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Abstract

This is a continuation of our recent work: “O. Duman and B. Della Vecchia,

Complex Shepard operators and their summability. Results Math. 76 (2021),

no. 4, Paper No. 214, 19 pp.” In this paper, we introduce the Kantorovich

version of complex Shepard operators in order to approximate functions whose

pth powers are integrable on the unit square. We also give an application which

explains why we need such operators. Furthermore, we study the effects of some

regular summability methods on this Lp-approximation.
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1. Introduction

In our recent study [1], we have introduced the complex Shepard operators

in order to approximate complex-valued and continuous functions on the unit
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square as follows:

Sn,λ(f ; z) =
∑n

k,m=0 |z − zk,m|−λ
f(zk,m)∑n

k,m=0 |z − zk,m|−λ
, (1)

where λ > 0, n ∈ N, z = x + iy ∈ K := [0, 1] × [0, 1], i2 = −1, x = ℜ(z),

y = ℑ(z) and the sample points zk,m,n := zk,m = k
n + imn , k,m ∈ {0, 1, ..., n}. In

(1) we write
∑n

k,m=0 for the double summation
∑n

k=0

∑n
m=0. Now let C(K,C)

denote the space of all complex-valued and continuous functions on K. Then,5

in [1] we have proved the following approximation result.

Theorem A. (see Theorem 1 in [1]) For every f ∈ C(K,C) and λ ≥ 3,

lim
n→∞

∥Sn,λ(f)− f∥ = 0,

where the symbol ∥·∥ denotes the usual supremum norm on K.

Recall that the classical Shepard operators, which are highly effective in

scattered data interpolation problems, were first introduced by Donald Shepard

in 1968 [2]. Since the classical Shepard operators defined on real-valued func-10

tions are of interpolated type, linear and positive, they have many applications

in current issues of the approximation theory, such as error estimations, direct

and inverse approximation, saturation results, rational approximation, allowing

results not possible by polynomials (see, for instance, [3, 4, 5, 6, 7, 8, 9]). The

superiority of rational approximation over polynomials is well-known: we recall15

the very elegant results on rational approximation obtained by Herbert Stahl in

[10]. There are also several modifications of these operators in solving specific

interpolation problems in Computer Aided Geometric Design, such as scattered

data and image compression (see [11, 12, 13, 14, 15]).

So far, many approximation operators known for the real case have also been20

examined on complex domains (see, e.g., [1, 16, 17, 18, 19, 20, 21, 22, 23]).

In this paper, we study the Kantorovich version of complex Shepard opera-

tors given by (1) in order to approximate functions in Lp (K,C) (p ≥ 1) which

is the space of all measurable complex-valued functions f such that |f |p is in-

tegrable on K. So, we will extend the uniform approximation in Theorem A to

2



the Lp spaces and discuss its significant applications. We should note that the

Kantorovich Shepard operators for real-valued functions and their approxima-

tion properties in the Lp spaces were examined in [24] by Xiou and Zhou. To

the best of our knowledge its complex case seems untouched. More precisely,

we consider the following Kantorovich version of complex Shepard operators

Ln,λ(f ; z) = (n+ 1)2
n∑

k,m=0

rk,m,n(λ, z)

∫ k+1
n+1

k
n+1

∫ m+1
n+1

m
n+1

f(s, t)dtds, (2)

where

rk,m,n(λ, z) =
|z − zk,m|−λ∑n

k,m=0 |z − zk,m|−λ
.

Then, we first obtain a uniform approximation to a continuous complex-

valued function on K by means of the operators (2) .

Theorem 1. For every g ∈ C(K,C) and λ ≥ 3, we have

lim
n→∞

∥Ln,λ(g)− g∥ = 0.

Since the uniform convergence on K implies Lp-convergence, the next result

is an easy consequence of Theorem 1.25

Corollary 2. For every g ∈ C(K,C) and λ ≥ 3, we have

lim
n→∞

∥Ln,λ(g)− g∥p = 0,

where the symbol ∥·∥p denotes the Lp-norm on K given by

∥g∥p =

(∫ 1

0

∫ 1

0

|g(x, y)|p dydx
)1/p

, p ≥ 1.

