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1. Introduction

Fractional Poisson processes (FPP) enjoy the property of non-stationarity and long
range dependence, which makes them an attractive modeling tool. These processes are
widely used in statistics, finance, meteorology, physics and network science, see for
instance (Baleanu et al. 2012) p. 332, and (Kumar, Leonenko, and Pichler 2020).

Fractional Poisson processes were introduced as renewal processes in Mainardi, Gorenflo,
and Scalas (2004). The authors generalized the characterization of the Poisson process as the
counting process for epochs defined as sum of independent non-negative exponential ran-
dom variables, and, instead of the exponential, the authors used a Mittag-Leffler distribution.
The theory of FPP was further developed by Beghin and Orsingher (2009, 2010) and by
Meerschaert, Nane, and Vellaisamy (2011).

In particular, Meerschaert, Nane, and Vellaisamy (2011) defined FPP by means of a
time-change for the Poisson process N(t), where the time variable ¢ is replaced by the
inverse o-stable subordinator Y,(f). Remarkably, they could prove the equality in
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distribution between N(Y,(t)) and the counting process defined by (Mainardi,
Gorenflo, and Scalas 2004).

Leonenko, Scalas, and Trinh (2017) used the same time-change technique to intro-
duce a non-homogeneous fractional Poisson process (NFPP) by replacing the time vari-
able in the FPP with an appropriate function of time.

In a recent paper, Gupta, Kumar, and Leonenko (2020) and Gupta and Kumar
(2021) generalize the results available on fractional Poisson processes using the z-trans-
form technique.

Kostadinova and Minkova (2019) introduced a Poisson process of order k with insur-
ance modeling in mind. This process models the claim arrival in groups of size k, where
the number of arrivals in a group is uniformly distributed over k points.

The Pdlya-Aeppli process of order k was studied in Chukova and Minkova (2015) and
later by Kostadinova and Lazarova (2019). In this process, the uniform distribution on the
integers 1, ..., k is replaced by the truncated geometric distribution of parameter p.

To deal with dependent inter-arrival times, a generalization of Poisson processes of
order k was proposed by Sengar, Maheshwari, and Upadhye (2020). These authors
extended the Poisson process of order k by means of time change with a general Lévy
subordinator as well as an inverse Lévy subordinator.

Here, we combine the compound Poisson processes of order k and fractional Poisson
processes, namely we study a fractional non-homogeneous Poisson process of order k
and a fractional non-homogeneous Pdlya-Aeppli process of order k (see the definitions
below). First, we generalize the results of Kostadinova and Minkova (2019) by consider-
ing a non-homogeneous Poisson process of order k. Then, we generalize the results of
Sengar, Maheshwari, and Upadhye (2020) by introducing the time non-homogeneity in
the fractional Poisson process of order k. Finally, we study a non-homogeneous frac-
tional Polya-Aeppli process of order k.

This paper is organized as follows. Section 2 collects some known results from the the-
ory of subordinators and provides the definition of the compound distributions of order k.
In Section 3, we consider a non-homogeneous fractional Poisson process of order k. We
obtain the governing equations and calculate the moments and the covariance function of
the process. Section 4 is devoted to a non-homogeneous fractional Pdlya-Aeppli process
of order k. We derive the non-local governing equations for the marginal distributions of
these processes, using non-local operators known as Caputo derivatives. The moments and
the covariance structure of the processes are derived, as well.

2. Preliminaries

This section presents known results in the theory of subordinators and provides the def-
inition of the compound distributions of order k.

2.1. Compound distributions of order k

Consider a random variable that can be represented as a random sum N = X; + X, +
...+ Xy, where {X;};2, is a sequence of independent identically distributed random
variables (i.i.d. r.v’s), independent of a non-negative integer-valued random variable Y.
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The probability distribution of N is called compound distribution and the distribution
of X, is called compounding distribution.

A well-known and widely used example is the compound Poisson distribution, where
Y has a Poisson distribution. If X; € {1,2,...,k}, then the random variable N has a
compound discrete distribution of order k.

Compound discrete distributions of order k were studied by Philippou (1983) and
Philippou, Georghiou, and Philippou (1983).

