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Abstract. The model analyzed in this paper has its origins in the description of
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coated by a thin layer consisting of sublayers of two different materials. This two-
phase coating material is such that the external part has a low diffusivity in the
orthogonal direction, while the internal one has high diffusivity along the tangential
direction. In a previous paper [14], by means of a concentration procedure, the in-
ternal layer was replaced by an imperfect interface. The present paper is concerned
with the concentration of the external coating layer and the homogenization, via
the periodic unfolding method, of the resulting model, which is far from being a
standard one. Despite the fact that the limit problem looks like a classical Dirichlet
problem for an elliptic equation, in the construction of the homogenized matrix and
of the source term, a very delicate analysis is required.
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l’Analisi Matematica, la Probabilità e le loro Applicazioni (GNAMPA) of the Isti-
tuto Nazionale di Alta Matematica (INdAM). The second author is member of the
Gruppo Nazionale per la Fisica Matematica (GNFM) of the Istituto Nazionale di
Alta Matematica (INdAM).

1. Introduction

In the recent years, the improvements of the industrial techniques permit to obtain
more efficient materials constructed by assembling different constituents. Indeed, the
mechanical, thermal or electrical properties of these composites are definitely supe-
rior of the ones of the single components. However, this bonding does not give rise in
general to perfect contacts between the different components, so that discontinuities
in the involved physical fields can appear. All these discontinuities change meaning-
fully the properties of the composites and also of the resulting macroscopic materials.
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Therefore, these problems call for a theoretical investigation. The classical approach
in order to treat such discontinuities is to assume the presence of a thin layer be-
tween the different physical phases which permits to have a smooth transition from
one phase to the other. However, since the thickness of these thin layers is assumed
to be very small, by means of a concentration procedure, they can be replaced by the
so-called imperfect interfaces, across which some of the physical fields exhibit jump
conditions reproducing the original discontinuities.
A great number of papers concerning problems with imperfect contact conditions
has been produced in the literature. In the framework of applications, we can refer,
for instance, to [18, 19, 31, 32, 35, 36, 39, 40]. On the other hand, in the rigorous
mathematical setting, some pioneering papers are, among others, [16, 33, 37, 38].
The most common models dealing with imperfect contact involve jumps for the solu-
tion and continuity of the flux across the interface (see [2, 3, 6, 7, 10, 11, 15, 20, 25,
26, 27, 41, 42, 45]) or jumps of the flux and continuity of the solution (see [4, 28, 34]).
Also, in some of these models, the Laplace-Beltrami operator appears, due for in-
stance to the presence of highly-conducting interfaces (as in [1, 4, 5, 12, 13, 33]). A
unifying approach of such problems involving simultaneously jumps in the solution
and also in the flux has been proposed in [21, 22, 29, 43] (see, also the references
therein).
More recently, models involving also the mean value of the physical fields governing
the different phases have been considered, for instance, in [8, 9, 17, 31, 39, 44]. All
these models were originally proposed in the engineering context and then, in some
cases, rigorously justified by means of different mathematical tools.
The model analyzed in this paper has its origins in the description of composites made
by a hosting medium containing a periodic array of inclusions of size ε. In order to
make the composite more efficient, the inclusions are coated by a thin layer consisting
of sublayers of two different materials (with thickness of the order εη and εδ, respec-
tively), disposed in such a way that one of them is encapsulated in the other. This
two-phase coating material is such that the external part has a low diffusivity in the
orthogonal direction, while the internal one has high diffusivity along the tangential
direction. In such original material, we assume perfect transmission conditions be-
tween the different phases of the physical components. All the parameters ε, δ and η
are supposed to be very small, but with different orders. In particular, the smallness
of η and δ, with respect to ε, leads us to perform, for fixed ε, a two-step concentration
procedure. The limit δ → 0 is essentially the result contained in [14] (see, also, [12])
and, then, it is not explicitly reproduced here. This first concentration replaces the
internal layer with an interface, involving an imperfect contact condition, governed
by a tangential Laplace equation for the heat potential having as a source the jump
of the normal flux (see (2.12)).
Then, the paper starts with the concentration, with respect to η, of the resulting
model. In order to simplify the presentation, we set the concentration problem in a
flat geometry, but our result holds also for a more general case, as the one addressed
in Section 3. The main feature of this concentration procedure is the appearance of
new effects on the resulting interface between the hosting material and the inclusions,
involving a new surface heat potential, similarly as in [43], and the mean value of the
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two bulk potentials and their fluxes, as in [8, 9] (see (3.5)–(3.7)). We stress again
that similar problems, involving simultaneously jumps in the solution and also in the
flux, Laplace-Beltrami operator and the mean value of the physical fields governing
the different phases of a composite material already appeared in the engineering
literature, being justified by numerical simulations and by asymptotic analysis (see
[31, 39, 44]), but at the best of our knowledge, not yet fully analyzed from the
mathematical point of view. The main difficulty in order to achieve the concentrated
model (3.1)–(3.7) consists, besides the construction of the proper test functions, in
guessing and, then, rigorously obtaining suitable estimates for the involved unknowns.
After the second concentration step, we proceed, via the periodic unfolding method,
with the homogenization of the concentrated model, which is far from being a stan-
dard one (see (3.8)–(3.9)). Also in this case, the main difficulties are connected with
the guess of the macroscopic model, in order to understand which types of estimates
are needed (see Theorem 4.1) to achieve the final result (see Theorem 6.6). Moreover,
differently from the more common situations, we have to construct also a separate
surface test function (see (6.37)), due to the non-standard form of the problem to
be homogenized. Despite the fact that the limit problem (6.29)–(6.30) looks like a
standard Dirichlet problem for an elliptic equation, in the construction of the ho-
mogenized matrix and of the source term a very delicate analysis is required. For
example, the usual local problems involved in the homogenization procedure are, in
our case, highly non-standard, calling also for properly adapted functional settings
(see Section 5).

The paper is organized as follows. In Section 2, we present, in a simplified geo-
metrical setting (a layered geometry), the model governing the composite material,
which is essentially the model obtained by using a concentration procedure in [14].
Starting from this model, which already involves an imperfect contact condition, we
perform a second concentration procedure, in order to achieve the microscopic model
to be further homogenized. In Section 3, we state our microscopic problem in a more
general geometrical setting, consisting of a connected hosting material containing a
periodic array of disconnected inclusions. In Section 4, we prove the main energy in-
equalities required for the convergence of the heat potentials and their fluxes. Section
5 is devoted to the construction of the cell functions needed to the homogenization
procedure. Finally, in Section 6, we state and prove our homogenization result.

2. The two-layer problem

In this Section, we show that the problem we are concerned with in this paper can be
obtained as the limit of an elliptic problem exhibiting an interface and a thin layer
around it, where conduction in the orthogonal direction degenerates. We work for
the sake of brevity in a simplified geometry, but the results obtained here hold also
in a more general geometry, as the one considered in Section 3 (see, also, [3, 14]).
For ε, η ∈ (0, 1), we let here

G = (0, 1)× (−1, 1) , Gint
η = (0, 1)× (−1,−εη) , Gout

η = (0, 1)× (εη, 1) ,

Σ = (0, 1)× {0} , Σ int
η = (0, 1)× (−εη, 0) , Σout

η = (0, 1)× (0, εη) ,

3



and

Gint = (0, 1)× (−1, 0) , Gout = (0, 1)× (0, 1) .

In this Section, the quantity ε > 0 is a constant, thus we do not denote explicitly the
dependence on ε. Instead, as already mentioned in the Introduction and similarly as
in [31, 39], we perform a concentration limit η → 0.
For f out ∈ L2(Gout), f int ∈ L2(Gint), goutη ∈ L2(Σout

η ), gintη ∈ L2(Σint
η ), we look at

the following problem for uη ∈ H1
0 (G), with u

Σ
η := uη |Σ ∈ H1

0 (Σ): in the outer and

interior domains, we let

−∆uoutη = f out , in Gout
η , (2.1)

−∆uintη = f int , in Gint
η , (2.2)

uoutη = 0 , on ∂Gout
η \ {y = εη}, (2.3)

uintη = 0 , on ∂Gint
η \ {y = −εη}. (2.4)

In the thick interfaces Σout
η , Σint

η , we prescribe instead

−
∂2uoutη

∂x2
− η

∂2uoutη

∂y2
= goutη , in Σout

η , (2.5)

−
∂2uintη

∂x2
− η

∂2uintη

∂y2
= gintη , in Σint

η , (2.6)

uoutη = 0 , on ∂Σout
η \

(
{y = εη} ∪ {y = 0}

)
, (2.7)

uintη = 0 , on ∂Σint
η \

(
{y = −εη} ∪ {y = 0}

)
. (2.8)

Here, η, which has been introduced as a geometrical scaling parameter, related to the
characteristic dimension of the thin layer, appears also in (2.5), (2.6) as a degeneration
parameter, accounting for small diffusivity in the orthogonal direction.
On the interfaces y = ±εη between the two domains, we prescribe the perfect contact
conditions for x ∈ (0, 1)

uoutη (x, εη+) = uoutη (x, εη−) , uintη (x,−εη+) = uintη (x,−εη−) , (2.9)

∂uoutη

∂y
(x, εη+) = η

∂uoutη

∂y
(x, εη−) , η

∂uintη

∂y
(x,−εη+) =

∂uintη

∂y
(x,−εη−) . (2.10)

Finally, we prescribe the conditions on the interface Σ. Here, we have continuity of
the unknown, that is

uoutη (x, 0) = uintη (x, 0) , x ∈ (0, 1) , (2.11)

and on Σ the function uΣη = uoutη = uintη is required to satisfy the problem

−ε
∂2uΣη
∂x2

= η

[
∂uη
∂y

]
Σ

, on Σ, (2.12)

uΣη (x) = 0 , x = 0 , x = 1 . (2.13)

The presence of the small parameter ε in (2.12) is due to the first concentration
step that we mentioned in the Introduction and for which we refer to [12], while the
right-hand side of (2.12) is just the jump of the normal flux, according to (2.5), (2.6).
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Here and in the following, we denote for any function F and surface S

[F ]S = F out
|S − F int

|S , {F}S = F out
|S + F int

|S , (2.14)

where F out [respectively, F int] is the restriction of F to the outer [respectively, inner]
domain. Namely, we will use this notation also for functions F defined only on S, in
which case we understand [F ]S = 0, {F}S = 2F . We make use in the following of
the elementary properties

[F1F2]S =
1

2
[F1]S{F2}S +

1

2
{F1}S[F2]S ,

{F1F2}S =
1

2
[F1]S[F2]S +

1

2
{F1}S{F2}S .

