(lσ(1), . . . , lσ(a))⊗ (lσ(a+1), . . . , lσ(n)),

where ε(σ) is the Koszul sign (Definition 1.2.8) and S(a, n− a) is the subset of shuffles (Defini-
tion 1.2.9). More concretely, for ω ∈ Ωk(L) and η ∈ Ωj(L) we have

(ωη)(l1, . . . , lk+j)
∑

σ∈S(k,j)
(−1)σω(lσ(1), . . . , lσ(k))η(lσ(k+1), . . . , lσ(k+j)).
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Notice that the contraction product

L × Ωk+1(L) y−→ Ωk(L), (lyω)(l1, . . . , lk) = ω(l, l1, . . . , lk),

is OX -bilinear and satisfies the Koszul identity ly(ωη) = (lyω)η + (−1)ωω(lyη).
More generally, if C∗ is a sheaf of graded associative OX -algebras, the same holds for

Ω∗(L,C∗) := Ω∗(L)⊗ C∗ =
⊕
k≥0

Hom∗OX (L[1]�k,C∗).

The de Rham differential of L, denoted by dL : Ωk(L) → Ωk+1(L), is defined by the
formula (see e.g. [53]):

dL(ω)(l0, . . . , lk) =
n∑
i=0

(−1)ia(li)(ω(l0, . . . , l̂i, . . . , lk))

+
∑
i<j

(−1)i+jω([li, lj ], l0, . . . , l̂i, . . . , l̂j , . . . , lk).

In particular for ω ∈ Ω0(L) = OX we have lydL(ω) = dL(ω)(l) = a(l)(ω), for every l ∈ L.
By definition Ωk(ΘX)[k] = Ωk

X is the sheaf of k-differential forms on X and the global formula
for the exterior derivative implies that dΘ is the usual de Rham differential.

For every sheaf of OX -modules F we denote Ω∗(L,F) = Ω∗(L)⊗F and by

Ω∗(L)× Ω∗(L,F) ·−→ Ω∗(L,F) : η · (
∑
i

µi ⊗ ei) =
∑
i

ηµi ⊗ ei, µi ∈ Ω∗(L), ei ∈ F,

L × Ω∗(L,F) y−→ Ω∗(L,F) : ly(
∑
i

µi ⊗ ei) =
∑
i

lyµi ⊗ ei, µi ∈ Ω∗(L), ei ∈ F.

Definition 6.3.4. Given a sheaf of OX -modules F, an L-connection ∇ on F is a K-linear
morphism of graded sheaves of degree 1

∇ : F→ Ω1(L,F) = Ω1(L)⊗F,

such that
∇(fe) = dL(f) · e+ f∇(e), ∀ f ∈ OX , e ∈ F.

As in the usual case, every L-connection ∇ admits a unique extension to K-linear morphism
of graded sheaves of OX -modules of degree 1

∇ : Ω∗(L,F)→ Ω∗(L,F)

such that

∇(f · e) = dL(f) · e+ (−1)ff · ∇(e), ∀ f ∈ Ω∗(L), e ∈ Ω∗(L,F),

and the connection is called flat if ∇2 = 0.
Remark 6.3.5. Since the contraction product y : L × Ω1(L) → OX is nondegenerate, every
K-linear morphism of sheaves ∇ : F→ Ω1(L,F) is completely determined by the morphism of
OX -modules

L→ HomK(F,F), l 7→ ∇l : ∇l(e) = ly∇(e) .
It is straightforward to verify that ∇ is a connection if and only if

∇l(fe) = a(l)(f)e+ f∇l(e), ∀ f ∈ OX , l ∈ L, e ∈ F.

A simple computation shows that the curvature of ∇ is given by the formula

∇2(l,m)(e) = ∇l∇m(e)−∇m∇l(e)−∇[l,m](e), ∀ l,m ∈ L, e ∈ F.

For instance, if F is locally free and L = EndOX (F) (with trivial anchor map), then the
natural inclusion L→ EndK(F) is a flat connection.
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Since L is locally free we have natural isomorphisms

Ω∗(L,HomOX (F,F)) = Hom∗OX (F,Ω∗(L,F)) = Hom∗Ω∗(L)(Ω
∗(L,F),Ω∗(L,F))

and, therefore, a natural identification of Ω∗(L,HomOX (F,F)) with the subset of morphisms
of graded sheaves f : Ω∗(L,F) → Ω∗(L,F) such that f(α · β) = (−1)fαα · f(β) for every
α ∈ Ω∗(L), β ∈ Ω∗(L,F).

The following lemma is a completely straightforward generalisation of well-known facts about
connections and curvature.

Lemma 6.3.6. Let ∇ : Ω∗(L,F)→ Ω∗(L,F) be a connection, then ∇2 ∈ Ω2(L,HomOX (F,F))
and [∇, f ] ∈ Ω∗(L,HomOX (F,F)) for every f ∈ Ω∗(L,HomOX (F,F)).

In particular,
(
Ω∗(L,HomOX (F,F)), d = [∇,−],∇2) is a properly defined sheaf of curved

DG-algebras over X.

If in additionF admits a locally free resolution, then the trace map Tr: HomOX (F,F)→ OX ,
which is a morphism of sheaves of Lie algebras, is properly defined. By an analogous calculation
to that of Lemma 4.5.6, its extension

Tr: Ω∗(L,HomOX (F,F))→ Ω∗(L), Tr(ω · f) = ω · Tr(f), ω ∈ Ω∗(L), f ∈ HomOX (F,F),
(6.3.1)

is a trace map in the sense of Definition 4.1.9.

Definition 6.3.7. An L-module is a pair (F,∇) consisting of a sheaf of OX -modules F and
a flat L-connection ∇ on F. An L-module (F,∇) is said to be coherent (resp.: torsion free,
locally free) if F is coherent (resp.: torsion free, locally free) as an OX -module.

Example 6.3.8. Every OX -module has a unique structure of module over the trivial Lie
algebroid L = 0.

Example 6.3.9. For every Lie algebroid L, the pair (OX , dL) is an L-module. More generally
every choice of a basis on a free OX -module gives an L-module structure.

Every L-connection ∇ on a locally free OX -module F naturally induces L-connections
on the associated sheaves F∨,HomOX (F,F),F∧k etc.. If F is an L-module, then also F∨,
HomOX (F,F), F∧k etc. are L-modules in a natural way.

Example 6.3.10. Let (X,π) be a smooth Poisson variety, and denote by {−,−} the Poisson
bracket on the sheaf of functions OX . The cotangent sheaf Ω1

X of holomorphic differential 1-forms
on X has an induced structure of holomorphic Lie algebroid with the anchor a(df) := {f,−}
and the bracket [df, dg] := d{f, g} for all f, g ∈ OX (this defines a and [−,−] completely since
Ω1
X is generated by exact forms as an OX -module), see e.g. [25] for more details. An Ω1

X -module
is the same as a coherent sheaf E together with a sheaf of Poisson modules structure on the
sections of E. Namely, continuing to denote by {−,−} the Poisson bracket on E, the associated
connection is defined by

∇ : Ω1
X → HomK(E,E), df 7→ ∇df , ∇dfe := {f, e} ∀f ∈ OX , e ∈ E.

The fact that ∇ is an Ω1
X -connection on E is equivalent to the Poisson identities

{f, ge} = {f, g}e+ g{f, e}, {fg, e} = f{g, e}+ g{f, e},

while the flatness of ∇ is equivalent to the Jacobi identity

{{f, g}, e} = {f, {g, e}} − {g, {f, e}}.
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Definition 6.3.11. Let L be a Lie algebroid over X. The hypercohomology of the complex
(Ω∗(L), dL) is called the Lie algebroid cohomology of L, and it is denoted by H∗(L),

For an L-module (F,∇) the complex (Ω∗(L,F),∇) is called the standard complex of (F,∇)
and its hypercohomology, denoted by H∗(L;F), is called the Lie algebroid cohomology of
L with coefficients in F.

Notice that H∗(L) = H∗(L;OX), where OX carries the L-module structure of Example 6.3.9.
The notion of standard complex is borrowed from [53], while for Lie algebroid cohomology we
follow the notation of [1, 14].

Example 6.3.12. The Lie algebroid cohomology of the tangent sheaf ΘX is the de Rham
cohomology of X. The Lie algebroid cohomology of a Lie algebroid g over Spec K is the Chevalley–
Eilenberg cohomology of the Lie algebra g.

6.4 Infinitesimal deformations of locally free L-modules
In this section we describe a DG-Lie algebra controlling the infinitesimal deformations of a

locally free L-module, via the Thom–Whitney totalisation construction described in Section 1.4.
Let L be a Lie algebroid over X and let (E,∇) be an L-module, with E locally free as an OX -

module. Let B be an Artin local K-algebra with residue field K. We denote by XB = X×Spec(B),
by pX : X × Spec(B)→ X the projection onto the first factor, and by ıX : X → X × Spec(B)
the inclusion induced by B → B/mB = K. Notice that the pull-back sheaf p∗XL = L ⊗K B has
a natural structure of Lie algebroid over XB, with the Lie bracket extending B-bilinearly the
one on L. Moreover, it is easy to check that a p∗XL-module F on XB restricts to an L-module
ı∗XF on the central fibre X.

