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Abstract

We discuss various limits of a simple random exchange model that can be used for the distribution
of wealth. We start from a discrete state space — discrete time version of this model and, under suitable
scaling, we show its functional convergence to a continuous space — discrete time model. Then, we show
a thermodynamic limit of the empirical distribution to the solution of a kinetic equation of Boltzmann
type. We solve this equation and we show that the solutions coincide with the appropriate limits of
the invariant measure for the Markov chain. In this way we complete Boltzmann’s program of deriving
kinetic equations from random dynamics for this simple model. Three families of invariant measures
for the mean field limit are discovered and we show that only two of those families can be obtained as
limits of the discrete system while the third is extraneous.
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1. Introduction

This study was originally motivated by a new approach to macroeconomics modelling based
on (1) continuous-time Markov chains to model stochastic dynamics interactions among agents
and (2) combinations of stochastic processes and combinatorial analysis, called combinatorial
stochastic processes [35]. Such an approach was extensively presented in [1]. Those authors
argue that, in case (1), the master equation describes how states of the models evolve
stochastically in time and, in case (2), combinatorial stochastic processes are applied to
describe the random formation of clusters of agents as well as the distribution of cluster sizes.
Mathematically, the two approaches are so strictly related that it is not necessary to distinguish
between them. This point was already implicitly made in Chapter 10 of [24]. Moreover, both
approaches are related to kinetic equations of Boltzmann type used in statistical physics [34].

We previously worked on the class of Markov-chain models described below in [13] where
we focused on the existence and uniqueness of the invariant measures and on the stability of
the Markov chains. Some results in this article can be found in the expository chapter [12],
written with an eye for economists and with all the proofs omitted.

We explore the connection between combinatorial stochastic processes and kinetic equations
of Boltzmann type via functional limit theorems of properly scaled processes in the spirit
of [3,22,27].

In this article we study a simple discrete model for wealth dynamics using a coagulation —
fragmentation process. This is the same as the one in [12,13].

The discrete space, discrete time (DS-DT) model is a Markov Chain on the integers partitions
of n that have size N. In other words, the state space is comprised of all non-negative integer
vectors X"V = (xy,...,xy) € ZY so that SN xi = n. Note that in here the word “partition”
does not mean that the x; are ordered in a non-decreasing order but rather corresponds to what
is called“compositions” (for example see [35]).

The x;’s represent the wealth of the ith individual and the superscripts are there to remind us
of the total wealth and number of agents. We denote the state space by 55\7)—1 =nAy_;NZ",
where

N
Ay_i = {x:(xl,...,xN): x>0 foralli=1,...,N and Zx,:l}, (1.1)
i=1

is the N-dimensional unit simplex.

At every discrete time step, we choose an ordered pair of indices from 1 to N uniformly at
random (say (i, j)) and add the individual wealths x; + x; of the agents. After that, the first
chosen agent i receives a uniform portion of the total wealth between 0 and x; +x; and the rest
goes to the second agent j. Let X;"N denote the wealth distribution at time 7. The transition
probabilities for this chain are given by

1 1 1
n,N __ /ywn,N __ _ - ., ,
P = XX =X = Z ~ | NN —1x +x, O I.I.S"k”‘k 42
@ ))i#j ki, j
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By symmetry, the transition matrix for the chain is doubly stochastic, therefore the invariant
distribution is uniform on 51(\7),1 which is also obtained as t — 0o because of irreducibility and
aperiodicity.

After studying the discrete chain, it would be more realistic to allow the total wealth n to
increase, but in general that would only alter the state space. However, there is way to converge
to a continuous space, discrete time (CS-DT) model, if we alter the discrete model slightly. In
particular, instead of looking at the distribution of wealth, we look at the distribution of the
proportion of wealth, namely the process YV = n~!X"" which is a rescaling of the original
discrete process by the total wealth. The state space for the YV process is the meshed simplex

N
Ay ={(@r - a0 =a = 1,) ai = 1,ngs € No} € Ay, (13)
i=1
Then in [13], it was shown (Proposition 3) that as n — oo one had the weak convergence of
one-dimensional marginals

YN = X" asn — oo, (1.4)

under the mild assumption that the initial distributions of Y™V, ,ug'N converge weakly to some
distribution ;J,SO’N on Ay_;. The process Xfo’N is identified as a continuous space, discrete
time Markov chain on Ay_;. At each discrete time step ¢, an ordered pair of agents, say (i, j)
is selected uniformly at random, with total proportion of wealth x; + x;. Then an independent
uniform random variable u, ;) ~ Unif[0, 1] is drawn and the new proportion of wealth for
agent i is u, ¢ _j)(x; +x;) while for agent j is (1 —u, ¢ j))(x; +x;). Note that the agents’ wealth
is an exchangeable random variable; while the description above needs ordered pairs of agents,
it has no bearing on the distribution of the eventual wealth, as both u, ; ;) and 1 — u, ;) are
uniformly distributed on [0, 1].

For the CS-DT chain X", it was further shown that the invariant distribution of wealth
proportions as ¢ — oo is uniform on Ay_j.

Here, we go a few steps further. First, we show the process level convergence

YV — XN as n — oo, (1.5)

by showing convergence of the finite dimensional marginals of the process. Then, using the
Poissonization trick [36], we will change time and consider a continuous-time version of our
continuous-space Markov chain. In an other appropriate scaling limit, this will lead to one-
dimensional kinetic equations of Boltzmann type as studied e.g. in [2]. Stochastic mean-field
dynamics for interacting particle systems are well-studied; for example see [9] for models
where components are exchangeable, as in our model here.

1.1. Kinetic equations for wealth models

A one-dimensional caricature of the three-dimensional Boltzmann equation for Maxwell
molecules is the Kac model. While simpler, it retains key properties of the original Boltzmann
equation, such as energy conservation in binary collisions. The Kac equation has been deeply
analysed using Fourier analysis techniques, e.g. in [4,5]. This model also allows for a rigorous
passage from the kinetic model with binary interactions to a Fokker—Planck equation in the
grazing collisions limit [39,43].
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In the last two decades, the mechanism of the binary interaction, originally developed for
the Boltzmann equation, has been fruitfully adapted to describe collective dynamics in many-
agent socio-economic systems. The basic idea is to describe the behaviour of a sufficiently
large number of interacting agents in the socio-economic system by pairwise, microscopic
interactions, similar to the physical models of rarefied gas dynamics, where molecules collide
inside a container. One can then study the long-time dynamics of the system and observe
the formation of macroscopic distributions, depending on the details of the microscopic
interactions. This approach has been successfully followed to model wealth distribution in
simple market economies [8,16,19,20], wealth distribution under taxation [17,41], opinion
formation [15,21,40], asset pricing [14], continuous models for ratings [18,26], and others.

1.2. Kinetic equations as limits of discrete particle models

The derivation of kinetic equations from discrete particle models is classical in kinetic
theory. This is generally a hard problem that involves proving that ‘propagation of chaos’
holds for the system. This corresponds to showing that the particles become statistically
independent when their number grows large. Typically, proving propagation of chaos allows to
close the BBGKY hierarchy, i.e., the hierarchy of equations giving the evolution of the marginal
distributions associated to the system [6,37]. In the case of the classical Boltzmann equation,
which describes hard-sphere collision dynamics, the kinetic limit was shown in [30], though
there is still a proof missing for long times [23].

In this work we will use a probabilistic approach in order to obtain the kinetic equation
of the system under consideration. On this account, Sznitman [38] showed the kinetic limit
for McKean—Vlasov systems of Stochastic Differential equations using a coupling argument.
This argument has been further extended recently in [11] to a piece-wise deterministic Markov
process. Previous works also investigate the speed of convergence to the kinetic equation in
terms of the number of particles.

For our results, we must use a different approach, since we consider a pure jump process.
Particularly, the methodology used is based on computing the limit of the martingale formu-
lation associated to the jump (Markov) process. The methodology used here has been applied
with great success to the investigation of coagulation models and the Smoluchowski equation
in [32,33] and later to a system of instantaneous coagulation—fragmentation processes in [31].

