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ABSTRACT

We investigate the emergence of a universal behavior in certain few-particle quantum sys-
tems at low-energy.

First we consider a system composed by two identical fermions of mass one and a dif-
ferent particle of mass m in dimension three. Under the assumption that the two-particle
Hamiltonians composed by one of the fermions and the third particle have a resonance at
zero-energy, and for m less than a mass threshold m., we prove the occurrence of the Efimov
effect, i.e., the existence of an infinite number of three-body bound states accumulating at
zero. Then we study three-particle systems with zero-range interactions. In dimension one
we give a rigorous definition of the Hamiltonian for three identical bosons and we prove
that it is the limit of suitably rescaled regular Hamiltonians. In dimension three we write the
expression of the quadratic form associated to the STM extension for a generic three-particle
system. Then we focus on a system of three identical bosons proving stability outside the
s-wave subspace. As a third example of universal behavior in few-particle system we con-
sider a quantum Lorentz gas in dimension three: a particle moving through N obstacles
whose positions are independently chosen according to a given common probability density.
We assume that the particle interact with each obstacle via a Gross Pitaevskii potential. We
prove the convergence, as N — oo, to a Hamiltonian depending on the common distribution
density of the obstacles and such that the only dependence on the interaction potential is

through its scattering length.
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INTRODUCTION

In this thesis we discuss the behavior of some quantum few-particle systems with two-body
short-range interactions in the limit of sufficiently low-energy. In this regime the wave func-
tion is so delocalized that the details of the two-body interactions become irrelevant and the
behavior of the system can be characterized using only few physical parameters. This situa-
tion is referred to as universality of low energy physics, meaning that systems with different
microscopic interactions exhibit the same physical behavior.

In the case of three-body systems a strong evidence of this scenario is the so-called Efi-
mov Effect discovered by Vitaly Efimov in 1970 ( see [28, 29]). He considered three identical
bosons interacting via short-range, resonant interactions and proved the existence of an infi-
nite number of three-body bound states of increasing size whose energies E, accumulate at
the scattering threshold. The bound states, known as Efimov states, or trimers, exhibit univer-
sal features whose paradigmatic example is the asymptotic geometrical law satisfied by the

eigenvalues E; :
Ent1 —

E—n—>e %, asn — +oo (1.1)
where the parameter sy > 0 depends only on the mass ratios and, possibly, on the statistics
of the particles.

In this context short-range interaction means that the two-body potential v(r) decays faster
than 1/72 as r goes to infinity so that it can support, at most, a finite number of bound states.
Moreover, a crucial role for the occurrence of the effect is played by the zero-energy resonance
condition for the two-body subsystems. From the physical point of view the condition means
that the scattering length of the two-body problem is much larger than the effective range of
the interaction. We recall that the scattering length a is defined by

a= ‘Hgof(k, k') (1.2)

where f is the scattering amplitude.

In mathematical terms the resonance condition is realized sending the scattering length
to infinity and keeping the range of the interaction fixed. In particular if the interaction is
resonant there are no two-body bound states, hence Efimov trimers are an example of Bor-
romean bindings: three-body bound states such that the two-body subsystems are unbounded.
Hence, as soon as one of the particle is removed also the others fall apart. The denomination
comes from the Borromean rings (Figure 1.1): three interlocking circles organized in such a
way that removing one of them the others two remain unlinked.

Another interesting and counterintuitive aspect related to the Efimov effect is that it dis-
appears as long as the interaction is made more attractive because in this way the resonance
is destroyed. Indeed, the presence of a zero-energy resonance implies that, even if the inter-
actions are short range, an effective long range attraction appears. According to an intuitive
physical picture one can say that in a trimer the attraction between two particles is mediated
by the third one, which is moving back and forth between the two.
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Figure 1.1: Borromean rings

As a consequence of its universality character, the effect can be realized and observed in
various physical contexts. It was originally predicted for nuclear systems but, unfortunately,
in that context it was very difficult to obtain experimental evidences also due to the obstruc-
tion represented by Coulomb interactions. As a result, Efimov’s prediction was for a long
time considered as a theoretical pathology. The first convincing experimental confirmations
has been obtained only forty years later starting from 2006 in the field of ultra-cold quantum
gases (we refer the reader to the reviews [15, 57] and references therein). The main advantage
in that context is the unique possibility of a precise tuning of the scattering length via the
so-called Feshbach resonance.

The original Efimov’s physical argument is based on the replacement of the two-body po-
tential with a boundary condition, which is essentially equivalent to consider a two-body
zero-range interaction (defined below), and on the introduction of hyper-spherical coordi-
nates. If the resonance condition is satisfied, in these coordinates the problem becomes sepa-
rable and in the equation for the hyper-radius R the long range, attractive effective potential
—(s3+1/4)/R? appears. For small R the behavior R~2 is too singular and an extra boundary
condition at short distance must be imposed to restore self-adjointness. On the other hand,
for large R the decay rate of this effective potential guarantees the existence of an infinite
number of eigenvalues.

From a mathematical point of view the first rigorous proof was given by Yafaev in 1974 in
[72]. He made rigorous the line of reasoning of [6] studying a symmetrized form of the Fad-
deev equations for a system of three different particles such that at least two of the two-body
subsystems are resonant (i. e., with infinite scattering length) and proving the existence of an
infinite number of negative eigenvalues. Later Sobolev (see [67]) used the same techniques
to prove the following asymptotic behavior for the number N(z) of eigenvalues smaller than

z < 0:
T N(z) _ S0

0 |log|z|| 2 (23)
Notice that (1.3) is in agreement with the geometrical law (1.1). In the same year Tamura
([69]) obtained the same result under more general assumptions on the two-body potentials.
Other proofs of the effect adopt a variational approach based on a Born-Oppenheiner approx-
imation. In particular we recall the work by Ovchinnikov and Sigal ([58]) where a system of
two heavy particles and a light one is considered. See also the physics paper [43] where the

case of an explicit separable potential is considered in the case of two heavy and one light
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particle and the paper by Tamura [68] where the method is generalized to a system of generic
masses. For more results on the subject see also [71], [44] and [45].

It is worth mentioning that a mathematical proof of the geometric asymptotic law (1.1) is
still lacking (see the conjecture discussed in [4]).

The technique used by [72] can be easily adapted to a system of three identical bosons
while for three identical fermions the resonance condition as defined above cannot occur
(see Remarks 4.1 and 4.2). On the other hand, resonance can occur looking at the interaction
of a fermions and a different particle, for instance a fermion of different specie. In physical
applications the case of a mixture of N identical fermions of one species and M identical
fermions of another species is particularly relevant and this put in a new perspective the
question of presence or absence of the Efimov effect in a system composed of two identical
fermions and a different particle.

In this thesis we address this question (see also [9]). We consider the case of a three-particle
system composed of two identical fermions of unitary masses and a third particle of mass
m assuming the resonance condition on the interactions between one of the fermions and
the third particle. We use the same approach as in [67, 72] with the modifications required
to take into account the characteristic features of our system. Some peculiar aspects appear
in our case. First we find the existence of a threshold m. on the mass ratio: Efimov effect
occurs only for m < m, while for m > m, the Hamiltonian has a finite number of eigenval-
ues. Moreover, considering a partial wave decomposition, the effect takes place only in the
subspaces corresponding to the odd-waves (contrary to the case of identical bosons or distin-
guishable particles where the effect appears in the s-wave subspace). It is worth mentioning
that our result is in agreement with physical results on the subject (see [15, 57] and references
therein).

Another interesting regime is obtained keeping the scattering length as fixed and sending
to zero the range of the interaction. In this way one obtains the so-called point interactions,
also known as contact or zero-range interactions. Quantum mechanical Hamiltonians with
zero-range interactions have been introduced around the middle of the last century to de-
scribe short-range nuclear forces at low-energy starting with the works of Bethe and Peierls
[13], Thomas [70] and, later, Fermi [37]. More recently, interesting applications have been
developed also in the physics of ultra-cold atoms, in particular in the unitary limit (see, e. g.,
[15, 22, 23]). Roughly speaking, the unitary limit is characterized by two-body interactions
with zero range and an infinite scattering length.

An N-particle system in RY, d =1,2,3, with zero-range two-body interactions is described
by the formal Hamiltonian

N 1 N
==Y oy, D Y viid(xi — xj), (1.4)
i=1 ! ij=1
i<j

Nbody,d
A, 0

where x; € RY,i=1,...,3,is the coordinate of the i-th particle, m; is the corresponding mass,
Ay, is the Laplacian relative to x;, and v;; € R is the strength of the interaction between parti-
cles 7 and j. To simplify the notation we set 7z = 1. The correct definition of the Hamiltonian
and the analysis of the stability problem, i.e., the existence of a finite lower bound for the
Hamiltonian, have been widely studied both in the physical [15, 19-23, 26, 46] and in the
mathematical [3, 5, 24, 25, 27, 36, 42, 50-53, 61] literature.
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From a mathematical point of view the first step is to give a rigorous definition of the
formal Hamiltonian (1.4) as a self-adjoint operator. The case N = 2 reduces, removing the
center of mass motion, to the well known case (see [2]) of a single particle interacting with a
point interaction placed at the origin. Let us focus on three-particle systems.

In the one dimensional case the problem can be treated using the fact that the interaction
term is a small perturbation, in the quadratic form sense, of the free Hamiltonian.

Using this fact, in this thesis we provide a rigorous definition of the Hamiltonian as a self-
adjoint operator bounded from below. Moreover, we obtain this Hamiltonian as the limit of
Hamiltonians with suitably rescaled interactions potentials. These results will appear in [7].

In dimension two a natural class of Hamiltonians with local zero-range interactions was
constructed in [27] and it was also shown that such Hamiltonians are all bounded from
below.

In dimension three the analysis is more delicate. A strategy to circumvent the difficulty
is to construct a class of operators by analogy with the two-particle case, the so-called STM
extensions named after Ter-Martirosyan and Skornyakov ([66]). The domains of these opera-
tors turn out to be composed by functions with the expected asymptotic behavior prescribed
by physical heuristics when two particles come into contact. Unfortunately, in general they
do not define a self-adjoint operator. Indeed, for a system of three identical bosons it was
shown in [36] that the STM operators are not self-adjoint and all their self-adjoint extensions
are unbounded from below owing to the presence of an infinite discrete sequence of bound
states whose energy diverge to minus infinity. In [48] this result was generalized to the case
of three distinguishable particles with different masses. This kind of instability is known in
the literature as the Thomas effect.

It should be stressed that the Thomas and Efimov effects are strongly related (we refer the
reader to [1, 15, 57] and references therein). On the other hand it is worth noticing that, to
our knowledge, a rigorous mathematical investigation of this connection is still lacking (see
the conjecture in [4]).

The Thomas effect can be avoided if the Hilbert space is suitably restricted introducing
symmetry constraints on the wave function.