Definition 6.4.1. A deformation of the L-module (E,∇) over Spec(B) consists of the data
of a deformation EB of E over XB and a p∗XL-module structure

∇B : EB → Ω1(p∗XL,EB) = Ω1(L)⊗OX EB

such that the restriction ı∗XEB to X, with the naturally induced L-module structure, coincides
with (E,∇). An isomorphism of deformations (EB,∇B) → (E′B,∇′B) is an isomorphism of
deformations of sheaves φ : EB → E′B such that φ∇B = ∇′Bφ.

We want to describe a DG-Lie algebra controlling the infinitesimal deformations of (E,∇).
Since the L-connection ∇ is flat, by Lemma 6.3.6 (Ω∗(L,HomOX (E,E)), d = [∇,−]) is a sheaf
of locally free DG-algebras, which gives rise to a sheaf of locally free DG-Lie algebras

(Ω∗(L,HomOX (E,E)), d = [∇,−], [−,−]).

Theorem 6.4.2. In the above situation, for every affine open cover U = {Ui}, the DG-Lie algebra
Tot(U,Ω∗(L,HomOX (E,E))) controls the infinitesimal deformations of (E,∇). In particular
H1(L;HomOX (E,E)) is the space of first order deformations and H2(L;HomOX (E,E)) is an
obstruction space.

Proof. This result is probably well known to experts, at least in the case L = ΘX , cf. [33, Thm.
6.8], and follows easily from Hinich’s theorem on descent of Deligne groupoids. According to [36],
it is sufficient to check that locally the Deligne groupoid of Ω∗(L,HomOX (E,E)) is equivalent
to the groupoid of deformations of (E,∇).

In order to check this, it is not restrictive to assume X affine. Given an Artin ring
B as above, up to isomorphism every deformation of E is trivial, i.e. EB = E ⊗K B and
HomOXB

(EB,EB) = HomOX (E,E)⊗KB. Denoting by ∇0 : EB → Ω1(p∗XL,EB) = Ω1(L,E)⊗KB
the natural B-linear extension of ∇, every deformation of ∇ over B is of the form ∇0 + x, with
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x ∈ Γ(X,Ω1(L,HomOX (E,E)))⊗mB, and the flatness condition (∇0 + x)2 = 0 is exactly the
Maurer–Cartan equation dx+ 1

2 [x, x] = 0.
To conclude the proof we only need to show that two solutions of the Maurer–Cartan

equation x, y are gauge equivalent if and only if there exists an isomorphism of deformations
φ : EB → EB such that φ(∇0 + x)φ−1 = ∇0 + y. Every φ as above is of the form φ = ea, with
a ∈ Γ(X,HomOX (E,E))⊗mB, and then the condition φ(∇0 + x)φ−1 = ∇0 + y is equivalent to

∇0 + y = e[a,−](∇0 + x) = ∇0 + x+
∞∑
n=0

[a,−]n

(n+ 1)!([a, x]− da),

which is the same as y = ea ∗ x, where ∗ denotes the gauge action.

Remark 6.4.3. One can consider a different deformation problem, namely the deformation of
pairs (bundle, L-connection) without requiring the vanishing of the curvature. Then the same
argument as above shows that this deformation problem is controlled by the DG-Lie algebra
Tot(U,Ω≤1(L,HomOX (E,E))), while it is well known that Tot(U,HomOX (E,E)) controls the
deformations of E [24].

6.5 Lie pairs
Definition 6.5.1. A Lie pair (L,A) of Lie algebroids over X is a pair consisting of a Lie
algebroid L over X and a Lie subalgebroid A ⊂ L such that the quotient sheaf L/A is locally
free.

Let (L,A) be a Lie pair. Since L/A is assumed locally free we have a surjective restriction
map % : Ω∗(L) → Ω∗(A), which is a morphism of sheaves of commutative differential graded
algebras. The powers of its kernel give a finite decreasing filtration of differential graded ideal
sheaves

Ω∗(L) = G∗0 ⊃ G∗1 = ker(%) ⊃ · · ·G∗r = (ker(%))(r) ⊃ · · · .

If we forget the de Rham differential, we can immediately see that G∗p is the image of the
morphism of graded OX -modules

p∧
(L/A)∨ [−p]⊗ Ω∗(L)→ Ω∗(L),

and we have natural isomorphisms of graded sheaves

G∗p
G∗p+1

[p] ∼=
p∧

(L/A)∨ ⊗ Ω∗(A). (6.5.1)

In particular, Gi
p ̸= 0 only for pairs (i, p) such that p ≤ i ≤ rankL and p ≤ rankL − rankA.

For instance, whenever i = 2 we have G2
0 = Ω2(L), G2

3 = 0,

G2
1 = {φ ∈ Ω2(L) | φ(a, b) = 0 ∀a, b ∈A},

G2
2 = {φ ∈ Ω2(L) | φ(a, l) = 0 ∀a ∈A, l ∈ L}.

Recall that H∗(L) = H∗(X,Ω∗(L)) denotes the Lie algebroid cohomology of L, as in
Definition 6.3.11.

Definition 6.5.2. In the above notation, the filtration Ω∗(L) = G∗0 ⊃ G∗1 · · · is called the
Leray filtration of the Lie pair (L,A). We shall call the associated spectral sequence in
hypercohomology

Ep,q1 = Hq
(
X,G∗p/G

∗
p+1[p]

)
⇒ Hp+q(L)

the Leray spectral sequence of the Lie pair (L,A).
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The name Leray filtration is motivated by Example 6.5.4 below. Notice however that for the
Lie pair (ΘX , 0) the Leray filtration coincides with the Hodge filtration on differential forms.

Given an A-module (E,∇), we can also define a filtration G∗r (E) = G∗r ⊗ E of the graded
sheaf Ω∗(L,E); equivalently, G∗r (E) may be defined as the image of the multiplication map

G∗r ⊗ Ω∗(L,E)→ Ω∗(L,E).

If ∇′ is an L-connection on E extending ∇, then by Leibniz rule the filtration G∗r (E) is preserved
by ∇′ and we can immediately see that the maps induced on the quotients G∗r (E)/G∗r+1(E) are
independent from ∇′ and square-zero operators. Notice also that the curvature of ∇′ belongs to
G2

2 (EndOX (E)) if and only if [∇′l,∇′a] = ∇′[l,a] for every l ∈ L and a ∈A.
Since ∇ always admits extensions locally (see Remark 6.7.3 below), for every r there is a

properly defined structure of differential graded sheaf on G∗r (E)/G∗r+1(E).
It is interesting to point out that the groups Ep,q1 = Hq

(
X,G∗p/G

∗
p+1[p]

)
, and more generally

the hypercohomology groups of G∗r (E)/G∗r+1(E), are cohomology groups of A with coefficients
in suitable A-modules. In fact, there is a canonical A-module structure on the quotient sheaf
L/A given by the Bott connection: denoting by π : L→ L/A the projection, the latter is
defined by the formula

∇aπ(b) = π([a, b]), ∀ a ∈A, b ∈ L.

Therefore, there is a canonical A-module structure on
∧r (L/A)∨ for every r.

Lemma 6.5.3. Let (L,A) be a Lie pair and let E be an A-module. Then for every r ≥ 1,

the differential graded sheaf G∗r (E)
G∗r+1(E) [r] is isomorphic to the standard complex of the A-module∧r (L/A)∨ ⊗ E. In particular, the Leray spectral sequence of the pair (L,A) is

Ep,q1 = Hq
(
A;
∧p

(L/A)∨
)
.

Proof. For every r ≥ 1, consider the isomorphism of graded sheaves ϕ : G∗r
G∗r+1

[r]→
∧r (L/A)∨ ⊗

Ω∗(A) of (6.5.1). We begin by showing that this is an isomorphism of complexes, where the
differential on the left is induced by dL, and the differential on the right is given by the dual
connection to the Bott connection.

Denote by ∇B the Bott connection on L/A, and by ∇B,∨ the induced connection on∧r(L/A)∨ for every r ≥ 0. We denote by aL and aA the anchor maps of L and A respectively.
Finally, denote by j the inclusion j :

(
L
A

)∨
[−1]→ Ω1(L), and by π the projection π : L → L

A
,

so that for m ∈ L and η ∈
(
L
A

)∨
[−1] one has that myj(η) = (j(η))(m) = η(π(m)) = π(m)yη.

For every η ∈ G∗r /G
∗
r+1[r], we prove that

ϕ(dLη) = ∇B,∨ϕ(η).

