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A B S T R A C T

We investigate the emergence of a universal behavior in certain few-particle quantum sys-
tems at low-energy.

First we consider a system composed by two identical fermions of mass one and a dif-
ferent particle of mass m in dimension three. Under the assumption that the two-particle
Hamiltonians composed by one of the fermions and the third particle have a resonance at
zero-energy, and for m less than a mass threshold m∗, we prove the occurrence of the Efimov
effect, i. e., the existence of an infinite number of three-body bound states accumulating at
zero. Then we study three-particle systems with zero-range interactions. In dimension one
we give a rigorous definition of the Hamiltonian for three identical bosons and we prove
that it is the limit of suitably rescaled regular Hamiltonians. In dimension three we write the
expression of the quadratic form associated to the STM extension for a generic three-particle
system. Then we focus on a system of three identical bosons proving stability outside the
s-wave subspace. As a third example of universal behavior in few-particle system we con-
sider a quantum Lorentz gas in dimension three: a particle moving through N obstacles
whose positions are independently chosen according to a given common probability density.
We assume that the particle interact with each obstacle via a Gross Pitaevskii potential. We
prove the convergence, as N → ∞, to a Hamiltonian depending on the common distribution
density of the obstacles and such that the only dependence on the interaction potential is
through its scattering length.
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1 I N T R O D U C T I O N

In this thesis we discuss the behavior of some quantum few-particle systems with two-body
short-range interactions in the limit of sufficiently low-energy. In this regime the wave func-
tion is so delocalized that the details of the two-body interactions become irrelevant and the
behavior of the system can be characterized using only few physical parameters. This situa-
tion is referred to as universality of low energy physics, meaning that systems with different
microscopic interactions exhibit the same physical behavior.

In the case of three-body systems a strong evidence of this scenario is the so-called Efi-
mov Effect discovered by Vitaly Efimov in 1970 ( see [28, 29]). He considered three identical
bosons interacting via short-range, resonant interactions and proved the existence of an infi-
nite number of three-body bound states of increasing size whose energies En accumulate at
the scattering threshold. The bound states, known as Efimov states, or trimers, exhibit univer-
sal features whose paradigmatic example is the asymptotic geometrical law satisfied by the
eigenvalues En :

En+1

En
→ e−

2π
s0 , as n→ +∞ (1.1)

where the parameter s0 > 0 depends only on the mass ratios and, possibly, on the statistics
of the particles.

In this context short-range interaction means that the two-body potential v(r) decays faster
than 1/r2 as r goes to infinity so that it can support, at most, a finite number of bound states.
Moreover, a crucial role for the occurrence of the effect is played by the zero-energy resonance
condition for the two-body subsystems. From the physical point of view the condition means
that the scattering length of the two-body problem is much larger than the effective range of
the interaction. We recall that the scattering length a is defined by

a = lim
|k|→0

f (k, k′) (1.2)

where f is the scattering amplitude.
In mathematical terms the resonance condition is realized sending the scattering length

to infinity and keeping the range of the interaction fixed. In particular if the interaction is
resonant there are no two-body bound states, hence Efimov trimers are an example of Bor-
romean bindings: three-body bound states such that the two-body subsystems are unbounded.
Hence, as soon as one of the particle is removed also the others fall apart. The denomination
comes from the Borromean rings (Figure 1.1): three interlocking circles organized in such a
way that removing one of them the others two remain unlinked.

Another interesting and counterintuitive aspect related to the Efimov effect is that it dis-
appears as long as the interaction is made more attractive because in this way the resonance
is destroyed. Indeed, the presence of a zero-energy resonance implies that, even if the inter-
actions are short range, an effective long range attraction appears. According to an intuitive
physical picture one can say that in a trimer the attraction between two particles is mediated
by the third one, which is moving back and forth between the two.

1



2 introduction

Figure 1.1: Borromean rings

As a consequence of its universality character, the effect can be realized and observed in
various physical contexts. It was originally predicted for nuclear systems but, unfortunately,
in that context it was very difficult to obtain experimental evidences also due to the obstruc-
tion represented by Coulomb interactions. As a result, Efimov’s prediction was for a long
time considered as a theoretical pathology. The first convincing experimental confirmations
has been obtained only forty years later starting from 2006 in the field of ultra-cold quantum
gases (we refer the reader to the reviews [15, 57] and references therein). The main advantage
in that context is the unique possibility of a precise tuning of the scattering length via the
so-called Feshbach resonance.

The original Efimov’s physical argument is based on the replacement of the two-body po-
tential with a boundary condition, which is essentially equivalent to consider a two-body
zero-range interaction (defined below), and on the introduction of hyper-spherical coordi-
nates. If the resonance condition is satisfied, in these coordinates the problem becomes sepa-
rable and in the equation for the hyper-radius R the long range, attractive effective potential
−(s2

0 + 1/4)/R2 appears. For small R the behavior R−2 is too singular and an extra boundary
condition at short distance must be imposed to restore self-adjointness. On the other hand,
for large R the decay rate of this effective potential guarantees the existence of an infinite
number of eigenvalues.

From a mathematical point of view the first rigorous proof was given by Yafaev in 1974 in
[72]. He made rigorous the line of reasoning of [6] studying a symmetrized form of the Fad-
deev equations for a system of three different particles such that at least two of the two-body
subsystems are resonant (i. e., with infinite scattering length) and proving the existence of an
infinite number of negative eigenvalues. Later Sobolev (see [67]) used the same techniques
to prove the following asymptotic behavior for the number N(z) of eigenvalues smaller than
z < 0:

lim
z→0−

N(z)
| log |z|| =

s0

2π
. (1.3)

Notice that (1.3) is in agreement with the geometrical law (1.1). In the same year Tamura
([69]) obtained the same result under more general assumptions on the two-body potentials.
Other proofs of the effect adopt a variational approach based on a Born-Oppenheiner approx-
imation. In particular we recall the work by Ovchinnikov and Sigal ([58]) where a system of
two heavy particles and a light one is considered. See also the physics paper [43] where the
case of an explicit separable potential is considered in the case of two heavy and one light
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particle and the paper by Tamura [68] where the method is generalized to a system of generic
masses. For more results on the subject see also [71], [44] and [45].

It is worth mentioning that a mathematical proof of the geometric asymptotic law (1.1) is
still lacking (see the conjecture discussed in [4]).

The technique used by [72] can be easily adapted to a system of three identical bosons
while for three identical fermions the resonance condition as defined above cannot occur
(see Remarks 4.1 and 4.2). On the other hand, resonance can occur looking at the interaction
of a fermions and a different particle, for instance a fermion of different specie. In physical
applications the case of a mixture of N identical fermions of one species and M identical
fermions of another species is particularly relevant and this put in a new perspective the
question of presence or absence of the Efimov effect in a system composed of two identical
fermions and a different particle.

In this thesis we address this question (see also [9]). We consider the case of a three-particle
system composed of two identical fermions of unitary masses and a third particle of mass
m assuming the resonance condition on the interactions between one of the fermions and
the third particle. We use the same approach as in [67, 72] with the modifications required
to take into account the characteristic features of our system. Some peculiar aspects appear
in our case. First we find the existence of a threshold m∗ on the mass ratio: Efimov effect
occurs only for m < m∗ while for m > m∗ the Hamiltonian has a finite number of eigenval-
ues. Moreover, considering a partial wave decomposition, the effect takes place only in the
subspaces corresponding to the odd-waves (contrary to the case of identical bosons or distin-
guishable particles where the effect appears in the s-wave subspace). It is worth mentioning
that our result is in agreement with physical results on the subject (see [15, 57] and references
therein).

Another interesting regime is obtained keeping the scattering length as fixed and sending
to zero the range of the interaction. In this way one obtains the so-called point interactions,
also known as contact or zero-range interactions. Quantum mechanical Hamiltonians with
zero-range interactions have been introduced around the middle of the last century to de-
scribe short-range nuclear forces at low-energy starting with the works of Bethe and Peierls
[13], Thomas [70] and, later, Fermi [37]. More recently, interesting applications have been
developed also in the physics of ultra-cold atoms, in particular in the unitary limit (see, e. g.,
[15, 22, 23]). Roughly speaking, the unitary limit is characterized by two-body interactions
with zero range and an infinite scattering length.

An N-particle system in Rd, d = 1, 2, 3, with zero-range two-body interactions is described
by the formal Hamiltonian

H
N body,d
ν = −

N

∑
i=1

1
2mi

∆xi +
N

∑
i,j=1

i<j

νij δ(xi − xj), (1.4)

where xi ∈ Rd, i = 1, . . . , 3, is the coordinate of the i-th particle, mi is the corresponding mass,
∆xi is the Laplacian relative to xi, and νij ∈ R is the strength of the interaction between parti-
cles i and j. To simplify the notation we set h̄ = 1. The correct definition of the Hamiltonian
and the analysis of the stability problem, i.e., the existence of a finite lower bound for the
Hamiltonian, have been widely studied both in the physical [15, 19–23, 26, 46] and in the
mathematical [3, 5, 24, 25, 27, 36, 42, 50–53, 61] literature.



4 introduction

From a mathematical point of view the first step is to give a rigorous definition of the
formal Hamiltonian (1.4) as a self-adjoint operator. The case N = 2 reduces, removing the
center of mass motion, to the well known case (see [2]) of a single particle interacting with a
point interaction placed at the origin. Let us focus on three-particle systems.

In the one dimensional case the problem can be treated using the fact that the interaction
term is a small perturbation, in the quadratic form sense, of the free Hamiltonian.

Using this fact, in this thesis we provide a rigorous definition of the Hamiltonian as a self-
adjoint operator bounded from below. Moreover, we obtain this Hamiltonian as the limit of
Hamiltonians with suitably rescaled interactions potentials. These results will appear in [7].

In dimension two a natural class of Hamiltonians with local zero-range interactions was
constructed in [27] and it was also shown that such Hamiltonians are all bounded from
below.

In dimension three the analysis is more delicate. A strategy to circumvent the difficulty
is to construct a class of operators by analogy with the two-particle case, the so-called STM
extensions named after Ter-Martirosyan and Skornyakov ([66]). The domains of these opera-
tors turn out to be composed by functions with the expected asymptotic behavior prescribed
by physical heuristics when two particles come into contact. Unfortunately, in general they
do not define a self-adjoint operator. Indeed, for a system of three identical bosons it was
shown in [36] that the STM operators are not self-adjoint and all their self-adjoint extensions
are unbounded from below owing to the presence of an infinite discrete sequence of bound
states whose energy diverge to minus infinity. In [48] this result was generalized to the case
of three distinguishable particles with different masses. This kind of instability is known in
the literature as the Thomas effect.

It should be stressed that the Thomas and Efimov effects are strongly related (we refer the
reader to [1, 15, 57] and references therein). On the other hand it is worth noticing that, to
our knowledge, a rigorous mathematical investigation of this connection is still lacking (see
the conjecture in [4]).

The Thomas effect can be avoided if the Hilbert space is suitably restricted introducing
symmetry constraints on the wave function.

Following this line of thought, in this work we prove that, excluding the s-wave space, a
system of three identical bosons with point interactions is stable (see also [10]). A second pos-
sibility is to consider antisymmetry constraint. In fact, a wave function that is antisymmetric
under exchange of coordinates of two particles necessarily vanishes at the coincidence points
of such two particles, thus making their mutual zero-range interaction ineffective. Therefore,
it is reasonable to expect that in a system of two identical fermions plus a different particle
the interaction term in the Hamiltonian is less singular, thus making the system stable. In-
deed, it has been shown that this is in fact the case for suitable values of the mass ratio (see,
e. g., [24, 25, 52, 53, 55]). Remarkably, the optimal mass ratio found in [24] which distinguish
between the stable and the unstable case for a system composed by two identical fermions
and a different particle is exactly the same obtained in our work [9] characterizing the occur-
rence of the Efimov effect. This fact enlighten once more the strict connection between the
two phenomena.

Finally we discuss a third example of universal behavior in few-particle quantum systems
at low energy. Consider a non relativistic quantum particle, whose position is denoted by
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x ∈ R3, interacting with N obstacles. Suppose that the interaction with the i-th obstacle,
placed at yi, is described by the Gross Pitaevskii potential

VN
i (x) = N2V(N(x− yi)) , (1.5)

where the unscaled potential V decays to zero at infinity sufficiently fast. Therefore, the
Hamiltonian of the particle is

HN = −∆ +
N

∑
i=1

VN
i . (1.6)

Here we have chosen units such that h̄ = 1 and the mass of the particle is 1/2. Moreover
suppose that yi, i = 1, . . . , N are independent and identically distributed random variables
with density given by the function W(x). We are interested in the limit N → ∞.

We note that for N large the range r0 of the potential VN
i is of order N−1 while the average

distance d among the obstacles is of order N−1/3. If the wavelength of the particle λp is taken
of order 1, we are studying the regime

r0 � d� λp ,

which is the case occurring, for example, in the analysis of scattering of slow neutrons from
condensed matter (Neutron Optics). Hence, we are once more considering a low energy limit
and we expect to find a universal behavior.

Indeed, in this thesis we prove the convergence of HN to the limiting Hamiltonian

H = −∆ + 4πaW , (1.7)

where the only dependence on the interaction potential V is through its scattering length
a. More precisely we prove convergence in the strong resolvent sense in probability with
respect to the product probability measure {W(x)dx}⊗N . Moreover we give the rate of the
convergence and characterize the fluctuations (see also [8]).

Remarkably, this result is in accordance with the results known for the more difficult
many-body problem of n particle interacting via Gross-Pitaevskii potentials and undergoing
Bose-Einstein condensation. Here the limiting behavior is described by the Gross-Pitaevskii
equation where again the scattering length appears (see, e. g., [11, 18, 31–33, 62]). On the other
hand our simpler Lorentz gas model allows a more explicit analysis of the convergence and
of the fluctuations.

The thesis is organized as follows.
Part I is devoted to the study of the occurrence of the Efimov Effect in a system of two

identical fermions and a different particle.
In Part II we study three-particle systems with point interactions in dimension one and

three. In the one dimensional case we present the results on the rigorous definition of the
Hamiltonian and its approximation. As for the three dimensional case, the construction of
the quadratic form and the result on stability for three identical bosons outside the s-wave is
presented together with a short review on the known results in the fermionic case.

In Part III we analyze the Lorentz quantum gas in three dimensions with Gross-Pitaeskii
potentials and we characterize the limiting behavior and the fluctuations.





Part I

E F I M O V E F F E C T





2 I N T R O D U C T I O N

It is well known that a two-particle quantum system in dimension three interacting via a
potential vanishing at infinity faster than 1/|x|2 has only a finite number of eigenvalues.
One could expect that a similar result holds for a three-particle system. On the contrary,
the situation is more involved and not merely dependent on the long range behavior of
the potentials. Indeed, a remarkable physical phenomenon known as Efimov effect has been
discovered by Vitaly Efimov in 1970 ([29], [28]).
Efimov considered particles interacting through short-range potentials such that the two-
particle subsystems do not have bound states but exhibit a zero-energy resonance. Under
this condition he proved that the three-particle system has an infinite number of eigenvalues
accumulating at zero.

Here we present the result obtained in [9]. We study the case of a three-particle system in
dimension three composed of two identical fermions with mass one and a different particle
with mass m. In the physical literature such a system has been extensively studied (see, e.g.,
[20], [57] and references therein) and it is known that the Efimov effect can be present with
some peculiar features. Indeed, the effect is present only for m < m∗ = (13.607)−1 and, con-
sidering a partial wave decomposition, it takes place only in the subspaces corresponding
to the odd waves (contrary to the case of identical bosons or distinguishable particles where
the effect takes place in even waves). Following the approach based on the analysis of the
Faddeev equations, we give a mathematical proof of these facts. More precisely, we assume
that: a) the two-body potentials are short range, rotationally invariant, non positive; b) the
Hamiltonians of all the two-particle subsystems are positive; c) the Hamiltonian of the sub-
systems composed of the particle with mass m and a fermion has a zero-energy resonance.
Then we prove that the Hamiltonian of the three-particle system has a finite number of neg-
ative eigenvalues for m > m∗ and an infinite number of negative eigenvalues accumulating
at zero for m < m∗. We also prove the asymptotic behavior (1.3), where the constant at the
right hand side, which in our case is denoted by C(m), depends only on the mass m and it is
estimated from below and from above.

We note that, under our assumptions, the interaction potential between the two fermions
does not produce zero-energy resonance and therefore it plays no role in the occurrence of
the Efimov effect.

The method of the proof follows the line of reasoning of [67], with the modifications
required to take into account of the peculiarity of our system. In particular, we formulate
the eigenvalue problem Hψ = z ψ, z < 0, for the three-particle Hamiltonian in terms
of symmetrized Faddeev equations Ψ = A(z)Ψ, where A(z) is a 2 × 2 matrix (compact)
operator, and we prove that N(z) = n(1, A(z)), where the right hand side is the number
of eigenvalues of A(z) larger than one. Then the problem is reduced to the study of the
asymptotic of n(1, A(z)) for z → 0−. The presence of the zero-energy resonance for the
subsystems composed of the particle with mass m and a fermion determines a singular

9



10 efimov effect – introduction

behavior (and a lack of compactness) of A(z) for z = 0 and this is the reason for the possible
divergence of n(1, A(z)) for z → 0−. Through some successive steps, we single out such
singular behavior neglecting operators which, for z ≤ 0, are compact and continuous in z.
At the end we find that the asymptotic for z → 0− of n(1, A(z)) reduces to the asymptotic
for R → ∞ of an operator SR which has an explicit form. By a direct analysis of such an
operator, we conclude the proof of the main result in the two cases m < m∗ and m > m∗.



3 N O TAT I O N A N D M A I N R E S U LT

We consider a quantum system in dimension d = 3 composed by two identical fermions of
unitary mass and a different particle of mass m3 = m. Let x1, x2 ∈ R3 denote the coordinates
of the fermions and x3 ∈ R3 the coordinate of the third particle. The Hilbert space is then
L2

asym(R9) = {ψ ∈ L2(R9) s. t. ψ(x2, x1, x3) = −ψ(x1, x2, x3)} and due to the symmetry
constraint, we suppose the pairwise interactions vα to be spherically symmetric and v23 =

v31 := v.
Proceeding as in Appendix A we reduce our analysis to the following Hamiltonian in

momentum space in the Jacobi coordinates (kα, pα)

H = H0 + ∑
α′

Vα′ =
k2

α

2µα
+

p2
α

2nα
+ ∑

α′
Vα′

where the operators Vα and the new masses µα, nα have been defined in (A.4) and (A.2)
respectively. In particular under our assumptions

µ12 =
1
2

µ23 = µ31 = µ =
m

m + 1

n12 =
2m

m + 2
n23 = n31 = n =

m + 1
m + 2

.

Taking into account of the definitions given in (A.3), the symmetry constraint reduces to
ψ(k23, p23) = −ψ(−k31, p31) or equivalently ψ(k12, p12) = −ψ(−k12, p12). Therefore, choosing
for instance the coordinates (k23, p23), the Hilbert space of the system is

Hasym =

{
ψ ∈ L2(R6) |ψ(k23, p23) = −ψ

(
k23

m + 1
− m(m + 2)

(m + 1)2 p23,−k23 −
p23

m + 1

)}
. (3.1)

As pointed out in Appendix A we can adopt as coordinates any pair (pα, pα′), in particular
we will often use in the study of this system the coordinates (p23, p31). Equation (A.6) yields

H0(p23, p31) =
p2

23
2µ

+
p2

31
2µ

+
p23 · p31

m
. (3.2)

By definition the exchange of the fermionic coordinates corresponds to the exchange of p23

and p31, thus, using the coordinates (p23, p31), the symmetry condition becomes ψ(p23, p31) =

−ψ(p31, p23). For notational convenience we describe the symmetry by an operator P acting
on L2(R6) so that ψ ∈ Hasym if and only if Pψ = ψ. In the coordinates (k23, p23) P acts as

(Pψ)(k23, p23) = −ψ

(
k23

m + 1
− m(m + 2)

(m + 1)2 p23,−k23 −
p23

m + 1

)
while in the coordinates (p23, p31) and (k12, p12) we have

(Pψ)(p23, p31) = −ψ(p31, p23) (Pψ)(k12, p12) = −ψ(−k12, p12).

Equations (3.2) immediately yields that P commutes with H0. Furthermore by the spherical
symmetry of the potentials it follows that P also commutes with V12 and it satisfies PV31 =

11



12 efimov effect – notation and main result

V23P. Indeed by Equation (A.4) and spherical symmetry of v12, one obtains PV12 = V12P.
While using Equation (A.4), (A.5) and the spherical symmetry of v we can write

(V23ψ)(p23, p31) =
1

(2π)3/2

∫
dp v̂(p− p31)ψ(p23, p)

(V31ψ)(p23, p31) =
1

(2π)3/2

∫
dp v̂(p− p23)ψ(p, p31)

which implies PV23 = V31P and PV31 = V23P.
Let us introduce the two-particle subsystems of our three-particle system, described by

the following Hamiltonians in L2(R3)

hα = − 1
2µα

∆x + vα(x). (3.3)

In order to formulate our main result we introduce below our assumptions on the two-
body potentials, on the zero-energy properties of the two-particle subsystems and on the
mass ratio.

Concerning the two-body potentials vα and the Hamiltonians hα, we assume that the fol-
lowing conditions hold for any pair α

(A1) |vα(x)| ≤ C
(1 + |x|)b , with b > 3

(A2) vα(x) = vα(|x|)

(A3) vα ≤ 0

(A4) hα ≥ 0

A further important assumption is the presence of a zero-energy resonance for the two-
particle Hamiltonian h23 = h31. Here we recall the definition of a zero-energy resonance,
while further comments and some useful results will be given in the next section.

Let us consider a Hamiltonian in L2(R3)

h = − 1
2m

∆x + u(x) (3.4)

with m > 0 and u a generic potential satisfying (A1) and (A4). We denote by g0 the integral
operator with kernel

g0(x, x′) =
m

2π|x− x′| .

Definition 3.1. Zero is a (simple) resonance for h if there exists ϕ ∈ L2(R3) such that

ũg0u ϕ = −ϕ, (u, ϕ) 6= 0, (3.5)

where u(x) = |u|1/2(x) and ũ(x) = sgn(u(x))|u|1/2(x).

Remark 3.1. We note that if zero is a resonance for h then the scattering length a, defined by
Equation (1.2), is infinite. The scattering amplitude f (k, k′) is given by

f (k, k′) = − m

2π

∫
dx e−ik·x u(x)ξ(x, k′)||k|=|k′ | (3.6)
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where ξ is the solution of the Lippman-Schwinger equation:

ξ(x, k′) = eik′ ·x − m

2π

∫
dy

e−i|k||x−y|

|x− y| u(y)ξ(y, k′).

The equation for ξ yields
ũξ(·, k′) = (1 + bk′)

−1ũεk′ (3.7)

where we set εk′(x) = eik′ ·x and bk′ denotes the operator acting as

bk′φ(x) =
m

2π

∫
dy ũ(x)

e−i|k′ ||x−y|

|x− y| u(y)φ(y).

Inserting now Equation (3.7) in Equation (3.6) we get

f (k, k′) =
m

2π

∫
dx e−ikx u(x)

[
(1 + bk′)

−1ũεk′
]
(x).

Using now Lemma 1.2.4 (case II) in [2] we get that if h has a resonance at zero energy then

(1 + bk′)
−1 ' − 2π

i|k′| |(u, ϕ)|2 m (sgn(u)ϕ, ·)ϕ as |k′| → 0

which implies

f (k, k′) ' (ϕ, u εk′)

i|k′||(u, ϕ)|2 (ϕ, u εk).

From the above equation, recalling Equation (1.2), we immediately get a = +∞.
Let us notice that if on the contrary zero is neither an eigenvalue nor a resonance for h then
(1 + bk′)

−1 converges to (1− ũg0u)
−1 which is a bounded operator. Hence in this case one

has
a =

1
4π

∫
dx u(x)[(1 + ũg0u)

−1ũ](x) =
1

4π
(u, (1 + ũg0u)

−1ũ).

In particular a is finite and can be equivalently rewritten as a = 1
4π (u, φ0) where φ0 is the

solution of (− 1
2m∆x + u)φ0 = 0.

Let us comment on the above assumptions. We remark that if each vα satisfies condition
(A1) then, via Kato-Rellich Theorem (see, for instance, [64]), we have self-adjointness and
lower boundedness of H on the same domain of H0.