Following this line of thought, in this work we prove that, excluding the s-wave space, a
system of three identical bosons with point interactions is stable (see also [10]). A second pos-
sibility is to consider antisymmetry constraint. In fact, a wave function that is antisymmetric
under exchange of coordinates of two particles necessarily vanishes at the coincidence points
of such two particles, thus making their mutual zero-range interaction ineffective. Therefore,
it is reasonable to expect that in a system of two identical fermions plus a different particle
the interaction term in the Hamiltonian is less singular, thus making the system stable. In-
deed, it has been shown that this is in fact the case for suitable values of the mass ratio (see,
e.g., [24, 25, 52, 53, 55]). Remarkably, the optimal mass ratio found in [24] which distinguish
between the stable and the unstable case for a system composed by two identical fermions
and a different particle is exactly the same obtained in our work [9] characterizing the occur-
rence of the Efimov effect. This fact enlighten once more the strict connection between the
two phenomena.

Finally we discuss a third example of universal behavior in few-particle quantum systems

at low energy. Consider a non relativistic quantum particle, whose position is denoted by



INTRODUCTION

x € R3, interacting with N obstacles. Suppose that the interaction with the i-th obstacle,
placed at y;, is described by the Gross Pitaevskii potential
V¥ (x) = N*V(N(x — 1)), (15)

1

where the unscaled potential V' decays to zero at infinity sufficiently fast. Therefore, the
Hamiltonian of the particle is
N
Hy=-A+Y VN, (1.6)
i=1
Here we have chosen units such that # = 1 and the mass of the particle is 1/2. Moreover
suppose that y;, i = 1,..., N are independent and identically distributed random variables
with density given by the function W(x). We are interested in the limit N — oo.
We note that for N large the range rj of the potential VN is of order N~! while the average
distance d among the obstacles is of order N~1/3. If the wavelength of the particle Ap is taken
of order 1, we are studying the regime

7’0<<d<<)tp,

which is the case occurring, for example, in the analysis of scattering of slow neutrons from
condensed matter (Neutron Optics). Hence, we are once more considering a low energy limit
and we expect to find a universal behavior.

Indeed, in this thesis we prove the convergence of Hy to the limiting Hamiltonian

H=—-A+4maW, (1.7)

where the only dependence on the interaction potential V is through its scattering length
a. More precisely we prove convergence in the strong resolvent sense in probability with
respect to the product probability measure {W(x)dx}*N. Moreover we give the rate of the
convergence and characterize the fluctuations (see also [8]).

Remarkably, this result is in accordance with the results known for the more difficult
many-body problem of n particle interacting via Gross-Pitaevskii potentials and undergoing
Bose-Einstein condensation. Here the limiting behavior is described by the Gross-Pitaevskii
equation where again the scattering length appears (see, e. g., [11, 18, 31-33, 62]). On the other
hand our simpler Lorentz gas model allows a more explicit analysis of the convergence and
of the fluctuations.

The thesis is organized as follows.

Part I is devoted to the study of the occurrence of the Efimov Effect in a system of two
identical fermions and a different particle.

In Part II we study three-particle systems with point interactions in dimension one and
three. In the one dimensional case we present the results on the rigorous definition of the
Hamiltonian and its approximation. As for the three dimensional case, the construction of
the quadratic form and the result on stability for three identical bosons outside the s-wave is
presented together with a short review on the known results in the fermionic case.

In Part III we analyze the Lorentz quantum gas in three dimensions with Gross-Pitaeskii
potentials and we characterize the limiting behavior and the fluctuations.

5
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INTRODUCTION

It is well known that a two-particle quantum system in dimension three interacting via a
potential vanishing at infinity faster than 1/|x|? has only a finite number of eigenvalues.
One could expect that a similar result holds for a three-particle system. On the contrary,
the situation is more involved and not merely dependent on the long range behavior of
the potentials. Indeed, a remarkable physical phenomenon known as Efimov effect has been
discovered by Vitaly Efimov in 1970 ([29], [28]).

Efimov considered particles interacting through short-range potentials such that the two-
particle subsystems do not have bound states but exhibit a zero-energy resonance. Under
this condition he proved that the three-particle system has an infinite number of eigenvalues
accumulating at zero.

Here we present the result obtained in [9]. We study the case of a three-particle system in
dimension three composed of two identical fermions with mass one and a different particle
with mass m. In the physical literature such a system has been extensively studied (see, e.g.,
[20], [57] and references therein) and it is known that the Efimov effect can be present with
some peculiar features. Indeed, the effect is present only for m < m, = (13.607) ! and, con-
sidering a partial wave decomposition, it takes place only in the subspaces corresponding
to the odd waves (contrary to the case of identical bosons or distinguishable particles where
the effect takes place in even waves). Following the approach based on the analysis of the
Faddeev equations, we give a mathematical proof of these facts. More precisely, we assume
that: a) the two-body potentials are short range, rotationally invariant, non positive; b) the
Hamiltonians of all the two-particle subsystems are positive; c) the Hamiltonian of the sub-
systems composed of the particle with mass m and a fermion has a zero-energy resonance.
Then we prove that the Hamiltonian of the three-particle system has a finite number of neg-
ative eigenvalues for m > m, and an infinite number of negative eigenvalues accumulating
at zero for m < m,. We also prove the asymptotic behavior (1.3), where the constant at the
right hand side, which in our case is denoted by C(m), depends only on the mass m and it is
estimated from below and from above.

We note that, under our assumptions, the interaction potential between the two fermions
does not produce zero-energy resonance and therefore it plays no role in the occurrence of
the Efimov effect.

The method of the proof follows the line of reasoning of [67], with the modifications
required to take into account of the peculiarity of our system. In particular, we formulate
the eigenvalue problem Hy = zy, z < 0, for the three-particle Hamiltonian in terms
of symmetrized Faddeev equations ¥ = A(z)¥, where A(z) is a 2 x 2 matrix (compact)
operator, and we prove that N(z) = n(1,A(z)), where the right hand side is the number
of eigenvalues of A(z) larger than one. Then the problem is reduced to the study of the
asymptotic of n(1,A(z)) for z — 0~. The presence of the zero-energy resonance for the
subsystems composed of the particle with mass m and a fermion determines a singular
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behavior (and a lack of compactness) of A(z) for z = 0 and this is the reason for the possible
divergence of n(1,A(z)) for z — 0. Through some successive steps, we single out such
singular behavior neglecting operators which, for z < 0, are compact and continuous in z.
At the end we find that the asymptotic for z — 0~ of n(1, A(z)) reduces to the asymptotic
for R — oo of an operator Sg which has an explicit form. By a direct analysis of such an

operator, we conclude the proof of the main result in the two cases m < m, and m > m,.



NOTATION AND MAIN RESULT

We consider a quantum system in dimension 4 = 3 composed by two identical fermions of
unitary mass and a different particle of mass m3 = m. Let x1,xp € R3 denote the coordinates
of the fermions and x3 € R? the coordinate of the third particle. The Hilbert space is then
Lgsym(le) = {y € L2(R%) s. t. (x2,x1,x3) = —(x1,x2,x3)} and due to the symmetry
constraint, we suppose the pairwise interactions v, to be spherically symmetric and vy3 =
031 := 0.

Proceeding as in Appendix A we reduce our analysis to the following Hamiltonian in
momentum space in the Jacobi coordinates (kq, pa)

K2 P2
H=Hy+) Vy= 2; +5" +) Vu
o o o o

where the operators V, and the new masses pug, 1, have been defined in (A.4) and (A.2)
respectively. In particular under our assumptions

1 m
mz:E Pl23=P131=M=mi_i_1
m—+2 m—+ 2

Taking into account of the definitions given in (A.3), the symmetry constraint reduces to

ll)(kzg,, p23) = —¢(—k31, pg,l) or equivalently lp(klz, p12) = —I/J(—klz, pu). Therefore, ChOOSiI‘lg
for instance the coordinates (ku3, p23), the Hilbert space of the system is

m(m +2)

5 P23, —koz — mpf1> } - (31)

k
qasym _ {l/J c Lz(]R6) | (kos, p23) = —¢ (m fl B (m+1)

As pointed out in Appendix A we can adopt as coordinates any pair (pg, p,), in particular

we will often use in the study of this system the coordinates (p»3, p31). Equation (A.6) yields

2 2 .
HO(P23/ P31) = % + % + P23mp31

. (3-2)

By definition the exchange of the fermionic coordinates corresponds to the exchange of py3
and p31, thus, using the coordinates (p23, p31), the symmetry condition becomes ¢(pa3, p31) =
—1(p31, p23). For notational convenience we describe the symmetry by an operator P acting
on L2(R®) so that ¢ € H2Y™ if and only if Py = . In the coordinates (ko3, p23) P acts as

k 2
PO ) = =0 (127 = T k)

while in the coordinates (po3, p31) and (kip, p12) we have

(PY)(p2s, p31) = —¢(pa1, p2s)  (Py)(ki, p12) = —(—ki2, p12)-

Equations (3.2) immediately yields that P commutes with Hy. Furthermore by the spherical
symmetry of the potentials it follows that P also commutes with Vj, and it satisfies PV3; =

11
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Va3 P. Indeed by Equation (A.4) and spherical symmetry of vy, one obtains PVi, = Vi,P.
While using Equation (A.4), (A.5) and the spherical symmetry of v we can write

(V) (p2s, pa1) = (27:)3ﬂ /dP o(p — p31)¢(p23, p)
(Va19) (p2s, pa1) = (2;)3/2 /dp o(p — p23)¢(p, p31)

which implies PVp3 = V3P and PV3; = V3 P.
Let us introduce the two-particle subsystems of our three-particle system, described by
the following Hamiltonians in L?(IR®)

1
hy = —%Ax + Utx(x)- (3-3)

In order to formulate our main result we introduce below our assumptions on the two-
body potentials, on the zero-energy properties of the two-particle subsystems and on the
mass ratio.

Concerning the two-body potentials v, and the Hamiltonians h,, we assume that the fol-

lowing conditions hold for any pair «

(A1) |oa(x)| < -, with b > 3

(1+ |x])
(A2) oa(x) = va(|x])
(A3) v, <0

(A4) ha >0

A further important assumption is the presence of a zero-energy resonance for the two-
particle Hamiltonian hp3 = h3;. Here we recall the definition of a zero-energy resonance,
while further comments and some useful results will be given in the next section.

Let us consider a Hamiltonian in L?(IR3)

1

h=—5 A+ u(x) (3-4)

with m > 0 and u a generic potential satisfying (A1) and (A4). We denote by go the integral

operator with kernel
m

n__ m
gO(X,X) 27T|X—X/‘ :

Definition 3.1. Zero is a (simple) resonance for # if there exists ¢ € L?(R%) such that
agoug =—¢,  (w9) #0, (3:5)
where u(x) = |u|"/2(x) and ii(x) = sgn(u(x))|u|"?(x).

Remark 3.1. We note that if zero is a resonance for i then the scattering length a, defined by
Equation (1.2), is infinite. The scattering amplitude f(k, k') is given by

Fle k) = = [ dxe ™ u(x)2 (e, k)] o (3:6)
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where ( is the solution of the Lippman-Schwinger equation:

k) == I Loy ).
[~y
The equation for ¢ yields
(k') = (1+by) ey (37)

where we set e/ (x) = ¢*"* and by denotes the operator acting as

m *llkl\x vl
beg(x) = o [ dy () )9l

Inserting now Equation (3.7) in Equation (3.6) we get
f(k, k') = % /dxe*ikx w(x) [(1+ b)) tiaeg] (x).
Using now Lemma 1.2.4 (case II) in [2] we get that if & has a resonance at zero energy then

_ 27
(1+bp) ' =~ *W(sgn(u)(p,-)q) as [K'| =0

which implies

NS (o, uer) B
e Ty

From the above equation, recalling Equation (1.2), we immediately get a = +o0.
Let us notice that if on the contrary zero is neither an eigenvalue nor a resonance for i then
(1+by)~! converges to (1 — figou) ! which is a bounded operator. Hence in this case one
has

/ﬁxu 1+ugm)1m@):£%@41+a@@-my
In particular a is finite and can be equivalently rewritten as a = ﬁ(u,%) where ¢y is the
solution of (— Ay + 1)y = 0.