Consider ω ∈ G∗1/G
∗
2 [1] ∼= (L/A)∨ ⊗ Ω∗(A) of degree zero, so that ω belongs to G1

1/G
1
2 [1] =

G1
1 [1] ∼= (L/A)∨. Then dLω belongs to G2

1 [1], but we consider its projection to G2
1

G2
2
[1] ∼=(

L
A

)∨
⊗ Ω1(A). Hence we calculate it on b ∈A and π(l) ∈ L

A
, obtaining

dLω(b, π(l)) = aL(b)(j(ω)(l))− aL(l)(j(ω)(b))− j(ω)([b, l])
= aA(b)(ω(π(l)))− aL(l)(ω(π(b)))− ω(π([b, l]))
= aA(b)(ω(π(l)))− ω(π([b, l])),

since π(b) = 0. The connection ∇B,∨ for ω ∈
(
L
A

)∨
, b ∈A and π(l) ∈ L

A
is given by

π(l)y∇B,∨b ω = dL(π(l)yω)(b)− (∇Bb π(l))yω = aL(b)(π(l)yω)− (π([b, l]))yω
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= aA(b)(ω(π(l)))− ω(π([b, l])),

therefore dLω = ∇B,∨ω.
Consider now η ∈ G∗r

G∗r+1
[r] of degree k − r ≥ 0, which we can assume to be of the form

η = ω1 · · ·ωk, with ωi ∈ Ω1(L)[1] for i = 1, . . . , r such that %(ω1) = · · · = %(ωr) = 0 and
ωj ∈ Ω1(L) for j = r + 1, . . . , k such that %(ωr+1), . . . , %(ωk) ̸= 0.

In the isomorphism ϕ : G∗r
G∗r+1

[r] →
∧r (L

A

)∨
⊗ Ω∗(A), the form η = ω1 · · ·ωk is sent to

ϕ(η) = ω1 · · ·ωr ⊗ %(ωr+1) · · · %(ωk). Then we have

∇B,∨(ϕ(η)) = ∇B,∨(ω1 · · ·ωr ⊗ %(ωr+1) · · · %(ωk))

=
r∑
i=1

ω1 · · · ∇B,∨(ωi) · · ·ωr ⊗ %(ωr+1) · · · %(ωk)

+
k∑

i=r+1
(−1)i−1−rω1 · · ·ωr ⊗ %(ωr+1) · · · dA(%(ωi)) · · · %(ωk)

=
r∑
i=1

ω1 · · · ∇B,∨(ωi) · · ·ωr ⊗ %(ωr+1) · · · %(ωk)

+
k∑

i=r+1
(−1)i−1−rω1 · · ·ωr ⊗ %(ωr+1) · · · %(dL(ωi)) · · · %(ωk)

=
r∑
i=1

ω1 · · · dL(ωi) · · ·ωr ⊗ %(ωr+1) · · · %(ωk)

+
k∑

i=r+1
(−1)i−1−rω1 · · ·ωr ⊗ %(ωr+1) · · · %(dL(ωi)) · · · %(ωk)

= (Id⊗%)

 r∑
i=1

ω1 · · · dL(ωi) · · ·ωk +
k∑

i=r+1
(−1)i−1−rω1 · · · dL(ωi) · · ·ωk


= ϕ(dL(ω1 · · ·ωk)) = ϕ(dL(η)).

For every r ≥ 1, it follows by (6.5.1) and by the definition of G∗r (E) that there is an
isomorphism of graded sheaves

ϕ⊗ IdE : G∗r (E)
G∗r+1(E) [r]→

r∧
(L/A)∨ ⊗ Ω∗(A)⊗ E.

Denote by ∇ the flat A-connection on E, and by ∇′ a local extension of ∇ to an L-connection
on E, which is such that (%⊗ Id)∇′ = ∇ and which induces a differential on G∗r (E)/G∗r+1(E)[r].

Take now η ⊗ e ∈ G∗r (E)[r] = (G∗r ⊗ E)[r], then ∇′(η ⊗ e) = dLη ⊗ e+ (−1)ηη ⊗∇′(e), and

(ϕ⊗ IdE)(∇′(η ⊗ e)) = ϕ(dLη)⊗ e+ (−1)ηϕ(η)⊗ (ϕ⊗ IdE)∇′(e)
= ∇B,∨(ϕ(η))⊗ e+ (−1)ηϕ(η)⊗ (ϕ⊗ IdE)∇′(e).

Since

(∇B,∨ ⊗∇)((ϕ⊗ IdE)(η ⊗ e)) = (∇B,∨ ⊗∇)(ϕ(η)⊗ e) = ∇B,∨(ϕ(η))⊗ e+ (−1)ηϕ(η)⊗∇(e),

it remains only to show that (ϕ ⊗ IdE)∇′(e) = ∇(e) for every e ∈ E, which follows by the
definition of ϕ and by the fact that (%⊗ Id)∇′ = ∇, since ∇′ is a local extension of ∇.

Example 6.5.4. Let f : X → Y be a smooth morphism of irreducible smooth schemes. Then a
Lie pair on X is given by (ΘX ,Θf ), where Θf = HomOX (ΩX/Y ,OX) is the subsheaf of relative
vector fields: since f is smooth there exists an exact sequence of sheaves

0→ Θf → ΘX → f∗ΘY → 0.
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In this case Ω∗(L) = Ω∗X is the usual de Rham complex of X, while Ω∗(A) = Ω∗X/Y is the
relative de Rham complex and the filtration G∗r is the algebraic analogue of the holomorphic
Leray filtration, see [75, 17.2], [77, 2.16].

Since the relative de Rham differential is f−1OY -linear and G∗1 is the ideal sheaf generated
by f−1Ω1

Y , for every r we have a natural isomorphism of differential graded sheaves

G∗r
G∗r+1

∼= f−1Ωr
Y ⊗f−1OY Ω∗X/Y

and therefore the first page of the Leray spectral sequence is

Ep1 = H∗
(
X,G∗p/G

∗
p+1

)
= H∗

(
X, f−1Ωp

Y ⊗f−1OY Ω∗X/Y
)

= H∗
(
Y,Ωp

Y ⊗OY Rf∗Ω
∗
X/Y

)
.

It is an easy consequence of Deligne’s results on Hodge theory that if X and Y are complex
projective manifolds, then the Leray spectral sequence of the Lie pair (ΘX ,Θf ) degenerates at
E1. In fact, by Hodge decomposition we have

Rf∗Ω∗X/Y = ⊕qRqf∗Ω∗X/Y [−q] ≃ ⊕qOY ⊗C R
qf∗C[−q],

and then Ep1 = ⊕qH∗(Y,Ωp
Y ⊗C Rqf∗C)[−p − q]. Since Rqf∗C is a local system with real

structure and Y is compact Kähler, according to [77, 2.11] (see also [33, 8.5]), the cohomology
of Ωp

Y ⊗C R
qf∗C is a direct summand of the cohomology of Rqf∗C. Since the (topological) Leray

spectral sequence of Rf∗C degenerates at E2 [19, 2.6.2], we have that Ep1 is a direct summand of
H∗(Y,Rf∗C) = H∗(X,C) = H∗(X,Ω∗X).

For every locally free sheaf E on Y its pull-back f∗E = OX ⊗f−1OY f
−1E has a natural

structure of Θf -module with connection

∇η(g ⊗ e) = η(g)⊗ e.

More generally, every Θf -module can be interpreted, as in [10], as a locally free sheaf on X
which is endowed with a connection relative to f that is flat.

6.6 Reduced Atiyah classes
For every Lie algebroid L and every OX -module F we define the sheaf of OX -modules

P (L,F) = {(l, φ) ∈ L ×HomK(F,F) | φ(fe) = fφ(e) + a(l)(f)e, f ∈ OX , e ∈ F}.

If F is coherent then also P (L,F) is coherent. This has been proved in [41, Prop. 5.1] in the
case L = ΘX (see also Example 5.1.6), while for the general case it is sufficient to observe that
P (L,F) = P (ΘX ,F)×ΘX L.

Denoting by p : P (L,F)→ L the projection on the first factor, we have two exact sequences
of (graded) OX -modules

0→ HomOX (F,F)→ P (L,F) p−→ L ,

0→ Ω1(L)⊗HomOX (F,F)→ Ω1(L)⊗ P (L,F) p−→ Ω1(L)⊗L = HomOX (L,L)[−1],
(6.6.1)

where the second sequence is obtained by applying the exact functor Ω1(L) ⊗ − to the first.
Now and in the sequel, we will consider IdL as a global section of HomOX (L,L)[−1], a graded
sheaf concentrated in degree 1.

Lemma 6.6.1. In the above setup, there exists a natural bijection between the set of L-
connections on F and global sections D ∈ Γ(X,Ω1(L)⊗ P (L,F)) such that p(D) = IdL.
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Proof. Let l1, . . . , lr be a local frame of L with dual frame φ1, . . . , φr ∈ Ω1(L). Every K-linear
morphism ∇ : F→ Ω1(L,F) can be written locally as ∇ =

∑r
i=1 φi ·Di, with Di ∈ HomK(F,F).

By definition, ∇ is a connection if and only if for every f ∈ OX , e ∈ F, and every i we have

Di(fe) = liy∇(fe) = a(li)(f)e+ fDi(e)

and this is equivalent to the fact that
∑r
i=1 φi ⊗ (li, Di) ∈ Ω1(L)⊗ P (L,F).

Lemma 6.6.2. If F is a locally free sheaf, then the morphism p : P (L,F)→ L is surjective.

Proof. We show this locally, with a proof similar to [41, Lemma 3.1]. Let R be a K-algebra, let
(L, [−,−], a) be a Lie algebroid over R with anchor map a : L→ DerK(R,R), and let F be a free
R-module with basis {ei}. We set

P (L,F ) = {(l, φ) ∈ L×HomK(F, F ) | φ(re) = rφ(e) + a(l)(r)e, ∀r ∈ R, e ∈ F},

and show that the projection p : P (L,F ) → L is surjective. For every x ∈ L, consider the
derivation a(x) ∈ DerK(R,R), and set

w(
∑
i

riei) :=
∑
i

a(x)(ri)ei, ri ∈ R.