(2.15)

Let us now introduce the functions

h(y) =

{
1 , |y| ≥ εη ,

η , |y| < εη ,
H(y) =

(
1 0
0 h(y)

)
. (2.16)

Let us also consider a test function φ and denote by φout and φint its restrictions to
Gout and Gint respectively; we assume that such restrictions are separately Lipschitz
continuous and also that φ = 0 on ∂G, but we do not require that [φ]Σ = 0.
We arrive, by the usual computations, at the following integral equality, where we
have used (2.1)–(2.10) and (2.15):∫
G

H∇uη · ∇φ dx dy +
1

2

∫
Σ

[φ]Σ

{
η
∂uη
∂y

}
Σ

dx+
1

2

∫
Σ

{φ}Σ
[
η
∂uη
∂y

]
Σ

dx

=

∫
Gout

η

f outφout dx dy +

∫
Gint

η

f intφint dx dy +

∫
Σout

η

goutη φout dx dy +

∫
Σint

η

gintη φint dx dy .

(2.17)

Upon using also (2.12) and selecting φ such that [φ]Σ = 0, we get

Definition 2.1. A function uη ∈ H1
0 (G) with u

Σ
η = uη |Σ ∈ H1

0 (Σ) is a weak solution

of problem (2.1)–(2.13) if we have∫
G

H∇uη · ∇φ dx dy + ε

∫
Σ

∂φ

∂x

∂uΣη
∂x

dx

=

∫
Gout

η

f outφ dx dy +

∫
Gint

η

f intφ dx dy +

∫
Σout

η

goutη φ dx dy +

∫
Σint

η

gintη φ dx dy ,
(2.18)

for all test functions φ ∈ H1
0 (G) with φ|Σ ∈ H1

0 (Σ). �

Existence and uniqueness of a weak solution of problem (2.18) can be obtained as a
standard consequence of Lax-Milgram Lemma.
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We note that ∫
Σout

η

|uoutη |2 dx dy =

∫
Σout

η

uΣη +

y∫
0

∂uoutη

∂z
(x, z) dz

2

dx dy

≤ 2εη

∫
Σ

|uΣη |2 dx+ 2ε2η

∫
Σout

η

η

∣∣∣∣∂uoutη

∂z

∣∣∣∣2 dx dz .

(2.19)

A similar estimate holds true in Σint
η . On selecting (formally) φ = uη, we obtain

then, also invoking Poincaré inequality, the energy estimate∫
G

(∣∣∣∣∂uη∂x

∣∣∣∣2 + h

∣∣∣∣∂uη∂y

∣∣∣∣2
)

dx dy + ε

∫
Σ

∣∣∣∣∣∂uΣη∂x
∣∣∣∣∣
2

dx ≤ γ

∫
Gout

η

|f out|2 dx dy

+ γ

∫
Gint

η

|f int|2 dx dy + γη

∫
Σout

η

|goutη |2 dx dy + γη

∫
Σint

η

|gintη |2 dx dy ≤ γε ,

(2.20)

where the second inequality is an assumption; here, γ > 0 denotes constants inde-
pendent from ε and η, but γε is only independent of η.
In order to keep the effects of the sources gintη and goutη in the concentrated problem,
we have to scale them by a factor 1/η, and then, we assume, for the sake of simplicity,

goutη (x, y) =
1

η
gout1 (x)gout2 (y) , gintη (x, y) =

1

η
gint1 (x)gint2 (y) , (2.21)

for gout1 , gint1 ∈ L2(Σ), gout2 , gint2 ∈ C(R).
Let us denote by ũoutη ∈ H1(Gout) [respectively, ũintη ∈ H1(Gint)] a suitable extension

of uoutη |Gout
η

to Gout [respectively, of uintη |Gint
η

to Gint]. Thus, we may conclude, up to

subsequences, as η → 0:

ũoutη → uout0 , strongly in L2(Gout), (2.22)

ũintη → uint0 , strongly in L2(Gint), (2.23)

∇ ũoutη ⇀ ∇uout0 , weakly in L2(Gout), (2.24)

∇ ũintη ⇀ ∇uint0 , weakly in L2(Gint), (2.25)

ũoutη (·, εη) → uout0 (·, 0) , strongly in L2(0, 1), (2.26)

ũintη (·,−εη) → uint0 (·, 0) , strongly in L2(0, 1), (2.27)

for suitable uout0 ∈ H1(Gout), uint0 ∈ H1(Gint). Moreover, in the same limit,

uΣη → uΣ0 , strongly in L2(0, 1), (2.28)

∂uΣη
∂x

⇀
∂uΣ0
∂x

, weakly in L2(0, 1), (2.29)

for a suitable uΣ0 ∈ H1(0, 1). The null boundary conditions on ∂G are of course
preserved in the limit.
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In order to take the limit in (2.18), we remark that, by taking into account (2.20),∣∣∣∣∣∣∣
∫

Σout
η ∪Σint

η

|H∇uη · ∇φ| dx dy

∣∣∣∣∣∣∣
2

≤ γ(φ)εη

∫
Σout

η ∪Σint
η

∣∣∣∣∂uη∂x

∣∣∣∣2 dx dy

+ γ(φ)εη2
∫

Σout
η ∪Σint

η

η

∣∣∣∣∂uη∂y

∣∣∣∣2 dx dy ≤ γεη → 0 .

(2.30)

Thus, we have the limiting equation∫
G

∇u0 · ∇φ dx dy + ε

∫
Σ

∂φ

∂x

∂uΣ0
∂x

dx

=

∫
G

fφ dx dy + ε

∫
Σ

(gout1 (x)gout2 (0) + gint1 (x)gint2 (0))φ(x, 0) dx .

(2.31)

Let us next derive (formally) the distributional formulation of the limiting problem
and the conditions relating uΣ0 to u0. First, on taking test functions supported away
from Σ, we obtain

−∆uout0 = f out , in Gout, (2.32)

−∆uint0 = f int , in Gint, (2.33)

uout0 = 0 , on ∂Gout \Σ, (2.34)

uint0 = 0 , on ∂Gint \Σ. (2.35)

Thus, for a test function φ as in Definition 2.1, we obtain∫
G

∇u0 · ∇φ dx dy +

∫
Σ

[
∂u0
∂y

]
Σ

φ dx =

∫
G

fφ dx dy . (2.36)

By comparing (2.31) and (2.36), we conclude

ε

∫
Σ

∂φ

∂x

∂uΣ0
∂x

dx =

∫
Σ

[
∂u0
∂y

]
Σ

φ dx+ ε

∫
Σ

(gout1 (x)gout2 (0) + gint1 (x)gint2 (0))φ dx , (2.37)

whose distributional formulation is

−ε∂
2uΣ0
∂x2

=

[
∂u0
∂y

]
Σ

+ εgout1 (x)gout2 (0) + εgint1 (x)gint2 (0) , on Σ, (2.38)

uΣ0 (x) = 0 , x = 0 , x = 1 . (2.39)

But since we have in practice three unknowns, i.e., uΣ0 , u
out
0 , uint0 , we need two more

interface conditions.
7



We cannot extract them from (2.31), thus we go back to the limiting procedure. In
(2.18), we take as test function

φ(x, y) =


ψ(x)ζ(y) , εη ≤ y ≤ 1 ,

ψ(x)
max(y, 0)

εη
, − 1 ≤ y < εη ,

(2.40)

where ψ ∈ C1
0(0, 1), ζ ∈ C1(R) with ζ(1) = 0, ζ(y) = 1 for y < 1/2 and η < 1/2. We

obtain∫
Gout

η

∇uoutη · ∇(ψζ) dx dy +
1

ε

∫
Σout

η

(
∂uoutη

∂x
ψ′ y

η
+
∂uoutη

∂y
ψ

)
dx dy

=

∫
Gout

η

f outψζ dx dy +

∫
Σout

η

goutη ψ
y

εη
dx dy , (2.41)

where we may calculate∫
Σout

η

∂uoutη

∂y
ψ dx dy =

∫
Σ

(uoutη (x, εη)− uΣη (x))ψ dx . (2.42)

