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ABSTRACT. The model analyzed in this paper has its origins in the description of
composites made by a hosting medium containing a periodic array of inclusions
coated by a thin layer consisting of sublayers of two different materials. This two-
phase coating material is such that the external part has a low diffusivity in the
orthogonal direction, while the internal one has high diffusivity along the tangential
direction. In a previous paper [14], by means of a concentration procedure, the in-
ternal layer was replaced by an imperfect interface. The present paper is concerned
with the concentration of the external coating layer and the homogenization, via
the periodic unfolding method, of the resulting model, which is far from being a
standard one. Despite the fact that the limit problem looks like a classical Dirichlet
problem for an elliptic equation, in the construction of the homogenized matrix and
of the source term, a very delicate analysis is required.
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1. INTRODUCTION

In the recent years, the improvements of the industrial techniques permit to obtain
more efficient materials constructed by assembling different constituents. Indeed, the
mechanical, thermal or electrical properties of these composites are definitely supe-
rior of the ones of the single components. However, this bonding does not give rise in
general to perfect contacts between the different components, so that discontinuities
in the involved physical fields can appear. All these discontinuities change meaning-

fully the properties of the composites and also of the resulting macroscopic materials.
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Therefore, these problems call for a theoretical investigation. The classical approach
in order to treat such discontinuities is to assume the presence of a thin layer be-
tween the different physical phases which permits to have a smooth transition from
one phase to the other. However, since the thickness of these thin layers is assumed
to be very small, by means of a concentration procedure, they can be replaced by the
so-called imperfect interfaces, across which some of the physical fields exhibit jump
conditions reproducing the original discontinuities.

A great number of papers concerning problems with imperfect contact conditions
has been produced in the literature. In the framework of applications, we can refer,
for instance, to [18, 19, 31, 32, 35, 36, 39, 40]. On the other hand, in the rigorous
mathematical setting, some pioneering papers are, among others, [16, 33, 37, 38].
The most common models dealing with imperfect contact involve jumps for the solu-
tion and continuity of the flux across the interface (see [2, 3, 6, 7, 10, 11, 15, 20, 25,
26, 27, 41, 42, 45]) or jumps of the flux and continuity of the solution (see [4, 28, 34]).
Also, in some of these models, the Laplace-Beltrami operator appears, due for in-
stance to the presence of highly-conducting interfaces (as in [1, 4, 5, 12, 13, 33]). A
unifying approach of such problems involving simultaneously jumps in the solution
and also in the flux has been proposed in [21, 22, 29, 43| (see, also the references
therein).

More recently, models involving also the mean value of the physical fields governing
the different phases have been considered, for instance, in [8, 9, 17, 31, 39, 44]. All
these models were originally proposed in the engineering context and then, in some
cases, rigorously justified by means of different mathematical tools.

The model analyzed in this paper has its origins in the description of composites made
by a hosting medium containing a periodic array of inclusions of size €. In order to
make the composite more efficient, the inclusions are coated by a thin layer consisting
of sublayers of two different materials (with thickness of the order en and €4, respec-
tively), disposed in such a way that one of them is encapsulated in the other. This
two-phase coating material is such that the external part has a low diffusivity in the
orthogonal direction, while the internal one has high diffusivity along the tangential
direction. In such original material, we assume perfect transmission conditions be-
tween the different phases of the physical components. All the parameters ¢, and n
are supposed to be very small, but with different orders. In particular, the smallness
of n and 9, with respect to ¢, leads us to perform, for fixed ¢, a two-step concentration
procedure. The limit § — 0 is essentially the result contained in [14] (see, also, [12])
and, then, it is not explicitly reproduced here. This first concentration replaces the
internal layer with an interface, involving an imperfect contact condition, governed
by a tangential Laplace equation for the heat potential having as a source the jump
of the normal flux (see (2.12)).

Then, the paper starts with the concentration, with respect to 7, of the resulting
model. In order to simplify the presentation, we set the concentration problem in a
flat geometry, but our result holds also for a more general case, as the one addressed
in Section 3. The main feature of this concentration procedure is the appearance of
new effects on the resulting interface between the hosting material and the inclusions,
involving a new surface heat potential, similarly as in [43], and the mean value of the
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two bulk potentials and their fluxes, as in [8, 9] (see (3.5)—(3.7)). We stress again
that similar problems, involving simultaneously jumps in the solution and also in the
flux, Laplace-Beltrami operator and the mean value of the physical fields governing
the different phases of a composite material already appeared in the engineering
literature, being justified by numerical simulations and by asymptotic analysis (see
(31, 39, 44]), but at the best of our knowledge, not yet fully analyzed from the
mathematical point of view. The main difficulty in order to achieve the concentrated
model (3.1)—(3.7) consists, besides the construction of the proper test functions, in
guessing and, then, rigorously obtaining suitable estimates for the involved unknowns.
After the second concentration step, we proceed, via the periodic unfolding method,
with the homogenization of the concentrated model, which is far from being a stan-
dard one (see (3.8)—(3.9)). Also in this case, the main difficulties are connected with
the guess of the macroscopic model, in order to understand which types of estimates
are needed (see Theorem 4.1) to achieve the final result (see Theorem 6.6). Moreover,
differently from the more common situations, we have to construct also a separate
surface test function (see (6.37)), due to the non-standard form of the problem to
be homogenized. Despite the fact that the limit problem (6.29)-(6.30) looks like a
standard Dirichlet problem for an elliptic equation, in the construction of the ho-
mogenized matrix and of the source term a very delicate analysis is required. For
example, the usual local problems involved in the homogenization procedure are, in
our case, highly non-standard, calling also for properly adapted functional settings
(see Section 5).

The paper is organized as follows. In Section 2, we present, in a simplified geo-
metrical setting (a layered geometry), the model governing the composite material,
which is essentially the model obtained by using a concentration procedure in [14].
Starting from this model, which already involves an imperfect contact condition, we
perform a second concentration procedure, in order to achieve the microscopic model
to be further homogenized. In Section 3, we state our microscopic problem in a more
general geometrical setting, consisting of a connected hosting material containing a
periodic array of disconnected inclusions. In Section 4, we prove the main energy in-
equalities required for the convergence of the heat potentials and their fluxes. Section
5 is devoted to the construction of the cell functions needed to the homogenization
procedure. Finally, in Section 6, we state and prove our homogenization result.

2. THE TWO-LAYER PROBLEM

In this Section, we show that the problem we are concerned with in this paper can be
obtained as the limit of an elliptic problem exhibiting an interface and a thin layer
around it, where conduction in the orthogonal direction degenerates. We work for
the sake of brevity in a simplified geometry, but the results obtained here hold also
in a more general geometry, as the one considered in Section 3 (see, also, [3, 14]).
For e, n € (0,1), we let here

G = (07 1) X (_17 1) ) Gi]nt = (07 1) X (_17 _577) ) sz = (Oa ]-) X (8777 1)7

XY =(0,1) x {0}, Ej;lt =(0,1) x (=en,0), X" =(0,1) x (0,em),
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and
G = (0,1) x (~1,0), G™ = (0,1) x (0,1).