Moreover, using the HVZ Theorem (see [64]), we know that the essential spectrum of H is
of the form [l,+∞), where l is the lowest point of the spectra of the operators hα describing
the two-particle subsystems. Thus the assumption (A4) implies that on the left of zero the
spectrum of H consists of isolated eigenvalues with finite multiplicities.

The assumptions (A2), (A3) are introduced to simplify the analysis. Note that under the
assumption (A3) the first equation in (3.5) reduces to

|u|1/2g0|u|1/2 ϕ = ϕ.

Moreover (A2) prevents the presence of zero-energy resonance in the subsystem composed
by the identical fermions (see Remark 4.2 at the end of the next section).

As we already pointed out in the introduction, a peculiar aspect of the Efimov effect in our
fermionic system is that it only occurs for a certain range of values of the mass ratio (0, m∗),
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which can be defined as follows. Let Λ(m) be the following function of the mass of the third
particle

Λ(m) =
2(m + 1)2

π

(
1√

m(m + 2)
− arcsin

(
1

m + 1

))
. (3.8)

It is easy to check that Λ(m) is decreasing and

lim
m→0

Λ(m) = +∞, lim
m→+∞

Λ(m) = 0

Thus the following definition makes sense

Definition 3.2. The critical mass m∗ is the unique solution of the equation
Λ(m) = 1.

Note that for m < m∗ (m > m∗) we have Λ(m) > 1 (Λ(m) < 1). Moreover, we stress that
m∗ is the same mass threshold obtained in the study of the corresponding system with point
interactions, see Section 9.3 ( for more detailed results we refer the reader to [42], [24], [53]).

We are now ready to formulate our main result.

Theorem 3.1. Let us assume that conditions (A1)–(A4) hold for any pair α and that the two-particle
Hamiltonian h23 = h31 has a zero-energy resonance. Then the following holds.

i) For m < m∗ there exists a positive constant C(m) such that

lim
z→0−

N(z)
| log |z|| = C(m). (3.9)

Moreover, C(m) satisfies
C1(m) ≤ C(m) ≤ C2(m) (3.10)

where C1(m) is the unique positive solution of the equation Fm(x) = 1, with

Fm(x) :=
m + 1√

m(m + 2)

∫ 1

0
dy y

sinh
( 2π

3 x arcsin
( y

m+1
))

sinh
(

π2

3 x
)

cos
(
arcsin

( y
m+1

)) ,

and

C2(m) =
1

4πβ(m)
log

(√
2π

3
α(m)

)
(l2

0(m) + 3l0(m) + 2) (3.11)

with

α(m) :=
(m + 1)3/2

2
√

π
√

m(m + 2)
log1/2

(
1 +

2
m

)
, β(m) :=

π

2
− arcsin

(
1

m + 1

)
(3.12)

and l0(m) is the largest odd integer smaller than πα(m)2 − 1/2.

ii) For m > m∗ the number of negative eigenvalues of H is finite.
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4.1 two-particle subsystems

Here we recall some properties of the two-body Hamiltonian operator h which expression
in the position space is given by (3.4), under the hypothesis that the assumptions (A1)–(A4)
are satisfied. In particular, we are interested in the low energy behavior connected with the
presence of zero-energy resonance (see Definition 3.1).
We first observe that if ϕ is a square integrable solution of |u|1/2g0|u|1/2 ϕ = ϕ then ψ =

g0|u|1/2 ϕ satisfies hψ = 0 in the sense of distributions. Furthermore, ψ is an eigenfunction
of h with eigenvalue zero if and only if (|u|1/2, ϕ) = 0 (see, e.g., Section 1 in [69]). On the
other hand, if zero is a resonance for h then there exists ψ solution of hψ = 0 in the sense of
distribution with ψ ∈ L2

loc(R
3) but ψ /∈ L2(R3).

Remark 4.1. The spherical symmetry of the potential u implies that zero-energy resonance can
only occur in s-wave subspace. Indeed, if ϕ belongs to the subspace with angular momentum
l ≥ 1 then obviously (|u|1/2, ϕ) = 0.

Let us introduce the resolvent of h

r(z) = (h− z)−1

which is a bounded operator in L2(R3) for any z < 0 due to condition (A4), the free resolvent

r0(z) =
(
− 1

2m
∆− z

)−1

(note that r(0) = g0) and the operator

w(z) = I + |u|1/2r(z)|u|1/2.

Using the resolvent identity r(z) = r0(z)− r(z) u r0(z) one verifies that

w(z) = (I − |u|1/2r0(z)|u|1/2)−1

The following lemma describes the behavior of the operator w(z) if 1 is not an eigenvalue of
|u|1/2g0|u|1/2.

Lemma 4.1. Let us suppose that 1 is not an eigenvalue of the operator |u|1/2g0|u|1/2. Then w(z) is
continuous in z ≤ 0.

Let us assume that h has a zero-energy resonance. We fix the following normalization
condition on the eigenvector ϕ

(|u|1/2, ϕ) = (2π)3/2(ϕ̂|u|1/2)(0) = 21/4π1/2m−3/4 (4.1)

and we characterize the behavior of the operator w(z) when z→ 0.

15
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Lemma 4.2. Suppose that h has a zero-energy resonance. If z < 0 is small enough and δ <

min{1, b− 3} then

w(z) =
(·, ϕ)ϕ

|z|1/2 + |z|−
1−δ

2 w(δ)(z)

where the operator w(δ)(z) is continuous in z ≤ 0. Moreover

(w(z))1/2 =
(·, ϕ)ϕ

||ϕ|||z|1/4 + |z|−
1−δ

4 w̃(δ)(z)

where the operator w̃(δ)(z) is continuous in z ≤ 0.

For the proof of the previous lemmas we refer the reader to [67].

Remark 4.2. Let us consider the Hamiltonians of the two-body subsystems defined in (3.3).
We note that h12, due to the symmetry constraint, acts on the space

L2
asym(R3) = {ψ ∈ L2(R3) |ψ(−x) = −ψ(x)}.

Hence, by Remark 4.1, it cannot exhibit a zero-energy resonance because its domain does not
include s-wave functions. Moreover, using the assumptions (A2) and (A4), h12 cannot have
zero as an eigenvalue (see e. g.[73]). Hence we conclude that 1 is not an eigenvalue for the
operator |v12|1/2g0|v12|1/2. Then we can apply Lemma 4.1 and, as we will see, this implies
that the potential between the two fermions does not play any role in the occurrence of the
Efimov effect. On the other hand, as we have already stressed, the presence of a zero-energy
resonance for h23 = h31 is a crucial ingredient of the proof.
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4.2 faddeev equations for the eigenvalues

In the derivation of the Faddeev equation for the eigenvalues given in Appendix A we have
not assumed any symmetry property of our system and therefore it is valid for a generic
three-particle system. In order to take into account of the fermionic symmetry we proceed as
follows.

Recalling the definition of the operator P and its properties (see Chapter 3) and the defi-
nition of ηα given in (A.9) we obtain Pη12 = η12, η31 = Pη23 and the system (A.10) reduces
to 

η23 = −R23(z)V23(Pη23 + η12)

η12 = −R12(z)V12(I + P)η23

(4.2)

where η23 ∈ L2(R6) and η12 ∈ H. Consequently, in our fermionic system the solution of the
eigenvalue equation (A.7) reads ψ = η12 + (I + P) η23.

In this paper we find convenient to use a symmetrized form of the Faddeev equations
similar to the one used in [67]. In order to derive such equations, we first introduce the
following bounded and positive operators on L2(R6) for z < 0

Wα(z) = I + |Vα|1/2Rα(z)|Vα|1/2.

Using the resolvent identity Rα(z) = R0(z)− R0(z)VαRα(z), we find

Wα(z) =
(

I − |Vα|1/2R0(z)|Vα|1/2
)−1

(4.3)

Moreover, we define the resolvent of hα

rα(z) = (hα − z)−1

which is a bounded operator in L2(R3) for any z < 0, the bounded and positive operator

wα(z) = I + |vα|1/2rα(z)|vα|1/2

and the Fourier transform Fα with respect to xα

(Fα f )(kα, pα) =
1

(2π)3/2

∫
dxα e−ikα ·xα f (xα, pα).

Then one verifies that

Wα(z) = Fαwα

(
z− p2

α

2nα

)
F ∗α . (4.4)

Let us reconsider the first equation in (4.2). Using the resolvent identity and taking into
account that Vα = −|Vα|, we have

η23 = −
(

R0(z)− R0(z)V23R23(z)
)
V23(Pη23 + η12)

=
(

R0(z) + R0(z)|V23|R23(z)
)
|V23|(Pη23 + η12)

= R0(z)|V23|1/2W23(z)1/2W23(z)1/2|V23|1/2(Pη23 + η12)

(4.5)

Analogously, the second equation in (4.2) can be rewritten as

η12 = R0(z)|V12|1/2W12(z)1/2W12(z)1/2|V12|1/2(I + P)η23. (4.6)
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Now we apply P to both sides of (4.5) and sum it with (4.6). On the resulting equation we
apply W1/2

23 |V23|1/2. Denoting

ψ23 = W23(z)1/2|V23|1/2(Pη23 + η12)

ψ12 = W12(z)1/2|V12|1/2(I + P)η23

we find

ψ23 = W23(z)1/2|V23|1/2R0(z)
(

P|V23|1/2W23(z)1/2ψ23 + |V12|1/2W12(z)1/2ψ12
)
.

On the other hand, applying W12(z)1/2|V12|1/2(I + P) to both sides of (4.5) we find

ψ12 = W12(z)1/2|V12|1/2R0(z)(I + P)|V23|1/2W23(z)1/2ψ23.

Hence we have the following symmetrized form of the Faddeev equations for our model of
two identical fermions and a different particle

Ψ = A(z)Ψ

where Ψ = (ψ23, ψ12) and A(z) is a 2× 2 matrix operator acting on the space

K = L2(R6)×Hasym

defined by
A(z) = W(z)1/2U(z)W(z)1/2,

with
W(z)1/2 = diag{W23(z)1/2, W12(z)1/2}

and

U(z) =


|V23|1/2R0(z)P|V23|1/2 |V23|1/2R0(z)|V12|1/2

|V12|1/2R0(z)(I + P)|V23|1/2 0

 .

The advantage of such symmetrized form of the equations is the fact that A(z) is compact
for z < 0.

Theorem 4.1. For z < 0 the operator A(z) is compact and it is continuous in z.

The proof of Theorem 4.1 goes exactly as that of Theorem 4.1 in [67] and it is omitted.
It turns out that the number of eigenvalues of H smaller than z < 0 equals the number

of eigenvalues of A(z) larger than 1. In order to prove this fact it is useful to introduce the
following definition.

Definition 4.1. Let B be a self-adjoint operator on the Hilbert space h and let λ ∈ R. We set

n(λ, B) = sup
hB(λ)

dim hB(λ)

where hB(λ) denotes any subspace of D(B) such that if f belongs to hB(λ) then (B f , f ) >

λ|| f ||2.
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We stress that if the spectrum of the operator B on the right of λ is purely discrete then
n(λ, B) coincides with the number of eigenvalues (with multiplicities) on the right of λ. Thus
in particular

N(z) = n(−z,−H).

Due to the compactness of A(z) stated in Theorem 4.1, we also have that n(1, A(z)) equals
the number of eigenvalues of A(z) larger than 1.

In the next Theorem we prove a “Birman-Schwinger Principle” for our three-particle sys-
tem, which is crucial for our analysis.

Theorem 4.2. For z < 0 we have
N(z) = n(1, A(z)).

Proof. We adapt the proof of Theorem 3.1 in [67] to our case. First we show that

N(z) = n
(
1, R0(z)1/2|V|R0(z)1/2) (4.7)

where |V| = |V23|+ P|V23|+ |V12|. Indeed, let x ∈ h−H(−z) then

((H0 − z)x, x) < (|V|x, x).

Setting y = (H0 − z)1/2x and using self-adjointness of (H0 − z)1/2 and R0(z)1/2 we have

(R0(z)1/2|V|R0(z)1/2y, y) > (y, y)

that is y ∈ hR0(z)1/2|V|R0(z)1/2(1). This implies n(1, R0(z)1/2|V|R0(z)1/2) ≥ N(z). Reversing
the argument we get the opposite inequality.
Next we introduce the matrix operator L(z) on Hasym ⊗Hasym defined by

L(z) =
1
2


R0(z)1/2|V|R0(z)1/2 R0(z)1/2|V|R0(z)1/2

R0(z)1/2|V|R0(z)1/2 R0(z)1/2|V|R0(z)1/2


and we note that

n
(
1, R0(z)1/2|V|R0(z)1/2) = n(1, L(z)). (4.8)

The operator L(z) can be written as

L(z) = S(z)S∗(z)

where S(z) : K → Hasym ⊗Hasym is defined by

S(z) =


1
2 R0(z)1/2(I + T)|V23|1/2 1√

2
R0(z)1/2|V12|1/2

1
2 R0(z)1/2(I + T)|V23|1/2 1√

2
R0(z)1/2|V12|1/2


and its adjoint S∗(z) is given by

S∗(z) =


|V23|1/2R0(z)1/2 |V23|1/2R0(z)1/2

1√
2
|V12|1/2R0(z)1/2 1√

2
|V12|1/2R0(z)1/2


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where we have used T = I on the spaceHasym. Since n(λ, BB∗) = n(λ, B∗B) for any bounded
operator B (see e. g., Lemma 4.2 in [67]), we have

n(1, L(z)) = n(1, S∗(z)S(z)) (4.9)

where S∗(z)S(z) is an operator on K explicitly given by

S∗(z)S(z) =


|V23|1/2R0(z)(I + P)|V23|1/2

√
2|V23|1/2R0(z)|V12|1/2

√
2

2 |V12|1/2R0(z)(I + P)|V23|1/2 |V12|1/2R0(z)|V12|1/2

 .

Let us decompose the above operator as follows

S∗(z)S(z) = D1(z) + D2(z)

where

D1(z) =


|V23|1/2R0(z)|V23|1/2 0

0 |V12|1/2R0(z)|V12|1/2


and

D2(z) =


|V23|1/2R0(z)T|V23|1/2

√
2|V23|1/2R0(z)|V12|1/2

√
2

2 |V12|1/2R0(z)(I + T)|V23|1/2 0

 .

Moreover, let us define

Ã(z) = (I − D1(z))−1/2D2(z)(I − D1(z))−1/2 (4.10)

and note that, from the definition of Wα given in Equation (4.3), it follows
(I − D1(z))−1/2 = W(z)1/2. Let us prove that

n(1, S∗(z)S(z)) := n(1, D1(z) + D2(z)) = n(1, Ã(z)). (4.11)

Assume x ∈ hL̃(z)(1), i.e.,
((D1(z) + D2(z))x, x) > (x, x)

then
(D2(z)x, x) > ((I − D1(z))x, x).

Defining y = (I − D1(z))1/2x and using (4.10) we get

(Ã(z)y, y) > (y, y)

which means y ∈ hÃ(z)(1). This proves n(1, S∗(z)S(z)) ≤ n(1, Ã(z)). To get the opposite
inequality it is sufficient to reverse the argument.

We also note that for z < 0 the operator Ã(z) is compact and it is continuous in z.
Finally, by a direct computation one verifies that

Ã(z) =

1 0

0
√

2
2

 A(z)

1 0

0
√

2

 .
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This implies that Ã(z) and A(z) have the same eigenvalues and if Ψ̃ = (ψ23, ψ12) is an
eigenfunction of Ã(z) then Ψ = (ψ23,

√
2ψ12) is an eigenfunction of A(z) with the same

eigenvalue.
n(1, Ã(z)) = n(1, A(z)) (4.12)

Taking into account of (4.7), (4.8), (4.9), (4.11), (4.12), we conclude the proof.

We conclude this section describing the behavior of the operators Wα(z) when z < 0 is
small.
Let us introduce the multiplication operator in L2(R6)

(Γα(z) f )(kα, pα) = γ

(
p2

α

2nα
− z
)

f (kα, pα) (4.13)

where γ ∈ C∞(R+) is such that γ(t) > 0 for all t, γ(t) = t if t ≤ 1 and γ(t) = 1 if t ≥ 2.
Moreover, for the resonant pair 23, we define the operator in L2(R6)

(Π23 f )(k23, p23) =
1
‖ϕ‖ ϕ̂(k23)

∫
dk f (k, p23)ϕ̂(k) (4.14)

where ϕ is the eigenfunction of |v|1/2g0|v|1/2 with eigenvalue 1 (see Definition 3.1).
Using the relation (4.4) and Lemma 4.2, we find

W23(z)1/2 = Γ23(z)−1/4 Π23 + Γ23(z)−
1−δ

4 W̃(δ)
23 (z) (4.15)

where δ < min{1, b− 3} and W̃(δ)
23 (z) is continuous in z ≤ 0.

On the other hand, Lemma 4.1 implies that W12(z)1/2 is continuous in z ≤ 0.
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The proof of our main result expressed in Theorem 3.1 requires, via Theorem 4.2, an asymp-
totic analysis of n(1, A(z)) for z → 0−. From Theorem 4.1, we know that for z < 0 the
operator A(z) is compact but there is a lack of compactness for z = 0 and this is the reason
why we find that N(z) diverges for z→ 0−. In this section we shall prove various intermedi-
ate results where, at each step, we single out the leading term of A(z)) for z→ 0−, neglecting
operators which are compact and continuous in z for z ≤ 0. At the end, we shall obtain the
following integral operator acting in L2((0, R)× S2, dr⊗ dΩ)

(SR f )(r, ω) =
∫ R

0
dρ
∫

S2
dΩ(ζ)S(r− ρ, ω · ζ) f (ρ, ζ) (5.1)

where

S(x, y) = −b(m)
1

cosh x + y
m+1

, x ∈ R, y ∈ [−1, 1] (5.2)

R = R(z) =
1
2
| log |z|| , (5.3)

b(m) =
1

4π2
m + 1√

m(m + 2)
. (5.4)

In section 6 we shall prove that the asymptotic behavior of n(1, A(z)) for z → 0− coincides
with that of n(1, SR) for R→ +∞.

As a first step, we show that the terms in A(z) depending on the interaction between the
two fermions give a compact contribution which can be neglected.

Lemma 5.1. For z ≤ 0 the operator A(z)− A0(z) is compact and it is continuous in z, where

A0(z) =

A0(z) 0

0 0


and

A0(z) = Π23Γ−1/4
23 (z)|V23|1/2R0(z)T|V23|1/2Γ−1/4

23 (z)Π23. (5.5)

Proof. Let us introduce the operators

Γ(z) = diag{Γ23(z), Γ12(z)} ,

W̃
(δ)

(z) = diag{W̃(δ)
23 (z), W̃(δ)

12 (z)} ,

Π =

Π23 0

0 0


where δ < min{1, b− 3}, W̃(δ)

12 (z) = Γ12(z)
1−δ

4 W12(z) is continuous in z ≤ 0 and the other
terms have been defined in (4.13), (4.14), (4.15). Using the above notation we write

A(z) = A0(z) + R(z)

23
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where

R(z) = Π U(1/4,(1−δ)/4)(z)W̃
(δ)

(z)

+ W̃
(δ)

(z)U((1−δ)/4,(1−δ)/4)(z)W̃
(δ)

(z) + W̃
(δ)

(z)U((1−δ)/4,1/4)(z)Π

and
U(µ,ν)(z) = Γ(z)−µU(z)Γ(z)−ν, 0 ≤ µ, ν ≤ 1

4
, µ + ν <

1
2

.

By Lemma 4.4 in [67], for z ≤ 0 the operator U(µ,ν)(z) is compact and it is continuous in z.
Since W̃(δ)

α (z), z ≤ 0, and Π23 are bounded, we conclude that for z ≤ 0 the operator R(z) is
compact and it is continuous in z.

In the next step we reduce the problem to the analysis of an operator in L2(R3). Such an
operator is better analyzed using the coordinates (p23, p31).

Lemma 5.2. For λ > 0 and z < 0 we have

n(λ, A0(z)) = n(λ,B(z))

where B(z) is the integral operator in L2(R3) with kernel

B(p, q; z) = −
̂|v|1/2 ϕ

(
p + q

m+1
) ̂|v|1/2 ϕ

(
q + p

m+1
)

γ
(

p2

2n − z
)1/4

(H0 − z) γ
(

q2

2n − z
)1/4 .

Proof. We first observe that n(λ, A0(z)) = n(λ, A0(z)). Moreover, A0(z) is compact for z <

0 and then n(λ, A0(z)) is the number of its eigenvalues larger than λ. By (5.5), recalling
(4.14) and (4.13) we can write explicitly the eigenvalue equation for A0 corresponding to the
eigenvalue λ̃ > λ > 0

λ̃ψ(p1, p2) = −
1

(2π)3/2||ϕ||2
ϕ̂

(
p2 +

p1

m + 1

) ∫
dp ϕ̂

(
p +

p1

m + 1

)

×
∫

dp′2
|̂v|1/2(p− p′2)

̂|v|1/2 ϕ
(

p1 +
p′2

m+1

)
γ

(
p2

1
2n − z

)1/4
(H0(p1, p′2)− z)γ

(
p′2
2n − z

)1/4

×
∫

dq ϕ̂

(
q ++

p′2
m + 1

)
ψ(p′2, q). (5.6)

Let us define

ξ(p) =
∫

dq ϕ̂

(
q +

p
m + 1

)
ψ(p, q).

Then ξ ∈ L2(R3) and, by (5.6), it satisfies the equation

λ̃ξ(p1) = −
1

(2π)3/2

∫
dp2 ϕ̂

(
p2 +

p1

m + 1

)

×
∫

dp′2
|̂v|1/2(p2 − p′2)

̂|v|1/2 ϕ
(

p1 +
p′2

m+1

)
γ

(
p2

1
2n − z

)1/4
(H0(p1, p′2)− z)γ

(
p′22
2n − z

)1/4 ξ(p′2)

= −
∫

dq
̂|v|1/2 ϕ

(
p1 +

q
m+1

) ̂|v|1/2 ϕ
(
q + p1

m+1
)

γ

(
p2

1
2n − z

)1/4
(H0(p1, q)− z)γ

(
q2

2n − z
)1/4

ξ(q)
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that is B(z)ξ = λ̃ξ. On the other hand, if ξ ∈ L2(R3) is such that B(z)ξ = λ̃ξ then

ψ(p1, p2) = −
1

(2π)3/2

∫
dq

|̂v|1/2(p2 − q) ̂|v|1/2 ϕ
(

p1 +
q

m+1
)

γ

(
p2

1
2n − z

)1/4
(H0(p1, q)− z)γ

(
q2

2n − z
)1/4

ξ(q)

satisfies the equation A0(z)ψ = λ̃ψ and therefore the Lemma is proved.

The lack of compactness of B(z) for z = 0 is clearly due to the behavior of its integral
kernel near the origin. Indeed, in the following Lemma we show that the difference of B(z)
with an operator whose kernel is different from zero only in a ball of radius one is compact
and continuous in z ≤ 0. Denoted by χa the characteristic function of the ball of radius a > 0,
we have

Lemma 5.3. For z ≤ 0 the operator B(z)− B̃(z) is compact and it is continuous in z, where B̃(z)
is the operator in L2(R3) with kernel

B̃(p, q; z) = − 1
c(m)

χ1(p)χ1(q)(
p2

2n − z
)1/4

(H0(p, q)− z)
(

q2

2n − z
)1/4

and c(m) = 25/2π2 ( m
m+1

)3/2. Moreover

n(λ, B̃(z)) = n(λ,B0(z)) (5.7)

where B0(z) is the integral operator in L2(R3) with kernel

B0(p, q; z) = − 1
c(m)

χ|z|−1/2(p)χ|z|−1/2(q)(
p2

2n + 1
)1/4

(H0(p, q) + 1)
(

q2

2n + 1
)1/4 .

