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Chapter 1

An introduction to guided-wave
nonlinear ultrafast photonics
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ABSTRACT

We present a general theoretical framework for describing ultrashort pulse propagation
in optical fibers, and discuss the conditions for the generation of spatiotemporal bullets
and multimode solitons. We compare theory with recent experiments involving the
generation of multimode solitons in graded index multimode optical fibers. This reveals
the formation of walk-off solitons, where nonlinearity compensates for both chromatic
and modal dispersion, as well as the irreversible attraction of multimode solitons to the
fundamental mode of the fiber for long propagation distances.

KEYWORDS
Optical fibers, Kerr effect, Optical solitons, Ultrashort pulses, Raman scattering

1.1 INTRODUCTION

Optical fibers are the most representative example of waveguides that support
multiple transverse guided modes for a given optical frequency and state of
polarization. In Sec. 1.2, we discuss the basic properties of multimode fibers



by comparing the two main examples: graded-index and step-index fibers. To
inspect their mode properties, we present their eigenmodes and eigenvalues
based on the different refractive index distributions. Next, we introduce the
generalized multimode nonlinear Schrédinger equations, which describe the
evolution of ultrashort optical pulses in fibers.

In Sec. 1.3 we will review some results regarding the formation of spatio-
temporal solitons (STSs) in inhomogeneous (i.e., multimode) systems. Using a
suitable parameter dependent STS ansatz, we compute the effective Lagrangian
of the system, and reduce the infinite dimensional 3D+1 NLS to a 4D dynamical
system describing the evolution of the ansatz parameters. In this context, the
equilibria of this system correspond to shape preserving STSs. We study these
point and their stability in two different regimes of operation.

In Sec. 1.4, the soliton solutions of the generalized nonlinear Schrodinger
equations are presented, for the cases of single-mode and multimode fibers.
We describe these solutions with the help of analytical formulas, which we
compare with both numerical solutions and recent experiments. An interesting
property which is peculiar to multimode solitons, is that they only form whenever
the distances associated with various physical effects, specifically chromatic
dispersion, modal dispersion, and Kerr nonlinearity, are all of the same order.
In this situation, temporal broadening induced by chromatic dispersion and
modal dispersion can be perfectly balanced by self- and cross-phase modulation
induced by Kerr nonlinearity. We also point out that, for long propagation
distances which are typical of telecom applications, an irreversible transfer of
energy from higher-order modes into the fundamental mode is observed. As a
result, multimode solitons are attracted into a single-mode soliton carried by the
fundamental mode of the fiber.

1.2 GUIDED MODES IN OPTICAL FIBERS
1.2.1 introduction

In this subsection, we present the basic properties of multimode fibers (MMF), by
comparing graded-index fibers (GIF) and step-index fibers (SIF). The different
refractive index distributions of the two fibers result in very different eigenmodes
and eigenvalues. On the one hand, the shape and size of their eigenmodes
play a crucial role in determining the nonlinear strength of each mode, as well
as the coupling among modes. On the other hand, the different orders of
dispersion, derived from the eigenvalues, determine the fundamental propagation
characteristics of the guided light field, such as phase velocity, group velocity,
and group velocity dispersion. At the end of this subsection, we introduce the
model of generalized multimode nonlinear Schrodinger equations.
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1.2.2 Multimode fiber mode properties

The properties of multimode fibers are determined by the features of their eigen-
modes. In the following part, we introduce the properties (nonlinearity and
dispersion) of SIFs and GIFs, by comparing their eigenmodes and eigenvalues.

1.2.2.1 Fiber eigenmodes and effective modal indices

The first factor that determines fiber features is the fiber eigenmode profile. In
this subsection, we introduce fiber eigenmodes by means of the two examples of
a SIF or a GIF, with the same core size.

We start with SIFs. For such fibers, the refractive index in the longitudinal
direction is homogeneous, but in the transverse section, the fiber core with
refractive index ng, is wrapped by the fiber cladding with refractive index n,
where the index difference An = ne., — ngp > 0. The transverse refractive index
profile of SIFs is radially symmetric, and is given by

na(A) + An, x> +y* < R?

, (1.1)
ne (), x2+y> > R?

n(x,y,4) = {

where R is the core radius. Whenever the SIF core is made by undoped silica,
the Sellmeier equation can be used to calculate wavelength dependent refractive
index n¢) (2) at the chosen wavelength A [1]. For a SIF with radius R = 25 ym and
index difference An = 0.0137, we plot the index profile n(x,y = 0,1 = 1.45um)
as in Fig. 1.1(a).

Light propagates along the longitudinal direction in fibers, but is transversely
confined in the center core due to its higher refractive index with respect to
the cladding. This confinement adds the boundary condition for fields in the
transverse section, leading to guided propagation modes. Therefore, the fiber
refractive index distribution (waveguide structure) fixes the properties of these
modes at a given wavelength. On the other hand, the wavelength dependence
of modes plays an important role in determining fiber properties. Generally, the
shorter the wavelength, the more modes can be guided. For long wavelengths,
there may be only a single guided mode. In this case, the fiber is the single mode
for such an optical wavelength.

Based on the fiber profiles in Fig. 1.1(a) and parameters that we defined
before, by using the semi-vectorial finite difference method [2], the first fifteen
eigenmodes F(x,y,As) at gz = 1.55 um are plotted and marked as linearly
polarized (LP) modes on the top of Fig. 1.1. These modes can be indexed by
number m and [: m is the azimuthal index; / represents radial index; Degenerate
modes with the same m,[ are labeled by a,b. For compactness of notation,
here we use the mode index p to refer to these modes. To compare the size of
modes with the refractive index profile, the mode profile F, (x, y = 0) for mode
p =1, 6, 15is plotted in Fig. 1.1(a). As we can see, the modes are well localized
inside the core.
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FIGURE 1.1 Refractive index profiles n(x,y = 0) (black solid line) of SIF in (a,b) and GIF in
(c,d) and their corresponding eigenmode profiles Fj, (x, y = 0), modal effective indices e ,. The
fiber radius for both fibers is R = 25 um.

As the refractive index changes, the guided modes also change. By taking
the GRIN fiber with the same core size R = 25 um as an example, the refractive
index has a parabolic distribution, which can be written as

R2
ner (), X2+ y2 > R?

ncl(/l)+An-(1—x+y ), x2+y?2 < R?

n(x,y,A) = (1.2)

The eigenmode profiles for this parabolic index profile are the Laguerre-Gauss
(LG) modes. The fiber refractive index distribution n(x,y = 0,4 = 1.45um) and
LG mode profiles F),(x,y = 0) for mode p = 1, 6, 15 are plotted in Fig. 1.1(c).
It is clear that the modes in Fig. 1.1(a,c) are also almost fully localized inside
the fiber core, but the effective area of the GIF is smaller than that of the SIF.
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To characterize the mode sizes, we use their mode effective areas (MEASs)

(f /15 (e ) laxay)
[ [1Fp(x, y)|*dxdy

Since the nonlinear coefficient of a fiber is inversely proportional to the
MEA, the MEA is an important property when the input power is so high, that
one should consider the nonlinear propagation regime. A relatively smaller
MEA indicates that, for the same optical mode field power, the optical intensity
(optical power per unit area) for the mode is higher, leading to a higher nonlinear
coefficient. The MEAs as a function of mode p for SIFs and GIFs at 1.55 um
wavelength are plotted in Fig. 1.3(c). As we can see, Aeff, modep for a GIF
exhibits an increase with mode number, while for the nondegenerate modes of a
SIF, a decrease is observed. Therefore, the lower-order modes of a GIF exhibit
a stronger nonlinearity than higher-order modes, which can be beneficial for
spatial beam self-cleaning [3, 4].