In this Section, the quantity € > 0 is a constant, thus we do not denote explicitly the
dependence on ¢. Instead, as already mentioned in the Introduction and similarly as
in [31, 39], we perform a concentration limit n — 0.

For fout c LQ<Gout)7 fint c L2(Gmt)7 g7c7>ut c L2(27C7’ut), gi]nt c LQ(Z:Ynt), we look at
the following problem for u, € Hy(G), with ;' := u, , € Hj(X): in the outer and

interior domains, we let

—Au™ = fo in Gy, (2.1)
int _ pint : in
_A'u/nt_f , m Gnt, (22)
u"t =0, on IGY™ \ {y = en}, (2.3)
W0, on aGH\ {y= —en). 2:4)
In the thick interfaces X", X1*, we prescribe instead
H2q0ut O2uont
__ out : ou
- 8x7; — 8y2 =gy, (2:5)
aQuint a2uiﬂt ] ] .
AL L S 20
ug“t =0, on 822‘” \ ({y =entU{y = O})7 (2.7)
u =0, on 0X"\ ({y = —en} U{y = 0}). (2.8)

Here, i, which has been introduced as a geometrical scaling parameter, related to the
characteristic dimension of the thin layer, appears also in (2.5), (2.6) as a degeneration
parameter, accounting for small diffusivity in the orthogonal direction.

On the interfaces y = 4en between the two domains, we prescribe the perfect contact
conditions for = € (0,1)

out _ ut int _ _int
Uy, (l’, 577+) - US] (‘Tv 577_> ) Uy, (f, _577+) = U, (l’, —577—) ) (29)
auout 8uout auint auint

n _ n . n i _ n P

Finally, we prescribe the conditions on the interface Y’. Here, we have continuity of
the unknown, that is

up™(z,0) = upt(x,0),  xe€(0,1), (2.11)
and on X the function u;” = uf™ = w)" is required to satisfy the problem
Pu> o
TR e} R (2.12)
O0x? oy |
u, () =0, r=0,z=1. (2.13)

The presence of the small parameter ¢ in (2.12) is due to the first concentration
step that we mentioned in the Introduction and for which we refer to [12], while the

right-hand side of (2.12) is just the jump of the normal flux, according to (2.5), (2.6).
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Here and in the following, we denote for any function F' and surface S
[Fls = Fg" — Fs',  {F}s=F3"+Fg", (2.14)

where F°" [respectively, F'™] is the restriction of F' to the outer [respectively, inner]
domain. Namely, we will use this notation also for functions F' defined only on .S, in
which case we understand [Flg = 0, {F'}s = 2F. We make use in the following of
the elementary properties

R Fyls = S [Fls{F)s + o{F}slFls
% 12 (2.15)
{FiFy}s = §[F1]S[F2]S + §{F1}S{F2}S-

Let us now introduce the functions

L Yl zen, (1 0
h(y)_{n, lyl <en, H(y)_<0 h(?J))' (210

Let us also consider a test function ¢ and denote by ¢° and ™ its restrictions to
G°" and G™ respectively; we assume that such restrictions are separately Lipschitz
continuous and also that ¢ = 0 on G, but we do not require that [¢]s = 0.

We arrive, by the usual computations, at the following integral equality, where we
have used (2.1)-(2.10) and (2.15):

1 0 1 B
/Hvun-vgodxdwé/[go]g{nal;} dx+§/{g0}g {nai;] Az
X b
by

/fout OUtd.Tdy—i-/fmt mtdl’dy—l- / out Omdl’dy—l-/ int mtdl’dy

G’out Gmt Eout Yint
n

(2.17)
Upon using also (2.12) and selecting ¢ such that [p]s = 0, we get

Definition 2.1. A function u, € Hy(G) with u; = u, , € Hy(X) is a weak solution
of problem (2.1)—(2.13) if we have

890 ou*
/HVU77 Vodrdy+e e 8xnd
(2.18)
/ fout(deEdy—f— /flnt@dl'dy—l— / OUthdl’dy—f— / mthdl‘d’y,
Gout Gmt Eout Z’lqnt
for all test functions ¢ € Hj(G) with s € Hj(X). O

Existence and uniqueness of a weak solution of problem (2.18) can be obtained as a

standard consequence of Lax-Milgram Lemma.
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We note that
Yy

auout
/ ug™|* d dy = / uy’ +/ 82 (x,2)dz | dxdy
= i 0 (2.19)
auout 2
< 25n/|u2|2dx+252n / n|——| drdz.
K 0z
b Sout

A similar estimate holds true in E;nt. On selecting (formally) ¢ = w,, we obtain
then, also invoking Poincaré inequality, the energy estimate
2
b

2
)
/(% )dxdy—l—e/ il
ox
G P

ox
int |2 out |2 int|2
+v/\f | dxdy+v77/!9n | dwdy+’m/!9n *dedy <,

int out int
G X9 2

2
ou
p | ZYn
i ’3y

dr <~ /\fO“tIle‘dy
a (2.20)

where the second inequality is an assumption; here, v > 0 denotes constants inde-
pendent from € and 7, but 7. is only independent of 7.
In order to keep the effects of the sources g;;‘t and g,‘;“t in the concentrated problem,

we have to scale them by a factor 1/n, and then, we assume, for the sake of simplicity,

out

1 | 1.
9" (z,y) = ngut(x)g‘g)“t(y), g (z,y) = Egi“t(w)gém(y), (2.21)

for g7, gi"* € L*(Y), 95", 95" € C(R).
Let us denote by ugit € H'(G™) [respectively, uit € H'(G™)] a suitable extension

of ug“t‘ o 10 G [respectively, of u;“t| g 10 G™]. Thus, we may conclude, up to
o n
subsequences, as n — 0:
uont — ud™, strongly in L*(G°™), (2.22)
u%nt N uglt , strongly in L2(Gint), (223)
v U%Ut N v/ ugut 7 weakly in L2(Gout)7 (224)
Vot = vt weakly in L2(G™), (2.25)
uT (- en) > ug(,0),  strongly in L2(0, 1), (226)
uinnt('a —en) — U%)nt<'> 0), strongly in LZ(O’ 1), (2.27)
for suitable ud" € H'(G), v € H*(G™"). Moreover, in the same limit,
uf — g strongly in L*(0,1), (2.28)
ou;y  ouF
=L - %, weakly in L*(0, 1), (2.29)

for a suitable uy € H'(0,1). The null boundary conditions on dG are of course

preserved in the limit.
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In order to take the limit in (2.18), we remark that, by taking into account (2.20),

2

2

/ |H VYV uy,-Veldedy| <v(p)en / dz dy
%utuz’iqnt E’(q)utuz‘%nt (230)
2 Ouyy ’
+ v(p)en n 8_y derdy <~.n— 0.