Proof. The proof is divided into three steps. We first introduce the operator E0(z) with inte-
gral kernel

E0(p, q; z) = −χ1(p)
̂|v|1/2 ϕ

(
p + q

m+1
) ̂|v|1/2 ϕ

(
q + p

m+1
)

γ
(

p2

2n − z
)1/4

(H0(p, q)− z)γ
(

q2

2n − z
)1/4 χ1(q)

and note that the integral kernel of the difference B(z)− E0(z) can be written as

(I + II + III)(p, q; z) = (1− χ1(p))
̂|v|1/2 ϕ

(
p + q

m+1
) ̂|v|1/2 ϕ

(
q + p

m+1
)

γ
(

p2

2n − z
)1/4

(H0(p, q)− z)γ
(

q2

2n − z
)1/4 χ1(q)

+ χ1(p)
̂|v|1/2 ϕ

(
p + q

m+1
) ̂|v|1/2 ϕ

(
q + p

m+1
)

γ
(

p2

2n − z
)1/4

(H0(p, q)− z)γ
(

q2

2n − z
)1/4 (1− χ1(q))

+ (1− χ1(p))
̂|v|1/2 ϕ

(
p + q

m+1
) ̂|v|1/2 ϕ

(
q + p

m+1
)

γ
(

p2

2n − z
)1/4

(H0(p, q)− z)γ
(

q2

2n − z
)1/4 (1− χ1(q)).
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Let us consider I(p, q; z). We note that |v|1/2 ϕ ∈ L1(R3) which implies ̂|v|1/2 ϕ ≤ c. Moreover,
H0(p, q)− z ≥ cp2 and therefore we obtain

I(p, q; z) ≤ c
(1− χ1(p)) χ1(q)

p2 q1/2

which is a square integrable function. Analogously, one can prove square integrability of

II(p, q; z). In order to estimate III(p, q; z), we note that ̂|v|1/2 ϕ ∈ L2(R3) and therefore

III(p, q; z) ≤ c(1− χ1(p))
̂|v|1/2 ϕ

(
p + q

m+1
)

q2 (1− χ1(q))

is square integrable. Hence we conclude that for z ≤ 0 the operator B(z)− E0(z) is Hilbert-
Schmidt and it is continuous in z. Now we consider the operator E1(z) with integral kernel

E1(p, q; z) = − 1
c(m)

χ1(p)χ1(q)

γ
(

p2

2n − z
)1/4

(H0(p, q)− z) γ
(

q2

2n − z
)1/4 .

We note that
|̂|v|1/2 ϕ(k)− ̂|v|1/2 ϕ(0)| ≤ c |k|ν , 0 < ν <

b− 3
2

. (5.8)

Indeed, using |e−ik·x − 1| ≤ c |k|ν|x|ν, we have

|̂|v|1/2 ϕ(k)− ̂|v|1/2 ϕ(0)| ≤ c |k|ν
∫

dx |x|ν|v|1/2(x)|ϕ|(x)

≤ c ‖ϕ‖ |k|ν
(∫

dx |x|2ν|v|(x)
)1/2

and the last integral is finite by assumption (A1). Moreover, using Young’s inequality, we get

H0(p, q)− z =
p2

2µ
+

q2

2µ
+

p · q
m
≥ c

(
(p2κ)1/κ

κ
+

(q2κ′)1/κ′

κ′

)
≥ c p2κq2κ′ (5.9)

for any κ, κ′ > 0 such that κ + κ′ = 1.
By (5.8), (5.9) and the normalization condition (4.1), we find

|E0(p, q; z)− E1(p, q; z)| ≤c χ1(p)
|p|ν + |q|ν(

p2

2n − z
)1/4

(H0(p, q)− z)
(

q2

2n − z
)1/4 χ1(q)

≤c
χ1(p)χ1(q)

|p|−ν+2κ+1/2|q|2κ′+1/2 + c
χ1(p)χ1(q)

|q|−ν+2κ+1/2|p|2κ′+1/2

which is square integrable choosing κ ∈
( 1

2 , 1+δ
2
)
.

In order to obtain the operator B̃(z) from E1(z), it remains to replace γ
(

p2

2n − z
)

and γ
(

q2

2n − z
)

with p2

2n − z and q2

2n − z, respectively. One can easily see that the difference E1(z) − B̃(z) is
compact up to z = 0. This concludes the proof that for z ≤ 0 the operator B(z) − B̃(z) is
compact and it is continuous in z.

In order to prove (5.7) it is sufficient to observe that B̃(z) is unitarily equivalent to B0(z)
via the unitary operator Uz defined by Uzξ(p) = |z|3/4ξ(|z|1/2 p).

In the following lemma we finally arrive at the operator SR defined in (5.1), (5.2).
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Lemma 5.4. For z ≤ 0 the operator B0(z)− S(z) is compact and it is continuous in z, where S(z)
is the integral operator in L2(R3) with kernel

S(p, q; z) = − (2n)1/2

c(m)

(
χ|z|−1/2 − χ1

)
(p)
(
χ|z|−1/2 − χ1

)
(q)

|p|1/2
(

p2

2µ + q2

2µ + p·q
m

)
|q|1/2

.

Moreover
n(λ,S(z)) = n(λ, SR).

Proof. The first point is easy to check. Let us prove the second statement. Using the unitary
operator M : L2(R3)→ L2(R× S2, dr⊗ dΩ) defined by

(Mξ)(r, ω) = e3r/2ξ(er, ω) (5.10)

we see that S(z) is unitarily equivalent to the operator on L2(R× S2, dr⊗ dΩ) with integral
kernel

− b(m)
χ(0,R)(x)χ(0,R)(x′)

cosh(x− x′) + ζ·ω
m+1

. (5.11)

where χ(a,b) is the characteristic function of the interval (a, b). Indeed,

(MS(z)ξ)(r, ω) = − (m + 1)2

4π2
√

m3(m + 2)
e3r/2

∫ +∞

0
dρ ρ3/2

∫
S2

dΩ(ζ) ξ(ρ, ζ)

×

(
χ|z|−1/2(er, ω)− χ1(er, ω)

) (
χ|z|−1/2(ρ, ζ)− χ1(ρ, ζ)

)
er/2

(
e2r

2µ
+

ρ2

2µ
+ erρ

ω · ζ
m

)
= − (m + 1)2

4π2
√

m3(m + 2)
er
∫ +∞

−∞
dx e5x/2

∫
S2

dΩ(ζ)

×
χ(0,R)(r)χ(0,R)(x)

e2r

2µ
+

e2x

2µ
+

ω · ζ
m

er+x
ξ(ex, ζ)

= − (m + 1)2

4π2
√

m3(m + 2)
er
∫ +∞

−∞
dx ex

∫
S2

dΩ(ζ)

×
χ(0,R)(r)χ(0,R)(x)

er+x

µ

(
er−x + ex−r

2
+

ω · ζ
m + 1

) e3x/2 ξ(ex, ζ)

= −b(m)
∫ +∞

−∞
dx
∫

S2
dΩ(ζ)

χ(0,R)(r)χ(0,R)(x)

cosh(r− x) +
ω · ζ

m + 1

(Mξ)(x, ζ).

Since the operator with the kernel given by (5.11) can be considered as an operator on
L2((0, R)× S2, dρ⊗ dΩ), we find SR.
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In this section we give the proof of Theorem 3.1. Taking into account of Theorem 4.2, the
result for m < m∗ is obtained in two steps. We first show that

n(1, SR)

2R
(6.1)

converges for R→ ∞ (see Proposition 6.1 below). Then we prove that

n(1, A(z))
| log |z||

converges to the same limit for z→ 0− (see Proposition 6.2 below).
In order to study the asymptotic behavior of (6.1) for R → ∞, it is convenient to decom-

pose the integral kernel of SR in spherical harmonics. Indeed, denoted by Pl the Legendre
polynomial of order l and by Yν

l the spherical harmonic of order l,ν, we write

S(x, ω · ζ) =
+∞

∑
l=0

2l + 1
2

Pl(ω · ζ)
∫ 1

−1
dy Pl(y)S(x, y)

and, using the addition formula

Pl(ω · ζ) =
4π

2l + 1

l

∑
ν=−l

Yν
l (ζ)Yν

l (ω) ∀ω, ζ ∈ S2, (6.2)

we find (see (5.1), (5.2))

(SR f )(r, ω) = 2π
+∞

∑
l=0

l

∑
ν=−l

Yν
l (ω)

∫ R

0
dρ
∫ 1

−1
dy S(r− ρ, y)Pl(y)

∫
S2

dΩ(ζ) f (ρ, ζ)Yν
l (ζ)

= −2πb(m)
+∞

∑
l=0

l

∑
ν=−l

Yν
l (ω)

∫ R

0
dρ flν(ρ)

∫ 1

−1
dy

Pl(y)
cosh(r− ρ) + y

m+1

:=
+∞

∑
l=0

l

∑
ν=−l

(S(l)
R flν)(ρ)Yν

l (ω)

where
flν(ρ) =

∫
S2

dΩ(ζ) f (ρ, ζ)Yν
l (ζ) (6.3)

and S(l)
R is the integral operator in L2((0, R)), for any R > 0, with kernel S(l)

m (x) independent
from R defined in Appendix B. In particular, this decomposition implies

n(λ, SR) =
+∞

∑
l=0

(2l + 1)n(λ, S(l)
R ). (6.4)

We are now in position to characterize the asymptotic of (6.1).

29
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Proposition 6.1. For any λ > 0 we have

lim
R→+∞

n(λ, SR)

2R
=

+∞

∑
l=0

2l + 1
4π

∣∣∣∣{k ∈ R | Ŝ (l)
m (k) >

λ√
2π

}∣∣∣∣ (6.5)

and the limit is continuous in λ > 0.

Proof. As noted in Appendix B, the kernel of the operator S(l)
R is an even function and satisfies

the estimate
|S(l)

m (x)| ≤ c
cosh x− 1

m+1
. (6.6)

By (6.6) we have S(l)
m ∈ L1(R) ∩ L∞(R) and eε|x|S(l)

m ∈ L2(R) for any ε ∈ [0, 1). These prop-
erties imply that |Ŝ (l)

m (k)| → 0 for |k| → ∞, by Riemann-Lebesgue Theorem, and that Ŝ (l)
m (k)

has an analytic continuation to a neighborhood of the real axis (see, e.g., Theorem IX.13 of
[63]). Then, for any λ > 0 the set M(λ) =

{
k ∈ R | Ŝ (l)

m (k) = λ√
2π

}
consists of a finite num-

ber of points and, in particular, it has measure zero. Thus, the hypotheses of Lemma 4.6 in
[67] are satisfied and we have

lim
R→+∞

n(λ, S(l)
R )

R
=

1
2π

∫ +∞

−∞
dk χ( λ√

2π
+∞

)(Ŝ (l)
m (k))

=
1

2π

∣∣∣∣{k ∈ R | Ŝ (l)
m (k) >

λ√
2π

}∣∣∣∣
where |A| denotes the Lebesgue measure of the set A. Taking into account of (6.4), we obtain
(6.5). Concerning the continuity of the limit, we observe that
limλ′→λ χ(λ′ ,+∞)(Ŝ

(l)
m (k)) = χ(λ,+∞)(Ŝ

(l)
m (k)) for any k such that Ŝ (l)

m (k) 6= λ. Using the Dom-
inated Convergence Theorem we conclude the proof.

For the proof of the last step we make repeatedly use of the following technical Lemma
(for the proof see Lemma 4.9 in [67]).

Lemma 6.1. Let B(z) = B0(z) + K(z), where for z < 0 (z ≤ 0) the operator B0(z) (K(z)) is
compact and continuous in z. Suppose that for a function f such that f (z) → 0 when z → 0− there
exists the limit

lim
z→0−

f (z)n(λ, B0(z)) = l(λ)

and l(λ) is continuous in λ > 0. Then the following holds

lim
z→0−

f (z)n(λ, B(z)) = l(λ).

Then we have

Proposition 6.2.

lim
R→+∞

n(1, SR)

2R
= lim

z→0−

n(1, A(z))
| log |z|| .

Proof. The proof is obtained using Proposition 6.1, Lemma 6.1 and Lemmas 5.1, 5.2, 5.3,
5.4.

Let us prove our main result in the case m < m∗.
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Proof of Theorem 3.1 (case m < m∗). By Theorem 4.2 and Propositions 6.1, 6.2 we find that the
limit relation (3.9) holds with

C(m) :=
+∞

∑
l=1,
l odd

2l + 1
2π

∣∣∣∣{k ∈ [0,+∞) | Ŝ (l)
m (k) >

1√
2π

}∣∣∣∣ (6.7)

where we have used the parity of Ŝ(l)
m (k) and the sum is only on l odd due to the property

(B.3). It remains to show that C(m) is finite and strictly positive.
Let us prove the upper bound for C(m). We first look for an estimate of Ŝ (l)

m (k) for l odd
and k ≥ 0. By Cauchy-Schwarz inequality we have

Ŝ (l)
m (k) ≤ m + 1√

2π
√

m(m + 2)

∫ 1

0
dy |Pl(y)|

sinh
(
k arcsin

( y
m+1

))
sinh

(
k π

2
)

cos
(
arcsin

( y
m+1

))
≤ (m + 1)3/2
√

2π
√

m(m + 2)
1√

2l + 1

[∫ z0

0
dz

sinh2(kz)
sinh2 (k π

2
)

cos z

]1/2

where z0 = arcsin
(

1
m+1

)
. Using the estimate

sinh(kz)
sinh(kπ/2)

≤ e−k(π/2−z0) for z ∈ (0, z0), we

find

Ŝ (l)
m (k) ≤ (m + 1)3/2

√
2π
√

m(m + 2)
1√

2l + 1
e−k(π/2−z0)

[∫ z0

0
dz

1
cos z

]1/2

≤ (m + 1)3/2
√

2π
√

m(m + 2)
1√

2l + 1
e−k(π/2−z0)

[
log
(

tan
(π

4
+

z0

2

))]1/2

≤ (m + 1)3/2
√

2π
√

m(m + 2)
1√

2l + 1
e−k(π/2−z0)

[
log

(√
1 +

2
m

)]1/2

where in the last step we have used the elementary formula tan x
2 = sin x

1+cos x and the definition
of z0. Taking into account of the definition of α(m) and β(m) given in (3.12), we have shown

Ŝ (l)
m (k) ≤ α(m)√

2l + 1
e−β(m)k.

By Equation (6.7) and the above inequality we obtain

C(m) ≤
+∞

∑
l=1,
l odd

2l + 1
2π

∣∣∣∣{k ∈ [0,+∞) | α(m)√
2l + 1

e−β(m)k >
1√
2π

}∣∣∣∣ . (6.8)

The measure of the set in the r.h.s. of (6.8) is different from zero only if

α(m)√
2l + 1

>
1√
2π

i. e., only if l ≤ l0(m), where l0(m) is the largest odd integer smaller than
πα(m)2 − 1

2 . Therefore we have

C(m) ≤
l0(m)

∑
l=1,
l odd

2l + 1
2π

∣∣∣∣{k ∈ [0,+∞) | α(m)√
2l + 1

e−β(m)k >
1√
2π

}∣∣∣∣ .
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For any l ≤ l0(m), let

Kl(m) :=
1

β(m)
log

√
2π α(m)√

2l + 1

be the unique positive solution of the equation
α(m)√
2l + 1

e−β(m)k =
1√
2π

. Then

C(m) ≤
l0(m)

∑
l=1,
l odd

2l + 1
2πβ(m)

log

(√
2π α(m)√

2l + 1

)

≤ 1
2πβ(m)

log

(√
2π α(m)√

3

)
l0(m)

∑
l=1,
l odd

(2l + 1)

=
1

4πβ(m)
log

(√
2π α(m)√

3

)
(l0(m)2 + 3l0(m) + 2)

and this concludes the proof of (3.11).
Let us prove the lower bound for C(m). By (6.7) we immediately get

C(m) ≥ 3
2π

∣∣∣∣{k ∈ [0,+∞) | Ŝ (1)
m (k) >

1√
2π

}∣∣∣∣ . (6.9)

Using Equation (B.5) and Definition 3.2, we find that

Ŝ (1)
m (0) =

Λ(m)√
2π

>
1√
2π

for m < m∗

and this implies strictly positivity of the right hand side of (6.9). Furthermore, by monotonic-
ity of Ŝ (1)

m (k), stated in Lemma B.1, we have∣∣∣∣{k ∈ [0, ∞)|Ŝ (1)
m (k) >

1√
2π

}∣∣∣∣ = k1(m) (6.10)

where k1(m) is the unique positive solution of the equation Ŝ (1)
m (k) = 1√

2π
. From (6.9) and

(6.10) the lower bound (3.10) follows.

Remark 6.1. Let us check that l0(m) ≥ 1 for m < m∗. Recall that l0(m) is the largest odd
integer smaller than g(m) := πα(m)2− 1/2. It is easy to see that the function g is decreasing,
g(m) → +∞ for m → 0 and g(m) → 0 for m → +∞. Then the assertion follows if one
observes that g(m∗) > 1 (indeed, g(m∗) ' 6.65).

Remark 6.2. The lower bound of C(m) can be improved. Recall that m∗ := m(1)
∗ is defined as

the solution of
√

2π Ŝ (1)
m (0) = Λ(m) = 1. By analogy, for each l odd we can define a critical

mass m(l)
∗ as the solution of

√
2π Ŝ (l)

m (0) = 1. By (B.2), m(l)
∗ solves the equation

2(m + 1)
π
√

m(m + 2)

∫ 1

0
dy Pl(y)

arcsin
( y

m+1
)

cos
(
arcsin

( y
m+1

)) = 1.

One can show (see [25, Appendix A]) that m(l)
∗ is uniquely defined, it is decreasing in l and√

2π Ŝ (l)
m (0) > 1

(√
2π Ŝ (l)

m (0) < 1
)

if m < m(l)
∗ (m > m(l)

∗ ). Hence, if m(L+2)
∗ < m < m(L)

∗ for
some L then in (6.7) each term with l ≤ L is certainly nonzero and this implies

C(m) ≥
L

∑
l=1

l odd

2l + 1
2π

∣∣∣∣{k ∈ [0,+∞)|Ŝ (l)(k) >
1√
2π

}∣∣∣∣ .
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Obviously, for L = 1 we have only the first term and the inequality above reduces to (6.9).

Remark 6.3. It is worth noticing that, by Definition 3.2, we have
√

2π Ŝ (1)
m (0) < 1 for m > m∗

which, via (6.7), (B.3), (B.4) and (B.5), implies C(m) = lim
z→0−

N(z)
| log |z|| =0. In fact, we conclude

this section showing that for m > m∗ the discrete spectrum of H is finite, i. e., there is no
Efimov effect.

Proof of Theorem 3.1 (case m > m∗). For z < 0 and ε ∈ (0, 1) the following inequality holds

n(1, A(z)) ≤n(1− ε,S(z)) + n
( ε

3
, A(z)− A0(z)

)
+ n

( ε

3
,B(z)− B̃(z)

)
+ n

( ε

3
,B0(z)− S(z)

) (6.11)

where the operators A0(z),B(z), B̃(z),S(z) have been defined in the previous section. Such
an inequality is a direct consequence of Lemmas 5.1, 5.2, 5.3, 5.4 and of the following tech-
nical result (see, e. g., [14]): if A, B are compact self-adjoint operators and λi > 0, i = 1, 2
then

n(λ1 + λ2, A + B) ≤ n(λ1, A) + n(λ2, B).

Note that for z ≤ 0 the operators appearing in the last three terms of (6.11) are compact and
continuous in z. Therefore, the last three terms of (6.11) remain finite for z → 0−. Let us
consider the first term in the right hand side of (6.11), i.e., n(1− ε,S(z)).

We notice that

(S(z)ξ, ξ) = (Sξz, ξz) = (SMξz, Mξz) (6.12)

where ξz(p) = (χ|z|−1/2 − χ1)(p)ξ(p), S is the operator in L2(R3) defined by

(S f )(p) = − 1
4π2

(m + 1)2√
m3(m + 2)

∫
dq

f (q)

|p|1/2
(

p2

2µ + q2

2µ + p·q
m

)
|q|1/2

,

M is the unitary operator defined in (5.10) and S acts on L2(R+ × S2, dr⊗ dΩ) as follows

(S f )(r, ω) = − 1
4π2

m + 1√
m(m + 2)

∫ +∞

−∞
dρ
∫

S2
dΩ(ζ)

f (ρ, ζ)

cosh(r− ρ) + ω·ζ
m+1

.

Let us estimate (S f , f ). By (6.3) and (B.1) we get

(S f , f ) =− 1
2π

m + 1√
m(m + 2)

+∞

∑
l=0

l

∑
ν=−l

∫ +∞

−∞
dr flν(r)

∫ +∞

−∞
dρ flν(ρ)

×
∫ 1

−1
dy

Pl(y)
cosh(r− ρ) + y

m+1

=
+∞

∑
l=0

l

∑
ν=−l

√
2π( f̂lν, f̂lνŜ (l)

m )

=
√

2π
+∞

∑
l=0

l

∑
ν=−l

∫ +∞

−∞
dk | f̂lν(k)|2Ŝ (l)

m (k).
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Taking into account of (B.3), (B.4) and (B.5) we deduce

(S f , f ) ≤
√

2π
+∞

∑
l=1

l odd

l

∑
ν=−l

∫ +∞

−∞
dk | f̂lν(k)|2Ŝ (1)

m (k)

≤ Λ(m)
+∞

∑
l=1

l odd

l

∑
ν=−l

|| flν||2

≤ Λ(m)|| f ||2.

(6.13)

By (6.12) and (6.13) we have

(S(z)ξz, ξz) ≤ Λ(m)‖Mξz‖2 ≤ Λ(m)‖ξ‖2

where 0 < Λ(m) < 1 for m > m∗ (see Definition 3.2). Therefore, the operator S(z) does not
have eigenvalues larger than Λ(m), i.e.,

n(1− ε,S(z)) = 0 (6.14)

for any ε ∈ (0, 1−Λ(m)). By Theorem 4.2 and (6.11), (6.14) we find

N(z) ≤ n
( ε

3
, A(z)− A0(z)

)
+ n

( ε

3
,B(z)− B̃(z)

)
+ n

( ε

3
,B0(z)− S(z)

)
(6.15)

for any z < 0 and ε ∈ (0, 1− Λ(m)). Taking the limit z → 0− and using compactness and
continuity in z ≤ 0 of the operators in the r.h.s. of (6.15), we obtain the finiteness of the
number of negative eigenvalues of H.
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7 I N T R O D U C T I O N

The quantum mechanical three-body problem with pairwise, local zero-range interactions is
a subject of considerable interest both for physical applications and for its peculiar mathe-
matical structure. Such a system is described by the formal Hamiltonian H

3 body,d
ν defined

by (1.4).
The first step toward a rigorous analysis of the system is to define the formal Hamilto-

nian (1.4) as a self-adjoint operator. We first notice that, in any reasonable definition, the
interaction term of the Hamiltonian must be non trivial only on the hyperplanes {xi = xj}
where the coordinates of two particles coincide. It is therefore natural to consider the opera-
tor acting as the free Hamiltonian restricted to a domain of smooth functions vanishing in the
neighborhood of each hyperplane {xi = xj}. Such operator is symmetric but not self-adjoint
and one (trivial) self-adjoint extension is obviously the free Hamiltonian. Then we define a
Hamiltonian for a system of three quantum particles in Rd with a two-body, zero-range in-
teraction as a non trivial self-adjoint extension of it. As a consequence of the definition, any
such Hamiltonian acts as the free Hamiltonian outside the hyperplanes ∪i<j{xi = xj} and
it is characterized by a specific boundary condition satisfied by the wave function at each
hyperplane {xi = xj}. The second, and more involved, step is to give an explicit description
of these extensions. The most frequently used techniques are Krein’s theory of self-adjoint
extensions, use of the boundary triplets and approximation by regularized Hamiltonians,
in the sense of the limit of the resolvent or of the quadratic form. The result is strongly
dependent on dimension.

In Chapter 8 the one dimensional case is considered. Here the problem is relatively simpler
due to the fact that the interaction term is a small perturbation of the free Hamiltonian in the
sense of quadratic forms as proved in Section 8.1, where the rigorous definition of H

3 body,1
ν

is then given. In this one dimensional case it is also possible to obtain the Hamiltonian as the
limit of regular interaction rescaled as in the case of a fixed point interaction: 1

ε v
( xα

ε

)
. This

convergence result is proved in Section 8.2. These results will appear in [7].
In dimension two a natural class of Hamiltonians with local zero-range interactions was

constructed in [27] and it was also shown that such Hamiltonians are all bounded from
below. We don’t consider this case further.