Let us comment on the above assumptions. We remark that if each v, satisfies condition
(A1) then, via Kato-Rellich Theorem (see, for instance, [64]), we have self-adjointness and
lower boundedness of H on the same domain of Hj.

Moreover, using the HVZ Theorem (see [64]), we know that the essential spectrum of H is
of the form [I, +o0), where ! is the lowest point of the spectra of the operators h, describing
the two-particle subsystems. Thus the assumption (As) implies that on the left of zero the
spectrum of H consists of isolated eigenvalues with finite multiplicities.

The assumptions (Ay), (A3) are introduced to simplify the analysis. Note that under the
assumption (Aj3) the first equation in (3.5) reduces to

|1/2 |1/2

[ul*"“golul*"“¢ = ¢.

Moreover (A;) prevents the presence of zero-energy resonance in the subsystem composed
by the identical fermions (see Remark 4.2 at the end of the next section).

As we already pointed out in the introduction, a peculiar aspect of the Efimov effect in our

fermionic system is that it only occurs for a certain range of values of the mass ratio (0,m.),

13
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which can be defined as follows. Let A(m) be the following function of the mass of the third

_ 2(m+1)? 1 Caresin (L
A(m) = - ( D) cs (m+1>> . (3.8)

It is easy to check that A(m) is decreasing and

particle

lim A(m) = +oo, lim A(m)=0

m—0 m——+oo
Thus the following definition makes sense

Definition 3.2. The critical mass m; is the unique solution of the equation
A(m) =1.

Note that for m < m, (m > m,) we have A(m) > 1 (A(m) < 1). Moreover, we stress that
m, is the same mass threshold obtained in the study of the corresponding system with point
interactions, see Section 9.3 ( for more detailed results we refer the reader to [42], [24], [53]).

We are now ready to formulate our main result.

Theorem 3.1. Let us assume that conditions (Aq)—(A4) hold for any pair « and that the two-particle
Hamiltonian hy3 = h3y has a zero-enerqy resonance. Then the following holds.

i) For m < m, there exists a positive constant C(m) such that

N@z) _
20— |10g|z|| —C(I’Yl) (39)
Moreover, C(m) satisfies
Cy(m) < C(m) < Co(m) (3.10)

where C1(m) is the unique positive solution of the equation Fy,(x) = 1, with

F(x) = m4+1 / sinh ( 3 7y arcsin (er
e vV m(m +2) smh ) cos (arcsin (547)) '
and
Calm) = s 108 (ﬁam)) (B(m) +3ly(m) +2) 611
with
__ (m+1)p2 2 T o (1
a(m) = Zﬁ\/m og!/? (1 + m) , B(m):= 7 —arcsin (m—i—l) (3.12)

and lo(m) is the largest odd integer smaller than mwa(m)* —1/2.

ii) For m > my the number of negative eigenvalues of H is finite.
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4.1 TWO-PARTICLE SUBSYSTEMS

Here we recall some properties of the two-body Hamiltonian operator # which expression
in the position space is given by (3.4), under the hypothesis that the assumptions (A1)—(A4)
are satisfied. In particular, we are interested in the low energy behavior connected with the

presence of zero-energy resonance (see Definition 3.1).

|1/2 |1/2

We first observe that if ¢ is a square integrable solution of |u|'/“gg|u|"/*¢ = ¢ then ¢ =

g0|u|'/?¢ satisfies hp = 0 in the sense of distributions. Furthermore, ¢ is an eigenfunction
of h with eigenvalue zero if and only if (|u|'/2,¢) = 0 (see, e.g., Section 1 in [69]). On the
other hand, if zero is a resonance for i then there exists ¥ solution of i) = 0 in the sense of
distribution with ¢ € L? _(R®) but ¢ ¢ L?(R3).

loc
Remark 4.1. The spherical symmetry of the potential 1 implies that zero-energy resonance can
only occur in s-wave subspace. Indeed, if ¢ belongs to the subspace with angular momentum
I > 1 then obviously (|u|'/2, ¢) = 0.

Let us introduce the resolvent of h

r(z)=(h—z)7!

which is a bounded operator in L?(R3) for any z < 0 due to condition (A;), the free resolvent

ro(z) = (— %A —z)fl

(note that 7(0) = go) and the operator
w(z) = I+ |u|"?r(z)|u"/2.
Using the resolvent identity 7(z) = r¢(z) — r(z) uro(z) one verifies that

w(z) = (I = [ul2ro(z)|ul'/?)~!

The following lemma describes the behavior of the operator w(z) if 1 is not an eigenvalue of

|M‘1/280|M|1/2-

Lemma 4.1. Let us suppose that 1 is not an eigenvalue of the operator |u|'/2gq|u|'/?. Then w(z) is
continuous in z < 0.

Let us assume that h has a zero-energy resonance. We fix the following normalization
condition on the eigenvector ¢

(Jul'/2, ¢) = 2m)* 2 (p|u|1/2)(0) = 2147 /2m=3/4 (4.1)

and we characterize the behavior of the operator w(z) when z — 0.

15
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Lemma 4.2. Suppose that h has a zero-energy resonance. If z < 0 is small enough and § <
min{1,b — 3} then

21172

w(z) = + |z 2w (2)

where the operator w'®) (2) is continuous in z < 0. Moreover

(0(z)) ! = T+ 5 000 o)

where the operator @\°) (z) is continuous in z < 0.

For the proof of the previous lemmas we refer the reader to [67].

Remark 4.2. Let us consider the Hamiltonians of the two-body subsystems defined in (3.3).
We note that 15, due to the symmetry constraint, acts on the space

Laoym(R%) = {p € L2(R?) | (—x) = —p(x)}.

Hence, by Remark 4.1, it cannot exhibit a zero-energy resonance because its domain does not
include s-wave functions. Moreover, using the assumptions (A;) and (A4), 12 cannot have
zero as an eigenvalue (see e. g.[73]). Hence we conclude that 1 is not an eigenvalue for the
operator |v15|'/2g0|v12|'/2. Then we can apply Lemma 4.1 and, as we will see, this implies
that the potential between the two fermions does not play any role in the occurrence of the
Efimov effect. On the other hand, as we have already stressed, the presence of a zero-energy
resonance for hp3 = h3; is a crucial ingredient of the proof.
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4.2 FADDEEV EQUATIONS FOR THE EIGENVALUES

In the derivation of the Faddeev equation for the eigenvalues given in Appendix A we have
not assumed any symmetry property of our system and therefore it is valid for a generic
three-particle system. In order to take into account of the fermionic symmetry we proceed as
follows.

Recalling the definition of the operator P and its properties (see Chapter 3) and the defi-
nition of 1, given in (A.9) we obtain Py = #12, 1731 = P1j23 and the system (A.10) reduces
to

1123 = —Ra3(2) Vas(Prj23 + 1112)

(4.2)
2 = —Ru(z) Via(I + P)123

where 1123 € L?(IR®) and 71, € H. Consequently, in our fermionic system the solution of the
eigenvalue equation (A.7) reads ¢ = 12 + (I + P) #123.

In this paper we find convenient to use a symmetrized form of the Faddeev equations
similar to the one used in [67]. In order to derive such equations, we first introduce the
following bounded and positive operators on L?(IR®) for z < 0

Wi (z) = T+ |Vo |V 2Ry (2) | Vi V2.

Using the resolvent identity R, (z) = Ro(z) — Ro(z) VaRa(z), we find
1/2 12\
Wa(z) = (1= Val/?Ro(2)|Val/2) (43)
Moreover, we define the resolvent of h,
ra(z) = (ha —2)7"

which is a bounded operator in L?(R%) for any z < 0, the bounded and positive operator

Wa(2) = I+ [va]?ra(2) 00|/

and the Fourier transform F, with respect to x,

(Fuf)(ka, pa) = (27_[1)3/2 /dx,x o ika%a F(Xa) Pa)-

Then one verifies that

2
W (z) = Fawy (z - 2;;‘" > Fy. (4-4)
o

Let us reconsider the first equation in (4.2). Using the resolvent identity and taking into
account that V, = —|V,|, we have

1123 = —(Ro(z) — Ro(z) VazRa3(2)) Vas (Pras + 1712)
= (Ro(z) + Ro(2)|Va3|Ro3(2)) | Vas| (P23 + 1712) (4.5)
= Ro(2)|Vas |2 W3 (2) 2 Was (2) 12| Vas |2 (Prpas + 1712)

Analogously, the second equation in (4.2) can be rewritten as

12 = Ro(2) [Vio|" 2 Wiz (2) V2 Wiz (2) /2| Vio |2 (1 + P)ipos. (4.6)

17
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Now we apply P to both sides of (4.5) and sum it with (4.6). On the resulting equation we
apply W,{?|Va3|'/2. Denoting

a3 = Was(2)Y 2| Vas |2 (Pips + 1712)
P12 = Wia(2) 2| V12|V 2(1 + P)ipas

we find
Va3 = Wz (2) V2| Va3 |V2Ro (2) (P|Vas|Y * Wz (2) V23 + | Vio| Y 2 Wia (2) Y 2912).
On the other hand, applying Wi (z)'/2|Vi2|1/2(I 4 P) to both sides of (4.5) we find
P12 = Wia(2)"2Via| Ry (2) (I + P) | Vas|"/* W3 (2) "/ *pns.

Hence we have the following symmetrized form of the Faddeev equations for our model of
two identical fermions and a different particle

Y =A(z)¥
where ¥ = (¢23,112) and A(z) is a 2 x 2 matrix operator acting on the space

K = LZ(]Ré) X F{asym

defined by
A(z) = W(2)2U(2)W(z2)"?,

with

W (2)'/2 = diag{Was(2)"/2, Wip(z)/?}
and

|Va3|V2Ro (z) P| V3 |1/2 |Va3|V/2Ro (2)| Vo |12

Uz) =
V1o 2Ro(2) (I + P) | V3|12 0

The advantage of such symmetrized form of the equations is the fact that A(z) is compact
for z < 0.

Theorem 4.1. For z < 0 the operator A(z) is compact and it is continuous in z.

The proof of Theorem 4.1 goes exactly as that of Theorem 4.1 in [67] and it is omitted.

It turns out that the number of eigenvalues of H smaller than z < 0 equals the number
of eigenvalues of A(z) larger than 1. In order to prove this fact it is useful to introduce the
following definition.

Definition 4.1. Let B be a self-adjoint operator on the Hilbert space ) and let A € R. We set

n(A,B) = sup dimbg(A)
bp(A)

where hp(A) denotes any subspace of D(B) such that if f belongs to hp(A) then (Bf, f) >
M.
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We stress that if the spectrum of the operator B on the right of A is purely discrete then
n(A, B) coincides with the number of eigenvalues (with multiplicities) on the right of A. Thus
in particular

N(z) = n(—z,—H).

