Existence, nonexistence and uniqueness for Lane-Emden type fully
nonlinear systems

Liliane Maia*!, Gabrielle Nornberg'?, and Filomena Pacella®?

Wniversidade de Brasilia, Brazil
2Universidad de Chile, Chile
3Sapienza Universita di Roma, Italy

Abstract. We study existence, nonexistence, and uniqueness of positive radial solutions for a class of nonlinear
systems driven by Pucci extremal operators under a Lane-Emden coupling configuration. Our results are based
on the analysis of the associated quadratic dynamical system and energy methods. For both regular and exterior
domain radial solutions we obtain new regions of existence and nonexistence. Besides, we show an exclusion
principle for regular solutions, either in R or in a ball, by exploiting the uniqueness of trajectories produced by
the flow.

In particular, for the standard Lane-Emden system involving the Laplacian operator, we prove that the critical
hyperbola of regular radial positive solutions is also the threshold for existence and nonexistence of radial exterior
domain solutions with Neumann boundary condition. As a byproduct, singular solutions with fast decay at infinity
are also found.
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1 Introduction and main results

In this paper we study existence, nonexistence, and uniqueness of positive radial solutions of fully nonlinear
elliptic partial differential systems of the following type

MiA(DZu) +ov?P = 0 in Q
M (D) +u? = 0 in Q (1.1)
u,v > 0 in

in the superlinear regime pg > 1, for p,q > 0, and Q C RV, N > 3. Here, ./\/lfA are the Pucci’s extremal operators
for 0 < A < A, defined as

M;A(X) = Sup)\ISASA[ tI‘(AX) s M;,\(X) = iﬂf)JgAgAI tl”(AX) (12)

where A, X are N x N symmetric matrices, and [ is the identity matrix. They play an essential role in stochastic
control theory and mean field games. For more information about these operators, see for instance [4].

We deal with classical solutions of (1.1) that are C? for r > 0. We call a solution pair (u,v) regular if u and
v, together with their derivatives, are continuously defined at = = 0.

For regular solutions, the set € is either the whole space RY, or a ball Bg of radius R > 0 centered at the
origin, or an exterior domain RY \ Bg. In the case of singular solutions, {2 can be either R \ {0} or Bg \ {0},
and we assume the condition

lim, 0 u(r) = lim,_,¢ v(r) = 400, r=|z|. (1.3)
In addition, whenever 2 has a boundary, we prescribe the Dirichlet condition

u,v=00n0Q, or wu,v=0o0ndN\{0} under (1.3). (1.4)
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We highlight that positive solutions of (1.1) in a ball for pg > 1 are always radial, see [9] (see also [6] for the
respective scalar case p = q).

Next, we define the positive parameters «, 8 given by

2(p+1 2(¢g+1
SELAS N B Uhs) (15)
pg—1 pg—1
for p, g > 0 such that pg > 1. They play a role in the scaling
uy(r) = ulyr), vy (r) =7 u(yr),  for ¥ >0, (1.6)

under which the system (1.1) in RY is invariant; see also Remark 2.3.

Let us have in mind the following initial value problem with positive shooting parameters &, 7, which produces
the radial regular solutions of (1.1),

W= My (< N - Dma () — o) u(0) =& W/(0)=0, €50, )
v = My (—r YN —=1)my(v') — |u|q_1u) , v(0)=n, v'(0)=0, n >0, '
where My and m4 are the Lipschitz functions
As if s <0 s/Aif s <0
m(s) {As ifs>0 +(9) {S/A if s > 0; (1.8)
As if s < A ifs<
m_(s) = s 1 50 and M_(s) = s/ 1 s<0 (1.9)
As if s >0 s/A if s > 0.

The first main result of this paper concerns uniqueness of regular radial solutions of (1.1) when Q = RY, and
uniqueness of solutions to the associated Dirichlet problem (1.1), (1.4) for Q = Bpg.

Theorem 1.1. Let p,q > 0 with pg > 1. Then:

(i) problem (1.1) with Q = RN has at most one radial positive reqular solution up to scaling (1.6). Moreover,
the set of shooting parameters (£,m) for which (1.7) admits a positive radial solution in RN is the graph of
a simple smooth curve n = cgpil , where ¢ is a constant;

(ii) problem (1.1), (1.4) with Q@ = Bg, R > 0, has at most one positive solution (u,v), which is radial. Further,
given R > 0, any other solution pair (4,v) in Bp is obtained from (u,v) by rescaling, i.e. (4,0) = (U, vy)
n (1.6), for some v > 0 such that R = yR.

Next we consider the following hyperbolas ‘H and H on the plane,

1 1 N-2
=N-2 = 1.1
pg)eMt & a+p ¢ oritar N (1.10)
_ . 1 1 Ne-2
(P eHs & a+f=N:i—-2 & == (1.11)

p+1 q+1 N

where Ni are the dimensional-like numbers
Ni=2(N-1)+1, N_=%N-1)+1 (1.12)

For a pair (p,q) with p,q > 0 and pq > 1, the region below H is expressed by a+ 8 > N — 2, and the region above
H by a+ 8 < N — 2; the same for Hay by replacing N by N.

Definition 1.2. Let (u,v) be a radial solution pair of (1.1) defined for all » > rg, for some ro > 0, r = |z|. We

say (u,v) is fast decaying if there exists ¢ > 0 such that at least one between u, v satisfies lim, rN- 2w(r) = ¢,
where N is either N, if the operator is M™ or N_ for M~.

In the case of regular solutions, for the standard Lane-Emden system involving the Laplacian operator A =
A =1, then the classical hyperbola H and H. are identical, and the following result is well known.

Theorem A 1 ([3, 7, 19, 24, 25]). Below H, for each R > 0 there exists a unique radial solution of (1.1), (1.4)
in Br, and there is no radial solution of (1.1) in RN. On H there exists a unique radial fast decaying solution of
(1.1) in RN wup to scaling, and there is no radial solution of (1.1), (1.4) in any ball. Above H there exists a unique
radial solution of (1.1) in RN up to scaling, and there is no radial solution of (1.1), (1.4) in any ball.



The respective nonradial case has been widely investigated at least since the works of de Figueiredo, see [8].
The so called Lane-Emden Conjecture upholds the nonexistence of positive solutions between hyperbolas pg = 1
and H is still open in general, except for dimensions N = 3,4 in [21, 26].

In what concerns the qualitative analysis of regular solutions in Theorem 1, we obtain the following concavity
result, for both solutions in the ball and fast decaying ones.

Theorem 1.3. If A = A and the pair (p,q) is below or on the hyperbola H, then a regular solution (u,v) of (1.1)
s such that u and v change concavity exactly once.

Still for the standard Lane-Emden system, we obtain the following Liouville type result on exterior domain
solutions with Dirichlet boundary condition.

Theorem 1.4 (Liouville exterior domain Dirichlet). Let A= A. If a« + 8 > N — 2 then there is no radial positive
exterior domain solution of (1.1) for any R > 0 with Dirichlet boundary condition (1.4).

In the fully nonlinear scalar perspective, the very first classification result on radial positive solutions of
Lane-Emden equations involving Pucci operators was obtained by Felmer and Quaas in [10, 11], by using an
innovative ODE approach. Further existence in annuli and exterior domains were found in [13] and [12], respectively.
More recently in [18] we derived a complete classification of singular solutions, even for weighted equations, via a
special change of variables, as in [3], that permits us visualizing all orbits of the corresponding dynamical system.
We note that the study of quadratic systems to treat Emden-Fowler type problems has long been used, see also
(17, 28].

As far as the fully nonlinear system is concerned, Quaas and Sirakov proved in [23] that problem (1.1) has
no solutions in RY if at least one between a and S is larger than or equal to Ny — 2, whenever p, ¢ enjoy the
superlinearity pg > 1 under the additional assumption p,q > 1. They also used this result and the blow-up method
to show existence of a solution to (1.1) in a ball. In [1], Armstrong and Sirakov removed the assumption p,q > 1,
by extending the result to the region

RE={(p,q) €R?: p,q >0, pg > 1, with @ > Np — 2 or 3> Ny — 2}, (1.13)

on the plane (p,q). We recall (1.13) describes the range of nonexistence of supersolutions, which in turn extends
the scalar case developed in [5]. We highlight that in the papers [1, 23] the authors were able to treat even more
difficult cases of different and more general nonlinear operators, for instance an equation with a maximal Pucci
operator and the other one with a minimal. The region in (1.13) is rewritten accordingly to the dimension-like
numbers associated with each operator. Obviously this is far from optimal when referring to solutions of (1.1).

In this paper we come up with enlightening results about the general qualitative theory of regular solutions
for the Pucci-Lane-Emden system. We prefer to consider the same Pucci operator in both equations by a matter
of choice, in order to emphasize what is new for the fully nonlinear scenario when compared with the classical
Lane-Emden setting. Let us consider, for this purpose, the set of regular solutions in a ball as

C=1{(p,q) € R?: p,q >0, pq > 1; there exists a solution (u,v) of (1.1), (1.4) in Br}.
Next, we denote the set of ground state regular solutions as
G ={(p,q) €ER?: p,q >0, pg > 1; there exists a radial solution (u,v) of (1.1) in RV}.

In what follows we characterize the complementary set to G as C, independently of the location of the superlinear
pair (p,q), and for any 0 < A < A. In other words, it says that we cannot have regular solutions both in a ball
and in RY simultaneously.

Theorem 1.5 (Exclusion principle). For C and G as above concerning regular solutions, we have {(p,q) € R? :
p,q >0, pg>1} = CUG, where U is a disjoint union.

Our strategy for obtaining Theorem 1.5 is to show how uniqueness of regular solutions presented in Theorem
1.1 either in RN or in Bg, up to rescaling, is translated into uniqueness of trajectories for the respective dynamical
system. This is the heart of the paper and, up to our knowledge, it is the first time an exclusion result of this
nature is proven in this context.

As a byproduct, we improve the region (1.13) in what concerns nonexistence of solutions to (1.1), as long as
p, g are close to the diagonal p = ¢, see Figure 1. In the case of the operator M™, the novelty depends on whether
R does not contain H. This would correspond to the scalar situation p < pa. Meanwhile, for the operator M~
this is always an improvement, in analogy to the scalar case p; < pa. Here,

+_ _Na —
S T Rz and pa =

N+2
N—2)

p



where pT is the corresponding Serrin exponent for the Pucci’s operator M* from [5], while pa is the critical
exponent for the Lane-Emden equation driven by the Laplacian operator.

Now we define the regions, down and up, for the operator M,

Ry={(pg)eR:: M +Me>N_3 o N sN_2 p>1}, (1.14)
Ny N -
RjZ{(p,q)ERi p%+ﬁ<N+_2’ pﬁ+(114\r[71<N+_2}’ (115)

and the respective lower and upper regions for M~ given by

Ri={pgeR?: L +I5>N -2 =4+ >N -2 pg>1}, (1.16)
. N_ a
Re={(r9eR:: S+ 5<N-2 5+ 7<N-2} (1.17)

pqg=1

p
Figure 1: Our improved region R in (1.14) for M* with respect to region R in (1.13).
Our next main result exhibits existence and nonexistence results in these regions, by showing that Rf ccC
and Rif C G for the corresponding operator M.

Theorem 1.6 (Regular solutions). Let A # A. With respect to reqular solutions of (1.1), it follows:

(i) if (p,q) € Rdi then problem (1.1) in RN does not have positive radial solutions. Moreover, for each R > 0
there exists a unique positive solution (1.1), (1.4) in the ball Br;

(i) if (p,q) € R then there exists a unique (up to scaling) positive radial solution of (1.1) in RN. Further,
there is no solutions of (1.1), (1.4) in any ball Bg.

rq =1

r

Figure 2: The regions R} in (1.14) and R} in (1.15) for the operator M.



Our approach for proving Theorem 1.6 relies on a suitable choice of piecewise defined energies for the associated
quadratic system. They are discontinuous functions ruled by four hyperbolas rather than just one when comparing
it to proof of Theorem 1 in [3]. Moreover, regarding the study of fast decaying solutions, we develop a brand new
study at the stationary points responsible for generating fast decaying trajectories in the dynamical system. It is
an open question whether or not uniqueness of fast decaying solutions holds in the region above R¥ in light of
Theorem 1.1, cf. the scalar case [12, 18].

Moreover, by Theorem 1.6 we can say that C is nonempty, the set {q : (p,q) € C} is bounded from above for
each fixed p, so we may define dC. We believe C is connected and JC consists of a continuous curve on the plane
(p,q). We show in Corollary 4.2 that regular solutions in ’Rf change concavity exactly once, although we guess
this property is preserved up to (p,q) € C as in the scalar case [18].