In dimension three the analysis is more delicate and is addressed in Chapter 9. A strategy
to circumvent the difficulty is to select a class of extensions based on the analogy with the
two-particle case. In this case (see, e.g., [4]) one is reduced to the study of a fixed point
interaction in the relative coordinate and the entire class of self-adjoint extensions can be
explicitly constructed. One can show that the domain D(hν) of each Hamiltonian hν in the
center of mass reference frame consists of functions ψ ∈ L2(R3) ∩ H2(R3 \ {0}) such that

ψ(x) =
q
|x| + r + o(1) , with r = ν q , (7.1)
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38 point interactions – introduction

for |x| → 0, where q ∈ C, ν ∈ R is a parameter proportional to the inverse of the scattering
length, and x is the relative coordinate. The relation r = νq in (7.1) should be understood as
the generalized boundary condition satisfied at the origin by all the elements in the domain.
Moreover, by definition hν satisfies

(hνψ)(x) = − 1
2µ

(∆ψ)(x) ∀ x 6= 0 (7.2)

where µ denotes the reduced mass of the two-body problem. By analogy, in the three-particle
case the generalized boundary conditions we ask to be satisfied by the generic element ψ in
the domain of H

3 body,d
ν are the following

ψ(x1, x2, x3) =
Q(`)(rij, x`)
|xi − xj|

+ Rij(rij, x`) + o(1) with Rij = ναQ(`) (7.3)

as |xi − xj| → 0. In (7.3) Q(`) is a suitable function defined on the hyperplane {xi = xj} and

rij =
mixi+mjxj

mi+mj
. Furthermore we ask

H
3 body,d
ν ψ = −

3

∑
i=1

1
2mi

∆xi ψ if |xi − xj| 6= 0 ∀i 6= j. (7.4)

In Section 9.1 the quadratic form corresponding to the operator defined by Equations (7.3)
and (7.4) is constructed. Unfortunately, the operator selected in this way, known as STM
extensions, could be not self-adjoint and their self-adjoint extensions could be unbounded
from below (see [36, 48]) exhibiting the occurrence of the Thomas effect. If one resctricts the
Hilbert space by imposing some symmetry constraints the Thomas effect can be prevented.
In our quadratic form approach this means that the associated quadratic form is closed and
bounded from below. In particular, for the three-bosons system the instability is proven to
occur only in the s-wave subspace. Hence, the operator restricted on the orthogonal comple-
ment of this subspace is stable, see Section 9.2. Another system which is stable is the one
composed by two identical fermions and a third particle under certain conditions on the
masses (see Section 9.3 below and [24, 25] for further details).



8 O N E D I M E N S I O N

8.1 rigorous definition of the hamiltonian

This section is devoted to the rigorous definition of the following formal Hamiltonian in
dimension d = 1 as presented in [7]. The first step toward a rigorous definition of H

3body,1
ν

is to remove the center of mass motion. Proceeding as in Appendix A we are left with the
formal Hamiltonian in L2(R2)

H 1d
ν = H0 + ∑

α

ναδ(xα)

where H0 is defined in Equation (A.1). As in the simpler case of a single particle interact-
ing with a fixed point in dimension one we shall use the theory of quadratic form and in
particular the KLMN Theorem in order to give a precise definition of H 1d

ν (see [2], [65]).
The coincidence plane of a pair of particles, because of the removal of the center of mass,

is represented by a line. We denote by πα the coincidence line of the particles in the pair
α, i.e., in the Jacobi coordinates (xα, yα), πα is identified by xα = 0. Furthermore we set
Π = ∪απα. The hyperplanes πα identify six regions Γr, r = 1, . . . 6. For the sake of clarity
we write explicitly the definition of Γr in the coordinates (x23, y23). Obviously we could have
equivalently used any other pair of Jacobi coordinates.

Γ1=


(x23, y23) : x23 ≥ 0,

y23 <
−m3

m2 + m3
x23

 , Γ2=


(x23, y23) : x23 ≥ 0,

−m3

m2 + m3
x23 < y23 <

m2

m2 + m3
x23

,

Γ3=


(x23, y23) : x23 ≥ 0,

y23 >
m2

m2 + m3
x23

 , Γ4=

{
(x23, y1) : (−x23,−y1) ∈ Γ1

}
,

Γ5=

{
(x23, y23) : (−x23,−y23)∈ Γ2

}
, Γ6=

{
(x23, y3) : (−x23,−y23) ∈ Γ3

}
.

For any function ψ ∈ Hs(R2) with s > 1/2 we denote by ψ|πα its trace on the hyperplane πα

and we recall that the map ψ→ ψ|πα extends to a continuous one from Hs(R2) to Hs−1/2(R1)

for any s > 1/2.
We start by defining the sesquilinear form associated to the free Hamiltonian H0. In any

pair of Jacobi coordinate (xα, yα) we have

Bfree(ϕ, ψ) :=
∫

dxα dyα

[
1

2µα
∂xα ϕ ∂xα ψ +

1
2nα

∂yα ϕ ∂yα ψ

]
,

D(Bfree) := H1(R2)× H1(R2).

39



40 point interactions – one dimension

With a slight abuse of notation, we shall denote by the same letter the associated quadratic
form Bfree(ψ) := Bfree(ψ, ψ) with domain D(Bfree) := H1(R2).

On the other hand, since the potential ναδ(xα) is supported by the line πα, it seems natural
to associate to the formal operator H 1d

ν the sesquilinear form Bν defined as follows

Bν(ϕ, ψ) := Bfree(ϕ, ψ) + ∑
α

να (ϕ|πα , ψ|πα)L2(πα)
, D(Bν) := H1(R2)× H1(R2).

As before we denote by the same letter the corresponding quadratic form Bν(ψ) := Bν(ψ, ψ)

with domain D(Bν) := H1(R2). The bound

‖ψ|πα‖
2
L2(πα)

≤ ‖∂xα ψ‖L2(R2) ‖ψ‖L2(R2) ≤ ε ‖∂xα ψ‖2
L2(R2) +

1
ε
‖ψ‖2

L2(R2) , (8.1)

which holds true for all ε > 0, immediately yields

∑
α

|να| ‖ψ|πα‖
2
L2(πα)

≤ aBfree(ψ) + b ‖ψ‖2
L2(R2)

for some 0 < a < 1 and b > 0. Hence by the KLMN Theorem the form Bν is closed, semi-
bounded, and defines a self-adjoint operator bounded from below (see also [16]). To prove
(8.1) note that

‖ψ|πα‖
2
L2(πα)

=
∫ ∞

−∞
dy` |ψ(0, y`)|2 =

∫ ∞

−∞
dyα

∫ 0

−∞
dxα ∂xα |ψ(xα, yα)|2

then calculate the derivative in the r.h.s. and apply the elementary inequality ab ≤ 1/2(a2 +

b2).
Hence we have found a rigorous definition for the formal expression H 1d

ν and it remains
to write its explicit expression. This is the content of the following theorem. Let us introduce
the notation [∂xα ψ]πα

to denote the jump of the normal derivative of the function ψ across
the plane πα, i.e.,

[∂xα ψ]πα
≡ [∂xα ψ]πα

(yα) := lim
ε→0+

(∂xα ψ(ε, yα)− ∂xα ψ(−ε, yα)) .

Theorem 8.1. The self-adjoint operator associated to the closed and semi-bounded quadratic form Bν
is

D(Hν) :=
{

ψ ∈ H2(R2\Π) ∩ H1(R2)| [∂xα ψ]πα
= 2µαναψ|πα ∀ α

}
(8.2)

Hνψ = H0ψ on R2\Π. (8.3)

Proof. According to the general theory (see [63]) the operator associated to Bν is defined by

D(Hν) := {ψ ∈ D(Bν)| ∃ f ∈ L2(R2) s.t. Bν(ϕ, ψ) = (ϕ, f ) ∀ϕ ∈ D(Bν)}

Hνψ = f .

Let ϕ ∈ C∞
0 (Γ1) ⊂ D(Bν) and ψ ∈ D(Hν). Then

(ϕ, f ) = Bν(ϕ, ψ) = Bfree(ϕ, ψ),

hence ψ ∈ H2(Γ1) and H0ψ = f on Γ1. Repeating the argument for Γr, r = 2, . . . , 6 we
conclude that ψ ∈ D(Hν) implies ψ ∈ H2(R2\Π) and f = H0ψ on R2\Π. This proves (8.3).



8.1 rigorous definition of the hamiltonian 41

It remains to show the validity of the boundary condition [∂xα ψ]πα = 2µαναψ|πα ∀α. To this
end we consider ϕ ∈ C∞

0 (Γ6 ∪ Γ1) ∈ D(Bν) and ψ as before. Using for definiteness the
coordinates (x23, y23), we have

(ϕ, f ) = Bν(ϕ, ψ) = Bfree(ϕ, ψ) + ν23

∫ 0

−∞
dy23 ϕ

∣∣
π23

(y23)ψ
∣∣
π23

(y23). (8.4)

Let π23,ε = {(x23, y1) : |x23| < ε, y1 < 0}, Γε
1 = Γ1\π23,ε , Γε

6 = Γ6\π23,ε . Then, by (8.3) it
follows

(ϕ, f ) = lim
ε→0

[∫
Γε

6

ϕ H0ψ +
∫

Γε
1

ϕ H0ψ

]
. (8.5)

On the other hand, integrating by parts we have

Bfree(ϕ, ψ) = lim
ε→0

[∫
Γε

6

ϕ H0ψ +
1

2µ23

∫ 0

−∞
dy1 ϕ(−ε, y23) ∂x23 ψ(−ε, y23)

+
∫

Γε
1

ϕ H0ψ− 1
2µ23

∫ 0

−∞
dy23 ϕ(ε, y23) ∂x23 ψ(ε, y23)

]
.

(8.6)

By (8.4), (8.5), (8.6) we conclude∫ 0

−∞
dy23 ϕ

∣∣
π23

(y23)

[
ν23ψ

∣∣
π23

(y23) +
1

2µ23
lim
ε→0

(
∂x23 ψ(−ε, y23)− ∂x23 ψ(ε, y23)

)]
= 0

For any ϕ in C∞
0 (Γ6 ∪ Γ1). Hence

[∂xα ψ]π23
= 2µ23ν23 ψ|π23

on π−23 = {(x23, y23) : x23 = 0, y23 < 0}. Repeating the argument for each Γi ∪ Γj, i, j =

1, . . . , 6, i < j we conclude the proof.

In the following we find a different expression for the operator Hν. First let us introduce
the “charges” ξ = (ξ(1), ξ(2), ξ(3)) where ξ(`) ∈ H1/2(R3) and the “potential” for λ > 0

Gλξ = ∑
α

Gλ
α ξ(`)

where

Ĝλ
α ξ(`)(kα, pα) =

ξ̂ (`)(pα)
k2

α
2µα

+ p2
α

2nα
+ λ

.

Then we rewrite the definition of the operator Hν as follows

Lemma 8.1.

D(Hν) = {ψ ∈ L2(R2) : ψ = φλ + Gλξ, φλ ∈ H2(R2),

ξ(`) ∈ H1/2(R) ∀`, φλ
∣∣
πα

= −(Γλξ)α ∀α}
(8.7)

(Hν + λ)ψ = (H0 + λ)φλ (8.8)

where

(̂Γλξ)α(pα)=

√2π

να
+

√
πµα√

p2
α

2nα
+ λ

 ξ̂ (`)(pα) + ∑
α′ 6=α

1√
2π

∫
dpα′

ξ̂ (`′)(pα′)

H0(pα, pα′) + λ
.



42 point interactions – one dimension

Proof. First we note that ψ = φλ + Gλξ in the domain defined by the right hand side of (8.7)
belongs to H2(R2\Π) ∩ H1(R2). Furthermore from[

∂xα Gλξ
]

πα

=
[
∂xα Gλ

α ξ(`)
]

πα

= −2
√

2πµαξ(`)

and the boundary condition φλ
∣∣
πα

= −(Γλξ)α we deduce [∂xα ψ]πα
= 2µαναψ|πα . This con-

clude the proof of (8.7). Finally one can easily show that

(H0 + λ)Gλξ = 0 on R2\Π

which, recalling (8.3), immediately implies (8.8) .

Remark 8.1. From the above lemma it follows immediately that for λ > 0 large enough the
resolvent of Hν acts in the following way

(Hν + λ)−1 f = R0(−λ) f + Gλξ

where, defining

τα(λ) =
1

2π

να

1 +
να

√
2µα

2
√

λ

, (8.9)

ξ̂ (1) solves the equation

ξ̂ (1)(p23) = −
∫

dp31
τ23(λ +

p2
23

2n23
)

H0(p23, p31) + λ
f̂ (p31, p23)

−
∫

dp31
τ23(λ +

p2
23

2n23
)

H0(p23, p31) + λ
ξ̂ (2)(p31)−

∫
dp12

τ23(λ +
p2

23
2n23

)

H0(p23, p12) + λ
ξ̂ (3)(p12).

The equations for ξ̂ (2), ξ̂ (3) are obtained by cyclic permutation of the indices.

Remark 8.2. For any να ∈ R. There exist λ0 > 0 such that, for all λ > λ0 one has

|τα(λ)| ≤
|να|
π

.

To see that this is indeed the case: if να ≥ 0 one has τα(λ) ≤ να
2π for all λ > 0; if να < 0 take

λ0 = 2µαν
2
α.

8.2 approximation by regular potentials :
three identical bosons

In this section we consider a system of three identical bosons of unitary mass in dimension
one interacting through contact. Under these assumptions µα = µ = 1/2, nα = n = 2/3 for
any α and the Hilbert space is

Hsym = {ψ ∈ L2(R2) : ψ(pα, pβ) = ψ(pβ, pα) = ψ(−pα − pβ, pα)}.

As in Chapter 3 it is useful to introduce operators to describe symmetry. Let Pi→j be the
operator which exchanges particles i, j. For instance in the coordinates (p23, p31) one has

P1→2ψ(p31, p23) = ψ(p23, p31),

P2→3ψ(p31, p23) = ψ(−p31 − p23, p23),

P1→3ψ(p31, p23) = ψ(p31,−p31 − p23).
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Then ψ ∈ Hsym if and only if ψ = Pi→jψ for any i, j.
Moreover, using the symmetry assumptions, one easily conclude να = ν and ξ(`) = ξ for

any α. Hence the Hamiltonian Hν of the system (see Lemma 8.1) reduced to

D(Hν) = {ψ ∈ Hsym : ψ = φλ + ∑
α

Gλ
α ξ, φλ ∈ Hsym ∩ H2(R2),

ξ ∈ H1/2(R) ,
√

2π
∫

dp′α φ̂λ(pα′ , pα) = −(̂Γλξ)(pα) ∀α, α′ : α 6= α′}

(Hν + λ)ψ = (H0 + λ)φλ

where

(̂Γλξ)(pα)=

√2π

ν
+

√
πµ√

p2
α

2n + λ

 ξ̂(pα) + ∑
α′ 6=α

1√
2π

∫
dpα′

ξ̂(pα′)

H0(pα, pα′) + λ
.

Furthermore the resolvent operator studied in Remark 8.1 under our assumptions acts as
follows:

(Hν + λ)−1 f (p31, p23) =
f̂ (p31, p23)

H0(p31, p23) + λ
+

ξ̂(p23) + ξ̂(p31) + ξ̂(−p23 − p31)

H0(p31, p23) + λ
(8.10)

where ξ̂ solves the equation

ξ̂(p) = −
∫

dq′
τ
(
λ + 3

4 p2)
H0(p, q′) + λ

f̂ (q′, p)− 2
∫

dq′
τ
(
λ + 3

4 p2)ξ̂(q′)
H0(p, q′) + λ

. (8.11)

Here τ(λ) = τα(λ) =
1

2π
ν

1+ν/2
√

λ
for any α, τα(λ) being defined in Equation (8.9). Our goal is

to obtain the Hamiltonian Hν as the limit of Hamiltonians with regular rescaled potentials.
To this end let us consider a system of three identical bosons of unitary mass interacting
through two-body potentials rescaled as follows: vα,ε(xα) =

1
ε v
( xα

ε

)
for any α and for some

spherically symmetric function v. Then the Hamiltonian of the system in the Fourier space
is

Hε = H0 + ∑
α

Vα,ε

where
Vα,εψ(kα, pα) =

1√
2π

∫
dk v̂(ε(k− kα))ψ(k, pα).

We are interested in the limit of Hε as ε goes to 0. In particular we want to show that Hε

converges to Hν in strong resolvent sense where ν =
∫

dx v(x) =
√

2π v̂(0).

Remark 8.3. Notice that on Hsym one has Pi→jH0 = H0. Moreover one can easily show
P`→`′Vα,ε = Vα′ ,ε for `′ 6= ` and finally Pi→jVα,ε = Vα,ε if i, j ∈ α. Hence in particular
Pi→j Hε = Hε for any i, j.

Our aim is to prove the following theorem.

Theorem 8.2. Let us assume v ∈ L1(R, (1 + |x|2)1/2), v(x) = v(|x|) and ν =
√

2π v̂(0). Then
there exists λ0 > 0 such that for λ > λ0 one has

lim
ε→0
‖(Hε + λ)−1 f − (Hν + λ)−1 f ‖ = 0 ∀ f ∈ Hsym.
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Remark 8.4. Note that by the assumption v ∈ L1(R) the interaction term in Hε is a small
perturbation of the free Hamiltonian and KLMN Theorem applies (see [2]). Hence Hε is a
well defined self-adjoint operator bounded from below. In particular, for λ > 0 large enough,
the resolvent (Hε + λ)−1 is a bounded operator.

Remark 8.5. From the assumptions on the potential v it follows supk |v̂(k)| ≤ C. Furthermore
for any a ∈ (0, 2)

sup
k

|v̂(k)− v̂(0)|2
k a ≤ C.

To check that this is indeed the case, it is enough to recall that |eix − 1| ≤ |x|, hence

|v̂(k)− v̂(0)| = 1√
2π

∣∣∣∣ ∫ dx(eixk − 1)v(x)
∣∣∣∣ ≤ |k| 1√

2π

∫
dx|x||v(x)|.

The proof of Theorem 8.2 is based on the analysis of the Faddeev Equations for the resol-
vent presented in Section A.3. First we obtain the explicit expression of the equations under
our assumptions. By Equation (A.11) we know that

Rε(−λ) f := (Hε + λ)−1 f = R0(−λ) f +
3

∑
`=1

R0(−λ)ρ
(`)
ε (8.12)

where ρ
(`)
ε = −R0(−λ)R(`)(−λ) f = −VαRε(−λ) f . Noticing that f ∈ Hsym and using the

commutation properties of Pi→j seen before we easily conclude

P`→`′ρ
(`)
ε = ρ

(`′)
ε , ` 6= `′

Pi→jρ
(`)
ε = ρ

(`)
ε , i, j ∈ α.

(8.13)

Hence ρ̂ε(p31, p23) := ρ̂
(1)
ε (p31, p23) satisfies the equation

ρ̂ε(p31, p23) =−
∫

dp′31
tε(λ + 3

4 p2
23;− 1

2 p23 − p31,− 1
2 p23 − p′31)

H0(p23, p′31) + λ
f̂ (p′31, p23)

−
∫

dp′31
tε(λ + 3

4 p2
23;− 1

2 p23 − p31,− 1
2 p23 − p′31)

H0(p23, p′31) + λ
ρ̂ε(p23, p′31)

−
∫

dp′31
tε(λ + 3

4 p2
23; 1

2 p23 + p31, 1
2 p23 + p′31)

H0(p23, p′31) + λ
ρ̂ε(p′31,−p23 − p′31)

where tε(λ; k, k,′ ) := t23,ε(λ; k, k′) has been defined in Remark A.1. Next in the last integral
we use the symmetry property ρ̂ε(p′31,−p23 − p′31) = ρ̂ε(p23,−p23 − p′31) and the change of
variable p′12 = −p23 − p′31 obtaining

ρ̂ε(q, p) = −
∫

dq′
tε(λ + 3

4 p2;− 1
2 p− q,− 1

2 p− q′)
H0(p, q′) + λ

f̂ (q′, p)

−
∫

dq′
[

tε(λ + 3
4 p2;− 1

2 p−q,− 1
2 p−q′) + tε(λ + 3

4 p2; 1
2 p + q,− 1

2 p−q′)
H0(p, q′) + λ

]
ρ̂ε(p, q′). (8.14)

From ρ̂ε, using Equations (8.12) and (8.13), we reconstruct the action of the resolvent Rε(−λ)

as follows:

Rε(−λ) f (p31, p23) =
f̂ (p31, p23)

H0(p31, p23) + λ

+
ρ̂ε(p31, p23) + ρ̂ε(p23, p31) + ρ̂ε(p31,−p31 − p23)

H0(p31, p23) + λ
. (8.15)
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Remark 8.6. We stress the analogy between Equations (8.15),(8.14) and
Equations (8.10), (8.11) respectively. In fact, if the interactions are of the form vα = νδ(δ, ·)
then the kernel of the operator tα(λ) defined by Equation (A.16) reduces to

tα(λ, k, k′) =
1

2π

ν

1 + ν/(2
√

λ)
= τ(λ).

Since tα does not depend on k, k′ the r.h.s. of the Faddeev Equation (8.14) does not depend
on q, hence, ρ̂(`) = ξ̂(`) does not depend on q either. Then the Faddeev Equations reduce to
Equation (8.11).

By Equations (8.15),(8.14) and Remark 8.1 it follows that to prove Theorem 8.2 is enough
to show the following result.

Theorem 8.3. Under the same assumptions of Theorem 8.2 there exists λ0 such that for λ > λ0 and
any a ∈ (0, 2) one has ∥∥∥∥∥ ρ̂ε − ξ̂

p2 + q2 + pq + λ

∥∥∥∥∥ ≤ ε
a
2

Ca

λ
3
2−

a
4
‖ f ‖.

The proof of Theorem 8.3 is divided into some steps. First we prove some bound on the
kernel tε and its difference with τ.

Lemma 8.2. Under the same assumptions of Theorem 8.2 there exists λ0 > 0 such that, for all
λ > λ0, one has

sup
k,k′
|tε(λ; k, k′)| ≤ C. (8.16)

Moreover for any a ∈ (0, 2)

sup
k,k′

|tε(λ; k, k′)− τ(λ)|2
|k|a + |k′|a + 1

≤ Cεa. (8.17)

Remark 8.7. In the proof of the above lemma and in the following we will often use the trivial
inequality

1
p2 + q2 + p · q + λ

≤ 2
p2 + 2 + 2λ

and the identity ∫
ds

1
(s2 + η)b =

Cb

ηb−1/2 , η > 0, b > 1/2.

Proof of Lemma 8.2. Under our assumptions Equation (A.17) reduces to

tε(λ; k, k′) =
v̂(ε(k− k′))√

2π
− 1√

2π

∫
dp

v̂(ε(k− p))
p2 + λ

tε(λ; p, k′). (8.18)

By using Remarks 8.5 and 8.7 one infers,

|tε(λ; k, k′)| ≤ C +
C√
λ

sup
p
|tε(λ; p, k′)|.

By taking the supremum over k and k′, and up to choosing λ large enough, the latter bound
implies (8.16).
To prove the bound (8.17), we start by noting that the function τ(λ) satisfies the identity

τ(λ) =
v̂(0)√

2π
− 1√

2π

∫
dp

v̂(0)
p2 + λ

τ(λ) (8.19)
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where we have used ν =
√

2π v̂(0). By taking the difference of Equations (8.18) and (8.19)
one has

tε(λ; k, k′)− τ(λ) =
v̂(ε(k− k′))− v̂(0)√

2π
− 1√

2π

∫
dp

v̂(ε(k− p))− v̂(0)
p2 + λ

τ(λ)

− 1√
2π

∫
dp

v̂(ε(k− p))
p2 + λ

(tε(λ; p, k′)− τ(λ)).
(8.20)

We shall prove that

sup
k,k′

|tε(λ; k, k′)− τ(λ)|
|k| a2 + |k′| a2 + 1

≤ Cε
a
2 , (8.21)

which is equivalent to Bound (8.17).
By using Remark 8.5 in Equation (8.20), one has

|tε(λ; k, k′)− τ(λ)|
|k| a2 + |k′| a2 + 1

≤Cε
a
2 +

Cε
a
2 |τ(λ)|

|k| a2 + |k′| a2 + 1

∫
dp
|k| a2 + |p| a2

p2 + λ

+
C

|k| a2 + |k′| a2 + 1

∫
dp
|p| a2 + |k′| a2 + 1

p2 + λ

|tε(λ; p, k′)− τ(λ)|
|p| a2 + |k′| a2 + 1

.

We note that

1

|k| a2 + |k′| a2 + 1

∫
dp
|p| a2 + |k| a2 + |k′| a2 + 1

p2 + λ
≤ C

λ
1
2
+

Ca

λ
1
2−

a
4

a ∈ (0, 2).

Hence, for λ > 1, one has

sup
k,k′

|tε(λ; k, k′)− τ(λ)|
|k| a2 + |k′| a2 + 1

≤ Cε
a
2

(
1 +

Ca|τ(λ)|
λ

1
2−

a
4

)
+

Ca

λ
1
2−

a
4

sup
p,k′

|tε(λ; p, k′)− τ(λ)|
|p| a2 + |k′| a2 + 1

.

