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ABSTRACT. In this article, we consider an evolution partial differential
equation with Caputo time-derivative with the zero Dirichlet boundary con-
dition: Of'u + Au = F where 0 < a < 1 and the principal part —A, is a
non-symmetric elliptic operator of the second order. Given a source F, we
prove the well-posedness for the backward problem in time and our result
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a perturbation argument and the completeness of the generalized eigenfunc-
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1. INTRODUCTION AND MAIN RESULTS

Let Q be a bounded domain in R? with sufficiently smooth boundary
09Q. Henceforth let L?(Q) denote the real Lebesgue space with the
scalar product (-, -) and the norm || - ||, and let H'(Q2), H}(Q), H*(Q2)
be the Sobolev spaces (e.g., Adams [1]). By ||u| g2 we denote the
norm in H?(Q) for example.

We consider a fractional partial differential equation:

Ru(z,t) = —Au(x,t) + F(x,t), z€Q0<t<T,
(1.1) ulag = 0,
u(z,0) =a(z), €l

Here —A is a uniformly elliptic operator and not necessarily symmet-
ric. Throughout this article, we assume that 0 < o < 1, and the

Caputo derivative 0f'¢g is defined by

1

oralt) = g [ (1= oG

where I denotes the gamma function. It is known that there exists
a unique solution u = wu(x,t) to the initial boundary value problem
(LI) under suitable conditions on A, a and F, and we refer for ex-
ample to Gorenflo, Luchko and Yamamoto [7], Kubica, Ryszewska
and Yamamoto [12], Kubica and Yamamoto [13], Sakamoto and Ya-
mamoto [I8], Zacher [2§], and also later as lemmata we will show the
regularity.

Equation ([I.1]) describes slow diffusion which can be considered as
anomalous diffusion in highly heterogeneous media and is different
from the classical case of @ = 1. In particular, the Caputo derivative
is involved with memory term which possesses some averaging effect,

and so (L)) has not strong smoothing property: for a € L*(Q2), we



can expect only u(-,t) € H*(Q2) with each ¢ > 0. This is an essential
difference from the case of o = 1.

Now we will formulate our problem and results. For v € H?(Q), we

set
(1.2) — Av(z) = Z 0;(aij(x)0;v)(x) + Z bj(x)0jv(x) + c(z)v(x),
where

a'ij:ajiecl(ﬁ)a bj,CGCl(ﬁ), 1§Z>]§d

and there exists a constant k > 0 such that
d d
Y ay@)& = k) &, 1€ &yl ER
ij=1 j=1

We consider

Ru(z,t) = —Au(x,t), z€Q, 0<t<T,
(1.3) uloq = 0,

u(+,T)="»b
with b € H*(Q) N H(Q).

We state our first main result.

Theorem 1.1. For each b € H*(Q) N HL(Q), there exists a unique
solution u € C([0,T); L*(2))NC((0,T); H*(Q) N H}(Q)) to [L3)) such
that O¢w € C((0,T]; L*(Q)). Moreover we can choose constants Cy, Cy >
0 depending on T' such that

(1.4) Cillu(-, 0)||z2) < Jul-, T) || z2@) < Collul-, 0)[| 2.

To the best knowledge of the authors, Sakamoto and Yamamoto
[18] is the first work for the well-posedness of the backward problem
in time for the case of symmetric A, that is, b; = 0 for 1 < 5 < d.
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Moreover by a technical reason, [18] assumes that ¢ < 0. As for back-
ward problems for time-fractional equations with symmetric A, we can
refer to many works: Liu and Yamamoto [I4], Tuan, Huynh, Ngoc,
and Zhou [19]. In particular, as for numerical approaches, see Tuan,
Long and Tatar [20], Tuan, Thach, O’Regan, and Can [21]. Wang and
Liu [22] 23], Wang, Wei and Zhou [24], Wei and Wang [25], Xiong,
Wang and Li [26], Yang and Liu [27] and the references therein. How-
ever, we do not find the results for non-symmetric A. Originally the
backward well-posedness comes from the time fractional derivative 9,
and should not rely on the symmetry of the elliptic operator A, and
Theorem [[1] is a natural generalization of the existing results since
[18] to the case of a general uniform elliptic operator A. As is seen by

the proof, we can further prove

Corollary 1.2. In Theorem [L1, for each distinct Ty, Ty > 0, there
exist contants C3 = C3(T1,Ty) > 0 and Cy = C4(T1,Ts) > 0 such that

Cllul, To) a2y < lul T)lla2@) < Callul, o)l a2 ) -

Furthermore we can show also the backward well-posedness with
the presence of a non-homogeneous term F'.