In view of Theorem 1.5, we conjecture that OC turns out to be a critical curve on the (p,q) plane, being the
threshold between existence and nonexistence of regular solutions in RY. We also conjecture that this produces a
critical curve for existence and nonexistence of fast decaying exterior domain solutions. We point out that 9C C G
since C is open (see Proposition 3.10). It is natural to expect, on this critical curve, the behavior of the solutions
at infinity being subject to a fast decaying profile.

On the other hand, we give a result on exterior domain and singular solutions. Up to our knowledge, they are
novelties even for standard Lane-Emden systems driven by the Laplacian operator.

Particularly for the next theorem, we consider the (nonempty) regions R% - R;lt given by

. A2N—N,—2
R} ={(p,q) eR?: p—11+q%>y N: , pg>1} for MT,
- 2N_—N-2 -
RD::{(p,q)€R2zﬁ+qﬁ>% <~ pg>1} for M~

Theorem 1.7 (Exterior domain Neumann). Let A < A and R > 0. Regarding solutions of (1.1) defined in the
exterior domain RN \ B, with u,v > 0 on OBg, and d,u,d,v =0 on OBg, it holds:

(1) if (p,q) € ’Riﬁ then there is no radial positive exterior domain solution of (1.1);
(i3) if (p,q) € RE there exist exterior domain fast decaying solutions of (1.1).

Moreover, if A = A then the hyperbola H in (1.10) gives us the threshold for existence and nonexistence of exterior
domain solutions with Neumann boundary condition.

Theorem 1.8 (Singular solutions). Let A < A. Regarding singular solutions of (1.1)—(1.3), one has:
(i) if (p,q) € R(jf there ezists a singular fast decaying solution of (1.1), (1.3) in RY;

(i) if (p,q) € Ra then there is no singular fast decaying solution of (1.1), (1.3) in RV,

Furthermore, if X = A then the hyperbola H in (1.10) divides existence and nonexistence of fast decaying singular
solutions in RV,

We highlight that the extension of our results to Hénon weights |z|¢, |#|® with a,b > —1 could be treated as
in [18], in the spirit of [3]. We prefer to skip it in this work to keep the presentation simpler.

The paper is organized as follows. In Section 2 we recall some preliminary facts on radial solutions of Pucci’s
operators and study the associated quadratic system. Section 3 is dedicated to the global study of the dynamical
system and we prove Theorems 1.1 and 1.5. Setion 4 is devoted to energy and qualitative analyses, and the proof
of the remaining theorems are provided.

2 The dynamical system

In this section we define some new variables which allow us to transform the radial fully nonlinear equations
into a quadratic dynamical system.

2.1 The second order PDE system

We start by recalling that the Pucci’s extremal operators in (1.2) are equivalently defined as

M;A(X) = AZei>0 € + )\Zeigo i, M;,A(X) = )\Zei>0 e + Azeigo €i, (2.1)

where {e; }1<;<n are the eigenvalues of X. From now on we will drop writing the parameters A, A in the notations
for the Pucci’s operators.

When u is a radial function, to simplify notation we set u(|z|) = u(r) for r = |z|. If in addition u is C?, the
u/(r)

eigenvalues of the Hessian matrix D?u are v” which is simple, and -

with multiplicity N — 1.



The Lane-Emden system (1.1) for M™ is written in radial coordinates as

w' = My(—r YN —1)my(u) —oP),
RS Vit T o e Y "
while for M~ one has
W= M= (N = )m () — o),
{ v = M_(—=r"*N —-1)m_(v) —u?), u,v>0, )

which are understood in the maximal interval where u, v are both positive.
We stress that by regular solution of (Py) or (P-) we mean a solution pair (u,v) which is positively defined
at r = 0, and twice differentiable up to 0.
Let us consider the following functions which determine the sign of —u”, —v”,

Hi(r) =r"YN = Dms(u) + 0P, Hy(r) =r YN = D)my(v) + u?. (2.2)

Next we show that solutions of (Py) or (P-) are strictly concave around r = 0.

Lemma 2.1. Every regular solution pair (u,v) of (Py) or (P-) satisfies u”(0) < 0, v”(0) < 0. In particular, u
and v are both concave in a neighborhood of r = 0.

Proof. Suppose by contradiction that «”(0) > 0. Then note that
H(0) = Tim, oe H () = Tim, o { (V= 1)ma (0540 4 or(r) } > 07(0) >0,

since my are Lipschitz continuous. Now the continuity of M. yields «”(0) = lim, g+ v”(r) = My (—H1(0)) <0,
a contradiction. Analogously one shows that v”(0) < 0. |

Lemma 2.2. If (u,v) is a regular or singular solution pair of (Py) or (P-) (together with (1.3) in the singular
case) then v',v" < 0 in (0,+00) as long as both u,v remain positive.

Proof. Let us prove only the monotonicity for u, since the one for v is analogous. If (u,v) is regular, by Lemma
2.1 we have u”(0) < 0, thus v’ is decreasing in a neighborhood of 0. Since v/(0) = 0, then «/(r) < 0 in some
interval of positive r. On the other hand, if (u,v) is singular satisfying (1.3), then u is necessarily decreasing in
a neighborhood of r = 0. Anyway, let (0,7¢) be the maximal interval where v’ < 0. There are two possibilities:
either ro = 0o, or u'(rg) = 0.

If we had u/(rg) = 0 at some point where u is positive, i.e. with u(rg) > 0, we would obtain u”(rg) < 0 from
the equation. That is, ¢’ is strictly decreasing when passing through the point rg, and hence attains negatives
values on the left of r9. This contradicts the definition of rg. Thus u’ can never vanish at a positivity point of u
if u solves either (P;) or (P-). [ |

In what concerns the initial value problem (1.7), we recall once again that a regular solution (u,v) of (1.7) is
twice differentiable up to 0. Since a solution pair of (1.7) is positive near 0, by the previous lemmas we obtain
that it is a solution for the system driven by the Laplacian operator around r = 0. Now, by [24, Lemma 2.1] for
instance, local solutions of (1.7) exist. We denote by u¢ ,, ve,, the solutions of (1.7). Then we set R, with
R¢ ;, < 400, the radius of the maximal interval [0, R) where u¢ , and v, are both positive.

Hence (u,v) is a solution of (Px) in [0, Re ). Obviously, if Re, = +oo then (u,v) corresponds to a radial
positive solution of (1.1) for Q& = RY. When R¢,, < +oo and u(Rg,) = v(R¢,) = 0 it gives a positive solution of
the Dirichlet problem (1.1), (1.4) in the ball Q = Bg, .

Remark 2.3. Given a regular positive solution pair (u,v) in [0, Re ), with u = u¢ , and v = vg ,,, which satisfies
(1.7) for some positive constants &, 7, then the rescaled functions w., and v, as in (1.6), v > 0, still give a positive
solution pair of the same equation in [0,y R ,) with initial values u,(0) = y*¢ and v, (0) = 7.

If u, v are defined in the whole interval [0, +00), thus there is a family of entire regular solutions obtained via
Uy, Uy for all 4 > 0. If there are no other entire solutions then we say that (u,v) is unique up to scaling.

On the other hand, a solution in the ball of radius R¢, automatically produces a solution for an arbitrary
ball, by properly choosing the parameter v > 0.



2.2 The associated quadratic system

In this section we adapt the approach introduced in [3] to treat the classical Lane-Emden system, by defining
a suitable setting of coordinates which transforms the second order PDE problem into a fourth order autonomous
quadratic system of ODEs.

Let u,v be a positive solution pair of (P;) or (P-), then we can define, as in [3], the new functions

xt)=-" vi=-"C 2= wa=-"" (23
ou v T v '

for t = In(r), whenever r > 0 is such that u,v # 0 and u/,v’ # 0. The phase space is contained in R* and,
throughout the paper, we denote its positive cone as

K={(X,Y,ZW)eR:: X,Y,Z,W>0}.

Since we are studying positive solutions, the points (X (¢), Y (t), Z(t), W(t)) belong to K when both «/,v" < 0.
As a consequence of this monotonicity, the problems (Py) and (P_) then become in K as:

b [ = MoV - Dl o),

fOI' M 1mn IC . { UH _ M+(—)\T_1(N _ 1) U/ _ uq)7 U, v > 0’ (24)
L . ' = M_(—=Ar=Y(N —1)u —oP),

fOI‘ M mn ’C : { ’U// _ M,(—A'f’il(N _ 1) 'UI _ uq)7 u, v > 0 (25)

Remark 2.4. Regular or singular solutions of (P ) and (P-) enjoy the monotonicity u’,v’ < 0 by Lemma 2.2.

Thus their study and respective dynamics is restricted to K.

In terms of the functions (2.3), we derive the following autonomous dynamical system, corresponding to (2.4)

for M, where the dot " stands for %,

X = X[X+1-M,(AN-1)-2)]
. Y = Y[Y+1-M(NN-1)—W)]
+ . . +
Mk Z = Z[1-pY +M;AN-1)-2)] (26)
W WIl—qgX+M(AN-1)—W)].
Similarly one has for M, associated to (2.5),
X = X[X+1-M_(AN-1)-2)]
N Y = Y[Y+1-M_(AN-1)—-W)]
M-k Z = Z[1-pY+M_(AN-1)-2)] 27)
W = W[l-gX+M_(AN-1)-W)].
We stress that trajectories of (2.6), (2.7) correspond to positive, decreasing solutions of (Py), (P-).
On the other hand, given a trajectory 7 = (X,Y, Z, W) of (2.6) or (2.7) in K, we define
u(r) = r=(XZ)71 (YW) 71 (t), o(r) =r#(XZ)7T (YW)7T(t), where r = c'. (2.8)

Thus we deduce

' (r)= —ar = TN X Z) T ()W) () 4 (X Z) e (n) XS
+zg:? (YW)W—l(t) M — %{—OL + X-Ii)-q2_—1pY +pY-;§:;1X} _ _X(tiﬂu(?”)7

and analogously for v'. Since X,Y € C1, then u,v € C%. Moreover, u,v satisfy either (Py) or (P_) from the
respective equations for X,Y, Z W in the dynamical system.

In other words, (X,Y, Z, W) is a solution of system (2.6) or (2.7) in K if and only if (u,v) defined by (2.8) is
a positive pair solution of (Py) or (P-) with u/,v" < 0.
An important role in the study of our problem is played by the following hyperplanes for M™,

maz ={(X,Y,ZW): Z=AN-1)}nK, 1w ={(X,Y,Z,W): W = AN —-1)}nK, (2.9)

which, as in the scalar case (see [18]), correspond to the vanishing of " and v”, respectively. They allow us to
define the following regions

Ry, ={(X,Y,Z,W)eK:Z>AN-1}, Ry ,={(X,Y,Z,W)eK:Z<AN-1)},
Riyw ={(X,Y,Z,W)eK:W > AN -1)}, Ry, ={(X,Y,Z,W) e K: W < A\(N — 1)}, (2.10)



which represent the sets where the corresponding functions u, v are concave or convex. More precisely, Rj\" 5 and
R;\rw are the regions of strictly concavity of u and v respectively, while R, , and R, ;, are the regions of strictly
coﬁvexity of w and v. 7 ’

The corresponding notations for the operator M™ are

Tz ={X,Y,Z,W): Z=AN-1D}NK, maw={X,Y,Z,W): W =AN-1)}nKk, (2.11)
Ry, ={(X,Y,ZW)eK:Z>AN-1)}, Ry , ={(X,Y,Z,W)eK:Z<AN -1)},
Ry ={(X,Y,ZW)eK:W >AN-1)}, Ry , ={(X,Y, Z,W) e K: W < AN —1)}. (2.12)

We recall that Hénon-Lane-Emden problems for Laplacian operators were already studied in [3] in terms of
the dynamical system (2.6) in the case A = A =1 after the transformation (2.3).

At this stage it is worth observing that the systems (2.6) and (2.7) are continuous on 7y z, mx w. More than
that, the right hand sides are locally Lipschitz functions of X,Y, Z, W, so the usual ODE theory applies. That is,
one recovers existence, uniqueness, and continuity with respect to initial data as well as continuity with respect
to the parameters p, g, whenever u,v > 0.

2.3 Stationary points and local analysis

We start the section investigating the sets where X=0Y= 0, Z = 0, and W = 0. One writes the dynamical
systems (2.6) and (2.7) as the following ODE first order autonomous equation

(X,Y,Z7W):F(X,Y,Z,W), where  F := (f1, f2,91,92)- (2.13)
Firstly we recall some standard definitions from ODE theory.