1.3. Content and structure

In Section 2, we introduce the three connected models of the evolution of wealth, and
present our results. The first one is an alternative formulation of the discrete model (discrete
space, discrete time) with conserved wealth. The state space of the process is a discrete
finite dimensional simplex. The dimension is the number of agents, and at each time step
two agents interact (or collide). The Markovian evolution of the process is that of a discrete
coagulation—fragmentation process.

The second model is obtained as a scaling spatial limit of the first one and is effectively
the continuous space, discrete time analogue. Section 3 is dedicated to show process level
convergence from the discrete to the continuous space model. Finally, the third model is the
mean-field continuous limit for the empirical distribution of wealth. Agents are viewed as
particles with binary interactions. In Section 4, by assuming the coagulation—fragmentation
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process jumps at the times of a Poisson process and letting the number of agents tend to
infinity while appropriately scaling time, we obtain the relevant kinetic equations.

Section 5 is concerned with invariant distributions for the kinetic equation. While we
find at least three potential invariant measures for the limiting empirical wealth (a delta, an
exponential and a family of truncated exponential distributions) we show that from the particle
system description only two of these are acceptable limits (the delta and the exponential). This
highlights the power of the probabilistic approach, as a purely analytical one would not be
able to a priori exclude that family. Similar laws of large numbers for empirical measures of
particle systems can be found for a huge class of processes in the literature, e.g. [25].

To make the paper as self-consistent as possible, we have included an appendix on functional
limit theorems for stochastic processes.

2. The models and results

We briefly describe the various models we are using, and collect the main results for an
organised reference.

We consider N agents (originally N is fixed) and wealth Wy (originally fixed to be and
integer denoted by n).

2.1. Equivalent construction of the DS-DT process.
For any n € N the process Y® is defined on Ay_;(n) given by (1.3), and we emphasise

that for every n, Ay_1(n) C Ay_1, given by (1.1). Ay_1(n) is treated as the meshed simplex
Apy_1; the mesh size is n~!, which is precisely the reciprocal of the total wealth W, = n.

Let P" denote the law of the process Y = (Yf)"), Y(I"), ...,Y,(C"), ) e (Ay_i(n)No ¢
(Ay_1)No. The measure for k + 1-th dimensional marginal (Yf)"), Y(I"), e Y;cn)) is denoted by
Pt =Py Y, LY e .1

Similarly, denote by P> and P;° the corresponding quantities for X*°. The law of Yf)"), Xf)oo)

are denoted by ug” = Py and ui® = P respectively.
Starting from an initial distribution ug‘) we construct the process Y™ using an i.i.d. sequence

of uniform random variables
U™ (k) ~ Unif[0, 11, 1<i,j<N,i# jkeNgneN. (2.2)

These random variables from (2.2) suffice to construct the whole process. The variable k plays
the role of time index, and (i, j) is the ordered pair of agents that are selected. We assume
— and use without a particular mention — that random variables (2.2) are independent of the
initial distribution ("
For any x € R; we define
a—+1

a a
[x], =—, sothat — <x < , a €Ny,
n n n

and use this symbol for notational convenience when we define the evolution of the process
directly on Ay_1(n).

Let Y,((”) = (y1(k), ..., yn(k)) € Ay_1(n) be the vector of discrete wealths, normalised so
that the total wealth is 1. Then, if indices i.j were chosen to interact at time step k, the total
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n — 00
DS-DT, Y™V = n1X™"N € An_1(n) CS-DT, XN ¢ Ay_;
t— 00 t — 00
n — 00 )
DS-DT, " ~ Unif(Ay_1(n)) CS-DT, pu ~ Unif(Ay_1)

Fig. 1. Commutative diagram demonstrating the various limiting measures, depending on the order limits are taken,
when the total wealth remains constant. Measures u’;‘ON and u@’N denote the invariant distributions for the two
Markov chains respectively.

wealth at time £ + 1 would become

YO = 1K), UGG + 3,00 - s vi®) + 3 K) = ik + 1, ... yy (k)

yik+1) yjk+1)

= 8. (v, U (k).

Check to see that the coordinate [Ui(";-) (k)(yi(k) + yj(k))], is uniformly distributed on the set
0,271, ..., yitk)+ y;k) — n~') v 0}, and therefore this procedure gives the same process as
described in [13]. The function g; ; is a measurable function that depends on the value of the
current state and the new uniform random variable, and the last display acts as the definition
of 8i,j-

We prove the following theorem, which guarantees process-level convergence.

Theorem 2.1. Assume the weak convergence of measures

wd = 1, asn — oo. (2.3)

Furthermore, assume the weak convergence (as n — 00) of the i.i.d. sequence

Ui = U ©h 2.4)
so that the limiting sequence {Uifc;?)(k)}i, jk is a sequence of i.id. uniform [0, 1] random
variables, chosen in such a way that are also independent from ugoo).

Then
Pt = P*, asn— 0.

The theorem gives that the order in which we take limits in the diagram of Fig. 1 is
immaterial and the diagram is commutative. This will be proven in Section 3. Horizontal arrows
in the diagram of Fig. | denote weak convergence, but the top one can be upgraded to almost
sure convergence if we are concerned with finite sample paths (see also Remark 3.1). Note
that assumption (2.4) is merely an implicit definition of the limit sequence and it does not
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impose any restriction in the theorem. When we only seek weak convergence (as stated), the
limit sequence can be any i.i.d. uniform sequence, and the condition is automatically satisfied.

Moreover, we will investigate the mean field limit of the CS-DT process, as N — oo. In
order to do this using kinetic theory, it is useful to switch to a continuous time Markov chain,
where jump times coincide with those of a rate 1 Poisson process, which is why it is called a
“Poissonisation trick”. It is standard to argue that the long time behaviour of the discrete time
process is the same as that of the Poissonised one when N is fixed, irrespective of the rate of
the Poisson process. The finite time distribution of the proportions of wealth for the CS-CT
Poissonised process, which we momentarily denote by X', can also be rigorously obtained
by standard conditioning on the number of Poisson events up to time ¢, using the following
equation

o—1/N st

P{Xfois e A} = ZP{XZO’N € AYP{N, =1t} = ZP{XEON c A}W

=0 (=0

2.5)

N; is the background Poisson process with rate 1/N and A is any Borel subset of the simplex.
We omit the argument that the limiting distribution is still uniform on the simplex.

Remark 2.2. The coagulation—fragmentation process is very versatile and it is therefore well-
studied in other contexts. For example it can be viewed also as a process on integer partitions
of integers. To be precise, for any fixed N € N we have that ), XN = Wy. If we assume
Wy is an integer, we can interpret the vector XV as a random (real) partition of the integer Wy
and the process {X"},5¢ can be viewed as a Markov chain on these partitions. Most recently,
a version of the process (with deterministic binary interactions at discrete time steps) has been
studied in [7] in terms of its rate of convergence to the equilibrium.

2.2. Martingale formulation for the CS-DT model.

In general, it is not necessary to restrict to a case where the total wealth is 1 for all N, the
same models can be studied when the total wealth is a function of N; here we do so for the
kinetic model. Let us first introduce some notation. The total wealth in a system of N agents
is denoted by a value Wy € R, (which we also allow to be 0). The state of the process at
time ¢ is a vector of non-negative real numbers

XN =(x]N, xNN

with state space

N
Ay, = {(xl,...,xN) cx; >0foralll <i <N and in = WN}.
i=1
The dynamics on Ay, are given by binary interactions, where an ordered pair of two agents
(i, j) is chosen uniformly at random. The interactions are assumed to happen at constant rate
1/N, at the events of a background Poisson process. After the interaction, the wealth of the
pair (X*V, X/*Ny is changed to (X"VY, (X/*VY) with

(Xi,N)/ r(Xi’N—i—Xj’N),
(XY = (1 = r)(x"Y 4 X,
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where r is a random variable with uniform law on [0, 1] that is drawn at time ¢, independently
of the past of the chain. Interactions preserve the total mass,
N
Wy =y X"V, (2.6)
i=1
and, therefore, the dynamics take place on Ay, . We will consider two cases:

(i) Absolute wealth: X"V represents the wealth of agent i and Wy represents the total wealth
of the system;

(ii) Relative wealth: in this case X"V represents the proportion of wealth of agent i and
Wy =1 for all N.