Due to the compactness of A(z) stated in Theorem 4.1, we also have that n(1, A(z)) equals
the number of eigenvalues of A(z) larger than 1.

In the next Theorem we prove a “Birman-Schwinger Principle” for our three-particle sys-
tem, which is crucial for our analysis.

Theorem 4.2. For z < 0 we have
N(z) =n(1,A(z)).

Proof. We adapt the proof of Theorem 3.1 in [67] to our case. First we show that
N(z) = n(1,Ro(2)!2|V|Ro(2)'"?) (47)
where |V| = |Va3| 4+ P|Vas| + | Vi2]. Indeed, let x € h_g(—z) then
((Hy—z)x,x) < (|V]x, x).
Setting y = (Hp — z)/2x and using self-adjointness of (Hy — z)'/2 and Rg(z)!/? we have

(Ro(2)'?|VIRo(2)?y,y) > (y,v)

that is y € g (;)1/2y|gy(z)1/2(1). This implies n(1, Ro(2)Y2|V|Ro(z)'/?) > N(z). Reversing
the argument we get the opposite inequality.
Next we introduce the matrix operator L(z) on H®Y™ @ H3Y™ defined by

. Ro(2)2|V|Ro(2)Y2  Ro(z)'/?|V|Ro(z)1/?
L(Z) = E
Ro(2)2|V|Ro(2)"2  Ro(2)'/?|V|Ro(z)"/?
and we note that
n(1,Ro(2)/?|V|Ro(2)/?) = n(1, L(2)). (4.8)

The operator L(z) can be written as

L(z) = S(z)S*(z)
where S(z) : I — H3Y™ @ HY™ is defined by

SRo(z)V2(1+T)|Vas |2 J5Ro(2)!/?| Vg /2

5(z) =

SRo(2)2(L+T) Va2 TR (2)/2|V3a| /2

and its adjoint $*(z) is given by
[Va3|V2Ro(2)V/2 V3| 2Ro(2)1/2
S*(z) =
751Vi2['2Ro(2)'? 5 |Vaa| /2 Ro (2)1/2
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where we have used T = I on the space H*Y™. Since n(A, BB*) = n(A, B*B) for any bounded

operator B (see e.g., Lemma 4.2 in [67]), we have

n(1,L(z)) = n(1,5%(2)8(2)) (4-9)

where S*(z)S(z) is an operator on K explicitly given by

|Vas|V2Ro(2) (I + P)|Vas|'/2 V2| Vas|V/2Ro(2) | Vip| /2
S*(2)S(z) =
V2 |Via|V2Ro(z) (T + P) Vs /2 [Via| /2R (2)| V|12

Let us decompose the above operator as follows

§%(2)8(z) = D1(z) + Da2(2)

where
Vo3| 2Ro(2) [ Va3 |'/2 0
Di(z) =
0 [Via|'/2Ro(2)| Via|'/2
and
V3| 2Ro(2) T| Va3 |'/2 V2| Vo3| 2Ro(2) [ Vio| /2
Dy(z) =
2 Vo] /2Ro(2) (1 + T) Vg2 0
Moreover, let us define
A(z) = (I - D1(2))"/2Da(2)(I - Di(2)) "/ (4.10)

and note that, from the definition of W, given in Equation (4.3), it follows
(I — D1(z))"1/% = W(z)"/2. Let us prove that

n(1,8%*(2)S(z)) := n(1,D1(z) + D2(2)) = n(1,A(z)). (4.11)
Assume x € by, (1), ie,
((D1(z) + D2(2))x,x) > (x,x)

then
(D2(z)x,x) > ((I = D1(z))x, x).

Defining y = (I — D1(z))"/2x and using (4.10) we get

(A(2)y,y) > (1, y)

which means y € b5, (1). This proves n(1,5*(z)S(z)) < n(1,A(z)). To get the opposite
inequality it is sufficient to reverse the argument.
We also note that for z < 0 the operator A(z) is compact and it is continuous in z.
Finally, by a direct computation one verifies that

~ 1 0 1 0
el gl )
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This implies that A(z) and A(z) have the same eigenvalues and if ¥ = (i3, 912) is an
eigenfunction of A(z) then ¥ = (¢3,v/2¢P12) is an eigenfunction of A(z) with the same
eigenvalue.

n(1,A(z)) = n(1,A(z)) (4.12)

Taking into account of (4.7), (4.8), (4.9), (4.11), (4.12), we conclude the proof. O

We conclude this section describing the behavior of the operators W, (z) when z < 0 is
small.

Let us introduce the multiplication operator in L?(RR®)

2
(Ca(2)F) (ke o) = 7 (2’” - ) F(ke, pa) (4.13)

where v € C*®(R4) is such that y(t) > 0 forall ¢, y(t) = tif t <1l and y(t) =1if t > 2.
Moreover, for the resonant pair 23, we define the operator in L?(IR®)

1 ' —
(a3 f) (ko3, p23) = mq)(kza) /dkf(k, p23) (k) (4-14)
where ¢ is the eigenfunction of |v|'/2go|v|!/? with eigenvalue 1 (see Definition 3.1).

Using the relation (4.4) and Lemma 4.2, we find

1-5
!

Was(z)!/2 = Tp3(z) 1/ *Tlp3 + I'oa(2) Wégf’ (2) (4.15)

where § < min{1,b — 3} and Wz(g) (z) is continuous in z < 0.
On the other hand, Lemma 4.1 implies that W,(z)1/2 is continuous in z < 0.
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The proof of our main result expressed in Theorem 3.1 requires, via Theorem 4.2, an asymp-
totic analysis of n(1, A(z)) for z — 0. From Theorem 4.1, we know that for z < 0 the
operator A(z) is compact but there is a lack of compactness for z = 0 and this is the reason
why we find that N(z) diverges for z — 0. In this section we shall prove various intermedi-
ate results where, at each step, we single out the leading term of A(z)) for z — 07, neglecting
operators which are compact and continuous in z for z < 0. At the end, we shall obtain the
following integral operator acting in L?((0, R) x S?,dr ® dQ))

R
(5ef)(rw) = [ do [ dAOS(r—p - D)f(0,0) -0
where
1
S(x,y) = —b(m) m, xeR, ye[-1,1] (5.2)
R=R() = 5|log ]l 53)

m—+1

1
blm) = A2 m(m+2)

) (5-4)

In section 6 we shall prove that the asymptotic behavior of (1, A(z)) for z — 0~ coincides
with that of n(1, Sg) for R — +co0.
As a first step, we show that the terms in A(z) depending on the interaction between the

two fermions give a compact contribution which can be neglected.

Lemma 5.1. For z < 0 the operator A(z) — Ag(z) is compact and it is continuous in z, where

Ag(z) = (AO(Z) 0)
0 0

AO(Z) = H23F;31/4(z) |V23|1/2R0(Z)T|V23|1/2F£3,1/4(Z)H23. (5.5)

and

Proof. Let us introduce the operators

I'(z) = diag{T23(z),T12(2) },
W (2) = diag{ Wy (2), WY (2)},

IT
mo [ O
0 0
where § < min{1,b — 3}, Wl(g) (z) = Flz(z)¥W12(z) is continuous in z < 0 and the other

terms have been defined in (4.13), (4.14), (4.15). Using the above notation we write

A(z) = Ag(z) + R(z)

23
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where

R(z) = mu(/40-0/9 yw )

. W(é)( u ((1-0)/4,(1-6)/4) (Z)W((s) (2) + W@) (Z)u((l—é)/4,1/4) (z)IT

and

U0 () =T MUEDNE) ™, 0<pu<t, piv<t.

By Lemma 4.4 in [67], for z < 0 the operator uv(z) is compact and it is continuous in z.
Since W, (z), z <0, and I3 are bounded, we conclude that for z < 0 the operator R(z) is
compact and it is continuous in z. O

In the next step we reduce the problem to the analysis of an operator in L?(IR?). Such an
operator is better analyzed using the coordinates (p23, p31)-
Lemma 5.2. For A > 0 and z < 0 we have
n(A, Ao(2)) = n(A, B(z))

where B(z) is the integral operator in L?(R®) with kernel

(0129 (p + 51) [o['20 (1 + 557)
2 1/4 2 1/4°
Y (%1 —Z) (Ho—Z)v(é% —Z)
Proof. We first observe that n(A, Ag(z)) = n(A, Ap(z)). Moreover, Ap(z) is compact for z <
0 and then n(A, Ap(z)) is the number of its eigenvalues larger than A. By (5.5), recalling

B(p,q;z) = —

(4.14) and (4.13) we can write explicitly the eigenvalue equation for A corresponding to the
eigenvalue A > A > 0

~ S T p1 A P1
[o172(p — ph)lel 2 (p1 + 322
/dpz

2 1/4 1/4
<21 —Z) (Ho(pr, py) —2)7 (42 — 2)
/

X/dq¢(q++m?1>¢(p’z,q)- (5.6)

Let us define

P
/dw <q+ m+1>¢(p,q)-
Then ¢ € L2(IR®) and, by (5.6), it satisfies the equation
A&(p1) = (2n 7 /dpzqv <P2+ p+1>

[ol 72(p2 = p5) o 2 (p1 + 5%
/dp2 2 1/4 /2
v(8-2) e -2 (% -2)

—

_ i 0129 (p1+ 5k1) [0[V29 (9 + 357)
- q 5 1/4 ) 1/4
P1 q
7(B-2) G -2 (§-2)

72 6 (p2)

¢(q)
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that is B(z)& = A¢. On the other hand, if & € L2(IR%) is such that B(z)& = A¢ then

[0[2(p2 — q)[0' 29 (p1 + 757)

2 174 2 1/4
7(B-2) -2 (§ )

(p1,p2) = — (2;)3/2 / dq ¢(q)

satisfies the equation Ay(z)yp = Ay and therefore the Lemma is proved. O

The lack of compactness of B(z) for z = 0 is clearly due to the behavior of its integral
kernel near the origin. Indeed, in the following Lemma we show that the difference of B(z)
with an operator whose kernel is different from zero only in a ball of radius one is compact
and continuous in z < 0. Denoted by ), the characteristic function of the ball of radius a > 0,
we have

Lemma 5.3. For z < 0 the operator B(z) — B(z) is compact and it is continuous in z, where B(z)
is the operator in L2 (IR3) with kernel

5 1 xi(p)xi(q)
B(p.g;z) = - ; ;
c(m) (%_2)1/4 (Ho(p,q) —2) (%_2)1/4

and c(m) = 25212 (mlﬂ)s/z. Moreover

n(A, B(z)) = n(A, By(z)) (5.7)
where By(z) is the integral operator in L*(IR®) with kernel

Xjzj-172(P) Xz -1/2(q)
W) Holpg) +1) (£ 1)

Bo(p,9;2z) = — 174

Proof. The proof is divided into three steps. We first introduce the operator £ (z) with inte-
gral kernel

029 (p + 77) 10129 (9 + 757)
2 1/4 2
v(h—2) " (Ho(p.g)—2)v (% —2)

and note that the integral kernel of the difference B(z) — & (z) can be written as