Since |y/(εη)| ≤ 1 in Σout
η , on invoking again (2.20) and the convergences established

above, as η → 0, we arrive at∫
Gout

∇uout0 · ∇(ψζ) dx dy +
1

ε

∫
Σ

(uout0 (x, 0)− uΣ0 (x))ψ dx

=

∫
Gout

f outψζ dx dy + ε
gout2 (0)

2

∫
Σ

gout1 ψ dx , (2.43)

where we have used (2.21) and

1

η

εη∫
0

gout2 (y)
y

εη
dy = ε

1∫
0

gout2 (εηz)z dz → ε
gout2 (0)

2
, as η → 0. (2.44)

But on integrating (2.32) by parts, we get∫
Gout

∇uout0 · ∇(ψζ) dx dy +

∫
Σ

∂uout0

∂y
ψ dx =

∫
Gout

f outψζ dx dy , (2.45)

whence

1

ε

∫
Σ

(uout0 (x, 0)− uΣ0 (x))ψ dx =

∫
Σ

∂uout0

∂y
ψ dx+ ε

gout2 (0)

2

∫
Σ

gout1 ψ dx . (2.46)
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Clearly, we may argument in a similar way in Gint, arriving finally at the required
(distributional) conditions on Σ:

1

ε
(uout0 − uΣ0 ) =

∂uout0

∂y
+ ε

gout2 (0)

2
gout1 , (2.47)

1

ε
(uΣ0 − uint0 ) =

∂uint0

∂y
− ε

gint2 (0)

2
gint1 . (2.48)

Conditions (2.47)–(2.48) are equivalent to[
∂u0
∂y

]
Σ

=
1

ε
{u0}Σ − 2

ε
uΣ0 − ε

2
{g}Σ , (2.49){

∂u0
∂y

}
Σ

=
1

ε
[u0]Σ − ε

2
[g]Σ . (2.50)

Note that, on substituting (2.49) into (2.38), we infer

−ε∂
2uΣ0
∂x2

=
1

ε
{u0}Σ − 2

ε
uΣ0 +

ε

2
{g}Σ . (2.51)

In order to introduce a weak formulation for the complete problem, let us select
again a test function possibly with [φ]Σ ̸= 0. From (2.32)–(2.35), we have by means
of standard integration by parts and of (2.15)∫

G

∇u0 · ∇φ dx dy +
1

2

∫
Σ

[φ]Σ

{
∂u0
∂y

}
Σ

dx+
1

2

∫
Σ

{φ}Σ
[
∂u0
∂y

]
Σ

dx

=

∫
G

fφ dx dy .

(2.52)

We are lead to

Definition 2.2. A weak solution to the limiting problem (2.32)–(2.35), (2.38)–(2.39),
(2.49)–(2.50) is a function (uout0 , uint0 , uΣ0 ) such that uout0 ∈ H1(Gout), uint0 ∈ H1(Gint),
uΣ0 ∈ H1

0 (0, 1) and∫
G

∇u0 · ∇φ dx dy +
1

2

∫
Σ

[φ]Σ

( [u0]Σ
ε

− ε

2
[g]Σ

)
dx

+
1

2

∫
Σ

{φ}Σ
({u0}Σ

ε
− 2

ε
uΣ0 − ε

2
{g}Σ

)
dx =

∫
G

fφ dx dy ,

(2.53)

and that

ε

∫
Σ

∂uΣ0
∂x

∂ψ

∂x
dx =

∫
Σ

ψ
({u0}Σ

ε
− 2

ε
uΣ0 +

ε

2
{g}Σ

)
dx . (2.54)

In addition, we require that uout0 = 0 [respectively, uint0 ] on ∂Gout ∩ {y > 0} [respec-
tively, on ∂Gint ∩ {y < 0}].
Here, we consider a test function ψ ∈ H1

0 (0, 1) and a test function φ, denoting by
φout and φint its restrictions to Gout and Gint, respectively; we assume that such
restrictions are in the same class of uout0 and uint0 , respectively. �
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Remark 2.3. Clearly, if we take in (2.53) a test function φ such that φout = φint = ψ
on Σ, and add this equality to (2.54), we recover (2.31). �

2.1. Outline of the concentration for the model problem. We have to assume
of course the bound expressed by the last inequality in (2.20). We select in (2.18)
the testing function

φη(x, y) =



φout(x, y) , (x, y) ∈ Gout
η ,

y

εη
φout(x, εη) +

(
1− y

εη

)
ψ(x) , (x, y) ∈ Σout

η ,

− y

εη
φint(x,−εη) +

(
1 +

y

εη

)
ψ(x) , (x, y) ∈ Σint

η ,

φint(x, y) , (x, y) ∈ Gint
η ,

(2.55)

where φ = (φout, φint), ψ are as in Definition 2.2. We obtain

∫
Gout

η ∪Gint
η

∇uη · ∇φ dx dy +

∫
Σout

η ∪Σint
η

∂uη
∂x

∂φη

∂x
dx dy

+
1

ε

∫
Σout

η

∂uoutη

∂y
(φout(x, εη)− ψ(x)) dx dy +

1

ε

∫
Σint

η

∂uoutη

∂y
(ψ(x)− φout(x, εη)) dx dy

+ ε

∫
Σ

∂ψ

∂x

∂uΣη
∂x

dx :=
5∑

k=1

Jk(η) = I(η) ,

(2.56)

where I(η) is the right-hand side of (2.18), i.e., the contribution of the sources, for
which we immediately get, on recalling also (2.44),

I(η) →
∫
G

fφ dx dy +
ε

2

∫
Σ

(φoutgout2 (0)gout1 + φintgint2 (0)gint1 ) dx+
ε

2

∫
Σ

ψ{g}Σ dx .

(2.57)
As to the other terms, owing to the convergences in (2.22)–(2.29) and to estimate
(2.20), and also since |∂φη/∂x| is bounded uniformly in η, we immediately get

J1(η) →
∫
G

∇u0 · ∇φ dx dy , J2(η) → 0 , J5(η) → ε

∫
Σ

∂ψ

∂x

∂uΣ0
∂x

dx . (2.58)
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Next, we note that in J3 and J4 we may explicitly integrate ∂uη/∂y to infer

J3(η) + J4(η) =
1

ε

∫
Σ

(uoutη (x, εη)− uΣη (x))(φ
out(x, εη)− ψ(x)) dx

+
1

ε

∫
Σ

(uΣη (x)− uintη (x,−εη))(ψ(x)− φint(x,−εη)) dx

→ 1

ε

∫
Σ

(uout0 φout + uint0 φint − uΣ0 {φ}Σ) dx+
1

ε

∫
Σ

(2uΣ0 − {u0}Σ)ψ dx ,

(2.59)

where we use (2.26), (2.27) and the fact that uintη (x,−εη) = ũintη (x,−εη) and uoutη (x,−εη) =
ũoutη (x,−εη).
Since φ and ψ can be chosen independently, we first select φ = 0, to get at once
(2.54). Then, we select ψ = 0, and gather (2.56)–(2.59) to conclude∫

G

∇u0 · ∇φ dx dy +
1

ε

∫
Σ

(uout0 φout + uint0 φint − uΣ0 {φ}Σ) dx

=

∫
G

fφ dx dy +
ε

2

∫
Σ

(φoutgout2 (0)gout1 + φintgint2 (0)gint1 ) dx ,

(2.60)

which, using (2.15), reduces to (2.53).
Moreover, taking φ = u0, ψ = uΣ0 in Definition 2.2, and adding the corresponding
(2.53), (2.54) to each other, yields∫

G

|∇u0|2 dx dy + ε

∫
Σ

∣∣∣∣∂uΣ0∂x
∣∣∣∣2 dx+

1

2ε

∫
Σ

[u0]
2
Σ dx

+
1

2ε

∫
Σ

{u0}2Σ dx+
2

ε

∫
Σ

|uΣ0 |2 dx =
ε

4

∫
Σ

([u0]Σ[g]Σ + {u0}Σ{g}Σ) dx

+
2

ε

∫
Σ

{u0}ΣuΣ0 dx+
ε

2

∫
Σ

uΣ0 {g}Σ dx+

∫
G

fu0 dx dy .

(2.61)

Note that

2{u0}ΣuΣ0 ≤ 1

2
{u0}2Σ + 2|uΣ0 |2 ,

so that the second integral on the right-hand side of (2.61) cancels with the last two
terms in the left-hand side. The other terms are treated similarly and can be absorbed
in the left-hand side by means of Poincaré’s and trace inequalities. Eventually, we
obtain∫

G

|∇u0|2 dx dy + ε

∫
Σ

∣∣∣∣∂uΣ0∂x
∣∣∣∣2 dx+

1

2ε

∫
Σ

[u0]
2
Σ dx

≤ γ
(
∥f∥2L2(G) + ε∥{g}Σ∥2L2(Σ) + ε3∥[g]Σ∥2L2(Σ)

)
. (2.62)

11



We point out that (2.62) proves uniqueness of solutions in the sense of Definition 2.2,
owing to the linear character of the problem.