(1.3)

Aeff, modep =

1.2.2.2 LG mode indexing

The LG modes on the top of Fig. 1.1 can be indexed in terms of a pair of
integer numbers (I, m) [5], which indicate their radial and azimuthal properties,
respectively. In this way, these modes can be classified by the quantum number
g and the azimuthal index m. These indices satisfy the relation g = 2/ + |m]|,
wherem = —q,—q+2,---,q—2,q. An advantage of indexing the modes in this
way is that modes with the same quantum number have very similar dispersion
properties. For example, in Fig. 1.1(d), the LG modes with the same quantum
number have modal effective index nef p.

-1 -1
g of @ [» | g 0 (bzl oo
51 4 14 T oo
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g 3 NENER §3  OADAD O
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FIGURE 1.2 Mode indexing by quantum number. (a) Illustration of GRIN MMF modes displayed
in the (g, m) plane. (b) Relative mapping of the indexes (I, m).

1.2.2.3 Fiber modal dispersion

The second factor that determines fiber features originates from the eigenvalues
of the fiber eigenmodes. The eigenvalues are important, because they are directly



related to the dispersion properties of the guided modes. In this subsection, we
start from the fiber eigenvalues and derive modal dispersion. By comparing
different orders of mode dispersion, we show the attractive properties of GIFs
when compared with SIFs: higher modal nonlinear coefficients, reduced pulse
broadening, and small intermodal walk-off. With these properties, many inter-
esting effects or phenomena are easier to be observed in GIFs, e.g., multimode
solitons[6, 7], multimode soliton collisions[8], spatial self imaging[9], and beam
self-cleaning[3, 4].

In Fig. 1.1(c,d), we plot the mode eigenvalues as a function of mode order
p, for three different wavelengths. The eigenvalues are referred to as modal
effective indices 7, (1), which are the numbers quantifying the increase in the
wavenumber (phase change per unit length) caused by a waveguide with a finite
transverse extension. The modal effective indices decrease when either the mode
order p or the wavelength A increases. This indicates that the confinement of
guiding modes with higher order, or at longer wavelengths, becomes weaker.

We can easily obtain the propagation constant 8(”) (1) of mode p from the
modal effective indices as

2n

BN = =2np (). (14)
In order to better inspect the physical effects associated with the different orders
of modal dispersion, we expand 8(P) by a Taylor series at the center frequency

wy (corresponding to the center wavelength 1y = 27¢c/wyp):

1 S
B (w) = B 4B (0=wo)+ 585" (w=w0)+ ) — A1l (w-wo)". (1)

n>3

where J
Py BT
Bn(w) = o
Based on the different orders of dispersion in Eq. (1.6), we highlight the
following physical effects or phenomena associated with the individual terms:
(i) Chromatic Dispersion. Chromatic dispersion is the phenomenon whereby
the phase velocity and group velocity of light propagating in a medium depend
on the optical wavelength (or optical frequency). The terms ,B;p ) (w) are directly

(1.6)

related to chromatic dispersion. In Fig. 1.3(b), we plot ﬁép ) (w) as a function of
wavelength for the first 15 modes of the GIF. In this figure, there is a wavelength
where ﬁép ) (w) = 0, this occurs at around 1.26 um, which is named the zero-
dispersion wavelength (ZDW). For this reason, the ZDW is an inflection point
for ,85’7 ) (w), as can be seen in Fig. 1.3(a). Since the group velocity is inversely
proportional to ,8;” ) (w), a light pulse propagates with the fastest speed at this
wavelength, when compared with other wavelengths. This is a very important
point, because the ZDW separates normal and anomalous dispersion regimes.
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In the normal dispersion regime 4 < 1.3 um, light velocity increases with
increasing optical wavelength; whereas in the normal dispersion regime, 4 >
1.3 um, light velocity decreases with increasing optical wavelength.

In the linear regime, due to the different velocities of the optical frequencies
composing a pulse spectrum, a transform-limited Gaussian pulse (unchirped
pulse) with duration 7Ty = Trwrm/1.665, being Trwim the full-width at half-
maximum, experiences a temporal broadening which is induced by chromatic
dispersion. For both anomalous (,BEP )(w) < 0)and normal dispersion (,Bép) (w) >

0), the pulse duration increases as T(z) = To4/1 + (zlﬁép) |/T02)2, where z is the

propagation length. The broadening ratio 7' /T is proportional to B;p ) when

Ty < z| [)’ép )|. In the nonlinear regime, different effects and phenomena are
produced in each of the two dispersion regimes.

Chromatic dispersion is slightly different for the different guided modes of
s MMF. In Fig. 1.3(f), we plot the values of B;p ) as a function of mode p at

1.55 pm for GIFs and SIFs. The value of ,Bép ) for a GIF is much smaller than
that for a SIF, as the mode order p grows larger. Therefore, GIFs lead to much
smaller pulse broadening ratios among modes, when compared with SIFs.

(ii) Intermodal Dispersion: The group velocity of an optical pulse propagat-
ing in a mode of the MMF varies not only with optical frequency (chromatic
dispersion), but also with the mode itself. The second term ﬁf” ) in Eq. (1.5) is

related to the mode speed via the relation v, = 1/ ﬁip ) In Fig. 1.3(e), we plot the

relative velocity Av, =1/ Bip )1 / ,85 %RIN of a mode with index n with respect

to the velocity of the fundamental mode 1/ ﬁil()}RIN of a GIF. As we can see, for

a GIF the velocity difference between modes, or intermodal dispersion, is much
smaller than for a SIF. Hence, for the same propagation length, the temporal
walk-off between modes in GIFs is much smaller than in SIF [see the example
in Fig. 1.7 in Sec. 1.4.2].

(iii) Modal Phase: The first term ﬁép ) in Eq. (1.5) characterizes the phase
rotation rate of the field of a given mode during propagation. For example,
ﬁ(()p ) ~ 6000mm~! at 1.55 pm, which means there are 6000/ (27) ~ 955 periods
of rotation per millimeter. In single mode fibers, the effect of the term /5(()1) is
not significant. However, in MMFs, different modal phase shifts are responsible
for multimode interference or mode beating. The most important relation is the
phase change difference among the modes of a MMF. In Fig. 1.3(b), we plot

the relative value of the phases difference 6ﬁ(()p ) = ﬁ(()p ) ﬁ(()O;TEP, with respect

to ﬂi?S)TEP, as a function of mode p for SIFs and GIFs, respectively. For GIF,
modes with the same quantum number g have almost identical group velocity
and phase change rate. The phase differences among modes with quantum
numbers g and g + 1 are equally spaced. Therefore, it is easier to observe

mode beating in GIFs. If the input pulses are center-coupled into the fiber, only
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FIGURE 1.3 (a,b) The first Bl(p ) and second ﬁ;p ) order dispersion of the GIF for the first 15
modes, as a function of wavelength A. (c) Mode effective areas for GIF or SIF in Fig. 1.1. (d-f)