As mentioned previously, in this paper we deal with two types of compounding dis-
tributions: the discrete uniform distribution and the truncated geometric distribution.
They respectively induce the Poisson distribution of order k and the Pdlya-Aeppli distri-
bution of order k as will be shown in the following. We say that the random variable X
is uniformly distributed over k points if its probability mass function (pmf) is of the
form

1

IP[X:m]ZE, m=1,..,k. (1)
Its probability generating function (pgf) is
1 u 1—u
_wlx 1 2 Ky _ Y.
Gx(u) = Elu ]—k(u+u + .t u) T, “€ (0,1).

The random variable X has a truncated geometric distribution with parameter p and
with success probability 1 — p if

1_p m—1
1— pk

PX =m] = m=12,..,k p€0,1). (2)

Consequently, the pgf of X is given by

(1—plul —phuf
Gx(u) = E[uX] = 1= o 1= pu

, ue(0,1). 3)

Note, that for k — oo, the truncated geometric distribution asymptotically coincides
with the geometric distribution with parameter 1 — p.
We can now define the Poisson distribution of order k.

Definition 1 (Poisson distribution of order k). The random variable N has Poisson dis-
tribution of order k with parameter A if N = X; + X, + ... + Xy, where:

(1) {X;},>, are the iid. r.v’s with the uniform distribution; (2) Y has Poisson distri-
bution with parameter A > 0; (3) Y and {X;},., are independent.

Note that
An1+4..+nk Azk
_ 1 Ak AT Ak
PIN =m] =e 2. P an!’
(n15 ...nk)€Q(ky m) Q(k, m)
where zx = ny +ny + ... +n,, I =n!-ny!- .. -5, and

Q(k,m) = {(ny, ...nx) : ny + 2ny + ...kny = m}. (4)
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The pgf of the Poisson distribution of order k is

k
Gy(u) =E[u] = exp{ —A [ k-

W] . (5)

j=1

Note that N =4 ZJILI jY;, where Yj,j =1, ...,k are independent copies of Poisson ran-

dom variable Y with parameter A, and “=%“stands for equality in distributions. We now
introduce the Pdlya-Aeppli distribution of order k as a compound Poisson distribution
(see (Minkova 2010)).

Definition 2 (Pdlya-Aeppli distribution of order k). The random variable N has Pdlya-
Aeppli distribution of order k with parameter 1 —p if N =X, + X, + ... + Xy, where:
(i) {Xi},~, are the iid. r.v’s with the truncated geometric distribution with parameter
1 —p, given by (2); (ii) Y has Poisson distribution with parameter A; (iii) Y and
{Xi};~, are independent.

Note that the probability generating function of N is Gy(u) = e A1=Cx () where
Gy, is given by (3).

The probability mass function of Pdlya-Aeppli distribution of order k is defined by
(see Minkova 2010, Theorem 3.1):

PN = m] = gu(A),m=0,1,2,..., (6)
where
qo(A) = e
"fm—1\Q
m A == _A m_]> _]-)2> )k
an(A) =e ;(}._J},p m
m ) k\n
A m—1 QI m— n—1 (Q,O)
an(h) = ¢ {Z ] 1>j—!p EDIC L
j=1 n=1
m—n(k+1
y EV m—nk+1)+n—1 gpmfjfn(kﬂ)’
= jtn—1 5!
and
Al —
Q—l(_ipp,m—l(k+1)+r,r—0,1,..,k,l—1,2,....

2.2. Inverse a-stable subordinator

Let L, = {L,(t);t > 0} be a a-stable Lévy subordinator, that is Lévy process with
Laplace transform:

Ele 0] = e, 0<a<1, s>0.

Then the inverse o-stable subordinator {Y,(t); t > 0} (see e.g., Meerschaert and
Sikorskii 2019, 103) is defined as the first passage time of L, :
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Y,(t) =inf{u>0:L,(u) >t}, t>0. (7)

We will use the following properties of the inverse o-stable subordinator:

i. The density of Y,(t) is of the form (see (Meerschaert and Sikorskii 2019)

p.113):
h(tx):i]P’[Y(t)<x]:£ g (tx73), x>0, >0 (8)
PANS] dx o — o > >
where
1 & I'(ak 1
—Z k+10€7_|_) e sin (ko)
(=

is the density of L,(1) (see e.g. (Kataria and Vellaisamy 2018)).
ii. The Laplace transform

hy(s, x) = J e hy(t,x)dt =" e, s>0. 9)
0
iii. The moments of the inverse o-stable subordinator are as follows:
I'v+1) ) 2 1
EYV 7t“",y>0, Var|Y,(t)] = t™* —
Y] = T +1) [¥a(t)] Fo+1) (D(a+1))?