3. The microscopical problem

Our geometrical setting is rather standard: we denote by Y = (0, 1)N the unit cell
in RN , N ≥ 2, and by E ⊂ RN a smooth open subset of RN , satisfying E + z = E
for all z ∈ ZN . Then, we introduce the inclusion Eint = E ∩ Y , the outer domain
Eout = Y \E and the interface Γ = ∂E∩Y . We assume Eint ⊂ Y , so that ∂Eint = Γ ,
and also that Eint is a connected set.
We set our problem in the smooth bounded domain Ω ⊂ RN . For any ε ∈ (0, 1), we
define the set

Ξε =
{
ξ ∈ ZN , ε(ξ + Y ) ⊂ Ω

}
,

and, for ξ ∈ Ξε we let

Eε,ξ
int := ε(ξ + Eint) , Γ ε

ξ := ∂Eε,ξ
int ,

and

Ωε
int =

⋃
ξ∈Ξε

Eε,ξ
int , Γ ε = ∂Ωε

int =
⋃
ξ∈Ξε

Γ ε
ξ , Ωε

out = Ω \Ωε
int .

In this paper, ν is the normal unit vector to Γ pointing into Eout; we denote by νε
the normal unit vector to Γ ε pointing into Ωε

out. Note that Ωε
out is connected and

Ωε
int is disconnected.

We look at the following problem, which we state in several steps, summarized even-
tually by a rigorous weak formulation. In the following, f ∈ L2(Ω), goutε , gintε ∈ C(Ω)
are given data.
The equations in the bulk of the domain, together with the outer boundary data, are
as follows:

−∆uoutε = f , in Ωε
out, (3.1)

−∆uintε = f , in Ωε
int, (3.2)

uoutε = 0 , on ∂Ω. (3.3)

On Γ ε, we prescribe for the unknown uΓε

−ε∆S u
Γ
ε =

[
∂uε
∂νε

]
Γ ε

+ ε{gε}Γ ε , on Γ ε. (3.4)

The unknowns uoutε , uintε and uΓε are connected by the interface conditions[
∂uε
∂νε

]
Γ ε

=
1

ε
{uε − uΓε }Γ ε − ε

2
{gε}Γ ε , on Γ ε, (3.5){

∂uε
∂νε

}
Γ ε

=
1

ε
[uε]Γ ε − ε

2
[gε]Γ ε , on Γ ε. (3.6)

It is perhaps interesting to note that (3.5) and (3.6) share some symmetry, given that
[uε]Γ ε = [uε − uΓε ]Γ ε . Also, we keep in (3.4)–(3.6) the coefficients of the given sources
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found in Section 2, since they actually follow from the concentration process.
When we combine (3.4) with (3.5), we obtain

−ε∆S u
Γ
ε =

1

ε
{uε − uΓε }Γ ε +

ε

2
{gε}Γ ε , on Γ ε. (3.7)

We remark that (3.7) makes clear that we do not need to impose any additional
condition, e.g., on the average of uΓε on each Γ ε

ξ . Indeed, the unknown uΓε appears
on the right-hand side, too, so that the associated energy functional vanishes only if
uΓε does.
By means of the usual process of formal integration by parts, we obtain from (3.1)–
(3.7), when also appealing to (2.15), the following definition.

Definition 3.1. We say that (uoutε , uintε , uΓε ) is a weak solution to problem (3.1)–(3.7)
if uoutε ∈ H1(Ωε

out), with u
out
ε = 0 on ∂Ω, uintε ∈ H1(Ωε

int), u
Γ
ε ∈ H1(Γ ε); in addition,

we require∫
Ω

∇uε · ∇φ dx+
1

2

∫
Γ ε

(1
ε
{uε − uΓε }Γ ε − ε

2
{gε}Γ ε

)
{φ}Γ ε dσ

+
1

2

∫
Γ ε

(1
ε
[uε]Γ ε − ε

2
[gε]Γ ε

)
[φ]Γ ε dσ =

∫
Ω

fφ dx , (3.8)

as well as

ε

∫
Γ ε

∇S u
Γ
ε · ∇S φ

Γ dσ =

∫
Γ ε

(1
ε
{uε − uΓε }Γ ε +

ε

2
{gε}Γ ε

)
φΓ dσ . (3.9)

Here, φ is such that φ|Ωε
out

belongs to H1(Ωε
out), with φ = 0 on ∂Ω, φ|Ωε

int
belongs to

H1(Ωε
int); finally, φ

Γ ∈ H1(Γ ε). Here, φΓ can be chosen independently from φ. �

4. Energy inequalities

In this section, we collect some standard inequalities, which will be useful in the
following. For the first two we refer, for instance, to [2], while the third one can
be obtained by rescaling from the standard Poincaré-Wirtinger inequality. They are
valid in the geometry used in this paper.
Poincaré inequality: for all v ∈ L2(Ω) such that v|Ωε

out
belongs to H1(Ωε

out), with
v = 0 on ∂Ω, v|Ωε

int
belongs to H1(Ωε

int), we have∫
Ω

v2 dx ≤ γ

∫
Ω

|∇ v|2 dx+ γ

ε

∫
Γ ε

[v]2Γ ε dσ . (4.1)

Trace inequality: for all v ∈ L2(Ω) such that v|Ωε
out

belongs to H1(Ωε
out), v|Ωε

int
belongs

to H1(Ωε
int), we have∫

Γ ε

(|vout|2 + |vint|2) dσ ≤ γ

ε

∫
Ω

v2 dx+ γε

∫
Ω

|∇ v|2 dx . (4.2)
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Poincaré inequality on Γ ε
ξ : for all v ∈ H1(Γ ε

ξ ), we have

∫
Γ ε
ξ

v2 dσ ≤ γε2
∫
Γ ε
ξ

|∇S v|2 dσ +
γ

|Γ ε
ξ |

∣∣∣∣∣∣∣
∫
Γ ε
ξ

v dσ

∣∣∣∣∣∣∣
2

. (4.3)

Theorem 4.1. For the weak solution of Definition 3.1, we have∫
Ω

|∇uε|2 dx+ ε

∫
Γ ε

|∇S u
Γ
ε |2 dσ +

1

ε

∫
Γ ε

({uε − uΓε }2Γ ε + [uε]
2
Γ ε) dσ

≤ γ

∫
Ω

f 2 dx+ γε

∫
Γ ε

{gε}2Γ ε dσ + γε3
∫
Γ ε

[gε]
2
Γ ε dσ . (4.4)

Proof. First, on taking φ = uε and φΓ = uΓε in Definition 3.1, and then on adding
the resulting equalities, we arrive at∫

Ω

|∇uε|2 dx+
1

2ε

∫
Γ ε

({uε}2Γ ε + [uε]
2
Γ ε + 4|uΓε |2) dσ + ε

∫
Γ ε

|∇S u
Γ
ε |2 dσ

=
2

ε

∫
Γ ε

uΓε {uε}Γ ε dσ +
ε

4

∫
Γ ε

{uε}Γ ε{gε}Γ ε dσ +
ε

4

∫
Γ ε

[uε]Γ ε [gε]Γ ε dσ

+
ε

2

∫
Γ ε

uΓε {gε}Γ ε dσ +

∫
Ω

fuε dx =:
5∑

h=1

Ih .

(4.5)

We may easily compute

1

2
{uε − uΓε }2Γ ε =

1

2
{uε}2Γ ε − 2uΓε {uε}Γ ε + 2|uΓε |2 . (4.6)

Thus, (4.5) immediately yields∫
Ω

|∇uε|2 dx+
1

2ε

∫
Γ ε

({uε − uΓε }2Γ ε + [uε]
2
Γ ε) dσ + ε

∫
Γ ε

|∇S u
Γ
ε |2 dσ =

5∑
h=2

Ih . (4.7)

Then, we observe, by means of (4.2), that

I2 ≤ δε

∫
Γ ε

(|uoutε |2 + |uintε |2) dσ +
γε

δ

∫
Γ ε

{gε}2Γ ε dσ

≤ γδ

∫
Ω

u2ε dx+ γδε2
∫
Ω

|∇uε|2 dx+
γε

δ

∫
Γ ε

{gε}2Γ ε dσ

≤ γδ

ε

∫
Γ ε

[uε]
2
Γ ε dσ + γδ

∫
Ω

|∇uε|2 dx+
γε

δ

∫
Γ ε

{gε}2Γ ε dσ ,

(4.8)
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for a small δ to be chosen, where we have also used (4.1). Next, we bound

I3 ≤
δ

ε

∫
Γ ε

[uε]
2
Γ ε dσ +

γ

δ
ε3
∫
Γ ε

[gε]
2
Γ ε dσ . (4.9)

In order to bound I4, we need an estimate of the mean value of uΓε on each component
Γ ε
ξ ; from (3.9), with φΓ = 1, we get

1

ε

∫
Γ ε
ξ

uΓε dσ =
1

2ε

∫
Γ ε
ξ

{uε}Γ ε dσ +
ε

4

∫
Γ ε
ξ

{gε}Γ ε dσ , (4.10)

implying

1

|Γ ε
ξ |

∣∣∣∣∣∣∣
∫
Γ ε
ξ

uΓε dσ

∣∣∣∣∣∣∣
2

≤ γ

∫
Γ ε
ξ

(|uoutε |2 + |uintε |2) dσ + γε4
∫
Γ ε
ξ

{gε}2Γ ε dσ . (4.11)

Thus, (4.3) together with (4.11) yield

I4 ≤ δε

∫
Γ ε

|uΓε |2 dσ + γ
ε

δ

∫
Γ ε

{gε}2Γ ε dσ

≤ γδε3
∫
Γ ε

|∇S u
Γ
ε |2 dσ + γδε

∫
Γ ε

(|uoutε |2 + |uintε |2) dσ +
(
γδε5 +

γε

δ

)∫
Γ ε

{gε}2Γ ε dσ .