Mode dispersion comparison between SIF and GIF with the same core radius of 50 ym at 1.55 pm:
(d) relative mode propagation constants 6,85‘7 ) = ,Bép ) - SIS)TEP, (e) relative group velocity

Avg = l/ﬁfp) - l/ﬁ;}()}RlN’ (f) second order dispersion ﬁép).

the radially symmetric modes are excited. In this case, because of the reduced
modal walk-off, multimode interference is easily observed. As a result, the radial
modes of the GIF are periodically in-phase after that they propagate over the
distance Lg; = 27/ (,886) - ,B(()l)) = 571.2 um [the dispersion values are from
Fig. 1.3(d)], periodically leading to beam compression and high intensities at the
fiber center. This distance Lgy, which is independent of input power, matches
well with experimental results [9]. If the input optical power grows above a
certain threshold value, the intensities at the points of beam compression are
so high that we can directly visualize a periodic array of bright spots, owing to
multiphoton absorption activated photo-luminescence [9]. The phenomenon of
periodic beam compression is termed spatial self-imaging. However, such high
intensities may lead to fiber damage [10, 11]. If asymmetric modes are excited
in the GIF, the self-imaging period is doubled to Lg; = 27/ (,8(()2) - ,8(()1)), and
one may even observe plasma self-channeling [4].
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Self-imaging in GIFs creates a periodic evolution of the spatial size of the
beam, and its intensity. In turn, via the Kerr effect, this leads to a periodic
evolution of the effective nonlinearity along the propagation direction. The
presence of a periodic nonlinearity may result in the generation series of spectral
sidebands, associated with resonant dispersive radiation[12] in the anomalous
dispersion regime, and with geometric-type parametric instability (GPI) [13] in
the normal dispersion regime. The GPI resonant spectral peaks on both sides
of the pump frequency are related to the self-imaging period by the relation

fu = +Vhy27/(LsiB") /27, where h = 1, 2, ,3, ---.

1.2.3 Generalized multimode nonlinear Schrédinger equations

Let us consider now nonlinear propagation of optical pulses in a MMF. The opti-
cal field can be written as the product of an optical carrier wave exp[i( ﬁéo) z—wy)]
and a field envelope E(x, y, z, 1), where wy is the optical frequency. E(x, y, z,1)
are normalized such that the field intensity |E(x, y, z, )| has the units of W/m?.
This field envelope can be expanded on the basis of eigenmodes of MMF as

N
E(x,y,2,t) =2Fp(x,y)Ap(Z,t), (1.7)
p=1

where F,(x,y) are the transverse profiles of the modes, as introduced in the
previous section. The modes are orthogonal and normalized, so that they obey

//Fp(xay)Fn(x7y)dXdy:5pn- (1.8)

Here, the mode amplitude A, is expressed in units of VW. The evolution of the
field envelope A, of mode p is governed by the generalized multimode nonlinear
Schrodinger equations (GMMNLSEs) [14, 15]:

0A,(z,1)

o2 =D{A,(z,0)} + N{A,(z,1)}, (1.9)
where the dispersion terms are
4 plp)
D =i(B" - p{"A, - (B —ﬂf”)‘%” +iqZ>2 ;’—T (i%)q A, (1.10)
and the nonlinear terms read as
N =20 (1 + ii) i [(1 = fR)S pimnAtAm AL,
c wo Ot A n (L11)

t

4 S pmm Al / drhg * (Am(z.1 = DAL (21— ).

-0
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Here we have supposed that the field, governed by Egs. (1.9), travels in a
reference frame, which has the group velocity of the fundamental mode 1/ ,8}1).
Therefore, for all modes, the first two terms in Eq. (1.10) express the relative
values of phase group velocity with respect to the fundamental mode. The
nonlinear coupling mode coefficients are

[ dxdyF,FF,F,

\/f dxdyFI%fdxdyFlzfdxdyFrz,,fdxdyF,%

For the nonlinear response of the fiber, we consider the standard parameters of
silica [16, 17]: the nonlinear index n; = 2.7 X 10729 m2W~!, the coefficient of
the Raman contribution to the Kerr effect fr = 0.18. An approximate analytic
form is used to describe the Raman response function

(1.12)

Splmn =

hr(£) = (r;2 + 72-2) 71 exp(—t/12) sin(t/71) (1.13)

with two damping time constants 7; = 12.2fs and 7, = 32fs [17].

1.3 CONSERVATIVE SPATIO-TEMPORAL SOLITONS: A VARIATIONAL
APPROACH

GIFs with relatively small modal dispersion make it easier to generate multimode
solitons. For such fibers, the effect of modal walk-off is not obvious. Within
the approximation of neglecting mode walk-off, a simplified model (3D+1) can
be used to describe the evolution of electric field E(x, y, z,¢) in 3 dimensions
(3D) (transverse space (x,y) and propagation direction z) and in one temporal
dimension. This model can describe all scenarios where a stable self-imaging
pattern is generated in GRIN fibers. The field propagation in a GIF with an
instantaneous Kerr nonlinearity is described by a 3D+1 NLSE of the form [18, 9]

OE 1 (0’E  O0*E\ koA, , , B2 O’E  _kona
— =i =t -i— &+ Y)E —i—— +1i
0z 2k (8x2 (9y2) R P

|E|*ECon

(1.14)
where kg = woneo/c is the wave number, n, (n¢)) is the refractive index of core
(cladding), A = (n2, - ngl) /2n2, is the relative refractive index difference, R
is the fiber core radius, S, is the group velocity dispersion. The 3D+1 NLSE
consists of a 1D NLSE, two extra transverse diffraction terms, and a perturbation
term given by the inhomogeneous refractive index. The spatial LG modes are
eigensolutions of the diffraction and inhomogeneous refractive index terms in
Eq. (1.14). When one needs to consider many guided modes, to some extent,
this equation can outperform the GMMNLSE in terms of computing efficiency.
Moreover, the equation is very similar to the Gross-Piteaevskii equation, which
is a well-known model for describing Bose-Einstein condensates. This makes
it possible to analogies between two very different physical settings, namely
optical and matter waves.
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Spatio-temporal solitons, hereafter STS, are coherent light structures which
are localized both in time and in space [19]. In principle, they may form
whenever material dispersion and diffraction counteract Kerr nonlinearity at
once, leading to light confinement in space-time. However, in bulk media, these
states may undergo different types of instabilities, such as spatio-temporal wave
collapse [20, 19], and therefore they are unstable. Different types of stabilization
mechanisms have been considered. One of them consists of including explicitly
a spatial dependence in the form of a potential, similar to a magnetic trapping
potential in the context of BECs [21]. In waveguide systems, this dependence
arises naturally in the context of GIFs, and STS stabilization can be achieved.

In this section, we review some of the main results regarding the state of
the art of spatio-temporal wave structures, in order to study the formation of
STS solitons in conservative multimode GIFs. In order to do so, we apply
a variational approach, based on the parameter optimization method. This
permits us to compute, analytically, STS solutions starting from a suitable ansatz
[22, 23]. For that, we will use the dimensionless version of Eq. (1.14), namely

) NP ST I )
6Zu:§VLu+l§6,u+z§(x +y)u +iviu|u, (1.15)
where V2 = 92 + (')yz, ¢ = sign(fB,) = +1 for anomalous/normal dispersion, v =
sign(ny) = =1 for self-focusing/self-defocusing nonlinearity, and s = sign(A) =
+1 for anti-guiding/guiding materials.