We are interested in studying the case when the number of agents grows large, i.e., N — oo.
The first thing to observe is that agents are exchangeable by virtue of the non-preferential
dynamics. Questions of interest also reflect that, in the sense that we want to know how much
wealth the richest agent has, rather than who is the richest agent, since they all have the same
probability of being the most rich. For this reason, we will focus our study on the empirical
distribution

1 N
@) = 5D 8 (o). 2.7
i=l

The empirical distribution w1/ is a random probability measure on R, that depends on the
realisation of the Markov chain. For any interval [a, b],

u,N([a,b])=—Za,N[ab Z]l{a<X’N b)

card{z ragent i’s Wealth € [a, b]}

N
In general, for any measure p on R, and any p-measurable function g, we define the brackets

(g, ) = / ¢ (Oudx). 238)
R4

When p is a probability measure, the bracket notation is just another way to denote the expected
value [E, (g). With this definition, when the measure is N, N(xo) for some fixed x,, the bracket
(1, N (xo)) gives the number of agents with wealth premsely xo at time ¢. Equivalently, keep
the empirical measure as u, N(x) and set g(x) = N Zl h Il{X = Xo} in order to obtain the
same interpretation.

The total wealth in the system represented by Wy at time O as in Eq. (2.6), and we can
write this fact in terms of the empirical distribution as

Wy = N{x, u)). (2.9)

The total wealth at time ¢ is given by N (x, ,ufv ) and it remains fixed for all ¢+ > 0 if we assume
a conserved total wealth. Notice that if Wy /N — m as N — oo then we also have that

lim (x, u)) =m. (2.10)
N—o00
If pL(’)V — o weakly for some probability measure o and m = 0, Eq. (2.10) would imply
that /L(I,V (x) = do(x), as the measure has no support on the negative reals.
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For a fixed 7, the empirical measure p is an element of the space of probability measures
M; on R, and it only changes whenever an interaction event occurs. It is a function of the
Markov chain X! and it is also a Markov chain.

In order to describe its generator G, we define the measure w3 N after an interaction
between an agent of wealth x (chosen first) and one of wealth y (chosen second) to be

1 1 1 1
Gy DN = N — 8 — —8) 4+ — 8ty + = 8(1—rty)-
12 22 N NN (x+y) N (A=r)(x+y)

Finally, we define the pair-measure u") on rectangles that generate the Borel o-algebra
B(R x R) to be

w®V(A x B) = uN( AN (B) — %MN(A N B), A, B € B(R). (2.11)

This is a natural choice of the pair measure, as it is a simplified version of the joint empirical
measure for a pair of variables. Note that it is not a probability measure, but this does not
matter, as we will only use it as N — oo. For more clarification and details see Remark 2.4
at the end of the section.

The generator for the evolution of u[, considering an interaction rate of 1/N, is given by

1
gr(*y = [ [ G0N« P L VROV dyy . 12
0o Jry JR,

In the equation above, function F belongs to Cp(M,), i.e., bounded measurable functions
on the space of probability measures M. Note that the evolution of the empirical measure
under the law of the microscopic process is Markovian. We impose the term 1iyi,<w,} in
the generator to ensure that the two masses created after the jump fulfil r(x + y) < Wy and
I =r)x+y) < Wy.

Remark 2.3. In this manner, we could consider that ,uf' e P([0, Wy]). However, to avoid
having a functional space depending on the value of N, we will just consider that u¥ € P(R).
Notice that the generator can be also interpreted as representing a N-particle system with values
in R, where only pairs of values interact as long as their sum is below Wy.

Given the generator in (2.12), we have that the quantity M/ defined by

M = F(ul) — F(ud) - / GF(uY)ds (2.13)
0

is a martingale [29, Appendix], for any F' € C,(M). In particular, for any function g € C»(R;)
(measurable bounded functions in R,), we define F, € Cp(M;) by Fo(n) = (g, u) =
fg(x)u(dx). Expression (2.13) can now be re-written as

MEY = (g, i) — (g ) — /O (g, 0™y ds, 2.14)

where we are denoting G({g, 1)) by

1
GUg. uV) = / / / (g(r(x +y)+ g1 —=r)(x+y) —gkx) — g(y))
0 JRy JRy

X Lpesy<wy >V (dx, dy)dr
= (g. @™ (uM). (2.15)
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N — o0

CS-DT, {u }+>0 {pe}e=o0 € Ry

M-F, Poissonisation

t— o0 t— o0

N N — o0
CS_DT? Hoo > Hoo ™ 50
M-F, Poissonisation

Fig. 2. Commutative diagram demonstrating the various limiting measures, depending on the order limits are taken,
when the total wealth remains constant. There are two parameters that scale; the number of agents N and the
time ¢. Time is discrete for the left down-arrow, but continuous in the right down-arrow. There is an intermediate
step missing from the diagram in which discrete time events are changed with time events arising from a Poisson
process of rate 1/N which simultaneously scales with N. That is called the Poissonisation step, and when the
mean-field limits (M-F) are taken, the rate of the Poisson process also scales with N.

The last line in fact allows us to define Q™)(u) implicitly via its brackets with bounded
continuous functions g.

In the following sections we will see that u converges in probability as N — oo to a
measure u which is solution of the following kinetic equation in weak form:

t
pe= o+ [ QG ds 2.16)
0
or equivalently, for any g € Cp(R;)
t
(8 1r) = (g, Ho) +/0 (8, Quy)) ds. (2.17)

The operator Q is defined as follows: for any g € Cp(R,)
(g, () = f / gr(x +y) + g1 —r)x + y)) — g(x) — g(y)
0.1 JR; JRy

X Lpcsyzug) (dx)u(dy) dr, (2.18)

with wy = limy_ o Wy. We will also investigate the limit # — oo and obtain different families
of limiting invariant measures, in the process verifying the following commutative diagram of
Fig. 2 in the simple case of fixed wealth Wy = ¢ for all N.

In Fig. 2, the left down-arrow was obtained in [13]. The lower horizontal arrow is obtained
in the present article in Proposition 2.8, and the remaining arrows in Sections 5 and 4.

Remark 2.4. Eq. (2.11) is a natural choice for the pair measure, as the following calculation
demonstrates. We begin from the joint empirical measure

1

N _ . .

V=GN . ]Z)#j B x> V-
257



B. Diiring, N. Georgiou, S. Merino-Aceituno et al. Stochastic Processes and their Applications 149 (2022) 248-277

On general product events A x B the measure can be computed as

1 : .
N - - i,N SN
vl(AxB)_N(N_l)AZ']l{XZ e A X" e B)
@, j)i#]j
1 . .
= NN =T > 1xiY e AjL{x)" e B
@, ))i#]
1 . N
=YD Z 1{x e A}Z 1{x/" e B}
i J
1 .
——— N '1(x*Ye AnB
N(N_I)Z x; }
N
N N N (2,N)
= AuN(B) — ANB) = —— A x B).
Nt (A (B) — Z— i, ( )=y (AXB)

As N — oo the prefactor N/(N — 1) — 1 and the limiting measure has the same asymptotic
properties. We choose to use the simplest form (2.11) without loss of generality.

We can now state our main theorem.

Theorem 2.5 (Mean-Field Limit). Suppose that Wy is a non-decreasing sequence converging
to wy € (0, 00] as N — oo. Suppose that for a given measure (i it holds that

(x, wy ) < (x, o) < oo, (2.19)
and that as N — o0
/Lf)v = WUo weakly, as N — 0o. (2.20)

Then the sequence of random measures (uN),>o converges in probability in D([0, 00);
MiRy)), as N — oo. The limit (u;);>0 is continuous in t and it satisfies the kinetic
equation (2.16). In particular, for all g € Cy(R,) the following limits hold in probability,
for any time t

r

(A) limy_ 0 sup,, (g, uY — pus) =0,

. P
(B) th—>oo SupOSsSt IMf’N| = 0’

. P
(©) limy—cc fy{g. QN () ds = [5(g. Q) ds.
As a consequence, Eq. (2.16) is obtained as the limit in probability of (2.14) as N — oo.

