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A B S T R A C T   

The purpose of this paper is to investigate the effect of variable amplitude service loading conditions and wear 
phenomenon on reliability analysis for rail steel. For this purpose, the rail with the exact geometry of the profile 
in the railway systems and the boundary element method has been used. Also, the geometry correction functions 
of the five cracks, as a function of a crack size are determined by using nonlinear regression analysis estimating 
the statistical descriptors of the five geometry correction functions. Fatigue reliability is evaluated for each 
failure mode due to multiple site fatigue cracks propagation in rail steel.   

1. Introduction 

It is quite difficult to calculate the combined stress conditions that 
result in the termination of elastic and inelastic deformations, that is, 
predicting the failure of a material is quite difficult. Masoudi Nejad et al. 
[1] showed that as cyclic loading continued, deeper troughs gradually 
began to arise from random slippage (based on statistical formulation). 
Lin and Ito [2] calculated the relative motion of two adjacent planes. 
Calculations with acceptable hypotheses showed that the local plastic 
shear strain on both plates (one positive and the other negative) may 
reach a high value in a small number of cycles. This high plastic strain 
causes the layers between the plates to come out or sink. In other hands, 
in the second case, we have continuous deepening of the depressions. 
The Lynch model [3] gives similar results, assuming that the soft layers 
come in and out during cyclic loading. The Dang Van multiaxial fatigue 
criterion has been suggested in a simple approximate formulation by 
Ekberg et al. [4]. Ciavarella et al., it was found that the approximation is 
only valid in a restricted range of cases [5]. Ciavarella and Monno [6] 
compared the Dang Van criterion for RCF with one integral approach 
criterion (Papadopoulos) and the more classical Crossland criterion. 
Desimone et al. [7] studied the problem of the calibration of the Dang 
Van multiaxial fatigue criterion. The stress–strain response of the ma-
terial around the crack tip and the microstructural factors of the material 
determine the crack behavior under loading conditions [8–10]. After 

this initial acceleration, the crack growth rate decreases rapidly and 
reaches a minimum after a small number of fatigue cycles [11–13]. In 
order to ensure the movement of the train on the rails, Kim et al. [14] 
evaluated the behavior of the steel rail under mixed-mode loading 
condition. To obtain these results, stress analysis was performed under 
static load and cyclic load and the results of stress analysis indicated that 
the crack progresses to the depth, it is increasing. Skatebel et al. [15] 
examined the fatigue crack growth in the railway rail under the influ-
ence of the residual stresses due to welding. Considering the effect of 
residual stresses, they investigated the effect of railway wheel passage 
on fatigue crack growth by finite element method. Bertha et al. [16] 
showed that cracks initially begin to grow parallel to the surface of the 
rail, but after a while tend to grow in depth. They examined the fatigue 
crack growth process and growth path determination, two important 
factors in determining rail inspection intervals. Ekberg et al. [17] 
investigated the deterioration in the form of RCF of wheels and rails with 
the aim of putting RCF prediction and prevention in context. Afferrante 
et al. [18] investigated a re-interpretation of recent ratchetting mea-
surements by Clayton and Su [19] shows evidence of ratchetting as the 
mechanism dominating in RCF fatigue. Reliability assessment in the 
fatigue of welded structures is a significant issue for the development of 
probability methods. These methods [20,21] discuss the uncertainty in 
loading the reaction and the strength of the structure as a random var-
iable. By combining the load distribution and the strength distribution of 
the structure, the probability of its failure is calculated by a suitable 
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method. In this way, the accumulation of fatigue failure is considered as 
a random variable [22–26]. Random means the loading process and the 
fatigue strength of the material. Avontuur and Van der Werff [27] pro-
posed an algorithm based on the finite element method that is imple-
mented to analyze the reliability of mechanical structures in the 
software. They showed that finite element approximation is suitable for 
analyzing the reliability of mechanical drive systems. Jessus et al. [28] 
proposed a model for estimation of probabilistic fatigue S–N curves for 