Definition 2.5. A stationary point @ of (2.13) is a zero of the vector field F. If 01, 09, 03, 04 are the eigenvalues
of the Jacobian matrix DF(Q), then @ is hyperbolic if all of them have nonzero real parts. If this is the case, @
is a source if Re(o;) > 0 for all i = 1,2, 3,4, and a sink if Re(o;) < 0 for i = 1,2,3,4; Q is a saddle point if it is
hyperbolic and Re(o;) < 0 < Re(o;) for some ¢ # j.

The dynamical system is described through local stable and unstable manifolds near hyperbolic stationary
points of the system (2.13), see for instance [20, Theorem 6.2]. Here the usual theory for autonomous systems
applies. No stationary points exist on the hyperplane subsets (2.9), (2.11), as we will see in Lemmas 2.7 and 2.9.

Observe that if X = 0 then X = 0, which means that a trajectory which starts on the hyperplane X = 0 never
leaves it; similarly for the others coordinate hyperplanes.

The following sets in (X,Y, Z, W) play an important role for the system (2.6),

ma={(X,Y,Z,W): Z=A(N, —2) - AX }NK, (2.14)
mox={(X,Y,Z,W): W =A(N, —2) - AY }NK, (2.15)

which are the sets where X = 0, X >0, and Y = 0, Y > 0 respectively. Also,
7r3,,\:7r;A U 735 7r4,,\:7rz>\ U gy (2.16)
are the sets were Z =0, Z > 0, and W = 0, W > 0 respectively, where
w;/\ ={(X,Y,Z,W): Z=AXN-pY)}Nn R;Z, Ty = {(X,Y,Z,W):Z = A(N’+ —pY)} NRy 4.
WZ/\ ={(X, Y, Z,W): W=AXN—-gX)} N R:\F’W, T\ = {(X,Y,Z,W): W = A(N+ —gX)}n Ry w-
Note that 7y is a hyperplane entirely contained in R;y 5 so that X > 0in the region R; 7 Uy, z. Analogously,
mex C R with Y >0in R:\"W Umyw. In turn, w3y and 74 5 in (2.16) are unions of half hyperplanes which
join on (X, %, AN —1),W) € maw NT4,; and on (%,Y, Z,\(N —1)) € my z N3, 5 respectively. Here 7y ; denotes

the closure of ) ; in R*. The respective sets for M~ are defined in (2.18)—(2.20) ahead.

With the goal of studying the complementary region to (1.13), from now on we assume the following hypothesis
on the parameters «, 5 from (1.5),

0<a,8<Ny—2, (2.17)
where the sign + corresponds to the operator M™*, and — to M.

Ny
Ni72

Remark 2.6. The hypothesis (2.17) ensures that p or ¢ is larger than NJ}*T In fact, a pair (p, q) with p, ¢ <

belongs to the region (1.13).



Lemma 2.7 (M™). Under assumption (2.17), the stationary points of the dynamical system (2.6) in K are given
as follows:

O =(0,0,0,0), Ny=(0,0,AN,\N), My=(Xo,Yo,Zo,Wy), Ag=(Ny—2,,Ny—20,0),
Iy = (N4 —2,0,0,0), Jo=(0,Ny—2,0,0), Ko=(0,0,AN,0), Lo=(0,0,0,AN),
Py=(Ny—2,-2+q(Ny —2),0,A(Ny — q(Ny —2))), Go=(Ny —2,0,0,A(Ny — g(Ny —2)),
Qo = (=2 +p(Ny —2), Ny — 2, A(Ny — p(Ny —2)),0) Ho = (0, Ny — 2, A(N} — p(Ny —2),0),
where Xo = o, Yo = B, Zo = ANy —2 —a), Wo = ANy — 2 — j).

Proof. We already noticed that X >0in Rj\'z Uy, z, and Y >0in Rj\”W U my,w. In particular, no stationary
points are admissible on the concavity hyperplanes 7y z and 7y -, neither in the interior of the regions Rj\' 5 and
+
RY - .
On the boundary of Rj\rW7 X = 0 implies X = 0. In this case, by (2.16), msx C R;\FW and W = AN, so one

gets the point Ny. Meanwhile, from W = 0 we obtain the point Lg. Analogously, on the boundary of Rj\'W, Y =0
yields Y = 0, and so we derive the point Kj.

Therefore, all the other points are computed in the intersection of the regions E;’ - and R;W with respect to
either the coordinate hyperplanes or the planes defined in (2.14)-(2.16). Note that this corresponds to stationary

points in the case of the Laplacian operator in dimension Ny for both u,v. |
Remark 2.8. The assumption (2.17) ensures that M, € K.
Analogously, for the operator M~ we define:
mA={(X,Y,Z,W): Z=XN_—-2)-\X}NK,

V. (2.
mon={(X,Y.Z,W): W =AN_—2) - A\Y }NK, (2.19
T3 A =Ty U T3y, Tan :WZA U Ty, (

which are the sets such that X = 0, X > 0; Y = 0,Y > 0; Z = 0, Z > 0; and W = 0, W > 0 respectively, where
7'(';:1\ ={(X,Y,Z,W):Z=A(N—pY)} HRKZ, Ty = {(X,)Y,Z,W):Z = )\(N_ —pY)}in Ry 7,
A ={(X, Y, ZW): W = AN —¢X)} N Ry, i = {(X, Y, Z,W): W = MN_ —¢X)}n Ry -
Then one finds out the respective stationary points for M™.

Lemma 2.9 (M™). Under assumption (2.17), the stationary points of the system (2.7) in K are

0 =(0,0,0,0), No=(0,0,AN,AN), My= (Xo,Ys,Zo,Wo), A= (N_—2,,N_—20,0),
Iy = (N_—2,0,0,0), Jo=(0,N_—2,0,0), Ko=(0,0,AN,0), Lg=(0,0,0,AN),
Py=(N- =2,-2+q(N- —2),0,\(N- — g(N- - 2))), Go=(N_—2,0,0,A\(N- —g(N- —2))

Qo= (—2+p(N_ —2),N_ —2,\(N_ — p(N_ —2)),0), Hy=(0,N_ —2, A\ N_ —p(N_ — 2),0)7,

where Xo =, Yo =, Zo = AN_ —2—a), Wo = AM(N_ —2— ).

As in [3], the points Cy = (0,—2,0,AN), Dy = (=2,0,AN,0), Ry = (0,—2,A(N + 2p),AN), and Sy =
(=2,0, AN, A(N + 2q)) are also stationary points for both systems (2.6) and (2.7), but they do not play any role
in our analysis since they do not belong to K.

Let us also define the subsets of hyperplanes
Li={X,Y,Z,W): X =Ny -2}nk, [£={(X,Y,Z,W): Y =Ny -2}nKk. (2.21)

The next proposition gathers the crucial dynamics at each stationary point in K. In what follows we denote
by Ws(P) and W, (P) the stable (directions entering) and unstable (directions exiting) manifolds at a stationary
point P, respectively. Set dim,(P) := dim(W,(P)), dim,, (P) := dim(W,,(P)), see [15, 27].

Proposition 2.10 (M?*). Assume (2.17), then the following properties are verified for the dynamical systems
(2.6) and (2.7),
1. (Point My) The point My is always a saddle point. More precisely:

(i) there are trajectories converging to My as t — +o0o whose corresponding solutions (u,v) of (Py) or (P-)
satisfy lim, o0 r%u = ¢1 > 0 and lim,_, o rPu=cy > 0;

(ii) there exist trajectories approaching My as t — —oo with respective solutions (u,v) of (Py) or (P-)
verifying lim, _,o 7% = ¢3 > 0 and lim, o 7%v = ¢4 > 0;

(i) the hyperbola Hy in (1.11) is equal to the set of points (p,q) for which the linearized system at My has
maginary roots.



2. (Point Ny) A trajectory exits Ny at —oo if and only if its corresponding solution (u,v) of (Py) or (P-) is
reqular. Also, dim, (Ny) = 2 and there are infinitely many trajectories issued from Ny.

3. (Point Ag) (i) If p(N+ —2) > N+ and q(N+ — 2) > Ny then there exist trajectories converging to Aq as
t — 4o00. If p # q then dim(Ap) = 2.
The corresponding solutions (u,v) of (Py) or (P-) are such that

lim, 400 rN+=2y =¢; >0, and lim, 400 rN£=2y = ¢ > 0.

(ii) If either p(Ni -2) < Ny or q(Ni -2)< N, (they cannot hold simultaneously by assumption (2.17),
see Remark 2.6), then dims(Ag) = 1 with either Z = 0 or W = 0 when p # q. In this case there is no
trajectory in K converging to Ag when t — +o0.
4. (Point Py) (i) If 2 < (Nx — 2)q < Nz then dim,(Py) = 2. Further,
dim (Ws(Py) N{Z =0}) =1,
and there exist trajectories in IC converging to Py when t — +o00. The corresponding solutions (u,v) of (Py)
or (P-) satisfy

lim, 4 oo PNE=2y = c1 >0, limpyorfv=1co>0, kKk:= (Ni —2)qg—2;

(i) If q(]\?i —-2) = Ny then Py = Ao and there is a trajectory in K converging to this point as t — +oo.
The corresponding solutions (u,v) of (Py) or (P-) have decay

Ni=2 jny| =1y = ¢y > 0. (2.22)

lim M 2yu=¢ >0, and lim r
r—+o0 r—+00

5. (Point Qo) (i) If 2 < (N+ — 2)p < Nz then dim,(Qo) = 2,
dim (Ws(Qo) N{W =0}) =1,

and there exist trajectories converging to Qo when t — 4+00. The corresponding solutions (u,v) of (Py) or
(P_) verify
lim, e rfu=c; >0, lim,_iorN+20=0cy>0, (:= (Ni —2)g— 2.

(i) If p(Ni —-2) = Ny thus Qo = Ao and there exists a trajectory in K converging to Ay as t — 400, with
corresponding solutions (u,v) of (Py) or (P-) such that

lim, s oo pNE—2 Inr|~tu=1c; >0, and lim,, o PNE=24 = ¢y > 0.
Further, there is no trajectory converging to any of the points O, Kq, Lo, Iy, Jo, Go, Hy when r — +0c0.

Proof. The dynamics at each stationary point depends upon the linearization of the systems (2.6) and (2.7).
Since each stationary point belongs to the interior of a region where the concavity of u, v is well defined and they
coincide, then our systems correspond to a standard Lane-Emden system involving the Laplacian operator, either
in dimension N or in dimension Ni. So, the local analysis stated in items 1-5 is implied by [3, Propositions
4.1-4.11], with the exception of item 4(ii) and 5(ii). For the latter, we need to gather some techniques employed
in [16, Section 4.3] and [3, Theorem 1.4 (2)] on the critical case. We present some details in what follows, for
reader’s convenience. To fix the ideas we consider the operator M™; for M~ it is analogous.
Note that the linearization around a stationary point is written as

2X - (N-2)+ % 0 £ 0
0 2y — (N -2)+ % 0 Y
L(X7Y7Z,W): 0 (—pZ) ' ]{/'—p}/—Z 6 '
—qW 0 0 N-—gXx -2

where N = N and ¢ = X in R;Z N Rj\:w, while N = Ny and ¢ = A in Ry 7N Ry -

2. The computation of L(Ng) produces the eigenvalues 2 and —N, each one with eigenspaces of dimension
two. Also, the eigenvectors associated with the eigenvalue 2 have the form

A A
(X,Y,Z,W), where Z=-BNy W= 2Ny

that is, the tangent unstable plane is spanned by the eigenvectors (1,0, 0, f]qv)‘—f_\g) and (0,1, pr)‘—_i\;, ). Thus, the
tangent plane to the stable manifold at Ny is described by

(XY, AN — 22y, AN — 228 X), (2.23)

from which the statement of item 2 follows. } 3
3. The eigenvectors of the linearization around Ay related to the negative eigenvalues A\; = Ny — p(Ny — 2)
and Ao = Ni — ¢(Ny — 2) satisfy
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- Ny-2 W . .
X =—tpmansd Y=W=0 regarding A;;

_ Ny—2 — 7 : . .
Y = A(q(N+—2)—2)W’ X =7 =0 with respect to \o;

whenever p # ¢, which gives a plane spanned by the vectors

N2 N2
( A<p<N+—2>—2>’0’1’0) and (0’ A(q<N+—2>—2>’0’1)

and translated to the point Ay, namely

vV, 9 Ny—2 vV, _9_ __ Ny—2
(N+ 27 Koo 2 N 72 A(q(N+—2>—2>W’Z’W)' (2.24)

4. L(P,) has negative eigenvalues o, = (pg — 1)(ov — Ny + 2) and 09 = (N, — 2) — N, whose eigenvectors
satisfy

aX + NJ;\_QZ =0, Y + W =0, c3X +c4sW =0 for oy; (2.25)
X=2=0,(Ny —2)Y +2W =0 for os; (2.26)

where ¢; = pg(Ny —2) —2(p+1) = pg(Ny —2—a)+a >0, ¢ca = k — 0y, ¢3 = qhoy, ¢4 = 09 — 01, and
k= (Ny —2)g—2. Also, c3 < 0 in the case (i), and ¢z = 0 for (4i).