For the formulation, we introduce some function spaces. Let

d
(15)  —Agu(z) = Oia;(x)dv), D(Ag) = H*(Q) N Hy(Q).
ij=1
Then it is known that the specrum o(Ap) consists entirely of eigen-
values with finite multiplicities and according to the multiplicities we

number:

(16) O<)\1§)\2§)\3<"'.



Also we know that we can choose eigenfunctions ¢,, for A,,, n € N such
that {¢, fnen is an orthonormal basis in L*(2). Then we can define
the fractional power Aj with v > 0:

Ag’U = Z;L.O:I )\;YL(U7 QOn)QOn,

4

(1.7) D(Ag) = {v € L2(Q); 3202, A (v, @n) [P < 00},

n=1"'n

N

L [l = (202 A (v, n) )

We can refer for example to Pazy [15] and we can derive (1.7) directly

from

AOU = Z >\TL(U7 gpn)gpnv

n=1

D(Ag) = {v c L*(Q); Z)\i|(v,gpn)|2 < oo} :

1
Moreover we know that D(A2) = H}(Q), D(A}) € H*(Q). Hence-
forth we set || peazy = [|Agv]|-
Now we are ready to state the well-posedness with non-homogeneous

term.

Theorem 1.3. Let F' € L>(0,7;D(Aj)) with some € > 0. For each
be H*Q) N H(Q), there exists a unique solution

w e C((0,T); H(R) 1 HY () N O([0, T L(2)

to
Ofu=—Au+ F(z,t), 2€Q,0<t<T,
ulpq = 0,

u(-,T)="b



6 GIUSEPPE FLORIDIA, ZHIYUAN LI, MASAHIRO YAMAMOTO

and we can choose a constant C' > 0 such that
[u( 0|l < C(llul-, T) | g20) + [ ]| Lo 0,1:D42)))-

The article is composed of three sections. In Section 2, we show fun-
damental properties of the fractional differential equations and Section
is devoted to the proofs of Theorems [I.1] and

2. PRELIMINARIES

Let us recall (I3]) and (LE). For 0 < o < 1 and 8 > 0, by E,5(2)
we denote the Mittag-Leffler function with two parameters:
Fes) = 2 Tk e )

k=0

(e.g., Podlubny [16]). Then E, (=) is an entire function in z € C. We

set

S(t)a = Z(aa Son)Ea,l(_)‘nta)Qpn(x)a t>0
n=0
and
K(t)a = Z ta_lEa,a(_)‘nta)(aa on)en(z), t>0
n=0

for a € L*(Q).

Henceforth we write u(t) = u(-,t), etc., and we regard u as a map-
ping defined in (0,7) with values in L?*(2). Moreover u(t) € Hi(Q)
means u(-,t) = 0 on 02 in the trace sense (e.g., [1]). Then we can see

the following.
Lemma 2.1. (i) There exists a constant C' > 0 such that

(2.1) [S@®)all < Cllall, t=0



and
(2.2) |ApS(t)al| < Ct=*||all, t> 0.

For 0 <~ <1, there exists a constant C(y) > 0 such that
(2.3) IASK (t)all < Oyt all, ¢ > 0.

(i) Let G € L*(0,T;D(Ag)) with some ¢ > 0 and a € L*(9).
Then

(2.4) a+/Kt—s s)ds, t>0
is in C((0,T]; H*(Q)NHL(Q)) and satisfies 0*u € L(0,T; L*(2)),

ou(t) = —Agu(t) + G(t), t>0,
(2.5) limy g [Ju(-, t) —al| =0,
u(-,t) € Hy(Q), 0<t<T.

(iii) For eacht >0, there exists a constant C' > 0 such that
lu@)[2) < CElall + [AGG | Lo 0.1:22(2)))-

Remark 1. We can prove stronger reqularity of 0w but the lemma

1s sufficient for our purpose.