t int
Tguty Lin

Thus, we have the limiting equation

/Vuo Vdrdy + e Op Quiy 4,
or Or

o (2.31)
_ / fodudy+e / (65°(2)g"(0) + g™ ()i (0)) p(c, 0) dr.
G

X

Let us next derive (formally) the distributional formulation of the limiting problem
and the conditions relating u3’ to ug. First, on taking test functions supported away
from Y, we obtain

— Aud™ = four, in G, (2.32)
— Ayt = it in G, (2.33)
ud™ =0, on G\ X, (2.34)
ug® =0, on OG™ \ X (2.35)

Thus, for a test function ¢ as in Definition 2.1, we obtain

8U0
Vug-Vedrdy + n pdr = [ fedrdy. (2.36)
b))
G b G

By comparing (2.31) and (2.36), we conclude

8@ 8“(? _ auo out out int int
[ GG = [ 52| edore [ @ o)+ st o)pds, @0
P X

whose distributional formulation is

aQu au ou ou 1n 110
a$§ - [a_yo} . +eg; t( )95 t(o) +eq t( )92 t(o) ) on X, (2.38)
uy (r) =0, r=0,z=1. (2.39)

But since we have in practice three unknowns, i.e., uy, uS*, ul, we need two more

interface conditions.
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We cannot extract them from (2.31), thus we go back to the limiting procedure. In
(2.18), we take as test function

()C(y), en<y<l1,
p(z,y) = max(y, 0) (2.40)

@) ———, —1<y<en,
en

where 1) € C3(0,1), ¢ € CY(R) with ((1) =0, {(y) =1 for y < 1/2 and n < 1/2. We

obtain

1 8 out a out
/ Vul™ - V(y¢)drdy + = / u—n¢'y+u—"w dz dy
g € dr " dy

out out
GTI EU

= /foutw(dxdy—i-/gf,“tw%dxdy, (2.41)

G%ut Z"(r)’ut
where we may calculate
augm out X
/ By Ypdrdy = /(uT7 (z,en) — u,) (z))Y dz. (2.42)
zout b5

Since |y/(en)| < 1in Xy, on invoking again (2.20) and the convergences established
above, as 7 — 0, we arrive at

/ Vg V() e dy + - / (u" (,0) — u¥ (1))

Gout X
out 0
= / ¢ da dy+€—g2 2( >/gfut¢ dz, (2.43)
Gout b))
where we have used (2.21) and
1 ¥ ; out 0
- /ggut(y)g dy = s/ggut(enz)z dz — 2 2( ) , asn— 0. (2.44)
n / n
But on integrating (2.32) by parts, we get
out augm out
Vg™ - V(¢(¢) de dy + By Ydr = fo%p¢ dx dy, (2.45)
Gout 3 Gout
whence
1 auout out 0
B /(ug‘“(as, 0) — ug (z))p do = / a—zw dz + E%T() /gi’“ti/) dz . (2.46)
b b b

8



Clearly, we may argument in a similar way in G, arriving finally at the required
(distributional) conditions on X

1 on 8U0ut gout(o) on
20— o) = T Do, (2.47)
1 0 auint gmt(o) .
E(UOE —up") = 8; — =2 5 9 " (2.48)
Conditions (2.47)—(2.48) are equivalent to
ou 1 2 €
%0] — Lk - 2§~ ot (2.49)
b
ou 1 £
{a—yo} = g[uo]z - 5[9]2- (2.50)
b
Note that, on substituting (2.49) into (2.38), we infer
(92u 1 2
aIS = —{ 0}y — guo {9}2 (2.51)

In order to introduce a weak formulation for the complete problem, let us select
again a test function possibly with [p]s # 0. From (2.32)—(2.35), we have by means
of standard integration by parts and of (2.15)

1 8u0 1 @UO
G ) )

(2.52)
= / fodrdy.
G

We are lead to

Definition 2.2. A weak solution to the limiting problem (2.32)—(2.35), (2.38)—(2.39),
(2.49)—(2.50) is a function (ud"*, ul uy') such that ug"® € H'(GW), vl € HY(G™),
uy € H}(0,1) and

/Vuo ~ vgpdxder%/[go]g([uz]E = g[g]g> d

X

(2.53)
+ % /{so}z({uz_}x -~ - g{g}2> dz = /f%f?di’fd%
5 G

3

and that

g/aauozgi /¢ {UO}E 2 ul + {g}2> dz . (2.54)

b b
In addition, we require that ug™ =
tively, on 8Gmt N{y < 0}].

Here, we consider a test function ¢ € H}(0,1) and a test function ¢, denoting by
0" and @™ its restrictions to G°" and G™, respectively; we assume that such

restrictions are in the same class of 3™ and ull, respectively. U
9

0 [respectively, '] on OG°* N {y > 0} [respec-



out

Remark 2.3. Clearly, if we take in (2.53) a test function ¢ such that p°'* = ©"* = ¢)
on X, and add this equality to (2.54), we recover (2.31). O

2.1. Outline of the concentration for the model problem. We have to assume
of course the bound expressed by the last inequality in (2.20). We select in (2.18)
the testing function

(@OUt($, y) ’ (x,y) c Ggu‘n ’
Y ou y on
Loot(zen) + (1= L)u(a), (v,y) € T
en €n
en(w,y) = y S o (2.55)
_Z 1mn ,— I , , 6 1n’ ,
e + (14 D)), (wy) e,
L™ (2, y), (z,y) € G)",

where ¢ = (¢°", ™), 1) are as in Definition 2.2. We obtain

/ Vu, Vedrdy + / %%dxdy

Or O
GoutuGint Douty yint
1 oot 1 Oulut
o a—;w%,an) — ) dedy+ £ [ () =, en) dedy
2’(,)]111: E;}nt
oY
or 0x ij
b))

(2.56)

where I(n) is the right-hand side of (2.18), i.e., the contribution of the sources, for
which we immediately get, on recalling also (2.44),

n = / fedrdy + g / (" 95" (0)g5™ + ™ 93" (0)g1™) da + / U{ghsda.
b
(2.57)
As to the other terms, owing to the convergences in (2.22)—(2.29) and to estimate
(2.20), and also since |0y, /0x| is bounded uniformly in 7, we immediately get

X,
J1 n)%/Vuo-dexdy, Jo(n) =0, Js(n) — ¢ /aj ;; dz.  (2.58)

b))
10



Next, we note that in J; and J; we may explicitly integrate du,/Jy to infer

o)+ ) = % [ (g (o 2n) = @) (" o) - () d

2 [ W) — o —em) (9a) - (a2 da
b
o 2 e e s do o+ [ 20— fuohs)i de,

X X

(2.59)

where we use (2.26), (2.27) and the fact that u)**(z, —en) = ui(x, —en) and ug"*(z, —en) =

udt(x, —en).

n

Since ¢ and 1 can be chosen independently, we first select ¢ = 0, to get at once
(2.54). Then, we select ¢ = 0, and gather (2.56)—(2.59) to conclude

1 . .
[V Vededy+ 2 [ @4 - o)) da
G

> (2.60)

€ out ou ou int _in in
= /fs&dxdy+ 5/(90 t95" ()9 + Mgyt (0)g™) daz
G k>

which, using (2.15), reduces to (2.53).