Next we write Py = (X.,Y:,0,W,), where X, = Ny —2, Y, = =2+ q(N, —2), W, = AN, — ¢(N; — 2)),
then

g

X, 0 A 0
0 Y 0 L
L(Py) = o A
(75) 0 0 Ny—pY. O ’
—qW, 0 0 — e
whose eigenvalues are given by X, > 0, and Y, which is positive when ¢ < ijtQ, in addition to
o1 =Ny —pYe=(pg—1)(a— Ny +2) and o3 =—Ny +q(Ny —2) = -1
which are negative. Writing X = X, +z,Y =Y, +y, Z =z, and W = W, + w, one has
& (Xs+2)(xz+ %) x Xo(x+ %)
g2 Werwlyrer i) | Y Yily+ %) (2.27)
z oz —z2(py + %) z o1 %
w ~(Wi+w) (g +0o2+ %) w o9 (gAx 4+ w)

We first observe that the intersection of the stable manifold at Py with the plane Z = 0 has dimension one
because of (2.26). Now, by the third equation in (2.27), there exists a trajectory with Z > 0 converging to Py
when ¢t — 4o00. Since o1 < 0, the convergence of Z to 0 is exponential. Then, by (2.25) we see that also X
converges to Ny — 2 exponentially. In particular, the decay of u in (2.22) holds, see [18, proof of equation (3.7)].

4(i). Let us prove that the tangent stable plane at P, is spanned by eigenvectors in the form (0,C4,0,1)
and (Cs,C3,1,Cy), for some nonzero constants C; for i = 1,...,4, depending only on N, A\, A, p,q. In particular,
X =X(Z)andY =Y (Z,W).

Considering the stable direction associated with o1 by (2.25) with ¢35 < 0, we first notice that if ¢; = 0, then
independently of the sign of ¢4 we have X = Z = W, and so the main direction of o7 is given by (0,Y,0,0). On
the other hand, if ¢4 = 0 and ¢z # 0 then we get X = Z = 0 and so (0,Y(W),0,W). However, these two cases
are not admissible, otherwise there would not exist a trajectory with Z > 0 arriving at FPp.

Therefore, we need to have both c¢o # 0 and ¢4 # 0, which means that the main direction at o; reads as
(X(W),Y(W),Z(W),W) by (2.25). Observe that ¢, = 0 if and only if ¢c; = kK — 0y = Ny — 2, in which case
the two main stable directions given by o7 and oy coincide. Hence ¢y # N+ — 2 and these directions are linearly
independent, producing a two dimensional stable manifold.

We may rewrite the stable direction at o1 as (X (Z2),Y(Z),Z,W(Z)). Also, the main stable direction at o5 is
described through (0,Y (W),0,W). In particular, Ws(F) is a two dimensional graph over the variables (Z, W).
Analogously one concludes item 5 for Qg, by exchanging the roles of p and ¢, X and Y, Z and W, and « and §.

4(ii). We assume g = ijtz and p > N]jt?
in addition to o = Ny —p(N; —2) <0, and 0y = Ny —q(N4 —2) = 0. Recall that c3 = 0 in (2.25) in this case.

Now, the linearization around the zero eigenvalue does not provide any information. So we address it by a
center manifold argument, by showing its existence jointly with the stable and unstable manifolds at Ag = Py, in
the spirit of [27, Theorem 3.2.1]. This extends the asymptotic analysis performed in [3, 16] for the critical regime.

The eigenvalues at Ag = Py are X, = N+ — 2 with multiplicity 2,
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To see this we use (2.27) with Ly = L(Ag) = L(Fy), X« = Yi, and 09 = W, =0 to get

z x r(r+ %) X. 0o X 0
v | _ v y(y+ %) 0 X. 0
2| Lo N —z(py+ %) |’ Lo = 0 0 o1 O
w w —w(gr + §) 0O 0 0 0
Next, as in [14], we write P~'Lo P = D, where
X, O 0 0 1 0 — 0
0 X, 0 0 01 o0 -4+
— * _ A — X
P=1"9 0 oo "Tloo 1 o | “Trax
0 0 0 O 00 O 1

Here, the columns of P form a basis of eigenvectors associated to the eigenvalues X, o1 and 0, respectively. Then
we introduce the new variables Z, y, Z, w satisfying

x x T —cCcz
— — W
Yy 1_pl YV | =] Y&
z Z z ’
w w w

from which z = 2z, w = w, and so T = x +cz, y =y + {. Since c¢(o1 — X.) + )f\* =0, it holds

r=i+ci=Xit+a)(x+%)+tcezlor—py—%)=Xu(lz+cz)+a(@+ %) —czlpy+ %),
v+ R =X+ 7))+ + 7)) - Rlw+F)

Hence (Z, 3, z,w) solves the following system

T z T T (@ —cz) (@ —cz+ %) —czpy — 55 + %)
] 7] ] ] j— ) — L(qz — qez + 2
Yl=p| v |5 7| 5| Y =37~ g2~z + %) ,
z z z z —zZ(py — % + %)

W 0 0 W —w(qZT — qcZ + )

with §(0) = 0 and Df(0) = 0. Now, by using [27, Theorem 3.2.1]!, we obtain the existence of a unique center
manifold around the point Ag = Py, described near w = 0 as

{(2,9,2,0) : 2 =Mm(w), §=ha(w), z2=hs(w), hi(0) = hi(0) =0,i=1,2,3}.
Here we may use Taylor’s expansions for h; as
hi(w) = a;w? + O(w?) asw — 0, i=1,2,3 (w=w).
Next, we have locally,
w = —w {qhi1(w) — qchs(w) + ¥} = _sz + O(w?),
from which we deduce that w(t) = & + O(¢t~7), for some v > 1. Thus,
y(t) = ho(w) — 2 =—14+0(7) ast — oo, 7> 1.

By the theory of center manifolds, a trajectory 7 enters Ay = Py, via the center manifold just found. This
gives the behavior of Y = Ny — 2+ y as t — +00, and in turn the decay (2.22) of the corresponding function v
as r — 00.

Similarly, the analysis at @)y is performed by writing Qo = (X, Y, Zs,0), where X, = —2 + p(]\7+ - 2),
Y, =N, —2, Z, = A(N, — p(N, — 2)), in addition to

o1=Ny —qX,=(pg—1)(B-Ny+2) and oy =—N; +p(N; —2) :—ZA*
which are negative, X = X, +z, Y =Y, +y, Z2=Z,+ 2, W =w, and

& (Xs+2)(r+ 02+ %) x Xo(z+ %)
y Ye+y) (y + §) y Yoly+ %)
. ~ L = A 2.28
z —~(Z«+2) (py +02+ %) (Qo) z oo (pAy + 2) (228)
w ow —w(qr + §) w o1 w

|

!See also Theorem 2.1.1 in the third corrected printing of this book, 1996.
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Next we analyze the directions of the vector field F' in (2.13) on the X, Z axes, on the concavity sets my z,
TINW, TA,Zy, TA,W aS well as on TN — T4\ and T1,A — T4,A-

Proposition 2.11. Given a trajectory 7 = (X, Y, Z,W) of the system (2.6), the following properties are verified
for the operator M™ in the region K.

(i) If T crosses my z, then' Y > 1/p when passing from Rj\_z to R, ,, andY < 1/p when passing from R} , to
R;Z. If instead T crosses wa,w, then X > 1/q when passing from R:\")W to Ry w, and X < 1/q when passing
from Ry y- to R;W.

(i) If X(T) = Ny —2 then X >0 from T on; in particular, if T crosses LY then it never turns back by crossing
L% (see (2.21)) another time. Also, W < 0 from T on if ¢ > > = 72

Analogously, if T crosses LJr (see (2.21)) at time T thus Y > 0 from T on. Further, we have Z < 0 from T

on if p > N++2

(iii) If Z(T) = AN then Z < 0 in K for all t < T. Similarly, if W(T) = AN then W < 0 in K for allt <T. In
particular, a regular trajectory satisfies Z, W < AN whenever it is defined.

(iv) The set m y in (2.14) lies on the left hand side of L ; while w2y in (2.15) is on the left hand side of L.
Moreover, a point P = (X,Y,Z, W) on w3 x or max in (2.16) satisfies:

Y <1/p ifPenf,, Y <Ny/p ifPens,,
X<1l/q ifPen],, X<Ni/qg ifPem,, .

Here, 7r3_A is on the left hand side of L?} when p > ijty while 7y, is on the left hand side of L} if

CIZN+2

The same results are true for the system (2.7) when the operator is M™, by exchanging the roles of A and A, X
andY, p and q, Z and W, and replacing N4 by N_.

Proof. Let us consider the operator M, since the proof for M™ is analogous.
(i) One has Z = Z(1 —pY) on my z, and W = Z(1 — ¢X) on m w.
(i4) It 7(T') € R, 4, then X > X(X — (N —2)) =0 at time T, since X, Z > 0 in K. On the other hand, if

(T) € R;z Uma.z then X (T) > 0 by (2.14). This shows that the vector field on L} is going out, so the trajectory
7 can never turn back in the X direction after intersecting it.

Next, for ¢ > sztQ, we have W < W(N; — q(Ny — 2) — W) < 0 for t > T in the region R} y; while
W<W(1—-q(Ny—2)<0fort>Tin R;\F,W Umaw, since W > A(N — 1) and N > 1.

(#i7) The hyperplane subset x = {(X,Y,Z,W) € K : Z = AN} and the region in K above y are contained in
R; - Moreover,

Z=Z(N—-Z/A=pY)<0 inK if Z> AN,

since Y, Z > 0. In particular, if 7 crosses x at the time 7', then Z > AN for all ¢t < T'.
On the other hand, if 7 is a regular trajectory, then it starts at No = (0,0, AN, AN) at —oco, by Proposition
2.10 (2). But it can never reach x since the vector field on y is pointing down.

(iv) This comes from the definition of the hyperplanes in (2.14)—(2.16) replaced into the equations of the
system (2.6). In fact, one has

N Z N7 _ Ny A Ny _
X—N+*2*K<N+72 on mp Y = 7A7p<7 01’17'('37)\,

and further

Y =

|2

—%<% on 3, since Z>A(N—1) inRY,.

while

Analogously one verifies the statements for my y and 74 5. We observe that N+ /p < N+ —2ifp > 2,

N+/Q§N+_21fQZm~ u
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3 Global study

3.1 A priori bounds

We start by deriving some a priori bounds for trajectories of the systems (2.6) and (2.7) which are defined
backward or forward for all time.

Proposition 3.1. Let 7 be a trajectory of (2.6) or (2.7) in K, 7(t) = (X (¢),Y(t), Z(t), W(t)).
(i) If T is defined in [t,+00) for some t € R, then X (t),Y (t) < Ny — 2 for all t >

(ii) If instead T is defined in (—oo,t] for some t € R, then Z(t), W(t) < AN in the case of M*, or Z(t), W(t) <
AN for M~, for all t < t.

(t
.

In particular, if T is a global trajectory of (2.6) or (2.7) in KC defined for all t € R, then T remains inside
the box By = (0,Ny — 2) x (0, Ny — 2) x (0,AN) x (0,AN) in the case of M*; whereas it stays in B_ :=
(0, N_ —2) x (0, N,—2) (0,AN) x (0, AN) for M~.

Proof. We only consider the operator M, since the proof for M~ is simpler by using N_ > N.

(i) Arguing by contradiction we assume that X () > N, — 2 for some ¢; > £. Then Proposition 2.11 (ii)
yields X >0 for all t > t;. Therefore, X has a limit when ¢ — 400, which is either +00 or a positive constant
A>N, -2

Suppose first X (t) — +00 as t — +oo. Thus we can choose a time ty such that X (ty) > N —2 > N, — 2 for
all ¢ > to. In such a scenario the proof reduces to the one for the Laplacian given in [3]. Indeed, the first equation
in (2.6) and Ny < N yield

X
X[X—(N—-2)] XIX-(N—2)] — X—(N—2) ~ X — d X (1)

Thus, by integrating (3.1) in the interval [t2, ] we get

X(t)> —AN=2_— where c=1-

= 1 _ce(N=2)(t—t3)

Xy € (0,1). (3:2)

In the second case, i.e. X(t) — A as t — +oo with A € (0,400), we have lim;_, o X(t) = 0, and so 7
approaches the hyperplane 7 5. Now, since 7y ) strictly lies in the region R ,, then there is some T' > ¢; such

that 7 € R, , for all t > T'. Then one performs the calculations (3.1), (3.2) with N, in place of N, which are
similar to those in the scalar case [18], and gets that X blows up in finite time, a contradiction. The proof of
Y < N, — 2 is analogous.