1.3.1 Variational formulation for the 3D+1 inhomogeneous NLS equa-
tion

The Lagrangian density corresponding to Eq. (1.15) is given by
) 1 j
L= =2 (724 3?) a5 0Pl +5 (10l + 10,ul) =5 (0, = b

where we have rewritten the derivatives as ug = dgu, with £ being any variable
x,y,zand t. From this Lagrangian density one can reconstruct the GP Eq. (1.15)
by computing the Euler-Lagrange equations

d(9L), d(0L) d (4L) d (L) oL (1.16)
dz \ouy) " di\ou;)  dx\ouy) dy\ouy) ou '

The variational approach consists of four main steps [22, 23]:

e An approximate ansatz solution, or trial function, that captures the main
features and shape of the state that we want to compute, is proposed with the
formu = u[x, y, z; p(z)], which depends on z through a number of parameters

p(2) ={p1(2), -, pa(2)}.
e Next, we calculate the effective Lagrangian function of the system, defined as

L(z) = / Llu,u?, - ldxdydt. (1.17)



12

o Subsequently, we compute the Euler-Lagrange equations for each parameter
d ( oL ) oL
dz \9(0;pm) Opm

and study the dynamics of the reduced system.
o Finally, we rebuild the dynamics of the solution by using the ansatz.

0, m=1,---n, (1.18)

1.3.2 The reduced dynamical system for a spatio-temporal soliton

The choice of the approximate solution ansatz is essential for properly capturing
the features of the nonlinear solution. The most extended solution ansatz is [24]

En(z)
2ra(z)?

u(z,x,v,1) = sech[tn(2)]G (x, y)e'C&X¥:1 (1.19)

where G (x, y) is a Gaussian function of width a(z)
x?+y?
2a(2)? )’

and C(z,x,y,t) is composed by a temporal chirp controlled by 6(z), a spatial
chirp controlled by a(z), and the phase ¢(z), namely

G(x,y,7) =exp (—

Clzxy.) = 20() + (x* + ) a(2) + 9(2).

The inverse of the temporal width of the sech pulse is 77(z), and E is the constant

pulse energy
E = / / / lu(x, y, 1)|>dxdydt, (1.20)

which will be the main control parameter of the STS. The selection of this ansatz
in not arbitrary, but it is justified by two main observations:

(a) Inthe absence of dispersion and nonlinearity, the same equation has Laguerre-
Gaussian mode solutions, and the fundamental mode is a Gaussian.

(b) In the absence of diffraction and spatial potential, Eq. (1.15) possesses a
sech-shape bright soliton solution in the anomalous GVD regime [19].

With these considerations, the product of a chirped sech pulse and a chirped
Gaussian [see Eq. (1.19)] is a reasonable one.

For this solution ansatz, one obtains the effective Lagrangian

207 2602
0 S 66
LE™" = ¢'(2) + = + a2 + 2n* + =
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where n = n(z), a = a(z), 8 = 60(z) and @ = a(z); derivatives respect to z are
After some simplifications, the Euler-Lagrange equations associated with
this effective Lagrangian read

n'(z) = -26n6, (1.22a)
a’(z) = 2aa, (1.22b)
4 3
’ _ n 2 EW]
0'(z) =26 (; -6 ) "5 (1.22¢)
, 1 vnE\ s 5
=—|1-—]+ =z -2a". 1.22d
@(2) 2a4( 67r)+2 @ ( )

With this approach we have been able to reduce the infinite dimensional Eq. (1.15)
to a 4D dynamical system, describing the variation of the four parameters de-
scribing the adiabatic evolution of the soliton ansatz along the propagation
distance.

1.3.3 General fixed points solutions

Here we are interested in the steady, or shape preserving, states of Eq. (1.15),
which correspond to the fixed or equilibrium points of the effective reduced
system (1.22). Equilibria (1, a, 6, @) = (¢, de, 0., @) of Egs. (1.22) satisfy the
condition [n’(z),a’(z),0’(z),a’(z)] = [0,0,0,0].

There are two main equilibria, which are both chirp-free. The simplest one
corresponds to the continuous wave (CW) beam and reads as

ne =0, ae =1, 6. =0, a, =0. (1.23)
The other solution corresponds to an STS, satisfying the condition

Ev 3sE?
“324776776’ o ~EvmiH6mp =0, 0.=0, @ =0. (124

The second equation can be solved for E, so that the following expression is

obtained
4
E = 3—7rne (vn? + A1k - 9s) . (1.25)
s

The stability of the fixed points can be evaluated by solving the linear eigen-
value problem Jw = Aw, where A and w are the eigenvalue and eigenvec-
tor associated with the Jacobian of the dynamical system (1.22), respectively.
This can be done analytically, although the expressions obtained are not eas-
ily tractable. Here we will numerically compute the stability by means of the
path-continuation software package AUTO-07p [25, 26].

In what follows, we will show some of the most relevant results for two
different scenarios where Eq. (1.25) has a physical meaning:
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FIGURE 1.4 Bifurcation diagrams and LBs for a guiding (s = —1), self-focusing material (v = 1)
with anomalous GVD (& = 1). (a) Spatial width of the LB as function of E in blue and CW in red.
(b) shows the inverse of the temporal width 77 of the LB as a function of E (in blue) and the CW
state in red. Solid (dashed) lines stand for stable (unstable) states. Some examples of stable LBs
are shown in panels (i)-(iii) for energies E = 2, 5, and 8, respectively. To represent them we plot 3
isosurfaces for different intensities.

o Guiding, self-focusing material with anomalous GVD (s = -1, v =6 = 1);
e Guiding, self-defocusing material with normal GVD (s =v =6 = —-1).

1.3.4 Guiding, self-focusing material with anomalous GVD

The first scenario presented here was first reported by Yu et al. in 1995 [27],
although by using a different ansatz than ours. This scenario focuses on inho-
mogeneous media with self-focusing (v = 1) and guiding (s = —1) potentials in
the anomalous GVD (¢ = 1) regime; the equilibrium point corresponding to the
STS becomes

E 4
a; = o E=—=ne (\/n‘e‘ +9—n§)- (1.26)

The spatial width a, and the inverse of the temporal width 7, of the STS
with energy E are shown in the bifurcation diagram plotted in Fig. 1.4(a) and
Fig. 1.4(b), respectively.

The stable STS emerges from the CW state at E = 0 [see Figs. 1.4(a,b)].
The spatial width decreases with E from a., = 1 until a, = ay, where a fold or
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saddle-node bifurcation [28] occurs at E = E¢. At this point, the STS becomes
unstable (see dashed line), and the solution curve folds back to lower values of
E. With decreasing E, a, decreases and asymptotically approaches a = 0. The
fold at (E f, a r) defines the upper region of existence of the STSs. Above it, STS
solutions do not exist, and the only attractor is the CW beam state.

The fold position can be calculated analytically, by solving the equation
dE /dn. = 0. This leads to the values

Vi2-V3

4r
_l/4 _ _ —
ny =34 Ef_—33/4(\/12 V3),  a,= 3

1.27)
The modification of the STS states along the stable branch is shown in Fig. 1.4(i)-
(iii) for E = 2,5 and 8, respectively.