(10)

(see e.g. (Kataria and Vellaisamy 2018, 1640).
iv. The covariance function (see (Leonenko et al. 2014; Leonenko, Scalas, and
Trinh 2017)) is

min(t,s)

J (t=1)"+ (s—1))" 'dr —

0

1
T(1+ )T (a)

(st)”
2(1+a)

(11)

Cov[Yy(t), Ya(s)] =

3. Poisson processes of order k

The Poisson process of order k was introduced in Kostadinova and Minkova (2019), see
also (Sengar, Maheshwari, and Upadhye 2020).

Definition 3. The Poisson process of order k (PPk) N = {N(t); t > 0} is defined as a
compound Poisson process with the compounding discrete uniform distribution:

N(t) :Xl +"‘+XN1(f)’ (12)
where (1) X; are independent copies of a discrete uniform random variable distributed

over k points given by (1); (2) Ny = {N;(¢t); t > 0} is the Poisson process with param-
eter k/; (3) Ny and {X;},., are independent.
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The following Kolmogorov forward equations are valid for p,,(t) = P[N(t) = m] :

d
SiPo(t) = —kipo(t) (13)
d mak
1 Pm(0) = —Kpu (1) —l—/l;pm,j(t), m=12,.. (14)
with the initial condition py(0) =1, : p,(0) = 0,m > 1, and mak = min(m, k). The pgf

is of the form:
Gy (u) = ENO] = exp {At(u+ ... + uF — k)},
and the first two moments are given by

i, CovN()N(s)] = KEXDERHD) s, (15)

EIN(1)] = )

k(k+1)
2

3.1. Fractional Poisson process of order k

In this sub-section we shall derive governing equations for a fractional Poisson process
of order k and we shall investigate its long-range dependence properties. It is worth
noting that Sengar, Maheshwari, and Upadhye (2020) studied the Poisson process of
order k time-changed by a general Lévy subordinator and its inverse. However, among
their examples, they did not explicitly consider the governing equations for the inverse
o-stable subordinator (this particular process is studied in Gupta and Kumar (2021)).
That is why we specify some formulae of Sengar, Maheshwari, and Upadhye (2020) that
will be used in the following sub-sections. In particular, below, we use Equation (10) to
derive the marginal distributions of the fractional Poisson process of order k.

Definition 4. (Fractional Poisson process of order k). The process N,(t) is called frac-
tional Poisson process of order k (FPPk) if

N,(t) = N(Y,(t), 0<a<l, (16)

where (1) Y,(t) is the inverse o-stable subordinator, given by (7); (2) N is the Poisson
process of order k, given by (12); (3) Y,(t) and N are independent.
The marginal distributions of the FPPk process is given by

y Azk o0 Y
Pu(t) = P[Ny(t) = Z E[(Y,(0)*™"] =
Q( )
PE
_ Z k' Zk+n+1) tO{(ZkJrn),m :0, 1’“
ot T =5 ! o(zk + 1) +1)

where zx = ny +ny + ... + g, T! = myInyl.ng!, and Q(k, m) is defined in (4).
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Also
EN,(1)] = ki E T D gy, ),
Var[N, ()] = k@%l@m(t)} + (u (k+ ”) Var(Y,(1)),
Coni, (0,3, (9 = LD DA (MDY cov(r 9, 10,

where the variance and covariance of the process Y,(t) are given by (10) and (11).

3.1.1. Correlation structure and long-range dependence
There exist many definitions of the long-range dependence property. Here, we shall use
the definition given in Biard and Saussereau (2014).

Definition 5. The process {X(t); t > 0} has a long-range dependence property (LRD) if
for fixed s and some c(s) and o € (0,1) : lim,_[Corr(X(s), X(t))/t ] = c(s), where
Corr is the correlation function of the process X.

We now investigate the asymptotic behavior of the correlation function of the FPPk
process defined by (16).

Theorem 3.1. The process N,(t) has the LRD property.