Some observations from Theorem 2.5 follow. From Eq. (2.9) we have that N (x, ,u(’;’ ) = Why.
If we now assume that limy_... N~' Wy = m € (0, o) then we see that Wy grows linearly in
N and condition (2.19) implies

m < (x, Wo)-

Now if Wy grows superlinearly, i.e. limy_ o N-'Wy = oo, then condition (2.19) in
Theorem 2.5 is violated and the theorem does not necessarily hold.

Finally, if either limy_. .o Wy = wy for some absolute constant wy or Wy — oo as N — oo,
but limy_. N ' Wy = 0, we can actually study the asymptotic behaviour (N — o0) of the
measures u and show that the limiting measure is a § mass as N — oo. This is discussed in
Section 4.
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Example 1. Assume Wy — oo, but so that
. Wy
lim — = oo.
N—oo N
As we mentioned above, when the wealth grows superlinearly, the theorem does not necessarily
apply. However there is a way to scale using a random approximation to Wy so that the theorem

works by renormalising the wealth, and so that we can verify its conditions.
Consider an i.i.d. sequence of geometric random variables {G;(p)};exy With mass function

P{G; =k} = p(1 —p)*, k=0,1,2,... (2.21)
In this case we fix
N
PN = WN’

as the success probability of each independent geometric (so the sequence refreshes with every
N). To denote this dependence we write GEN) for each geometric. Then define

a,..., 1, wheanV:IGfN):O,
(K7 M) = 6" 6" herwi (2.22)
ZzN:I G(.N) [ z{V:l G(.N) , otherwise.

This is a distribution on the simplex N Ay_;. Conditional on the value of Z,N: 1 Gl(.N) = wy, this
distribution is uniform on the discrete simplex with mesh N/wy. As N grows, the geometric
random variables are sharply concentrated around their mean N ~'Wy, so distribution (2.22)
approximates the uniform distribution (as N grows) on the simplex since Z,N: I Gf-N) ~ Wy.

Let (XV, ...,le\\,') be distributed as in (2.22), and define the empirical measure u(’)v =
3 2ie1 8y Then

wy = o ~ Exp(1), P—a.s. (2.23)

The details of showing this can be found in the first version of this article which is available
in Arxiv, along with a longer discussion on integer partitions. As it turns out, the limiting
measure in (2.23) is an invariant measure for the mean field limit. These results might be
published separately in the near future. [

Remark 2.6. Note that our initial sequence of measures in the example is not uniform on the

sequence of simplexes N Ay, in contrast with Theorem 2 and Corollary 2 of [42]. However, as

the geometric random variables are concentrated around their mean, the initial measures can

be viewed as approximation of discrete uniform measures on mesh 1/ Wy for Ay. Or, one can
) . N ~(N)

view them as measures on partitions of the random number ) ., G,™.

2.3. Invariant measures for the mean field limit

In general, a measure j is invariant (or stationary) for (2.16) if and only if when uo = @t
then we have that u, = g for all ¢ > 0.

One way to obtain invariant measures is to actually make some educated ansatz for pg and
show that it remains unchanged under the kinetic Eq. (2.16). It is immediate to check that for
any value of wy (bounded or unbounded), the measure

a(x) = 8o(x) (2.24)
is invariant for (2.16).
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A more natural way to find invariant measures originates from the Markov chain perspective,
where (limiting) equilibrium measures [t are obtained by taking the limit (in the appropriate
weak sense) of the measures u, as t — oo, i.e.

n= lim p,.

—>00

If such a limit exists then the measure i will be invariant. A sequence of measures however,
may have many limit points; it is always an important and difficult task to decide whether those
limits that are obtained include all possible equilibria for the system or are invariant probability
measures. Moreover, the limiting measure(s) will depend on the initial measure o and other
parameters of the evolution.

In this subsection, we discuss several invariant measures that can be obtained as equilibria.
We begin with the case where Wy grows sublinearly and we show that under Theorem 2.5,
8o is the only possible candidate for invariant equilibrium measure. Proposition 2.7 indeed
asserts that result, under the assumptions of Theorem 2.5, and Proposition 2.8 argues that the
assumptions of Theorem 2.5 hold when the total wealth wy = 1 and we start from a uniform
density on the simplex. Together, these propositions verify the commutativity of the diagram
in Fig. 2.

Proposition 2.7 (Sub-linear Growth for Wy). Suppose the same assumptions on the initial
data as in Theorem 2.5. If it holds that

W,
(X,M(])V)=TN—>O, as N — oo,

(which is in particular true if wy < 00), then, we have that limy_, pu Z 8o in probability
for all times t.

Proposition 2.8 (Mean Field Limit of the Empirical Wealth Under Equilibrium Measures.).
Suppose g N~ Unif[Ay_1] ( therefore we assume the total wealth is fixed and equal to 1)
for each N € N and consider the empirical measure on R

N

1

N 1,N N,N ,N

MOZNE SXE'),N, (XO e X )’VMSO .
i=1

Then as N — oo,
/L(l)v = &y, a.s.

In particular the assumptions of Theorem 2.5 hold and, since wy = 1, Proposition 2.7 is in

effect.

Remark 2.9. Propositions 2.7 and 2.8 interpreted in the context of wealth, imply that if the
wealth in the system does not grow proportional to the number of agents, there will be a
condensation phenomenon. In that case, all the wealth of the system is accumulated to a single
(or small number) of agents.

Corollary 2.10. Let limy_oc Wy = wy € (0, o0]. Assume that u, is a solution of (2.16)
which has a density f; for all t. Then
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(1) If wog = oo, the exponential distributions

efx/m

fx) = : (2.25)
m

are equilibria for the operator Q and remain invariant under (2.16). In particular, if fy
is of the form (2.25) with (x, fo) = my > 0, then the distribution (2.25) with m = my
is a stationary solution of (2.16).

2) If 0 < wyg < 00, then the following distributions are compactly supported on [0, wg]
and are equilibria for the operator Q

e—x/m

fx)= mﬂ{xswo}. (2.26)
(3) (Uniqueness of the invariant family at wy = 00) Moreover, under the extra assumption
that the density f; is differentiable on R, then measures with density (2.25) are the

unique equilibria.

Remark 2.11. Equilibria with exponential tails like (2.25) have been observed in several
wealth models. For example, in the model of [8] where the mean wealth is conserved, slim tail
equilibria can be observed when the market risk is low. Sometimes this is called “socialistic
behaviour” because this is what actual wealth distributions in socialistic countries looked like.
Tuning the risk parameter can also lead to delta equilibria or even equilibria with Pareto tails.
Moreover, in the case of heavy tailed equilibria, all agents have a portion of the wealth, but
it is just much more unevenly distributed and there is no small “upper class” which holds
proportionally large fraction of the wealth. All these behaviours can be observed in real data
and it is comforting that they can also be captured by this simple exchange model.

Uniqueness of equilibrium is also not surprising. In [16] one can find quantitative estimates
about rates of convergence to the unique equilibrium of several wealth models.

The next proposition tells us that invariant distributions (2.26) cannot be obtained as limits
of the discrete measures when the wealth remains bounded, therefore they are extraneous, while
invariant distributions of the form (2.25) are possible.

Proposition 2.12. Let limy_ », Wy = wq € (0, oo].

(1) (wy = oo) Consider an infinite i.i.d. sequence {X;};>1 of Exp(1/mg) variables. For every
N €N, define
N | X
Wy = X;, and Nx)y=— Sy, (x),
N ; ) Ngx,()
i.e. the initial wealth of each agent is an independent exponential random variable as we
increase the number of agents, but always fixed across the N index. Then as N — o0,
uév = o where pno(x) = mioe_x/ "0 dx and therefore Theorem 2.5 holds. Then by
Corollary 2.10, wo remains invariant in time.
(2) (wg < 00) There does not exist a sequence of measures {,uéV}NeN so that ,uf)v = Wo
with o having a density (2.26).

Remark 2.13. To see that (2) above is enough to guarantee that equilibria with density (2.26)
cannot be obtained, apply Proposition 2.7. It is possible that equilibria (2.26) correspond to a
metastability of condensates; conceivably they could occur when Wy — oo (at some speed)
but most of the wealth is concentrated by a single (or finitely many) agent(s). Whether this
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heuristic can be made rigorous merits further investigation and it is left as an open question
for the moment.