Nomenclature 

da
dN crack growth rate 
da crack extension length 
dN cycle jump 
ΔK stress intensity factor range 
K stress intensity factor 
KI stress intensity factor of mode-I 
KI max maximum stress intensity factor of mode-I 
KC stress intensity factor due to an offset loaded hole 
fI non-dimensional factor 
β geometric correction factor 
β(t) reliability index 
βi reliability indices corresponding to the ith 
βj reliability indices corresponding to the jth 
ρij correlation coefficient between the ith and jth component 

failure 
υ long-term average response frequency 
ϕ2(⋅) probability density function 
Φ standardized normal distribution 
Φ2(⋅) cumulative distribution function 
σ stress 
a crack length 
a0 Length of the open portion of the crack 
af final crack length 
amax Maximum crack length 
A regression parameter 
B regression parameter 
C parameter in the crack growth model 
E[a(t)] mean value of crack length 

E(Δσ) mean value of applied stress range 
E(A) mean value of parameter A 
E(B) mean value of parameter B 
E(C) mean value of parameter C 
i represents the crack tip number 
L length of ship 
m parameter in the crack growth model 
N number of cycles 
Pf ,i probability of failure corresponding to the ith failure mode 
P(U) failure probability of the series system 
R load ratio 
R(t) reliability 
S standard deviation of crack length 
Sa0 standard deviation of initial crack length 
SΔσ standard deviation of applied stress range 
SA standard deviation of parameter A 
SB standard deviation of parameter B 
SC standard deviation of parameter C 
t time 
SIFs stress intensity factors 
BEM boundary element method 
FEM finite element method 
XFEM extended finite element method 
GFDM generalized finite difference method 
GFEM generalized finite element method 
EFG element-free Galerkin method 
VPM virtual-node polygonal finite element method 
BES boundary element solver 
MTS maximum tangential stress  

Fig. 1. Fatigue cracks in the Grade 900A rail steel.  

Table 1 
Mechanical properties of railway wheel and rail [50].  

Component Elastic module (GPa) Poisson’s ratio Yield stress (MPa) 

Wheel 205  0.3 527 
Rail 206.9  0.295 483  

Fig. 2. Boundary element modeling of rail steel.  
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notched structural components. They used a simplified elastoplastic 
analysis based on the Neuber and the Glinka rules which were supported 
by the results of an elastic finite element analysis of the riveted 

connection. Inspection scheduling is seen in many reliability applica-
tions [29–33]. The best method of maintenance scheduling can be 
expressed as an assessment between the costs associated with inspection 
and repair and the level of reliability [34–36]. Zhao et al. [37] evaluated 
the reliability and optimization of inspection time for a component with 
multiple defects. This inspection identifies any defects. An algorithm 
was proposed to optimize inspection intervals to increase the reliability 
of this component. Boundary element method appears to be an efficient 
algorithm when simulating the cracking problems, and nevertheless 
other numerical methods such as finite element method (FEM), element- 
free Galerkin method (EFG) and the generalized finite element method 
(GFEM) [38–41]. A new computational technique, known as element- 
free Galerkin method (EFG), proposed by Brighenti [42]. Wu et al. 
used novel extended finite element method (XFEM) and virtual-node 
polygonal finite element method (VPM) approaches to conduct the 
thermal fatigue crack growth analysis and life evaluation [43]. Song 
et al. investigated the development and the application of the scaled 
boundary finite element method for fracture analysis [44]. Jiang et al. 

Fig. 3. Crack position and configuration; a) Crack 1, b) Crack 2, c) Crack 3, d) Crack 4, and e) Crack 5.  

Fig. 4. Fatigue crack growth with BEM for first mode failure.  
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investigate the first attempt to apply the generalized finite difference 
method (GFDM), a recently developed meshless collocation method, for 
fracture mechanics analysis of dissimilar elastic materials with interfa-
cial cracks [45]. 

In some of the studies, cracks have been propagated and new wheel 
and rail profiles have been considered. In this paper, by considering the 
parameters in the railway system, first the maximum stress on the rail 
during contact with the wheel is simulated. Then the results were used as 
input for the fatigue crack growth under the influence of variable 
amplitude service loading conditions. According to field observations, 
five cracks are initiated and propagated at critical points. Stress intensity 
factors at the tip of cracks are calculated by boundary element method, 
considering all possible combinations of all cracks of different lengths. 
Paris Equation is used as a criterion of the fatigue crack growth rate and 
the maximum tangential stress was considered as the crack growth di-
rection. Also, Morgan law is used to describe the failure probability of 
the series system. 