Then the pair (x,w) belongs to P (L,F ).

Assume now that F is a locally free sheaf, so that the morphism p : P (L,F)→ L is surjective
and we have an exact sequence of locally free graded sheaves of OX -modules

0→ Ω1(L)⊗HomOX (E,E)→ Ω1(L)⊗ P (L,E) p−→ HomOX (L,L)[−1]→ 0.

We can rewrite the above short exact sequence of graded sheaves concentrated in degree 1 as
a sequence of sheaves in degree 0:

0→ Ω1(L)[1]⊗HomOX (E,E)→ Ω1(L)[1]⊗ P (L,E) p−→ HomOX (L,L)→ 0.

By Lemma 6.6.1, there exists an L-connection on E if and only if the identity on L lifts to a
global section of Ω1(L)[1]⊗ P (L,E). Writing

AtL(E) = ∂(IdL) ∈ H1(X,Ω1(L)[1]⊗HomOX (E,E)) = Ext1
X(L ⊗ E,E),

where ∂ is the connecting morphism in the cohomology long exact sequence, we have that
AtL(E) = 0 if and only if there exists an L-connection on E.

Equivalently, we can define AtL(E) as the extension class of the short exact sequence

0→ Ω1(L)⊗HomOX (E,E)→ Q(L,E) p−→ OX [−1]→ 0 .

where, by definition, Q(L,E) = p−1(OX [−1] · IdL). More explicitly, in a local frame l1, . . . , lr of
L, with dual frame φ1, . . . , φr ∈ Ω1(L), the elements of Q(L,E) are those of Ω1(L)⊗ P (L,E)
of the form

∑r
i=1 φi ⊗ (fli, Di) for some f ∈ OX .

Let now (L,A) be a Lie pair on X. Given an A-connection ∇ : E → Ω1(A,E) on E locally
free it makes sense to ask whether ∇ lifts to an L-connection or not. We prove that the solution
to this problem is completely determined by an obstruction

∂(∇) ∈ Ext1
X

(
L

A
⊗ E,E

)
= Ext1

X

(
E,E ⊗G1

1 [1]
)
.

It is possible to prove, by applying the results of [41, Section 3] to an injective resolution, that
the same holds also if E is not locally free; however we don’t need this result.
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The case A = 0 has been already considered. Suppose A ̸= 0, then we have a commutative
diagram with exact rows

0 // Ω1(L)⊗HomOX (E,E) //

α
��

Q(L,E) p //

β

��

OX [−1] // 0

0 // Ω1(A)⊗HomOX (E,E) // Q(A,E) p // OX [−1] // 0

where α, β are the natural restriction maps. In a local frame l1, . . . , lr of L, with dual frame
φ1, . . . , φr ∈ Ω1(L) and such that l1, . . . , ls is a local frame for A, we have

α(
r∑
i=1

φi ⊗ gi) =
s∑
i=1

φi ⊗ gi, β(
r∑
i=1

φi ⊗ (fli, Di)) =
s∑
i=1

φi ⊗ (fli, Di) .

Since α and β are surjective, by the snake lemma we have an exact sequence

0→ G1
1 ⊗HomOX (E,E)→ Q(L,E) β−→ Q(A,E)→ 0, (6.6.2)

since G1
1 is by definition the kernel of the surjective map Ω1(L) → Ω1(A). For simplicity we

can rewrite the above short exact sequence of graded sheaves living in degree 1 as a short exact
sequence of sheaves in degree 0:

0→ G1
1 [1]⊗HomOX (E,E)→ Q(L,E)[1] β−→ Q(A,E)[1]→ 0.

Then the A-connection ∇ is an element of H0(Q(A,E)[1]) such that p(∇) = 1 and the element

AtL/A(E,∇) := ∂(∇) ∈ H1
(
X,G1

1 [1]⊗HomOX (E,E)
)

= Ext1
X

(
E,E ⊗G1

1 [1]
)
,

is the obstruction to lifting ∇ to an L-connection. We will call this the reduced Atiyah class
of (E,∇).

6.7 Simplicial L-connections
In this section, similarly to Section 5.1, we define simplicial L-connections for a Lie algebroid

L, and simplicial extensions of an A-connection for a Lie pair (L,A). We prove that the adjoint
operator of a simplicial L-connection on a locally free sheaf E induces a curved DG-algebra
structure on Tot(U,Ω∗(L)⊗Hom∗OX (E,E)). In the case of a Lie pair (L,A) and of a simplicial
extension of a flat A-connection ∇ on E, we obtain the data of a curved DG-pair. Simplicial
connections allow us to give representatives of the classes AtL(E) and AtL/A(E,∇), and a
representative of the obstruction to extending a flat A-connection on E to a L-connection on E

with curvature in G2
2 ⊗HomOX (E,E).

Let L be a Lie algebroid on X and E a locally free sheaf. We have seen that L-connections
on E exist locally but in general it does not exist any globally defined connection. However we
can define a weaker notion of connection, which always exists and equally gives a significative
example of curved DG-algebra.

In the notation of Section 6.3, consider the short exact sequence

0→ Ω1(L)⊗HomOX (E,E)→ Ω1(L)⊗ P (L,E) p−→ Ω1(L)⊗L→ 0 , (6.7.1)

and recall that by Lemma 6.6.1 an L-connection on E is a global section D of Ω1(L)⊗ P (L,E)
such that p(D) = IdL, where IdL is considered as a global section of Ω1(L)⊗L. Fix an affine
open cover U = {Ui} of X; by the exactness of the Thom–Whitney totalisation functor one
obtains a short exact sequence of DG-vector spaces
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0 Tot(U,Ω1(L)⊗HomOX (E,E)) Tot(U,Ω1(L)⊗ P (L,E)) Tot(U,Ω1(L)⊗L) 0.p

Because of the natural inclusion (1.4.2) of global sections in the totalisation, we can consider
IdL as an element of Tot(U,Ω1(L)⊗L).

Definition 6.7.1. A simplicial L-connection on E is a lifting ∇ in Tot(U,Ω1(L)⊗ P (L,E)) of
IdL in Tot(U,Ω1(L)⊗L).

It is clear that a simplicial L-connection on E always exists.

In the case of a Lie pair (L,A) and of an A-connection ∇A on the locally free sheaf E, we
can define an analogous notion of simplicial L-connection extending ∇A . It is not restrictive to
assume A ̸= 0; then the exact sequence of locally free graded sheaves (6.6.2)

0→ G1
1 ⊗HomOX (E,E)→ Q(L,E) β−→ Q(A,E)→ 0

induces the short exact sequence of DG-vector spaces

0→ Tot
(
U,G1

1 ⊗HomOX (E,E)
)
→ Tot(U, Q(L,E)) β−→ Tot(U, Q(A,E))→ 0. (6.7.2)

We have already observed that an A-connection ∇A on E is a global section of Q(A,E)
such that p(∇A) = 1, where p : Q(A,E)→ OX [−1] is induced by the map p of (6.7.1). By the
inclusion of global sections in the totalisation, ∇A belongs to Tot(U, Q(A,E)).

Definition 6.7.2. By a simplicial extension of an A-connection ∇A on E we mean a lifting ∇
in Tot(U, Q(L,E)) of ∇A in Tot(U, Q(A,E)).

Remark 6.7.3. Notice that the exact sequence (6.6.2) implies that a local extension of an
A-connection to an L-connection always exists.

Since maps on the totalisation are induced locally, a similar argument to that of Lemma 6.5.3
shows that every simplicial extension ∇′ of a flat A-connection ∇A on E induces a differential
on the complex Tot(U,G∗r (E)/G∗r+1(E)[r]). We then have that H∗(Tot(U,G∗r (E)/G∗r+1(E)[r])) ∼=
H∗(X,G∗r (E)/G∗r+1(E)[r]) is isomorphic to the Lie algebroid cohomology of A with coefficients
in the A-module

∧r(L/A)∨ ⊗ E, again by Lemma 6.5.3.

Lemma 6.7.4. For a Lie algebroid L and a simplicial L-connection ∇ on E, the cohomology
class of dTot∇ in Tot(U,Ω1(L)⊗HomOX (E,E)) is the obstruction AtL(E) to the existence of
an L-connection on E.

For a Lie pair (L,A) and a simplicial extension ∇ of an A-connection ∇A on E, the
cohomology class of dTot∇ in Tot(U,G1

1 ⊗HomOX (E,E)) is the obstruction AtL/A(E,∇A) to
the extension of ∇A to an L-connection.

Proof. According to Example 1.4.5 we have natural isomorphisms

H0(Tot(U,Ω1(L)⊗ P (L,E))) = Γ(X,Ω1(L)⊗ P (L,E)),
H0(Tot(U,Ω1(L)⊗HomOX (E,E))) = Γ(X,Ω1(L)⊗HomOX (E,E)).