&o(p,3;2) = —xa(p) Tax(q)

029 (p+ 751) 10V 29 (9 + 757)

(I+ I+ 1) (p,4;2) = (1= x1(p)) —— ()
(& =) “Holp.g) ~ 27 (8 =)
ol1/2, 1Y 10[1/2, r_
Falpy A0 ) P ) )

2 1/4 2 1/4
(5 —2) " (Holp.g) —2)v(5 —=)
[0['29 (p+ 1) o129 (9 + 57
2 1/4 2
(5 —2) (Hop.a)—2)v(% —2)

+ (1 =x1(p)

25
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Let us consider I(p, g;z). We note that |v|'/2¢ € L'(IR3) which implies |0|1/2¢ < c. Moreover,
Ho(p,q) — z > cp?* and therefore we obtain

I(p,g;2) <c (- );12(51)/)2;(1(51)

which is a square integrable function. Analogously, one can prove square integrability of

II(p,g; z). In order to estimate ITI(p, g; z), we note that |v|1/2¢ € L?(IR?) and therefore

0129 (p+ 51)
qZ

I(p,g;z) < c(1—x1(p)) (1-x1(q))

is square integrable. Hence we conclude that for z < 0 the operator B(z) — &y(z) is Hilbert-
Schmidt and it is continuous in z. Now we consider the operator & (z) with integral kernel

1 xi(p)xi(q)
&S(pgz) =— )
c(m 2 1/4 ) 1/4
U)o (8 —2) e 2 v (£ —2)
We note that b_3
[0]Y2¢(k) — [0[29(0)| < clk]", O0<v< % (5.8)

Indeed, using |e =¥ — 1| < ¢ |k|V|x|", we have
[[o]'/29(k) — [0]'2(0)] < C|k|v/dx\x\”|vll/2(x)|fp|(x)
1/2
< cllgl " ([ dx 1ol

and the last integral is finite by assumption (A;). Moreover, using Young's inequality, we get

2 2 2x\1/x 2k'\1/x’
o g ey () Ui o 2K 2
Ho(p,q) -z ST TR _C< ot >cprq (5.9)

for any «, k" > 0 such that x + k" = 1.
By (5.8), (5.9) and the normalization condition (4.1), we find
pl" +1q]"
2 1/4 2
(5-2)" Hpo-2) (%5 -2)

xi(p)xa(q) xi(p)xi(q)
— |p|7v+2x+1/2|q|2rd+l/2 |q|*V+2K+1/2|p‘2K/+1/2

&o(p,3:2) — E1(p, 4:2)| <cxa(p) 7ax1(q)

+c

which is square integrable choosing « € (3, %)

~ 2 2
In order to obtain the operator B(z) from &;(z), it remains to replace 7y (571 - z) and y (g—n - z)

with % —z and % — z, respectively. One can easily see that the difference £;(z) — B (z) is
compact up to z = 0. This concludes the proof that for z < 0 the operator B(z) — B(z) is
compact and it is continuous in z.

In order to prove (5.7) it is sufficient to observe that B(z) is unitarily equivalent to By(z)

via the unitary operator U, defined by U.&(p) = |z|3/4¢(|z|'/?p). O

In the following lemma we finally arrive at the operator Sg defined in (5.1), (5.2).



EFIMOV EFFECT — LEADING TERM OF A(z) FOR z — 0~

Lemma 5.4. For z < 0 the operator By(z) — S(z) is compact and it is continuous in z, where S(z)
is the integral operator in L?(IR®) with kernel

(Zn)l/z (XIZ\*”Z - X1) (p)()qzrl/z - Xl)(‘i)
2 2 . :
etm) —|p|/2 (B + £ + B1) Jql/2

S(pg2) = —
Moreover
n(A, S8(z)) = n(A, Sg).

Proof. The first point is easy to check. Let us prove the second statement. Using the unitary
operator M : L2(R?) — L?(R x S?,dr ® dQ)) defined by

(ME)(r,w) = &2¢(¢",w) (5.10)

we see that S(z) is unitarily equivalent to the operator on L?(R x S?,dr ® dQ)) with integral

kernel X
- Xo.R) (*)X(0,R) (¥) ‘ (5.11)
cosh(x — x') + mgfl

where X, ;) is the characteristic function of the interval (,b). Indeed,

(MS@E)(r,w) = —— ML 0 [ [Lacie

472\ /m3(m + 2
(o) - o) (x\z\—l/z(f%é) —mp,@))

2r 2
r/2 [ 7 w-g
(214 +2u ey )
(m+1 / 5 /2/
= dx e’ aQ(g
2\/m3(m +2)
X(O,R)( )X(O,R)( x)
2" X w'gerﬂ

2u ﬂ m
+o0
% / dxe/dQ
X(o.8) (M)X(0,r)(X) 3x/2
Y e e w- T ¢ q
U ( 2 +m+1)
R) (%)

B oo X(O,R)( )
= —b(m) [ ax /ydﬂ( cosh(HH w7 (MO)(x0).

g(e*,2)

e*,0)

m—+1

Since the operator with the kernel given by (5.11) can be considered as an operator on
L?((0,R) x S?,dp ® dQ)), we find Sg. O
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PROOF OF THEOREM 3.1

In this section we give the proof of Theorem 3.1. Taking into account of Theorem 4.2, the

result for m < m, is obtained in two steps. We first show that

n(1,Sg)

2R (6.1)

converges for R — oo (see Proposition 6.1 below). Then we prove that

n(1,A(z))
|log |2|

converges to the same limit for z — 0~ (see Proposition 6.2 below).
In order to study the asymptotic behavior of (6.1) for R — oo, it is convenient to decom-
pose the integral kernel of Sg in spherical harmonics. Indeed, denoted by P; the Legendre

polynomial of order [ and by Y}" the spherical harmonic of order I, v, we write

+o0
S(rw-0) = L 2 hw-0) [ dyP(w)s(y)
1=0

and, using the addition formula

P(w-0) =

1
Z Y (w) Vw,l €S (6.2)

we find (see (5.1), (5.2))

R 1
(SR f)(r,) —znz Y. (@) do dyStr o w)B) [ 400 £ 0. OFE)

=0v=-I

= —27tb(m Z 2 Y (w /dpfl" /dy cosh(r l ))

=0v=—I %
=360
=L X R @)
where
fiv(p) = [ 40 0OV @) 63)

and Sg) is the integral operator in L2((0, R)), for any R > 0, with kernel S,(,i) (x) independent
from R defined in Appendix B. In particular, this decomposition implies
v (1
n(A,Sg) = Y_ (21 +1)n(A,Sy’). (6.4)
1=0

We are now in position to characterize the asymptotic of (6.1).
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Proposition 6.1. For any A > 0 we have

n(A,Sg)  t20+1

lim =22 =) “ax

(6.5)
R—+o0 =0

erm SUPE V%}’

and the limit is continuous in A > 0.

Proof. Asnoted in Appendix B, the kernel of the operator Sg) is an even function and satisfies
the estimate
I c
S (x)| <

. (6.6)

m—+1

By (6.6) we have S%) € LY(R) N L®(R) and e€|x‘S£,£) € L2(R) for any ¢ € [0,1). These prop-
erties imply that |§n(11) (k)| — 0 for |k| — oo, by Riemann-Lebesgue Theorem, and that §n(1l ) (k)

cosh x —

has an analytic continuation to a neighborhood of the real axis (see, e.g., Theorem IX.13 of
[63]). Then, for any A > 0 the set M(A) = {k €ER| §,§1’) (k) = \/%} consists of a finite num-
ber of points and, in particular, it has measure zero. Thus, the hypotheses of Lemma 4.6 in

[67] are satisfied and we have

0]
on(ASy) 1 e q0)
R TR T L () B ()
=—|skeR|S, (k) > —
~ { 15000 >

where |A| denotes the Lebesgue measure of the set A. Taking into account of (6.4), we obtain
(6.5). Concerning the continuity of the limit, we observe that

im0 X1 +o0) (§,§1’> (k) = X(A40) (§n(1l) (k)) for any k such that §n(1l) (k) # A. Using the Dom-
inated Convergence Theorem we conclude the proof. O

For the proof of the last step we make repeatedly use of the following technical Lemma
(for the proof see Lemma 4.9 in [67]).

Lemma 6.1. Let B(z) = By(z) + K(z), where for z < 0 (z < 0) the operator By(z) (K(z)) is
compact and continuous in z. Suppose that for a function f such that f(z) — 0 when z — 0~ there
exists the limit

lim f(z)n(A, Bo(z)) = I(A)

z—0~

and 1(A) is continuous in A > 0. Then the following holds

lim f(z)n(A, B(z)) = I(A).

z—0~
Then we have
Proposition 6.2.
lim n(1, Sg) = lim 711(1’/1(2)).
R—+c0 2R -0~ |log|z||

Proof. The proof is obtained using Proposition 6.1, Lemma 6.1 and Lemmas 5.1, 5.2, 5.3,
5.4. O

Let us prove our main result in the case m < m..
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Proof of Theorem 3.1 (case m < my). By Theorem 4.2 and Propositions 6.1, 6.2 we find that the
limit relation (3.9) holds with

T o741 { =) 1 H
C = ——|Kkel0,+ Sy (k) > — 6.
(m) 1:21, T [0, +00) | S’ (k) Nor (6.7)
[ odd

where we have used the parity of §(ni) (k) and the sum is only on ! odd due to the property
(B.3). It remains to show that C(m) is finite and strictly positive.

Let us prove the upper bound for C(m). We first look for an estimate of §n(11) (k) for I odd
and k > 0. By Cauchy-Schwarz inequality we have

§,$f) (0 < m+1 sinh (k arcsin (mLH))

1

- \/E\/m(m+2)/o dy‘Pl(y)‘sinh (k%) cos (arcsin (547))
(m+1)3/2 1 20 sinh?(kz) 2

= V2ry/m(m+2) V2 +1 /0 dzsinhz (kg)cosz]

sinh(kz
where zy = arcsin (%H) . Using the estimate (kz) < e Km/2-20) for 7 € (0,29), we

. sinh(kmt/2) —
ind
3/2 o 1/2
50k < Lt L kr/22) [ L ]
V2my/m(m+2) V2l +1 [Jo ~ cosz
(m+1)3/2 1 knjz—z) | T z0\\]11/2
< 0) |1 t 4=
= Van mm 2 V2l i1 tog (tan (3 +3))]
r 1/2
3/2
< (m + 1) 1 efk(ﬂf/Z*ZO) log 14+ E
V2my/m(m+2) 21+ 1 I Vo ' m
where in the last step we have used the elementary formula tan 5 = 1 f?o’; - and the definition

of zy. Taking into account of the definition of a(m) and B(m) given in (3.12), we have shown

a0 a(m) —B(m)k
Sy’ (k) < —=— .
®) = o

By Equation (6.7) and the above inequality we obtain

=20 +1 { a(m) 1
C(m) < — |{kel0,+o e Plmk H 6.8
m < X S5 (ke oo | v 69
[ odd

The measure of the set in the r.h.s. of (6.8) is different from zero only if

a(m) S 1
V2I+1 7 V21

i.e., only if I < ly(m), where Iy(m) is the largest odd integer smaller than
nta(m)? — 1. Therefore we have

Io(m)
=, 27
1 odd
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For any I < Iy(m), let

1 V2ma(m)
= By 18 e
+1
be the unique positive solution of the equation D;(1711—|—)1€ﬂ (m)k — \/127 Then
s
lIo(m) /2
C(m) < 2 20+ 1 lo v2ma(m)
27tp(m V2I+1
lodd

1 2 a(m
< oo ()

lodd
1 o V2 a(m) " "

and this concludes the proof of (3.11).
Let us prove the lower bound for C(m). By (6.7) we immediately get

: o> )
Cim)> —|{kel0,+)]|S,, (k) > — ?|. 6.
() 2 o |k € 0,400 18806 > 69)
Using Equation (B.5) and Definition 3.2, we find that
= A(m) 1
WOy =22 s~ for m < my
n(0) V2 V2

and this implies strictly positivity of the right hand side of (6.9). Furthermore, by monotonic-
ity of g\ (k), stated in Lemma B.1, we have

~ 1
k € [0,00)|5) (K >H:k m 6.10
{reoeslm > =} =nm) 610
where kq(m) is the unique positive solution of the equation §,511) (k) = \/%71 From (6.9) and

(6.10) the lower bound (3.10) follows.
O

Remark 6.1. Let us check that ly(m) > 1 for m < m,. Recall that Ip(m) is the largest odd
integer smaller than g(m) := 7ta(m)? — 1/2. It is easy to see that the function g is decreasing,
g(m) — +oco for m — 0 and g(m) — 0 for m — +oo. Then the assertion follows if one
observes that g(m,) > 1 (indeed, g(m,) ~ 6.65).