(#4) By Proposition 2.11 (iii), if Z(T) = AN, then 7 remains in the region R)\ 7 up to T'. Since in R)\ 5 the
operator is the Laplacian, the proof in [3] applies. In fact, it is enough to mtegrate in [t, o] as before to see that
Z blows up in finite backward time. The case W < AN is similar. |

Corollary 3.2 (Decay of regular solutions). Fvery positive solution pair u,v of the problem (Py) or (P-) defined
n [0, +00) is bounded and u(r) < Cr=® and v(r) < Cr=F for all r > 0.

Proof. This comes from (2.8) and the a priori bounds from Proposition 3.1. [ |

Remark 3.3. Let us observe that if (u,v) is a regular solution of (1.1), (1.4) in the ball Br, R > 0, then for the
corresponding trajectory ' of (2.6) or (2.7) both X and Y blow up at the time T' = In(R). Viceversa, if T' is a
trajectory issued from Ny such that X and Y blow up at the same time 7' then for the corresponding solution
pair (u,v) of (P}) or (P_) it holds u(R) = v(R) = 0 for R = . Thus there exists a radial solution of (1.1), (1.4)
in Br. This can be proved as in the scalar case, see [18, Section 3].

3.2 The complementary cones

In this section we give a brief analysis on the other cones apart from . We set:

Ko={(X,Y,Z,W)eR*: X,Y,Z,W <0},
Ki={(X,Y,ZW)eR*: X,Z>0,Y,W <0},
Ko={(X,Y,Z,W)eR*: X,Z<0,Y,W>0}.

That is, Ko is the region in R* such that the corresponding (u,v) satisfy v’ > 0 and v’ > 0; while K; concerns
v’ < 0 and v’ > 0; and finally s to those with v’ > 0 and v" < 0.

By Remark 2.4 trajectories corresponding to regular and singular solutions do not intersect Ko U K1 U KCs.
However, they will be essential for studying exterior domain solutions.
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Since we are considering positive solutions of (1.1), and w’ > 0 implies u” < 0, as well as v' > 0 produces
v < 0, one finds out the following systems of ODEs:

for M in Ko : { ig’l’/ _ :2::118:][: Bg’/:zjj u, v > 0; (3:3)
for M~ in Ky : { ﬁz,/,/ : :i\\::ig%: 33,/:;}:: u, v > 0; (3.4)
O L A Lot
s { RO,
for M in Ky : { 1)1\'1'L /I::A/L/(Xi_)\t“(z\lf(;\flzui);’yi ul?), wu, v>0; (3.7)
for M™ in Ky : { ﬁy//::M_,)(\iXT(ivl (_J\/l)—U/l)_v}ﬂ2 u?), u,v>0. (3.8)
Now, in terms of the associated dynamical systems, we get:
R R i (o AT @
R et o o IR ST b
Likewise, for the operator M~ one has:
s X XO DR TR YRR e
R TCER (B v | S A T L
o {2 P S S e

Remark 3.4. No stationary points exist in Ko U Ky U Kz, Indeed, since v' > 0 and v > 0 yields v" > 0 then
Y > 0in Ky. Analogously, X > 0 in K3, and X,Y > 0 in Ky. In other words, we do not have stationary points
out of K when we are considering positive solutions (u,v) of (1.1).

3.3 Uniqueness of regular solutions

We first consider the case of the M™ system. Let (u,v) be a regular solution of the initial value problem (1.7)
and T its corresponding trajectory of (2.6) in K. The relations

XZ=r?2 YW =r2%
imply that there exist the limits
fo=lime o 20 = I £i=Time T = S5 (3.15)
and so
B(—00) 1= limy oo (1) = & = Lir,  for B(t) = Pr(t) = 3. (3.16)
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As a consequence of (3.16), for any fixed pair of initial values (£,n) it holds
n= crgﬁ%, where 2t = ®(—o0). (3.17)

We note that c{iﬂ gives the slope (of X with respect to Y') of the projection of the regular trajectory I" on the
plane (X,Y), since X(—o0) =Y (—00) = 0.
Recall that the rescaled solutions (u.,v,) defined in Remark 2.3, by (2.3), are associated with the functions

X, (1) = X(t+10y), Y5() = Y(t+10y), Z,(6) = Z(t + 1), Z,(t) = W(t + Iny), (3.18)
whose corresponding trajectory in K is still I" since the system (2.6) is autonomous. This implies that

P, (—o0) = P(—o0), for &, = %7 (3.19)

~

In the case of M~, (3.15)—(3.19) hold in the same way just replacing A by A in (3.15).

Proof of Theorem 1.1. Let (u,v), (%,v) be two radial solution pairs of (1.1), either in R or in the ball B when
R < oo; in the latter case they also satisfy (1.4). These are solutions of (1.7), which are positively defined in
the maximal radius R, where R < +00. One may choose v > 0 such that «(0) = v*a(0) = @,(0) = &, where
Uy (1) = y*a(yr), vy(r) = ¥?0(yr), for a, 8 as in (1.5). Then (i, d,) is a positive solution pair of (1.7) for R/~.
Set m = min{R, R/~}.

Step 1) u(0) = u+(0) yields v,(0) = v(0).

We suppose by contradiction that ©,(0) < v(0); for the other inequality it is analogous. If either I = (0, m] if
R < oo, or I =(0,+00) if R = oo, we first claim that

Uy (r) <wv(r) forallrel. (3.20)

Indeed, assume on the contrary that there exists a € I such that o, —v < 0 in [0,a) and (3,—v)(a) = 0. Let
us first show this implies @, —u > 0 in (0, a] (here we do not include 0 since @.(0) = u(0)).
If this was not true, then there would exist b € (0, a] such that (@, — u)(b) < 0. Since

M (D?*(ay —u)) > MT(D?*a,) — MY (D?*u) = vP — o5 >0 in By, Uy —u<0 ondBy, (3.21)

then the maximum principle (MP) implies @, —u < 0 in By, and the strong maximum principle (SMP) yields
Uy —u < 0 in By,. We refer for instance [2, 4, 22] on properties of Pucci operators, MP and SMP. But this
contradicts our initial assumption - (0) = u(0).
Now, by using the other equation we derive
MHT(D?(v —vy)) > MT(D?v) = MH(D?*0,) =al —u? >0 in By, ©v—10y=0 ondB,,

then again MP and SMP (since @, > u out of 0) give us v — v, < 0 in B, which in turn contradicts v, < v in By,
and the claim (3.20) is proved.
Now we claim that, for the interval I as above, we have

iy > uin 1. (3.22)

Otherwise, there would exist b € I (b # 0), such that @, —u < 0 at » = b. Then it implies (3.21) (recall that
U, < v in I holds due to the conclusion of Claim 3.20). Thus we derive @, < w in By by MP. Again 4, < u in
By, by SMP (since the strictly inequality is in force in (3.21)); in particular it holds at 0. But this contradicts
U(0) = u(0), and so (3.22) is proved.

(i) If R = oo, then for e > 0 we set U = t, — u — &. Since u,u, — 0 as r — oo (cf. Corollary 3.2), then in
particular there exists a large b > 0 such that U < 0 for all |z| > b, and as in (3.21),

M (D?U) > 0 in By, U <0 on 0By.

Hence MP yields U < 0 in By, and by letting b — oo we get i, —u < € in R¥Y. Since ¢ is arbitrary, then Uy < U
in RV, which contradicts (3.22).

(ii) If R < oo, then o = (7, —v)(m) < 0. But since
oc=—-v(R/y) <0 ify>1, o=0 ify=1, o=10y(R)>0 ify<1,
then v > 1. Next, by Claim 3.22 we have @, —u > 0 in (0,m]. So § = (&, — u)(m) > 0, while
0=—u(R/y) <0 ify>1, =0 ify=1, 0=1u,(R)>0 ify<l
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Therefore v < 1, which is impossible. This proves that o, (0) = v(0).

Step 2) Equal shootings in (1.7) lead to equal solutions.

Note that if either R = oo or R < oo with p,q > 1, then the uniqueness of the ODE problem (1.7) is a
consequence of Lipschitz continuity; in particular (i) is proved. Assume then R < oo in the general superlinear
regime pq > 1.

Recall we have chosen v > 0 such that ¢ = v*¢. Next, by Step 1 we have obtained n = ~#7. Let T =
(X,Y,Z,W) and I = (X,Y,Z,W) be the trajectories associated to (u,v) and (u,v) respectively, with cr and
cr being the corresponding slopes of their projections on the plane (X,Y). Further, T is also the corresponding
trajectory to (., 0.), by (3.18) since the system is autonomous.

Now we infer that I' = I". Indeed, if & and £ are the constants in (3.15) related to X, Y, then & = ky*—FP
and £ = (%~ since € = v*¢ and 1 = 7%7. Hence c¢g = cr, which means that the projections of I' and T' on the
plane (X,Y) coincide. Since the unstable manifold at Ny is a graph on the variables (X,Y") (see also Remark 3.5
ahead), then the trajectories I' and T' are the same.

So we deduce that v = 1 and (u,v) = (4,0) = (4, ?,) in Bg. Since any positive solution of (1.1), (1.4) is
radially symmetric by [9], item (7i) is proved. [ |

3.4 Blow-up analysis of regular solutions

As far as regular trajectories are concerned, the conclusion of Proposition 3.1 (ii) is always verified. On the
other hand, if (i) does not hold for such a trajectory 7, it means that at least one of X, Y blows up in finite forward
time. In the sequel we characterize the blow-up of regular trajectories.

Remark 3.5. The local unstable manifold at the point Ny, which we denote by W,,(Ny), is a two dimensional
graph of smooth functions ¢(X,Y), ¥(X,Y), see Proposition 2.10(2). Namely, for some p > 0, set U(Ny) =
B,(0,0)\{(0,0)} c R?, and write

Wu<N0) = {(X7Y>@(X7Y)>’(/}(X’ Y)) € R4 : (X>Y) € U(NO) }

Let 'y, = (X,Y,Z,W) be the unique trajectory passing through the point (z,y, ¢(z,y), ¥ (x,y)) in W,(Ny) at
time ¢ = 0, where (z,y) € U(Np). Set T, = T\(x,y) so that (—oo, T™*] is the maximal interval of existence for I, ,,.

We split the set U(Np) as the disjoint union U(Ny) = Ny UN3 UD U Gy, where

M ={(z,y) e U(No) : z,y > 0, for Ty, limy,p, X(t) = 400, Y(Ty) < +oo},
Ny = {(z,y) e U(No) : z,y > 0, for Ty, X(Ty) < +o0, limy_,7, Y (¢) = +o0},
D= {(z,y) e U(No) : z,y >0, for 'y, lim; ,p X(¢t) =limy_p, Y(t) = +oo},
Gn, = {(z,y) e U(Ny) : z,y > 0, T'y , stays in the box By of Proposition 3.1 }.

Proposition 3.6. N7 and N> are open nonempty subsets. Moreoverf,]\/} _contains a neighborhood of the X —awis,
and N> contains a neighborhood of the Y —azis. Further, D UGy, = N1 NNy # 0.

The proof of Proposition 3.6 is similar to [3, Theorem 1.1] once the correct correspondence with the case of
the Pucci-Lane-Emden system (1.1) is established. Since this result plays a pivotal role in our analysis, and for
reader’s convenience, we provide some details in what follows.

Proof. In order to fix the ideas we consider the operator M™, since for M~ it is analogous.
We first infer that if (z,y) € Gn,, then

limy_, 7, (X (t) + Y (£)) = +oc. (3.23)

Indeed, Proposition 3.1 yields Z,W € (0, AN) for regular orbits. Now, if both components X,Y were bounded,
then by the classical ODE theory we would have I'; , = (X,Y, Z, W) defined for every time ¢, which contradicts
the hypothesis. Thus, at least one of X, Y is unbounded. Hence there exists a first time T so that X (T') = N+ -2
or Y(T) = Ny —2, T < T,. Recall that if X(T) = N — 2 then X > 0 from T on by Proposition 2.11(ii); the same
for Y.