Consider first the case of a simplicial L-connection ∇ on E; notice that dTot∇ belongs to
Tot(U,Ω1(L) ⊗HomOX (E,E)), because p(dTot∇) = dTotp(∇) = dTot IdL = 0, since IdL is a
global section. If there exists an L-connection ∇′ on E it belongs to Tot(U,Ω1(L)⊗ P (L,E))
by the inclusion of global sections in the totalisation, and one has that dTot∇′ = 0. Then for any
simplicial connection ∇, the difference ∇−∇′ belongs to Tot(U,Ω1(L)⊗HomOX (E,E)) and
dTot(∇−∇′) = dTot∇, so that dTot∇ is trivial in the cohomology of Tot(U,Ω1(L)⊗HomOX (E,E)).
Conversely, if dTot∇ = dTotϕ, with ϕ ∈ Tot(U,Ω1(L)⊗HomOX (E,E)), then ∇− ϕ is a global
L-connection on E.
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In the case of a Lie pair (L,A) and a simplicial extension ∇ of an A-connection ∇A on
E, notice that dTot∇ belongs to Tot

(
U,G1

1 ⊗HomOX (E,E)
)
: in fact, β(dTot∇) = dTotβ(∇) =

dTot∇A = 0, because ∇A is a global section. If ∇A extends to an L-connection there exists
∇′ in Γ(X,Q(L,E)) with β(∇′) = ∇A , which is such that dTot∇′ = 0 in Tot(U, Q(L,E)),
because it is a global section. Then for every simplicial connection ∇ lifting ∇A , ∇−∇′ belongs
to the kernel of β, which is Tot(U,G1

1 ⊗HomOX (E,E)), and dTot(∇ − ∇′) = dTot∇, so that
dTot∇ is trivial in cohomology. Vice versa, if dTot∇ = dTotφ is trivial in the cohomology of
Tot(U,G1

1 ⊗HomOX (E,E)), it is easy to see that ∇− φ is a connection lifting ∇A .

A simplicial L-connection on a locally free sheaf E induces a curved DG-algebra structure on
the DG-vector space Tot(U,Ω∗(L,HomOX (E,E))). To see this, the first step is the construction
of an adjoint operator for the simplicial connection, which is done via the following lemma.

Lemma 6.7.5. In the above situation, the OX-bilinear map

[−,−] : (Ω1(L)⊗ P (L,E))×HomOX (E,E)→ Ω1(L)⊗HomOX (E,E),

[η ⊗ (l, v), g] = η ⊗ [v, g], η ∈ Ω1(L), (l, v) ∈ P (L,E), g ∈ HomOX (E,E).

is well defined.

Proof. This follows immediately from Lemma 5.1.9.

The bracket defined in Lemma 6.7.5 induces a graded Lie bracket on the totalisation

[−,−] : Tot(U,Ω1(L)⊗ P (L,E))× Tot(U,HomOX (E,E))→ Tot(U,Ω1(L)⊗HomOX (E,E)),

which allows to define the adjoint operator to a simplicial L-connection ∇ on E:

d∇ := [∇,−] : Tot(U,HomOX (E,E))→ Tot(U,Ω1(L)⊗HomOX (E,E)). (6.7.3)

Recall that since Ω∗(L,HomOX (E,E)) is a sheaf of graded algebras and the Tot functor
preserves multiplicative structures, Tot(U,Ω∗(L,HomOX (E,E))) is a differential graded algebra,
with differential denoted by dTot.

Lemma 6.7.6. The adjoint operator

d∇ = [∇,−] : Tot(U,HomOX (E,E))→ Tot(U,Ω1(L)⊗HomOX (E,E))

extends for every i ≥ 0 to a K-linear operator

d∇ : Tot(U,Ωi(L)⊗HomOX (E,E))→ Tot(U,Ωi+1(L)⊗HomOX (E,E)).

Then (Tot(U,Ω∗(L,HomOX (E,E))), dTot + d∇) is a curved DG-algebra with curvature

dTot∇+ C,

with dTot∇ ∈ Tot(U,Ω1(L)⊗HomOX (E,E)) and C ∈ Tot(U,Ω2(L)⊗HomOX (E,E)) such that
d2
∇ = [C,−].

Proof. Consider first the case of a germ of an L-connection, i.e., an element Y of Γ(V,Ω1(L)⊗
P (L,E)) such that p(Y ) = IdL |V , for some open set V ⊂ X. As usual, Y extends uniquely to a
K-linear morphism of degree 1

Y : Ω∗(L,E)|V → Ω∗(L,E)|V

such that
Y (η ⊗ e) = dL(η)⊗ e+ (−1)ηη ⊗ Y (e).
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for all η ∈ Ω∗(L)|V , e ∈ E|V . It is easy to see that the map Y 2 is OX -linear, so it can be identified
with a section of Ω2(L,HomOX (E,E))|V .

One can define an adjoint operator

dY := [Y,−] : HomOX (E,E)|V → Ω1(L,HomOX (E,E))|V ,

which can be extended for all i ≥ 0 to an operator

dY : Ωi(L,HomOX (E,E))|V → Ωi+1(L,HomOX (E,E))|V

by setting
dY (η ⊗ f) := dL(η)⊗ f + (−1)ηη ⊗ [Y, f ], (6.7.4)

where [Y, f ] denotes the Lie bracket of Lemma 6.7.5.
As in the classical case, one can see that

d2
Y (η ⊗ f) = [Y 2, η ⊗ f ] (6.7.5)

for all η ∈ Ω∗(L)|V and f ∈ HomOX (E,E)|V .
Let now ∇ be a simplicial L-connection on E, namely an element of Tot(U,Ω1(L)⊗P (L,E))

such that p(∇) = IdL ∈ Tot(U,Ω1(L)⊗L). Then for every i ≥ 0 the extension of the operator
d∇ = [∇,−], defined in (6.7.3), to an operator

d∇ = [∇,−] : Tot(U,Ωi(L)⊗HomOX (E,E))→ Tot(U,Ωi+1(L)⊗HomOX (E,E))

can be defined by using the map induced by (6.7.4) on the totalisation, and one obtains a degree
one operator

d∇ = [∇,−] : Tot(U,Ω∗(L,HomOX (E,E)))→ Tot(U,Ω∗(L,HomOX (E,E))).

In detail, let ∇ = (Dn) with Dn ∈ An ⊗
∏
i0,...,in(Ω1(L)⊗ P (L,E))(Ui0,...,in) such that p(Dn) =

1⊗ (IdL |Ui0,...,in ) for every n ≥ 0. Since maps on the totalisation are defined componentwise, it
is enough to define the bracket

[Dn, φn ⊗ (ωi0,...,in ⊗ fi0,...,in)],

for φn ⊗ (ωi0,...,in ⊗ fi0,...,in) in An ⊗
∏
i0,...,in(Ωi(L)⊗HomOX (E,E)(Ui0,...,in). Let

Dn =
∑
j

ηj,n ⊗ (tj,i0,...,in), ηj,n ∈ An, tj,i0,...,in ∈ (Ω1(L)⊗ P (L,E))(Ui0,...,in); (6.7.6)

then the bracket can be defined as

[Dn, φn ⊗ (ωi0,...,in ⊗ fi0,...,in)] = [
∑
j

ηj,n ⊗ (tj,i0,...,in), φn ⊗ (ωi0,...,in ⊗ fi0,...,in)] =

p(Dn)(φn ⊗ (ωi0,...,in ⊗ fi0,...,in))+

(−1)φn+ωi0,...,in
∑
j

φnηj,n ⊗ (ωi0,...,in ⊗ [tj,i0,...,in , fi0,...,in ]) =

(1⊗ (IdL |Ui0,...,in ))(φn ⊗ (ωi0,...,in ⊗ fi0,...,in))+

(−1)φn+ωi0,...,in
∑
j

φnηj,n ⊗ (ωi0,...,in ⊗ [tj,i0,...,in , fi0,...,in ]) =

(−1)φnφn ⊗ (dLωi0,...,in ⊗ fi0,...,in)+

(−1)φn+ωi0,...,in
∑
j

φnηj,n ⊗ (ωi0,...,in ⊗ [tj,i0,...,in , fi0,...,in ]),

where the bracket [tj,i0,...,in , fi0,...,in ] is induced by the one of Lemma 6.7.5.
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For every i ≥ 0 the simplicial L-connection ∇ also induces a map

∇ : Tot(U,Ωi(L)⊗ E)→ Tot(U,Ωi+1(L)⊗ E)

which allows to define a degree one operator∇ : Tot(U,Ω∗(L,E))→ Tot(U,Ω∗(L,E)). In fact, let
∇ = (Dn) as in (6.7.6), and consider φn⊗(ωi0,...,in⊗ei0,...,in) in An⊗

∏
i0,...,in(Ω1(L)⊗E)(Ui0,...,in).

Then the operator can be defined as

Dn(φn ⊗ (ωi0,...,in ⊗ ei0,...,in)) = (
∑
j

ηj,n ⊗ (tj,i0,...,in))(φn ⊗ (ωi0,...,in ⊗ ei0,...,in))

= p(Dn)(φn ⊗ (ωi0,...,in ⊗ ei0,...,in))+

+ (−1)φn+ωi0,...,in
∑
j

φnηj,n ⊗ (ωi0...in ⊗ ti0,...,in(ei0,...,in))

= (1⊗ (IdL |Ui0,...,in ))(φn ⊗ (ωi0,...,in ⊗ ei0,...,in))+

+ (−1)φn+ωi0,...,in
∑
j

φnηj,n ⊗ (ωi0...in ⊗ ti0,...,in(ei0,...,in))

= (−1)φn
(
φn ⊗ (dLωi0,...,in ⊗ ei0,...,in)

+ (−1)ωi0,...,in
∑
j

φnηj,n ⊗ (ωi0...in ⊗ ti0,...,in(ei0,...,in))
)
.