The following theorem gives an approximation in the space Lp (K,C).

Theorem 3. For every f ∈ Lp (K,C) (p ≥ 1) and λ ≥ 3, we have

lim
n→∞

∥Ln,λ(f)− f∥p = 0.
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2. Auxiliary Results

To prove Theorems 1 and 3, we need the following lemmas.

Lemma 4. (see [1]) Let n ∈ N and z ∈ K with z ̸= zk,m. Then, for every

λ > 0,  n∑
k,m=0

|z − zk,m|−λ

−1

= O
(
n−λ

)
holds.

Lemma 5. For any z = x+ iy ∈ K and λ > 1,

rk,m,n(λ, z) ≤ C
{
(|[(n+ 1)x]− k|+ 1)2 + (|[(n+ 1)y]−m|+ 1)2

}−λ/2

holds for k,m = 0, 1, ..., n, where C is a positive constant depending at most on30

λ and [x] is the greatest integer not exceeding x.

Proof. First assume that z = zα,β (α, β = 0, 1, ..., n) . We immediately get

rk,m,n(λ, zα,β) = δk,α · δm,β ,

where δa,b is the Kronecker delta. Hence, in this case, the proof is clear. Assume

now that z = x + iy ∈ K\{zα,β : α, β = 0, 1, ..., n}. Let [(n + 1)x] = N and

[(n+ 1)y] = M . One can check that

N

n+ 1
≤ x <

N + 1

n+ 1
and

M

n+ 1
≤ y <

M + 1

n+ 1
.

Then, we have the following four possible cases.

(a) k < N − 1 and m < M − 1,

(b) k < N − 1 and m ≥ M,

(c) k ≥ N and m < M − 1,35

(d) k ≥ N and m ≥ M.

In the case of (a) from Lemma 4 there exists a positive constant C1 such

that

rk,m,n(λ, z) ≤ C1 |(nx− k) + i (ny −m)|−λ

= C1

{
(nx− k)2 + (ny −m)2

}−λ/2
.
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Then, we see that

rk,m,n(λ, z) ≤ C1

{(
nN

n+ 1
− k

)2

+

(
nM

n+ 1
−m

)2
}−λ/2

= C1

{(
n(N − k)− k

n+ 1

)2

+

(
n(M −m)−m

n+ 1

)2
}−λ/2

≤ C1

{
(N − k − 1)2 + (M −m− 1)2

}−λ/2

≤ C1

{(
N − k + 1

4

)2

+

(
M −m+ 1

4

)2
}−λ/2

= C
{
(|[(n+ 1)x]− k|+ 1)2 + (|[(n+ 1)y]−m|+ 1)2

}−λ/2
,

where C := 4λC1. In the case of (b) using the same constants C1 and C, we40

may write that

rk,m,n(λ, z) ≤ C1

{
(nx− k)2 + (m− ny)2

}−λ/2

≤ C1

{(
nN

n+ 1
− k

)2

+

(
m− n(M + 1)

n+ 1

)2
}−λ/2

= C1

{(
n(N − k)− k

n+ 1

)2

+

(
n(m−M − 1) +m

n+ 1

)2
}−λ/2

≤ C1

{
(N − k − 1)

2
+ (m−M − 1)2

}−λ/2

≤ C1

{(
N − k + 1

4

)2

+

(
m−M + 1

4

)2
}−λ/2

= C
{
(|[(n+ 1)x]− k|+ 1)2 + (|[(n+ 1)y]−m|+ 1)2

}−λ/2
.

In a similar manner, one can also get the same inequality in the cases of (c) and

(d). Therefore, the proof is completed.

Now for each fixed z = x+ iy ∈ K define the function φz on K by

φz(w) := |w − z| =
√

(s− x)2 + (t− y)2.