Proof. Using the result of Leonenko et al. (2014) we have that for a fixed s >0
Corr[N,(t), Ny(s)] ~ t7*C(a, s) t — 00,

— -1 aVar[N(1)] os*
where C(25) = (b5 ~ 5777 [F(M)(E[NW +m+m}, and E[N(1)] and Var[N(1)]

are given by (15).

3.1.2. Governing equations
In the sequel we will employ the fractional Caputo (or Caputo-Djrbashian) derivative
which is defined as follows (see e.g., (Meerschaert and Sikorskii 2019, 30)

t

1 (df(u) du 0<u<l
Dif(1) = F(”J du w0 (17)
& .
du ’ '

Theorem 3.2. The governing fractional difference-differential equations for
p%,(t),t > 0 are given by
Dipi(t) = —kip} (1) (18)

mnak

Dip,(t) = —kipl,(t) + 2> phi(t), m=12,.. (19)
j=1
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with the initial condition

o . _J 1L, m=0
Pm(o)_é’”")_{o, m>1.

Note, that by setting o = 1, we get the governing equations of the Poisson process of
order k given in Equation (13).

Proof. Note that

DZh,(t,u) = —%ha(t, u) (20)

and remember that
piat) = Jp,,(u)hx(t, u)du n=20,1,2.. (21)
0

We first consider the case n > 1. By taking the fractional Caputo derivative of both
sides (21) and using property (20), we get

oo

Dipy, (1) = — me(u)(%ha(t, u)du =

0

o mnak
— j k() + 2> pn(10) [ Bt )t — ()8, )] =
0 =1

mnak

= — kap,(t) + 2 ) _pi i(t).
=1
For n=0 we have

Dip (1) = — [ polu) 51 hat ) = [ [=ipo(a] (1, s = ~kigi 1)

Remark 1. Note that Sengar, Maheshwari, and Upadhye (2020) derived governing equa-
tions in which the Caputo derivative is replaced by a more general non-local operator.
We present the proof of Theorem 3.2 for the sake of completeness.

3.2. Non-homogeneous fractional Poisson process of order k

We now generalize the fractional Poisson process of order k by introducing a determin-
istic, time dependent intensity or rate function A(t) : [0,00) — [0,00), such that for
every fixed ¢ > 0, the cumulative rate function follows the following equation
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t
At) = Jﬂv(u)du < 00
0
Denote A(s,t) = [} A(u)du = A(t) — A(s), 0 < s < t. Let N}(t); t > 0 be a homoge-
neous Poisson process (HPP) of unit intensity, and N{(A(t)), t > 0, be a non-homoge-
neous Poisson process (NPP) with rate function A(t), then

N”(t) =X+ ... +XN11(kA(t))> t>0,

is non-homogeneous Poisson process of order k (NPPk), with rate function A(t), t > 0,
where {X;},., are the i.i.d.r.v’s with the uniform distribution on {1,2,...,k}, independ-

ent of N{(A(t)). The mgf of the process N is of the form:
Grnry (1) = ElN" 0] = exp {A(t)(u+ ... + uF — k)}.
The process N” has the following distributions of its increments:
P(tu) = PIN"(t +u) = N"(u) = m] =

— kAt [A(wu+ 1)
nyl...ng!

m=20,1,...
Q(k, m)
Incidentally, this model includes Weibull's rate function: A(t) := A(0,t) =
b, At)=£()", ¢>0,b>0; Makeham’s rate function: A(f)=<e’ —¢
ut,  At) =ceé® +u, ¢>0,b>0,u>0, and many others.
We define a non-homogeneous fractional Poisson process of order k (FNPPk) as

N, (t) = N"(Yy(t)), t>0, 0<a<l, (23)

where Y,(t) is the inverse o-stable subordinator (7), independent of the NPPk pro-
cess N”.