Moreover, taking ¢ = ug, ¢ = ug in Definition 2.2, and adding the corresponding
(2.53), (2.54) to each other, yields

o |? 1
/|Vu0]2dxdy+€/ 8_:? dx+2—€/[ug]22dx
G b 5
1 2 3
+or [lwppdo+ 2 [lPde =2 [(ulslols + {wdsloh)ds o)
5 b b
2
+g/{uo}gu02d$—l—g/uox{g}gdz%—/fuodxdy.
b b G

Note that ]

2{uotsug < S{uols + 2ug
so that the second integral on the right-hand side of (2.61) cancels with the last two
terms in the left-hand side. The other terms are treated similarly and can be absorbed

in the left-hand side by means of Poincaré’s and trace inequalities. Eventually, we
obtain

b
/\Vu0|2dxdy+€/ ’%

Ox
G by

? 1
dz + > /[uo]zz dx
b

< V(If 2y + el{gd=lie + llglsllia ) - (2:62)
11



We point out that (2.62) proves uniqueness of solutions in the sense of Definition 2.2,
owing to the linear character of the problem.

3. THE MICROSCOPICAL PROBLEM

Our geometrical setting is rather standard: we denote by Y = (0,1)" the unit cell
in RN, N > 2, and by £ C R" a smooth open subset of RY, satisfying £ 4+ z = E
for all z € ZN. Then, we introduce the inclusion E,,, = F NY, the outer domain
E i = Y\E and the interface I' = OENY. We assume E;; C Y, so that OF, = I,
and also that Eji, is a connected set.

We set our problem in the smooth bounded domain 2 C RY. For any ¢ € (0, 1), we
define the set

E={¢ezV, e¢+Y)C R},

and, for £ € =° we let

B =l + Ew),  If:=0E5;

int int

and
= Es r=o=r, @

int — out
fe=e feze

— O\ 1%,

int *

In this paper, v is the normal unit vector to I pointing into FE,.; we denote by v.
the normal unit vector to I pointing into (2 .. Note that (2, is connected and
(2 is disconnected.

int
We look at the following problem, which we state in several steps, summarized even-
tually by a rigorous weak formulation. In the following, f € L%(§2), g, g'** € C(£2)
are given data.

The equations in the bulk of the domain, together with the outer boundary data, are

as follows:
— Augut =1, in (2° ., (3.1)
— Auiant =f, in 2,

u™ =0, on 0f2.

£

On I'®, we prescribe for the unknown u!
du,
—eAsul = [ Y } +e{g:}re, on [*. (3.4)
ove | pe
The unknowns u2™, v and u!" are connected by the interface conditions
Ou, 1 r 3
- - e — e — — e €, FE, 35
AP el A (35)
Ou, 1 €
— —|Ug|e — Z|Yelle , FE. 36
(G} = Fudr =St on (36)

It is perhaps interesting to note that (3.5) and (3.6) share some symmetry, given that

[uc]rs = [ue —ul]pre. Also, we keep in (3.4)—(3.6) the coefficients of the given sources
12



found in Section 2, since they actually follow from the concentration process.
When we combine (3.4) with (3.5), we obtain

1 €
—eAsul = g{ua —ul}pe + 5{95}]“5 : on I*. (3.7)

We remark that (3.7) makes clear that we do not need to impose any additional
condition, e.g., on the average of u!" on each T, ¢- Indeed, the unknown ul" appears
on the right-hand side, too, so that the associated energy functional vanishes only if
ul” does.

By means of the usual process of formal integration by parts, we obtain from (3.1)—
(3.7), when also appealing to (2.15), the following definition.

Definition 3.1. We say that (u", u'™, u!') is a weak solution to problem (3.1)—(3.7)

e e »%e)
if u € HY(0¢,,), with u®™ = 0 on 902, u™ € H'($%,), ul € H'(I"?); in addition,
we require

int

/Vu6 -V pdx + %/ (%{us —ul}pe — g{ge}ps){gp}pe do
. / (el — Sloelre) el do = ! fedz, (38)

as well as

1
s/Vg uep Vsl do = / (g{ug — u?}ps + g{gg}ps>gpp do. (3.9)
FS

Ie

Here, ¢ is such that ¢ ~belongs to HY($2¢,,), with ¢ = 0 on 942, ¢|0:, belongs to
H'Y($%

c.); finally, o' € HY(I'®). Here, ¢! can be chosen independently from ¢. O

4. ENERGY INEQUALITIES

In this section, we collect some standard inequalities, which will be useful in the
following. For the first two we refer, for instance, to [2|, while the third one can
be obtained by rescaling from the standard Poincaré-Wirtinger inequality. They are
valid in the geometry used in this paper.

Poincaré inequality: for all v € L?(f2) such that vjo: = belongs to H'(£25,), with
v =0 on 012, vjo: belongs to H'(25,), we have
/v2dx§7/|Vv|2dx+z/[v]%s do. (4.1)
5
19 19 re

Trace inequality: for all v € L*({2) such that v|o:  belongs to H'(£25,,), vjo:, belongs

out

to H'((2%,), we have
/(]v‘m|2 + o™ do < 1/02 dx+7€/\Vu\2dx. (4.2)
£
e 7 2
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Poincaré inequality on I'¢: for all v € H'(I¥), we have

/v2d0§752/|V51)|2d0+ WE /vda
J 7
€

] I

2

Theorem 4.1. For the weak solution of Definition 3.1, we have

1
/\V u.|* dz —i—a/]Vg ul |> do + . /({uE —ul Y 4 [ur) do
0 e

FS

< fy/fZ dx + ~e /{gg}%s do + 783 /[gs]%g do .
0 Ie

Ie

(4.4)

Proof. First, on taking ¢ = u. and ¢! = u! in Definition 3.1, and then on adding

the resulting equalities, we arrive at
1
J1vufars o [Qu + whe v atud o+« [[9suldo
2 Ie Ie

2 € €
=< /Uf{us}rs do+ - /{ue}re{gs}rs do + 7 /[UE]FE (9] do
Ie Ie

Ie

5
€
—1—5/uep{ga}padaqL/fugdm::;Ih.
2 —

FE
We may easily compute
1 1
lue —ul ¥ = S{uctre — 2ui{uckre + 2wl
Thus, (4.5) immediately yields
1 5
/\Vu5|2d:v + % /({ua —ul Y 4 [ue]3e) do + E/WS ul|*do = th-
2 Ire Ie h=2
Then, we observe, by means of (4.2), that
, €
B <0 [ (uf o+ ) do+ 55 [ {4 do
FE

Ie

g76/u§dx+7552/\vu5\2dx+%8/{95}%6 do
2 re

N

1)
< % A da+7§/|Vu€|2d:E + ? /{ga}%a do,
17 e

Ie
14

(4.5)

(4.6)

(4.8)



for a small 4 to be chosen, where we have also used (4.1). Next, we bound

I < g / o+ 127 / (g2 do (4.9)
Ie Ie

In order to bound I, we need an estimate of the mean value of u!" on each component
I%; from (3.9), with o' =1, we get

1 1 €
g/uepda = 2—6/{u8}p5 do + Z/{ga}ps do, (4.10)

implying

1 .
T /u? do| < fy/(]ugut\z + [u™)?) do + ye? /{gg}%e do . (4.11)
3

e e e

Thus, (4.3) together with (4.11) yield

I < 5£/|u£|2d0+7% /{gg}zpe do

< 7o’ /|V3up2da+755/(| u™|* + |u|? )da+ 755 + L /{gg}ps do .