Since all the maps considered on the totalisation are induced by the ones defined locally on
the complexes of sheaves, for d∇ = [∇,−] one has that, by (6.7.5),

d2
∇ = [C,−], C ∈ Tot(U,Ω2(L,HomOX (E,E))).

Then dTot + d∇ is a degree one derivation of Tot(U,Ω∗(L)⊗HomOX (E,E)), with square

(dTot + d∇)2 = d2
Tot + dTot[∇,−] + [∇, dTot−] + d2

∇ = [dTot∇,−] + [C,−] = [dTot∇+ C,−],

so the curvature is dTot∇ + C. We have already seen in Lemma 6.7.4 that dTot∇ belongs to
Tot(U,Ω1(L)⊗HomOX (E,E)).

The last thing to prove is that (dTot + d∇)(dTot∇+ C) = 0. One has that

(dTot + d∇)(dTot∇+ C) = d2
Tot∇+ d∇dTot∇+ dTotC + d∇C = d∇dTot∇+ dTotC.

Then

d∇dTot∇ = [∇, dTot∇] = −[dTot∇,∇] = −1
2dTot[∇,∇] = −dTotC,

so that (dTot + d∇)(dTot∇+ C) = 0.

In the case of a Lie pair (L,A) and a locally free sheaf E, the natural surjective restriction
maps

% : Ω∗(L)→ Ω∗(A), %⊗ Id : Ω∗(L,HomOX (E,E))→ Ω∗(A,HomOX (E,E)),

induce morphisms on the totalisation

% : Tot(U,Ω∗(L))→ Tot(U,Ω∗(A)),

%⊗ Id : Tot(U,Ω∗(L,HomOX (E,E)))→ Tot(U,Ω∗(A,HomOX (E,E))),

whose kernels define bilateral ideals

Tot(U,G∗1 ) = ker(%) ⊂ Tot(U,Ω∗(L)),

Tot(U,G∗1 ⊗HomOX (E,E)) = ker(%⊗ Id) ⊂ Tot(U,Ω∗(L,HomOX (E,E))).
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Lemma 6.7.7. Let (E,∇A) be a locally free A-module, and let ∇ be a simplicial extension of
∇A to an L-connection. Then I := Tot(U,G∗1 ⊗HomOX (E,E)) is a curved ideal of the curved
DG-algebra

(Tot(U,Ω∗(L,HomOX (E,E))), dTot + d∇, dTot∇+ C),

where C, the curvature of the simplicial connection ∇, belongs to Tot(U,G2
1 ⊗HomOX (E,E))

and dTot∇ belongs to Tot
(
U,G1

1 ⊗HomOX (E,E)
)
.

Proof. It is clear that the ideal I = Tot(U,G∗1 ⊗ HomOX (E,E)) is dTot-closed. Let x be an
element of I, so that (%⊗ Id)(x) = 0, then

(%⊗ Id)(d∇x) = d∇A (%⊗ Id)(x) = 0,

so I is also d∇-closed. Since the A-connection ∇A is flat, the curvature C of ∇ belongs to
Tot(U,G2

1 ⊗HomOX (E,E)) ⊂ I, which is the kernel of the surjective map

%⊗ Id : Tot(U,Ω2(L)⊗HomOX (E,E))→ Tot(U,Ω2(A)⊗HomOX (E,E)).

By Lemma 6.7.4, dTot∇ belongs to Tot
(
U,G1

1 ⊗HomOX (E,E)
)
, therefore it belongs to the ideal

I.

For the ideal I = Tot(U,G∗1 ⊗HomOX (E,E)) we have that

I(n) = Tot(U,G∗n ⊗HomOX (E,E)). (6.7.7)

In fact, the inclusion I(n) ⊂ Tot(U,G∗n ⊗HomOX (E,E)) is clear. For the other one, it suffices to
notice that the multiplication map G∗1 ⊗ · · · ⊗G∗1︸ ︷︷ ︸

n

→ G∗n is surjective on all affine open sets.

According to Definition 4.1.4, the Atiyah cocycle of the curved DG-pair

(A = Tot(U,Ω∗(L,HomOX (E,E))), I = Tot(U,G∗1 ⊗HomOX (E,E)))

is the class of the curvature R = dTot∇+ C in

I

I(2) = Tot
(
U,

G∗1
G∗2
⊗HomOX (E,E)

)
.

Theorem 6.7.8. Given a Lie pair (L,A) and a locally free A-module (E,∇A), the Atiyah
class At(A, I) of the curved DG-pair

(A = Tot(U,Ω∗(L,HomOX (E,E))), I = Tot(U,G∗1 ⊗HomOX (E,E)))

does not depend on the choice of the simplicial L-connection extending ∇A. Moreover, it
is the obstruction to the existence of a L-connection on E extending ∇A with curvature in
G2

2 ⊗HomOX (E,E).

Proof. The difference of two simplicial extensions ∇ and ∇′ of the A-connection ∇A belongs to
the ideal I. In fact, considering the short exact sequence (6.7.2),

0→ Tot
(
U,G1

1 ⊗HomOX (E,E)
)
→ Tot(U, Q(L,E)) β−→ Tot(U, Q(A,E))→ 0,

we have that β(∇ − ∇′) = ∇A − ∇A = 0 and therefore, writing φ := ∇ − ∇′, we have
φ ∈ Tot

(
U,G1

1 ⊗HomOX (E,E)
)
⊂ I. Then d∇ = d∇′ + [φ,−] and the first claim follows from

Lemma 6.2.3.
Next, we show that the Atiyah class At(A, I) of the curved DG-pair is the obstruction to

the existence of a L-connection on E extending ∇A , with curvature in G2
2 ⊗HomOX (E,E). By

Lemma 6.2.3, At(A, I) is the obstruction to existence of x ∈ I = Tot(U,G∗1 ⊗HomOX (E,E)) of
degree 1 such that R+ (dTot + d∇)x belongs to I(2) = Tot(U,G∗2 ⊗HomOX (E,E)). Assume that
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there exists such x, and notice that by degree reasons it belongs to Tot(U,G1
1 ⊗HomOX (E,E)),

since G0
1 = 0. Then, since G1

2 = 0,

dTot∇+ dTotx ∈ I(2) ∩ Tot(U,G1
1 ⊗HomOX (E,E)) = 0

C + d∇x ∈ I(2) ∩ Tot(U,G2
1 ⊗HomOX (E,E)) = Tot(U,G2

2 ⊗HomOX (E,E)),

and by the first equation ∇+ x is a global L-connection on E extending ∇A .
We denote by Rx = dTot(∇ + x) + Cx = Cx the curvature of the curved DG-algebra

(A, dTot + d∇+x). Then

Rx = R+ (dTot + d∇)x+ 1
2[x, x] = dTot∇+ C + dTotx+ d∇x+ 1

2[x, x] = C + d∇x+ 1
2[x, x],

so that the curvature of ∇+x is equal to Cx = C + d∇x+ 1
2 [x, x], which belongs to Tot(U,G2

2 ⊗
HomOX (E,E)). Finally, since d∇+x(Cx) = 0, one has that

0 = (dTot + d∇+x)(Rx) = (dTot + d∇+x)(Cx) = dTotCx,

and Cx is a global section of G2
2 ⊗HomOX (E,E).

The converse is clear.

By the above, the Atiyah class At(A, I) of the curved DG-pair

(A = Tot(U,Ω∗(L,EndOX (E))), I = Tot(U,G∗1 ⊗ EndOX (E)))

is well-defined:
At(A, I) ∈ H2

(
X,

G∗1
G∗2
⊗ EndOX (E)

)
.

Definition 6.7.9. In the above situation, via the isomorphisms of Lemma 6.5.3, we call

AtL/A(E) := At(A, I) ∈ H1 (A; (L/A)∨ ⊗ EndOX (E)
)
.

the (L,A)-Atiyah class of E.

Remark 6.7.10. Recalling that G1
2 = 0, the morphism of graded sheaves t : G∗1

G∗2
→ G1

1 with kernel
G
≥2
1
G∗2

induces a morphism of DG-vector spaces

t : Tot
(
U,

G∗1
G∗2
⊗ EndOX (E)

)
→ Tot(U,G1

1 ⊗ EndOX (E)),

which sends the class of R = dTot∇+ C to dTot∇. The reduced Atiyah class AtL/A(E,∇A) is
then the image of the Atiyah class AtL/A(E) of the curved DG-pair

(A = Tot(U,Ω∗(L,EndOX (E))), I = Tot(U,G∗1 ⊗ EndOX (E)))

via the map induced by t in hypercohomology

t : H∗
(
X,

G∗1
G∗2
⊗ EndOX (E)

)
→ H∗(X,G1

1 ⊗ EndOX (E))

AtL/A(E) 7→ AtL/A(E,∇A).