Remark 6.2. The lower bound of C(m) can be improved. Recall that m, := mfkl) is defined as
the solution of v/27 5. (0) = A(m) = 1. By analogy, for each I odd we can define a critical

mass me) as the solution of V27 SAn(f ) (0) = 1. By (B.2), me) solves the equation

2(m+1) / arcsm(mﬂl) 1
ty/m(m +2) cos arcsm(mil)) -

(0

One can show (see [25, Appendix A]) that m,’ is uniquely defined, it is decreasing in | and
v2r 8l (0)>1 (\/271 §,5ll)(0) ) if m < m (m>m l)) Hence, if m'"™ < m < m'" for
some L then in (6.7) each term with [ < L is certainly nonzero and this implies

2l +1 ~ L .
li { 0, + )|S(’)(k)>m}’



EFIMOV EFFECT — PROOF OF THEOREM 3.1 33

Obviously, for L = 1 we have only the first term and the inequality above reduces to (6.9).
Remark 6.3. It is worth noticing that, by Definition 3.2, we have /27 SAn(}) (0) < 1 for m > my
which, via (6.7), (B.3), (B.4) and (B.5), implies C(m) = hm N(z) =0. In fact, we conclude

—0- |log |z]|
this section showing that for m > m, the discrete spectrum of H is finite, i.e., there is no

Efimov effect.

Proof of Theorem 3.1 (case m > m,). For z < 0 and ¢ € (0,1) the following inequality holds

n(1,A(z)) <n(1—e 8(z)) +n (%,A(z) — Ag(2)) +n (%,B(Z) -~ B(2))

n (g,so(z) - 8(2)) (619

where the operators Ag(z), B(z), B(z), S(z) have been defined in the previous section. Such
an inequality is a direct consequence of Lemmas 5.1, 5.2, 5.3, 5.4 and of the following tech-
nical result (see, e.g., [14]): if A, B are compact self-adjoint operators and A; > 0,i = 1,2
then

Tl()\1 + Ay, A+ B) < 1’1(/\1, A) + Vl(/\z, B).

Note that for z < 0 the operators appearing in the last three terms of (6.11) are compact and
continuous in z. Therefore, the last three terms of (6.11) remain finite for z — 07. Let us
consider the first term in the right hand side of (6.11), i.e., n(1 —¢,S(z)).

We notice that

(‘S<Z>€r g) = (862/ gZ) = (SM€ZI Mgz) (6.12)
where &z (p) = (X|;-12 — x1)(p)E(p), S is the operator in L%(R3) defined by

1 (m+1)? f(q)
(Sf)(p) = = \/m / |p|1/2 + M) |q‘1/z

M is the unitary operator defined in (5.10) and S acts on L2(Ry x S?,dr ® dQ) as follows

B _Lmi_‘_l +oo (p/C)
(S)(rw) =~ \/m/ /52 cosh (r—p)+ 2

Let us estimate (Sf, f). By (6.3) and (B.1) we get

m+1 2

" oo
2nm12(”21/ dr fi (1) lwdpﬁv(p)
X/l dy Pi(y)

-1 7 cosh(r —p) + 745

(Sf.f) =

- Z 2 \/7 flvrflvs())

=0v=-—I

—522/ ak v (025, (k).

=0v=-I
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Taking into account of (B.3), (B.4) and (B.5) we deduce
+o0 1 400 R 2501
(57,0 <vVam Yy, 3 [ aklin (0P (0
l B [e0)

=1 v=—1""
I odd

Pragpe 6.
<A L B lfil? (613)

=1 v=-I
I odd

< A(m)||fI1%
By (6.12) and (6.13) we have
(8(2)&2,82) < A(m)[[ME:|* < A(m) g

where 0 < A(m) < 1 for m > m, (see Definition 3.2). Therefore, the operator S(z) does not

have eigenvalues larger than A(m), i.e.,
n(l—¢8(z))=0 (6.14)
for any € € (0,1 — A(m)). By Theorem 4.2 and (6.11), (6.14) we find
€ € ~ €
N(z) <n (g,A(z) - Ao(z)) +n (g,B(z) - B(z)) +n (é,BO(z) - 8(2)) (6.15)

for any z < 0 and ¢ € (0,1 — A(m)). Taking the limit z — 0~ and using compactness and
continuity in z < 0 of the operators in the rh.s. of (6.15), we obtain the finiteness of the
number of negative eigenvalues of H. O
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INTRODUCTION

The quantum mechanical three-body problem with pairwise, local zero-range interactions is
a subject of considerable interest both for physical applications and for its peculiar mathe-

matical structure. Such a system is described by the formal Hamiltonian S Podyd Jefined

by (1.4).

The first step toward a rigorous analysis of the system is to define the formal Hamilto-
nian (1.4) as a self-adjoint operator. We first notice that, in any reasonable definition, the
interaction term of the Hamiltonian must be non trivial only on the hyperplanes {x; = x;}
where the coordinates of two particles coincide. It is therefore natural to consider the opera-
tor acting as the free Hamiltonian restricted to a domain of smooth functions vanishing in the
neighborhood of each hyperplane {x; = x;}. Such operator is symmetric but not self-adjoint
and one (trivial) self-adjoint extension is obviously the free Hamiltonian. Then we define a
Hamiltonian for a system of three quantum particles in R? with a two-body, zero-range in-
teraction as a non trivial self-adjoint extension of it. As a consequence of the definition, any
such Hamiltonian acts as the free Hamiltonian outside the hyperplanes U;.j{x; = x;} and
it is characterized by a specific boundary condition satisfied by the wave function at each
hyperplane {x; = x;}. The second, and more involved, step is to give an explicit description
of these extensions. The most frequently used techniques are Krein’s theory of self-adjoint
extensions, use of the boundary triplets and approximation by regularized Hamiltonians,
in the sense of the limit of the resolvent or of the quadratic form. The result is strongly
dependent on dimension.

In Chapter 8 the one dimensional case is considered. Here the problem is relatively simpler
due to the fact that the interaction term is a small perturbation of the free Hamiltonian in the
sense of quadratic forms as proved in Section 8.1, where the rigorous definition of Q%”\,B body1
is then given. In this one dimensional case it is also possible to obtain the Hamiltonian as the
limit of regular interaction rescaled as in the case of a fixed point interaction: 1v(2*). This
convergence result is proved in Section 8.2. These results will appear in [7].

In dimension two a natural class of Hamiltonians with local zero-range interactions was
constructed in [27] and it was also shown that such Hamiltonians are all bounded from
below. We don’t consider this case further.

In dimension three the analysis is more delicate and is addressed in Chapter 9. A strategy
to circumvent the difficulty is to select a class of extensions based on the analogy with the
two-particle case. In this case (see, e.g., [4]) one is reduced to the study of a fixed point
interaction in the relative coordinate and the entire class of self-adjoint extensions can be
explicitly constructed. One can show that the domain D(h,) of each Hamiltonian %, in the
center of mass reference frame consists of functions ¢ € L?(R%) N H?(R3 \ {0}) such that

P(x) = |q7|+r+0(1), withr=vg, (7.1)
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for |x| — 0, where g € C, v € R is a parameter proportional to the inverse of the scattering
length, and x is the relative coordinate. The relation » = vq in (7.1) should be understood as
the generalized boundary condition satisfied at the origin by all the elements in the domain.
Moreover, by definition h, satisfies

() (x) = 21;4<A¢><x> VA0 (7.2)

where y denotes the reduced mass of the two-body problem. By analogy, in the three-particle

case the generalized boundary conditions we ask to be satisfied by the generic element ¢ in
3body,d

the domain of /%, are the following
QU (rij, x¢) .
P(x1,x2,X3) = ﬁ +Rij(rij, x) +o(1)  with Rjj = v, QU (7.3)
! ]

as [x; — x;| = 0.In (7.3) QW is a suitable function defined on the hyperplane {x; = xj} and
m,-x,-erj

X
Jp— !
Tij = “mT T Furthermore we ask

3
body,d 1 ; | £
5P lp:_ZTAxizp if |x; — xj| #0Vi #j. (7-4)

i=1 <M

In Section 9.1 the quadratic form corresponding to the operator defined by Equations (7.3)
and (7.4) is constructed. Unfortunately, the operator selected in this way, known as STM
extensions, could be not self-adjoint and their self-adjoint extensions could be unbounded
from below (see [36, 48]) exhibiting the occurrence of the Thomas effect. If one resctricts the
Hilbert space by imposing some symmetry constraints the Thomas effect can be prevented.
In our quadratic form approach this means that the associated quadratic form is closed and
bounded from below. In particular, for the three-bosons system the instability is proven to
occur only in the s-wave subspace. Hence, the operator restricted on the orthogonal comple-
ment of this subspace is stable, see Section 9.2. Another system which is stable is the one
composed by two identical fermions and a third particle under certain conditions on the
masses (see Section 9.3 below and [24, 25] for further details).



ONE DIMENSION

8.1 RIGOROUS DEFINITION OF THE HAMILTONIAN

This section is devoted to the rigorous definition of the following formal Hamiltonian in
dimension d = 1 as presented in [7]. The first step toward a rigorous definition of S body 1
is to remove the center of mass motion. Proceeding as in Appendix A we are left with the

formal Hamiltonian in L?(IR?)
14

where Hj is defined in Equation (A.1). As in the simpler case of a single particle interact-
ing with a fixed point in dimension one we shall use the theory of quadratic form and in
particular the KLMN Theorem in order to give a precise definition of %”Vld (see [2], [65]).