Then, we also need the next lemma.

Lemma 6. For any z = x+ iy ∈ K, we have

Ln,λ(φz; z) =

 O(n−1), if λ > 3

O(n−1 log n), if λ = 3.
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Proof. For a given n ∈ N and z = x + iy ∈ K, there exist u, v ∈ {0, 1, ..., n}

such that x ∈
[

u
n+1 ,

u+1
n+1

]
and y ∈

[
v

n+1 ,
v+1
n+1

]
. Hence, we get from Lemma 5

that

rk,m,n(λ, z) ≤ C
{
(|u− k|+ 1)

2
+ (|v −m|+ 1)

2
}−λ/2

.

Using this we obtain that45

Ln,λ(φz; z)

= (n+ 1)2
n∑

k,m=0

rk,m,n(λ, z)

∫ k+1
n+1

k
n+1

∫ m+1
n+1

m
n+1

√
(s− x)2 + (t− y)2dtds

≤ (n+ 1)2
n∑

k,m=0

rk,m,n(λ, z)

√
(|u− k|+ 1)

2
+ (|v −m|+ 1)

2

(n+ 1)3

≤ C

n+ 1

n∑
k,m=0

{
(|u− k|+ 1)

2
+ (|v −m|+ 1)

2
}(1−λ)/2

≤ C

n+ 1

n∑
k,m=1

1

(k2 +m2)
(λ−1)/2

≤ C

n+ 1

 1

2(λ−1)/2
+ 2

n∑
k=2

1

(k2 + 1)
(λ−1)/2

+

n∑
k,m=2

1

(k2 +m2)
(λ−1)/2

 ,

which implies, for λ ≥ 3,

Ln,λ(φz; z) = O

(
1

n

)(
1 +

∫ n

1

∫ n

1

dtds

(s2 + t2)
(λ−1)/2

)

= O

(
1

n

)(
1 +

∫ 2π

0

∫ √
2n

1

drdθ

rλ−2

)
.

Therefore, we see that

Ln,λ(φz; z) =

 O
(
1
n

)
, if λ > 3

O
(

logn
n

)
, if λ = 3,

which completes the proof.

Lemma 7. Let λ ≥ 3 and p ≥ 1. Then, the sequence of linear operators {Ln,λ}

is uniformly bounded from Lp (K,C) into itself, i.e., for every f ∈ Lp (K,C) ,

∥Ln,λ(f)∥p ≤ B ∥f∥p

holds for some absolute positive constant B.
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Proof. We may write from Lemma 5 that, for every k,m ∈ {0, 1, ..., n},∫ 1

0

∫ 1

0

rk,m,n(λ, z)dydx

=

n∑
u,v=0

∫ u+1
n+1

u
n+1

∫ v+1
n+1

v
n+1

rk,m,n(λ, x, y)dydx

≤ C

n∑
u,v=0

∫ u+1
n+1

u
n+1

∫ v+1
n+1

v
n+1

{
(|u− k|+ 1)2 + (|v −m|+ 1)2

}−λ/2
dydx

=
C

(n+ 1)2

n∑
u,v=0

{
(|u− k|+ 1)2 + (|v −m|+ 1)2

}−λ/2

= O

(
1

(n+ 1)2

)
holds whenever λ ≥ 3. If f ∈ L1 (K,C) , then we see that50

∥Ln,λ(f)∥1

=

∫ 1

0

∫ 1

0

|Ln,λ(f ; z)| dydx

≤ (n+ 1)2
n∑

k,m=0

(∫ k+1
n+1

k
n+1

∫ m+1
n+1

m
n+1

|f(s, t)| dtds

)∫ 1

0

∫ 1

0

rk,m,n(λ, z)dydx

≤ C

n∑
k,m=0

(∫ k+1
n+1

k
n+1

∫ m+1
n+1

m
n+1

|f(s, t)| dtds

)
,

which implies

∥Ln,λ(f)∥1 ≤ C ∥f∥1 . (3)

On the other hand, if f ∈ C(K,C), then one can easily check that

∥Ln,λ(f)∥ ≤ ∥f∥ , (4)

where the symbol ∥·∥ denotes the usual supremum norm on K as stated before.