Proof. (of Lemma 2T]).
(i) We can refer to Gorenflo, Luchko and Yamamoto [7], and for com-

pleteness we give the proof. First we note

C
2.6 E, < — >0
(26) Ear() < 75

(e.g., Theorem 1.6 (p.35) in Podlubny [16]).
Since {©y, tnen is an orthonormal basis in L?(2), by (Z0) we have
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IS(t)all* = ZI o) [ B (At )

[e’] C 2 [e’]
< l— ) <
<310 (1) SOl

that is, (2.I]) follows.

Next, since

o

ApS(H)a = (a,0n)AnBai(—nt*)en,

n=1

again by (Z0]) we see

A0S (t)all* =t~ 2“Z| @, @) | At | Boa (= Aat®)

At \?
<Ot 2 12 |"7 t
<o Sl en (He) 120

which implies (2.2)).
By (1.7), we have

AgK(t)CL = Z ta_lEa,a(_Anta))‘;/z(av Son)gpn’

n=1

and so

- C
A’YK ¢ 2 < t2o¢—2 )\27 . 2
|| 0 ( )aH — nZ:: 14+ |)\ ta|)2 n |( a,y )|

OO )\2~/t2~/a

:Ct2a_2 n t—2a~/ N 2

<O N=2 qup (1 " 5) Z |(a

§20

By 0 <+ < 1, we see that sup,. ﬁ < 00, and so (23) can be seen.
Thus the proof of Lemma 2.1 (i) is complete.



(ii) In terms of e.g., Theorem 4.1 in [7] and Theorems 2.1 and 2.2 in

[18], we already know some regularity of w(t).
By Theorem 2.1 (i) in [I8] or by (ZII), we can verify that S(t)a €
C([0,T]; L*(2)) and wlfiHOI |S(t)a — al]| = 0. By ([22)), we see that
_>

Ao (Z(av SOn)Ea,l (_)‘nta)gpn>

n=1
converges in C([6, T]; L?(Q2)) as N — oo with arbitrarily fixed § > 0.
Therefore AyS(t)a € C([8, T]; L*(Q)), which implies

(27)  S(t)a € C(5,T); D(Ay)) = C(,T); HX(Q) N HA(Q)).

Moreover, we can directly prove that 0 (Ea1(—Ant®)) = =AM Ea1(—Ant®),

and obtain

S(t)a = Z ag(Ea,l(_)‘nta))(% Qpn)ﬁpn = Z _)‘nEa,l(_)‘nta)(a> Qpn)¢n-

n=1

Hence, by (2.6) we see that

(2.8) [loFS(t)al* = Z)‘2|Eal —at®) Pl(a, on)

o0

= 172 (At | Bt (= Ant™) (@, )
=1
<o S fogn (12 ) <o
1+ At
and
(2.9) 0*S(t)a € C((0,T); L*(£2)).

By (23]) with v = 0, we can easily verify that

<c / (t — 5 |G(s) | ds

(t — s)G(s)ds
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«

¢
§C||G||L°°(0,T;L2(ﬂ)>g — 0.

Hence, with S(t)a € C([0,T]; L*(Q)), we see that PI% lu(t) —al| = 0.
%
Moreover by Theorem 2.2 (i) in [I8], we see

a° (/OtK(t - S)G(s)ds) e L2(Q x (0,T)).

This with ([238]), we obtain 0%u € L'(0,T; L*(Q)).

Now we will prove
t
/ K(t = $)G(s)ds € C((0, T); HX(Q) 1 HL(Q).
0
For arbitrarily fixed 0 < dg < 9, we set
t—¥d0
v, () = / AgK (t — s)G(s)ds, t>0.
0

By ([23) we can see that vs, € C([§,T]; L*(Q)). For § <t < T, by
(23) we estimate

50!6
<CIAG | o0 7- 0
<C|AGG || o= 0,1:22(02)) e

/ " Aok (t — 5)G(s)ds

—5o

/0 UKt — $)G(s)ds — s (t)H -

‘ t
/ A K (t = 5)AGG(s)ds|| < C/ (t = 5)* | A3G(s)llds
=50 t—¥d0

Hence
t
v, — / AoK (¢ — $)G(s)ds in C((5,T]; L2(Q)
0
as dp — 0, and by v;, € C([, T]; L*(2)), we conclude that