" (4.12)

Note that we may reason again as in (4.8) to bound the second term in the rightmost
hand side of (4.12). Finally, on using also (4.1), we have the standard inequality

[5<(5/u de+— /dex<75/]Vu5]2dx—|——/u5 Fsd0+ /dea: (4.13)

2
Finally, on selecting ¢ small enough above, from (4.7)—(4.13) we infer (4.4). O
Corollary 4.2. Assume that for a constant C' independent of &
/(5{95}%5 + &%g.]3-)do < C'. (4.14)
e

Then, for the weak solution of Definition 3.1, we have

/\Vus\Qd:U —|—5/]V3u |*do + = /({u8 —ul Y+ [u]r) do
FE
+5/(|u§“t|2 4l do < . (4.15)
FE

Proof. Estimate (4.15) follows at once from (4.14), (4.4), (4.3), (4.11) and (4.2). O
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5. EXISTENCE FOR THE DIFFERENTIAL PROBLEMS

In this section, we state and prove some well-posedness results concerning the differ-
ential problems.

5.1. Existence for the cell problems. For a given function ¢ € L*(I'), we set
Mr(p) = ﬁ [ @ do,. We look at the problem

—div, (Vy(Xi +y/)) =0, in Fow U B (5.1)
[Vy(Xi + vl ) - vlr = {Xi — Xi}r on I’ (5.2)
VR ) v = SRl - 5K, on T 53
—divs, (Vs,(Xi +4)) = [Vy(Xi +4) - VIr, on I, (5.4)

for a fixed i € {1,..., N}, where y/ =y — Mp(y).
We note for further use that (5.2) and (5.3) are equivalent to (5.2) and
{ViRi+w) vir=Rilr, onTl. (5.5)

For the sake of notational simplicity, we write x¥; = v, X; = v. We introduce the
space where we seek our solution (v, ) as

H={(8,9) € Hy(Y\I') x H(I') | Mr({Z}r) = 0, Mp(@) = 0}, (5.6)

where H# (Y \ I') denotes the space of periodic functions in Y of class, separately,
H'Y(Eow), H'(Ey). By means of a routine process of integration by parts, we arrive
at the integral equations (owing also to (2.15), (5.5))

Bi(0.9).3.9) = [V, 9,04+ [ ({5-7)r(@hr + Brllr) do,

Y r

[Vl Ve = R(@E). (657
Y
and

By((8,9). (3,3)) ::/vsya-vsy@d%—/{@—’5}F@d0—y
I I

- _/vSy yzp : vSy QBdO'y = FZ((@? SAD/)) . (58)
r

Note that in order to get to (5.7), (5.8) we do not need the normalization condition
on @. However, in the following result we remark explicitly that our notion of weak
solution is in fact the correct one, which is perhaps not obvious given the restrictions
we place on the test functions.

Lemma 5.1. Assume that the pair (U,v) € H satisfies (5.7)~(5.8), for all (p,p) € H,
and that Og,,, € C*(Eow), Om,, € C*(Ein), 0 € C*I'). Then, (5.1)~(5.5) are
fulfilled in a classical pointwise sense.
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Proof. Take first in (5.7) ¢ € Hy(Y \ I'), with 3°* = & = 0 on I'. The differential
equations in (5.1) follow by integration by parts, owing to the assumed regularity
of ¥ = X;. Then, we integrate by parts again these equations, using a general test
function @ € C(Y') such that Mp(@) = 0 to obtain

/ V@)V, By = — / BV, (@ +y0) - vl do,
I

—— [T+ 4l vlrdoy. (59)
r

On comparing (5.7) and (5.9), we infer that, since {p}r = 29, [p]r =0,

V,@+yl) vlp—{v-0}r=c, on I, (5.10)
for a suitable constant ¢. But each one of the quantities on the left-hand side in
(5.10) has zero integral on I": the first one owing to (5.1) (and periodicity of ), and
the second one as to our definition of . Condition (5.2) is proved.
Next, we note that for an arbitrary p' € CY(I") we may easily construct a $ €
HL(Y\T') with {$}r = 0, [¢]r = 28", On writing (5.7) for this test function and
comparing it to the first equality in (5.9), which holds true for all (@, ¢) € H, we find
on account of (2.15)

% / [@1r(@]r doy = / {V,@+y) - v}rl@lrdoy, (5.11)

r

whence (5.5) follows.
Finally, directly from (5.8), we obtain

—divs, (Vs,(0+y])) — {0 -0}r =c, on I, (5.12)

for a suitable constant c. But each one of the terms on the left-hand side of (5.12)
has zero integral on I', thus ¢ = 0 and (on recalling the already established (5. 2))
(5.4) is proved.

Given that for any @ € Hy (Y \ I') we have ¢°* = ({$}r + [@]r)/2, #™ = ({@}r —

[2]r)/2, from standard results we have

/ Fdy <~ / 1V, 82 dy + / {PY2 + [B12) do, (5.13)
Y I

Y

ot
H

Next, we prove our existence result.
Theorem 5.2. There exists a unique (v,v) € H that satisfies (5.7)—(5.8), for all
(%,9) €H.
Proof. Let us equip H with the inner product
B((0,9),(2,9) = Bi((9,0), (,9)) + B2((2,9),(3,9)),  (©,0),(3,%) €H,

which in fact implies the norm

P ~ ~ Lo - Lo
1@ D)5 = 1Vy Bllz2cry + 1Vsy Blzaery + 5188 = Erllzecy + @Iz

17



We can readily check that H is a Hilbert space. We have to check that the inner
product B is positive and that H is complete. If ||(@, @)|l = 0, then @ is constant,
since its gradient vanishes; but, then, ¢ = 0, owing to the normalization condition
M () = 0. Hence, both {¢}r = 0 and [¢]r = 0, whence = 0 in Y on invoking
(5.13). In addition, let {($,, pn)} be a Cauchy sequence in H. The standard Poincaré
inequality on I yields @, — @ in H'(I'), with Mp(@) = 0. Thus, from the defini-
tion of Cauchy sequence in H, we get that both {{@,}r} and {[@,]r} are Cauchy
sequences in L?(I"). Thus, we may appeal to (5.13) to obtain that {{,} converges
in Hy (Y \ I). The standard trace inequality then implies that Mp({Z}r) =0, i.e.,
(P, ®) € H; we have, thus, proved the completeness of H.