The modification of 5, with E is plotted in Fig. 1.4(b). By increasing E, 7,
increases, while its inverse (i.e., the temporal width) decreases. This tendency
can be easily observed in the STSs shape shown in Figs. 1.4(i)-(iii): for very
small E, the STS is almost a cylinder, which decreases its temporal width while
increasing E. These states have been reconstructed from the ansatz (1.19). Once
the fold is passed, the STS decreases both its temporal (17,') and spatial widths
(a.), and eventually becomes a spatio-temporal singularity for £ — 0.

1.3.5 Guiding, self-defocusing material with normal GVD: Neutral
STSs and periodic oscillations

Now we consider a guiding (s = —1) and self-defocusing (v = —1) multimode
fiber with normal GVD (6 = —1). This scenario was first analyzed by Raghavan
and Agrawal in 2000 [24].

The STS equilibrium solution of the system reduces to

E Ar
a‘% = PP E = ?ne (7]3 + \/ni +9) . (1.28)

The dependence of the a, and 77, parameters with E is plotted in Figs. 1.5 (a)
and (b). This STS bifurcates from the CW beam state (see red line). Figure 1.5(a)
shows how the STS spatial width a, grows with E, as so does 7, (its temporal
width ;! decreases) [see Fig. 1.5 (b)]. Here, in contrast to the scenario presented
in Sec. 1.3.4, the STS does not undergo any fold bifurcation, and it exists for any
value of E.

For low values of E, the linearization of the system (1.22) around the STS
fixed point parameters leads to the pure complex eigenvalues

E? E?
A2 =i [[4+ — | = K], A== = +iK>. 1.29
1,2 ( 2;;2) 1 o 2 (1.29)
A fixed point with these eigenvalues is a center equilibrium [28]. Center points
are neutrally stable, in the sense that nearby trajectories (i.e., soliton parameter



16

1.0

(a) s (b)
g =1
7 il
s ./‘/
/_/ //_/
< 1.05 1 e = 0.5 - -
Pl i)
(i) -
W cw 0 "
1.00 — 0.0 o
T T T T
0 5 10 0 5 10
E E
10—
(1)
.
0
T
- 0‘025—____/\\

. S 0.000 !
0*93:’(\1 —0.0251 ~ :

e 0 50 100 150 ¢ 200

@y |
15

T
150 ¢ 200

T
100

FIGURE 1.5 (a) Spatial width a of the shape-preserving states of Eq. (1.22), plotted as a function
of E. In blue we show the CW beam, and in point-dashed red the neutrally stable STS. (b) Inverse
of the temporal width 77 of the shape preserving states as a function of E. In both diagrams, the
label (i) corresponds to the neutrally stable STS center shown in Fig. 1.5(i.1) for E = 1. The gray
lines show the evolution of the unperturbed STS. Panels (ii.1) and (ii.2) show the unperturbed STS
center (17¢, ae) = (0.4467, 1.034), and periodic oscillations for E = 6.

perturbations) are neither repelled nor attracted to it, but they undergo permanent
oscillations. Neutral instability is depicted by using red point-dashed lines in
Figs. 1.5(a) and (b).

An STS center is plotted in Fig. 1.5(1.1) for E = 1 [see (i) in Fig. 1.5(a),(b)].
Figure 1.5(i.2) shows in gray the constant temporal evolution of such unperturbed
state. The temporal evolution of a perturbed STS center is shown in Fig. 1.5(1.2)
for a constant homogeneous perturbation factor 0.01. This perturbation leads
to periodic oscillations with two different frequencies: a and a oscillate with a
higher frequency, while 7 (red line) and 6 (green line) with a lower one. In the
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phase space, these oscillations correspond to closed orbits. However, in contrast
to limit cycles, these orbits are not isolated, but form a continuous family around
the center point [24]. In this sense, different perturbations lead to different
oscillatory STS, which coexist for the same energy.

By increasing the energy E, the STS center and the periodic oscillations
modify in shape, amplitude and periodicity, respectively. For E = 6 [see (ii) in
Fig. 1.5], the STS center is depicted in Fig. 1.5(@1i.1). The periodic oscillations
emerging from perturbing such state with a homogeneous and constant factor
0.01 are shown Fig. 1.5(ii.2). For this value of energy, a and « oscillate at a
frequency very similar to the case for £ = 1, while oscillations of 1 and n have
increased their frequency.

1.4 STABLE SOLUTIONS OF THE NONLINEAR EQUATIONS
1.4.1 Single-mode solution

The generalized nonlinear Schrodinger equation (1.9) can be simplified in the
case of a single-mode fiber, such as the standard monomodal fiber (SMF) or
the dispersion-shifted fiber (DS) [29], which can only transmit the fundamental
mode; we consider here the propagation effects caused by GVD, or second-order
chromatic dispersion S, (s?>/m), and by Kerr nonlinearity, represented by the
nonlinear coefficient y = 27ny/AA. sy (W 'm™!), where A, s and A are the
effective area of the fundamental mode and the field carrier wavelength, respec-
tively; we also consider fiber linear losses, represented by the loss coefficient a
(m~). Hence, Eq. (1.9) reduces to [17]

GA(1)  BO*A ..«
=222 L iy|AA-ZA 1.
7 ISz HYIANA = DA, (1.30)

where A(z,t) is the field’s complex amplitude (\/W ), describing the evolution,
with distance z, of the temporal shape of a propagating optical signal. We now
consider the transmission of an optical pulse with temporal pulsewidth Ty, and
introduce the dispersion length L = TO2 /1B2|, defined as the fiber distance where
chromatic dispersion causes an increase of the optical pulse duration by a factor
V2, and the nonlinear length Ly = /lTowg /(n2E ), which is the fiber distance
where the nonlinear effects start affecting field propagation, being w, and E,
the beam waist in the fiber and the pulse energy, respectively. In a single-mode
fiber, the beam waist approximates the fiber radius (generally, 4 to 5 um). We
also introduce the parameter N as

2 _ L D _ I’le pT()
Lye  AlBalwe
For N >> 1, nonlinear effects prevail over dispersive effects; conversely,

for N << 1, the dispersive effects are dominant. By solving Eq. (1.30) using
the inverse scattering method [30][31], it is possible to demonstrate that a sta-

(1.31)
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ble solution exists for negligible losses, anomalous fiber dispersion (8, < 0),
whenever dispersive and nonlinear effects compensate for each other, hence, for
N = 1; the solution is the single-mode fundamental soliton, whose temporal
shape is conserved with distance, and is given by

A(z,t) =\/P_osech(TiO)exp (iﬁ), (1.32)

with Py = E,/(2T)) the pulse peak power, and the constant full-width half-
maximum pulsewidth is given by Tpwga = 1.763 - Ty. The condition N = 1
provides a specific energy for the soliton pulse, which is related to the pulsewidth
Tp by the relationship

_ AUB(D)we

E
: n2To

(1.33)

An optical pulse entering the fiber with energy and pulsewidth related by
Eq. (1.33), spontaneously evolves into a sech temporal shape, and propagates
unperturbed over potentially unlimited distances; both pulsewidth and spectral
width will remain unchanged; hence, this type of optical pulse has attracted
large attention in telecom applications [32][33]. The transverse beam profile is
substantially unperturbed as well, exhibiting the well-known Gaussian profile of
a fundamental fiber mode. In the presence of fiber losses, which are generally
compensated for at every fiber distance L 4 by all-optical amplifiers with power
gain G, a stable solution is still possible for the perturbed equation (1.30),
provided that the pulse power at the output of each amplifier equals

_GlnG

P
T G-1

Py, (1.34)

and the amplifier spacing L4 << Lp [34].