(4.12)

Note that we may reason again as in (4.8) to bound the second term in the rightmost
hand side of (4.12). Finally, on using also (4.1), we have the standard inequality

I5 ≤ δ

∫
Ω

u2ε dx+
1

4δ

∫
Ω

f 2 dx ≤ γδ

∫
Ω

|∇uε|2 dx+
γδ

ε

∫
Γ ε

[uε]
2
Γ ε dσ+

1

4δ

∫
Ω

f 2 dx . (4.13)

Finally, on selecting δ small enough above, from (4.7)–(4.13) we infer (4.4). �

Corollary 4.2. Assume that for a constant C independent of ε∫
Γ ε

(ε{gε}2Γ ε + ε3[gε]
2
Γ ε) dσ ≤ C . (4.14)

Then, for the weak solution of Definition 3.1, we have∫
Ω

|∇uε|2 dx+ ε

∫
Γ ε

|∇S u
Γ
ε |2 dσ +

1

ε

∫
Γ ε

({uε − uΓε }2Γ ε + [uε]
2
Γ ε) dσ

+ ε

∫
Γ ε

(|uoutε |2 + |uintε |2 + |uΓε |2) dσ ≤ γ . (4.15)

Proof. Estimate (4.15) follows at once from (4.14), (4.4), (4.3), (4.11) and (4.2). �
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5. Existence for the differential problems

In this section, we state and prove some well-posedness results concerning the differ-
ential problems.

5.1. Existence for the cell problems. For a given function φ̃ ∈ L2(Γ ), we set
MΓ (φ̃) =

1
|Γ |

∫
Γ
φ̃ dσy. We look at the problem

− divy
(
∇y(χ̂i + yΓi )

)
= 0 , in Eout ∪ Eint; (5.1)

[∇y(χ̂i + yΓi ) · ν]Γ = {χ̂i − χ̃i}Γ on Γ ; (5.2)

∇y(χ̂
int
i + yΓi ) · ν =

1

2
[χ̂i]Γ − 1

2
{χ̂i − χ̃i}Γ , on Γ ; (5.3)

− divSy

(
∇Sy(χ̃i + yΓi )

)
= [∇y(χ̂i + yΓi ) · ν]Γ , on Γ , (5.4)

for a fixed i ∈ {1, . . . , N}, where yΓ = y −MΓ (y).
We note for further use that (5.2) and (5.3) are equivalent to (5.2) and

{∇y(χ̂i + yΓi ) · ν}Γ = [χ̂i]Γ , on Γ . (5.5)

For the sake of notational simplicity, we write χ̂i = v̂, χ̃i = ṽ. We introduce the
space where we seek our solution (v̂, ṽ) as

H = {(φ̂, φ̃) ∈ H1
#(Y \ Γ )×H1(Γ ) | MΓ ({φ̂}Γ ) = 0 ,MΓ (φ̃) = 0} , (5.6)

where H1
#(Y \ Γ ) denotes the space of periodic functions in Y of class, separately,

H1(Eout), H
1(Eint). By means of a routine process of integration by parts, we arrive

at the integral equations (owing also to (2.15), (5.5))

B1

(
(v̂, ṽ), (φ̂, φ̃)

)
:=

∫
Y

∇y v̂ · ∇y φ̂ dy +
1

2

∫
Γ

(
{v̂ − ṽ}Γ{φ̂}Γ + [v̂]Γ [φ̂]Γ

)
dσy

= −
∫
Y

∇y y
Γ
i · ∇y φ̂ dy =: F1

(
(φ̂, φ̃)

)
, (5.7)

and

B2

(
(v̂, ṽ), (φ̂, φ̃)

)
:=

∫
Γ

∇Sy ṽ · ∇Sy φ̃ dσy −
∫
Γ

{v̂ − ṽ}Γ φ̃ dσy

= −
∫
Γ

∇Sy y
Γ
i · ∇Sy φ̃ dσy =: F2

(
(φ̂, φ̃)

)
. (5.8)

Note that in order to get to (5.7), (5.8) we do not need the normalization condition
on φ̂. However, in the following result we remark explicitly that our notion of weak
solution is in fact the correct one, which is perhaps not obvious given the restrictions
we place on the test functions.

Lemma 5.1. Assume that the pair (v̂, ṽ) ∈ H satisfies (5.7)–(5.8), for all (φ̂, φ̃) ∈ H,
and that v̂|Eout ∈ C2(Eout), v̂|Eint

∈ C2(Eint), ṽ ∈ C2(Γ ). Then, (5.1)–(5.5) are
fulfilled in a classical pointwise sense.
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Proof. Take first in (5.7) φ̂ ∈ H1
#(Y \Γ ), with φ̂out = φ̂int = 0 on Γ . The differential

equations in (5.1) follow by integration by parts, owing to the assumed regularity
of v̂ = χ̂i. Then, we integrate by parts again these equations, using a general test
function φ̂ ∈ C1

#(Y ) such that MΓ (φ̂) = 0 to obtain∫
Y

∇y(v̂ + yΓi ) · ∇y φ̂ dy = −
∫
Γ

[φ̂∇y(v̂ + yΓi ) · ν]Γ dσy

= −
∫
Γ

φ̂[∇y(v̂ + yΓi ) · ν]Γ dσy . (5.9)

On comparing (5.7) and (5.9), we infer that, since {φ̂}Γ = 2φ̂, [φ̂]Γ = 0,

[∇y(v̂ + yΓi ) · ν]Γ − {v̂ − ṽ}Γ = c , on Γ , (5.10)

for a suitable constant c. But each one of the quantities on the left-hand side in
(5.10) has zero integral on Γ : the first one owing to (5.1) (and periodicity of v̂), and
the second one as to our definition of H. Condition (5.2) is proved.
Next, we note that for an arbitrary φ̂Γ ∈ C1(Γ ) we may easily construct a φ̂ ∈
H1

#(Y \ Γ ) with {φ̂}Γ = 0, [φ̂]Γ = 2φ̂Γ . On writing (5.7) for this test function and
comparing it to the first equality in (5.9), which holds true for all (φ̂, φ̃) ∈ H, we find
on account of (2.15)

1

2

∫
Γ

[v̂]Γ [φ̂]Γ dσy =
1

2

∫
Γ

{∇y(v̂ + yΓi ) · ν}Γ [φ̂]Γ dσy , (5.11)

whence (5.5) follows.
Finally, directly from (5.8), we obtain

− divSy

(
∇Sy(ṽ + yΓi )

)
− {v̂ − ṽ}Γ = c , on Γ , (5.12)

for a suitable constant c. But each one of the terms on the left-hand side of (5.12)
has zero integral on Γ , thus c = 0 and (on recalling the already established (5.2))
(5.4) is proved. �
Given that for any φ̂ ∈ H1

#(Y \ Γ ) we have φ̂out = ({φ̂}Γ + [φ̂]Γ )/2, φ̂
int = ({φ̂}Γ −

[φ̂]Γ )/2, from standard results we have∫
Y

φ̂2 dy ≤ γ

∫
Y

|∇y φ̂|2 dy + γ

∫
Γ

({φ̂}2Γ + [φ̂]2Γ ) dσy . (5.13)

Next, we prove our existence result.

Theorem 5.2. There exists a unique (v̂, ṽ) ∈ H that satisfies (5.7)–(5.8), for all
(φ̂, φ̃) ∈ H.

Proof. Let us equip H with the inner product

B
(
(v̂, ṽ), (φ̂, φ̃)

)
= B1

(
(v̂, ṽ), (φ̂, φ̃)

)
+B2

(
(v̂, ṽ), (φ̂, φ̃)

)
, (v̂, ṽ) , (φ̂, φ̃) ∈ H ,

which in fact implies the norm

∥(φ̂, φ̃)∥2H = ∥∇y φ̂∥2L2(Y ) + ∥∇Sy φ̃∥2L2(Γ ) +
1

2
∥{φ̂− φ̃}Γ∥2L2(Γ ) +

1

2
∥[φ̂]Γ∥2L2(Γ ) .
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We can readily check that H is a Hilbert space. We have to check that the inner
product B is positive and that H is complete. If ∥(φ̂, φ̃)∥H = 0, then φ̃ is constant,
since its gradient vanishes; but, then, φ̃ = 0, owing to the normalization condition
MΓ (φ̃) = 0. Hence, both {φ̂}Γ = 0 and [φ̂]Γ = 0, whence φ̂ = 0 in Y on invoking
(5.13). In addition, let {(φ̂n, φ̃n)} be a Cauchy sequence inH. The standard Poincaré
inequality on Γ yields φ̃n → φ̃ in H1(Γ ), with MΓ (φ̃) = 0. Thus, from the defini-
tion of Cauchy sequence in H, we get that both {{φ̂n}Γ} and {[φ̂n]Γ} are Cauchy
sequences in L2(Γ ). Thus, we may appeal to (5.13) to obtain that {φ̂n} converges
in H1

#(Y \ Γ ). The standard trace inequality then implies that MΓ ({φ̂}Γ ) = 0, i.e.,
(φ̂, φ̃) ∈ H; we have, thus, proved the completeness of H.
Owing to the Riesz theorem, there exists a unique element (v̂, ṽ) ∈ H such that, for
all (φ̂, φ̃) ∈ H,

B
(
(v̂, ṽ), (φ̂, φ̃)

)
= F

(
(φ̂, φ̃)

)
:= F1

(
(φ̂, φ̃)

)
+ F2

(
(φ̂, φ̃)