Owing to the Riesz theorem, there exists a unique element (v,v) € H such that, for
Al (3,5) € H,

indeed, F' is a linear continuous functional on H.
We are left with the task of showing that (5.14) implies (5.7) and (5.8), the converse
and thus uniqueness being obvious. But this is accomplished by selecting separately

p=0and ¢ =0. O
Next, for j, € L*(I"), we consider the problem
A, J =0, in By U B (5.15)
VyJ -vip={J—-H}r, on I'; (5.16)
. 1 1 1
vy Jlnt'V:_ng+§[J]F_§{J_H}Fa on I’ (517)
and
—divs,(Vs, H) ={J - H}p, on I (5.18)
As above, we note for further use, that (5.16) and (5.17) are equivalent to (5.16) and
1
{VyJ'V}F:—§jg+[J]F, on I (519)

Reasoning as above (on appealing to (5.19), too), we may rewrite problem (5.15)—
(5.18) in the following weak form, where we separated the bilinear part from the
linear functional:

[9,0-9,8a+5 [ (7= 1) 0@} + eldlr) doy = 1 [ felrdoy. (5:20)
and

/vgy H-Vs,3do, /{J _H}rFdo, = 0. (5.21)
T T
Here, for (p,) € H, the bilinear part is exactly the same as in (5.7) and (5.8),
therefore the following result can be proved as in Theorem 5.2.

Theorem 5.3. For any j, € L*(I") there exists a unique (J,H) € H that satisfies

(5.20)—(5.21) for all (p,p) € H.
18



As in Lemma 5.1, we may see that weak solutions in the sense of Theorem 5.3 are in
fact classical if they are smooth enough.

Remark 5.4. We introduce in the definition of the space H in (5.6) the normalization
condition Mp({p}) = 0, since, in fact, for the solution (X;, x;), this is automatically
satisfied being a byproduct of (5.1), (5.2) and the normalization condition Mp(X;) =
0.

It follows from (5.3) that M ([X:]r) = 0; this, together with the condition Mpr({X;}r)
0, imply M p (™) = 0 and M (™) = 0. O
Remark 5.5. Problem (5.15)—(5.18) is set in the unit reference cell, so that the solution
(J, H) depends only on y. However, in Section 6 the source j, will be assumed to be

a function in L?(£2 x I') (see Theorem 6.6); thus, the pair (J, H) will depend also on
x, which in problem (5.15)—(5.18) can be considered as a parameter. O

5.2. Existence for the microscopical problem. The same approach employed
above for the cell problems actually provides existence and uniqueness of solutions
for the microscopical problem set for € > 0 according to Definition 3.1.

The correct environment for our problem is the space

He={(p,9") € H'(Q\ ) x H'(I") | pa0 = 0}, (5.22)

which, as proven in the theorem below, is a Hilbert space equipped with the norm

1
oo = [ 1V dot oo [({o—e et et dore Vs Pdo. (523)
2 Ire Ie

This is the space where solutions are to be found and test functions to be taken.

Theorem 5.6. For any f € L*(£2), ¢, g™ € C(12), there exists a unique weak
solution to problem (3.1)—(3.7) in the sense of Definition 3.1.

Proof. We note that the two equations (3.8) and (3.9) can be rewritten as, respec-
tively,

Bi (e}, () = [ VueVpdos o [ ({uemad Y fobre e lelr) do
0 Ie

-2 / ({9 Lk re + [gelrellr ) dor + / fode = Fi((p.¢")), (5.24)

FE
and

1
Bi((weul), (") == [ Voul Vol do =2 [fu—ul)regt do
FE

Ie

=5 [tabre" do = Fi((0s"). (529

FE
Moreover, the inner product Bf + Bj yields the norm defined in (5.23). Note that
this is proved by the calculations already used to arrive at (4.7). Let us first prove

that the inner product is positive. Clearly, if the quantity in (5.23) vanishes, then
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@i, = 0, since it is constant, due to V¢ = 0, and owing to the null boundary
condition. By the same token, g is constant in each component of (25 ; however,
[p]re = 0 on I'%, so that also o= = 0 in €25, It follows that also ¢" = 0 due to
the definition of the norm.

Then we prove that H. is complete; let (p,, L) be a Cauchy sequence in H.. Then
on invoking again the fact ¢,j90 = 0, we clearly have pn s — @our in H L2 ,), for
some Qouy With ooy = 0 on 9f2. Next, we remark that the traces of ©nz,, on 1°
as well as the jumps [p,]rs converge in L*(I"%); thus, also the traces of ¢, Qs on I*
converge in L*(I"?). Tt follows, on appealing again to the convergence of V (,,, that
Onj0z, — Pine i0 H 102 ,), for some piy. Then, we know that {p, —pl} - and {p, }
converge in L?(I"¢), implying the convergence of ! = ({v,}re — {¢n — 0L} r:)/2 to
some ! the limit is in fact taken in H'(I'®) by virtue of the estimate on V!
Finally, it is a trivial task to check that the limit of (¢,, ¢! is taken in the norm of
H..

Next, we remark that F} and Fj5 are continuous functionals on H.; to this end,
we only need check that the norms ||{¢}re||r2(r<) and ||¢”||12(r<) are bounded from
above by the norm in (5.23). Indeed, |[{¢}r|r2(r-) can be estimated in this sense
by means of (4.1) and (4.2). In turn, ||¢"||r2(r<) is again bounded by noting that
o' ={otre —{e —¢"}r)/2

The proof is completed as in Theorem 5.2. O

6. HOMOGENIZATION

In order to deal with our homogenization results, we need to recall the definition and
the main properties of the unfolding operators studied in [23, 24, 25, 26].

For € € =, set
(2. = interior { U e(€+ 7)} :
§€Ee
Denoting by [r] the integer part and by {r} the fractional part of r € R, we define
for z € RY

9, - (2] [2]) e {5 ({2 2.
o e=e([2],+{2,)-

Definition 6.1. For w Lebesgue-measurable on (2, the periodic unfolding operator
7. is defined as

_ w(a [g}y—i-éy) , (x,y)eﬁng,

0, otherwise.