3. Process level convergence to a discrete-time continuous space model

This section is dedicated to proving the process level convergence of the DS-DT model
to the CS-DT model, thus completing Proposition 7.3 in [13] where convergence of the one
dimensional marginals was shown. We need an equivalent, alternative description of the DS-DT
model, so we begin this section with it. The number of agents N remains fixed throughout this
section, so we will omit it from the notation, and we will write Y?, X® and X instead of
YV, XN and XV respectively.

Proof of Theorem 2.1. Since we may embed the sequence of processes {Y"™},cy in (A voY,
which is compact, the collection of their induced measures {P"},cn is tight. Therefore, for
process-level convergence, it suffices to show that finite dimensional marginals converge
weakly. See the Appendix for references on convergence in the Skorokhod space and [3]
for a general reference. We show this for vectors of the form (Yf)"), Y(I"), R Y,(:’)) with law
denoted by (2.1). In the calculation below, we denote by vy the law of the random variable
U. For any generic measure 1, we denote by IE, the expectation operator with respect to that
measure.
For any bounded continuous function f

Epr (FOY Y YN =D > foe - YOPHYS = vo. .. Y = wid
Yo Yk

=YY o YOPE Y = Yo Y = i)
Yoo %

x PY = yil V) = i)
= Z'“Zﬁf—l{Y((Jn) =yov~-~aY§cn—)1 = Yi-1}
Yo

Yk—1

XY f 3o YOPIY =yl V) = yi)

Yk
— Z"'ZP/?%{YB") =vo,...., Y\, =y}

Yo Yik—1
1 1
NN — 1) ey Yiets 8i i (Yi—1, d
XN(N—I).Z,/O (o Yi15 8i.j(Yi—1, u)) du
@ J)i#]
1
n oy (m)
= N oD P = e Y =)
Yo Yk—1
(n)
x Z ‘EVU.(H,)(k—l) (f(yov v Yi—1, gi,j(Yk—l, Uiqj (k — 1))))
Gjyiti
1
“ NN D % () m o y® ™ _
" N(N — 1)EPk,1 <(A )27& UUi(nf)(k—l)<f(Y0 oo Yo 8 (Y 2y U (K 1)))))
[NREN 3

1

- Y Ep ( Yo ... Y1, g (Y1, Uk — 1 )

N(N—l)(, > P ® o (Yo k—15 8i,j(Yi—1, U;  ( )
i j)i#j ’
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At this point, we have to deal with a small technical issue. The function g; ; is not immediately

continuous on its arguments, since it can create jumps of order 1/n > U[(,'})(k)(yi (k) +yjk))—
[Ui("})(k)(yi(k) + y;(k))], for all k. However f is a bounded continuous function on a compact
space A]]‘\,*_ll, and it is uniformly continuous in the last coordinate. Then define on Ay_; x [0, 1]
the bounded continuous function

cont

8i; ¥V,uw)= .o u@i+yj) ..., (1 =i+ yj) ..., yn)-
Fix a § > 0 and let n = n(8) be large enough so that

sup  sup sup [|g75"(y, u) — (¥, Wlloo < 8.
yeAy—1(m) uel0,1] i, j)

Fix an ¢ > 0 and choose ¢ so that for any [|(zi,...,Zt) — (Y1, .-, Yi)lloo <6

If@is ooy z) = FY1s ey Yilloo < 8(AN) 2.

Then we proceed with the computation for n large enough:

Epr (£OYS", Y, X))

1

— § : . ey _

- N(N _ 1) 5 v#'EP}:_l(ngi(’;)(kfl) (f(Y()v st Yk*ls gl,j(kah Ui,j (k 1))))
L])a7E] ’

1 cont (n)
= v 2 Brrenm, (A0 Y g Y, U k= 1)
@ j)i#j "
+ O(¢)

1 i

- - . - ™ _

- =T, ;#'Epk_@v%)(k1)(f,,,(Y0, e Yo, U 1))) 1 0(e).
INARES] ’

Above, f;, ;j is a bounded continuous function. By iterating the same argument using the Markov
property iteratively, we conclude, for n large enough that

n n n 1 k
Epr (F(Yg", Y™, X)) = (—)

N(N —1)
X . E B
2o X Beg
(ig-Jjo) Gk—1-Jk—1) ig.je
io#Jo if—17Jk—1
3 (1) (n)
X (ﬂio,_i@) ..... (ik—lvjk—l)(YO’ Ul(:l,j()(())’ ceey Uikn_l,jk_] (k - 1)))
+ O(e).

The sums above are finitely many, so the accumulated error is bounded by Ce. Each
multiindexed f is a bounded continuous function on all its arguments. Finally, the assumptions
of the theorem imply the joined weak convergence

(Yo, U (0), ..., U™ (k—1) = X, U 0),..., U™ . (k—1)).

i0,Jo ik—1Jk—1 i0,Jo ik—15Jk—1
The limiting vector can be used to uniquely construct the CS-DT process using the indices of
the associated function f. By reversing the decomposition above, therefore

’nlirgoEpn(f(Y(”), Y, L Y) = Epe(FXG XD, L X0 = 06). (3D

Let ¢ — O to finish the proof. [
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Remark 3.1 (Almost Sure Convergence for Finite Sample Paths). Assume that the initial

N . (n) (00) .
distributions satisfy Y,” — X a.e. as n — o0 and that we use common uniforms for
each time step k, i.e.

U (k) = Ui(,’;')(k) = Uif’;?)(k) = Ui(;o)(k), for all n,m € N,
while maintaining the independence across the time index. Then for any fixed k € N
(Y, . Y 25 (X5, X9,

provided the same indices (i, j) are selected at each step. This is because of the compact state

space for these processes. For any fixed n, the construction using now the common (in n)
. . (n) .

uniform random variables U; ;/(€) creates an error of at most 2/n per step in the supremum

norm of the state space, so the total error is 2k/n, which vanishes as n — oo.

4. Kinetic equations as thermodynamic limit of the Markov chain with continuous state
space

In this section we prove that Eq. (2.16) is obtained as the limit in probability of (2.14) as
N — o0, (see Theorem 2.5). Before stating the result rigorously, we need to mention some
terminology and basic facts.

Definition 4.1 (Solutions). We say that a measure (u,); .7 is local solution if it satisfies (2.17)
for all functions g which are bounded and measurable. If 7" can be taken to be 400, then we
say we have a (global) solution of (2.17).

It is important to ascertain that solutions do exist, and this is the content of the next
proposition. The proof of it follows the same arguments as in the proof for Smoluchowski’s
equation in [32, Proposition 2.2], and it is omitted from this manuscript.

Proposition 4.2 (Existence and Uniqueness of Solutions). Suppose that uy € M{(R,). The
kinetic Eq. (2.16) has a unique solution (i,);>0 with initial data .

Above we introduced M (R,) as the space of probability measures with support on the
non-negative reals. In general, M (K) denotes the set of probability measures on the set K. We
have already discussed how the empirical measure ,uf’ is an element of M(R,). In particular,
for any t > 0, u is a random element of M (R), and its distribution is solely dictated by
the distribution of the Markov chain at time ¢.

The next proposition states the two main conservation properties that we are using through-
out the manuscript. First we show that the support of the initial measure dictates the support
of all u, without exiting the class of probability measures, and the second property is the
conservation of total wealth. Recall the notation introduced in Section 2.2.

Proposition 4.3. Suppose that wy < o0o. Assume that ;L(I)V € M0, wpl), then ul €
M ([0, wo)) for all times. Moreover; if (x, /L(’)V) =mg € Ry, then (x, ul) = mq for all times.

Proof. To check the proposition one just needs to notice that
(I{x < wo}, () =0,
for any measure u. Therefore, by (2.16), we have that
(Tfx < wol, ') = (L{x < wol, ug) = 1,
and so u({x ; x < wp}) = 1. This implies we can write u¥ € M, ([0, wy]) for any .
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The second statement can be proven analogously substituting g(x) = x1{x < wp} in
(2.15). O

The symbol D(K, §) denotes the space of cadlag (right continuous with left limit) functions
from K to S, called the Skorokhod space. We wish to study the process of the empirical
measures {,uf' }r>0 as a sequence in N. For any fixed N, the sequence {,uf' }s>0 1s an element
of D([0, c0); M(R,)). All necessary background information for Skorokhod spaces that will
be used in the section can be found in Appendix.