2. Proposed model for fatigue reliability assessment 

The fatigue crack growth depends on a significant number of com-
plex variables. After years of research, the impact of factors such as the 
specimen size, the specimen geometry, the loading conditions, the ma-
terial properties and the environmental factors on the fatigue crack 
growth is still not fully understood. The fatigue crack growth rate de-
pends on the minimum and maximum stress intensity factors. The 

relation for fatigue crack growth rate as a function is [46]: 

da
dN

= fI(ΔK,R), (1) 

where R is load ratio and ΔKis stress intensity factor range. 
By integrating Eq. (1) for the growth of a crack from the initial length 

a0 to the final length af, Eq. (2) is obtained: 

N =

∫ af

a0

da
fI(ΔK,R)

. (2) 

The Paris law is used to describe the fatigue crack growth behavior 
and to predict the fatigue life under cyclic loading to failure in accor-
dance with Eq. (3) [47–51]: 

da
dN

= C(ΔK)
m
, (3) 

where C, m are material constants. 
The stress intensity factor for a crack can be calculated from Eq. (4): 

K = βσ
̅̅̅̅̅
πa

√
, (4) 

where a is crack length, σis the stress applied to specimen, K is the 
stress intensity factor and β is the geometric correction factor. 

With Eqs. (3) and (4) we obtain: 

da
dN

= C(βΔσ
̅̅̅̅̅
πa

√
)

m
= CβmΔσm(πa)

m
2 . (5) 

Fig. 5. Stress distribution for the wheel/rail contact, a) new wheel profile, b) first type of worn wheel, c) second type of worn wheel, d) third type of worn wheel.  
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By integrating Eq. (5) in accordance with Eq. (2), the fatigue life is 
obtained [52]: 

N =

∫ af

a0

da
CβmΔσm(πa)

m
2
. (6) 

The geometric correction factor in Eq. (6) is the main and important 
parameter to obtain the stress intensity factor and the fatigue life. 
During the fatigue crack propagation of the web-frame structure, the 
geometric correction factor in Eq. (6) is the main and important 
parameter to obtain the stress intensity factor and the fatigue life. The 
ratio of the geometric correction factor for a crack is assumed an 
exponential-based function of a crack size as Eq. (7): 

β =
A
̅̅̅
a

√ Exp(B.a) (7) 

where A and B are the regression parameters, which are considered 
to be Normal distributed random variables. 

With Eqs. (6) and (7) we obtain: 

N =

∫ af

a0

da
CAm[Exp(B.a)]mΔσm(π)

m
2
. (8) 

The service time for railway rail has been defined as Eq. (9): 

t =
N
υ , (9) 

where υis the long-term average response frequency. 
The long-term average response zero-crossing frequency can be 

calculated as Eq. (10) [53]: 

υ0 = 1/[4log10(L) ], (10) 

where L is the length of ship. 
With Eqs. (8) and (9), an explicit time variant expression for crack 

size can be presented as Eq. (11): 

a(t) = −
1

Bm
ln
[
e− Bma0 − BmCAmΔσmπm

2 υ0t
]

(11) 

The extent to which the crack length increases in each step can be 
calculated as Eq. (12): 

ai = amax

[
KI

KI max

]b

, (12) 

where, amax is specified by the user in boundary element method. 
In order to calculate the critical crack length, stress intensity factor of 

mode-I must be equal to fracture toughness. For this purpose, the stress 
intensity factor of mode-I is accorded against the fracture toughness 
values of fracture toughness tests to obtain the critical crack length in 
the railway rail. Therefore, we obtain: 

af =
K2

C

πσ2
maxβ

2, (13) 

where, KC is fracture toughness. 
Based on probabilistic model of a crack growth as functions of time, 

the mean value and variance of the crack size are derived as [54]: 

E[a(t)] = −
1

E(B)m
ln
[
e− E(B)mE(a0) − E(B)mE(C)E(A)mE(Δσ)mπm

2 υ0t
]
, (14)  

S2[a(t)]=
[

∂E[a(t)]
∂a0

]2

S2
a0
+

[
∂E[a(t)]

∂Δσ

]2

S2
Δσ+

[
∂E[a(t)]

∂C

]2

S2
C   

+

[
∂E[a(t)]

∂A

]2

S2
A+

[
∂E[a(t)]

∂B

]2

S2
B, (15) 

The system fatigue reliability in this study is performed for five 
different crack lengths of both types of cracks (semi-elliptical crack and 
quarter-elliptical crack) discussed as a series system which can be seen 
in Fig. 1. After these five fatigue cracks initiated, four fatigue failure 
modes were defined at different locations for the Grade 900A rail steel. 