Te(w)(z,y)

For w Lebesgue-measurable on I'¢, the boundary unfolding operator 72 is defined as

w(e [g}y—l—&tg/) , (x,y)eﬁsxf,

0, otherwise.
20
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Proposition 6.2. Let w. = (w™, w®") € H'(2%,) x H' (). Assume that there

e int

exists v > 0 (independent of €) such that

/|wa|2dx + / IVw,|*dz < 7, Ve > 0. (6.1)
Q Q

Then, there exist w™ € L*(2), w°"* € HY($2), Wi € L*(2; HY(Ein)) and Woy €
L2(02; Hy(Eont)), with Mp(Wine) = Mp(Wouw) = 0, such that, up to a subsequence,

Te(xae, we) — w™™, weakly in L*(2 X Eiy) ; (6.2)
T-(x 0z, we) — w™, weakly in L*(£2 X Eyy) ; (6.3)
Te(xas, Vw:) = VyWin; weakly in L*(2 X Fiy); (6.4)
To(xoz,, Vw:) = V™ + V Wou, weakly in L*(£2 X Eqy), (6.5)

for e = 0. Moreover, due to (6.1), we have

5/[w5]2d0 dt <7, Ve >0, (6.6)
e
with ~ independent of €, and, then,
T2 ([we]) — w™ — w™, weakly in L*(2 x T). (6.7)
Finally,
é [To(w™) = Mp(Te(w2™)] = y" - Voo™ + Wou,  weakly in L*(2; H' (Egu)) -
(6.8)

We notice that, as in [25, Theorem 2.20], we can set Wiy, = Wiy — Yy - Vo™ — &,
for a suitable function £ € L?(£2). Therefore, we can rewrite (6.4) as

T-(xo:, Vwe) — V™ + V, i weakly in L*(£2 x Eiy). (6.9)

Moreover, we can further modify Wiy, Wous, without affecting (6.5) and (6.9), by
adding to both £,/2, in such a way that the sum of the two new correctors has null
mean value on I'. More precisely, we redefine Wi,y = Wiy +E&r/2 = Wing — y! Vot
&r/2 and Wyt = Wout + £r/2, so that Mp({w}r) = 0.

From now on, let (u2"* u" u!") be the unique solution of problem (3.8)—(3.9) (see

Definition 3.1). Owing to the estimates of Corollary 4.2 and to the previous propo-
sition, we have the following results.

Proposition 6.3. Assume (4.14). Then, there exist ud" € Hg(£2), ul® € L*(92),
ue L*(02; Hy(Y \ I') such that Mp({@}r) =0 and, up to subsequences

To(x s, ue) = ug™, weakly in L*(£2 X Egu); (6.10)
Te(xqz, ue) = ug", weakly in L*(£2 x Biy); (6.11)
To(xos, Vu) = Vaud"™ 4+ Vy Uoy weakly in L*(£2 X Egu); (6.12)
Te(xas, Vue) = Vo ug"™ + Vy Uiy, weakly in L*(£2 X Eiy). (6.13)
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Moreover, there exists ul € H(£2) such that

T2 ([ue]r=) — 0, in L*(02 x I'); (6.14)
TPl = b, in L2 x I); (6.15)
Pt —ul) =0, in L*(2 x T); (6.16)
P —uly =0, in L*(2 xT). (6.17)
Actually,

ud = ud™ = ug . (6.18)

Then, there exists a function U € L*(2 x I') such that
7?’( [%Lﬁg) — [u]r, weakly in L*(2 x I'); (6.19)
7?(@) -~U, weakly in L*(2 x I'). (6.20)

Finally, there exists a function w € L*(£2; HY(I')), with Mp(w) = 0, such that
T2(Vsul) = Vs, w, weakly in L*(2 x T). (6.21)

Note that (6.16), (6.17) follow from (6.14) and (4.15). Thus, from (6.15), we get
(6.18). For (6.19), see [5, 25, 26]. The limit in (6.20) follows from the estimate
(4.15). Finally, (6.21) follows from [30].

Lemma 6.4. We have, for a suitable function gp € L*(0),

U=2y" - Vug" + {0} — 2w+ &r . (6.22)
Proof. We calculate
U’(e)m B ug 1 ou ou
T = S(Th @) = Mo (T (u2)
1
LM (T - Me(T ) (6:23
1

L MATH) = D) = 5+ ot
and take into account that, weakly in L?(£2 x I'),
€r

Ji =yl Vud™ + oy, — X (6.24)
Jo = &p, (6.25)
Jz — —w, (6.26)

for a suitable £, € L2(2); (6.25) is a consequence of a standard Holder inequality,
when we also take into account the estimate (4.15); for (6.26), see [30, Theorem 3.4].
Then, from (6.19)-(6.20), we have

() e () (2],
— 2(y" -V ud™ + Uowt) — Er + 26 — 2w — [U) -,
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that is (6.22), by setting &y = —&p + 26 .. O

Remark 6.5. In fact, in Lemma 6.4 we have Ep = 0, since when we take ¥, = 1 in
(6.39), we obtain the second inequality in

&r=Mp(U)=0.
]

Theorem 6.6. Let ¢°, g™ € C(£2) and assume that there exist j,, s, € L*(2 x I
such that

T ([g:]re) — g weakly in L*(2 x I'), (6.27)
T2({g-3re) — 54, weakly in L*(2 x I'). (6.28)
Then, u. — ud" in HY($2) as € — 0, where ud" is the unique solution of
—div(AV ™) =F,  in; (6.29)
ug™ =0, on 0f2. (6.30)
Here,
Azid+/Vy)?dy+/(id—1/®V+V5y§)day (6.31)
Y r
and
F= f+/sgdcry+div(/Vdeer/VSdeay), (6.32)
r Y r

where the pair of cell functions (X,X) € H has been defined in problem (5.1)—(5.4)
and the functions

J e L HLY\T)) and HeLQH(I)),

with Mp({J}) =0 and Mpr({H}) = 0, have been defined in problem (5.15)—(5.18)
(see, also, Remark 5.5).

Proof. We remark preliminarily that (6.27)-(6.28) imply also (4.14) and, therefore,
the estimate (4.15) and the convergence results of Proposition 6.3 and Lemma 6.4.
1) Take as test function in (3.8)

pe(x) = eP1(2) D2 (g) : (6.33)

where @, € C5°(12), @, is of class C* separately in Eyy, iy and periodic over Y.
We obtain

/Vua . (8@2 Vﬁpl + @1 Vy @2) dz + 236 /@1{@)2}F6{U5 — U?}ps do
0 re
£ g2
+ 52 / 1 [@] - [ue] e do = — / Oy ({Po}re{ge}re + [Polre(ge]r-) do (5.34)
re re

+ E/fépl@Q dx .
n
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We unfold the integrals on the left-hand side of (6.34) and the term containing [g.] -
on the right-hand side. Indeed, the other ones clearly vanish in the limit ¢ — 0,
owing to our assumption (4.14). We obtain

/7;(Vu€).7;(qu52)7;(451)dxdy+% / THD Do) ) T2 ({“5 6“ e )dxday

02xY 02xIr
1 Uge| e g
i3 [ e (M) drdo, = 5 [ @00l dr doy o).
02xI 02xI
(6.35)
As e — 0, owing to our assumption (6.27) and to Proposition 6.3,
1
/ @1(V ugut + Vy ﬂ) : Vy @2 dx dy + 5 / @1{@2}[‘(] dz dO'y
02xY 2xI
1 " 1 .
+ 5 / @1[@2]F[U]p dx dO'y = Z / él[@Q]Fjg dx dO'y . (636)
2xIr 02xIr
2) As to (3.9), we take in it the test function
x
oL (2) = el (). (6.37)

where ¥, € C(§2), ¥, € C*(I'). We obtain

E/VS U,g . (EWQ VS lpl + LT/1 ng Epg) do — E/W1W2{Ua — Ug}ps do

Ie Ie

2
- % /tffl%{gg}pa do. (6.38)
e
Note that, according to our assumption (4.14), the right-hand side of (6.38) vanishes
as € — 0. Then, unfolding and taking the limit we arrive at