The coincidence plane of a pair of particles, because of the removal of the center of mass,
is represented by a line. We denote by 7, the coincidence line of the particles in the pair
a, ie., in the Jacobi coordinates (x,Y«), 7T is identified by x, = 0. Furthermore we set
IT = Uym,. The hyperplanes 7, identify six regions I';, r = 1,...6. For the sake of clarity
we write explicitly the definition of T, in the coordinates (x23, 123). Obviously we could have
equivalently used any other pair of Jacobi coordinates.

(x23,Y23): x23 > 0, (x23,¥23): x23 > 0,
I= oM , = ™ .~ oMY,
Y23 1y + 13 23 1y + 13 23 < Y23 1y + 13 23

(x23,Y23): x23 > 0,

3= S T O F4={ x23,41): (—X23, =1 €F1},
Y23 m2+m323 ( y1): ( Y1)

I'5= {(X23,]/23)¢ (—x23, —y23) € Tz}, Tez{(x23,y3)3 (—x23,—Y23) € Ta}-

For any function ¢ € H*(IR?) with s > 1/2 we denote by |, its trace on the hyperplane 7z,
and we recall that the map ¢ — 9|, extends to a continuous one from H*(R?) to H*~1/2(R")
for any s > 1/2.

We start by defining the sesquilinear form associated to the free Hamiltonian Hy. In any
pair of Jacobi coordinate (x4, ya) we have

1 — 1
Bfree(q)rl/)) = /dxlx dylx [%axa(Paxalijm‘aya?’ayalP ’

D(Bree) 1= H' (]Rz) x H' (]RZ)
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With a slight abuse of notation, we shall denote by the same letter the associated quadratic
form Bfree(lp) = Bfree(¢/ II]) with domain D(Bfree) = H' (IRZ)

On the other hand, since the potential v,6(x) is supported by the line 7z,, it seems natural
to associate to the formal operator 74 the sesquilinear form B, defined as follows

BV(§OI¢) = Bfree(golw) + ZVIX (§0|7Tarl/)‘7fa)L2(nA) 7 D(BV) = Hl(le) X Hl(le)‘

As before we denote by the same letter the corresponding quadratic form By () := By (¢, )
with domain D(By) := H'(IR?). The bound
2 2 L2
1l mallz2(m) = 0w Plli2(re) [9ll12(re) < €lloxPlli2me) + 2 1¥llT2me) - (8.1)

which holds true for all € > 0, immediately yields
2
3 1Val 19l 122y < @ Brree (¥) + b II$lIZ2 (g2)
43

for some 0 < 4 < 1 and b > 0. Hence by the KLMN Theorem the form B is closed, semi-
bounded, and defines a self-adjoint operator bounded from below (see also [16]). To prove
(8.1) note that

00 00 0
190 oy = [ dve 19Oy = [ dya [ dxads, [9(xa,ya)

then calculate the derivative in the r.h.s. and apply the elementary inequality ab < 1/2(a® +
b?).

Hence we have found a rigorous definition for the formal expression .#!9 and it remains
to write its explicit expression. This is the content of the following theorem. Let us introduce
the notation [dy, ], to denote the jump of the normal derivative of the function ¢ across
the plane 7, i.e.,

[axalp]n’a = [axalﬂna (Vo) == Sl_igL (0x, 9 (& Ya) — 0x, P(—€,Ya)) -

Theorem 8.1. The self-adjoint operator associated to the closed and semi-bounded quadratic form B~
is

D(Hy) := {1/) € H?(R?\IT) N HY(R?)| [Ox, ¥] ., = 2MaVa|n, ¥V oc} (8.2)
Hyyp = Hypp  on R2\II. (8.3)
Proof. According to the general theory (see [63]) the operator associated to B is defined by
D(Hy) := { € D(By)|3f € L*(R?) s.t. Bv(9,¥) = (¢, f) Y9 € D(By)}
Hyyp = f.
Let ¢ € C{°(T'1) € D(By) and ¢ € D(Hy ). Then
(@, f) =By (9, ¢) = Biree (9, 9),

hence ¢ € H?*(T;) and Hoyp = f on I'y. Repeating the argument for I';, v = 2,...,6 we
conclude that ¢ € D(H, ) implies ¢ € H?>(R?\I1) and f = Hyyp on R?\IT. This proves (8.3).
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It remains to show the validity of the boundary condition [0x, 9]z, = 2uaVai|r, Ya. To this
end we consider ¢ € C°’(I'sUT1) € D(By) and ¢ as before. Using for definiteness the

coordinates (x23, ¥23), we have

(y23)9| . (y23)- (8.4)

723

(9.) = B(9,9) = Breelp ) + v [ _dyss 9]

723

Let o3, = {(ng,y1) : |XZ3| < gy < 0}, Fi = r1\7T23,g, l"g = F6\7723,£~ Then, by (8.3) it
follows

(0.9)=tim| [ oHop + [ pHoy) )

On the other hand, integrating by parts we have

. _ 1 0 —
Bfree(q’l 11’]) =lim / ¢ Hoyp + / dyl 90(_8’]/23) axzsl/J(—S,yzg,)
e=0[Jre 2123 J—oo (8.6)

. 1 0 -
+ / ¢ Hoyp — 5 — / dy23 ¢(& y23) ax23¢(€/y23>]-
l“§ H23 J—o0

By (8.4), (8.5), (8.6) we conclude

—— 1
/ Y23 | ., (y23) [stlP!m y23) 2% hm( xs (= €/y23)—ax23¢(€,y23)>} =0

For any ¢ in Cf°(T's UT). Hence

[0xa ]y = 2123V23 Y|

on 7y = {(x23,y23) : x23 = 0, y23 < 0}. Repeating the argument for each T; UT}, i,j =
1,...,6,i < j we conclude the proof. O

In the following we find a different expression for the operator H. . First let us introduce
the “charges” & = (&), &2, 0)) where &) € H/2(IR3) and the “potential” for A > 0

G'g =) G

where N
¢w (P )

K2 vi
2]45‘ + 2 +/\

@ (ka, Ptx) =

Then we rewrite the definition of the operator Hv as follows

Lemma 8.1.
D(Hy) = { € 2(R?) : = ¢ + G'¢, 4>A € HA(R?),
&0 ¢ HV2(R) Ve, | —(TAE) Va) (8.7)
(Hy +A)g = (Ho +/\)<P (8.8)
where
(T22), (pa) = (VVZTH ;ZA) E(f)(m)+a§a\/12?/deo(§ Mga))
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Proof. First we note that ¢ = ¢* + G*'& in the domain defined by the right hand side of (8.7)
belongs to H?(R?\IT) N H'(IR?). Furthermore from

0,6%] = [pucie] = -2v2mune?

and the boundary condition cp)‘|n = —(T*&), we deduce [dy, ] 7, = 2HaValp|r,. This con-
clude the proof of (8.7). Finally one can easily show that

(Hy+A)G*& =0 on RA\IT
which, recalling (8.3), immediately implies (8.8) . O

Remark 8.1. From the above lemma it follows immediately that for A > 0 large enough the

resolvent of H acts in the following way
(Hy +A)"'f = Ro(—A)f + G'¢

where, defining

1 Vg
() = ———m—, 8.
0(( ) 271,1_'— 'Vzv\/m ( 9)
2VA
&M solves the equation
st
T23 2n23 ) -~
(p3) / SN r— ol po) 22 (Pav p2s)

2
T23 )\ + 2}72233) ~) / 723()\ + 2P23 ) R
- B O e A YA ) YR
“Jan Folpz o) + A0 P 7 PR G p) +2° 12

The equations for ¢ (2),¢ ) are obtained by cyclic permutation of the indices.
Remark 8.2. For any v, € R. There exist Ao > 0 such that, for all A > Ay one has

,
m(n)] < el

To see that this is indeed the case: if v4 > 0 one has 7,(A) < 52 for all A > 0; if v, < 0 take
Ag = 2y“v§.

8.2 APPROXIMATION BY REGULAR POTENTIALS:

THREE IDENTICAL BOSONS

In this section we consider a system of three identical bosons of unitary mass in dimension
one interacting through contact. Under these assumptions iy =y = 1/2, n, = n = 2/3 for
any « and the Hilbert space is

HIM = {p € L2(R?) : ¥(pa, pp) = $(Pp, Pa) = P(—Pa — Pp, Pa)}-
As in Chapter 3 it is useful to introduce operators to describe symmetry. Let P;,; be the
operator which exchanges particles i, j. For instance in the coordinates (po3, p31) one has
Prop(p31, p23) = ¥(p23, pa1),
Pys39(pa1, p23) = $(—ps1 — p23, p23),
P39 (ps1, p23) = $(p3r, —pa1 — p23)-
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Then ¢ € H¥™ if and only if ¢ = P,_,;¢ for any i, j.
Moreover, using the symmetry assumptions, one easily conclude v, = v and ¢(*) = ¢ for

any «. Hence the Hamiltonian H. of the system (see Lemma 8.1) reduced to
D(Hy) = {y € ™ sy = ' + L GlE, ¢ € HI™ N HA(R?),
o
¢ e HYAR), V7 [ ap,§ (pu,pe) = —(00) () Voo s £ o)
(Hy +A)y = (Ho + A)¢"

where

EEB@M:(“” “)¢@>+ e

[ A (Pat) +2

Furthermore the resolvent operator studied in Remark 8.1 under our assumptions acts as

follows:
_ f(pa1, §(p23) + &(p31) + E(—pas — pa)
Ho + A F(pay, pg) — —d Pa1p)  C(p2s) 810
(Hy )" f(p31, p23) Ho(pa1, p2s) + A Ho(ps1,p23) +A (8.10)
where ¢ solves the equation
T(A+3p9)80)
/ Ho q p) Z/d Ho P, I (8.11)
Here T(A) = 1,(A) = 2171 Ty /2 N for any &, 7,(A) being defined in Equation (8.9). Our goal is

to obtain the Hamiltonian H- as the limit of Hamiltonians with regular rescaled potentials.
To this end let us consider a system of three identical bosons of unitary mass interacting
through two-body potentials rescaled as follows: v¢(xy) = 17}( 2) for any a and for some
spherically symmetric function v. Then the Hamiltonian of the system in the Fourier space
is
He = Ho + Z Ve
«

where

Ve (ka, pa) = /dkv e(k —ka))9(k, pa).

We are interested in the limit of H, as € goes to 0. In particular we want to show that H,

converges to H in strong resolvent sense where v = [ dxov(x) = 271 5(0).

Remark 8.3. Notice that on HY™ one has P; ,;Hy = Hp. Moreover one can easily show
Py pVae = Vy, for £/ # { and finally PijVae = Ve if i,j € a. Hence in particular
Pi,jHe = He for any i, j.

Our aim is to prove the following theorem.

Theorem 8.2. Let us assume v € L'(R, (14 [x|*)1/2), v(x) = v(|x|) and v = v/2w 5(0). Then
there exists Ag > 0 such that for A > Ag one has

lim [ (He +A)7'f = (Hy + A) 7 f[| =0 ¥f € H¥™
€
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Remark 8.4. Note that by the assumption v € L!(R) the interaction term in H, is a small
perturbation of the free Hamiltonian and KLMN Theorem applies (see [2]). Hence H; is a
well defined self-adjoint operator bounded from below. In particular, for A > 0 large enough,
the resolvent (H, + /\)’1 is a bounded operator.