)
; (5.14)

indeed, F is a linear continuous functional on H.
We are left with the task of showing that (5.14) implies (5.7) and (5.8), the converse
and thus uniqueness being obvious. But this is accomplished by selecting separately
φ̂ = 0 and φ̃ = 0. �

Next, for jg ∈ L2(Γ ), we consider the problem

−∆y J = 0 , in Eout ∪ Eint; (5.15)

[∇y J · ν]Γ = {J −H}Γ , on Γ ; (5.16)

∇y J
int · ν = −1

4
jg +

1

2
[J ]Γ − 1

2
{J −H}Γ , on Γ , (5.17)

and

− divSy(∇SyH) = {J −H}Γ , on Γ . (5.18)

As above, we note for further use, that (5.16) and (5.17) are equivalent to (5.16) and

{∇y J · ν}Γ = −1

2
jg + [J ]Γ , on Γ . (5.19)

Reasoning as above (on appealing to (5.19), too), we may rewrite problem (5.15)–
(5.18) in the following weak form, where we separated the bilinear part from the
linear functional:∫
Y

∇y J · ∇y φ̂ dy +
1

2

∫
Γ

(
{J −H}Γ{φ̂}Γ + [J ]Γ [φ̂]Γ

)
dσy =

1

4

∫
Γ

jg[φ̂]Γ dσy , (5.20)

and ∫
Γ

∇SyH · ∇Sy φ̃ dσy −
∫
Γ

{J −H}Γ φ̃ dσy = 0 . (5.21)

Here, for (φ̂, φ̃) ∈ H, the bilinear part is exactly the same as in (5.7) and (5.8),
therefore the following result can be proved as in Theorem 5.2.

Theorem 5.3. For any jg ∈ L2(Γ ) there exists a unique (J,H) ∈ H that satisfies
(5.20)–(5.21) for all (φ̂, φ̃) ∈ H.
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As in Lemma 5.1, we may see that weak solutions in the sense of Theorem 5.3 are in
fact classical if they are smooth enough.

Remark 5.4. We introduce in the definition of the space H in (5.6) the normalization
condition MΓ ({φ̂}) = 0, since, in fact, for the solution (χ̂i, χ̃i), this is automatically
satisfied being a byproduct of (5.1), (5.2) and the normalization condition MΓ (χ̃i) =
0.
It follows from (5.3) thatMΓ ([χ̂i]Γ ) = 0; this, together with the conditionMΓ ({χ̂i}Γ ) =
0, imply MΓ (χ̂

out
i ) = 0 and MΓ (χ̂

int
i ) = 0. �

Remark 5.5. Problem (5.15)–(5.18) is set in the unit reference cell, so that the solution
(J,H) depends only on y. However, in Section 6 the source jg will be assumed to be
a function in L2(Ω×Γ ) (see Theorem 6.6); thus, the pair (J,H) will depend also on
x, which in problem (5.15)–(5.18) can be considered as a parameter. �
5.2. Existence for the microscopical problem. The same approach employed
above for the cell problems actually provides existence and uniqueness of solutions
for the microscopical problem set for ε > 0 according to Definition 3.1.
The correct environment for our problem is the space

Hε = {(φ, φΓ ) ∈ H1(Ω \ Γ ε)×H1(Γ ε) | φ|∂Ω = 0} , (5.22)

which, as proven in the theorem below, is a Hilbert space equipped with the norm

∥(φ, φΓ )∥2Hε
=

∫
Ω

|∇φ|2 dx+ 1

2ε

∫
Γ ε

({φ−φΓ}2Γ ε +[φ]2Γ ε) dσ+ε

∫
Γ ε

|∇S φ
Γ |2 dσ . (5.23)

This is the space where solutions are to be found and test functions to be taken.

Theorem 5.6. For any f ∈ L2(Ω), goutε , gintε ∈ C(Ω), there exists a unique weak
solution to problem (3.1)–(3.7) in the sense of Definition 3.1.

Proof. We note that the two equations (3.8) and (3.9) can be rewritten as, respec-
tively,

Bε
1

(
(uε, u

Γ
ε ), (φ, φ

Γ )
)
:=

∫
Ω

∇uε·∇φ dx+
1

2ε

∫
Γ ε

(
{uε−uΓε }Γ ε{φ}Γ ε+[uε]Γ ε [φ]Γ ε

)
dσ

=
ε

4

∫
Γ ε

(
{gε}Γ ε{φ}Γ ε + [gε]Γ ε [φ]Γ ε

)
dσ +

∫
Ω

fφ dx =: F ε
1

(
(φ, φΓ )

)
, (5.24)

and

Bε
2

(
(uε, u

Γ
ε ), (φ, φ

Γ )
)
:= ε

∫
Γ ε

∇S u
Γ
ε · ∇S φ

Γ dσ − 1

ε

∫
Γ ε

{uε − uΓε }Γ εφΓ dσ

=
ε

2

∫
Γ ε

{gε}Γ εφΓ dσ =: F ε
2

(
(φ, φΓ )

)
. (5.25)

Moreover, the inner product Bε
1 + Bε

2 yields the norm defined in (5.23). Note that
this is proved by the calculations already used to arrive at (4.7). Let us first prove
that the inner product is positive. Clearly, if the quantity in (5.23) vanishes, then
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φ|Ωε
out

= 0, since it is constant, due to ∇φ = 0, and owing to the null boundary
condition. By the same token, φ|Ωε

int
is constant in each component of Ωε

int; however,

[φ]Γ ε = 0 on Γ ε, so that also φ|Ωε
int

= 0 in Ωε
int. It follows that also φΓ = 0 due to

the definition of the norm.
Then we prove that Hε is complete; let (φn, φ

Γ
n ) be a Cauchy sequence in Hε. Then

on invoking again the fact φn|∂Ω = 0, we clearly have φn|Ωε
out

→ φout in H
1(Ωε

out), for
some φout with φout = 0 on ∂Ω. Next, we remark that the traces of φn|Ωε

out
on Γ ε

as well as the jumps [φn]Γ ε converge in L2(Γ ε); thus, also the traces of φn|Ωε
int

on Γ ε

converge in L2(Γ ε). It follows, on appealing again to the convergence of ∇φn, that
φn|Ωε

int
→ φint inH

1(Ωε
int), for some φint. Then, we know that {φn−φΓ

n}Γ ε and {φn}Γ ε

converge in L2(Γ ε), implying the convergence of φΓ
n = ({φn}Γ ε − {φn − φΓ

n}Γ ε)/2 to
some φΓ ; the limit is in fact taken in H1(Γ ε) by virtue of the estimate on ∇S φ

Γ .
Finally, it is a trivial task to check that the limit of (φn, φ

Γ
n ) is taken in the norm of

Hε.
Next, we remark that F ε

1 and F ε
2 are continuous functionals on Hε; to this end,

we only need check that the norms ∥{φ}Γ ε∥L2(Γ ε) and ∥φΓ∥L2(Γ ε) are bounded from
above by the norm in (5.23). Indeed, ∥{φ}Γ ε∥L2(Γ ε) can be estimated in this sense
by means of (4.1) and (4.2). In turn, ∥φΓ∥L2(Γ ε) is again bounded by noting that
φΓ = ({φ}Γ ε − {φ− φΓ}Γ ε)/2.
The proof is completed as in Theorem 5.2. �

6. Homogenization

In order to deal with our homogenization results, we need to recall the definition and
the main properties of the unfolding operators studied in [23, 24, 25, 26].
For ξ ∈ Ξε, set

Ω̂ε = interior

{⋃
ξ∈Ξε

ε(ξ + Y )

}
.

Denoting by [r] the integer part and by {r} the fractional part of r ∈ R, we define
for x ∈ RN[x

ε

]
Y
=
( [x1

ε

]
, . . . ,

[xN
ε

] )
and

{x
ε

}
Y
=
({x1

ε

}
, . . . ,

{xN
ε

})
,

so that
x = ε

([x
ε

]
Y
+
{x
ε

}
Y

)
.

Definition 6.1. For w Lebesgue-measurable on Ω, the periodic unfolding operator
Tε is defined as

Tε(w)(x, y) =

w
(
ε
[x
ε

]
Y
+ εy

)
, (x, y) ∈ Ω̂ε × Y ,

0 , otherwise.

For w Lebesgue-measurable on Γ ε, the boundary unfolding operator T b
ε is defined as

T b
ε (w)(x, y) =

w
(
ε
[x
ε

]
Y
+ εy

)
, (x, y) ∈ Ω̂ε × Γ ,

0 , otherwise.
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�
Proposition 6.2. Let wε = (wint

ε , wout
ε ) ∈ H1(Ωε

int) × H1(Ωε
out). Assume that there

exists γ > 0 (independent of ε) such that∫
Ω

|wε|2 dx+
∫
Ω

|∇wε|2 dx ≤ γ , ∀ε > 0. (6.1)

Then, there exist wint ∈ L2(Ω), wout ∈ H1(Ω), w̃int ∈ L2(Ω;H1(Eint)) and wout ∈
L2(Ω;H1

#(Eout)), with MΓ (w̃int) = MΓ (wout) = 0, such that, up to a subsequence,

Tε(χΩε
int
wε)⇀ wint, weakly in L2(Ω × Eint) ; (6.2)

Tε(χΩε
out
wε)⇀ wout, weakly in L2(Ω × Eout) ; (6.3)

Tε(χΩε
int
∇wε)⇀ ∇yw̃int; weakly in L2(Ω × Eint) ; (6.4)

Tε(χΩε
out
∇wε)⇀ ∇wout +∇ywout, weakly in L2(Ω × Eout) , (6.5)

for ε→ 0. Moreover, due to (6.1), we have

ε

∫
Γ ε

[wε]
2 dσ dt ≤ γ , ∀ε > 0 , (6.6)

with γ independent of ε, and, then,

T b
ε ([wε])⇀ wout − wint , weakly in L2(Ω × Γ ) . (6.7)

Finally,

1

ε

[
Tε(w

out
ε )−MΓ (Tε(w

out
ε ))

]
⇀ yΓ · ∇wout + wout , weakly inL2(Ω;H1(Eout)) .