/ t K(t —s)G(s)ds € C([8, T]; HX(Q) N HL(Q))
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for any ¢ > 0, and then
t
/ K(t—s)G(s)ds € C((0,T]; H*(2) N Hy (2)).
0

Consequently by ([2.7)), we obtain v € C'((0,T]; H*(2) N HJ(2)).
Finally, by (23] we have

i

e / (t — 5) A5G (s)]lds < ClLAZG ] eoirizzco)
0

t
/ AyEK(t — s)ASG(s)ds

0

t
AO/ K(t —s)G(s)ds
0
t s
ag’
With ([22), the proof of the part (iii) is complete. Thus the proof of
Lemma [2.1] is complete. O

Henceforth we set

Bu(z) = Y b;(2)0(x) + c(z)v(z), v e D(B) = HX(Q) N HY(Q).

Jj=1

Next by Lemma 2. we can prove

Lemma 2.2. Let F' € L*>(0,T;D(Aj)) with some ¢ > 0 and a €
L2(Q). Then the solution u to (L)) belongs to

C((0,T); H* () N Hy ()
and there exists a constant C' > 0 depending on T', such that
(D)2 < C(Elal] + [ AGF || L= 0 5L2()), £ > 0.

Proof. (of Lemmal[2.2]). Without loss of generality, we can assume that
0<e< i. By Lemma 2.1l we have

(2.10)  w(t) = S(t)a + /t K(t—s)F(s)ds + /t K(t — s)Bu(s)ds.
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By Gorenflo, Luchko and Yamamoto [7] or Kubica, Ryszewska and
Yamamoto [12], we know that there exists a unique solution u €
C([0,T); L3(2)) to (ZI0). Applying Ay to equation (2.10), we have

t t
Aou(t):AoS(t)a—i-/Aé_EK(t —5)AGF (s)ds —i—/A(l]_eK(t —s)AjBu(s)ds.
0 0
Then, applying Lemma 2] (i), we obtain

lal®) L2y < CEall +C / O ds|| ASF |l oe 1220
+C’/ — )%™ 1||u )||Hz(Q)ds

t
Ctall + [[AGF[| L= o.r:L2 (@) +C/O (t = 5)* Hlu(s)ll 2oy ds.

Here we used the following: by 0 < & < 1 we have [|Afv|| ~ [|v||g2e (o)
for v € D(A5) = H*(Q) (e.g., Fujiwara [6]), and so

[A5Bu(s)|| < Cl|Bu(s)|| 2=y < Clluls)llazq)

because Bu(s) € H'Y(Q) C D(A5) by u(s) € H*(Q) N HY(Q). The
generalized Gronwall inequality (e.g., Henry [9] or Lemma A.2 in [12])
yields

lu@ 2 < CElall + [AGE || e 0.1:22(2)))

t
40 [ (¢ = 5l + 145 Pl oo s

C(t||all + [|AGF || Lo (0.1:22(52)))

pemal(@E)CA =) 1%
+CeCt(t r(1— a+a)|| all + A F |~z ) -

Consequently

[u@)[m2) < CElall + [AGE || Lo 0.1:22(2)))-
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Thus the proof of Lemma is complete. O
Finally we know
Lemma 2.3. For T > 0, the operator
S(T) : L*(Q) — H*(Q) N Hy ()
18 surjective and there exist constants C,Cy > 0 such that
CillS(Mallm2e) < llall < Col|S(T)allr2(q)

Lemma [2Z3]is proved as Theorem 4.1 in [I8], whose proof is based on
the representation of S(7')a by the eigenfunction expansion and the

complete monotonicity of E,;(—A,t%) (e.g., Gorenflo and Mainardi

[8], Pollard [17]).

3. PROOFS OF THEOREMS [I.1] AND

3.1. Proof of Theorem [1.1. In terms of the lower-order part B of
the elliptic operator —A, we can rewrite (1)) as

ofu(t) = —Aou(t) + Bu(t), t >0,
(31) u((]) = a,
u(t) € HY (), 0<t<T.

By Lemma 1] (ii), we have
(3.2) b:=u,(T)=5(T)a+ /T K(T — s)Bu,(s)ds.