In terms of solutions (u, v) of (Py), N is the set where u vanishes before v; similarly for Ay. Further, from D
we obtain the set of solutions (u,v) of (P;) with u and v vanishing at the same time R, = e’ (see Remark 3.3),
so Hopf lemma yields

v(r) =1, then lim

i u(r . X
hmr—)R: (r—R.)u/(r) = hm'l‘%R*_ (r—Ry)v’(r) =1L (324)

t—T, Y

~ Let 2 € (0,p). Let us consider the borderline point (z,0) of {(z,y) € U(No) : =,y > 0}, where I'zo =
(X,Y,Z,W) is the trajectory with Y = 0 passing through the point (Z,0,¢(%,0),%(z,0)) € W, at time ¢ = 0.
Let us see that X blows up in finite time and I'z o does not correspond to a regular solution u,v of (Py).
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Note that ¥ = 0 means that Y (t) = —< (In(v(e*))) = 0, and so v is a positive constant. Also, the system (2.6)
for Y = 0 becomes

X=X[X+1-M,ANN-1)-2)], Z= Z[1+M\N-1)-2)], (3.25)
W= WI[1l-qgX+M(\N-1)—W)].

The equation for Z in (3.25) is autonomous, whose RHS is continuous and positive at 73 ». Thus a qualitative
ODE analysis unveils that either:

(a) Z € (0,AN) is defined for all time, and it is forward increasing;

(b) Z = AN is a stationary orbit for all time;

(¢) or Z > AN blows up in finite backward time, and it is forward decreasing for all time.

We infer that situation (c) is not admissible. In fact, a point of blow-up for Z would produce a positive radius
ro > 0 at which «/(ro) = 0, and so X (Inrg) = 0. But this is impossible since the projection of the trajectory I'z o
on the plane (X,Y) lies on the X axis; i.e. it starts at (0,0) and is increasing in the X direction.

If (b) is true, then X = X (X 4 2) > 0, it is easy to see that X blows up in finite forward time, and we are
done. Assume then (a) occurs, then the explicit expression for Z is given by

_ AN VOt
Z(t) - 1+0116N<t—t1) 9

where ¢; = %—121 >0, forZy=27Z(t).

By replacing this into the definition of the variable Z (recall that v = ¢) yields an explicit expression for u in
which u(0) = +o00 and u(+00) = —oo. Hence by the Mean Value theorem there exists a radius R > 0 at which
u(R) = 0, and so X blows up in finite time, thus (z,0) € M. A simple computation shows that such a pair (u,c)
does not satisfy our PDE system (1.1).

The next step is to show that N contains a neighborhood of (Z,0). Let us prove that a neighborhood of
regular trajectories I', , with =,y > 0 in W, (Ny) blows up only in X at T, (z,y) whenever Y is taken sufficiently
small.

Set A:=2N — N >0, pick up ¢ € (0, A) and n > 0 such that B, (z,0) C B,(0,0). Since lim;_,7, X(t) = +o0,
by continuity of the ODE system with respect to the initial conditions, for any (z,y) € B,(Z,0) with y > 0 and
.y =(X,Y,Z, W) as above, there exists T, < T such that X(T;) = 24, and Y (t) € (0,¢) for all ¢ <T.. Note
that X is increasing from T on. Now, define & = X/Y in (—o0,T}). By using

M (AMN-1)-Z)<N-1-Z2 M, AN-1)-W)>N-1-% (3.26)
together with Z > 0 and W < AN, we obtain
2=X-Y-M,AN-1)-2Z)+ My;(AN-1)—W)>X-Y — A, (3.27)
so ®(T.) > 0. Set = sup{t € (T.,T.] : ® >0 in (T%,t) }, then
O(t) > @ (T.) >24/e >2 forallte (T.,0)]. (3.28)

Here X,Y do not blow up in (7, 7%) by definition of T, = T.(z,y) and construction of 7.

If we had 6 < T* then ®(0) = 0, so (3.27) would imply X (0) < Y (9)+A. Also, Y(H) (0) /2 by (3.28). Thus
X(0) < X(0)/2+ A, which contradicts the fact that X (0) > X (7T.) = 2A. Hence § = T*. If lim;_, 7+ Y () = 00
then (z,y) € D and so lim;,7, ®(t) = 1 by (3.24); but this is impossible by (3.28). Therefore (z,y) € Nq, for any
(x,y) € B,(z,0). This shows that a neighborhood of I'z ¢ is contained in N;. Reasoning similarly, one proves that
N7 is open. By exchanging the roles of X,Y one sees that A5 is nonnempty and open.

Now, since U(Ny) is connected, then either D or Gy, is nonempty. |

Remark 3.7. The solutions associated with trajectories on the axes X = 0 and Y = 0 in the plane (X,Y) can
be seen as “infinite shootings”, namely X =0 < “n = 400" and Y =0+ “{ = +0”.

Proof of Theorem 1.5. Let us show that N’y NNy contains a unique trajectory. In terms of the second order PDE
problem, this means that G is empty if and only if C is nonempty, and viceversa.

We fix a pair (p,q) with p,q¢ > 0 and pg > 1. By Proposition 3.6, any point of D or Gy, must lie in the
intersection N1 N Ny. Next we infer that D consists of a unique curve given by the projection of a unique
trajectory, and the same holds for Gy, .

Indeed, recall that there is a biunivocal correspondence between U (Ny) and the set of orbits in R* around Ny by
Remark 3.5; in particular in U(Ny) there cannot be orbits intersection. Formally, the uniqueness of projections is a
consequence of uniqueness of trajectories. We infer that the latter for D and Gy, in turn, comes from uniqueness
of solutions given in Theorem 1.1.

Indeed, if we had two trajectories I' and ' defined in RY , by the one to one correspondence between orbits
of (2.6) and solutions of (1.1) given by (2.3) and (2.8), these would be associated with two solutions (u,v) and
(i1,9) in RY. Then Theorem 1.1(i) yields (@,9) = (uy,v,) in RV. Since the system is autonomous, I' = I',, = T,
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see (3.18). By a similar reasoning, any two trajectories corresponding to two regular solutions in the ball, even for
different radii, represent the same trajectory by Theorem 1.1(ii).

Therefore, N1 N NN Gn, consists of at most one trajectory in U(Ny), and the same is true for NinNyND.
This gives us at most two connected components for N'; N N5. Hence, we only need to prove that N and N5 are
connected sets, which translates into saying that we do not have corresponding solutions both in a ball and in R
simultaneously.

To see this, we use the fact that the ordering of the connected components around the axes X,Y is already
prescribed, in the sense that one displays N] near Y = 0, and N3 near X = 0. Thus N'; N Ay must have an odd
number of connected components. This means that if Ny N N3 had more than one connected component, then it
would need to have at least three (see Figure 3); but this is impossible since we have at most two of them. n

Y

(010)

Figure 3: The projection of the stable manifold on the plan X,Y in the case that A'; N A5 has three connected
components.

Definition 3.8. For each (p,q) with p,q > 0, pg > 1, by Theorem 1.5, we define I'j, , € NPT NN as the
unique regular trajectory exiting Ny such that either (p,q) € C or (p,q) € G.

Remark 3.9. The mapping (p,q) — I', 4 is continuous. Indeed, this is a consequence of (2.23) (see the proof of
Proposition 2.10(2)), since in a neighborhood of Ny, Z and W are continuous functions of X,Y, p, q.

Proposition 3.10. C is open.

Proof. For simplicity, let us consider the operator M™; for M~ it is similar.

Let (po, qo) € C. Then there exists a regular trajectory g of (2.6),,.4, that crosses both LE and LE before X,V
blowing up together at the finite time 7. Say I'g passes through the point (o, yo, ©(Z0,¥0), ¥ (20, Y0)) € Wu(No)
at time ¢ = 0, for some (zg, yo) € U(Ny), see Remark 3.5. By Theorem 1.5 one knows that positive radial solutions
of (1.1)(pg,q0) In RY do not exist.

Fix (p,q) near (pg,qo). By ODE properties of continuity with respect to data and parameters, any regular
trajectory I'y , = (X,Y, Z, W) of (2.6),,4, with (x,y) close to (xo,yo), namely (z,y) € Bs(zo, yo), also has to cross
both L)i( and L,jﬁ, in such a way that both X or Y blow up in finite time by Proposition 3.1, namely at T% and
Ts.

Moreover, I', 4 (see Definition 3.8) passing through the point (z,y) at ¢t = 0 is so that (z,y) € Bs(xo,y0) for
(p, q) sufficiently close to (po, qo). So (p,q) € G, and (p,q) € C by Theorem 1.5. [ |

3.5 Blow-up analysis of fast decaying solutions

In this section we pay a special attention to fast decaying trajectories.

Definition 3.11. The set of fast decaying solutions, which we denote by F, is the set of (p,q) with p,q > 0
and pg > 1 such that solutions of (P;) or (P_) defined in RY have their respective trajectories of (2.6) or (2.7)
converging to either Ay, Py or Q.

We stress that fast decaying trajectories are in one to one correspondence (up to scaling) with fast decaying
solutions settled in Definition 1.2, accordingly to Proposition 2.10(3)—(5); see also [18, proof of Proposition 3.9].
Set P = (x0, Yo, 20, wo) as either Ay, Py or Qo. Here,

(20, wo) = (0,0) if P = Ag for p,g > F25; )
(20, wo) = (0, ANy — q(Nx — 2))) if =Py and p> 2=

+—2’

(z0,wp) = (A(Ni —p(Ni —2)),0) ifP=Qoand g > NIIi—Q'
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When Ay # Py and Ay # Qo, we recall that W (B) is locally a two dimensional graph of smooth functions
o(Z, W), v(Z,W); see Proposition 2.10 (3)-(5), (2.24), and the proof item (4) there. For some p > 0, set
U(P) = B,(20,w0)\ {(20,w0)} C R?, and write

We(B) ={(0(Z,W),%(2,W),Z,W) eR* : (Z,W) €eU(P) }.

Given (z,w) € U(P), let T, ,, = (X, Y, Z, W) be the unique trajectory passing through the point (¢(z, w), ¥ (2, w), z, w)
in Ws() at time ¢ = 0. Then set T, = T, (2, w) so that [T*,400) is maximal interval of existence for Y, ,,.

At the collision points Ay = Py and Ag = Qq, a trajectory in K enters by a center manifold of dimension one,
while its stable manifold is also one dimensional, i.e.

Wc(m) = { (X(W)’Y(W)’Z(W)’W) eRr? }’, Ws(%) = { (X(Z)707270) € R4}'

Thus, any trajectory converging either to Ay = Py or Ag = Qo is a local graph on the variables (Z, W), which
again can be represented by

{Yeow=(p(Z,W),(Z,W),Z,W) € R*} near either Ay = Py or Ay = Qo, (3.29)

whose projection we still denote by (z,w) € U(B) w.lLg.
Now, we split the set U() as the disjoint union U (P) = A; U Ay U X U Gy, where

A ={(z,w) eU(P) : z,w > 0, for YT, ), lim;p, Z(t) = 400, W(T}) < +o0},
Ay = {(z,w) e U(P) : z,w >0, for T, ., Z(Ts) < 400, lim;_,7, W(t) = +o0},
Y =A{(z,w) eU(P) : z,w >0, for T, ), limy_,p, Z(t) =limy_,p, W(t) = +o0},
Gp = {(z,w) €U(P) : z,w >0, T, stays in the box By of Proposition 3.1 }.

Proposition 3.12. The sets Ay and Az are nonempty and open. Also, Ay contains a neighborhood of the Z-azis,
and Ay contains a neighborhood of the W -axis. Further, XU Gy = Ay N Ay # 0.

Proof. We fix the operator M™, since for M~ will be analogous. Our strategy is to show that 4; is nonempty
and open. By symmetry it will follow that As is also nonnempty and open. Thus, since U(Ap) is connected, either
X or G4, will be nonempty.

We first infer that if (z,w) & G4,, then

lim_, 7, (Z(t) + W (t)) = +o0. (3.30)

Indeed, Proposition 3.1 yields X,Y € (0, ]\7+ — 2) for fast decaying orbits. Now, if both components Z, W were
bounded, then by classical ODE theory we would have Y, ,, = (X,Y,Z, W) defined for every time ¢, which
contradicts the hypothesis. Thus, at least one between Z, W is unbounded. Hence there exists a first time 7" so
that Z(T) = AN or W(T) = AN, T > T,. Recall that if Z(T) = AN then Z < 0 up to time T, by Proposition
2.11(iii); the same for Z.

In terms of solutions (u,v) of (Py), A; is the set where u’ vanishes before v; similarly for As. Further, from
X we obtain the set of solutions (u,v) of (Py) with «/ and v’ vanishing at the same time R, = e’ which gives
us a solution in the exterior of a ball.

We first consider 3 = Ag, with Ag # Py and Ay # Qq, and the operator M™.

Step 1) A; is nonempty.

We recall that the stable manifold at the point Ag is also a graph of the variables X,Y’, due to the tangent
direction expressions in (2.24). So we may consider the trajectory Yz 5 = T, 5, _, = (X,Y,Z, W) with ¥V =
N, — 2 passing through the point (z, Ny —2,%, w) € Ws(Ap) at time t = 0. Let us see that Z blows up in finite
time.