(6.8)

We notice that, as in [25, Theorem 2.20], we can set wint = w̃int − yΓ · ∇wout − ξΓ ,
for a suitable function ξΓ ∈ L2(Ω). Therefore, we can rewrite (6.4) as

Tε(χΩε
int
∇wε)⇀ ∇wout +∇ywint weakly in L2(Ω × Eint). (6.9)

Moreover, we can further modify wint, wout, without affecting (6.5) and (6.9), by
adding to both ξΓ/2, in such a way that the sum of the two new correctors has null
mean value on Γ . More precisely, we redefine ŵint = wint+ξΓ/2 = w̃int−yΓ ·∇wout−
ξΓ/2 and ŵout = wout + ξΓ/2, so that MΓ ({ŵ}Γ ) = 0.

From now on, let (uoutε , uintε , uΓε ) be the unique solution of problem (3.8)–(3.9) (see
Definition 3.1). Owing to the estimates of Corollary 4.2 and to the previous propo-
sition, we have the following results.

Proposition 6.3. Assume (4.14). Then, there exist uout0 ∈ H1
0 (Ω), uint0 ∈ L2(Ω),

û ∈ L2(Ω;H1
#(Y \ Γ )) such that MΓ ({û}Γ ) = 0 and, up to subsequences,

Tε(χΩε
out
uε)⇀ uout0 , weakly in L2(Ω × Eout); (6.10)

Tε(χΩε
int
uε)⇀ uint0 , weakly in L2(Ω × Eint); (6.11)

Tε(χΩε
out

∇uε)⇀ ∇x u
out
0 +∇y ûout , weakly in L2(Ω × Eout); (6.12)

Tε(χΩε
int
∇uε)⇀ ∇x u

out
0 +∇y ûint , weakly in L2(Ω × Eint). (6.13)
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Moreover, there exists uΓ0 ∈ H1
0 (Ω) such that

T b
ε ([uε]Γ ε) → 0 , in L2(Ω × Γ ); (6.14)

T b
ε (u

Γ
ε ) → uΓ0 , in L2(Ω × Γ ); (6.15)

T b
ε (u

out
ε − uΓε ) → 0 , in L2(Ω × Γ ); (6.16)

T b
ε (u

int
ε − uΓε ) → 0 , in L2(Ω × Γ ) . (6.17)

Actually,
uΓ0 = uout0 = uint0 . (6.18)

Then, there exists a function U ∈ L2(Ω × Γ ) such that

T b
ε

( [uε
ε

]
Γ ε

)
⇀ [û]Γ , weakly in L2(Ω × Γ ); (6.19)

T b
ε

({uε − uΓε }Γ
ε

)
⇀ U , weakly in L2(Ω × Γ ). (6.20)

Finally, there exists a function w ∈ L2(Ω;H1(Γ )), with MΓ (w) = 0, such that

T b
ε (∇S u

Γ
ε )⇀ ∇Sy w , weakly in L2(Ω × Γ ). (6.21)

Note that (6.16), (6.17) follow from (6.14) and (4.15). Thus, from (6.15), we get
(6.18). For (6.19), see [5, 25, 26]. The limit in (6.20) follows from the estimate
(4.15). Finally, (6.21) follows from [30].

Lemma 6.4. We have, for a suitable function ξ̃Γ ∈ L2(Ω),

U = 2yΓ · ∇uout0 + {û}Γ − 2w + ξ̃Γ . (6.22)

Proof. We calculate

T b
ε

(uoutε − uΓε
ε

)
=

1

ε

(
T b
ε (u

out
ε )−MΓ

(
T b
ε (u

out
ε )
))

+
1

ε

(
MΓ

(
T b
ε (u

out
ε )
)
−MΓ

(
T b
ε (u

Γ
ε )
))

+
1

ε

(
MΓ

(
T b
ε (u

Γ
ε )
)
− T b

ε (u
Γ
ε )
)
=: J1 + J2 + J3 ,

(6.23)

and take into account that, weakly in L2(Ω × Γ ),

J1 ⇀ yΓ · ∇uout0 + ûout −
ξΓ
2
, (6.24)

J2 ⇀ ξΓ , (6.25)

J3 ⇀ −w , (6.26)

for a suitable ξΓ ∈ L2(Ω); (6.25) is a consequence of a standard Hölder inequality,
when we also take into account the estimate (4.15); for (6.26), see [30, Theorem 3.4].
Then, from (6.19)–(6.20), we have

T b
ε

({uε − uΓε }Γ
ε

)
= 2T b

ε

(uoutε − uΓε
ε

)
− T b

ε

( [uε
ε

]
Γ ε

)
⇀ 2(yΓ · ∇uout0 + ûout)− ξΓ + 2ξΓ − 2w − [û]Γ ,
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that is (6.22), by setting ξ̃Γ = −ξΓ + 2ξΓ . �

Remark 6.5. In fact, in Lemma 6.4 we have ξ̃Γ = 0, since when we take Ψ2 = 1 in
(6.39), we obtain the second inequality in

ξ̃Γ = MΓ (U) = 0 .

�
Theorem 6.6. Let goutε , gintε ∈ C(Ω) and assume that there exist jg, sg ∈ L2(Ω × Γ )
such that

εT b
ε ([gε]Γ ε)⇀ jg , weakly in L2(Ω × Γ ), (6.27)

T b
ε ({gε}Γ ε)⇀ sg , weakly in L2(Ω × Γ ). (6.28)

Then, uε ⇀ uout0 in H1
0 (Ω) as ε→ 0, where uout0 is the unique solution of

− div(A∇ uout0 ) = F , in Ω; (6.29)

uout0 = 0 , on ∂Ω. (6.30)

Here,

A = id +

∫
Y

∇y χ̂ dy +

∫
Γ

(id− ν ⊗ ν +∇Sy χ̃) dσy (6.31)

and

F = f +

∫
Γ

sg dσy + div
(∫

Y

∇y J dy +

∫
Γ

∇SyH dσy

)
, (6.32)

where the pair of cell functions (χ̂, χ̃) ∈ H has been defined in problem (5.1)–(5.4)
and the functions

J ∈ L2(Ω;H1
#(Y \ Γ )) and H ∈ L2(Ω;H1(Γ )),

with MΓ ({J}) = 0 and MΓ ({H}) = 0, have been defined in problem (5.15)–(5.18)
(see, also, Remark 5.5).

Proof. We remark preliminarily that (6.27)–(6.28) imply also (4.14) and, therefore,
the estimate (4.15) and the convergence results of Proposition 6.3 and Lemma 6.4.
1) Take as test function in (3.8)

φε(x) = εΦ1(x)Φ2

(x
ε

)
, (6.33)

where Φ1 ∈ C∞
0 (Ω), Φ2 is of class C1 separately in Eout, Eint and periodic over Y .

We obtain∫
Ω

∇uε · (εΦ2∇Φ1 + Φ1∇y Φ2) dx+
ε

2ε

∫
Γ ε

Φ1{Φ2}Γ ε{uε − uΓε }Γ ε dσ

+
ε

2ε

∫
Γ ε

Φ1[Φ2]Γ ε [uε]Γ ε dσ =
ε2

4

∫
Γ ε

Φ1

(
{Φ2}Γ ε{gε}Γ ε + [Φ2]Γ ε [gε]Γ ε

)
dσ

+ ε

∫
Ω

fΦ1Φ2 dx .

(6.34)
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We unfold the integrals on the left-hand side of (6.34) and the term containing [gε]Γ ε

on the right-hand side. Indeed, the other ones clearly vanish in the limit ε → 0,
owing to our assumption (4.14). We obtain∫

Ω×Y

Tε(∇uε)·Tε(∇y Φ2)Tε(Φ1) dx dy+
1

2

∫
Ω×Γ

T b
ε (Φ1{Φ2}Γ ε)T b

ε

({uε − uΓε }Γ ε

ε

)
dx dσy

+
1

2

∫
Ω×Γ

T b
ε (Φ1[Φ2]Γ ε)T b

ε

( [uε]Γ ε

ε

)
dx dσy =

ε

4

∫
Ω×Γ

T b
ε (Φ1[Φ2]Γ ε)T b

ε ([gε]Γ ε) dx dσy+o(1) .