The latter bound implies the bound (8.21), by Remark 8.2 and up to taking λ large enough.

Lemma 8.3. Let δ = (3− a)/2. Then, there exists λ0 such that for λ > λ0 one has

sup
q

∫
dp

1

(q2 + p2 + 2λ)
3
2−δ

∣∣∣ρ̂ε(q, p)− ξ̂(p)
∣∣∣2 ≤ εa Ca

λ
3
2
‖ f ‖2.

Proof. We start by noting that

sup
q

∫
dp
|ρ̂ε(q, p)− ξ̂(p)|2

(p2 + q2 + 2λ)3/2−δ
≤ C sup

q

∫
dp

1
(p2 + q2 + 2λ)3/2−δ

[|F(q, p)|2 + |X+(q, p)|2 + |X−(q, p)|2 + |Y+(q, p)|2 + |Y−(q, p)|2] (8.22)

where

F(q, p) = −
∫

dq′
tε(λ + 3

4 p2; q + p
2 , q′ + p

2 )− τ(λ + 3
4 p2)

q′2 + p2 + q′p + λ
f̂ (q′, p);

X±(q, p) = −
∫

dq′
tε(λ + 3

4 p2; q + p
2 ,±q′ ± p

2 )− τ(λ + 3
4 p2)

q′2 + p2 + q′p + λ
ξ̂
(
q′
)

;

and

Y±(q, p) = −
∫

dq′
tε(λ + 3

4 p2; q + p
2 ,±q′ ± p

2 )

q′2 + p2 + q′p + λ

(
ρ̂ε

(
p, q′

)
− ξ̂(q′)

)
.
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Next we want to estimate all the terms appearing in the r.h.s. of Equation (8.22). In particular,
we want to show

sup
q

∫
dp

1

(q2 + p2 + 2λ)
3
2−δ
|F(q, p)|2 ≤ εa Ca

λ
3
2
‖ f ‖2, (8.23)

sup
q

∫
dp

1

(q2 + p2 + 2λ)
3
2−δ
|X±(q, p)|2 ≤ εa Ca

λ
5
2
‖ f ‖2, (8.24)

sup
q

∫
dp

1

(q2 + p2 + 2λ)
3
2−δ
|Y±(q, p)|2

≤ Cδ

λ
sup

q

∫
dp

1

(q2 + p2 + 2λ)
3
2−δ

∣∣∣ρ̂ε (q, p)− ξ̂(p)
∣∣∣2 . (8.25)

We start with Bound (8.25).

sup
q

∫
dp

1

(q2 + p2 + 2λ)
3
2−δ
|Y±(q, p)|2

= sup
q

∫
dp

1

(q2 + p2 + 2λ)
3
2−δ

∣∣∣∣∣
∫

dq′
tε(λ + 3

4 p2; q + p
2 ,±q′ ± p

2 )

q′2 + p2 + q′p + λ

(
ρ̂ε

(
p, q′

)
− ξ̂(q′)

)∣∣∣∣∣
2

≤Cδ sup
q

∫
dp

1

(q2 + p2 + 2λ)
3
2−δ

1
(p2 + 2λ)δ

∫
dq′

∣∣∣ρ̂ε (p, q′)− ξ̂(q′)
∣∣∣2

(q′2 + p2 + 2λ)
3
2−δ

≤Cδ

λ
sup

p

∫
dq′

∣∣∣ρ̂ε (p, q′)− ξ̂(q′)
∣∣∣2

(q′2 + p2 + 2λ)
3
2−δ

,

for any 0 < δ ≤ 3/2. In the first inequality we used the bound (8.16), Cauchy-Schwarz
inequality in the integral in q′, and Remark 8.7. In the second inequality we dropped q from
the denominator (here we used the constraint 0 < δ ≤ 3/2), took the supremum on p and
used again Remark 8.7. Bound (8.25) is obtained by changing p in q and q′ in p at the r.h.s..
Next we consider Bound (8.23).

sup
q

∫
dp

1

(q2 + p2 + 2λ)
3
2−δ
|F(q, p)|2

= sup
q

∫
dp

1

(q2 + p2 + 2λ)
3
2−δ

∣∣∣∣∣
∫

dq′
tε(λ + 3

4 p2; q + p
2 , q′ + p

2 )− τ(λ + 3
4 p2)

q′2 + p2 + q′p + λ
f̂ (q′, p)

∣∣∣∣∣
2

≤4‖ f ‖ sup
q,p

1

(q2 + p2 + 2λ)
3
2−δ

∫
dq′
|tε(λ + 3

4 p2; q + p
2 , q′ + p

2 )− τ(λ + 3
4 p2)|2

(q′2 + p2 + 2λ)2
.

Here we used first Cauchy-Schwarz inequality in the integral in q′, then took the supremum
in p, and used Remark 8.7.
Before proceeding further we note that for the term in the Bound (8.24) we have

sup
q

∫
dp

1

(q2 + p2 + 2λ)
3
2−δ
|X±(q, p)|2

= sup
q

∫
dp

1

(q2 + p2 + 2λ)
3
2−δ

∣∣∣∣∣
∫

dq′
tε(λ + 3

4 p2; q + p
2 ,±q′ ± p

2 )− τ(λ + 3
4 p2)

q′2 + p2 + q′p + λ
ξ̂
(
q′
)∣∣∣∣∣

2

≤ C

λ
3
2
‖ f ‖2sup

q

∫
dp

1

(q2 + p2 + 2λ)
3
2−δ

∫
dq′
|tε(λ + 3

4 p2; q + p
2 , q′ + p

2 )− τ(λ + 3
4 p2)|2

(q′2 + p2 + 2λ)2
.
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Here we used Cauchy-Schwarz inequality and the fact that

‖ξ‖ ≤ C

λ
3
2
‖ f ‖2,

for λ large enough, which follows easily from Equation (8.11) and Remarks 8.2 and 8.7.
We are left to prove that

sup
q,p

1

(q2 + p2 + 2λ)
3
2−δ

∫
dq′
|tε(λ + 3

4 p2; q + p
2 , q′ + p

2 )− τ(λ + 3
4 p2)|2

(q′2 + p2 + 2λ)2

≤ εa Ca

λ
3
2

(8.26)

and

sup
q

∫
dp

1

(q2 + p2 + 2λ)
3
2−δ

∫
dq′
|tε(λ + 3

4 p2; q + p
2 , q′ + p

2 )− τ(λ + 3
4 p2)|2

(q′2 + p2 + 2λ)2

≤ εa Ca

λ
. (8.27)

We start by noticing that∫
dq′
|tε(λ+

3
4 p2; q+ p

2 , q′+ p
2 )− τ(λ+ 3

4 p2)|2

(q′2 + p2 + 2λ)2
≤Cεa

∫
dq′

1 + |p|a + |q|a + |q′|a

(q′2 + p2 + 2λ)2

≤Caεa

(
1+ |p|a+ |q|a

(p2 + 2λ)
3
2

+
1

(p2 + 2λ)
3−a

2

)
where we used Remark 8.7, Equation (8.17) and the trivial identity∫

dq′ |q′ |a
(q′2+η)2 = η−

3−a
2
∫

ds sa

(s2+1)2 = Caη−
3−a

2 , which holds true for all a ∈ (0, 3).

Setting δ = (3− a)/2, one has

sup
q

1

(q2 + p2 + 2λ)
3
2−δ

(
1 + |p|a + |q|a

(p2 + 2λ)
3
2

+
1

(p2 + 2λ)
3−a

2

)

= sup
q

1

(q2 + p2 + 2λ)
a
2

(
1 + |p|a + |q|a

(p2 + 2λ)
3
2

+
1

(p2 + 2λ)
3−a

2

)
≤ C

(p2 + 2λ)
3
2

,

in the latter inequality we assumed 2λ ≥ 1, which in turn implies 1

(p2+2λ)
3+a

2
≤ 1

(p2+2λ)
3
2

.

Then Bounds (8.23) and (8.24) follow from (8.26) and (8.27).
By Equations (8.22), (8.23), (8.24), (8.25) one has that, for λ large enough,

sup
q

∫
dp

1

(q2 + p2 + 2λ)
3
2−δ

∣∣∣ρ̂ε(q, p)− ξ̂(p)
∣∣∣2

≤ εa Ca

λ
3
2
‖ f ‖2 +

Cδ

λ
sup

q

∫
dp

1

(q2 + p2 + 2λ)
3
2−δ

∣∣∣ρ̂ε(q, p)− ξ̂(p)
∣∣∣2 .

Hence,

sup
q

∫
dp

1

(q2 + p2 + 2λ)
3
2−δ

∣∣∣ρ̂ε(q, p)− ξ̂(p)
∣∣∣2 ≤ εa Ca

λ
3
2

1
1− Cδ/λ

‖ f ‖2

≤ εa Ca

λ
3
2
‖ f ‖2.
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Proof of Theorem 8.3. We notice that for any δ > 0

∫
dp dq

|ρ̂ε(q, p)− ξ̂(p)|2
p2 + q2 + qp + λ

≤4
∫

dq
1

(q2 + 2λ)
1
2+δ

×
∫

dp
1

(q2 + p2 + 2λ)
3
2−δ

∣∣∣ρ̂ε(q, p)− ξ̂(p)
∣∣∣2

≤Cδ

λδ
sup

q

∫
dp

1

(q2 + p2 + 2λ)
3
2−δ

∣∣∣ρ̂ε(q, p)− ξ̂(p)
∣∣∣2 .

Setting δ = (3− a)/2 the thesis follows immediately from Lemma 8.3.





9 T H R E E D I M E N S I O N S

9.1 the energy form

In this chapter we present the results obtained in [10] on the study of three-particle system
with zero-range interaction in dimension 3. The Hamiltonian of the system is H

3body,3
ν de-

fined in Equation (1.4). Removing the center of mass motion, along the same line of Appendix
A, we obtain the formal Hamiltonian in L2(R6)

H 3d
ν = H0 + ∑

α

ναδ(xα).

As in the one dimensional case we want to use a quadratic form approach to give a rigorous
definition of H 3d

ν . Unfortunately the quadratic form associated to H 3d
ν is no longer a small

perturbation of the free form and something different has to be done. The strategy is then
to take advantage of the well known two-body case selecting the so-called Skornyakov-Ter-
Martirosyan (STM) extensions.

In this coordinates the generalized boundary conditions stated in Equation (7.3) reduced
to

ψ(xα, yα) =
ξ(`)(yα)

|xα|
+ rα(ya) + o(1) with rα = ναξ(`) (9.1)

as |xα| → 0. Where ξ(`) is a suitable function defined on the hyperplane πα = {xα = 0}.
Furthermore we ask the analogous of (7.4):

H 3d
ν ψ = H0ψ if |xα| 6= 0 ∀α. (9.2)

Let us introduce the "potential" produced by the "charges" ξ(`) as we have done in the one
dimensional case in the previous chapter. Let ξ = (ξ(1), ξ(2), ξ(3)), we set

Gξ = ∑
α

Gαξ(`)

where in Fourier transform

Ĝαξ(`)(kα, pα) =
ξ̂(`)(pα)

k2
α

2µα
+

p2
α

2nα

.

Following the line of Proposition 6.1 in [42] one shows that Gξ solves in the distributional
sense the equation

H0Gξ = (2π)3/2 ∑
α

δ(xα)ξ
(`)(ya). (9.3)

Moreover Gξ has the following behavior when |xα| → 0

Gξ(xα, yα) =

√
2πµαξα(yα)

|xα|
− (Γξ)α(ya) + o(1) (9.4)

51
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where in Fourier transform

(Γ̂ξ)α(pα) = µα

√
2π ξ̂ (`)(pa)

√
µα

nα
p2

a − ∑
α′ 6=α

1
(2π)3/2

∫
dpα′

ξ̂ (`′)(pα′)

H0(pα, pα′)
(9.5)

with H0(pα, pα′) defined in (A.6). Next, proceeding as in the one-dimensional case we de-
compose the generic element ψ in the domain of H 3d as

ψ = φ + Gξ (9.6)

where φ is a smooth function. Then Equations (9.4) and (9.1) yield

φ
∣∣
πα
(yα) =

√
2πµαναξ(`)(yα) + (Γξ)α(ya). (9.7)

The next step is to use the decomposition (9.6) to obtain the explicit expression of the
quadratic form Bν associated to the operator H 3d

ν . As in Chapter 8 we will denote with
Bfree the quadratic form associated with the free Hamiltonian. We set Ωε = {|xα| > ε, ∀α}.
Then taking into account Equation (9.3) and the request (9.2) we have

Bν(ψ) =(ψ, H 3d
ν ψ) = lim

ε→0

∫
Ωε

ψH0ψ

=Bfree(φ) + lim
ε→0

∫
Ωε

GξH0φ

=Bfree(φ) + ∑
α

[
(2π)2µα

∫
dpα|ξ̂ (`)|2

(
να +

√
µα

nα
p2

α

)
− ∑

α′ 6=α

∫
dpαdpα′

ξ̂ (`)(pα)ξ̂ (`′)(pα′)

H0(pα, pα′)

]
.

Where we have used also (9.5) and (9.7). Hence we can finally give a rigorous definition of
Bν :

D(Bν) = {ψ ∈ L2(R6) : ψ = φ + Gξ, |∇φ| ∈ L2(R6), ξ(`) ∈ H1/2(R3)} (9.8)

Bν(ψ) = Bfree(φ) + ∑
α

[
(2π)2µα

∫
dpα|ξ̂ (`)|2

(
να+

√
µα

nα
p2

α

)
− ∑

α′ 6=α

∫
dpαdpα′

ξ̂ (`)(pα)ξ̂ (`′)(pα′)

H0(pα, pα′)

]
.

(9.9)

Remark 9.1. We note that in (9.8) the choice of the charges ξ(`) ∈ H1/2(R3) guarantees that
all terms in the square brackets of (9.9) are finite. However, it is not a priori clear for which
class of charges the sum of the last two terms in the square brackets is finite. Therefore our
choice has some degree of arbitrariness and in fact, in some relevant cases, a larger class of
charges must be considered ([25]).

9.2 three bosons for non-zero angular momentum

For a system of three identical bosons of unitary masses, considered in the center of mass
reference frame, the Hilbert space of states in momentum space in the coordinates (pα, pβ) is

Hsym = {ψ ∈ L2(R6) : ψ(p23, p31) = ψ(p31, p23) = ψ(p23,−p23 − p31)}.
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Moreover the symmetry condition implies that να = ν and ξ(`) = ξ for any α, ` respectively.
Then we have the following expression for the potential

(Ĝξ)(p23, p31) = Ĝξ(p23, p31) =
ξ̂(p23) + ξ̂(p31) + ξ̂(−p23 − p31)

p2
23 + p2

31 + p23 · p31

With an abuse of notation we define the quadratic form associated to the STM operator in
the bosonic case as

D(Bν) =
{

ψ ∈ Hsym : ψ = φ + Gξ, |∇φ| ∈ Hsym, ξ ∈ H1/2(R3)
}

(9.10)

Bν(ψ) = Bfree(φ) + 6π2 Φν(ξ) (9.11)

where the form Φν acting on the charge ξ ∈ D(Φν) = H1/2(R3) is given by

Φν(ξ) = Φdiag(ξ̂) + Φoff(ξ̂) + ν‖ξ‖2

and the diagonal part and the off-diagonal part are defined respectively by

Φdiag( f ) =
√

3
2

∫
dp |p| | f (p)|2

Φoff( f ) = − 1
π2

∫
dp1 dp2

f (p1) f (p2)

p2
1 + p2

2 + p1 · p2

It is easy to see that if one can find an f0 such that Φdiag( f0) + Φoff( f0) < 0 then, by a scaling
argument, one shows that the form (9.11) is unbounded from below. As a matter of fact,
such f0 can be explicitly constructed and it is rotationally invariant (for the proof one can
follows the line of [42], Section 4). This fact is not surprising since it is known that the STM
operator for three bosons is not self-adjoint and all its self-adjoint extensions are unbounded
from below, showing the occurrence of the Thomas effect ([36]). Following [48], we define
H0 = {ψ ∈ Hsym | ψ̂ = ψ̂(|p23|, |p31|)}, which is an invariant subspace for the STM operator,
and we consider its orthogonal complement H⊥0 . In the next theorem we characterize our
quadratic form in H⊥0 .

Theorem 9.1. The quadratic form (9.11) restricted to the subspace H⊥0 is bounded from below and
closed for any ν ∈ R.

We start with some preliminaries, following the line of [24]. Given f ∈ L2(R3), we consider
its expansion in spherical harmonics. Using this expansion one can obtain the following
decompositions for Φoff and Φdiag (see [24], Lemma 3.1)

Φdiag( f ) =
+∞

∑
l=0

l

∑
ν=−l

Fdiag( flν)

Φoff( f ) =
+∞

∑
l=0

l

∑
ν=−l

Foff
l ( flν)

(9.12)

where flν is defined in (6.3) and Fdiag, Foff
l acting on g ∈ L2((0,+∞), (1 + ρ3)dρ)as

Fdiag(g) =
√

3
2

∫ +∞

0
dρ ρ3 |g(ρ)|2

Foff
l (g) = − 2

π

∫ +∞

0
dρ
∫ +∞

0
dρ′ ρ2 g(ρ)ρ′ 2 g(ρ′)

∫ 1

−1
dy

Pl(y)
ρ2 + ρ′2 + ρρ′y
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where Pl denotes the Legendre polynomial of order l. Indeed

Φdiag( f ) =
√

3
2

∫ +∞

0
dρ ρ3

∫
S2

dΩ(ζ)

∣∣∣∣ +∞

∑
l=0

l

∑
ν=−l

flν(ρ)Yν
l (ζ)

∣∣∣∣2
=

+∞

∑
l=0

l

∑
ν=−l

√
3

2

∫ +∞

0
dρ ρ3 | flν(ρ)|2.

While for the off diagonal term we first use the addition formula (6.2) to rewrite

1
p2

1 + p2
2 + p1 · p2

= 2π
+∞

∑
l=0

l

∑
ν=−l

Yν
l (ζ)Yν

l (ω)
∫ 1

−1
dy

Pl(y)
|p1|2 + |p2|2 + |p1||p2|y

where p1 = (|p1|, ζ), p2 = (|p2|, ω), ω, ζ ∈ S2, from which it follows

Φoff( f ) = − 2
π

∫ +∞

0
dρ ρ2

∫ +∞

0
dρ′ρ′ 2

∫
S2

dΩ(ζ)
∫

S2
dΩ(ω) f (ρ, ζ) f (ρ′, ω)

×
+∞

∑
l=0

l

∑
ν=−l

Yν
l (ζ)Yν

l (ω)
∫ 1

−1
dy

Pl(y)
ρ2 + ρ′ 2 + ρρ′y

= − 2
π

+∞

∑
l=0

l

∑
ν=−l

∫ +∞

0
dρ ρ2

∫ +∞

0
dρ ρ′ 2 flν(ρ) flν(ρ

′)
∫ 1

−1
dy

Pl(y)
ρ2 + ρ′ 2 + ρρ′y

.

Proceeding as in Lemma 3.2 of [24], one proves that

Foff
l (g) ≥ 0 for l odd (9.13)

Foff
l (g) ≤ 0 for l even (9.14)

Moreover Foff
l can be diagonalized. Setting

g](k) =
1√
2π

∫
dρ e−ikρe2ρg(eρ)

we have (for details see [24], Lemma 3.3)

Fdiag(g) =
√

3
2

∫
dk |g](k)|2

Foff
l (g) =

√
6π
∫

dk Ŝ (l)(k)|g](k)|2
(9.15)

where Ŝ (l)(k) = Ŝ (l)
1 (k) is defined in Appendix B. Therefore the comparison between Foff

l
and Fdiag is reduced to the study of Sl(k). The following estimate, which is the main tool in
the proof of Theorem 9.1, is a direct consequence of Lemmas B.1, B.2.

Proposition 9.1. Let f ∈D(Φν). Then

−ΩΦdiag( f ) ≤ Φoff( f ) ≤ ΣΦdiag( f )

where

Ω =
100

27
√

3
π − 20

3
+

2
√

11
9
√

3
− 20

9
√

3
t0 ' 0.101 , Σ = −8

3
+

16√
3 π
' 0.274.
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Proof. Using (9.12), (9.13), (9.15), (B.6), we have

Φoff( f ) =
+∞

∑
l=1

l

∑
ν=−l

Foff
l ( flν) ≥

+∞

∑
l=2

l even

l

∑
ν=−l

Foff
l ( flν)

=
√

6π
+∞

∑
l=2

l even

l

∑
ν=−l

∫
dk Ŝ (l)(k) | f ]lν(k)|

2 ≥ −Ω
+∞

∑
l=2

l even

l

∑
ν=−l

√
3

2

∫
dk | f ]lν(k)|

2

≥ −ΩΦdiag( f )

and analogously recalling Equations (B.4), (B.5) and (3.8)

Φoff( f ) ≤
+∞

∑
l=1

l odd

l

∑
ν=−l

Foff
l ( flν)

≤
√

6π
+∞

∑
l=1

l odd

l

∑
ν=−l

∫
dk Ŝ (l)(k) | f ]lν(k)|

2 ≤ 2Λ(1)
+∞

∑
l=1

l odd

l

∑
ν=−l

Fdiag( flν)

= ΣΦdiag( f )

Proof of Theorem 9.1. We first consider the simpler case ν > 0. From Equation (9.11) and
Proposition 9.1 we obtain the positivity of Bν

Bν(ψ) = Bfree(φ) + 6π2Φν(ξ)

≥ 6π2
[

Φoff(ξ̂) + Φdiag(ξ̂) + ν

∫
dp|ξ̂(p)|2

]
≥ 6π2

[
(1−Ω)Φdiag(ξ̂) + ν

∫
dp|ξ̂(p)|2

]
≥ 0

Let us prove that Bν is closed. Let {ψn} = {φn + Gξn} be a sequence in D(Bν) such that
ψn → ψ ∈ L2

sym(R6) and Bν(ψn − ψm)→ 0.
From Bν(ψn − ψm)→ 0, the positivity of H0 and the lower bound for Φν it follows∫

dp23 dp31 (p2
23 + p2

31)
∣∣(φ̂n − φ̂m)(p23, p31)

∣∣2 → 0

‖ξn − ξm‖H1/2 → 0

Thus there exist φ̃ ∈ Hsym and ξ ∈ H1/2(R3) such that∫
dp
∣∣√p2

23 + p2
31 φn(p23, p31)− φ̃(p23, p31)

∣∣2 → 0

‖ξn − ξ‖H1/2 → 0

Defining φ̂ =
̂̃φ√

k2
1 + k2

2

, for any ε > 0 we have

∫
R6

ε

dp23 dp31 |(φ̂n − φ̂)(p23, p31)|2 → 0 (9.16)∫
R6

ε

dp23 dp31
∣∣(Ĝξn − Ĝξ

)
(p23, p31)

∣∣2 → 0 (9.17)
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where Rd
ε = {x ∈ Rd | |x| ≥ ε}. From (9.16) and (9.17) in particular we obtain

ψ = φ + Gξ ∈ D(Bν)

and also Bν(ψn − ψ)→ 0. This concludes the proof in the case ν > 0.
In order to study the case ν ≤ 0 it is convenient to consider the following decomposition for
the generic ψ in the domain of Bν

ψ = φλ + Gλξ

where λ > 0 and

Gλξ(p23, p31) =
ξ̂(p23) + ξ̂(p31) + ξ̂(−p23 − p31)

p2
23 + p2

31 + p23 · p31 + λ

Thus Gλξ belongs to Hsym and φλ is in H1(R6). Moreover the quadratic form can be rewrit-
ten as

Bν(ψ) = Bfree(φ
λ) + λ‖φλ‖2 − λ‖ψ‖2 + 6π2 Φλ

ν(ξ)

where
Φλ

ν(ξ) =

[
Φdiag

λ (ξ̂) + Φoff
λ (ξ̂) + ν

∫
dp ξ̂(p)|2

]
and

Φdiag
λ ( f ) =

∫
dp| f (p)|2

√
3
4

p2 + λ

Φoff
λ ( f ) = − 1

π2

∫
dp23 dp31

f (p23) f (p31)

p2
23 + p2

31 + p23 · p31 + λ

Proceeding as in the case λ = 0 ([24]), one has

−ΩΦdiag
λ ≤ Φoff

λ ≤ ΣΦdiag
λ

Therefore the quadratic form is bounded from below

Bν(ψ) ≥ −
ν2

π4(1−Ω)2 ‖ψ‖
2

The proof that Bν is closed follows exactly the same line of the proof of Theorem 2.1 in [24]
and it is omitted for the sake of brevity.