The first mode is the fracture of the railhead because the sum of the 
crack lengths of crack 1 and crack 2 is larger than the dimension of the 
structural element containing crack 1 and crack 2. All other failure mode 
defined as: the complete fracture of crack 3, the complete fracture of 
crack 4 and the complete fracture of crack 5. Therefore, we obtain: 
⎧
⎪⎪⎨

⎪⎪⎩

a1(t) + a2(t)⩾acr.1− 2, if mod e = First mode
a3(t)⩾acr,3, if mod e = Second mode
a4(t)⩾acr,4, if mod e = Third mode
a5(t)⩾acr,5, if mod e = Fourth mode

(16) 

For fatigue failure modes, the limit state function is written as: 

gi(t) = acr,i − ai(t). (17) 

For first mode, g1− 2 = acr,1− 2 − a1(t) − a2(t) and fatigue failure will 
occur when gi(t)⩽0leading toPf ,i = P(gi(t)⩽0), which may be evaluated 
by the standard normal distribution function asPf ,i = Φ(− βi), where βis 

Fig. 6. SIFs according to normalized distance along crack front for different 
friction coefficients between wheel and rail for crack 1: (a) KI, (b) KII, and 
(c) KIII. 
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reliability index [55]. 
The reliability index of limit state function can be estimated as [55]: 

βi(t) =
E|ai(t)| − E

⃒
⃒acr,i

⃒
⃒

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
σ2

ai(t) + σ2
acr,i

√ . (18) 

So, the fatigue reliability of limit state function for a Grade 900A rail 

steel is given as: 

Ri(t) = Φ[βi(t)] (19) 

If the fatigue crack growth for a Grade 900A rail steel subjected to 
multiple cracks is considered independent, we obtain: 

RS(t) = RS(t)⋅RS(t)⋅RS(t)⋅RS(t). (20) 

The Morgan law is used to describe the failure probability of the 
series system in accordance with Eq. (21) [55]: 

P(U) = P(U1 ∪ U2 ∪ U3 ∪ U4)

=
∑4

i=1
P(Ui)

−
∑

P(∩Two components)+
∑

P(∩Three components)+… − P(U1

∩ U2 ∩ U3 ∩ U4),

(21) 

The bounding techniques as the ‘‘narrow’’ bounds is also used to 
describe the failure probability as follow [56]: 

P(U)⩾P(U1) +
∑4

i=2
max

{

P(Ui) −
∑i− 1

j
P(Uij), 0

}

,

P(U)⩽
∑4

i=1
P(Ui) −

∑4

i=2
max

j≺i

{
P(Uij)

}
,

(22) 

where, 

Fig. 7. SIF according to crack length for rail in contact with: (a) new wheel profile, (b) worn wheel #1, (c) worn wheel #2, and (d) worn wheel #3.  

Fig. 8. Fatigue life against crack length for different S1002 wheel profile.  
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P(Uij) = Φ2(− βi, − βj, ρij) =

∫ − β1

− ∞

∫ − β2

− ∞
ϕ2

(
xi, xj, ρij

)
dxidxj (23) 

and, 

ϕ2
(
xi, xj, ρij

)
=

1

2π
̅̅̅̅̅̅̅̅̅̅̅̅̅
1 − ρ2

ij

√ exp

{

−
1
2
⋅
x2

i + x2
j − 2ρijxixj

1 − ρ2
ij

}

, (24) 

where βiand βj are the reliability indices corresponding to the ith and 
jth component failure respectively, ρij is the correlation coefficient be-
tween the ith and jth component failure. 