Therefore, using (3) and (4) , we obtain from the Riesz-Thorin theorem [25] (see

also [24]) that, for some B > 0,

∥Ln,λ(f)∥p ≤ B ∥f∥p , p ≥ 1,

holds for every f ∈ Lp(K,C).
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3. Proof of the Main Results

Proof of Theorem 1. Let g ∈ C(K,C) and λ ≥ 3. By the uniform continu-

ity of g on K, for every ε > 0 there exists a δ > 0 such that

|g(w)− g(z)| < ε

for all w = s+ it, z = x+ iy ∈ K satisfying

|w − z| =
√
(s− x)2 + (t− y)2 < δ.

Then from the definition of the operators Ln,λ we observe that

|Ln,λ(g; z)− g(z)| ≤ (n+ 1)2
n∑

k,m=0

rk,m,n(λ, z)

×
∫ k+1

n+1

k
n+1

∫ m+1
n+1

m
n+1

|g(s, t)− g(x, y)| dtds

≤ (n+ 1)2
n∑

k,m=0

rk,m,n(λ, z)

×
∫ k+1

n+1

k
n+1

∫ m+1
n+1

m
n+1

(
ε+

2M

δ

√
(s− x)2 + (t− y)2

)
dtds

= ε+
2M

δ
Ln,λ(φz; z),

where M := ∥g∥. Then the proof immediately follows from Lemma 6.

Now we give the proof of Theorem 355

Proof of Theorem 3. Let f ∈ Lp(K,C) (p ≥ 1). Then, we can choose a

function g ∈ C(K,C) such that

∥Ln,λ(f)− f∥p ≤ ∥Ln,λ(f − g)∥p + ∥Ln,λ(g)− g∥p + ∥f − g∥p .

Hence, Lemma 7 implies that

∥Ln,λ(f)− f∥p ≤ C ∥f − g∥p + ∥Ln,λ(g)− g∥p

holds for some C > 0. We know from Corollary 2 that

lim
n→∞

∥Ln,λ(g)− g∥p = 0.

Using this and also the fact that C(K,C) is dense in Lp(K,C), the proof is

completed.
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4. Applications and Concluding Remarks

We first give an application of Theorem 3 on the set K = [0, 1]× [0, 1].

Example 1. Define the function f by

f(z) = ⌊3x⌋+ ixy, z = x+ iy ∈ K, (5)

where the symbol ⌊·⌋ denotes the floor function. Then, by Theorem 3 one can

obtain an Lp-approximation. Hence, for every λ ≥ 3 and p ≥ 1, we get

lim
n→∞

∥Ln,λ(f)− f∥p = 0. (6)

Observe that Theorem A is not valid for this function f in (5) since f does not

belong to the space C(K,C). To visualize this Lp-approximation in (6) we may

consider the real or imaginary part of the function f. Then, one can also easily

check that

lim
n→∞

∥ℜ (Ln,λ(f))−ℜ (f)∥p = 0,

which is indicated in Figure 1 for the values λ = 4 and n = 3, 8, 12. Hence,60

this example explains why it is also needed the Kantorovich version of comlpex

Shepard operators.

Finally, we can also incorporate regular summability methods in the approx-

imation process of Kantorovich-Shepard operators as in the following way. We

should note that a summability method is a common and useful way to over-65

come the lack of the usual convergence [26, 27]. Recent studies clearly show

that regular summability methods are also quite effective in the approximation

theory (see, for instance, [28, 29, 30, 31, 32, 33, 34]).

Now we recall some notations and definitions from the summability theory.

Let an infinite matrix A := [ajn] (j, n ∈ N) and a sequence x := (xn) be given.