/ @1 ng w - VSy ![/2 dzx dO'y — / y—/ﬂpQU dz dO'y =0. (639)
2xIr 2xIr

3) In order to derive the macroscopic limiting differential equation, we choose in (3.8)
a test function ¢ € Cj(£2), and in (3.9) we let ' = ¢ r-; on adding the two integral
equations, we find

/VuE Vgodx+6/vgu ngoda—e/gp{gg}pgda—l—/@fdx (6.40)

Ire o)
Then, we unfold all the integrals and, on using (6.28), we find as € — 0

/(Vugm—i-vya)'Vgodxdy—l—/ngw~V3g0dxday: /gosgdxday—i—/gpfdx.
02xYy xr 2xI 2

(6.41)
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4) We next rewrite our limiting problem in a distributional formulation. From (6.36),
we get

—div,(Vug™ + V,u) =0, in Fiyt U Eout. (6.42)
Multiplying (6.42) by @, and integrating (formally) by parts (6.42) and using (2.15)
for @o(V ud"™ 4+ V, u) - v, we find, for each fixed x € (2,

/(VUSUt +Vyﬂ) . Vy% dy = —/[%(VUS‘” +Vyﬁ) : I/]de'y

Y r
1 A~ ou '
=—3 /([éz]F{(V ug + Vy ) - vir + {2} r[(Vug™ + V@) - v]r) doy, . (6.43)
T
whence, on comparing with (6.36),
(Vug" +V,a)-v],. =U, on I, (6.44)
. . L.
{(Vug" +V,a) v}, =[a]r— 3Jg on I. (6.45)
It follows immediately from (6.44)—(6.45) that
~ 1 . 1. 1
(Vug™ + Vy Upy) - v = §[U][‘ —3Jo QU’ on I (6.46)

Next, from (6.39), we obtain
— dngy(ng ’LU) == U, on I (647)

In (6.42)—(6.47) the unknowns are ug", @ and w, since, owing to Lemma 6.4, Re-
mark 6.5, we get

U=2y"-Vud" + {u}r —2w. (6.48)
Finally, from (6.41) we get

—div(Vu8“t+/vyﬂdy+/vgywday> zf—l—/sgda, in Q. (6.49)
Y T r
Indeed, in (6.41) we may write
Vsyw-Vsp=Vs,w-Vop.
In the following, we use the representations
w(z,y) =y" - Vud"(z) +u(z,y), (6.50)
u(x,y) = X(y) - Vg™ (z) + H(z,y),  z,y) = X(y) - Vug(x) + J(z,y) . (6.51)
Note that (6.48) can be rewritten now as
U={u—-1u}r. (6.52)

Then, we identify the problems solved by the cell functions by recalling (6.42)—(6.49)

and separating there the various contributions. First, we find that the functions y

and X are coupled for i = 1, ..., N, by the problems (5.1)-(5.4). In addition, we

require that X is periodic in Y, and that Mr({x}r) =0, Mp(x) = 0.

Also the functions J and H are coupled by the problems (5.15)—(5.18) and J is
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assumed to be periodic in Y and Mp({J}r) =0, Mp(H) = 0.

The well-posedness of the cell problems for Y, x, J, H is dealt with in Section 5.
Next, we identify the limiting diffusion matrix in terms of the cell functions. We note
first that

Vsyw = Vs, y" - Vug™+ Vs, u
=(id-—vev)Vul" + Vs, u =Vsul" + Vs, u. (6.53)
Finally, using (6.50), (6.51) and (6.53), we write the vector in (6.49) as

Vu8“t+/vyﬂdy+/V5ywdoy
Y r

= Vugut—i-/(vy)?Vugm—l—VyJ)dy—l—/(VguSut+ng§Vu8“t+ngH)day

Y r
— (idJr/VyS(\der/(id—1/®V+V3y52)day>Vugut
Y r
+/Vdey+/V3deay.
Y T

(6.54)

Hence, we obtain that ug satisfies the limit problem (6.29), (6.30), which has unique-
ness, since the homogenized matrix A is symmetric and positive definite, as proved
in the following proposition. Therefore, all the above convergences hold true for the
whole sequences, and not only for subsequences. O

Remark 6.7. We notice that, from (6.32), the limits j, and s, of the original source on
the interface conditions have different effects in the source term of the homogenized
problem. Indeed, while s, appears directly in the definition of F, the function j,
enters through the solution (J, H) of the coupled system (5.15)—(5.18). Moreover, we
can remark that, if j, is independent of z, the last term in (6.32) vanishes, so that
the pair (J, H) has no role in the macroscopic equation; however, it remains in the
corrector formulas (6.50) and (6.51). A similar effect appears in the problem studied
in [24, Chapter 5] and in [21]. O

Proposition 6.8. The matriz A = (a;;) in (6.31) is given by
_ r, o r, o ro,~ ro~
o= [ Vool + R0Vl + )y [ eyl + %)+ Ve, ] + X)) do,
Y r

w3 [ G- T - Whrdo, + 5 [RirRlrdo, (65

r I

and, therefore, it is symmetric. Moreover, it is also positive definite.
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Proof. Let’s rewrite the matrix in the last term of (6.54) as A = (ay;), ai; = ay; +aj;,
where

OXi -
agj = 5ij + % dy, CLZ-lj = / (51] — VilVj + (ng XZ>]) dO'y .
y r
Note that
0 N ~
aj; = / a—y(yf + %) dy = /Vy(yf +Xi) - Vyy;dy,
v Y
and that
ol = [ (Vaylol' +50),doy = [ Vol + %) Vol dor.
r r
since
Vs, ui =€ —vv. (6.56)
Thus, we conclude that
ai; = /Vy(yf +Xi) - Vyy;dy + /Vsy(yf +Xi) - Vsyy; doy. (6.57)
Y r

In order to show that the matrix A is symmetric, let us use X; as a test function in
(5.1) to get, on appealing to (2.15) once more,

N N 1 N N
/Vy(yf‘i‘Xz‘)'vy X dy+§/[vy<yip+>(i)'V]F{Xj}l“do'y
y

r

1 ~ ~
45 [1900 4 %) hilRilrdo, =0, (659
T
On applying the interface conditions (5.2) and (5.5), we obtain

- . 1 PO N
/Vy(%r +Xi) - Vy X5 dy + 5 /{Xi — XitriX;}rdoy,
Y I

L[y -
+ 5/[Xi]F[Xj]F do, =0. (6.59)
r
Then, we use X; as a test function in (5.4) to infer, also by means of (5.2),

/Vsy(?/f +Xi) - Vs, X;doy, — /{5(\1 — Xitrx;doy, =0. (6.60)
T T

Finally, collecting (6.57), (6.59), (6.60), we infer (6.55), and, thus, the symmetry of

A. The positivity of the matrix A can be obtained as usual. O
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