The Ditlevsen solution is used to describe the bounding joint prob-
ability of failure for the series system in accordance with Eq. (25) [56]: 

max

⎧
⎪⎨

⎪⎩
Φ( − βi)Φ

⎛

⎜
⎝ −

βj − ρijβi
̅̅̅̅̅̅̅̅̅̅̅̅̅
1 − ρ2

ij

√

⎞

⎟
⎠,Φ

(
− βj

)
Φ

⎛

⎜
⎝ −

βi − ρijβj
̅̅̅̅̅̅̅̅̅̅̅̅̅
1 − ρ2

ij

√

⎞

⎟
⎠

⎫
⎪⎬

⎪⎭
⩽P

(
Uij

)
⩽Φ(

− βi)Φ

⎛

⎜
⎝ −

βj − ρijβi
̅̅̅̅̅̅̅̅̅̅̅̅̅
1 − ρ2

ij

√

⎞

⎟
⎠+Φ

(
− βj

)
Φ

⎛

⎜
⎝ −

βi − ρijβj
̅̅̅̅̅̅̅̅̅̅̅̅̅
1 − ρ2

ij

√

⎞

⎟
⎠

(25)  

3. Fatigue crack growth simulation 

Studying fatigue and fracture of railway structure in the present 
investigation requires to find the crack initiation location by modeling 
wheel/rail contact in finite element method (FEM). For this purpose, the 
stress analysis of wheel/rail contact is performed using finite element 
method. In order to geometrically modeling of wheel and rail, the 
prominent profiles in railway applications named as S1002 and UIC60 
are used, respectively. The new S1002 (for wheel) and UIC60 (for rail) 
profiles and three types of the worn wheel are defined according to [57]. 
The first, second and third worn profiles are measured at 200,000, 
300,000 and 500,000 km, respectively [57]. Table 1 is also used for 
wheel and rail properties. variable amplitude service loading conditions 
is defined according to [11]. This load is the force caused by the rolling 
friction that enters the cracks and causes them to slip on each other. Due 
to the non-linearity of contact analysis, fixed boundary conditions are 
applied to the two ends of the rail. As shown in Fig. 2, the three- 
dimensional boundary element model is meshed for a Grade 900A rail 
steel. The boundary conditions in two sides of the rail are considered as 
clamped conditions. All other parameters such as material properties, 
boundary conditions, meshing and methods for the model are defined 
according to [50]. 

For modeling the fatigue crack, part of the rail between the two 
traverses is considered. Due to the symmetry of the rail, only half of this 
distance is modeled. According to Fig. 3 in the three-dimensional mode, 
a plate from the center of the rail under the maximum contact stress and 
assuming cracks in it due to the criticality of this plate is selected. Fig. 3 
shows the boundary element model of the desired page and the crack in 
it, which has used more elements to achieve better results around the 
crack and the place of contact load. The load and dimensions of the 
elliptical contact surface created at the contact point of the wheel and 
rail are according to Hertz theory according to the Ref. [50]. The values 
of the stress intensity factors (SIFs) for the three different crack lengths 
of 1, 2 and 3 mm have been investigated. Also, the initial crack angle was 
selected according to field observations of 30◦. Finally, by having the 
values of SIF, the direction of crack growth is also determined. Also, the 
fatigue crack propagation in each step is arbitrary. Once the crack 
growth direction is determined, the crack tip curve can be fitted and the 
crack can be grown for one step. After the crack grows, the rail is mesh 
again and is ready for solution. This is repeated for each step so that the 
crack grows as expected. For this study, the modified Paris model is 
used, which also considers the effects of fatigue crack closure. The fa-
tigue crack growth rate based on this model is defined as Eq. (6). Fig. 3 
shows the model of the rail with its cracks before segmentation. The 
initial crack length is 1 mm, 2 mm and 3 mm for each crack. In addition, 
the behavior of the material as elastic–plastic and the maximum 
tangential stress (MTS) crack extension criterion is used to obtain the 
fatigue crack growth path. In the numerical method, the crack tip for 
each crack is first divided into several elements. The displacement 
values obtained by the numerical method are calculated according to 
those SIFs. The stress analysis is performed via boundary element solver 
(BES) software. In addition to stress analysis for different loads, the 
values of SIFs were obtained. Then, two characteristics related to the 
fatigue crack growth, namely the crack growth and the fatigue crack 
growth path, have been calculated using these SIFs. Once the crack 
growth path is determined, the crack tip curve can be determined and 

Table 2 
Mean value and standard deviation of the nonlinear regression models.  