1.4.2 Multimode solution

In multimode fibers, the propagation of optical signals can be described by the
3D+1 nonlinear Schrodinger equation, Eq. (1.15), or by the coupled equation
model, or GMMNLSE, Eq. (1.9). In GIFs with a parabolic index profile, the trial
function of Eq. (1.19) provides an approximate solution of the 3D+1 equation,
under the variational approximation [35][36]. If the optical transverse field
injected into the fiber is a Gaussian beam, in the weakly or moderate nonlinear
regime, the propagating transverse field is still approximately Gaussian, and the
beam waist w(z) periodically oscillates with distance; the periodical evolution
of the beam is caused by the interference between modes with equally spaced
propagation constants (see 1.2.2.3). The absolute value of the total field can
expressed as
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2 2
[—x uay (1.35)

w2(z)

Wi
|E(X, ¥,z t)| = EO(Z5 I)i exXp
w(z)

and the beam waist varies with respect to the input value w;, according to the
relation [37][38]

1/2

W) _ , (1.36)

b4 . b4
= | cos? (=) + C?sin® (1)
Win ip ip

where z, = 7are/ V2A is the beam waist oscillation period, r. the radius of
the fiber core, A = (n2, — nil)/ 2n2,, the relative index difference between the
core and the cladding, and C = Az,/ ncoﬂzw%n is a measure of the oscillation
amplitude. The oscillation of the beam waist in a GIF is commonly referred to
as self-imaging [9], an effect observed also in the non-soliton, or linear regime.

Figure 1.6 shows an example for the spatial evolution of the beam effective
area in a GIF, at the telecom wavelength of 1550 nm; the area was calculated
from Eq. (1.3), after simulating the beam propagation with the 3D+1 model
of Eq. (1.15). The fiber parameters of the simulation are: [$,=-28.7 ps’/km,
n=2.7x10720 m?/W, n.;=1.444, A=0.0103, r.=25 um. The effective area is
related to the beam waist by the approximate expression A, ¢y = aw?(z). Several
input beam waist values were tested: for w;,=7.8 um, the self-imaging amplitude
C = 1, and no beam waist oscillation is observed; this case corresponds to
the excitation and propagation of the fundamental mode. For smaller values
(Win=4.5 um in the figure), the beam periodically expands with respect to the
input transverse dimension; for larger values (w;,=9.5 and 15 um in the figure),
the beam periodically compresses to a minimum value; the effective area can be
greatly reduced with respect to the input value, thus increasing the intensity by
a factor C. The oscillation period for the effective area is constant with the input
waist: typically, it is of the order of 0.55 mm at telecom wavelengths.

In multimode SIFs, the self-imaging effect is not observed, because differ-
ent modes have propagation constants with non-uniform spacing (see section
1.2.2.3).

If the total energy of the optical pulse is much smaller than the soliton
threshold given by Eq. 1.33, the temporal profile of an optical pulse propagating
in a GIF, or in a SIF, is strongly affected by the modal dispersion. Fig. 1.7
provides an example, obtained by using the model introduced in Sec. 1.2.3, of
an ultra-short optical pulse propagation in (a) a GIF, and (b) a SIF. The pulse
is initially composed by the first three radial modes [see mode p = 1, 6, 15 in
Fig. 1.1], with the energy ratio Ry; = 0.48 : 0.32 : 0.21 at the center wavelength
Ac = 1550 nm. The fiber length is 1 m, and the pulse energy (2 pJ) is sufficiently
small to experience negligible Kerr and Raman nonlinearities; hence, the pulse
propagates in the linear regime. The energies E, E» and E3 for the three modes
at each fiber position are given on the right side of each sub-figure.
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FIGURE 1.6 Evolution of the beam’s effective area in a GRIN fiber, for different values of the input
beam waist.

In fig. 1.7(a), the effect of modal dispersion is visible as it leads to a gradual
separation of optical pulses corresponding to each of the different modes (the
red, green, and blue curves); also, the pulse duration of three modes gradually
increases, owing to chromatic dispersion 8,. As aresult, the three modes broaden
in time, and start to walk-off in time, each with its own modal group velocity
1/ ,8%"); the fundamental mode has a higher velocity with respect to the other
modes [see Fig. 1.3(e)], which as a result appear to be delayed in time.

In Fig. 1.7(b), the pulse evolution in a SIF is reported, with the same input
conditions as in the GIF. The pulse duration of the three modes grows larger as a
consequence of chromatic dispersion, as it occurs for a GIF, but the mode pulse
delay owing to modal dispersion is considerably larger than in the case of the GIF.
Specifically, one can analytically verify the pulse delay between two modes by
calculating the walk-off time 74 ~ L(vLp,, —Av)~! _Lvifl’m ~ LAv/ vipm , where
Av is the velocity difference between two modes. For example, the delay time
Tq = LAv/viPm = 6.55 ps between mode 1 and mode 15 for the SIFat L = 1 m,

with the parameters in Fig. 1.3(d) (Av = 2.7 x 10> m/s, vip,, = 2.03x 10° m/s).

When pulses propagate in a GIF with anomalous dispersion, and the (total)
energy of the optical pulse is increased up to the soliton value, given by Eq.
1.33 with w, the effective waist of the multimode beam, the Kerr nonlinearity
produces an instantaneous optical self-phase-modulation, or relative frequency
shift between the trailing and leading edges of a pulse. The central wavelength
of pulses corresponding to the higher-order modes is reduced by the Kerr non-
linearity; the wavelength of lower-order modes is increased; hence, anomalous
chromatic dispersion accelerates the higher order modes and slow-down the
lower-order ones, compensating the delay produced by the modal dispersion.
As a result, both the temporal broadening of pulses within individual modes,
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(a) GRIN fiber (b) Step-index fiber
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FIGURE 1.7 Comparison of temporal power evolution of a multimode pulse in (a) GIF and (b) SIF,
when the input pulse energy is 2 pJ. The modes are plotted by a red line (mode p = 1), a blue line
(mode p = 6) and a green line (mode p = 15), respectively. The fiber length is L = 1 m. The initial
mode energy ratio is 0.48 : 0.32 : 0.21.

induced by the chromatic dispersion, and their relative time delay induced by the
modal dispersion, are balanced by the fiber nonlinearity. Optical pulses, corre-
sponding to different modes, trap each other in the time domain, and propagate
with the same velocity, without any temporal broadening. Both the temporal
profile A(z,t) of the multimode soliton, and its spectral profile, assume a sech
shape, just as in the single mode case; the pulsewidth and the spectral width
remain unchanged, in spite of the periodical oscillations on the transverse field.
In other words, the pulse intensity |E (x, v, z,t)|> undergoes periodical oscilla-
tions, with period z,; the pulse power, to the contrary, maintains unchanged its
temporal profile |A(z,1)|> = (7w?, /2)|Eo(z,1)|> = Py sech®(¢/Ty), with Py the
pulse peak power, in W.