3.2.1. Marginal distributions
Define the increment process: I,(t,v) = N(A(Yy(t) +v)) — N(A(v)). Its marginal distri-
butions can be written as follows:

P (t,v) =P[L(t,v) =m] = Jp”m(u, v)hy(t, u)du, (24)
0

where hy(t,u) is the density of the inverse o-stable subordinator (8) and pf(u,v) is
given by (22). Consequently the marginal distributions of N;(t) are given by
P[N;(t) = m| = p;,,(+,0) = Jp:’n(u, 0)h,(t, u)du.
0
For the NFPP N} (A(Y,(t)); t > 0, of order k = 1, Leonenko et al. (Leonenko, Scalas,
and Trinh 2017) derived the governing equations for the marginal distributions
P[IL(t,v) = m] of the corresponding increment process I.(t,v) = Ni(A(Y,(t) +v)) —
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Ni(A(v)) of NFPP (of order k=1), where N| is the homogeneous Poisson process of
intensity 1. We shall derive the governing equations for the marginal distributions
pi(t,v) of FNPPk.

Theorem 3.3. The marginal distributions p%(t,v) satisfy the following fractional differ-
ential-difference integral equations

Dipi (1, v) = —kaw (gt ) 0 < v < u

0
mnak

Dipt (u,v) = J —k2(u+v)p),(u,v) + Alu+ V)Zp;_j(u, v) | hy(t,u)du, m=1,2,...
0 =1

(25)
with the initial condition: p,(0,v) = d,, 0, where p? (u,v) is given by (22).
Proof. Note that the mgf of p” (u,v) is of the form
Pl (u,v) = ElsV 00N O] = exp (A(v,u +v)(s + ... + 55— k),

while the Laplace transform with respect to ¢ of hy(t, u) is given by (9). Taking both the
mgf and the Laplace transform in (24) as above, we have

pi(rv) = Jﬁs(u, V)hy(r, u)du = r*7! J exp {A(v, u 4+ v)(s + ... + s —k)}e “ du. (26)
0 0
Note that for U(u) = exp {A(v,u+v)(s + ... +s* —k)}, we have
d

%U(u) =544+ u+v)exp{Avu+v) s+ +..+s5 -k} @7)

Thus, integrating (26) by parts with U as above, and V = —e " /1%, we get
ﬁj(r, V) _ rxl{ |:_%(e—ur"eA(v,u+v)(s+.“sk—k)|80:| +

1 1 2
+r7(s+52 o k)Jk),(v,u+v) exp {A(u+v)(s 4+ + ...+ —k)le ™ du} =
0

o0

1
—{r“l—k(s—&-sz—l—...—}—sk—k)[

er

Mu+v)exp {A(v,u+v)(s+ 5+ ..+ — k)}r"‘le'”xdu] .
0

(28)
We shall use the following property of the Caputo derivative:
LADf}(r) = r*L{f}(r) — " 'f(07),
where L{(f)}(r) stands for the Laplace transform of function f. Note that p;(07,v) =
1, since Y,(0) = 0 a.s. Hence, by (28)
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rpy(r,v) — " 'pi(0,v) = L{Dip(rv) }(r) =

oo

=(s+s* 4.+ — k)J/l(u +v)exp{A(u+v)(s+ %+ ...+ =k} e du.
0

Inverting the Laplace transform yields

oo

Dpi(tv) = (s+ s+ ..+ — k)J/l(u +v)exp {Av,u+v)(s+5* + ... + 5 — k) Yh,(t, u)du =
0

= Jﬂv(u + ) (s + 5+ oo+ 55— K)p(u, vy (8, u)du,
0

where the mgf

P v) = 3 ().

Finally, by inverting the mgf (s + s> + ... + s* — k)p (1, v), we obtain:

o0

DXp; (u,v) = J Mu+v)

0

mnak

—kp(u,v) + me_j(u, 1/)} hy(t, u)du,

J

since the mgf of

mnk

—kpm(u,v) + mefj(“’ v)
=1

is equal to

m

mak
Zs"‘ [—kpm(u, v) + me,j(u, v)] =(s++ ..+ —Kk)p,(uv).
j=1

3.2.2. Covariance structure

One can show that for NPPk E[N"(¢)] = k(k; D A(t), and its covariance function is

Cov[N"(t),N"(s)] = w A(min(s, t)).

Then the mean and covariance function of FNPPk are given by

k(k+1)
2

E[N,(1)] =

E[A(Y.(2)]
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Cov[N: (1), N3 (s)] = WE [A(n(min(s, )

N (k(k+ 1)

5 ) Cov[A(Ya(1)), A(N,(s)) |-

4. Polya-Aeppli process of order k

The Poélya-Aeppli process of order k was defined and studied in the context of ruin
problems in Chukova and Minkova (2015) and later by Kostadinova and Lazarova
(2019). Related pure fractional birth processes were studied in Orsingher and
Polito (2010).