Crack 
No. 

type of 
the 
wheel 
profile 

Mean value 
for 
parameter A 

Standard 
deviation for 
parameter A 

Mean value 
for 
parameter B 

Standard 
deviation for 
parameter B 

Crack 
1 

New 
wheel  

1.1209 0.5123 − 0.0031  0.0001 

Crack 
2 

New 
wheel  

1.1045 0.4826 − 0.0029  0.0001 

Crack 
3 

New 
wheel  

0.9563 0.1257 − 0.0125  0.0002 

Crack 
4 

New 
wheel  

0.8254 0.2145 − 0.0012  0.0005 

Crack 
5 

New 
wheel  

0.7198 0.3189 − 0.0009  0.0002 

Crack 
1 

Worn 
wheel 
#1  

1.1324 0.5314 − 0.0037  0.0001 

Crack 
2 

Worn 
wheel 
#1  

1.1259 0.4913 − 0.0034  0.0001 

Crack 
3 

Worn 
wheel 
#1  

1.0896 0.1398 − 0.0145  0.0003 

Crack 
4 

Worn 
wheel 
#1  

0.8725 0.2563 − 0.0017  0.0005 

Crack 
5 

Worn 
wheel 
#1  

0.7602 0.3476 − 0.0015  0.0003 

Crack 
1 

Worn 
wheel 
#2  

1.1628 0.5711 − 0.0039  0.0002 

Crack 
2 

Worn 
wheel 
#2  

1.1523 0.5219 − 0.0037  0.0002 

Crack 
3 

Worn 
wheel 
#2  

1.1147 0.1625 − 0.0173  0.0003 

Crack 
4 

Worn 
wheel 
#2  

0.9124 0.2896 − 0.0023  0.0006 

Crack 
5 

Worn 
wheel 
#2  

0.8188 0.3964 − 0.0017  0.0003 

Crack 
1 

Worn 
wheel 
#3  

1.2536 0.6123 − 0.0045  0.0002 

Crack 
2 

Worn 
wheel 
#3  

1.2312 0.5896 − 0.0041  0.0002 

Crack 
3 

Worn 
wheel 
#3  

1.1817 0.2189 − 0.0199  0.0003 

Crack 
4 

Worn 
wheel 
#3  

1.0236 0.33.28 − 0.0029  0.0007 

Crack 
5 

Worn 
wheel 
#3  

0.9236 0.4511 − 0.0025  0.0004  
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the fatigue crack can be grown for one step. After that, material recon-
figurate and preparing to calculate. This stage for every step repeated 
until expected growth for crack appear. Then fatigue crack growth under 
cyclic loading condition was modeled. Fig. 4 shows crack 1 and crack 2 
after 14 stages. Finally, after inputting necessary data and calculation of 
stress intensity factor (SIF), the fatigue life for rail steel was calculated. 

4. Results and discussion 

4.1. Evaluation of fatigue crack growth 

According to the results of finite element solution for wheel/rail 
contact, the maximum Von-Mises stress due to the contact of rail and 
new S1002 wheel is 509 MPa. The maximum value of Von-Mises stress 
for the contact of new rail and the first, second and third types of worn 
wheel profile are also computed as 509 MPa, 525 MPa, 556 MPa and 
569 MPa, respectively (Fig. 5). These maximum values of stress are 
higher than the yield strength of steel and this comparison shows that 
the plastic zone occurs at the contact surface between wheel and rail. 

Effect of geometry of wheel profile and the way it contacts to rail are 
also studied on stress intensity factors. Fig. 6 shows the SIFs at the crack 
tip against normalized distance along crack front. As can be seen in 
Fig. 6, wheel profile geometry and wheel/rail contact condition has 
significant effect on stress intensity factors and it is concluded that by 
selecting third type of worn wheel instead of new wheel, stress intensity 
factor of mode I is increased up to 22.9%. 

Fig. 7 show the equivalent stress intensity factor in terms of crack 
length for different lengths of initial crack for crack 1 under the influ-
ence of contact with new railway wheel profile and the first, second and 