Here, by u,(t), we denote the solution to (3]). Applying Lemma 2.3]
to (B.2)), we obtain

(3.3) a=S(T)"b—S(T / K(T = s)Bua(s)ds =: S(T)"'b— La,
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where
(3.4) La=S(T)™* /T K (T — s)Bu,(s)ds.

First Step. We prove that L : L?(Q) — L?*(Q) is a compact opera-
tor. We set

Loa = /TK(T — 8)Bug(s)ds, a € L*(Q).

Then La = S(T) ' Loa.

We choose 0 < 0y < &1 < 1. We will estimate |AgT Loa||. We note
that AJK (t)a = K(t)Aja for v > 0 and a € D(A]), which can be
directly verified. By (2.3]), we have

T
|AgT Loal| = H/o AST K(T — 5)Bug(s)ds

T
/ AL (T — ) AD B(ug(s))ds
0

T
<C / (T — 5)*C =571 Bu, ()| g1 9 ds
0

T
< C/ (T — 5)01=%0)=1g=2| q||ds.
0

For the last inequality, we used 0 < §p < 07 < i, and bj,c € C1(Q)

and Lemma 2.2, and D(Agl) = H®1(Q) (e.g., [6]) and
| A Bua(s)|| < C| Bua(s)|| 21 5
<Cllua($)|| 251 () < CllAoua(s)]] < Cs™lall.
Therefore
T
||A(1)+60L0a|| < CH“H / (T _ S)a(51—50)—18—ad8
0

JT(a(8; — 6))T(1 — a)

:CTa(él—éo—l
F(l — o+ Oé(51 — 50))

el
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because 6; — &g > 0.

Since D(AF™) ¢ H*t%(Q) and the embedding
H?+%0(Q)) — H?(Q) is compact, the operator Lg : L?(Q2) — H?*(Q)
is compact. Moreover S(T)~! : H?*(Q) — L*(Q) is bounded by
Lemma 23] we see that L = S(T) 'Ly : L*(Q) — L*(Q) is a compact
operator.
Second Step. Since b € H*(Q) N H}(Q), by Lemma we have
p:=S(T)'b € L*(R2) and we rewrite (B.3)) as

(3.5) (1+La=p in L3(S).

In the First Step, we already prove that L : L*(Q) — L*(Q) is

compact. Hence if we will prove that
(3.6) La = —a implies a =0,

then the Fredholm alternative yields that (14 L)™' : L*(Q) — L*(Q)
is a bounded operator, and the proof can be finished.
Equation (B.6) implies

S(T)a+ /T K(T — s)Bu,(s)ds =0 in L*(Q).

Then we have to prove a = 0. For it, by means of Lemma 2] (ii), it

is sufficient to prove that if w satisfies

Rw(t) = —Aw(t),
w(t) e HI(Q), 0<t<T

and w(T) =0 in L*(2), then w(0) = 0.

We recall that the operator A is defined by ([2) with D(A) =
H2(Q)NH}(Q). Then it is known that the spectrum o(A) of A consists
entirely of eigenvalues with finite multiplicities. We denote o(A) by
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{11, pa, ...}. Here 0(A) is a set and so y; and p;, ¢ # j are mutually
distinct. Let P, be the projection for pu,, n € N which is defined by
1
P, =
27V =1 Sy )

where () is a circle centered at p, with sufficiently small radius

(z — A)~ldz,

such that the disc bounded by 7(u,) does not contain any points in
o(A)\ {ptn}, Then B, : L*(2) — L*(2) is a bouned linear operator
and P? = P, for n € N (e.g., Kato [10]). Setting m,, := dim P, L*(Q),
we have m,, < oco.

The following is a fundamental fact.
Lemma 3.1. Ify € L*(Q)) satisfies P,y = 0 for alln € N, then y = 0.

Proof. First we note

—(A*v)(z) = Y Oi(a;05v) Za] (bjv)+c(z)v, D(A*) = HX(Q)NHL(Q),

ij=1
where A* is the adjoint operator of A. Let P} be the adjoint operator
of Py: (Pup,v) = (¢, Pip) for each o, € L*(Q).