Multimode soliton propagation, as described by the variational approach [39]
only holds over short spans (a few meters) of GIF. Experimental evidence, shown
in the next section, confirms that multimode solitons spontaneously converge
into a fundamental single-mode soliton over large distances but, unlike the case
of single-mode fiber solutions, they possess specific values of pulsewidth and
energy, which remain stable over long-range propagation distances.

1.4.3 The multimode walk-off soliton

Whenever a multimode soliton propagates over long spans of GIF (i.e., longer
than 100 m), its behavior differs from what is predicted by the variational theory
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described in sections 1.3 and 1.4.2. Fig. 1.8 illustrates a numerical simulation
carried out by using the coupled-mode equations model, Eq. 1.9. An optical
pulse with Tpwpar=235 fs is coupled at the input of the fiber, with energy
distributed over the first 3 modes with axial symmetry, e.g., the Laguerre-Gauss
modes with radial/azimuthal indexes (p,m) = (0,0), (1,0), (2,0); the power
distributed among non-axial modes can be neglected at the fiber input. The
pulse propagates over 120 m of fiber, at 1550 nm wavelength, with energy
E,=2.5n][7].

1800 i
WaVe’ength [nm] 2000

FIGURE 1.8 Multimode soliton formed from an input 235 fs pulse, composed by 3 axial modes,
propagating over 120 m of GIF, at the optimal input energy of 2.5 nJ. a): mode powers, b): mode
spectra (From Ref. [7]).

The nonlinear coupling coefficients S, in Eq. 1.11, are responsible for
inter-modal four-wave mixing (IM-FWM) and inter-modal stimulated Raman
scattering (IM-SRS) [40]; they produce, in the time domain (see Fig 1.8a), a
slow transfer of energy towards the fundamental mode (0,0). Whereas in the
frequency domain (see Fig. 1.8b) a red-shift of the pulse wavelength occurs: this
is commonly referred to as Raman-induced soliton self-frequency shift (SSFS)
[41][42][43].

As a result, the propagating bullet converges to a field with Gaussian trans-
verse profile, which is typical of the fundamental mode, and with sech-shaped
temporal profile [6]. The distance required to complete the process is of the or-
der of 100 m, corresponding to hundreds of nonlinear lengths L. Hence, the
self-imaging effect of the beam waist vanishes after tens of meters of fiber, when
the fundamental mode has collected most of the pulse energy, at the expense of
higher-order modes. The effective waist of the propagating beam can be taken
as the mean value of Eq. 1.36, which is equal to
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we = winV(1+C2)/2; (1.37)

After tens of meters, the effective beam waist gradually reduces to the waist of
the fundamental mode, which can be calculated from the condition C = 1 as

Wo = VAre [ (mneo V2A). (1.38)

A second peculiar property of multimode solitons is their pulsewidth invari-
ance with respect to the input pulse duration. Fig. 1.9 shows a numerical simu-
lation of pulses propagating over 10 m of GIF; the tested input pulse durations
are 67 fs or 235 fs, respectively; input wavelengths are 1350 nm, 1550 nm, and
1680 nm. The input excitation involves the axial-symmetric (0, 0), (1,0), (2,0)
modes. In all cases, an optimal input pulse energy is chosen in order to provide
the minimum pulsewidth after 1 km of fiber; hence, the pulse energy is selected
to observe the highest pulse stability at large distances. The optimal value of the
pulse energy ranges between 1.5 and 3 nJ, depending on the input wavelength.
For each tested wavelength, both pulses with input pulsewidth of 67 fs and 235
fs form, after 2 m propagation, a multimode soliton with the same pulsewidth.
In the figure, solitons propagate up to 10 m, experiencing a spectral red-shift
induced by Raman SSFS. The soliton condition given by Eq. 1.33 still holds
for short-distance multimode solitons; according to that equation, because of
the increase of both the soliton wavelength and the absolute value of the GVD,
the pulse duration must increase with distance, in order to preserve the soliton
condition.
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FIGURE 1.9 Simulated soliton pulse widths for input pulses of 67 fs and 235 fs duration, and input
wavelengths of 1350 nm, 1550 nm, 1680 nm, respectively. The input modes are (0,0), (1,0), (2,0).
Right insets: modal powers at the fiber input (top), and after 10 m of propagation (bottom), for 1550
nm input wavelength and 235 fs input pulsewidth. From Ref. [7].

The right insets in Fig. 1.9 show the modal powers at the fiber input (top), and
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after 10 m of propagation (bottom), for the case of 1550 nm input wavelength
and 235 fs input pulsewidth; the walk-off soliton formed after a few meters has
120 fs pulsewidth. After 10 m of distance, most of its energy is transferred
into the fundamental mode; the same soliton pulse duration is obtained from a
67 fs input pulse. Finally, from Fig. 1.9 it is clear how the pulse duration T
of the soliton, immediately after its formation, is independent on input pulse
duration, but it increases with the input wavelength: after 2 m, it acquires the
values of 70, 120, and 160 fs for input wavelengths of 1350, 1550, 1580 nm,
respectively. The energy of soliton formation is provided by Eq. 1.33, after
replacing Ty = T;/1.763, and the effective beam waist w, from Eq. 1.37.

An explanation for the pulsewidth invariance of multimode solitons can be
provided by introducing the walk-off length

Lw = To/ABi, (1.39)

where AB| = Y fnl[Bin (1) — B11(D]/Z f, is the weighted mean of the modal
group velocities 31, (1) (s/m) relative to the fundamental mode, n = 1,2,... N
is a mode index, N the number of modes, and f, the fraction of pulse en-
ergy carried by the mode n. The modal walk-off length is the distance where
pulses carrying individual modes separate in time, because of modal dispersion.
We also introduce the random mode coupling and birefringence correlation
lengths, L., and L.,, which are the characteristic length scales associated
with linear coupling between degenerate modes or between polarizations, re-
spectively [44][45][46][47]. The generation of a multimode soliton, including
non-degenerate modes, is only possible providing that nonlinearity acts over dis-
tances which are shorter than those associated with random mode coupling and
birefringence, i.e., for Lyz < Lem, Lep. A second requirement to be considered
is that both the dispersion and nonlinearity lengths are of the same order of the
modal walk-off length

Lp =Lyp =const - Ly, (1.40)

where const is an adjustment constant. A similar condition for the nonlinearity-
induced temporal trapping of optical fiber modes was initially predicted, for the
j-thmode, by [48][49] as Lw; > Lp = L. Based on the above considerations,
by replacing into Eq. 1.40 the expressions for the dispersion, nonlinearity and
walk-off lengths, we can find the condition to be respected by the multimode
‘walk-off” soliton pulsewidth at the distance of initial formation [7].

Ty () = const - 1.763@ (1.41)

ABI(D)
In Eq. 1.41, there is no dependence of the soliton pulsewidth on the input
pulse duration. Conversely, the soliton pulsewidth depends on the fiber dis-
persion parameters, which are wavelength dependent. The adjustment constant
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const depends on the coupling condition of the beam at the fiber input, and it is
generally close to unity.