In particular if AtL/A(E) is trivial, then so is AtL/A(E,∇A).
If we consider the Lie pair (L, 0), both the obstructions AtL/A(E) and AtL/A(E,∇A) reduce

to the obstruction AtL(E) to the existence of an L-connection on E.

Corollary 6.7.11. Let (L,A) be a Lie pair on X such that there exists an OX-linear projection
p : L → A which commutes with anchor maps and with adjoint Lie actions of A. Then for
every A-module E the Atiyah class AtL/A(E) is trivial.
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Proof. The assumption that p : L → A commutes with adjoint Lie actions of A means that
p([x, y]) = [x, p(y)] for every x ∈A and y ∈ L.

Let ∇ : A → EndK(E) be a flat A-connection on E. The existence of an OX -linear projection
p : L →A commuting with anchor maps ensures that the composition ∇̃ := ∇p : L → EndK(E)
is a connection. In fact, for l ∈ L, f ∈ OX and e ∈ E,

∇̃l(fe) = ∇p(l)(fe) = aA(p(l))(f)e+ f∇p(l)(e) = aL(l)(f)e+ f∇̃l(e).

For every a ∈A and every l ∈ L we have

[∇̃a, ∇̃l] = [∇a,∇p(l)] = ∇[a,p(l)] = ∇p[a,l] = ∇̃[a,l],

and this implies that the curvature of ∇̃ belongs to G2
2 ⊗ EndOX (E), so that by Theorem 6.7.8

the Atiyah class of E is trivial.

Notice that Corollary 6.7.11 applies in particular in the caseX = Spec(K) andA a semisimple
Lie algebra. On the other hand, the Examples 2.10 and 2.11 of [17] give explicit situations where
X is a single point and the Atiyah class does not vanish.

6.8 Semiregularity maps and obstructions
Let (L,A) be a Lie pair on a smooth separated scheme X of finite type over a field K of

characteristic 0. Given a locally free A-module (E,∇A) we introduced the Atiyah class

AtL/A(E) ∈ H1(A; (L/A)∨ ⊗ EndOX (E)),

which is the primary obstruction to the extension of the A-connection ∇A to a flat L-connection;
more precisely the Atiyah class is a complete obstruction to the extension of ∇A to an L-
connection with curvature in G2

2 ⊗ EndOX (E).
Taking exterior cup products in A-cohomology it makes sense to consider the exterior powers

AtL/A(E)k ∈ Hk
(
A;
∧k

(L/A)∨ ⊗ EndOX (E)
)

together with the morphisms of graded vector spaces

H∗ (A;EndOX (E))→ H∗
(
A;
∧k

(L/A)∨ ⊗ EndOX (E)
)

[k]→ H∗
(
A;
∧k

(L/A)∨
)

[k],

x 7→ 1
k! Tr(AtL/A(E)kx).

The following definition is a clear natural extension of the definition of semiregularity maps
for coherent sheaves of Section 3.4, [16].
Definition 6.8.1. In the above situation, for every k ≥ 0 the map

τk : H2 (A;EndOX (E))→ H2+k
(
A;
∧k

(L/A)∨
)
, τk(x) = 1

k! Tr(AtL/A(E)kx),

is called the k-semiregularity map of the A-module (E,∇A), with respect to the Lie pair
(L,A).

If G∗∗ is the Leray filtration of the Lie pair (L,A) we have proved in Lemma 6.5.3 that there
exist canonical isomorphisms H2+k

(
A;
∧k(L/A)∨

)
∼= H2+2k

(
X,G∗k/G

∗
k+1

)
and therefore there

exist natural maps

ik : H2+k
(
A;
∧k

(L/A)∨
)
→ H2+2k

(
X,

Ω∗(L)
G∗k+1

)
,

which are injective whenever the Leray spectral sequence degenerates at E1.
We are now ready to apply the abstract general results of [4] to our situation in order to

obtain the following result.
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Theorem 6.8.2. Let (L,A) be a Lie pair on a smooth separated scheme X of finite type over a
field K of characteristic 0. Given a locally free A-module (E,∇A), for every k ≥ 0 the composite
map

ikτk : H2 (A;EndOX (E))→ H2+2k
(
X,

Ω∗(L)
G∗k+1

)
annihilates every obstruction to deformations of (E,∇A) as an A-module. In particular, if the
Leray spectral sequence of the Lie pair (L,A) degenerates at E1, then every semiregularity map
annihilates obstructions.

Proof. We take an affine cover U of X and we choose a simplicial connection ∇ ∈ Tot(U,Ω1(L)⊗
P (L,E)) extending ∇A . By Lemma 6.7.7, the ideal I := Tot(U,G∗1 ⊗ EndOX (E)) is a curved
ideal of the curved DG-algebra

A := (Tot(U,Ω∗(L)⊗ EndOX (E)), dTot + d∇, dTot∇+ C),

so that the quotient
B := A/I = Tot(U,Ω∗(A)⊗ EndOX (E))

is a non-curved DG-Lie algebra, with differential given by dTot + d∇A . This is precisely the
DG-Lie algebra controlling deformations of E as an A-module of Theorem 6.4.2.

The trace morphism
Tr: Ω∗(L,EndOX (E))→ Ω∗(L)

of (6.3.1) induces
Tr: Tot(U,Ω∗(L,EndOX (E)))→ Tot(U,Ω∗(L)),

which is a trace map as in Definition 4.1.9. It is plain that

Tr(Tot(U,G∗k ⊗ EndOX (E))) ⊂ Tot(U,G∗k),

for every k ≥ 0. Finally, according to (6.7.7) and the exactness properties of Tot, for every i ≤ j
we have

I(i)

I(j) = Tot(U,G∗i ⊗ EndOX (E))
Tot(U,G∗j ⊗ EndOX (E)) = Tot

(
U,

G∗i
G∗j
⊗ EndOX (E)

)
.

Now, by Theorem 6.2.5, there exists an L∞ morphism between DG-Lie algebras

σk : Tot(U,Ω∗(A)⊗ EndOX (E)) Tot
(
U,

Ω∗(L)
G∗k+1

[2k]
)

whose linear component is given by

σk1 : Tot(U,Ω∗(A)⊗ EndOX (E))→ Tot
(
U,

Ω∗(L)
G∗k+1

[2k]
)
, σk1 (x) = 1

k! Tr(Rkx),

where R = dTot∇+ C denotes the curvature of the DG-algebra A.
In cohomology the above maps σk1 may be written as

σk1 : H2(A;EndOX (E))→ H2k+2
(
X,

Ω∗(L)
G∗k+1

)
, σk1 (x) = 1

k! Tr(AtL/A(E)kx),

and then σk1 = ikτk.
Then the theorem is a consequence of the fact that the DG-Lie algebra Tot

(
U, Ω∗(L)

G∗
k+1

[2k]
)

is abelian and then, by Lemma 2.4.6 and Remark 2.4.8, every obstruction of the deformation
functor associated to the DG-Lie algebra B is annihilated by the maps σk1 .



6.8 Semiregularity maps and obstructions 111

Remark 6.8.3. The induced map in hypercohomology σk1 depends only on the A-module (E,∇A)
and not on the choice of a simplicial L-connection ∇ extending ∇A . In fact, σk1 depends only
on the Atiyah class AtL/A(E) of the curved DG-pair

(A = Tot(U,Ω∗(L,EndOX (E))), I = Tot(U,G∗1 ⊗ EndOX (E))),

which we proved in Theorem 6.7.8 does not depend on the choice of ∇.
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Appendix A

Some commutative and homological
algebra

This appendix contains some useful results from commutative and homological algebra which
are used in Section 2.5. The first section contains two basic facts about change of rings, the
second section is about flat modules over Artin local rings, and the third contains a lemma
about complexes of injective or projective modules.

A.1 Change of rings
Lemma A.1.1. Let ϕ : R → S be a homomorphism of rings such that S is a flat R-module.
Then every flat S-module N is also flat as an R-module.

Proof [61, 3.B]. For any R-module M , M ⊗R N ∼= M ⊗R (S ⊗S N) ∼= (M ⊗R S)⊗S N , so the
functor −⊗R N is the composition of two exact functors −⊗R S and −⊗S N , therefore it is
exact.

Lemma A.1.2. Let ϕ : R→ S be a morphism of commutative rings. Then the functor −⊗R S
sends projective R-modules to projective S-modules.

Proof. Let P be a projective R-module, then there exists an R-module Q such that P ⊕Q is free
over R. Then (P ⊗R S)⊕ (Q⊗R S) is a free S-module, so that P ⊗R S is projective over S.

A.2 Flatness and relations
Let A be an Artin local K-algebra with residue field K.

Definition A.2.1. The length of an Artin local ring A with maximal ideal m and residue field
K is

l(A) :=
∑
n≥0

dimK
mn

mn+1 .

Notice that if l(A) = 1, then A = K.

Lemma A.2.2. Let M be an A-module, if M ⊗A K = 0 then M = 0.