Then it is known (e.g., [10]) that o(A*) = {ii, }nen, where @ denotes
the complex conjugate of p € C and P is the projection for the
eigenvalue 1z, of A*, and dim PrL*(Q) = dim P,L*(2) = m,,. Then
by Theorem 16.5 in Agmon [2], we have

Span, .y P:L2(Q) = L*(),
that is,
(3.7) (y, Pjv) =0, neN,¢eL*(Q) implyy=0.

Now we can complete the proof of Lemma 3.1. Let P,y = 0 for n € N.
Then (P,y,¢) = 0 for all v € L*(Q). Therefore 0 = (P,y,¢) =
(y, P) for allm € N and v € L?(Q2), which yields y = 0 by 317). O
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Third Step: completion of the proof of Theorem [I.I. Let
we note 0%(P,u(t)) = P,0%u(t) because P, : L*(Q)) — L*(Q) is a
bounded operator. We set w,,(t) = P,u(t). Then

P, Au,(t) = Aun(t) = —pnun () + Dyug (),

where D,, is an operator satisfying D)"* = O, which corresponds to
the Jordan canonical form. Then (3.1]) yields

ataun(t) = (—ptn + Dp)un(t),
un(o) :Pna, n € N.

We can define an operator E, 1 ((—u, + D,,)t*) by the power series:

) o0 (_,un + Dn)ktak
Eon((—pn + Do)t*) =) Ty >0
k=0

Then we can directly verify
(3.8) Un(t) = Eo1((—pin + Dp)t*)Pra, t > 0.

Now we calculate the right-hand side of ([B8]). Correspondingly to

the Jordan canonical form, we can choose a suitable basis of P, L*():
Wik =10, j=1,..,d

satisfying Zi”zl di, = m,, and

4
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We expand P,a in terms of this basis in P,L?(Q):

O dy
P =303 vt
k=1 j=1
Then
ay
B ((—pin + Do)t (W5 4 - f ) |
a,l Hn n 1 %2 dy,
ak
S ay
_ am Mn+D k 1k k .
—Z Tlam 1) Wrvs vl
ak
=(Yr s - ¥g,)
— * * *
. 0 —up ok af
XZOF am+1
m= m k
0 0 - —pur * g,
0 0 0 —pum

Since u,(7T") = 0, we see that each component of the above is equal to
0at t="1T, and so

(

By (= T%)ak + 3%, 01,0k = 0,
By (—ptnT*)a5 + Y0, 05paf = 0,
(3.9)

Eoi(—pnT*)al _y + 04, 14,05 =0,
Ea,1(—MnTa)a’fzk =0,
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where 0, with j+1 <p < dj and j =1, ...,d; — 1, are some constants
depending also on 7. By the complete monotonicity (e.g., Gorenflo
and Mainardi [§], and Pollard [I7]), we see that E,(—u,7%) # 0.

Therefore by the backward substitution in (3.9), we can sequentially

obtain af =0,a =0, ..., af =0for k=1,.. ¢, Hence P,a=0
for each n € N. Then we reach a = 0 in L*(Q). Thus the proof of
Theorem [Tl is complete. O

3.2. Proof of Theorem 1.3. Let w = w(t) be the solution to

Hw(t) = —Aw(t)+ F, t>0,
w(0) =0, w(t)e Hy(Q), ¢>0.

Since F' € L>(0,T; D(A5)), LemmaZ2 proves that w € C((0, T]; H*(2)N
H}(€2)). We consider

ov(t) = —Av(t), t>0,

(3.10)
o(T)=b—w(T), wv(t)e€ HNQ), t>0.

By Theorem [, for b € H*(Q) N HJ (L), there exists a unique solu-
tion v € C([0,T); L*(2)) N C'((0,T7; H*(2) N HY(€Y)) such that 9%v €
C((0,7T7; L*(Q2)) to BI0). Setting u = v + w, we see that u(T) =
b—w(T)+ w(T) =0b. Then we can verify that u satisfies

ofu(t) = —Au(t) + F(t), t>0,
uw(T) =0, wu(t)€ H}Q), t>0.
The uniqueness of u is seen by Theorem [[.I} Thus the proof of Theo-
rem is complete.
O

In future projects we would investigate similar problems where the

principal part is an elliptic operator of order greater than 2, like in [5],
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and in the case of applied systems like [3]. Moreover we would study

related inverse problems similarly to [3], [4] and [L1].
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