When Y = ]\7+ — 2, the equation for Z in the system (2.6) becomes independently expressed by

21N, —p(¥, —2) - Z] n BY,

Z[N—p(Ny—2)—Z] in Ry ,. (3.31)

Z’—Z[l—p<N+—2>+M+<A<N—1>—Z>1—{

Recall that p > NN+ 5 since we are in the range of (p, q) corresponding to the point Ag. Thus, in the region R, ,

+_ . - ,
the stationary points Z for the equation (3.31) are Z = Ny —p(Ny —2) < 0 and Z = 0. A qualitative analysis
then unveils that solutions Z(t) > 0 are decreasing for all time, by converging to zero when ¢ — +oo and blowing
up in finite backward time.

On the other hand, in the region Rj\r , one finds a possible positive stationary point for (3.31), namely Z =

N — p(](@ —2). In this case, an increasing orbit Z(t) defined for ¢ — —oo also exists, but it is not admissible for
our problem since at the concavity plane 7y z the equation (3.31) produces 2y <0.
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Anyways, solutions are differentiable and decreasing for all time, by converging to zero when t — 400, and
blow up in finite backward time 7'. Note that Tz 5 does not correspond to a fast decaying positive solution u,v

of (1.1). Indeed, Y = N, — 2 yields v(r) = Cr?>~N+ and so M*(D?v) =0 in Ry w-

Step 2) A; is open.

Let us show that A; contains a neighborhood of (Z,w), that is, all fast decaying trajectories Y, ,, near Agy
in Ws(Ap) blow up only in Z at T, (z,y) whenever W is sufficiently small. The proof that .A; is open will be a
consequence of such argument.

We set D := q(Ny —2) + N — Ny > 1, and choose £ € (0,AD), 7 > 0 so that B,(%,0) C B,(0,0). Since
lim;_,7, Z(t) = +o0, by continuity of the ODE system with respect to data, for any (z,w) € B,(Z,0) with w > 0
and T, ., = (X,Y, Z, W), there exists T, > T} such that Z(T;) = 2AD, and W( ) € (0,¢) for all t > T,.. Note that
Z is decreasing up to T. by Proposition 2.11(iii). Define ¥ = Z/W in (T}, +o00). By using (3.26) in addition to
X§N+—2andY20, one finds

I —gX —pY + My(AN -1) = 2Z) - M{(A(N = 1) - W) <D - £ 4 W, (3.32)
thus W(T.) < 0. Set § = inf{t € [T}, T.): ¥ <0 in (¢,T.)}, then
U(t) >V (T.) > 222 > 28 forall t € [0,T.). (3.33)

Here Z, W do not blow up in (T, T:) by definition of T, = T, (z,w) and construction of 7.

If we had 6 > T* then ¥(0) = 0, so (3.32) yields Z(0) < AW() + AD < @ + AD, by using (3.33) at
t = 6, from which we deduce Z(0) < 2AD. But this contradicts Z(8) > Z(T.) = 2AD. Hence § = T*. If
lim; 7+ Z(t) = oo then (z,w) € X 4,, and for R, = e’* it holds

D,/ p—1(,,/\2 Doyl P~ ()2 — P (N_l) v+ u?
i U(t) = lim DY = gy 2@ e et O P S R
t—T. r=R. wiu/ =R quiTl (W) +uln” rsRe gua1(y)? — uq{ N 1)u + %)

by using L’Hospital rule and the fact u, v are concave near T*. But this contradicts (3.33), since ¥ is decreasing.
Hence (z,w) € Ay, for any (z,w) € U(Ap). Then a neighborhood of Yz 5 is contained in A;.

Next we look at the colision point B = Qo = Ag (thq case P = Py = Ap will be similar), in which we need to
replace W, () by (3.29). When Y = N, —2 and p = ~ (2.6) becomes

7 Z
Z=-%

in Ry ,, Z = Z(N — N, — —) in R;Z.
A qualitative analysis on these autonomous equations in Z gives us that the resulting trajectory in R; , is forever
decreasing and blows up in finite backward time.

Meanwhile, in R .z We have a positive stationary point Z = N — N+ which produces two types of orbits: one
decreasing and blowmg up in finite backward time, and another one increasing and defined for all backward time.
The latter is not admissible because in the point Z = A\(N — 1) where the solution Z changes definition we have
Z < 0. Hence, the trajectory needs to blow up in finite backward time, from which Z — 400 as t — ¢y for some
to € R.

Observe that when Y = N, — 2, then y = 0 in (2.28) and the linearized direction that gives us W = 0. In
particular, the trajectory T := (X, N, — 2, Z,0) satisfying T = Y, 5, o is such that (z, N, —2) € A;. Asin
Step 2 one finds that A; is open.

Finally we treat the case P = Qg # Ao (the corresponding P = Py # Ag will be analogous).

By the proof of Proposition 2.10 4(i), the formulas (2.25), (2.26) with ¢y # 0, ¢4 # 0, by properly changing
the roles of X and Y, Z and W, p and ¢) and the two main principal tangent directions gives us that Z and W
only depend on X,Y. So the manifold around Qg is also a graph on the variables X,Y. Thus, one may consider
the trajectory T = Y 5 = T, No—2 = = (X,Y,Z,W) such that Y = N+ — 2. Arguing as in Steps 1 and 2 we get
that 4; is nonempty and open. |

4 Energy analysis

Our first goal in this section is to prove our main existence and nonexistence results; see Figure 2. In terms of
regular solutions, we will show that R} C G and RI cC.
We define the following auxiliary hyperbolas for the study of the M™ operator.

_ 1 1 N, —2 1 1 N -2
_ oo _

N + = 5 . + - ~ 9 41
Top+1 o g+1 N T p+l g+l N, 1)
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We observe that the upper region Rl contains the hyperbola H, and the down region R(‘; contains the hyperbola
H., see Figure 2 where (4.1) are dashedly displayed. Here, H, gives the asymptotic behavior of the upper
boundary of T\’,j when either p — oo or ¢ — 0o, and H, gives the asymptotic behavior of the boundary of R}
when either p — oo or ¢ — oo. Note that for the region RY in (1.13), its upper boundary asymptotic is described

through 7—~[+ when either p = +o00 or ¢ — +oc.

Let o be a positive parameter, and define the energy functional E = E,(u,v) : [0,00) = R of a solution u, v

of (Py) with uv/,v" < 0 as follows:

N i 1 vPt! 1 u9t! N vu' N uv’ : 7 "
T <UU +Xp+1+xm+m7+m7 ll’l{u <0}ﬂ{v <0},

+1 +1 ’ N ’ .
re (u/v/ + %v" + %I:;H + _N_vu’ + &ﬂ) in {u// < 0} N {UH > 0}’

p+1 p+1 7 qg+1 7
E(r)= _
o (0,0 o 1 vPt! 1 uet! Ny wu/ N wv’ . " "
T (UU +Kp+1+xq+1+m7 mT 1n {U >O}ﬂ{'U <O},

Kp+1 +X q+1 +p+1T g+l r

rN+ (u’v’ polert o artt Ny e ﬂ“—”,) in {u"” >0} N {v" > 0}.

Equivalently, in terms of the variables X, Y, Z, W, the energy E(t) = Ey 4,(t,X,Y,Z, W) reads as

N2 (X Z)E (VW) (XY + 532 + 5oy — 25 - 8%) i R{, N R,
o2 (X Z)E(YW)E (XY + 5555 + gl - XX ) i Ry, Ry,
E(t) = etlo=2=a=B) (X 73 (YW)% (XY+ Aéfl) + Aé‘fl) - Jfo — %) in Ry , N RY
N XD (W) E (XY s+ il - G - G B0 R

We observe that E(t,0) = E(t, Nyg) = E(t, Ag) = E(t, Ko) = E(t, Lg) = 0 for all ¢t. Besides,

E(t, My) = — —27e!N+=270=F) < 0 for all t € R,

pq—

thus a trajectory which converges to M, attains the energy value
E(My) <0 on Hy, E(My) =0 below Hy, E(My) = —oco above H,

by understanding the previous expressions as limits as ¢ — +oo, for 7—~[+ defined in (1.11). Also,

E(t,Py) = —(Ny — 2)€t(1v+_2_a_ﬁ){jﬁ _ %NF*?)}’

E(t,Qo) = —(Ny — 2)e!(Ns—2-a=p) (Mo 20p(Ne2)y.

In particular, if a trajectory 7(¢) converges either to Py or Qg as t — 400, then

E(Py) =0, E(Qy) =0 below H,.

(4.3)

Notice that the energy (defined in ) is not continuous in the variables X, Y, Z, W when crossing the concavity
hyperplanes ) z and 7y . However, the expressions in brackets are so, and the energy preserves sign when the

respective solutions u, v change concavity.
Moreover, the derivative of E with respect to r = e’ is given by
N-1 N N i Pt +
rN Tl {m+m—(N—2)} in RY , N Ry s
E'(r) = _ .
N—-1 N N. N7 . — _
PNt {8 B S (V- 2)) i Ry, 0 Ry

Now, since regular positive solutions satisfy u’,v" < 0, it follows that

ESO aboveoron’}?[i in RjZﬁRjW and in Ry, ,NR, y,
E>0 belowH in RjZﬁRjW and in R, ,NR, .

Furthermore, in the mixed regions where the dependence of the parameter o appears, one finds

E'(r) 7 (2= N = Ny o4 g+ ) 400 Eonlr) i B, 0 Ry
T =

ro 'y (2= N =Ny 40+ ;\_f:l + q%) +7r77 €, 5(r)  in Ry ;N R;W,
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where
wdt?!

vP ! Nou' Nov'u ~
1 (r) = {3y + A2} (0 — N) + { oy + M2y (0 - Ny,

oPt1 Nivu wit! Nv'u
E02(r) = {xGgrm + 705y} (0 = Vo) + (S + gy} (0 = V),

or in terms of the dynamical system variables (2.3),

Eon(t) = e EH(X2) S (YW)E { =X X (2 - N)+ Y (H - Ny |
Eonlt) = 1 EHAX D) E(YW)E { SR X (4 - N+ X V(Y - V) | (4.7)

On the other hand, for the operator M~ we consider the auxiliary hyperbolas

7 . L . 1 _N-2 '1+1_z\7,—2
p+1 q¢+1 N_ p+1 ¢g+1 N

(4.8)

which are contained in the regions R, in (1.17) and R in (1.16), respectively.

The energy for the system involving M™ is established by exchanging the roles of A and A in the definition of
the energy E(r) for M™T.

Proof of Theorem 1.6. Step 1) Existence of ground state solutions in ﬁ: .
Let us first consider the operator M™. We fix a pair (p,q) in the region R;}. Recall R} is contained in the
region lying above or on H .

We infer that E is nonincreasing for all ¢ € (—oo, T]. Indeed, we set ¢ = N, then

Enalt) = e (X 2)8 (W)E { Be v (W - Ny } <o,

Ena(t) = emCretm(x2)E(yw)E { R X (4 - Ny | <o, (4.9)
since Ny < N and Proposition 2.11 (iii), from which Z, W < AN < AN,. This fact and the inequalities coming
from the region (1.15) applied to (4.6) yield E’ < 0 in the mixed regions. Since R in (1.15) is a region located
above the hyperbolas (1.10) and (1.11), with (4.5) being true, then the desired monotonicity follows.

We assume by contradiction that there not exists any regular solution in RY of (1.1) for this pair (p, ¢). Then,
by Theorem 1.5, there exists a regular solution (u,v) of (1.1), (1.4) in the ball Br, with corresponding regular
trajectory I'(t) = (X (¢),Y (t), Z(t), W(t)) of (2.6) such that X(T) =Y (T) = o0 for T = In(R).

Recall that there exists a one to one correspondence between solutions of (1.1) and trajectories of (2.6), in
particular between their energies. We know that the solution (u,v) starts at » = 0 with zero energy. Thus, as a
nonincreasing function, the energy of (u,v) remains nonpositive whenever it is defined, in particular at the limit
point.

On the other hand, observe that

' (R) = M(=Xr~1(N —1)u’) >0, and v"(R) = M(=X YN —1)v') > 0.

Then at r = R we have E(R) = rN+u'(R)v’(R) > 0. This yields a contradiction with E(R) < 0. So by Theorem
1.5 there exists a solution of (1.1) in R,

The proof for M~ in (1.17) is analogous, by taking instead ¢ = N_ = max{N, N_}.