With the notation set, we can now proceed and prove Theorem 2.5. Technical proofs are left
to the end of the section to not mar the exposition. Again, recall the notation from Section 2.2.

4.1. Proof of Theorem 2.5

The main idea for the proof is to take the limit as N — oo in the martingale formulation
(2.14) by following the methodology presented in [32].

The theorem can be proven directly from the following three propositions. We do that right
after these propositions are proven.

Proposition 4.4 (Martingale Convergence). For any g € C,(R,), t > 0, it holds that
lim sup [M$Y| =0  in L2(R),

X 0<s<s
where M,g’N is defined in (2.14). In particular, the limit also holds in probability.
Proposition 4.5 (Weak Convergence for the Measures). The sequence of laws Py of the

elements {uN}cr + is tight. Therefore there exists a weakly convergent subsequence (N en
in D([0, o0); M(R})) as k — oo0.

Proposition 4.6 (Convergence for the Trilinear Term). For any converging subsequence
(W Yen (and particularly for those established in Proposition 4.5), it holds that

/ (f, QMO (uNey) ds — / (f, O(uy)) ds  weakly,
0 0

as k — oo.

4.1.1. Proof of Proposition 4.4
Keep in mind that Mtg’N is a martingale. From Proposition 8.7 in [10] (a consequence of
Doob’s £? inequality) we have that for any finite T,

T
E |:sup|Msg’N|2] < 4IE/ a8 N (uEMyds, 4.1)
s<T 0

where in this case

1 2
ot M) = /[0 ; /R ) (N(go(x + ) + (1= Nx +y) — g(x) = g(y)))
’ +

x jeryewy) Nu®Vdx, dy)dr

s

<NV iGienn < Lyep2. 42)
~— N2 N = N o
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Use this estimate in (4.1) to obtain

1

E [sup|Mf*”|2] < 64lgl%T. 43)
s<T N

This gives the convergence of the supremum towards 0 in £> as N — oo, which implies also

the convergence in probability. [J

4.1.2. Proof of Proposition 4.5
The results stated in the proposition will be proven at the end of this subsection, and they
follow from two lemmas.

Lemma 4.7. Fix an f € C,(R.). Then the sequence of laws of ({f, uN)yen on D([0, 00);
R,) is tight.

Proof of Lemma 4.7. We use Theorem A.8 in Appendix. Thus, we need to verify the two
conditions of the Theorem.
To prove condition (i) of the Theorem we use that for any fixed f € C,(R})

1 N
— ) fxN)
s

so forall t > 0, (f, uﬁv) € [—I flloos Il flloo]- To directly see the connection with Theorem A.8,
set Ay = [=I flloos Il flloo] (fixed for any 1) and X (1) = (f, i;").

The verify the second condition (ii) of Theorem A.8 we make use of the following
inequalities:

(fo )] =

1 & .
<5 2 XD =Sl
i=1

1
E| sup MV — MJ’NP] < N64||f||§o(t —5) (4.4)

_re[s,t)

and

_ r )
E| sup ( / (f. Q“V)(uif»du) } <16l flI2.(t — 5)*. (4.5)

rels,t)

To seejnequality (4.4) recall that since M,f Vs an JFi-martingale, then M,f N M,{Lﬂy — Msf N
is an F; = JF;;; martingale. Therefore

X ~ 1
E| sup [M/N — MNP =E| sup MNP < =64 fII3 0 — ),
rels.i) rel0.i—s) N

just like in Eq. (4.3). Inequality (4.5) follows from (2.15) and a bound similar to the one used
in (4.2).
Egs. (4.4) and (4.5) together give the bound

E [ sup [(f, u) — pul >|2} <A ((r -5+ (t]_\,—s)> (4.6)
rels,t)

for some A > 0 depending only on || f||s. With these estimates the proof follows as in [31]
where further details can be found. O
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Lemma 4.8. The sequence of laws {Py}nen of the elements (;Lfv)teR+ € D([0, 0c0); M (R,))
is tight.

Proof of Lemma 4.8. We will use Theorem A.6 in the Appendix to prove this result. To
check condition (i), we find a suitable compact set W € M. (R;), where M;(R,) is the
set of all sub-probability measures on R, which is a separable, compact metric space, and
therefore a completely regular topological space. Any closed subset W of M- (Ry) will be
compact with respect to the topology induced by the weak convergence of measures, and it
will be metrisable as a subset of a metric space.

We define for some positive constant C the set

We = {‘L’ e M(Ry) : / x1(dx) < C},
Ry

which is closed (and therefore compact). Assume that {7,},cn is a sequence of measures in
Wc that converge weakly to t. Then for any M € R,

—>00 n—>00

f x7(dx) = lim / (x AM)t(dx) = lim lim | (x A M)t,(dx)
R, M—oo Jr M Ry

< lim xT,(dx) < C,
n—>00 Jp.

and therefore the limit point 7 is also in W.
In our case, from the conservation of the total mass (wealth) and the fact that we can find
a cy so that Wy < ¢|N, for all N € N, we have for any t € R,

N N
1 . 1 .
N i,N i,N N
XU (dx):—g X7 =—E Xy =/ Xy (dx) <c; as.
f]m f N T NETY Ty

Consider (Py)ycy the family of probability measures in M (D([0, oo); W,,)) which are the
laws of (y,ﬁv )ier, . For any T > 0, the above discussion and Remark 4.5 in [28] give

Pn(D([0, 00); W) = Pn(D([0, T]; W) =1, forall N € N.

This verifies condition (i) of Theorem A.6.
In order to check condition (ii) we will use the family of continuous functions on M<;(R})
defined as
F={F : M<cR;)— R : F(r) = (f, t) for some f € Cp(R})}.

This family is closed under addition since C,(R;) is, it is continuous in M. (Ry), and
separates points in M (R, ): if F(r) = F(7) for all F € F then
fd(r —)x) =0 VfeCCRy)
Ry
hence T = 7, since we can approximate indicator functions for any Borel set A using functions

from C»(R,). So we are left with proving that for every f € C,(R.) the sequence {(f, ")} yen
is tight. This was proven in Lemma 4.7. [

Now Proposition 4.5 follows immediately.

Proof of Proposition 4.5. The result follows from Lemma 4.8 and Prokhorov’s theorem. [

To prove Proposition 4.6 we need the following three lemmas. Throughout we are assuming
that {u™r} is a converging sequence in the space D([0, 0o); M (R)).
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Lemma 4.9 (Continuity of the Limit). The weak limit of (u?v" )i>0 as k — oo is continuous in
time a.e.

Proof of Lemma 4.9. We have that for any f € C,(R})

Niy Ni i
[(fome ™) = (fs e 2)] < Nkllflloo,

when a jump happens in the process only the wealth of two individuals is altered. Then we may
apply Theorem A.9 of the Appendix to obtain that (f, u;) is continuous for any f € C,(R)
and this implies the continuity of (u;);>0. U

Lemma 4.10 (Uniform Convergence). For all f € C,(Ry), and finite t > 0 we have
sup |(f, up'* — pg)l — 0 weakly

s<t

as k — oo.

Proof of Lemma 4.10. By Lemma 4.9, the limit of (uiv")NeN is continuous in time. The
statement is consequence of the Continuous Mapping Theorem in the Skorokhod space and
the fact that g(X)(¢) = sup,, |X| is a continuous function in this space. [

Lemma 4.11. For all f € Cp(R}), and finite t > 0 we have
sup |(f, QM%) — Q)| — 0 weakly

s<t

as k — oo.

Proof of Lemma 4.11. We abuse notation and denote by (,uﬁ\’ )nen the convergent subsequence.
The result will manifest itself when we show that for all f € C,(R,):

(@ sup,, [(f. (@ = O™) (u))| — 0 as N — oo,
(D) sup,<, [(f. @ (1)) — @ ()| — 0 as N — c0.