Fig. 1.10 provides a comparison of experimental data with the theory of
multimode walk-off solitons. It provides the measured pulsewidth, after 6 m or
after 830 m of GRIN fiber, respectively, vs. the soliton energy. Input wavelength
and pulsewidth used in this experiment are: 1450 nm and 60 fs, 1550 nm and
70 fs, 1650 nm and 60 fs, respectively; the beam diameter at the fiber input is
approximately 30 um (w;,=15 um) [50]. The experimental curves after 830
m of fiber confirm the existence of an optimal pulse energy, which provides a
minimum long-distance pulsewidth. Whereas the soliton energy increases with
wavelength (1.0, 1.5, 2.2 nJ at 1450, 1550, 1650 nm, respectively). Such an
effect is not visible at short distances (6 m), where the pulsewidth of the forming
soliton scales with the energy according to the theory of Eq. 1.33, providing
that an effective waist w,=9.5 um is used, close to the fundamental mode waist
of 7.8 um. The only visible difference from the short-distance pulsewidth, with
respect to the theory, is a small local increase of the pulse duration, which
occurs immediately above the value of optimal energy for long-distance soliton
formation.
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FIGURE 1.10 Experimental pulsewidth vs. soliton energy for a pulse propagating over 6 m or 830
m of GRIN fiber. Input parameters are: 1450 nm and 60 fs, 1550 nm and 70 fs, 1650 nm and 60 fs;
30 um beam diameter. Theoretical curves are calculated from Eq. 1.33. Red x-crosses come from
Eq. 1.41. From Ref. [50].

In Fig. 1.10, theoretical curves at 1550 nm, and at distances of 6 m or 830
m, respectively, are calculated from Eq. (1.33). Here we also account for the
Raman-induced red-shift, and wavelength-dependent dispersion; pulse energy
reduction, due to fiber losses, was also accounted for when using the equation.
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At relatively short distances, the theory provides a fairly good agreement with
experimental data, at all tested input energies. Whereas at long distances,
the wavelength-dependent losses are partially responsible, together with the
Raman-induced wavelength red-shift, for the output pulsewidth increase which is
observed for input pulse energies above the optimal value. From the comparison
of theoretical curves with experiments, it is found that the curve obtained from Eq.
(1.33), which is derived from the single-mode soliton theory, does not correctly
reproduce the experimental data for describing long-distance multimode solitons.

On the other hand, the walk-off soliton theory of Eq. (1.41) is able to
predict well the pulsewidth of the MM soliton that is formed at short distances.
Starting from the measured soliton wavelengths of 1487, 1586, 1672 nm at 6 m
of distance, with the optimal energies of 1.0, 1.5, 2.2 nJ, for input wavelengths
1450, 1550, 1650 nm, respectively, using GIF dispersion curves, and choosing
an adjustment constant const=1.0, the calculated solitons pulsewidth are 112,
158, 198 fs, respectively. The corresponding three points are indicated by red
x-crosses in Fig. 1.10, and show an excellent agreement with experimental data.

When considering multimode soliton formation in SIFs, experimental evi-
dence [51] shows that for SIF solitons, similar conditions to the case of GIFs
still hold; hence, the same invariance of the initial pulsewidth is found, and the
MM soliton tends to converge to a single-mode soliton. The basic difference
is that a SIF soliton only forms among the first 3 modes LPg;, LP14, LP11p.
If an optical pulse is initially distributed among other higher-order modes (for
example, LPgy, LPy3), a soliton including the first 3 modes only will separate
temporally from the other modes, while the higher-order modes will compose a
nonsoliton, dispersive residual pulse.

From the above considerations, large differences are found between MM soli-
tons and their single-mode counterpart. The former exhibits a fixed pulsewidth at
a given wavelength, and possesses an optimal long-range energy; the latter may
assume any possible pulsewidth, depending on the input energy. MM solitons
do not maintain the initial modal distribution, and transfer all of the energy to
the fundamental mode at large propagation distances.

Finally, from Eq. (1.41) we find that a multimode soliton, including non-
degenerate modes, cannot exist with pulsewidths T larger than a few hundreds of
femtoseconds. For picosecond pulses, which are typical of telecom applications,
the condition of Eq. (1.40) cannot hold; the N composing modes separate
temporally without forming a MM soliton. If a proper energy, given by Eq.
(1.33), is provided to the individual N-modes with effective waist w'", it is still
possible to observe the formation of N independent single-mode solitons [52].

1.5 CONCLUSIONS

In conclusion, in Sec. 1.2, we discussed the basic properties of guided modes
in optical fibers, by comparing two relevant examples: the GIF and the SIF.
In order to inspect their mode properties, we calculated their eigenmodes and
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eigenvalues, based on their different refractive index distribution. By comparing
the properties of these fibers, we highlighted the excellent properties of GIFs,
such as: smaller effective mode area leading to higher nonlinearity; smaller
effective mode area for lower-order modes, favoring self-cleaning of the beam;
small group velocity difference between modes, thus favoring the formation of
MM solitons; equally-spaced mode phase differences, leading to the self-imaging
effect and parametric sideband generation. Finally, we introduced the model of
the generalized multimode nonlinear Schrodinger equations, that can effectively
describe the evolution of ultrashort pulses in fibers.

In Sec. 1.3, we have revisited the formation of spatio-temporal solitons (STS),
also known as light bullets, in a MMF with a parabolic refractive index profile.
By using a variational approach, and considering an STS ansatz [see Eq. 1.19],
it was possible to derive a set of Euler-Lagrange equations for describing the
evolution of the ansatz parameters along the bullet propagation. The fixed points
of these equations lead to shape-preserving STSs. These fixed points, their
bifurcation diagrams and stability, have been studied in two different regimes.
First, we focused on the anti-guiding, self-focusing configuration with anomalous
GVD. Here two branches of STS solution exist as a function of the soliton energy
E, one unstable and another one neutrally stable, which are connected via a SN
bifurcation [see Fig. 1.4]. This point limits the region of existence of the STSs. In
a guiding, self-defocusing configuration with normal GVD, only one single STS
branch exists, corresponding to a center equilibrium of the reduced dynamical
system [see Fig. 1.5]. This STS is neutrally stable, and small perturbations
around it lead to a spatio-temporal breather.

Finally, in Sec. 1.4 we theoretically discussed the soliton solutions to the gen-
eralized nonlinear Schrodinger equations, for both single-mode and multimode
fibers. Soliton formation was described by numerical solutions of the equations
and by comparing theory with experimental results. Multimode solitons form
whenever the characteristic lengths of chromatic dispersion, modal dispersion,
and Kerr nonlinearity are equal to each-other. As a result, an optical pulse
propagates with sech temporal shape, where the temporal broadening induced
by chromatic dispersion, and delay between modes caused by modal dispersion,
are both balanced by Kerr nonlinearity.

The transverse profile of the beam is initially composed by the superposition
of different modes, and eventually it undergoes periodic oscillations of the beam
waist. After a fiber distance corresponding to hundreds of nonlinear lengths,
the modal coupling due to IM-FWM and IM-SRS causes an irreversible transfer
of energy from the higher-order modes into the fundamental one. Hence, the
multimode soliton gradually converges to a single-mode, fundamental soliton.
The initial pulsewidth of the multimode soliton shows invariant properties with
respect to the input conditions, and only depends on the input wavelength; its
initial pulsewidth is of the order of hundreds of femtoseconds. Hence, we may
conclude that the process of multimode soliton formation is always unavoidably
affected by both Raman and Kerr nonlinearities.
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