third types of worn wheel profile, respectively. According to Fig. 7-a, the 
SIF in steel rails has been increased from 1 mm to 2 mm about 29% and 
by changing the initial crack length from 1 mm to 3 mm about 49%. As 
can be seen in Fig. 7-b, the SIF increased from 1 mm to 2 mm to about 
30% and from 1 mm to 3 mm by about 53%. According to Fig. 7-c by 
increasing the initial crack length, SIF will be increased, also when the 
initial crack length change from 1 to 2 mm, SIF increased about 24%. SIF 
by changing initial crack length from 1 to 3 increased about 51%. As can 
be seen in Fig. 7-d, the SIF increased from 1 mm to 2 mm to about 26% 
and from 1 mm to 3 mm by about 46%. Based on these results, the 
maximum SIFs belong to cracks with longer initial length. Also, the 
higher the wear of the railway wheel profile, the difference in the values 
of SIFs increases. Therefore, it can be concluded that in cyclic loading 
with increasing wear in railway wheel profile, crack growth intensity in 
rail increases. If the rail profile does not match the wheel due to the wear 
of the railway wheel profile, high stress filed are created until the rail is 
matched to the appropriate profile, so that the rail surfaces enters the 
plastic zone in the contact area. Therefore, it can be concluded that high 
wear rate can prevent the loss of primary cracks and their growth, but 
lower wear rate increases the time interval of continuation of high 
stresses and prevents this (loss of initial cracks). 

In Fig. 8, the obtained fatigue life of railway rail in terms of critical 
crack length for crack 1 has been indicated due to the loadings applied 
from the new and three types of the worn wheel profiles. As can be seen 
in Fig. 8, the fatigue life reduced by changing the new wheel profile to 
worn wheel profile #1 about 9% and from new wheel profile to worn 
wheel profile #3 about 21%. Therefore, comparison of the obtained 
results showed that the effect of worn profile of railway wheel on fatigue 
life of steel rail is significant and cannot be ignored. 

Fig. 9. Mean value of fatigue crack length in terms of time for five fatigue cracks during a 12-month anticipated service life: (a) new wheel profile, (b) worn wheel 
#1, (c) worn wheel #2, and (d) worn wheel #3. 
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4.2. Fatigue reliability assessment 

Following the fatigue reliability analysis method in Section 2 and 
input parameters, a framework for the fatigue life estimation and fatigue 
reliability assessment was extended. For the fatigue reliability assess-
ment of a Grade 900A rail steel during the design service life, the ma-
terial parameter m is taken as 3.14 [36], the long-term average response 
zero-crossing frequency is assumed as 0.2 Hz, the design service life of a 
Grade 900A rail steel is taken as 12 months. The mean value and stan-
dard deviation of the nonlinear regression models for five cracks are 
listed in Table 2. 

The comparison of the mean value of fatigue crack length during a 
12-month anticipated service life for a Grade 900A rail steel in contact 
with the new and three types of the worn wheel profiles are shown in 
Fig. 9. As can be seen in Fig. 9, the relation between the fatigue crack 
length for each crack and service time is nonlinear. The mean value of 
the crack length for crack 1 are the longest one. Also, the mean value of 
the crack length for crack 5 are the smallest. As can be seen in Fig. 9, 
there is no significant difference between the mean value of the crack 
length for crack 1, crack 2, and crack 3. Also, the mean value of fatigue 
crack length increased by changing the new wheel profile to worn wheel 
profile #1 about 8% for crack 1 and from new wheel profile to worn 
wheel profile #2 and worn wheel profile #2 about 24% and 33%, 
respectively. Therefore, comparison of the obtained results showed that 
the effect of worn profile of railway wheel on crack length of steel rail is 
significant and cannot be ignored. 

The comparison of the standard deviation of fatigue crack length 
during a 12-month anticipated service life for a Grade 900A rail steel in 
contact with the new and three types of the worn wheel profiles are 
shown in Fig. 10. The standard deviation of the crack length for crack 1 

are the longest one. Also, the standard deviation of the crack length for 
crack 5 are the smallest. As can be seen in Fig. 10, there is no significant 
difference between the standard deviation of the crack length for crack 
1, crack 2, and crack 3. Also, the standard deviation of fatigue crack 
length increased by changing the new wheel profile to worn wheel 
profile #1 about 9% for crack 1 and from new wheel profile to worn 
wheel profile #2 and worn wheel profile #2 about 25% and 32%, 
respectively. 