We will use the fact that the product measures also converge weakly, i.e. u’ @uV¥ = u, @ .
Item (i) is then a consequence of

I(f, (0 — ™)) (u))]
/ / LFrG + ) + F(1 = +3) = F&) — FO)]
0,11 JRy /R,

=

x d(py © py — > Mdr

4
<4 flle = 1/l 4.7

/2 d(u @ u — pulM)
R+

—4)7) 1/ du
= |5 ),

The bound is true for any s and therefore for the supremum up to a finite time as well. Now
for (ii), we compute

sup [(f, O(u) — O(y))|

s<t

< sup/ / [fr&x+y)+ f(A=r)&+y)— fx)— fOI
(0,11 JRZ

s<t
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|]1[x+y§WN}l'L§v(dx)PL§v(dy) - 1{x+y§u)0}ﬂ.s(dx)ﬂs'(dy)| dr

< 4 flloo sup / Ly i @ORS @) = Lty <ug) (@) (dy) |
R+

s<t

< 1 o s0p [ [Ltvey a0 @) = Lty
R+

s<t

sS<t

< 41 lloo sup /R | i @0udy) = psdops(dy))| (4.8)

We conclude (ii) with an argument analogous to Lemma 4.10 applied to the function
f=1 040

Proof of Proposition 4.6. By Lemma 4.11 we can pass the limit inside the time integral. [J

We are now in position to prove Theorem 2.5:

Proof of Theorem 2.5. The weak form of item (A) is proven in Lemma 4.10, item (B) is
proven in Proposition 4.4, and item (C) is the content of Proposition 4.6. Since all those weak
convergences in the previous propositions were to 0, they can be upgraded to convergence in
probability.
Then (and also by using the assumptions of the theorem) we have that for any f € C,(R})
and any converging subsequence of measures,
02 lim M"Y

N—o00

— lim (g, 1) — (g ) — /0 (g O™ ds 2 (g, ) — (g o) — /0 (g, o)),

N—o00

and therefore the limit of the subsequence of measures must satisfy Eq. (2.16). Using the
uniqueness of the kinetic Eq. (2.16), we have that all the convergent subsequences from
Proposition 4.5 converge to the same limit. Hence the whole sequence converges (if a tight
sequence has every weakly convergent subsequence converging to the same limit, then the
whole sequence converges weakly to that limit [3]).

Now, we have that the weak limit of (1" )ycy satisfies the kinetic Eq. (2.16) (thanks to Prop.
4.4, 4.6), so it is deterministic. Therefore, we actually have convergence in probability. [

5. Invariant measures for the mean field limit
In this section we discuss the invariant measures.

Proof of Proposition 2.7. If (x, MZ)V ) = 0 as N — oo, by positivity of the support of the
measures and conditions (2.19)—(2.20), it follows that

(x, po) = 0.

On the other hand, u is a probability measure, so the above implies that po(x) = do(x). Then
it follows that w,(x) = §o(x) since we already argued that the delta distribution is an invariant
solution of Eq. (2.16). O

Proof of Proposition 2.8. This proof does not need the technicalities associated with
martingales, as the initial distributions of the process are invariant, and every time an interaction
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event occurs their distribution remains unchanged. The theorem can be proven in a direct way,
without even the Poissonisation trick.

Consider a continuous function g on [0, 1] and assume that ||g]l.c < B. Let ¢ > 0 and select
ad > 0so that § < ¢/2 A B. Furthermore assume that N is large enough so that for a fixed
B, 0 < B < 1 we have that

sup [g(0) — g(x)| <.
xe[0,N—F]

In order to prove the result we just need to show that (g, u(’)\’ ) — g0)as N — oo. We
will show that this happens P- a.s., when P = Q%_, o N the product measure on the space
®?V022AN71~

We have that (g, ,uév) =N"! Z,N=1 g(X;VO), so for the P— a.s. convergence we estimate

P+ S - 5| > e} =P]| S (et g0 > Ne}
i=I i=1
< P{i |¢(X0) — 5@ > Ne|
i=1
< e—fNE(exp{i lgxi) — 20| })
i=1

— e VE ( exp{i |lg(X,) — g(0>|}
i=1

x S X =N Fiel{Xi <N ig 1})
IC[N]
—¢VE ( Y X -sOly x> NP € 1)
IC[N]

x eXiet SOOI (X < NP i ¢ 1) )

< e—sNE( 3 B, = NP i e eV I(X, < NP ¢ 1})
IC[N]

N
N
<e Ny (k >e23k+(N_k)5E(]l{X,« > N7 for k indices}).
k=0

The last line has the simplified sum index because of exchangeability of the coordinates, and it
is an upper bound, because we dropped the second indicator function. Before proceeding with
the calculation, we just bound the last expectation when k is not zero. Note that if k > [N!7#],
the indicator inside is identically zero, otherwise the total wealth cannot be one. We also restrict
the index of summation to [N!=#] as the indicator vanishes otherwise.

(NI—F]

P”i XN:g(X‘) - g(O)’ > 8} <OV 3" (N>e(288)k
Vi | - pr B

N _
< e NENTS ([1\1113]>e(23_w1 " 5.1
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The last line follows because eventually § will vanish and the exponent (2B — &) will be
eventually positive. therefore the maximum term in the sum is the last one, when k = [N'~#]
as combinations are also increasing until around N /2. Finally, one can use Stirling’s formula
to see that asymptotically there exists a constant ¢ so that

N eN1-B
([Nlﬂ]) ~ N

Therefore the upper bound in Eq. (5.1) is summable over N. A final application of the
Borel-Cantelli lemma completes the proof. [J

In the remaining part of this subsection, we discuss invariant measures that are absolutely
continuous with respect to the Lebesgue measure on R.. The blanket assumption is that for
each r > 0, there exists a probability density function f; so that

we(x) = fi(x)dx,

and we can find invariant measures with this property. We will show that one family of such
measures can be obtained as limits of the empirical measures and (it is therefore a true invariant
measure) that the other family cannot and therefore the kinetic Eq. (2.16) does give extraneous
solutions.

The first step is to find the restriction of the operator Q to the class of absolutely continuous
measures, which we will call Q Using Q, we can formally write an equation for the evolution
of the assumed densities f;. Assume that limy_, o, Wy = wy € (0, oo]. For any value of wy
we will denote the restricted operator by Qwo, and Qwo acts on probability densities f on R,.
In other words, for any g € C,(R,)

(g, O(W) = (g, Ouy,(f)),  whenever u(x) = f(x)dx.

First notice that when the measure © has a density f we can write

1
/ / / g =) x + YN xpy<ug) f () f(y)dx dy dr
0 JRt JRT

1
= / / f glr(x + Y))]l{x+)'§w0}f(x)f()’)dx dydr
0 R+ JR*

with a change of variables r — 1 — r. Therefore, expression (2.18) can be rewritten as

(8, Q) = o /Rz [28(r(x + ) = 8(x) = gL xpy<wo) f () fF(V)dx dydr.  (5.2)

Now it follows that

/ /R 80 YLz S ()dx dy dr
0,11 JR2
d
- / / QG+ DV s prug) £/ ) f(p/r)du dp e
(0,11 JRZ r
d
= / / g(Z)l{ZZP}l{zfrwo}f((Z - p)/rf(p/rydz dp—;
[0,1] JRZ r

d
= / /2 g(-x)ﬂ{xzy}]l{xfrwo}f((x - y)/”)f()’/r)dx dy—;
[0.11 JR% r
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where in the first equality we made the change of variables rx = u, ry = p; in the second
equality we made the change of variables z = u + p; in the last equality we just changed the
name of the labels z = x, p = y. With similar computations, we obtain that

(wo—x)+
/ / g(X)]l{Hygwo}f(X)f(y)dxdy=/ 8(x) f(x) (f f(y)dy> dx,
Ry JRy R, 0

where (wp — x)+ = (wo — x)l(wo—x)zo- B
Combine these calculations into (5.2) to obtain that Q,, is given by

_ 1 X _ d (wo—x)+
o =2 [ r(3)s (x > ) dys =2f() [ Oy, (5.3)
0 r r 0

x/wo r
Similarly, the evolution of the density functions can be obtained (in a weak sense) from

fr=l +f0 Quy(f;) ds. (5.4

Note that when wy < 0o and x > wy, then Qwo( f)(x) = 0. When wy = oo the operator Qoo

reads
_ 1 x _ d
=2 [Tr(2)s () ars 25w, 55)
0 0 r r r

since f(x) is a probability density. In order to prove Corollary 2.10, it suffices to show that
the proposed equilibria annihilate Q. We re-state the corollary, using this observation.