Definition 6. The process Npax(t) is said to be the Pdlya-Aeppli process of order k
(PAKk) if

NpAk(t) =X+ ... +XN1(t)’

where (i) the random variables X; are i.i.d with the truncated geometric distribution of
parameter p € [0,1), given by (2); (ii) N = {N(¢#);t > 0} is a homogeneous Poisson
process (HPP) with intensity 2 > 0, independent of {X;};°,.

The following Kolmogorov forward equations are valid for the marginal distributions
pm(t) = P[Npar(t) = m] :

d

EPO(t) = —/po(t)

d ) 1— mnak - (29)
o0 = =0l H IS )

where p,,(0) = d,,.0.
The marginal distributions of the PAk process are given by

Pm(t) = P[Npax(t) = m] = qu(4t),m =0,1,2, ., (30)

where g, are given by (6).
More explicit expressions for p,,(t) can be found in Minkova (2010). The expectation
ad variance are as follows:

t1+p+...+p"*1 — kpk
_ pk >
1=» (31)

At
g [143p+5p> + ... + (2k — 1)p*1 — K2pH].

E[Npak(t)] = 4

Var[NpAk(t)} = 1
Note that PAk process is a compound Poisson process with the pgf
Gy () (1) = Elur 0] = P[Npgi(t) = m] = e~ #(1-x(w),

where Gy(u) = E[u*] is given by (3).
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4.1. Non-homogeneous Polya-Aeppli process of order k

We now consider a non-homogeneous version by introducing a deterministic time
dependent intensity function A(f) as above, and A(s,s+1t) =A(s+t)—

A(s), A(t) = [ A(u)du.

Definition 7. (Non-homogeneous Pélya-Aeppli process of order k). We define a non-
homogeneous Pélya-Aeppli process of order k with cumulative rate function A(t) and
parameter p as

;Ak(t) =X+ ... +XNf(t)) (32)

where (i) {N}(t); t > 0} is a non-homogeneous Poisson process (NPP) with cumulative
rate function A(t); (ii) X; are i.i.d. r.v’s following the truncated geometric distribution
with parameter p, given by (3); (iii) {N}(¢); t > 0} is independent from X;,i = 1,2, ...

Note, that the random variable N}, (t+s) — Nj,.(s), :s, :t >0 has the Pdlya-
Aeppli distribution of order k with parameters A(s, ), p, that is

fo(tu) = P[Npy(t +u) — Npji () = m] = gm(A(,u+1)),m=10,1,2,..., (33)
where g, are given by (6).
Then the marginal distributions of the process Np,,(t) are P[N},, (t) = m] = f(t,0).
An alternative definition can be given in terms of transition probabilities.
Definition 8. The counting process N}, (t) is said to be a non-homogeneous Pélya

-Aeppli process of order k with the rate function A(t) and parameter p € [0,1) if (1)
N3, (0) =0; (2) Np,.(t) has independent increments; (3) for all £ > 0

1—-A(t+hh+o(h), n=m

P[Npai(t +h) = n|Npy(t) =m] = 1

1_;;,)"*1;@ Shhtolh), n=m+ii=12 .k

(34)

It is easy to verify that the previous two definitions are equivalent.

4.1.1. Marginal distributions of the process
The following theorem holds.

Theorem 4.1. The functions f,,(t,u), m = 0, 1,2, ... satisfy the differential equation:

mnk

%fm(t, u) = —A(t + w)fu(tsu) + At +u) 11_;;,( ; P et w). (35)



14 @ T. KADANKOVA ET AL.

Proof. We first consider the case m = 0. By fixing u and taking a small & we can write
fo(t +h,u) = PlI(t +h) = 0] = P[Npy(t +u+h) — Np,(u) =0] =
P[no events in (u,u+t]N no events in (u+t,u+t+hj] =
P[no events in (u,u + t + h]|P[no events in (u+t,u+1t+h]| =
fo(t+h)[1 — A(t + u)h + o(h)]
Thus

fo(t + h,u) — fo(t,u)
h

= —A(t+u)fo(t,u) +%h).