(6.35)

As ε→ 0, owing to our assumption (6.27) and to Proposition 6.3,∫
Ω×Y

Φ1(∇uout0 +∇y û) · ∇y Φ2 dx dy +
1

2

∫
Ω×Γ

Φ1{Φ2}ΓU dx dσy

+
1

2

∫
Ω×Γ

Φ1[Φ2]Γ [û]Γ dx dσy =
1

4

∫
Ω×Γ

Φ1[Φ2]Γ jg dx dσy . (6.36)

2) As to (3.9), we take in it the test function

φΓ
ε (x) = εΨ1(x)Ψ2

(x
ε

)
, (6.37)

where Ψ1 ∈ C1(Ω), Ψ2 ∈ C1(Γ ). We obtain

ε

∫
Γ ε

∇S u
Γ
ε · (εΨ2∇S Ψ1 + Ψ1∇Sy Ψ2) dσ − ε

ε

∫
Γ ε

Ψ1Ψ2{uε − uΓε }Γ ε dσ

=
ε2

2

∫
Γ ε

Ψ1Ψ2{gε}Γ ε dσ . (6.38)

Note that, according to our assumption (4.14), the right-hand side of (6.38) vanishes
as ε→ 0. Then, unfolding and taking the limit we arrive at∫

Ω×Γ

Ψ1∇Sy w · ∇Sy Ψ2 dx dσy −
∫

Ω×Γ

Ψ1Ψ2U dx dσy = 0 . (6.39)

3) In order to derive the macroscopic limiting differential equation, we choose in (3.8)
a test function φ ∈ C1

0(Ω), and in (3.9) we let φΓ = φ|Γ ε ; on adding the two integral
equations, we find∫

Ω

∇uε · ∇φ dx+ ε

∫
Γ ε

∇S u
Γ
ε · ∇S φ dσ = ε

∫
Γ ε

φ{gε}Γ ε dσ +

∫
Ω

φf dx . (6.40)

Then, we unfold all the integrals and, on using (6.28), we find as ε→ 0∫
Ω×Y

(∇uout0 +∇y û)·∇φ dx dy+

∫
Ω×Γ

∇Sy w ·∇S φ dx dσy =

∫
Ω×Γ

φsg dx dσy+

∫
Ω

φf dx .

(6.41)
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4) We next rewrite our limiting problem in a distributional formulation. From (6.36),
we get

− divy(∇uout0 +∇y û) = 0 , in Eint ∪ Eout. (6.42)

Multiplying (6.42) by Φ2 and integrating (formally) by parts (6.42) and using (2.15)
for Φ2(∇uout0 +∇y û) · ν, we find, for each fixed x ∈ Ω,∫

Y

(∇uout0 +∇y û) · ∇y Φ2 dy = −
∫
Γ

[Φ2(∇uout0 +∇y û) · ν]Γ dσy

= −1

2

∫
Γ

([Φ2]Γ{(∇uout0 +∇y û) · ν}Γ + {Φ2}Γ [(∇uout0 +∇y û) · ν]Γ ) dσy , (6.43)

whence, on comparing with (6.36),[
(∇uout0 +∇y û) · ν

]
Γ
= U , on Γ , (6.44){

(∇uout0 +∇y û) · ν
}
Γ
= [û]Γ − 1

2
jg on Γ . (6.45)

It follows immediately from (6.44)–(6.45) that

(∇uout0 +∇y ûint) · ν =
1

2
[û]Γ − 1

4
jg −

1

2
U , on Γ . (6.46)

Next, from (6.39), we obtain

− divSy(∇Sy w) = U , on Γ . (6.47)

In (6.42)–(6.47) the unknowns are uout0 , û and w, since, owing to Lemma 6.4, Re-
mark 6.5, we get

U = 2yΓ · ∇uout0 + {û}Γ − 2w . (6.48)

Finally, from (6.41) we get

− div
(
∇uout0 +

∫
Y

∇y û dy +

∫
Γ

∇Sy w dσy

)
= f +

∫
Γ

sg dσ , in Ω. (6.49)

Indeed, in (6.41) we may write

∇Sy w · ∇S φ = ∇Sy w · ∇φ .

In the following, we use the representations

w(x, y) = yΓ · ∇uout0 (x) + ũ(x, y) , (6.50)

ũ(x, y) = χ̃(y) · ∇uout0 (x) +H(x, y) , û(x, y) = χ̂(y) · ∇uout0 (x) + J(x, y) . (6.51)

Note that (6.48) can be rewritten now as

U = {û− ũ}Γ . (6.52)

Then, we identify the problems solved by the cell functions by recalling (6.42)–(6.49)
and separating there the various contributions. First, we find that the functions χ̃
and χ̂ are coupled for i = 1, . . . , N , by the problems (5.1)–(5.4). In addition, we
require that χ̂ is periodic in Y , and that MΓ ({χ̂}Γ ) = 0, MΓ (χ̃) = 0.
Also the functions J and H are coupled by the problems (5.15)–(5.18) and J is
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assumed to be periodic in Y and MΓ ({J}Γ ) = 0, MΓ (H) = 0.
The well-posedness of the cell problems for χ̂, χ̃, J , H is dealt with in Section 5.
Next, we identify the limiting diffusion matrix in terms of the cell functions. We note
first that

∇Sy w = ∇Sy y
Γ · ∇uout0 +∇Sy ũ

= (id− ν ⊗ ν)∇uout0 +∇Sy ũ = ∇S u
out
0 +∇Sy ũ . (6.53)

Finally, using (6.50), (6.51) and (6.53), we write the vector in (6.49) as

∇uout0 +

∫
Y

∇y û dy +

∫
Γ

∇Sy w dσy

= ∇uout0 +

∫
Y

(∇y χ̂∇uout0 +∇y J) dy +

∫
Γ

(∇S u
out
0 +∇Sy χ̃∇uout0 +∇SyH) dσy

=
(
id +

∫
Y

∇y χ̂ dy +

∫
Γ

(id− ν ⊗ ν +∇Sy χ̃) dσy

)
∇uout0

+

∫
Y

∇y J dy +

∫
Γ

∇SyH dσy .

(6.54)

Hence, we obtain that u0 satisfies the limit problem (6.29), (6.30), which has unique-
ness, since the homogenized matrix A is symmetric and positive definite, as proved
in the following proposition. Therefore, all the above convergences hold true for the
whole sequences, and not only for subsequences. �

Remark 6.7. We notice that, from (6.32), the limits jg and sg of the original source on
the interface conditions have different effects in the source term of the homogenized
problem. Indeed, while sg appears directly in the definition of F , the function jg
enters through the solution (J,H) of the coupled system (5.15)–(5.18). Moreover, we
can remark that, if jg is independent of x, the last term in (6.32) vanishes, so that
the pair (J,H) has no role in the macroscopic equation; however, it remains in the
corrector formulas (6.50) and (6.51). A similar effect appears in the problem studied
in [24, Chapter 5] and in [21]. �

Proposition 6.8. The matrix A = (aij) in (6.31) is given by

aij =

∫
Y

∇y(y
Γ
i + χ̂i) · ∇y(y

Γ
j + χ̂j) dy +

∫
Γ

∇Sy(y
Γ
i + χ̃i) · ∇Sy(y

Γ
j + χ̃j) dσy

+
1

2

∫
Γ

{χ̂i − χ̃i}Γ{χ̂j − χ̃j}Γ dσy +
1

2

∫
Γ

[χ̂i]Γ [χ̂j]Γ dσy (6.55)

and, therefore, it is symmetric. Moreover, it is also positive definite.
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Proof. Let’s rewrite the matrix in the last term of (6.54) as A = (aij), aij = a0ij +a
1
ij,

where

a0ij = δij +

∫
Y

∂χ̂i

∂yj
dy , a1ij =

∫
Γ

(
δij − νiνj + (∇Sy χ̃i)j

)
dσy .

Note that

a0ij =

∫
Y

∂

∂yj
(yΓi + χ̂i) dy =

∫
Y

∇y(y
Γ
i + χ̂i) · ∇y yj dy ,

and that

a1ij =

∫
Γ

(
∇Sy(y

Γ
i + χ̃i)

)
j
dσy =

∫
Γ

∇Sy(y
Γ
i + χ̃i) · ∇Sy y

Γ
j dσy ,

since

∇Sy y
Γ
i = ei − νiν . (6.56)

Thus, we conclude that

aij =

∫
Y

∇y(y
Γ
i + χ̂i) · ∇y yj dy +

∫
Γ

∇Sy(y
Γ
i + χ̃i) · ∇Sy y

Γ
j dσy . (6.57)

In order to show that the matrix A is symmetric, let us use χ̂j as a test function in
(5.1) to get, on appealing to (2.15) once more,∫

Y

∇y(y
Γ
i + χ̂i) · ∇y χ̂j dy +

1

2

∫
Γ

[∇y(y
Γ
i + χ̂i) · ν]Γ{χ̂j}Γ dσy

+
1

2

∫
Γ

{∇y(y
Γ
i + χ̂i) · ν}Γ [χ̂j]Γ dσy = 0 . (6.58)

On applying the interface conditions (5.2) and (5.5), we obtain∫
Y

∇y(y
Γ
i + χ̂i) · ∇y χ̂j dy +

1

2

∫
Γ

{χ̂i − χ̃i}Γ{χ̂j}Γ dσy

+
1

2

∫
Γ

[χ̂i]Γ [χ̂j]Γ dσy = 0 . (6.59)

Then, we use χ̃j as a test function in (5.4) to infer, also by means of (5.2),∫
Γ

∇Sy(y
Γ
i + χ̃i) · ∇Sy χ̃j dσy −

∫
Γ

{χ̂i − χ̃i}Γ χ̃j dσy = 0 . (6.60)

Finally, collecting (6.57), (6.59), (6.60), we infer (6.55), and, thus, the symmetry of
A. The positivity of the matrix A can be obtained as usual. �
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