Step 2) Nonexistence of ground states in RI.
We consider the operator M™. Set ¢ = N,. With this choice in (4.6) and (4.5), we infer that F is a
nondecreasing function for all ¢ € R when the pair p, ¢ lies in the region R} in (1.14). Indeed, by (4.7),

Ex, 1 () = e 1T (X 2) 3 (YW) % { =N X (4 - N) } >0,

Ex, o(t) = e (xZ)F(vm)E { MV v (W - ) | >0, (4.10)
since Ny < N, and Z,W < AN by Proposition 2.11 (iii).

Assume by contradiction that there exists a nontrivial positive regular solution in RY. Then the correspondent
regular trajectory I' starts at —oo with zero energy from Nj.

Note that it holds the bound E(r) < CrN=2-2=8 for large r when o = N, by Proposition 3.1 and Ny < N.
Then, since the region R} in (1.14) is situated below the hyperbola H, one has lim, ., E(r) = 0. But this
contradicts the monotonicity of F in the case of a nontrivial pair solution u,v in RY. So, by Theorem 1.5 there
exists a solution of the Dirichlet problem in a ball.

The results for M~ in the region (1.16) are analogous, by taking ¢ = N = min{N, N_}. [ |
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Lemma 4.1. LetT' = (X,Y, Z,W) be a reqular trajectory of (2.6). If
E>0 inRy,NRyy (4.11)

then X andY may have at most one extremal point, which is a maximum. Moreover,

(i) if the trajectory T is defined for all t, then it converges to a stationary point;

(#) if instead T' blows up in finite time, then X.,Y > 0 in its whole interval of definition.
An analogous result holds for the system (2.7) with respect to the operator M~

Proof. Recall X > 0 in R; 5 and Y >0in R;W. We observe that hypothesis (4.11) yields

XY + A(p+1) + A(q‘fl) szr)l( ]Zﬁ/ 20 in Ry, NRy y,
and so, by (2.6),
Y=YV +2-N+ %) >Y[Y+2—(¢+ )X]+ L5 X(Ny — %) in Ry , N Ry - (4.12)
Using (2.6) again, we get
X=X(X+2-Ny+%), Z=2Z(Ny—pY %) inRj,. (4.13)

By Lemma 2.1, I' starts from Ny in the region Rj\_z N R:\*'W. Suppose that X has a maximum at ¢y followed by
a minimum at ¢,. At these times we have X = 0, and so T'(t), T'(t1) € Ry ;. From (4.13) we have A0y X = Xz

thus Z(to) <0< Z(tl). There exists t2 € [tg,t1] such that Z(tz) = 0, with t5 being a minimum. We obtain
X(t2) < 0 by construction, and so I'(t2) € Ry ,. By definition (2.16) one has

Z(ta) = Ny — pY (t2), (4.14)
then 0 < Zy(ty) = —p(ZY)(t2), so Y (t3) < 0. In particular, T'(t) € Ry 4y, besides
Y(t) < Ny —2forall t <t (4.15)
by Proposition 2.11 (ii). We infer that

X(to) < p(Nx —2) — 2. (4.16)

Indeed, by putting X (to) = 0 and Z(to) < 0 in (4.13) one has N — pY (ty) < Z(XO) = N, —2— X(ty); then we
get (4.16) by (4.15). Further, (4.12), (4.14) yield

0> Y(t) > Y(t2) [Y(t2) +2 — L5 X (1) ]. (4.17)

Again by X (t3) < 0 one gets (X + Z)(ts) < Ny —2. This and (4.14), (4.17) imply

Ny —2-X(t2) > £(t2) > Ny —p (L2 X(t2) - 2)

from which

2p+1) < (p% - ) X(t2) = 2 ZH X (t2) ie. X(t2) = p(Ny —2) — 2 (4.18)
On the other hand X (t5) < X(to) < p(N4 — 2) — 2 by (4.16), which contradicts (4.18). Then X has at most one
extremum. Hence, either X is an increasing function, or it has one extremum. In the latter case this extremum is
a maximum, so X < 0 for some time on. By symmetry of X and Y with respect to their equations, also Y has at
most one extremum.

Concerning (i), independently of having an extremum or not, X has a finite limit in (0, N; — 2] at +o0, by
Proposition 3.1. In this case, Z also has at most one extremum, which is a minimum. Indeed, at the points where
Z = 0 it happens that —Z; has the sign of Y. Thus Z, W both have limits in the interval [O AN). Therefore, I’
converges to a stationary point.

Under (#%) though, T' cannot have a maximum point since it is unbounded from above. [ |

Corollary 4.2. In RE regular solutions of (Py) or (P_) in a ball change concavity only once.
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Proof. Let us argue with the region R;‘ since for R it is analogous. By taking o = N+ in the expression of the
energy, we obtain that the energy is nondecreasing in the region Rj whenever it is defined. Since a corresponding
regular trajectory I', starts with zero energy at Ny then hypothesis (4.11) is verified.

Hence, hypothesis (4.11) is verified and so Lemma 4.1 (ii) applies to ensure that

X, Y >0 forall t<T. (4.19)

Now we claim that u,v change concavity only once. Recall that they start concave in a neighborhood of 0 by
Lemma 2.1. If for instance u changed concavity twice, then I' would cross the hyperplane 7y z at times sq, 52,
first from R;\r’ z to Ry ; and then from Ry , to Rj\" 4- By Proposition 2.11 (i) we need to have at these times

Y(s1) > 1/p and Y (s3) < 1/p. But then Y (s9) < 0 for some sq € (s1,55), which contradicts (4.19). The argument
for v is the same. [

Proof of Theorem 1.3. We have already seen that a regular solution (u,v) is such that u,v change concavity at
least once. When A = A we have Ny = N and the operator is a multiple of the Laplacian.

By taking 0 = N = Ny, the energy for M*T = M~ = AA is defined through a single continuous function,
and so is monotonous with respect to the radius, see also [3, proof of Theorem 1.6]. Namely, the energy is always
increasing in the subcritical case a + 5 < N — 2, while it is constant on the critical one a + § = N — 2. Anyway,
the corresponding regular trajectory I' = (X, Y, Z, W) starts with zero energy and remains nonnegative forward
in time, in particular in the region R, , N R)\ w- Thus, hypothesis (4.11) is verified and Lemma 4.1 is applicable.
Under the subcritical case, the proof of Corollary 4.2 with A = A already implies the desired conclusion.

In the critical case though, we are in the situation of Lemma 4.1 (i), and (p,q) € F by [3, proof of Theorem
1.6]. Note that if we had X >0and Y > 0 for all ¢ € R, then arguing as in the proof of of Corollary 4.2 one
already obtains the conclusion.

Thus, let us assume that at least one between X or Y has exactly one extremal point, which is a maximum.
For instance, say it happens for X at time T, then X >0fort<T,while X <0 forallt>T.

We claim that, since X has a maximal point at T', then v cannot change its concavity twice. Otherwise, if v
changed it at the points ¢; and 5 consecutively, then at these points we would have X (t1) > 1/q, X (t2) < 1/q by
Proposition 2.11 (i). Thus X decreases somewhere in (t1,t2) and so 7' € (t1,t2). Now, using that the hyperplane
my,w is contained in the region where X > 0, we know that X(tg) > 0, which contradicts the fact that X <0 for
allt > T.

Now it remains to be proved that u does not change concavity twice. Recall that Y also has at most one
extremal point. First, similarly to the preceding paragraph, one proves that if Y has a maximal point at T" then
u cannot change its concavity twice.

To finish, suppose that Y >0 for all t € R. If T crossed T,z at times s; and sy consecutively, we would have
Y(s1) > 1/p and Y (s2) < 1/p by Proposition 2.11 (i). Again, this means that Y decreases at some point before
reaching s. But by the mean value theorem, this yields the existence of a critical point s3 € (s1,s2) for Y, i.e.
Y(33) = 0, which contradicts the fact that Y has no extremal points. The proof is then concluded. |

Remark 4.3. The situation of having one extremal point is only admissible if I' converges to either P, or
Qo- In other words, if I' converges to Ay then both X and Y cannot have extremal points. Indeed, since
Moy = (o, B, Zy, W) € m1,x N3, x we have X(T') < o < Ny —2 and Y(T)<B< Ny — 2. So, in order to converge
to Ao at +00 both X and Y need to increase and reach Ny — 2, instead of decreasing in some interval of time.

Proof of Theorem 1.7. Step 1) Existence of fast decaying exterior domain solutions in R.

We assume by contradiction the conclusion does not hold. Then, by Proposition 3.12 there exists a fast
decaying trajectory Y, with corresponding solution (u,v) of (1.1) defined in the whole RY. Thus, the a priori
bounds in Proposition 3.1 imply that T stays in the box By, in particular satisfying Z, W < AN for all t € R. As
a consequence, by (4.9) the energy of T is a nonincreasing function.

Observe that YT arrives at +o0o with zero energy at the point Ag. Set ¢ = N. Then the energy of T remains
nonnegative whenever it is defined. Once again we use Proposition 3.1 to infer

|E(Y,7r)| < CrN=272=8 50 asr—0,

since a+ 3 < N —2 represents the region above H, which in turn contains R;. Thus E(0) = 0, which is impossible
for a nontrivial trajectory.

Step 2) Nonexistence in ﬁfg.

Assume on the contrary that there exists a nontrivial exterior domain solution of (1.1) in RY \ Bg, for some
R > 0 with d,u = 0,v = 0 and u,v = kK on dBR for some x > 0. Its corresponding trajectory YT blows up at finite
time T' = In(R) € R such that lim;_,7+ Z(t) = lim;_,p+ W(t) = +o0.

We fix the operator M™. For A, B we define a new energy function as follows

- 1 P+l 1 udt+? / v
E(r) = i+ (ulvl+Ap_|_1+Aq—|—1+m+$B . > (4.20)
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Then we rewrite the problem (P, ) as

nw o, N=1_/_ P o N=1_7/__  u?
u’ + ru_ G v+ Tv_ g

where (N,8) and (N, ) are either (N, \) or (N4, A). So we deduce

E'(r) > pNe =Ly (2—N—N+N,+2+9) +7“N+_291(N+ — N)wu! +TN+_2%(N+ — N)ur'

4 Pl Ne—1 {L& S R R e N

A p+1 o A g+1 G
1, 1 _ A2N-N.-2 ANy 5 AN s
Let § > 0 be such that It AT = A 7, + 6. Then we define 2 := Apti o and B = Aori 2

Hence A + B = 2N — N, — 2. These and u/,v’ < 0 yield E'(r) > 0 for all » > R.

Note that E(Y,T) > 0, since «'(R) = v'(R) = 0. Thus E(t) > 0 for all ¢t > T.

Firstly, if T were a fast decaying trajectory, then it would end at 400 on either Ag, Py or Qo. But all of these
points have zero energy, see (4.3), which is impossible due to the monotonicity of E.

Now assume by contradiction T is a slow decaying trajectory i.e. w(Y) = Mj. Since the region R; is contained
in the region below ’;q+, then Y would end with zero energy by (4.2). But this contradicts the sign of the energy
at the blow-up point T'. Finally, Lemma 4.1 concludes that no exterior domain oscillating solutions are admissible.

For M~ it is analogous, by considering the energy

1 Pl 1 qatt v’ uv’
E _ .N 1,1 - - A — B
(ry=r (uv +Ap+1+Aq—|—1+ . + —
; _ AN ) _ AN ) 1 1 _ A2N_—N-2 .
with 2 := A7 2 and B = AT o whenever At = & + 9, for some § > 0.

If A = A, on the hyperbola H in (1.10), the fast decaying trajectory corresponds to a solution defined in
the whole RY. Moreover, the energy of any trajectory of (2.6) is identically zero. This reduces the dimension
of the system, where for instance the variable W disappears. It follows by [3, 16] the analysis associated to the
3-dimensional dynamical system in this case. |

Proof of Theorem 1.8. The existence follows from item 1.1 in the proof of Theorem 1.7. Indeed, the nonexistence
of fast decaying exterior domain solutions and the alternative in Proposition 3.12 leads to a fast decaying solution
of (1.1) in RY. Similarly, the nonexistence part follows from Step 2 in the proof of Theorem 1.7. |

Proof of Theorem 1.4. Let A = A and R > 0. Assume by contradiction there exists a nontrivial exterior domain
solution of (1.1) in RY \ B, with u,v = 0 on dBg.

For 21,9 we consider the energy (4.20). Now, since N = N, by taking § > 0 so that T]-s\-fl + % =N-—-2+9,

with 2 = I — $ and B = P ¢, then we get E/(r) = ‘§T2N7A_1(vpJrl +udt) >0 for all r > R.

Since E is increasing and E(T, R) > 0, we have E > 0 for all » > R. Now, as in Step 1 of the proof of Theorem
1.7, T cannot approach neither Ay, Py, Qg nor My at infinity because they have zero energy; while T is not
oscillating at infinity by Lemma 4.1. Hence, the existence of Y is denied. |
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