Letting h — 0 yields

d bl
d—fo(t, u) = =t +u)fo(t,u).
t
For m > 1 we have

fm(t + h,u) =P[{m events in (u,u + ¢t + h]} N {no events in (u+t,u+t+ h|}
U{m—1 events in (u,u+t]} N{1 event in(u+t,u+t+h}U..
U{ 0 events in (4,u+t]} N{m events in (u+t,u+t+hl}| =

Fn(t +hu)[1 — A(t + w)h + o(h)] + fru1(t + b, u) Ll_;’k At +uhp' ™t +o(h)| + ...

e+ )| £ :}(tJru)hp'“liro(h)} _

m/\k

Zp’ Yoni(tu).

=2t + u)fu(t +hou) + A(t + u)

Letting h — 0 yields

m/\k

%fm(t,u) = —A(t + w)fu(tu) + At + T Z 0 (1),

which was the statement of the theorem. O

Note that in case k — oo, the Pdlya-Aeppli process Np,,(t) coincides with the non-
homogeneous Pélya-Aeppli process defined in Chukova and Minkova (2019), but for
fixed k the Pélya-Aeppli process Nj,,(t) is new.

4.2. Fractional Polya-Aeppli process of order k

To the best of our knowledge, fractional versions of PAk processes have not been con-
sidered yet. We define a fractional Pdlya-Aeppli process of order k as a Polya-Aeppli
process of order k time-changed by the process {Y,(t); t > 0}, such that

NJ () = Npar(Yo(t)), 0 <o <1, (36)

where (i) N; = {N;(t); t > 0} is the homogeneous Poisson process with intensity 4; (ii)
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Npak(t) = X1 + ... 4+ Xy )5 (i) {Y,(£); £ > 0},0 <o <1 is the inverse a-stable subor-
dinator, defined in (7) and independent of Ni(t).

4.2.1. Marginal distributions
We shall now obtain governing equations for the marginal distributions of the fractional
PAk process

P(t) = P[Npar(Y,(t)) = m] = me(u)ha(t, w)du, m=0,1,..,

where p,,(u) is given by (30).

Theorem 4.2. The probabilities p%(t), x =0,1,... satisfy the fractional differential-dif-
ference equations:

Dipy(t) = —2p5(t) (37)
xAnk
Dipi(t) = —2p( t)H kZp’ 0 (38)

where D{f(t) is the fractional Caputo derivative of the function f given by (17).

Proof. We first consider the case m > 1. By taking the fractional Caputo derivative of
both sides in (29) and using the property (20), we get

o0

DAl (1) = — jpmw)%ha(t, W) —

0

o0
xAk

J l Apm (1) +;° kZ/" Pm—j(t ]h (t,w)du — pm(u)hy(tu)|g” =

xAk

__lpm kzp] pm]

For m =0 we have

T 0
Dipy(t) = — JPo(u)%ha(t, u)du =
0

- J [~ po ()] (1, u)du = ~ 295 (1).

4.3. Correlation structure and long-range dependence property

In this sub-section we shall obtain several important characteristics of the fractional
Pélya-Aeppli process of order k such as its expectation, variance and covariance. After
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that, we are able to study the correlation structure of the process. For the fractional
Pélya-Aeppli process of order k, N*(t) = Npax(Yy(t)), we can use the property of the
conditional expectation to write (see (Leonenko et al. 2014))

E[Ni(0)] =E[E[N: (1) | Y1) | vu()] = JE[NpAk(u)]ha(t, w)du =

0

= AE[Npax(1)] F(octio—(kl)’
_ Var[Npu(D)] | PENeax(D)])* /11
Var[No’f(t)]— I'(e+1) o (F(Zoc) a]“(@z).

The covariance function can be calculated via the formula:
min(t,s)”
I'1+a)

where the covariance of the process Y,(t) is given by Equation (11).

Cov [N (), NJ(5)| = Var(Npas(1)] + (B[Npat (1)) Cov{Y 1), Yo (5))

Theorem 4.3. The process N”(t) has the LRD property.