We conclude observing that Theorem 9.1 implies the existence of a self-adjoint operator
H⊥ν,0 in H⊥0 which, at least formally, coincides with the STM operator restricted to H⊥0 . Such

operator H⊥ν,0 is positive for ν ≥ 0 and bounded from below by − ν2

π4(1−Ω)2 for ν < 0.

9.3 system of fermions

In a system of identical fermions the wave function, due to the antisymmetry under exchange
of coordinates, vanishes at the coincident points of any pair of particles and therefore the
zero-range interaction is ineffective. On the other hand, in physical applications it is relevant
the case of a mixture of N identical fermions of one species and M identical fermions of
another species. Here the dynamics is non trivial since each fermion of one species feels
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the zero-range interaction with all the fermions of the other species. In particular, numerical
simulations seem to suggest ([49]) that the system is stable at least for mass ratio equal to
one but, in this generality, no rigorous result is available (see [42] for a formulation of the
problem in terms of quadratic forms). A significant aspect of the fermionic problem is that
the stability of the system depends on the value of the mass ratio. This has been explicitly
shown in the case of N ≥ 2 identical fermions of mass one plus a different particle of mass m.
In the particular case N = 2 an optimal result have been proved in [24]. in agreement with
previous heuristic results in the physical literature ([15]) and also with other mathematical
results ([53], [54]) they prove stability (instability) for m > m∗ (m < m∗).

Theorem 9.2. Let m∗ be as in Definition 3.2 and Λ(m) as in Equation (3.8). Then

(Stability) If m > m∗ then Bν is closed and bounded from below. In particular Bν is positive for
ν ≥ 0 and bounded from below by

− ν2

4π4(1−Λ(m))2

for ν < 0. Therefore the corresponding STM operator Hν is self-adjoint and bounded from
below, with the same lower bound.

(Instability) If m < m∗ then Bν is unbounded from below for any ν ∈ R.

Remark 9.2. We remark the analogy between Theorem 9.2 and Theorem 3.1: in the mass range
m > m∗ both systems are stable while for m < m∗ they are both unstable exhibiting Efimov
effect in the first case and suggesting the occurrence of the Thomas effect in the second case.

Furthermore in the case of general N, in the more recent work [55] it is shown the existence
of a mass threshold m∗ independent of N such that if m > m∗ the system is stable. A
numerical evaluation yields m∗ ' 0, 36 hence in particular the system is stable for m = 1
which is particularly interesting in relation to the case of a spin-1/2 fermionic gas.

Let us now focus on the special case N = 2 in the unitary limit, i.e., for ν = 0. Such a case
exhibits a further interesting behavior that we want to discuss in the rest of this section. As in
Part I the Hilbert space is Hasym defined in (3.1). Furthermore by the symmetry assumptions
one immediately gets ξ(1) = −ξ(2) := −ξ and ξ(3) = 0. Hence the potential in the Fourier
space in coordinates (p23, p31) takes the form

(Ĝξ)(p23, p31) = Ĝξ(p23, p31) =
ξ̂(p31)− ξ̂(p23)

p2
23 + p2

31 +
2

m+1 p23 · p31

and the quadratic form associated to the STM operator is

D(B0) =
{

ψ ∈ Hasym |ψ = φ + Gξ, |∇φ| ∈ Hasym, ξ ∈ H1/2(R3)
}

B0(ψ) = Bfree(φ) +
8π2m
m + 1

Φ0(ξ)

where

Φ0(ξ) = Φdiag(ξ̂) + Φoff(ξ̂) (9.18)

Φdiag( f ) =
√

m(m + 2)
m + 1

∫
dp |p| | f (p)|2 (9.19)

Φoff( f ) =
1

2 π2

∫
dp23 dp31

f (p23) f (p31)

p2
23 + p2

31 +
2

m+1 p23 · p31
(9.20)
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From Theorem 9.2 we know that the form is closed and bounded from below for m > m∗
and unbounded from below for m < m∗ . We also notice the main differences with respect
to the form in the bosonic case considered in the previous section, i.e., the dependence on
m and, more important, the sign + in front of the integral in (9.20). This implies that for the
estimate of Φoff( f ) one has to study the terms for l odd, and in particular the case l = 1, in
the expansion in spherical harmonics of f .
As a matter of fact, for suitable values of the mass m the above quadratic form can be
modified by enlarging the class of admissible charges and the new quadratic form turns out
to be closed and bounded from below. Therefore it defines a Hamiltonian, different from Hν,
describing an additional three-body interaction besides the standard two-body zero-range
interaction (see [25] for details).
In order to explain the above assertion, we proceed formally. Let us define

ξ̂−ν (k) =
1

k2−s Yν
1 (θ, φ) , 0 < s < 1, n = 0,±1 (9.21)

Notice that ξ−n /∈ L2(R3) but this fact is not relevant since for ν = 0 the condition Φ0(ξ) < ∞
does not require square-integrability of ξ. The crucial point is that both Φdiag(ξ̂−n ) and
Φoff(ξ̂−n ) diverge, due to the behavior of ξ̂−n (k) for large k and the two infinities can com-
pensate for an appropriate value of the mass. Indeed, by a direct computation one finds

Φ0(ξ
−
ν ) =

1
π

[
π
√

m(m + 2)
m + 1

+
∫ 1

−1
dt t
∫ ∞

0
dq

qs

q2 + 1 + 2
m+1 tq

] ∫ ∞

0
dk

1
k1−2s

:= g(m, s)
∫ ∞

0
dk

1
k1−2s = ∞ unless g(m, s) = 0

The problem is then reduced to the study of the equation g(m, s) = 0. One can show that
for s ∈ [0, 1] there is a unique solution m(s), monotonically increasing, with m(0) = m∗ and
m(1) := m∗∗ ' 0.116. For m ∈ (m∗, m∗∗) we can therefore define the inverse function s(m),
with 0 < s(m) < 1, which satisfies g(m, s(m)) = 0. This means that for each m ∈ (m∗, m∗∗)
the charge (9.21) with s = s(m) can be considered to enlarge the class of admissible charges
and to construct a more general quadratic form. Starting from the above argument, one can
prove the following result.

Theorem 9.3. For any m ∈ (m∗, m∗∗) and β := {βn}, n = 0,±1, the quadratic form in Hasym

D(B0,β) =
{

ψ ∈ Hasym |ψ = φ + Gη, |∇φ| ∈ Hasym, η ∈ H−1/2(R3),

η = ξ +
1

∑
ν=−1

qνξ−ν , Φdiag(ξ̂) < ∞, qν ∈ C
}

B0,β(ψ) = Bfree(φ) +
8π2m
m + 1

Φ0(ξ) +
1

∑
ν=−1

βν|qν|2

is closed and bounded from below. Then it uniquely defines a self-adjoint and bounded from below
Hamiltonian H0,β, D(H0,β).

We conclude with some comments.

i) At heuristic level, the Hamiltonian H0,β has been introduced and studied in the physical
literature (see, e.g., [21]). From the mathematical point of view, an analogous result has
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been found in [53] using an approach based on the theory of self-adjoint extensions. Nev-
ertheless, in [53] the analysis is done for ν 6= 0, which requires charges in L2. Therefore
the parameter s in (9.21) is chosen in the interval (0, 1/2) and for this reason the new
Hamiltonian is constructed only for a smaller range of mass, i. e., for m ∈ (m∗, mMinlos

∗∗ ),
with mMinlos

∗∗ = m(s)|s=1/2 < m∗∗.

ii) The quadratic form B0,β constructed in Theorem 9.3 generalizes the previous one B0 in
the sense that limβ→∞ B0,β = B0.

iii) A final, and more important, comment concerns the boundary condition satisfied by an

element of D(H0,β). Denoting R =
√

x2
23 + x2

31 and choosing for simplicity ξ−±1 = 0, for
R→ 0 one finds

ψ(x23, x31) =
q0

R2+s(m)
+

γ(m)β0q0

R2−s(m)
+ o(Rs(m)−2)

where γ(m) is a given positive function of m. In analogy with the case of a point
interaction (see (7.1)), such boundary condition describes an interaction supported in
y23 = y31 = 0, i. e., when the positions of all the three particles coincide. Therefore the
new Hamiltonian H0,β describes the two-body (resonant) zero-range interactions plus
an effective three-body point interactions.
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10 I N T R O D U C T I O N A N D M A I N R E S U LT

In the following chapters we study the effective behavior at low energy of a non relativistic
quantum particle of mass 1/2 in R3 interacting with a system of N randomly distributed
obstacles in the limit N → ∞. In order to formulate such Lorentz gas model, we introduce
the set YN = {y1, . . . yN} of random variables in R3, independently chosen according to a
common distribution with density W.

We assume that the interaction among the particle and the i-th obstacle is described by
the Gross-Pitaevskii potential. Hence, the Hamiltonian of the particle is HN defined in Equa-
tion (1.6) where the potential VN

i is defined in Equation (1.5). The assumptions on V will
guarantee that HN is a self-adjoint operator in L2(R3). Our aim is to characterize the limit
behavior of HN and the fluctuations around the limit. We reasonably expect that, for N → ∞,
the particle “sees” an effective potential depending on the density of obstacles. Moreover,
one could be tempted to consider essentially correct the formal manipulation

N

∑
i=1

VN
i (x) ∼ 1

N

N

∑
i=1

N3V(N(x− yi)) ∼ b
1
N

N

∑
i=1

δ(x− yi) b =
∫

dx V(x)

and to obtain bW as effective potential. In reality, this is not the case and we shall see that
the effective potential is the density of scattering length of the system of obstacles 4πaW,
where a is the scattering length associated to the potential V (see definition below). The
situation is completely analogous to the more difficult case of a gas of n particles interacting
via two-body potentials scaling as n2V(nx) for n → ∞ as investigated in [11, 18, 31–33, 62].
In particular, we refer to [12, Section 5] for a discussion on the emergence of the scattering
length in that context.

Let us recall the definition of scattering length. Assuming that zero is neither an eigenvalue
nor a resonance for V the associated scattering length a is finite (see Remark 3.1). Moreover
one has

a =
1

4π

∫
dx V(x)φ0(x).

where φ0 is the solution of the zero energy scattering problem (−∆ + V)φ0 = 0

lim
|x|→+∞

φ0(x) = 1 .
(10.1)

As for the physical meaning, we recall that a represents the effective linear dimension of the
scatterer at low energy. It is also easy to check by scaling that the scattering length associated
to the rescaled potential VN

i is aN
i = a/N.

Here we give the proof of the convergence in the strong resolvent sense of HN to the
limiting Hamiltonian H, defined in Equation (1.7), where the convergence is in probability
with respect to the distribution of the obstacles. In the following we denote by ‖ · ‖p the norm
in Lp(R3), 1 ≤ p ≤ ∞. We give below the precise formulation of our main theorem.

63
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Theorem 10.1. Let V ∈ L1(R3, (1 + |x|4)dx) ∩ L3(R3, dx) such that zero is not an eigenvalue
nor a resonance for −∆ + V and let a ∈ R be the corresponding scattering length. Moreover, let
W ∈ L1(R3) ∩ Lp(R3), for some p > 3, f ∈ L2(R3) and take λ > 0 large enough. Then for any
ε > 0 and β < 1/2 we have

lim
N→+∞

PN
(
{YN : Nβ‖(HN + λ)−1 f − (H + λ)−1 f ‖2 > ε}

)
= 0 ,

where PN is the product probability measure {W(x)dx}⊗N on the set of configurations of points YN .

Remark 10.1. Theorem 10.1 implies the convergence in probability as N → +∞ of the unitary
group e−itHN , associated to the N dependent Hamiltonian (1.6), to the N independent unitary
group e−itH , for any time t > 0.

As an immediate consequence of Theorem 10.1 and of previous results [38, 39] we can
also characterize the fluctuations around the limit operator, as expressed in the following
theorem.

Theorem 10.2. Under the same assumptions of Theorem 10.1, for any f , g ∈ L2(R3) the random
variable

ηλ
f ,g(YN) :=

√
N
(

g,
(
(HN + λ)−1 − (H + λ)−1) f

)
converges in distribution for N → ∞ to a Gaussian random variable η̄λ

f ,g of zero mean and covariance

E
(
(η̄λ

f ,g)
2
)

= (4πa)2‖(H + λ)−1g (H + λ)−1 f ‖2
L2

W
− 4πa

(
(H + λ)−1g, (H + λ)−1 f

)2
L2

W

where E(·) means expectation with respect to the probability measure PN and
L2

W = L2(R3, W(x)dx).

Let us briefly comment on the above results. We find that the asymptotic behavior of
our Lorentz gas is completely characterized by the density of the obstacles and by their
scattering length. In particular, this means that the dependence of the limit Hamiltonian on
the interaction potentials VN

i is only through the associated scattering length a/N, i.e., a
single physical parameter describing the effect of the obstacle as a scatterer at low energy. In
this sense, in our scaling and for N large, the Lorentz gas exhibits a universal behavior.

As we already mentioned, in the many-body context the same type of universal behavior
of the interaction arises in the effective description of the dynamics of n bosons interacting
through Gross-Pitaevskii potentials and undergoing Bose-Einstein condensation. More pre-
cisely, under the assumption that at time zero the system exhibits Bose-Einstein condensation
into the one-particle wave function ϕ ∈ L2(R3), one expects condensation to be preserved
at any time in the limit n → ∞ and the condensed wave function to evolve according to the
Gross-Pitaevskii equation i∂t ϕt = −∆ϕt + 4πa|ϕt|2 ϕt, with initial condition ϕ0 = ϕ. This fact
has been well established mathematically for non negative potentials (see [11, 18, 31–33, 62])
and shows that at the level of the evolution of the condensate wave function and in the limit
n→ ∞ the interaction enters only through its scattering length.

Indeed, our Lorentz gas can be considered as a simplified model obtained from the more
general case of a test particle interacting with other N particles when the masses of these
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particles are infinite. Nevertheless, we believe that our analysis could have some interest
and could give some hints for the general case. The reason is that, because of its simpler
structure, our Lorentz gas allows a more detailed analysis. In particular, we obtain the con-
vergence result without any assumption on the sign of the interaction potential V and we
can characterize the fluctuations in a relatively simple and explicit way.





11 L I N E O F T H E P R O O F

In this chapter we describe the method of the proof and collect some preliminary results and
notation useful in the sequel.

Let us start with some notation. Given φ
N
= {φ1, . . . , φN} ∈ ⊕N

i=1L2(R3), we define

‖φ
N
‖2 =

N

∑
i=1
‖φi‖2

2 .

Moreover, for ~XN = {X1, . . . , XN} ∈ RN we set

‖~XN‖2 =
N

∑
i=1

X2
i .

It is useful to write the interaction potential as V(x) = u(x)v(x), where

u(x) = |V(x)|1/2 , v(x) = sgn(V(x))|V(x)|1/2 .

Using the above factorization, we rewrite the scattering length associated to the potential V
as

a =
1

4π
(u, µ) , (11.1)

where µ solves
µ + vG0uµ = v (11.2)

and G0 is the operator with integral kernel G0(x) = (4π|x|)−1. Indeed, under the assump-
tion that zero is neither an eigenvalue nor a resonance for −∆ + V, Equation (11.2) has a
unique solution in L2(R3). Moreover, one can check that the function φ0 := 1− G0uµ solves
problem (10.1). To see that this is indeed the case notice that

(−∆ + V)(1− G0uµ) = −uµ + V −VG0uµ = −u (µ + vG0uµ− v) = 0 .

and lim|x|→∞ φ0(x) = 1. Finally

4πa =
∫

dx Vφ0 =
∫

dx u(v− vG0uµ) =
∫

dx uµ ,

so that (11.1) is verified.
Analogously, for the rescaled potentials we set VN

i (x) = uN
i (x)vN

i (x), where

uN
i (x) = |VN

i (x)|1/2 = Nu(N(x− yi)) ,

vN
i (x) = |VN

i (x)|1/2 sgn(VN
i (x)) = Nv(N(x− yi))

and for the scattering length we have

aN
i =

1
4π

(uN
i , µN

i ) = a/N ,

where
µN

i + uN
i G0vN

i µN
i = vN

i . (11.3)

67
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Let us discuss the line of the proof. We first observe that the proof of Theorem 10.1 is non
probabilistic. In fact, we prove the convergence for a fixed set of configurations of obstacles
YN = {y1, . . . yN} satisfying the following regularity assumptions

(Y1) Let ν∗(p) = 1
3

p−3
p−1 ∈ (0, 1/3). For any 0 < ν < ν∗(p) there exists C such that

min
i 6=j
|yi − yj| ≥

C
N1−ν

.

(Y2) For any N > 0 and any 0 < ξ ≤ 1 we have

1
N2

N

∑
i,j=1
i 6=j

1
|yi − yj|3−ξ

≤ Cξ < ∞ .

The convergence in probability then follows once we show that (Y1) and (Y2) hold with
probability increasing to one in the limit N → ∞. More precisely the following lemma holds.

Lemma 11.1. Let YN = {y1, . . . yN} a configuration of N identically distributed random variables
in R3, whose distribution has density W ∈ L1(R3) ∩ Lp(R3), for some p > 3. Then, the set of
configurations on which (Y1) and (Y2) hold has probability increasing to one as N goes to infinity.

Proof. The standard proof of the Lemma (see [59, 60]) can be easily adapted to the situation
where W ∈ L1(R3) ∩ Lp(R3) with p > 3. We start analyzing the assumption (Y1). Let

ZN =

{
YN |min

i 6=j
|yi − yj| ≥

C
N1−ν

}
the set of configurations of N obstacles for which (Y1) holds. We show that in the limit N
going to infinity the probability of the complement of ZN (denoted by Zc

N) goes to zero. We
have

PN(Zc
N) = PN({YN | ∃ i, j, i 6= j : |yi − yj| < CN−(1−ν)})

≤ N(N − 1)
2

∫
|x|<CN−(1−ν)

dx W(x) .
(11.4)

To bound the last integral we use Hölder inequality. For 1/p′ + 1/p = 1, we have

∫
|x|<CNν−1

dx W(x) ≤
(∫
|x|<CNν−1

dx
)1/p′(∫

|x|<CNν−1
dx|W(x)|p

)1/p

≤ CN3(ν−1)/p′‖W‖p .

Hence the r.h.s. of (11.4) goes to zero as N goes to infinity for any ν < 1
3

p−3
p−1 . Note that the

requirement W ∈ Lp(R3) with p > 3 assures that ν > 0.
To show that also (Y2) holds with probability increasing to one as N → ∞ it is sufficient

to note that the M = N(N − 1) random variables |yi − yj|, with i, j = 1, . . . , N and i 6= j, are
interchangeable and we can reorder them as {X1, . . . , XM} (e.g. using a diagonal progression
as in the Cantor pairing function). Standard results (we refer to [47] for further details) ensure
that if

E(X−3+ξ
1 ) =

∫
dxdy

W(x)W(y)
|x− y|3−ξ

≤ C , (11.5)
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then

lim
M→+∞

1
M

M

∑
k=1

1

X3−ξ
k

= E(X−3+ξ
1 ) .

The bound (11.5) follows from the assumptions on W(x). Let R > 0 be arbitrary. Then:∫
|x−y|>R

dxdy
W(x)W(y)
|x− y|3−ξ

≤ R−3+ξ‖W‖2
1 ≤ Cξ .

On the other hand, by Cauchy-Schwarz inequality∫
|x−y|≤R

dxdy
W(x)W(y)
|x− y|3−ξ

≤
∫
|x−y|≤R

dxdy
|W(x)|2
|x− y|3−ξ

≤ Cξ .

By Lemma 11.1 we conclude that, in order to prove Theorem 10.1, it is enough to show
that for all f ∈ L2(R3)

lim
N→∞

‖(HN + λ)−1 f − (H + λ)−1 f ‖2 = 0 (11.6)

uniformly on configurations YN satisfying (Y1) and (Y2). In fact, since the measure of the
configurations where (Y1) and (Y2) do not hold goes to zero as N goes to infinity, we have

lim
N→+∞

PN
(
{YN : Nβ‖(HN + λ)−1 f − (H + λ)−1 f ‖2 > ε}

)
= lim

N→+∞
PN
(
{Y∗N : Nβ‖(HN + λ)−1 f − (H + λ)−1 f ‖2 > ε}

)
= 0 ,

where {Y∗N} is the set of configurations of obstacles where (Y1) and (Y2) hold.
The proof of Theorem 10.2 is obtained with slight modifications of the step followed in

[39], [38] for a similar problem, and therefore we refer the reader to those papers.
The following remarks summarize two important consequences of the validity of the assump-
tions (Y1) and (Y2).

Remark 11.1. Notice that from (Y1) and (Y2) it follows that for any 0 < ν < ν∗

1
N3−ν2

N

∑
i,j=1
i 6=j

1
|yi − yj|4

≤ Cν . (11.7)

Indeed

1
N3−ν2

N

∑
i,j=1
i 6=j

1
|yi − yj|4

=
1

N1−ν2

1
N2

N

∑
i,j=1
i 6=j

1
|yi − yj|3−ν

1
|yi − yj|1+ν

≤
by (Y1)

1
N1−ν2 N(1+ν)(1−ν)

(
1

N2

N

∑
i,j=1
i 6=j

1
|yi − yj|3−ν

)

≤
by (Y2)

cν .

Remark 11.2. For λ ≥ 0 we denote by Gλ the free resolvent (−∆ + λ)−1 and, with a slight
abuse of notation, also the corresponding integral kernel

Gλ(x) =
e−
√

λ|x|

4π|x| .
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Moreover, we define the N × N matrix Gλ with entries

Gλ
ij =

G
λ(yi − yj) i 6= j

0 i = j .

Then, due to hypothesis (Y2) on our configuration of obstacles, we get

1
N

∥∥∥Gλ
∥∥∥ ≤ c(λ)→ 0 for λ→ +∞ ,

hence, in particular, there exists λ0 > 0 such that

1
N
‖Gλ‖ < 1 ∀λ > λ0. (11.8)

To see that this is indeed the case we fix 0 < β < 1 and use that e−x ≤ x−β. Then, by (Y2)

1
N2 ‖G

λ‖2 ≤ 1
N2

N

∑
i,j=1
i 6=j

e−2
√

λ|yi−yj |

16π2|yi − yj|2

≤ c λ−β/2 1
N2

N

∑
i,j=1
i 6=j

1
|yi − yj|2+β

≤ cβλ−β/2 .

Note that with a slight abuse of notation we denote with the same symbol Gλ
ij both the

elements of the matrix Gλ and the operator on L2(R3) acting as the multiplication by Gλ(yi−
yj).

Given a set of configurations satisfying (Y1),(Y2), the strategy for the proof of (11.6) is based
on some ideas and techniques developed in the study of boundary value problems for the
Laplacian on randomly perforated domains, see [39], [40] and [41]. For a given f ∈ L2(R3)

we consider the solution ψN of the equation

(HN + λ)ψN = f .

Next we use the Resolvent Identity to rewrite

ψN = (HN + λ)−1 f = Gλ f +
N

∑
i=1
GλvN

i ρN
i , (11.9)

where the function
ρN

i = uN
i (HN + λ)−1 f

is solution of

ρN
i + uN

i GλvN
i ρN

i + uN
i

N

∑
j=1
j 6=i

GλvN
j ρN

j = −uN
i Gλ f . (11.10)

The idea is to represent the “potential” on the r.h.s. of (11.9) by its multipole expansion
and to show that, for large N, the only relevant contribution comes from the first term
of this expansion, that is the monopole term. According to this program we decompose
ψN = ψ̃N + (ψN − ψ̃N), with

ψ̃N(x) = (Gλ f )(x) +
N

∑
i=1
Gλ(x− yi)QN

i (11.11)
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where
QN

i = (vN
i , ρN

i ) .

The problem is then split in two parts: find a limit of ψ̃N and show that the difference
(ψN − ψ̃N) converges to zero for N going to infinity.