Then, the A-transformed sequence of (xn) is defined by

Ax := ((Ax)j) =

∞∑
n=1

ajnxn

9



(a) n = 3 (b) n = 8

(c) n = 12 (d) ℜ(f)

Figure 1: Lp-Approximation to the real part of the function f given by (5) by means of the

real part of the operators Ln,λ(f) for the values λ = 4 and n = 3, 8, 12
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if the above series is convergent for every j ∈ N. In this case, it is said that A

is a summability matrix method. A summability method A is called regular if

limAx = L whenever limx = L (see [26, 27]). If all entries of a summability

matrix method A are nonnegative, then A is called nonnegative. In this section,

we will consider A = [ajn] as a nonnegative regular summability matrix. We

also say that a sequence (xn) is A-summable (or A-convergent) to a number L

if

lim
n→∞

(Ax)j = L.

It is also possible to give the same definition for a sequence of functions in the

space Lp (K,C) (p ≥ 1). Let fn ∈ Lp (K,C) for every n ∈ N and A = [ajn] be

a nonnegative regular summability method such that

∞∑
n=1

ajnfn ∈ Lp (K,C) for every j ∈ N.

Then, we say that (fn) is A-summable (with respect to the Lp-norm on K) to

a function f ∈ Lp (K,C) if

lim
j→∞

∥∥∥∥∥
∞∑

n=1

ajnfn − f

∥∥∥∥∥
p

= 0.

We note that the concept of A-summability in Lp spaces and its applications

to the classical approximation theory (for real-valued functions) were examined70

by Orhan and Sakaoglu [35] (see also [36]). We now use it in the approximation

by complex Kantorovich-Shepard operators given by (2).

With this terminology we can give the following application.

Example 2. Using the complex Kantorovich-Shepard operators in (2), we de-

fine the following operators

L∗
n,λ(f ; z) :=

 2Ln,λ(f ; z), if n is odd

0, if n is even,
(7)

where f ∈ Lp (K,C) (p ≥ 1) and z ∈ K. Then, it is easy to check for any

function f ̸= 0 belonging to Lp (K,C) , we cannot get an Lp-approximation to

11



f by means of the operators L∗
n,λ(f), that is, for every λ > 0,∥∥L∗

n,λ(f)− f
∥∥
p
↛ 0 as n → ∞.

Now consider the Cesàro summability method C1 := [cjn] given by

cjn =

 1
n , if n = 1, 2, ..., j

0, otherwise.
(8)

In this case, we claim that, for every f ∈ Lp (K,C) (p ≥ 1) and λ ≥ 3, the

sequence
(
L∗
n,λ(f)

)
is C1-summable (with respect to the Lp-norm on K) to the75

function f . Indeed, by using the definitions (7) and (8) we may write that

∞∑
n=1

cjnL∗
n,λ(f) =

1

j

j∑
n=1

L∗
n,λ(f)

=


2{L1,λ(f)+L3,λ(f)+···+L2m−1,λ(f)}

2m−1 , if j = 2m− 1

L1,λ(f)+L3,λ(f)+···+L2m−1,λ(f)
m , if j = 2m,

where m ∈ N. Then, we observe that∥∥∥∥∥
∞∑

n=1

cjnL∗
n,λ(f)− f

∥∥∥∥∥
p

≤


(

2m
2m−1

)
1
m

m∑
k=1

∥L2k−1,λ(f)− f∥p +
∣∣∣ 2m
2m−1 − 1

∣∣∣ ∥f∥p , if j = 2m− 1

1
m

m∑
k=1

∥L2k−1,λ(f)− f∥p if j = 2m.

Now taking limit as j → ∞ (and hence, as m → ∞) on both sides of the last

inequality and also considering Theorem 3 and the regularity of the Cesàro

method we obtain that

lim
j→∞

∥∥∥∥∥
∞∑

n=1

cjnL∗
n,λ(f)− f

∥∥∥∥∥
p

= 0,

which corrects our claim.
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