Proof. Using the results from (Leonenko et al. 2014) similarly to the previous section,
we get

Corr [N;’(t),Ni’(s)] ~ t7*C(a, s) t— 00,

o 1 1 -1 oVar[Npax(1)] $*
where  C(a,s) = (m - g((m())z) [F(1+a)(IE[N:Ak(1)])2 + 1"(10(+2a)}’ and  E[Npa(1)],

Var[Npak(1)] are given by (31). Thus the correlation function of FPAk process decays
at rate t*, o € (0,1) and satisfies the LRD property. O

4.4. Non-homogeneous fractional PAk process

As we did before, we can now define a non-homogeneous fractional Pélya-Aeppli pro-
cess of order k as

N} (t) = Npar(A(Y,(1))), t>0, 0<a<]l,
where all the symbols have the usual meaning defined above. We assume that the

inverse subordinator Y, is independent of the process Npyy. In this sub-section, we shall
derive governing equations for the probabilities

P (6:v) = P[Npak(A(Ys(t) +v)) = Neak(A(v)) = m].

Theorem 4.4. The marginal distributions p*(t,v) satisfy the following fractional differ-
ential-difference integral equations

DAy (,v) = — j A+ V) (v () (39)
0
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rn/\k

(u,v) | hy(t,u)du m=1,2,.

m]

D#ZWW%=JMu+w{#(

(40)
with the initial condition p}*(0,v) = 0,0, where f"(u,v) is given by (33).

Proof. Using (9), the mgf of f}(u,v) can be written in the form:
_ kZpH(S] =1

while the Laplace transform with respect to t of h,(t, u) is given by (9). Taking both the
mgf and the Laplace transform in (24) as above, we have

n n 1
fi(uv) = E[NCHINO] = exp & A(v,u + v)l

o0

pﬁ%ﬂ—ﬂlfﬂmwmmww_

0
(41)
k

Z sJ —1) e " du.

exp{ A(v,u+v)

ow——9

Note that for U(u) = exp {A(v, u-+v) 11__;2 Zjl;l P - 1)} one can take derivative

in u as follows:

d k 1—p k 1/
% Z: v, u+v )]exp{A(v,u+v)1_pk;p/ (9§ —1)%.
(42)
Thus, integrating (41) by parts with
_ A l1—p : i—1(j _ 1 —ur*
U = exp (v,u—|—v)1_pkalp] (¢ —1),, V——Fe ,
we get
I P I_P[ _ 2 k=17 k ]
P (wv) =27 s (s=1)+p(s =1 +..+p7 (" =1)]x
oo L& (43)
— i—1(j —ur’®_o—1
le(v,u%—v)exp{A(v,ujtv)l_pk;pi (51_1)}e " dy
; =

where p*(0*,v) = 1, since Y,(0) = 0 a.s. Hence, by (43)



18 @ T. KADANKOVA ET AL.

rp(rv) = 7 p (0, v) =LAD" (r,v) }(r) =

- 11__,;pk [(s = 1)+ p(& = 1) + o+ P (F = 1)] x

1-p
—p

P — 1) e du.

,_.
2.
M»

X J},(u +v)exp{ A(v,u+v)
0 =

Inverting the Laplace transform yields

_1-p

Dip; () = T [ = D+ p( = e P 1))

1—p
—p

oI = 1) hy(t, u)du =

—

X J)V(u +v)exp A(v,u+v)
0

B
~.
Il b
_

= J/I(u +v) Ll__;k [(s—1)+p(s* = 1)+ ..+ pF1(sF = 1)]f:1(u, v)hy(t, u)du,

where the mgf is
felwv) =3 s"f(wv).

Finally, by inverting the mgf

{11__5;( [(s=1)+p(s* = 1) + ..+ p* 1 (s* - 1)]f?(u, v),

we obtain:

mnak

11__; ]_Zl o (s V):| hy(t, u)du.

DYp? (u,v) = J Au+v) [—f;(u, v+

5. Final notes

The counting processes of order k that we have discussed in this paper have this general
form

N(t)
N(t)= ) X (44)
i=1
where {X;};2, is a sequence of i.i.d. integer random variables assuming values in 1,...,k
and A7(t) is a counting process independent from the sequence. One further assumes
that N(0) = 0. A simple algorithm in R is given in arXiv:2008.09421 [math.PR] when
A(t) is the fractional Poisson process of renewal type used above and discussed by
Mainardi, Gorenflo, and Scalas (2004) and when X; is uniformly distributed in 1, ..., k.
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