In order to find a limit of ψ̃N we recognize that the equation for the “charge” QN
i can be

written as
N

4πa
QN

i +
N

∑
j=1
j 6=i

Gλ
ijQ

N
j = −(Gλ f )(yi) + RN

i (11.12)

with
RN

i = AN
i + BN

i + DN
i (11.13)

and

AN
i =

∫
dx vN

i (x)
∫

dz
e−λ|x−z| − 1

4π|x− z| uN
i (z)µN

i (z)

BN
i =

N

∑
j=1
i 6=j

∫
dx uN

i (x)µN
i (x)

∫
dz
(
Gλ(x− z)− Gλ(yi − yj)

)
vN

j (z)ρ
N
j (z)

DN
i =

∫
dx µN

i (x)uN
i (x)

∫
dz
(
Gλ(x− z)− Gλ(yi − z)

)
f (z) .

(11.14)

Since we expect RN
i to be an error term, equation (11.12) suggests to study the approximate

equation obtained from (11.12) removing RN
i . With this motivation, we define

ψ̂N(x) = (Gλ f )(x) +
N

∑
i=1
Gλ(x− yi)qN

i . (11.15)

where the “charges” qN
i satisfy

N
4πa

qN
i +

N

∑
j=1
j 6=i

Gλ
ijq

N
j = −(Gλ f )(yi) , (11.16)

As before we rewrite ψ̃N = ψ̂N + (ψ̃N − ψ̂N) and prove that the difference (ψ̃N − ψ̂N) con-
verges to zero as N goes to infinity. Finally, we show that the sequence ψ̂N converges to ψ

defined by
ψ = (−∆ + 4πaW + λ)−1 f . (11.17)

This last step is strongly based on the analogy with the Hamiltonian with N zero-range
interactions considered in [38].
In fact, the resolvent of an Hamiltonian HNα,YN with N point interactions located at the points
YN = {y1, . . . , yN} with strength Nα is given (see, e. g., [2]) by

(HNα,YN + λ)−1 = Gλ +
N

∑
i,j=1
i 6=j

(ΞNα,YN (λ))
−1
ij (Gλ(· − yi), ·)Gλ(· − yj) .

where the N × N matrix ΞN,YN (λ) is defined by

(ΞNα,YN (λ))ij =

(
Nα +

√
λ

4π

)
δij − (1− δij)Gλ

ij .
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Hence

φN = (HNα,YN + λ)−1 f = (Gλ f )(x) +
N

∑
i=1
Gλ(x− yi)q̃i (11.18)

where (
Nα +

√
λ

4π

)
q̃i −

N

∑
j=1
j 6=i

Gλ
ij q̃j = (Gλ f )(yi). (11.19)

Comparing (11.18) and (11.19) with (11.15) and (11.16) respectively and recalling in addition
that the scattering length of a point interaction with strength α equals −1/(4πα), the analogy
between φN and ψ̂N is clear.

The rest of this part of the the work is organized as follows. In Chapter 12 we collect some
properties of µN

i and ρN
i that will be used along the proof. In Chapter 13 we give the proof

of the Theorem 10.1. In particular in Sections 13.1 and 13.2 we show that the differences
(ψN − ψ̃N) and (ψ̃N − ψ̂N) go to zero as N goes to infinity and finally in Section 13.3 we
study the convergence of ψ̂N .
To not overwhelm the notation, from now on we skip the dependence on N where not strictly
necessary.



12 A P R I O R I E S T I M AT E S

We prove some useful a priori estimates for the solutions of Equations (11.3) and (11.10).

Lemma 12.1. Let µi = µN
i ∈ L2(R3) and ρi = ρN

i ∈ L2(R3) defined in (11.3) and (11.10)
respectively. Under the assumptions of Theorem 10.1 there exists a constant C > 0 such that

sup
i
‖µi‖2 ≤ CN−1/2

Moreover
‖µ‖ ≤ C , ‖ρ ‖ ≤ C‖ f ‖2 .

Proof. It is simple to check by scaling that µi(x) = Nµ(N(x− yi)). On the other hand, since
µ satisfies Equation (11.2) and zero is not an eigenvalue nor a resonance for V we can invert
the operator (1 + u G0v) and get

‖µ‖2
2 ≤ C . (12.1)

Hence
‖µi‖2

2 =
∫

dx|µi(x)|2 =
1
N

∫
dx|µ(x)|2 =

1
N
‖µ‖2

2 ,

which leads to supi ‖µi‖2 ≤ CN−1/2 and ‖µ‖ ≤ C.
We prove now the bound for ‖ρ ‖. We set

ρ̂i(x) := N−1ρi (yi + x/N) .

From Equation (11.10) we have

(
1 + u G0v

)
ρ̂i(x) + (u(Gλ/N2 − G0)vρ̂i)(x) +

1
N ∑

i,j
i 6=j

Gλ
ij(u vρ̂j)(x)

+
1
N ∑

i,j
i 6=j

(
u
(
Gλ,N

ij − Gλ
ij
)
vρ̂j
)
(x) = −u(x) (Gλ f ) (yi + x/N) , (12.2)

where Gλ,N
ij denotes the operator in L2(R3) with integral kernel

Gλ,N
ij (x− z) =

e−
√

λ|yi−yj−(x−z)/N|

4π2|yi − yj − (x− z)/N| . (12.3)

Our goal is to show that the operator Mλ acting on ⊕N
i=1L2(R3) defined by

(
Mλ
)

ij =
[
(1 + u G0v) + u(Gλ/N2 − G0)v

]
δij

+
1
N
[
uGλ

ijv + u
(
Gλ,N

ij − Gλ
ij
)
v
]
(1− δij)
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is invertible. Due to the assumptions on V the operator (1 + uG0v) is invertible. Then, in
order to prove that Mλ is invertible it suffices to show that there exists λ0 such that the
operators Mλ

1 , Mλ
2 and Mλ

3 defined by(
Mλ

1
)

ij = u(Gλ/N2 − G0)v δij(
Mλ

2
)

ij = N−1u Gλ
ij v(

Mλ
3
)

ij = N−1u
(
Gλ,N

ij − Gλ
ij
)
v (1− δij) .

have a norm going to zero as N goes to infinity for any λ > λ0. Denoting with ‖ · ‖HS the
Hilbert-Schmidt norm in L2(R3) and using the definition of u(x) and v(x), we obtain

‖Mλ
1 ‖2 ≤ ‖u(Gλ/N2 − G0)v‖2

HS ≤ C
λ

N2 ‖V‖
2
1 , (12.4)

which is small for any λ in the limit N → ∞. To bound the norm of the second matrix, we
fix 0 < β < 1. Then, using (Y2)

‖Mλ
2 ‖2 ≤ 1

N2 ∑
i,j

i 6=j

‖u Gλ
ij v‖2

HS =
1

N2 ∑
i,j

i 6=j

∫
dxdz|V(x)| e−2

√
λ|yi−yj |

16π2|yi − yj|2
|V(z)|

≤ c‖V‖2
1 λ−β/2 1

N2 ∑
i,j

i 6=j

1
|yi − yj|2+β

≤ cβλ−β/2 .

(12.5)

The r.h.s. of (12.5) can be made small by choosing λ sufficiently large.
To bound the third term we use that for any ξ < 1 the following bound holds true:

‖u (Gλ,N
ij − Gλ

ij) v‖2
HS ≤ C

[
1

N2|yi − yj|4
+

1
N2|yi − yj|2

+
1

N1−ξ |yi − yj|3−ξ

]
(12.6)

From (12.6) and using the assumptions on the charge distribution and (11.7) we have

‖Mλ
3 ‖2 ≤ 1

N2

N

∑
i,j=1
i 6=j

‖u (Gλ,N
ij − Gλ

ij) v‖2
HS

≤ C
N

∑
i,j=1
i 6=j

[
1

N4|yi − yj|4
+

1
N4|yi − yj|2

+
1

N3−ξ |yi − yj|3−ξ

]
≤ C

N1−ξ
.

(12.7)

To prove (12.6) we define the cutoff function χN
ij (x) to be equal to one if |x| ≤ N

2 |yi − yj| and
zero otherwise and write

‖u(Gλ,N
ij − Gλ

ij )v‖2
HS

≤ C
∫

dxdz χN
ij (x− z)|V(x)||V(z)|

(
e−
√

λ|yi−yj−(x−z)/N|

|yi − yj − (x− z)/N| −
e−
√

λ|yi−yj |

|yi − yj|

)2

+ C
∫

dxdz|V(x)||V(z)|(1−χN
ij (x− z))

(
e−2
√

λ|yi−yj−(x−z)/N|

|yi− yj −(x− z)/N|2 +
e−2
√

λ|yi−yj |

|yi− yj|2

) (12.8)
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To bound the term on the second line of (12.8) we exploit the fact that whenever χN
ij (x) is

different from zero the difference in the round brackets is small. In particular, we have

∫
dxdz χN

ij (x− z)|V(x)||V(z)|
(

e−
√

λ|yi−yj−(x−z)/N|

|yi − yj − (x− z)/N| −
e−
√

λ|yi−yj |

|yi − yj|

)2

≤ C
∫

dx dz χN
ij (x− z)|V(x)||V(z)| 1

|yi − yj|2
(

e−
√

λ|yi−yj−(x−z)/N| − e−
√

λ|yi−yj |
)2

+ C
∫

dx dz χN
ij (x− z)|V(x)||V(z)| e−

√
λ|yi−yj−(x−z)/N|

×
(

1
|yi − yj − (x− z)/N| −

1
|yi − yj|

)2

.

(12.9)

To bound the first term on the r.h.s. of (12.9) we use the bound

∣∣e−|y−w/N| − e−|y|
∣∣ ≤ C

|w|
N

obtaining

C
∫

dx dz χN
ij (x− z)|V(x)||V(z)| |x− z|2

N2|yi − yj|2
≤ C

N2
1

|yi − yj|2
. (12.10)

To bound the second term on the r.h.s. of (12.9) we note that |yi − yj − (x − z)/N| ≥ |yi −
yj| − |x− z|/N, and moreover on the support of χN

ij (x− z) we also have |yi − yj − (x− z)/N
≥ |yi − yj|/2. Hence:

χN
ij (x− z)

( 1
|yi − yj − (x− z)/N| −

1
|yi − yj|

)
≤ 2|x− z|

N|yi − yj|2

We obtain

∫
dx dz χN

ij (x−z)|V(x)||V(z)|e−
√

λ|yi−yj−(x−z)/N|
(

1
|yi−yj−(x−z)/N| −

1
|yi−yj|

)2

≤ C
∫

dx dz χN
ij (x− z)|V(x)||V(z)| |x− z|2

N2|yi − yj|4
≤ C

N 2|yi − yj|4
. (12.11)

We are left with the bound of the term on the third line of (12.8), for which we exploit the
fast decaying behavior of the potential. We start from the term which does not contain the
singularity. We fix α such that 1− α ∈ (0, 1) and we multiply and divide by |x− z|α; then we
use that |x− z| ≥ CN|yi − yj| on the support of the integral and that |x− z| ≥ 1 for N large
enough, due to (Y1):

∫
dxdz |V(x)||V(z)|(1− χN

ij (x− z))
e−2
√

λ|yi−yj |

|yi − yj|2

≤ C
|yi − yj|2

∫
dxdz|V(x)||V(z)|(1− χN

ij (x− z))
|x− z|α

Nα|yi − yj|α

≤ C
Nα|yi − yj|2+α

∫
dxdz|V(x)||V(z)||x− z|

≤ C
Nα|yi − yj|2+α

.

(12.12)
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To bound the remaining term on the third line of (12.8) we use a similar idea; we obtain

∫
dxdz|V(x)||V(z)|(1− χN

ij (x− z))
e−2
√

λ|yi−yj−(x−z)/N|

|yi − yj − (x− z)/N|2

≤ C
(N|yi − yj|)2+α

∫
dxdz|V(x)||V(z)|(1− χN

ij (x− z))
|x− z|2+α

|yi − yj − (x− z)/N|2

≤ C
Nα|yi − yj|2+α

∫
dxdz|V(x)||V(z)|(1− χN

ij (x− z))
|x|3 + |z|3

|N(yi − yj)− (x− z)|2

≤ C
Nα|yi − yj|2+α

∫
dx′dz′

|V(x′ + Nyi)||V(z′ + Nyj)|
|x′ − z′|2 (|x′ + Nyi|3 + |z′ + Nyj|3)

(12.13)

where in the last line we used the change of variables x′ = x− Nyi and z′ = z− Nyj and we
removed the cutoff function.

To bound the r.h.s. of (12.13) we use the Hardy-Littlewood-Sobolev inequality: let f ∈
Lp(Rn) and h ∈ Lq(Rn) with p, q > 1 and let 0 < λ < n with 1/p + λ/n + 1/q = 2, then
there exists a constant C independent of f and h such that∣∣∣ ∫

Rn
f (x)|x− y|−λh(y)dxdy

∣∣∣ ≤ C‖ f ‖p‖h‖q.

Hence ∫
dx dz

|V(x + Nyi)||V(z + Nyj)||x + Nyi|3

|x− z|2 ≤ C‖| · |3V‖3/2‖V‖3/2 ,

and exactly in the same way we bound also the other term in the r.h.s. of Equation (12.13).
Then, due to our assumptions on the potential, we obtain

∫
dxdz|V(x)||V(z)|(1− χN

ij (x− z))
e−2
√

λ|yi−yj−(x−z)/N|

|yi − yj − (x− z)/N|2

≤ C
Nα|yi − yj|2+α

. (12.14)

Putting together (12.10), (12.11), (12.12) and (12.14) we prove (12.6).
The bounds (12.4), (12.5) and (12.7) together with the assumptions on V prove that there
exists a λ0 > 0 such that for any λ > λ0 and N large enough the operator Mλ is invertible.
From Equation (12.2) we obtain

‖ρ̂i‖2
2 ≤ C

N

∑
i=1

∫
dx|u(x)|2|(Gλ f )(yi + x/N)|2

≤ CN
(

sup
x
|(Gλ f )(x)|2

)
≤ CN‖ f ‖2

2 .

It follows that

‖ρ ‖2 =
N

∑
i=1

∫
dx|Nρ̂i(N(x− yi))|2 =

1
N

N

∑
i=1
‖ρ̂i‖2

2 ≤ C‖ f ‖2
2 .
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13.1 monopole expansion

In this section we analyze the difference between the solution ψN defined by (11.9) and the
approximate solution ψ̃N obtained considering the first term of a multipole expansion for
the potential defined in (11.11). This is the content of the following proposition.

Proposition 13.1. Let ψN and ψ̃N be defined in (11.9) and (11.11) respectively. Then, under the
same assumptions as in Theorem 10.1,

lim
N→+∞

Nβ‖ψN − ψ̃N‖2 = 0 ∀β < 1 .

Proof. Using (11.9) and (11.11) we write

ψN(x)− ψ̃N(x) =
N

∑
i=1

∫
dz vi(z)ρi(z)

(
Gλ(x− z)− Gλ(x− yi)

)
:=

N

∑
i=1

Ki(x) .

We have

‖ψN − ψ̃N‖2 ≤
N

∑
i=1

∫
dx K2

i (x) +
N

∑
i,j=1
i 6=j

∫
dx Ki(x)Kj(x) . (13.1)

We first bound the diagonal term on the r.h.s. of (13.1).

N

∑
i=1

∫
dxK2

i (x) =
N

∑
i=1

∫
dzdz′vi(z)vi(z′)ρi(z)ρi(z′)

×
∫

dx
(
Gλ(x− z)− Gλ(x− yi)

)(
Gλ(x− z′)− Gλ(x− yi)

)
Using elliptic coordinates we can explicitly calculate the integral over x of the products of
Green’s functions on the last line. For instance let us consider the product Gλ(x− z)Gλ(x−
z′). We set r1 = |x− z|, r2 = |x− z′| and R = |z− z′| and consider the new variables {µ, ν, ϕ}
with µ = (r1 + r2)/R ∈ [1,+∞), ν = (r1 − r2)/R ∈ [−1, 1] and ϕ ∈ [0, 2π) the rotation angle
with respect to the axis zz′.

Then ∫
dx Gλ(x− z)Gλ(x− z′) =

∫
dx

e−
√

λ(|x−z|+|x−z′ |)

16π2|x− z||x− z′|

=
∫ +∞

1
dµ
∫ 1

−1
dν
∫ 2π

0
dϕ

R3

8
(µ2 − ν2)

× e−
√

λ(µ+ν+µ−ν)R/2

16π2 R
2 (µ + ν) R

2 (µ− ν)

=
1

8π
√

λ
e−
√

λ|z−z′ | .

77
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Proceeding analogously for the other terms we obtain

N

∑
i=1

∫
dx K2

i (x)

≤ C
N

∑
i=1

∫
dz dz′ vi(z)vi(z′)ρi(x)ρi(z′)

(
e−λ|z−z′ | − e−λ|z−yi | − e−λ|z′−yi | + 1

)
.

We use the definition of vi and rescale the integration variables as follows N(z− yi)→ z and
N(z′ − yi)→ z′. Hence

N

∑
i=1

∫
dxK2

i (x) ≤ CN−3
N

∑
i=1

∫
dzdz′|V(z)|1/2|V(z′)|1/2ρ̂i(z)ρ̂i(z′)(|z|+ |z′|)

≤ CN−3‖(1 + | · |2)V‖1

N

∑
i=1
‖ρ̂i‖2

2 ≤ CN−2

(13.2)

where we recall that ρ̂i(z) = N−1ρi(yi + z/N) and ‖ρ̂‖2 ≤ CN from Lemma 12.1.
To bound the non diagonal term we use Cauchy-Schwarz inequality and the elementary

estimate ab ≤ 1/2(a2 + b2)

N

∑
i,j=1
i 6=j

∫
dxKi(x)Kj(x) ≤ ε

2

N

∑
i,j=1
i 6=j

‖ρi‖2
2 ‖ρj‖2

2 +
1
2ε

N

∑
i,j=1
i 6=j

∫
dz dz′|vi(z)|2|vj(z′)|2

×
∣∣∣∫ dx

(
Gλ(x−z)− Gλ(x−yi)

)(
Gλ(x−z′)− Gλ(x−yj)

)∣∣∣2
(13.3)

with ε > 0 to be fixed. To bound the second term in the r.h.s. of Equation (13.3) we first
integrate over x using elliptic coordinates, then we use the definition of vi and rescale the
integration variables z and z′. We obtain

1
2εN2

N

∑
i,j=1
i 6=j

∫
dzdz′|V(z)||V(z′)||ζN

ij (z, z′)|2

with

ζN
ij (z, z′)= e−

√
λ|yi−yj+(z−z′)/N| − e−

√
λ|yi−yj+z/N| − e−

√
λ|yi−yj−z′/N| + e−

√
λ|yi−yj | . (13.4)

With a Taylor expansion at first order, it is easy to check that the function f (x) = e−
√

λ|x+a|

satisfies ∣∣∣e−√λ|x+a| − e−
√

λ|a|
(

1−
√

λ
x · a
|a|

)∣∣∣ ≤ C|x|2 .

with C independent on a. Hence

|ζN
ij (z, z′)| ≤ C

N2 (|z|+ |z
′|)2 , (13.5)

and

1
2εN2

N

∑
i,j=1
i 6=j

∫
dzdz′|V(z)||V(z′)| |ζN

ij (z, z′)|2

≤ C
εN4

∫
dzdz′|V(z)||V(z′)|(|z|+ |z′|)4 ≤ Cε−1N−4 . (13.6)
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Using Equation (13.3) and (13.6), the bound ‖ρ ‖ ≤ C and the assumptions on the potential,
and choosing ε = N−2 we obtain

N

∑
i,j=1
i 6=j

∫
dxKi(x)Kj(x) ≤ CN−2 . (13.7)

Equation (13.2) and (13.7), together with (13.1) conclude the proof of the proposition.
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13.2 point charge approximation

In this section we analyze the difference between ψ̃N and ψ̂N and show that it is small for
large N. More precisely our aim to prove the next proposition.

Proposition 13.2. Let ψ̂N and ψ̃N be defined in (11.15) and (11.11) respectively. Under the assump-
tions of Theorem 10.1 and for λ large enough

lim
N→∞

N−β‖ψ̂N − ψ̃N‖2 = 0 ∀β < 3/2

The proposition follows from the next two lemmas.

Lemma 13.1. Let ψ̂N and ψ̃N be defined in (11.15) and (11.11) respectively. Then,

‖ψ̂N − ψ̃N‖2 ≤ c
√

N ‖~q− ~Q‖

Lemma 13.2. Let Qi = (vi, ρi) and qi be defined in (11.16). Then there exists δ > 0 such that

‖~Q−~q ‖ ≤ CN−2−δ .

Proof of Lemma 13.1. We notice that

‖ψ̃N − ψ̂N‖2
2 ≤

∫
dx

∣∣∣∣∣ N

∑
i=1
Gλ(x− yi)(qi −Qi)

∣∣∣∣∣
2

=
N

∑
i=1

(qi −Qi)
2
∫

dx
e−2
√

λ|x−yi |

16π2|x− yi|2

+
N

∑
i,j=1
i 6=j

(qi −Qi)(qj −Qj)
∫

dx
e−
√

λ(|x−yi |+|x−yj |)

16π2|x− yi||x− yj|
.

(13.8)

The term on the second line of Equation (13.8) is clearly bounded by C‖~Q−~q‖2.
To evaluate the integral in the last line of (13.8) we use an explicit integration as in the proof
of Proposition 13.1 and Cauchy-Schwarz inequality. We get:

N

∑
i,j=1
i 6=j

(qi−Qi)(qj−Qj)
∫

dx
e−
√

λ(|x−yi |+|x−yj |)

16π2|x− yi||x− yj|
≤ cλ

N

∑
i,j=1
i 6=j

(qi−Qi)(qj−Qj)e
−
√

λ|yi−yj |

≤ cλ

N

∑
i,j=1
i 6=j

(qi−Qi)
2≤ cλN‖~q− ~Q‖2 .

Proof of Lemma 13.2. Equations (11.12) and (11.16) for the charges Qi and qi give

N
4πa

(Qi − qi) +
N

∑
j=1
j 6=i

Gλ
ij(Qj − qj) = Ri , (13.9)

where Ri is defined by Equations (11.13), (11.14). We denote

Γλ
ij :=

(
δij +

4πa
N

(1− δij)Gλ
ij

)
, (13.10)
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so that (13.9) becomes
N

∑
j=1
j 6=i

Γλ
ij(Qj − qj) =

4πa
N

Ri .

On the other hand the bound (11.8) yields immediately the invertibility of Γλ
ij for λ > λ0.

Therefore
‖~Q−~q ‖ ≤ C

N
‖~R‖

Lemma 13.2 is proved showing that there exists δ > 0 such that

‖~R ‖ ≤ N−1−δ . (13.11)

We start from ‖~A ‖. By Cauchy-Schwarz inequality we get

|Ai| ≤ ‖ρi‖2‖µi‖2‖vi(Gλ − G0)ui‖HS .

Using the definitions of ui and vi

‖vi(Gλ − G0)ui‖2
HS =

∫
dxdzN4|V(N(x− yi))||V(N(z− yi))|

(e−
√

λ|x−z| − 1)2

16π2|x− z|2

= C
∫

dxdz
|V(x)||V(z)|
|x− z|2

(
e−
√

λ|x−z|/N − 1
)2

≤ CλN−2‖V‖2
1 .

With the bounds in Lemma 12.1 we have

‖~A ‖ ≤ ‖ρ ‖
(

sup
i
‖vi(Gλ − G0)ui‖2

HS

)1/2 (
sup

i
‖µi‖2

2

)1/2
≤ CN−3/2‖ f ‖2 . (13.12)

Next, we analyze ‖~B ‖. We define

Bij =
∫

dxdz ui(x)µi(x)
(
Gλ(x− z)− Gλ

ij
)
vj(z)ρj(z) .

Then

‖~B ‖2 =
N

∑
i=1

(
N

∑
j=1
j 6=i

Bij

)2

.

Using twice Cauchy-Schwarz inequality, first in the x and z variables and then in the sum
over j, we get

‖~B ‖2 ≤
N

∑
i=1

[
N

∑
j=1
j 6=i

‖µi‖2‖ρj‖2

( ∫
dxdz|ui(x)|2

(
Gλ(x− z)− Gλ

ij
)2|vj(z)|2

)1/2
]2

≤
N

∑
i=1
‖µi‖2

2

N

∑
k=1
k 6=i

‖ρk‖2
2

N

∑
j=1
j 6=i

‖vj(Gλ − Gλ
ij)ui‖2

HS

≤
(

sup
i
‖µi‖2

2
)
‖ρ ‖2

N

∑
i=1

N

∑
j=1
j 6=i

‖vj(Gλ − Gλ
ij)ui‖2

HS .
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Rescaling variables and recalling the definition (12.3) for Gλ,N
ij we have

‖vj(Gλ − Gλ
ij)ui‖2

HS = N−2‖v(Gλ,N
ij − Gλ

ij)u‖HS. (13.13)

Using the bounds (11.7), (12.9) and (13.13), together with Lemma 12.1 we obtain

‖~B ‖ ≤ C

(
1

N5

N

∑
i,j=1
i 6=j

1
|yi − yj|4

)1/2

≤ cνN−1− 1
2 ν2

. (13.14)

To conclude we consider ‖~D‖. We have

‖~D ‖2 =
N

∑
i=1

∣∣∣ ∫ dxdzµi(x)ui(x)
(
Gλ(x− z)− Gλ(yi − z)

)
f (z)

∣∣∣2
=

N

∑
i=1

∫
dzdz′ f (z) f (z′)ξi(z)ξi(z′) ,

with
ξi(z) =

∫
dxµi(x)ui(x)

(
Gλ(x− z)− Gλ(yi − z)

)
.