Proof. By induction on l(A): if l(A) = 1 then A = K and there is nothing to prove.
If l(A) > 1, there exists n ∈ N such that mn ̸= 0 and mn+1 = 0. Take t ∈ mn, t ̸= 0 and set

B := A/(t). There is a short exact sequence

0 K A B 0,·t

and tensoring with M we obtain
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0 = K⊗AM M M ⊗A B 0.'

Since l(B) = l(A)− 1 and (M ⊗A B)⊗B K = M ⊗A K = 0 by inductive hypothesis we obtain
M ⊗A B = 0. Then by the above diagram M = 0.

Lemma A.2.3. For every A-module M there exists a surjective morphism f : F →M such that
F is a free module and the induced map F ⊗A K→M ⊗A K is an isomorphism.

Proof. Since M → M ⊗A K is surjective it is sufficient to choose a subset S ⊂ M inducing
a basis of the K-vector space M ⊗A K and define F as the free module generated by S. The
surjectivity of f comes from the exact sequence

F ⊗A K→M ⊗A K→ Coker(f)⊗A K→ 0

and by Lemma A.2.2.

The following is a special case of the local flatness criterion [61, 20.C].

Lemma A.2.4. For an A-module M the following conditions are equivalent:

1. M is free.

2. M is flat.

3. TorA1 (M,K) = 0.

Proof. The only non-trivial assertion is 3) ⇒ 1). Assume TorA1 (M,K) = 0 and let F be a
free module such there exists a surjective morphism α : F → M inducing an isomorphism
F ⊗A K ∼= M ⊗A K, as in Lemma A.2.3. Denoting by K the kernel of α, from the Tor long exact
sequence of 0 → K → F → M → 0 we obtain K ⊗A K ∼= TorA1 (M,K) = 0, so that K = 0 by
Lemma A.2.2.

Lemma A.2.5. Let h : P → L be a morphism of A-modules, A ∈ ArtK, and let h̄ : P ⊗A K→
L⊗A K denote its reduction.

1. If h̄ is surjective, then h is surjective.

2. If h̄ is injective and P and L are flat, then h is injective.

Proof. For the first item, the proof is the same as the proof of Lemma A.2.3.
For the second item, let now h be injective, we prove that h in injective by induction on l(A).

If l(A) = 1, then A = K and there is nothing to prove. If l(A) > 1 there is a short exact sequence

0 K A B 0

with l(B) < l(A). Since

P ⊗A K = (P ⊗A B)⊗B K h−→ L⊗A K = (L⊗A B)⊗B K

is injective, by inductive hypothesis the map h̃ : P ⊗A B → L ⊗A B is also injective. Since P
and L are both flat, we obtain the following diagram, where the rows are exact:

0 P ⊗A K P P ⊗A B 0

0 L⊗A K L L⊗A B 0.
h h h̃

By the Five Lemma, h is injective.

Corollary A.2.6. Let 0→M → N → P → 0 be an exact sequence of A-modules with N flat.
Then:
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1. M ⊗A K→ N ⊗A K injective =⇒ P flat.

2. P flat =⇒ M flat and M ⊗A K→ N ⊗A K injective.

Proof. Take the associated long TorA∗ (−,K) exact sequence:

· · · TorA2 (M,K) TorA2 (N,K) = 0 TorA2 (P,K)

TorA1 (M,K) TorA1 (N,K) = 0 TorA1 (P,K)

M ⊗A K N ⊗A K P ⊗A K 0

and apply Lemma A.2.4.

Corollary A.2.7. Let

P Q R M 0f g h (A.2.1)

be a complex of A-modules such that:

1. P,Q,R are flat.

2. Q g−→ R
h−→M −→ 0 is exact.

3. P ⊗A K f̄−→ Q⊗A K ḡ−→ R⊗A K h̄−→M ⊗A K→ 0 is exact.

Then M is flat and the sequence (A.2.1) is exact.

Proof. Denote by H = kerh = Im g and g = φη, where φ : H → R is the inclusion and η : Q→ H;
by assumption we have an exact diagram

P ⊗A K f̄ // Q⊗A K ḡ //

η̄

��

R⊗A K h̄ // M ⊗A K // 0.

H ⊗A K

φ̄

33

.. 0

It is easy to see that φ̄ is injective: let x ∈ H ⊗A K such that φ̄(x) = 0, by surjectivity of
η̄ there exists y ∈ Q ⊗A K such that η̄(y) = x. Then ḡ(y) = φ̄η̄(y) = 0, so that there exists
z ∈ P ⊗A K such that f̄(z) = y. Then x = η̄(y) = η̄f̄(z) = 0. According to Corollary A.2.6, H
and M are therefore flat A-modules.

Denoting L = ker g we have, again by Corollary A.2.6 and by the flatness of H and Q, that
also L is flat and L⊗A K→ Q⊗A K injective. This implies that P ⊗A K→ L⊗A K is surjective,
so that P → L is surjective, by Lemma A.2.5.

Corollary A.2.8. Let A be an Artin local ring, n ≥ 2, and let

· · · P−n · · · P−1 P 0 M 0dn d1 d0

be an exact sequence of A-modules such that each P i is flat over A and tensoring by −⊗A K we
obtain an exact sequence. Then M and Im(dn) = Ker(dn+1) are flat over A.

Proof. Induction on n and Corollary A.2.7.
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Lemma A.2.9. Let A ∈ ArtK and let R be a unitary commutative K-algebra. Let G be an
R⊗A-module which is flat over A, and let E∗ → G be a projective resolution of R⊗A-modules.
Then E∗ ⊗A K→ G⊗A K is a projective resolution of R-modules.

Proof. For every i, Ei is projective over R ⊗ A, so it is flat over R ⊗ A. Consider the ring
homomorphism A→ R⊗A, which makes R⊗A into a flat A-module, because R⊗A⊗A− ∼= R⊗−
is an exact functor. Therefore, by Lemma A.1.1, every Ei is flat over A. Consider the short exact
sequence

0 Ker p E0 G 0,p

where both G and E0 are flat over A. By Corollary A.2.6, Ker p is flat and the map Ker p⊗AK→
E0 ⊗A K is injective, so that the sequence

0 Ker p⊗A K E0 ⊗A K G⊗A K 0

is exact. We can iterate this procedure, by considering the short exact sequence

0 Ker q E−1 Ker p 0,q

because both E−1 and Ker p are flat over A. In the end, we obtain an exact sequence

· · · E−2 ⊗A K E−1 ⊗A K E0 ⊗A K G⊗A K 0

where every Ei ⊗A K is a projective R-module, by Lemma A.1.2.

Corollary A.2.10. Let A ∈ ArtK and let R be a unitary commutative K-algebra. Let I be an
injective R-module and G an R ⊗ A-module which is flat over A. Then ExtkR⊗A(G, I) = 0 for
every k ≥ 1.

Proof. Let E∗ → G be a projective resolution of G as an R⊗A-module, so that ExtkR⊗A(G, I) =
Hk(Hom∗R⊗A(E∗, I)). There is an isomorphism Hom∗R⊗A(E∗, I) ∼= Hom∗R(E∗ ⊗A K, I), and by
Lemma A.2.9 E∗ ⊗A K is a R-projective resolution of G⊗A K. Then

ExtkR⊗A(G, I) = Hk(Hom∗R⊗A(E∗, I)) ∼= Hk(Hom∗R(E∗ ⊗A K, I)) = ExtkR(G⊗A K, I) = 0,

for all k ≥ 1, because I is R-injective.

A.3 A result from homological algebra
The following useful result is taken from [29, III.5.24], where the lemma is proved in the

hypothesis that the acyclic complex is bounded below (respectively above). The proof is basically
the same in the unbounded case, which is the one needed in Section 2.5, and is reported here for
the sake of completeness.

Lemma A.3.1. Let s : A∗ → I∗ be a morphism of complexes of R-modules from an acyclic
complex to a bounded below complex of injective modules, then s is homotopic to the zero map.

Dually, let t : P ∗ → B∗ be a morphism of complexes of R-modules from a bounded above
complex of projective modules to an acyclic complex, then t is homotopic to the zero map.

Proof. The homotopy k between s and the zero morphism is constructed by induction starting
from k0 : A1 → I0 and continuing to the right. It is clear that we can choose ki = 0 for all i < 0.
Consider the diagram

· · · A−1 A0 A1 · · ·

· · · 0 I0 I1 · · · ;

d−1
A d0

A

s0 s1
k0

d0
I
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since A∗ is acyclic, Im d−1
A = ker d0

A, so that d0
A : Coker d−1

A → A1 is injective. Since s0d−1
A = 0,

s0 : Coker d−1
A → I0 and we can consider the diagram

0 Coker d−1
A A1

I0,

d0
A

s0
k0

where k0 exists because I0 is an injective object.
Assume now we have constructed the homotopy up to kn−1:

· · · An−1 An An+1 · · ·

· · · In−1 In In+1 · · · .

dn−1
A

sn−1

dnA

kn−1
sn

kn
sn+1

dn−1
I

dnI

By inductive hypothesis (sn − dn−1
I kn−1)dn−1

A = 0, which means that as above we can consider
the diagram

0 Coker dn−1
A An+1

In,

dnA

sn−dn−1
I kn−1

kn

where dnA : Coker dn−1
A → An+1 is injective because A∗ is acyclic, and then kn exists by the

injectivity of In.
The proof for the dual statement is analogous.
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