Corollary 5.1. Let limy_.oo Wy = wg € (0, o0]. Assume that |, is a solution of (2.16) which
has a density f; for all t, satisfying Eq. (5.4) Then

(1) If wg = oo, the exponential distributions
e—x/m

fx) = : (5.6)
m

are equilibria for the operator Qoo, (i.e. Qoo(f) = 0) and remain invariant under (5.4).
In particular, if fo is of the form (2.25) with (x, fo) = mo > 0, then the distribution
(2.25) with m = my is a stationary solution of (5.4).

2) If 0 < wy < o0, then the following distributions are compactly supported in [0, wo] and
are equilibria for the operator Qwo

5 efx/m

fx)= mﬂugwo}- 5.7

(3) (Uniqueness of the invariant family at wg = 0o0) Moreover, under the extra assumption
that the density f, is differentiable on R, then measures with density (2.25) or,
equivalently, (5.6) are the unique equilibria of Q.

Proof of Corollary 2.10. It is straightforward to check that Qwo( f ) = 0 for both wg = o©
and wy < 0. Also, if fy = f with (x, fo) = my this implies that fy is stationary solution of
(5.4) with m = my. It remains to show item (3). Select any invariant f and for that, recall that
Oo(f) = 0. Let X, Y be independently distributed with density f, and U a uniform r.v. on
[0, 1]. Start from Eq. (5.2), and observe that a different way to write it is

0= (8. Q) = (8. QW) = 2Ew x.1)[8(U(X + Y))] = 2Ex[g(X)],
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and therefore, the distribution of U(X + Y) is the same as the distribution of X. If we now
condition on the value of X +Y := § = s, we have that the conditional distribution of X given
S = s is that of a uniform r.v. on [0, s]. Let fs denote the density of the sum X 4+ Y and fx s
the conditional density of X given S = s. We can write

o0 001
f(x)=/ fX|S(X|S)fs(S)dS=/ ;fs(S)d&

Now use the fundamental theorem of calculus to differentiate both sides with respect to x in
order to obtain

1
&)= — S = xf'(x) = —fs(x).

Take the Laplace transform of the equation above; denote by g(¢) the Laplace transform of
g(x) and use basic properties on the equation in the last display, to argue that

—  d— d ~df
LHS = xf'(x) = ——f/@)0) = =@ f0) = —f —t—.

while the Laplace transform of the convolution that gives the density of S is
RHS = —(f)*.
These give rise to the differential equation
df  di
FF-n

The solution to the differential equation, for some constant m, is

log

F—1
f—_‘ = logmt.
f

Keep in mind that since # > 0 and f(r) < 1, we can solve

— m_1

f@) = i

where we identify the Laplace transform of an exponential distribution with mean m. O

Proof of Proposition 2.12. Here is the proof of the two points.

(1) We only need to show the convergence of the initial measures. Consider a function
g € Cp(R,) and compute

1 & o0
(g, 1) = N ;g(xi) — Egxp1/mpg(X1) = /0 g(xX)po(dx),

by the law of large numbers. This verifies the definition of weak convergence ,uf)v -
Ho-

(2) Assume the contrary, and consider a sequence of converging initial measures. Since
wy < 0o, Proposition 2.7 gives that ) should converge to 8y, which does not have a
density (2.26). This gives the desired contradiction. [
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Appendix. Some properties of the Skorokhod space

Theorem A.1 (Prohorov’s Theorem [22], Chapter 3). Let (S, d) be complete and separable,
and let M € M(S). Then the following are equivalent:

(1) M is tigh.
(2) For each ¢ > 0, there exists a compact K € S such that

inf P(K)>1—¢
PeM

where K¢ :={x € § :inf,cx d(x, y) < €}.
(3) M is relatively compact.

Let (E, r) be a metric space. The space D([0, 00); E) of cadlag functions taking values in
E is widely used in stochastic processes. In general we would like to study the convergence
of measures on this space, however, most of the tools known for convergence of measures
are for measures in M;(S) for S a complete separable metric space. Therefore, it would be
very useful to find a topology in D([0, co); E) such that it is a complete and separable metric
space. This can be done when E is also complete and separable; and the metric considered is
the Skorokhod one. This is why in this case the space of cadlag functions is called Skorokhod
space.

Some important properties of this space are the following:

Proposition A.2 ([22], Chapter 3). If x € D([0, o0); E), then x has at most countably many
points of discontinuity.

Theorem A.3 ([22], Chapter 3). If E is separable, then D([0, 00); E) is separable. If (E,r)
is complete, then (D([0, 00); E), d) is complete, where d is the Skorokhod metric.

Theorem A.4. The Skorokhod space is a complete separable metric space.

Theorem A.5 (The a.s. Skorokhod representation theorem, [22], Theorem 1.8, Chapter 3).
Let (S, d) be a separable metric space. Suppose P,, n = 1,2,... and P in M(S) satisfy
lim, o p(P,, P) = 0 where p is the metric in M{(S). Then there exists a probability space
(2, F,v) on which are defined S- valued random variable X,, n = 1,2,... and X with
distributions P,, n = 1,2, ... and P, respectively such that lim,_, ., X, = X almost surely.

Theorem A.6 (Tightness Criteria for Measures on the Skorokhod Space). See [28] Remark
4.5, and Theorem 4.6 Let (S,T) be a completely regular topological space with metrisable
compact sets. Let G be a family of continuous functions on S taking values in R. Suppose
that G separates points in S and that it is closed under addition. Then a family {L"},cn of
probability measures in M(D([0, 00); S)) is tight iff the two following conditions hold:
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(i) For each T > 0 and ¢ > 0 there exists a compact set Ky, C S such that
L'"(D(0,T]; Kre)) >1—¢e, neNlN.

(ii) The family {L"},en is G-weakly tight, i.e., for any g € G the family {£L" o (8)"'},en of
probability measures on D([0, 00); R) is tight; where g is defined as follows:

g : D([0, 00); §) — D([0, 00); R)
with [g(W)](t) = g(v(t)) for v € D([0, 00); S) (so that v(t) € S).

Remark A.7. [28] only states the results when the time index is in [0, 1] (i.e. in a compact
set) and the space is D([0, 1]; S). However, when the sequence of measures is tight, the result
of [3] allows the result to generalise when the space is D([0, c0); §).

Theorem A.8 (Criteria for Tightness in Skorokhod Spaces ([22], Corollary 7.4, Chapter 3)).
Let (E, r) be a complete and separable metric space, and let {X,} be a family of processes with
sample paths in D([0, 00); E). Then {X,} is relatively compact iff the two following conditions
hold:

(i) For every n > 0 and rational t > 0, there exists a compact set A, ; C E such that

liminf P{X,(¢t) € 4,,} > 1—n.
n—oQo

(ii) For every n > 0 and T > O, there exists § > 0 such that
lim sup P{w'(X,,, 8, T) > n} < n.

n—00

where we have used the modulus of continuity w' defined as follows: for x € D([0, 00) x E),
§>0and T > O:
w'(x,8, T) =infmax sup r(x(s), x(1)),

{# t S,LE[ti—1,t;)

where {t;} ranges over all partitions of the form 0 =ty < t; < ... < t,_1 < T < t, with
minj<;<,(t —ti—1) > 8 and n > 1

Theorem A.9 (Continuity Criteria for the Limit in Skorokhod Spaces ([22], Theorem 10.2,
Chapter 3)). Let (E,r) be a metric space. Let X,,, n = 1,2, ..., and X be processes with
sample paths in D([0, 00); E) and suppose that X, converges in distribution to X. Then X is
a.s. continuous if and only if J(X,) converges to zero in distribution, where

J(x) =/ e “[J(x,u)Al]ldu
0

for
J(x,u) = sup r(x(t), x(t—)).
0<t<u
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