Using Cauchy-Schwarz inequality

‖~D ‖2 ≤ ‖ f ‖2
2

[
N

∑
i=1

( ∫
dzξ2

i (z)
)2

+
N

∑
i,j=1
i 6=j

( ∫
dzξi(z)ξ j(z)

)2
]1/2

. (13.15)

We proceed as in the proof of Proposition 13.1. As for the diagonal term, using the scaling
property µ(x) = N−1µi(yi + x/N) we obtain

N

∑
i=1

( ∫
dz ξ2

i (z)
)2

≤
N

∑
i=1

[
C

N2

∫
dxdx′µ(x)µ(x′)|V(x)|1/2|V(x′)|1/2

×
(

e−
√

λ
|x−x′ |

N − e−
√

λ
|x|
N − e−

√
λ
|x′ |
N + 1

)]2

≤ C
N

∑
i=1

[
N−3

∫
dxdx′µ(x)µ(x′)|V(x)|1/2|V(x′)|1/2(|x|+ |x′|)

]2

≤ CN−6‖(1 + | · |2)V‖1

N

∑
i=1
‖µ‖4

2 ≤ CN−5 .

(13.16)

Here we used ‖µ‖2
2 ≤ C, see (12.1).
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To estimate the non diagonal term in (13.15) we use the bound (13.5) for the function ζN
ij

defined in (13.4). By the scaling properties of ui(x) we have:

N

∑
i,j=1
i 6=j

( ∫
dz ξi(z)ξ j(z)

)2

=
N

∑
i,j=1
i 6=j

[
N−2

∫
dxdx′|V(x)|1/2|V(x′)|1/2µ(x)µ(x′)

×
∫

dz
(
Gλ(yi − z + x/N)− Gλ(yi − z)

)(
Gλ(yj − z + x′/N)− Gλ(yj − z)

) ]2

=
N

∑
i,j=1
i 6=j

[
N−2

∫
dxdx′|V(x)|1/2|V(x′)|1/2µ(x)µ(x′) ζN

ij (x, x′)
]2

≤ C
N

∑
i,j=1
i 6=j

[
N−4

∫
dxdx′|V(x)|1/2|V(x′)|1/2µ(x)µ(x′)(|x|+ |x′|)2

]2

≤ C N−8
N

∑
i,j=1
i 6=j

( ∫
dx|V(x)|(1 + |x|2)

∫
dx′|µ(x′)|2

)2
≤ CN−6 .

(13.17)

Putting together (13.15), (13.16) and (13.17) we obtain

‖~D ‖2 ≤ CN−5 . (13.18)

The bound (13.11) for ‖~R ‖ follows from (13.12), (13.14) and (13.18).
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13.3 limit of ψ̂N

In this section we conclude the proof of the main result stated in Theorem 10.1. By Proposi-
tions 13.1 and 13.2 it remains to show the convergence of ψ̂N to ψ. Although the proof is a
slight modification of the step followed in [38] (see also [17]) we report the details here for
the sake of completeness.

Proposition 13.3. Let ψ̂N and ψ be defined as in (11.15) and (11.17) respectively. Then under the
assumptions of Theorem 10.1 and for λ > λ0

lim
N→+∞

Nβ‖ψ̂N − ψ‖ = 0 ∀β < 1/2 .

To prove the proposition we first introduce q defined by

− 1
4πa

q = ψ = (−∆ + 4πaW + λ)−1 f . (13.19)

Then by the second resolvent identity we get

1
4πa

q(x) +
∫

dz Gλ(x− z)W(z)q(z) = −(Gλ f )(x). (13.20)

In the following lemma we compare q(yi) with qi.

Lemma 13.3. Let qi and q be defined as in (11.16) and (13.20) respectively. Then under the same
assumptions as in Theorem 10.1 and for λ > λ0

lim
N→+∞

Nβ

{
1
N

N

∑
i=1

[Nqi − q(yi)]
2

}1/2

= 0 ∀β < 1/2.

Proof. From (11.16) and (13.20) we get

N

∑
i=1

(
1

4πa
δij +

1
N
(1− δij)Gλ

ij

)(√
Nqj −

1√
N

q(yj)

)
= Li (13.21)

where

Li =
1

N3/2

N

∑
j=1
j 6=i

Gλ
ijq(yj)−

1√
N
(GλWq)(yi). (13.22)

Recalling the definition of Γλ
ij given in Equation (13.10) we rewrite Equation (13.21) as

N

∑
j=1

Γλ
ij

(√
Nqj −

1√
N

q(yj)

)
= (4πa)Li.

Using invertibility of Γλ for λ > λ0 (see (11.8)) and multiplying by Nβ with β < 1/2 we get

Nβ

{
N

∑
i=1

∣∣∣∣√Nqi −
1√
N

q(yi)

∣∣∣∣2
}1/2

≤ CNβ‖~L ‖ .

It remains to prove that Nβ‖~L‖ goes to zero. In particular noticing that E(‖~L‖) = 0 and
applying Chebyshev inequality it is enough to show N2βE(‖~L‖2)→ 0. We use that

E
(
Gλ(x− yi)q(yi)

)
=
(
GλWq

)
(x)

E
(
(GλWq)2(yi)

)
= ‖GλWq‖2

L2
W

E
(
(Gλ(yi − yj)q(yj))

2 ) = (1, (Gλ)2 ∗ (Wq2)
)

L2
W

,

(13.23)
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where we used the notation ( f ∗ g)(x) =
∫

dy f (x − y)g(y). From (13.22) and (13.23) we
obtain

N2βE
(
‖~L ‖2

)
= N2β−1E

(
N

∑
i=1

(
1

N2

N

∑
j,k=1

j 6=i,k 6=i,j

Gλ
ijG

λ
ikq(yj)q(yk) +

1
N2

N

∑
j=1
j 6=i

(
Gλ

ijq(yj)
)2

− 2
N

N

∑
j=1
j 6=i

Gλ
ij q(yj)(GλWq)(yi)

)
+ (GλWq)2(yi)

) )

= N2β−1

(
(N − 1)

N
E
(
(Gλ(y1 − y2)q(y2))

2)
+

(
(N − 1)(N − 2)

N
− 2(N − 1) + N

)
E
(
(GλWq)2(y1)

))

=
N − 1
N2−2β

(1, (Gλ)2 ∗ (Wq2))L2
W
− N − 2

N2−2β
‖GλWq‖2

L2
W

,

which goes to zero for N → ∞ for any β < 1/2. This concludes the proof of the lemma.

Proof of Proposition 13.3. Let us consider g ∈ L2(R3). Then by (11.16), (11.15), (13.19)
and (13.20) we get

|(g, ψ̂N − ψ)| = |(g,
N

∑
i=1

qi Gλ(· − yi))− (g,GλWq)|

≤ |
N

∑
i=1

(
qi −

q(yi)

N
)
Gλg(yi)|+ |

1
N

N

∑
i=1

q(yi)Gλg(yi)− (g,GλWq)|.
(13.24)

Then using Cauchy-Schwarz inequality and multiplying both sides by
Nβ

‖g‖ we obtain

|Nβ(g, ψ̂N − ψ)|
‖g‖ ≤

sup
x
|Gλg(x)|

‖g‖ Nβ

{
1
N

N

∑
i=1

(Nqi − q(yi))
2

}1/2

+ Nβ |η(YN)− E(η(YN))|
‖g‖

(13.25)

where

η(YN) =
1
N

N

∑
i=1

(Gλg)(yi)q(yi).

The first term in (13.25) goes to zero by Lemma 13.3. Furthermore

E
(
|η(YN)− E(η(YN)|2

‖g‖2

)
=

E
(
η(YN)

2)
‖g‖2 − E (η(YN))

2

‖g‖2

=

(∫
dx W(x)q2(x)(Gλg)2(x)

‖g‖2N
+

N − 1
N

E(η(YN))
2

‖g‖2

)

− E(η(YN))
2

‖g‖2

=

∫
dx W(x)q2(x)(Gλg)2(x)−

(∫
dy (Gλg)(y)q(y)W(y)

)2

‖g‖2 N

≤ C
N
(
‖q‖L2

W
+ (1, q)2

L2
W

)
.
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Then by Chebyshev inequality also the second term in (13.25) goes to zero uniformly in ‖g‖.
Taking the supremum over g ∈ L2(R3) we get the thesis.

We are now ready to prove our main result

Proof of Theorem 10.1. It follows immediately from Propositions 13.1, 13.2 and 13.3.



Part IV

A P P E N D I X





A T H R E E - PA RT I C L E S Y S T E M S

a.1 three-body quantum problem in the center of mass frame

Let us consider a generic three-particle quantum system in dimension d = 1, 2, 3 interacting
via pairwise interactions. We denote with xi ∈ Rd the coordinate of the i−th particle and
with mi its mass. The Hilbert space is then L2(R3d) and the Hamiltonian describing the
dynamic of the system is

H3body = −
3

∑
i=1

1
2mi

∆xi + ∑
α

vα(xi − xj)

where ∆xi is the Laplacian with respect to xi and α = ij runs over the pair {12, 23, 31}. We will
often use an “odd-man-out” notation common in the study of three-body systems denoting
equivalently the pair α with the index ` = 1, 2, 3 such that ` /∈ α. Throughout this work
the Hamiltonian H3body will be either a well-defined self-adjoint Hamiltonian with regular
potential or a formal Hamiltonian with singular interaction of δ−type (see Part II).

As usual in the study of three-particle systems it is convenient to extract the center of
mass motion. To do this we introduce the coordinates (X, xα, yα), where X is the coordinate
of the center of mass and (xα, yα) is any pair of Jacobi coordinates (see Figure A.1): xα is the
relative coordinate between the pair of particles α while yα is the relative coordinate between
the third particle and center of mass of the pair, i. e.,

x23 = x2 − x3, y23 =
m2x2 + m3x3

m2 + m3
− x1

x31 = x3 − x1, y31 =
m1x1 + m3x3

m1 + m3
− x2

x12 = x1 − x2, y12 =
m1x1 + m2x2

m1 + m2
− x3.

Figure A.1: Jacobi coordinates associ-
ated to the pair α = ij

These coordinate systems define a decomposition L2(R3d) = L2(Rd) ⊗ L2(R2d) and a
tensor decomposition of H3body which is independent of the choice of the pair in the Jacobi
coordinates. Denoting with 1 the identity operator in L2(Rn)

H3body = HCM ⊗ 1 + 1⊗ H

where
HCM = − 1

2(m1 + m2 + m3)
∆X
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and
H = H0 + ∑

α′
vα′(xα′) = −

1
2µα

∆xα −
1

2nα
∆yα + ∑

α′
vα′(xα′). (A.1)

In the above formula xβ, for β 6= α, is expressed in terms of (xα, yα) and the new masses are
defined by

µα =
mimj

mi + mj
, nα =

m`(mi + mj)

m1 + m2 + m3
, α = ij, ` 6= i, j. (A.2)

HCM is just the free Hamiltonian and we can reduce our analysis to H̃ acting on L2(R2d).
Moreover it is often useful to work in momentum space. Let kα, pα be the conjugate vari-

ables of xα, yα respectively. Denoting with ki the conjugate variable of xi, they are explicitly
defined by

k23 =
m3k2 −m2k3

m2 + m3
p23 =

m1(k2 + k3)− (m2 + m3)k1

m1 + m2 + m3

k31 =
m1k3 −m3k1

m1 + m3
p31 =

m2(k1 + k3)− (m1 + m3)k2

m1 + m2 + m3

k12 =
m2k1 −m1k2

m1 + m2
p12 =

m3(k1 + k2)− (m1 + m2)k3

m1 + m2 + m3
.

(A.3)

With a slight abuse of the notation we denote with the same symbols the Hamiltonians H, H0

written in momentum space. For any choice of pair α, we have

H = H0 + ∑
β

Vβ

where

H0 = H0(kα, pα) =
k2

α

2µα
+

p2
α

2nα

is the free Hamiltonian and

(Vβψ)(kβ, pβ) =
1

(2π)d/2

∫
dk v̂β(k− kβ)ψ(k, pβ) (A.4)

describes each interaction term. In (A.4) we denote by f̂ the Fourier transform of f .
Finally we note that one can also choose as independent variables any pair (pα, pβ) with

α 6= β. The connections between the various coordinate system is given by the following
relations

k23 = −p31 −
m2

m2 + m3
p23 = p12 +

m3

m3 + m2
p23

k31 = −p12 −
m3

m1 + m3
p31 = p23 +

m1

m1 + m3
p31

k12 = −p23 −
m1

m1 + m2
p12 = p31 +

m2

m1 + m2
p12

p23 + p31 + p12 = 0.

(A.5)

Using them we find

H0(pα, pα′) =
p2

α

2µα′
+

pα · pα′

mk
+

p2
α′

2µα
, k 6= `, `′. (A.6)
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a.2 faddeev equations for the eigenvalues

A useful tool in the study of the point spectrum of the three-particle Schrödinger operator
are the so-called Faddeev equation for the eigenvalues, introduced by L. D. Faddeev in [34]
(see also [35]), which are the analogous of the Birman-Schwinger equation for the one-body
problem. We briefly recall here their derivation following the clear and simple presentation
contained in [56]. Let us suppose z < 0 to be an eigenvalue for the operator H defined in
(A.1) and ψ to be the corresponding eigenfunction. We assume in addition z /∈ σ(H0 + Vα),
∀α where σ(A) denotes the spectrum of the operator A. Then(

H0 + ∑
α

Vα

)
ψ = z ψ. (A.7)

Note that the free resolvent
R0(z) = (H0 − z)−1

is bounded in L2(R2d), so that (A.7) can be equivalently rewritten as

ψ = −R0(z)∑
α

Vαψ. (A.8)

We decompose ψ in the Faddeev components

ψ = ∑
α

ηα

where, for each pair α, from (A.8), we have

ηα = −R0(z)Vαψ. (A.9)

In order to find the equations for ηα, we introduce the resolvent of Hα = H0 + Vα

Rα(z) = (Hα − z)−1

which is bounded in L2(R2d) by our assumptions. Then we rewrite (A.9) in the form

ηα = −R0(z)Vα ∑
β

ηβ

or
ηα + R0(z)Vαηα = −R0(z)Vα ∑

β 6=α

ηβ

Applying the operator Rα(z)(H0 − z) to both sides of the above equation, we obtain the
Faddeev equations

ηα = −Rα(z)Vα ∑
β 6=α

ηβ, ∀α (A.10)

Thus, we conclude that if ψ is a solution of (A.7), then ψ = ∑α ηα and ηα are solutions
of (A.10). The converse is also true, i. e., if ηα are solutions of (A.10), then ψ = ∑α ηα is a
solution of (A.7). As it is well known, a suitable iterated form of the Faddeev equations is
characterized by a compact operator and this is the main advantage of the Faddeev equations
with respect to Equation (A.8).
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a.3 faddeev equations for the resolvent

In this section we apply a method analogous to the one adopted in the previous section to
the study of the resolvent of H. Let z < 0 be such that z /∈ σ(H) and z /∈ σ(Hα), ∀α. By the
resolvent identity R(z) = (H − z)−1 satisfies

R(z) = R0(z)− R0(z)∑
α

VαR(z) = R0(z) + ∑
`

R(`)(z) (A.11)

where R(`)(z) = −R0(z)VαR(z), ` /∈ α. Plugging Equation (A.11) into the definition of R(`)(z)
we find

R(`)(z) = −R0(z)VαR0(z)− R0(z)Vα ∑
`′

R(`′)(z)

or equivalently

R(`)(z) + R0(z)VαR(`)(z) = −R0(z)VαR0(z)− R0(z)Vα ∑
`′ 6=`

R(`′)(z).

Applying Rα(z)(H0 − z) to both sides of the equation above we get

R(`)(z) = −Rα(z)VαR0(z)− Rα(z) ∑
`′ 6=`

R(`)(z). (A.12)

Let us introduce the operator
Tα(z) = Vα −VαRa(z)Vα (A.13)

and note the identity
Rα(z)Vα = R0(z)Tα(z) (A.14)

which is a consequence of the resolvent identity. Using Equation (A.14) in Equation (A.12)
we find

R(`)(z) = −R0(z)Tα(z)R0(z)− R0(z)Tα(z) ∑
`′ 6=`

R(`′)(z).

Or equivalently, again by resolvent identity,

R(`)(z) = −Rα(z)− R0(z)− R0(z)Tα(z) ∑
`′ 6=`

R(`′)(z).

Remark A.1. One can prove that

Tα(z)ψ(kα, pα) =
∫

dk′α tα

(
z− p2

α

2nα
; kα, k′α

)
ψ(k′α, pα) (A.15)

where tα(z; ka, k′α) is the integral kernel in Fourier space of the two-particle operator tα(z) on
L2(Rd) defined by

tα(z) = vα − vαrα(z)vα. (A.16)

Here vα denotes the multiplication operator in L2(Rd) and rα(z) = (h0 + vα − z)−1 where
h0 = − 1

2µα
∆xα .

Let us check Equation (A.15). By Equation (A.16) and the resolvent identity we get

tα(z) = vα − vαr0(z)va
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where r0(z) = (h0 − z)−1. From the equation above we obtain the following equation for the
kernel tα(z; kα, k′α):

tα(z; kα, k′α) =
1√
2π

vα(kα − k′α)−
1√
2π

∫
dk′′α

vα(kα − k′′α)
(k′′α )2

2nα
− z

tα(z; k′′α , k′α). (A.17)

From Equation (A.17), recalling Equations (A.13), (A.14) and (A.4) we immediately get (A.15).





B P R O P E RT I E S O F S ( l )
m

We collect here some properties of functions S(l)
m (x) (see also [24]) defined by

S(l)
m (x) = −2πb(m)

∫ 1

−1
dy

Pl(y)
cosh(x) + y

m+1
, x ∈ R (B.1)

where
b(m) =

1
4π2

m + 1√
m(m + 2)

is a function of the mass and Pl denotes the l-th Legendre polynomial.
First we evaluate their Fourier transform

√
2π Ŝ (l)

m (k) = −2π b(m)
∫ +∞

−∞
dx e−ikx

∫ 1

−1
dy

Pl(y)
cosh x + y

m+1

= − 1
2π

m + 1√
m(m + 2)

∫ 1

−1
dy Pl(y)

∫ +∞

−∞
dx

e−ikx

cosh x + y
m+1

= − 1
π

m + 1√
m(m + 2)

∫ 1

−1
dy Pl(y)

∫ +∞

0
dx

1
cosh x + y

m+1
cos(kx)

= − m + 1√
m(m + 2)

∫ 1

−1
dy Pl(y)

sinh
(
k arccos

( y
m+1

))
sinh(kπ) sin

(
arccos

( y
m+1

))
where, for the computation of the last integral, we refer the reader to [30, p. 30]. Moreover us-
ing the elementary relations arccos(α) = π

2 − arcsin(α) and sinh(α± β) = sinh(α) cosh(β)±
sinh(β) cosh(α), we find

Ŝ (l)
m (k) =− 1√

2π

m + 1√
m(m + 2)

∫ 1

−1
dy Pl(y)

[
cosh

(
k arcsin

( y
m+1

))
2 cosh

(
k π

2
)

cos
(
arcsin

( y
m+1

))
−

sinh
(
k arcsin

( y
m+1

))
2 sinh

(
k π

2
)

cos
(
arcsin

( y
m+1

))] .

Using the parity of the Legendre polynomials in the expression above we obtain

Ŝ (l)
m (k)=



1√
2π

m + 1√
m(m + 2)

∫ 1

0
dy Pl(y)

sinh
(
k arcsin

( y
m+1

))
sinh

(
k π

2
)

cos
(
arcsin

( y
m+1

)) l odd

− 1√
2π

m + 1√
m(m + 2)

∫ 1

0
dy Pl(y)

cosh
(
k arcsin

( y
m+1

))
cosh

(
k π

2
)

cos
(
arcsin

( y
m+1

)) l even.

(B.2)

Note that Ŝ (l)(−k) = Ŝ (l)(k). Furthermore in [24] the following properties are proved.

Lemma B.1.
Ŝ (l)

m (k) ≥ 0 l odd

Ŝ (l)
m (k) ≤ 0 l even,

(B.3)
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Ŝ (l+2)
m (k) ≤ Ŝ (l)(k) l odd

Ŝ (l+2)
m (k) ≥ Ŝ (l)(k) l even.

(B.4)

Moreover Ŝ (1)(k) is monotone decreasing for k ≥ 0 and

max
k∈R

Ŝ (1)
m (k) = Ŝ (1)

m (0) =
1√
2π

Λ(m) (B.5)

where Λ(m) is defined in (3.8).

Finally in the case m = 1, setting Ŝ (l)(k) := Ŝ (l)
1 (k), we have

Lemma B.2. For l even and any k ∈ R

− 1√
6π

(
50
27

π − 10
3

√
3 +

√
11
9
− 10

9
t0

)
≤ Ŝ (l)(k) ≤ 0, l 6= 0 (B.6)

where t0 = arcsin(1/
√

12) ' 0.293 and

− 4√
6π
≤ Ŝ (0)(k) ≤ 0. (B.7)

Proof. Let us consider the case l 6= 0 and even. Since Ŝ (l)(k) is decreasing in l by (B.4), we
have Ŝ (l)(k) ≤ Ŝ (2)(k), where Ŝ (2)(k) is an even function. An explicit integration gives

Ŝ (2)(0) =− 1√
6π

∫ 1

0
dy (3y2 − 1)

1
cos

(
arcsin y

2
)

= − 2√
6π

∫ π/6

0
dx
(

12 sin2 x− 1
)
= − 1√

6π

(
5
3

π − 3
√

3
)

Let us estimate the difference Ŝ (2)(k)− Ŝ (2)(0) for any positive k. We have

Ŝ (2)(k)− Ŝ (2)(0) =
1√
6π

∫ 1

0
dy

3y2 − 1
cos

(
arcsin y

2
) (1−

cosh
(
k arcsin y

2
)

cosh
(
k π

2
) )

(B.8)

=
2√
6π

I(k) (B.9)

where

I(k) =
∫ π/6

0
dt (12 sin2 t− 1)

(
1− cosh(kt)

cosh
(
k π

2
))

Since s(t) = 12 sin2 t− 1 is negative if t < t0 and positive otherwise we can write

I(k) = −
∫ t0

0
dt |s(t)|+

∫ π/6

t0

dt s(t)

+
1

cosh
(
k π

2
) [∫ t0

0
dt |s(t)| cosh(kt)−

∫ π/6

t0

dt s(t) cosh(kt)
]

≥ 1
cosh

(
k π

2
) [(b− a) cosh

(
k

π

2

)
+ a− b cosh

(
k

π

6

)] (B.10)

where a =
∫ t0

0 dt |s(t)| and b =
∫ π/6

t0
dt s(t), with b− a > 0. Denoting

g(k) = a +
(

10
9

b− a
)

cosh
(

k
π

2

)
− b cosh

(
k

π

6

)
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we can rewrite (B.10) as

I(k) ≥ g(k)
cosh

(
k π

2
) − b

9
.

Let us show that g(k) ≥ 0. We have

g′(k) =
π

2

(
10
9

b− a
)

sinh
(

k
π

2

) [
1− A

3 sinh
(
k π

6
)

sinh
(
k π

2
) ] (B.11)

where
A =

b
10b− 9a

.

The term in square bracket in (B.11) is positive, then g′(k) ≥ 0 which, together with g(0) = b
9 ,

yields g(k) ≥ 0. Thus we find Ŝ (2)(k)− Ŝ (2)(0) ≥ − 2
9
√

6π
b. Inserting the explicit expression

for b, we obtain the estimate (B.6).
In the case l = 0 the estimate (B.7) is straightforward.
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