Fig. 11 shows fatigue reliability assessment for four fatigue failure 
modes during a 12-month anticipated service life for rail steel in contact 
with the new and three types of the worn wheel profiles. As can be seen, 
there is no significant difference between second mode and third mode 
of failure for a Grade 900A rail steel. Also, the reliability assessments in 
terms of time for crack 5 (fourth mode of failure) are the highest value 
compared to other failure modes. It can be seen that the crack location 
has a significant effect on fatigue reliability for rail steel. The fatigue 
reliability, composed by crack 1 and crack 2 (first mode of failure), 
presents severe condition as already was indicated by the results of fa-
tigue damage assessment. According to the results, the difference be-
tween the reliability results for the four failure modes is reduced by 
changing the new wheel profile to the worn wheel profile #3. Therefore, 
fatigue the reliability, composed by crack 4 (third mode of failure) in 
addition to crack 1 and crack 2 (first mode of failure) can present severe 
conditions for a Grade 900A rail steel in contact with worn wheel #3. It 
has to be pointed out the effect of fatigue damage for a Grade 900A rail 
steel has only to be accounted after the residual stress field due to me-
chanical contact is applied. 

The system reliability assessment of rail steel in contact with the new 
and three types of the worn wheel profiles subjected to multiple cracks 
modelled as a series of components during a 12-month anticipated 

Fig. 10. Standard deviation of fatigue crack length in terms of time for five fatigue cracks during a 12-month anticipated service life: (a) new wheel profile, (b) worn 
wheel #1, (c) worn wheel #2, and (d) worn wheel #3. 
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Fig. 11. Reliability assessments in terms of time for four failure modes: (a) new wheel profile, (b) worn wheel #1, (c) worn wheel #2, and (d) worn wheel #3.  

Fig. 12. Fatigue reliability of rail steel subjected to multiple cracks in terms of time: (a) new wheel profile, (b) worn wheel #1, (c) worn wheel #2, and (d) worn 
wheel #3. 
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service life and accounting for correlation is shown in Fig. 12. As can be 
seen, the lower bound of rail steel demonstrates lower reliability in 
comparison to the upper bound of rail steel. This is explained with the 
fact that the lower bound is related to a series system where the system 
components are fully correlated and the weakest element will dominate 
the system reliability. Here the crack 1 and crack 2 (first mode of failure) 
in rail surface, which is a surface of the rail steel, has the lowest fatigue 
reliability. Also, rail steel in contact with worn wheel #3 profile has the 
lowest fatigue reliability compared to rail steel in contact with the new 
and other two types of the worn wheel profiles. Also, the system reli-
ability assessment of a Grade 900A rail steel subjected to multiple cracks 
modelled as a series of components during a 12-month anticipated ser-
vice life and accounting for without correlation is demonstrated lower 
reliability in comparison to the upper bound and lower bound of rail 
steel. Also, this is explained that the fatigue reliability without corre-
lation is related to a series system and the weakest element (first mode of 
failure) will dominate the system fatigue reliability assessment. 

5. Conclusions 

A new applied method for fatigue reliability assessment for a Grade 
900A rail steel subject to the growth of multiple cracks under the in-
fluence of variable amplitude service loading conditions and wear was 
presented in this study. The results are based on the numerical method 
and using BEM. Stress intensity factors (SIFs) associated with three 
modes of fracture are calculated using the displacement approach. The 
rail steel modelled as a series system composed by the five cracks was 
evaluated based on the second order bounds. The geometry correction 
function of each crack has been developed. The results revealed that 
high wear rate can lead to initial crack elimination and prevent their 
growth, but low wear rate increases the time interval in which high 
stress field is applied and consequently has negative effect in elimination 
of initial cracks. Also, with increasing crack length, the SIFs of the sur-
face crack tip also increase. The comparison of the fatigue life during the 
service life of 12 months showed that the fatigue life of crack 1 and crack 
2 (first mode of failure) are highest, and crack 1 and crack 2 are the most 
critical for the structural integrity for a Grade 900A rail steel. Crack 1 
and crack 2 are located in the rail head surface, so these cracks are the 
most critical cracks for rail steel. It is also observed that the stress in-
tensity factor at tip of crack 1 and crack 2 is higher than other cracks, 
which indicates the importance of these cracks. In other words, the fa-
tigue life for crack 1 and crack 2 are smaller than other cracks. The fa-
tigue reliability, composed by crack 1 and crack 2 (first mode of failure) 
for rail steel in contact with worn wheel #3 profile, presents severe 
condition as already was indicated by the results of fatigue damage 
assessment. Also, the lower bound of rail steel demonstrates lower 
reliability in comparison to the upper bound of rail steel. This is 
explained with the fact that the lower bound is related to a series system 
where the system components are fully correlated. 
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