Remark 8.5. From the assumptions on the potential v it follows sup, |0(k)| < C. Furthermore
for any a € (0,2)
S0 — 5(0) 12
s 17060 = 50)

i = <cC

To check that this is indeed the case, it is enough to recall that |¢™* — 1| < |x|, hence

|o(k) —9(0) r‘/dx el¥k —

The proof of Theorem 8.2 is based on the analysis of the Faddeev Equations for the resol-

()] < k== [ dxlrlo(

vent presented in Section A.3. First we obtain the explicit expression of the equations under
our assumptions. By Equation (A.11) we know that

Re(=A)f == (He + A) "1 f = Ro(— f+2R0 )ol!) (8.12)

where py) = —Ro(=A)RW(=A)f = —V,R:(—A)f. Noticing that f € H¥™ and using the
commutation properties of P;_,; seen before we easily conclude

Propl) =), £ 0

H;pﬁ‘@ =p), ijew

(8.13)

( )

Hence pg( P31, pz3) ( P31, P23) satisfies the equation

P31, P23)

te(A+ 35y —3P23 — P31, 3P~ P) £
’ d/ s 4F23 2 2 31
Pe(pa1, p23) / Ho(p2s, pyy) + A !t

/d e(A+3 47923' %P23—P31,—%P23 P51) ~
Ho(pas, p5y) +A

/d te(A+ P33 3P23 + P31, 3923 + Py)
HO(PZB; pgl) + A

where t:(A;k, k") := ta¢(A; k k') has been defined in Remark A.1. Next in the last integral

we use the symmetry property pe(p5,, —p23 — ps1) = Pe(P23, —p23 — p5;) and the change of
variable p}, = —p23 — p4; obtaining

10 (p23/ PSl)

Pe (P31, —P23 — P31)

/dq/te()\+ipz;—ép—q,—ép—q’)ﬂq, )
Ho(p,q') + A ’
te(A+ 307 —3p—q,—3p—q) +t:(A+ 3p% 3P +9.—5p—1q')

Ho(p,q') +A e(p.q'). (8.14)

_/d

From pg, using Equations (8.12) and (8.13), we reconstruct the action of the resolvent R¢(—A)

as follows:

-~

Re(—A)f(pa1, p23) = Im

Ps(Pal, p23) + Pe(p23, p31) + Pe(p31, —p31 — p23)
. (8.15)
Ho(ps1, p23) + A
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Remark 8.6. We stress the analogy between Equations (8.15),(8.14) and

Equations (8.10), (8.11) respectively. In fact, if the interactions are of the form v, = vd(J, )

then the kernel of the operator f,(A) defined by Equation (A.16) reduces to

_ 1 v
21 +v/(2VA)

Since t, does not depend on k, k' the r.h.s. of the Faddeev Equation (8.14) does not depend

to(A, K, K) = 7(A).

on g, hence, pt¥) = & does not depend on g either. Then the Faddeev Equations reduce to
Equation (8.11).

By Equations (8.15),(8.14) and Remark 8.1 it follows that to prove Theorem 8.2 is enough

to show the following result.

Theorem 8.3. Under the same assumptions of Theorem 8.2 there exists Ay such that for A > Ag and

The proof of Theorem 8.3 is divided into some steps. First we prove some bound on the

any a € (0,2) one has
Ca

3_a
A27 14

pe—C

<e?
P rpgtA| T

I1I-

kernel t, and its difference with 7.

Lemma 8.2. Under the same assumptions of Theorem 8.2 there exists Ag > 0 such that, for all
A > Ay, one has
sup |t:(A; k k') < C. (8.16)
kK
Moreover for any a € (0,2) ,
. /
i |t€(|2|'ﬂkic |3<'|ﬂr+(?| < Cel (6.17)

Remark 8.7. In the proof of the above lemma and in the following we will often use the trivial

inequality
1 < 2
PP +p-g+A T p2+242A4

and the identity
1 Cy
[ as = g 1> 00>172

Proof of Lemma 8.2. Under our assumptions Equation (A.17) reduces to

oy Oe(k=K)) 1 0ek=p)), (s, W
(A kK = Y =R v dpwts()\,p,k). (8.18)

By using Remarks 8.5 and 8.7 one infers,
Itk K| < C + % sup [t (As p, k).
p

By taking the supremum over k and k’, and up to choosing A large enough, the latter bound

implies (8.16).

To prove the bound (8.17), we start by noting that the function T(A) satisfies the identity
9(0) 1 / 9(0)

= - d T(A 8.1

T(A)
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46
where we have used v = v/277(0). By taking the difference of Equations (8.18) and (8.19)

one has
’ (e(k — K o( 0
te(A K, K') — T(A) o(e( \/% \/ﬂ/ p pp—')—)/\ 5( )T(/\)
(8.20)
k /
r/ 2+f))(fs<A;P/k>—r<A>>.
We shall prove that

Its(Aa;k,k)—ar(A)\ <ot a0

ke k2 + k]2 +1

which is equivalent to Bound (8.17)

By using Remark 8.5 in Equation (8.20), one has
k|2 + [p|?

a Ce2|T(M)| :
Ce2z + — - /d
PSS
N C /‘dpp5+|k’5+1t8()t;;7,k’)—r( )|
k(% + [R'|E +1 pPEA pli ki1

te(A Kk, K) — T(A)]
k|24 |K|2+1

Ca ae(0,2).

R

e
Az A

NI

p|2 + k|2 + |K'|2 +1

We note that
1

d

/ pP+A

k|5 +|K|5 +1

Hence, for A > 1, one has

Cq te(A; p, k') —T(A)]
pl2 + k|2 +1

A
Ay, G
A274 pK

,\]

==

. AN .
‘tS(Alklk) T(A)| S ng (1_|_ Cll|l
Az
O

su a a
i k|2 + K|z +1
The latter bound implies the bound (8.21), by Remark 8.2 and up to taking A large enough

kK!

5e(a,p) —

Lemma 8.3. Let 6 = (3 — a)/2. Then, there exists Ao such that for A > Ag one has
~ |2 C
pe(4, ()| <& IfI
A2

1
242032

sup/dp
g (4> +p

Proof. We start by noting that
|Pe q,p) —&(p)? / 1
d <cC d
SUP/ P+ @ +an)3as = =5 | P oa)sms
[IF(q,p)* + IX+(q, P+ X (q,p) P+ Yl p) P+ [Y-(q,p)P] (8:22)

3,2y
T()\+4P )f(q/’p)’

(A+3ra+5a+5) -
q’2+P2+qP+A

where
= Jar
_/dq/ A+ aptat g 20 2 5) — T+ 3z .
92+ p2+q'p+A
+B g+ )
4P q q =73 (ps(p,q’)—

and
= fa
+p2+qp+/\

2

7))
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Next we want to estimate all the terms appearing in the r.h.s. of Equation (8.22). In particular,

we want to show

1 s Cair

% /d Fg.p)I" <&'= [IfI% (8.23)
1P [ dp (q2+p2+m)%_5\ (9.p)| vl

sup [dp ——— 1 xa(q )P < @I, .20
q (> + p> +21)27° A3

Sup/d” : Yi(q,p)®

+\4,
7 (@ pr2an)id

Cs / 1 . ~ 2
< —su d ,p)—¢ . (8.25)
T St & pe (@, p) —c(p) 5

We start with Bound (8.25).
' 1
sup [ dp — |Ye(q,p)
q -

(7% +p*+24)2
A+ 3p5a+h g x5) 2
[aq = P S (P (p.a') = (@)

—sup/dp !
q (@ +p2+21)i7°

~ 2

=C /d ' / ,Pe (p,a") = E(d)
>~ su ~
i p(qzﬂ’z”}‘)gﬂs P27 (g e aE

~ 2
/ pe (p.q') —¢(q)
su
» q’2+p2+22\)”‘5

for any 0 < § < 3/2. In the first inequality we used the bound (8.16), Cauchy-Schwarz
inequality in the integral in ¢, and Remark 8.7. In the second inequality we dropped g from
the denominator (here we used the constraint 0 < § < 3/2), took the supremum on p and

used again Remark 8.7. Bound (8.25) is obtained by changing p in g and ¢’ in p at the rhs..

Next we consider Bound (8.23).

1 2
su d F(g,
qp/ P(q2+p2+w%_5l (a,p)]

2

—sup/d /dq’ g il b s ) _T(AJr%pz)f(q’,P)
¢+ p? +2A)’*‘5 92+ prHap+A
1 [ A+ 3p%a+ 5a +5) -t + )P
(9% + p? +22)?

<4||f| sup
ap (g2 +p2+21)379

Here we used first Cauchy-Schwarz inequality in the integral in ¢/, then took the supremum

in p, and used Remark 8.7.
Before proceeding further we note that for the term in the Bound (8.24) we have

o 1 2
sup [ d X+(q,
o | Sl )

1 t(A+3p5q+ 5+ £5) —t(A+3p7) 2
zsup/dP EFRETIIE [ag 2o e P8 )
+p2+2A)2 g +p*+q'p+A

(A + 3 2; E, I PY (A4 3p2)2
Hf||2sup/dp 1 : /dq’ | 5( +4p q+22 q + 2) T( +4F’ )| )
2+P2+2)\)77‘5 (q/ +P2+2A)2

I\J\m‘
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Here we used Cauchy-Schwarz inequality and the fact that

C e
< — 7
I1gll < e il

for A large enough, which follows easily from Equation (8.11) and Remarks 8.2 and 8.7.
We are left to prove that

sup /d A+ 3p5a+ 54 +5) —t(A + P2
ap (g2 +p2+2A 39 (9% + p2 +27)2
geﬂc—g‘ (8.26)
A3
and
sup [ dp 1 [ ay te(A+3p5a+ 5,0 +5) —T(A+§p?)P
g (g2 + p2 +21)3 70 (g2 + p2 +21)2
Se“%. (8.27)

We start by noticing that

a a a
/dq’ |t€(/\+4p ‘7"’22/4"‘ 5)—t(A+ P <C /d /1+|IZ| + || + 9|
(q'° + p?+2A)2 (q'° + p? +2A)2

1 a a 1
<Ql<+W|+m+ SJ
(p*+27)2 (p*+210)2

where we used Remark 8.7, Equation (8.17) and the trivial identity

Jdq q@; =y [ ds ﬁ = C,;~ 2", which holds true for all a € (0,3).
Setting 6 = (3 —a)/2, one has

s 1 <1+mv+qv+ 1 )
7 (R+p2+20)370 \ (p2+20)2 (p2+20)°7

1 1+ |p|*+ g/ 1 C
:Sup 2 2 a < 2p Z + 5 3—a S 5 3
g (#+p*+20)2 | (p2+2A)2 (p*+2A)2 (p?+24)2
1 1 .
(242020 T (212

4

IA

in the latter inequality we assumed 2A > 1, which in turn implies
Then Bounds (8.23) and (8.24) follow from (8.26) and (8.27).
By Equations (8.22), (8.23), (8.24), (8.25) one has that, for A large enough,
sup [ dp e &)
7 (4> +p>+21)27°

C C 1 ~ 2
<eLfP+ Ssup [ pe(a,p) —&(p)
s s )
Hence,
1 > 2 Ca 2
sup [ d (a.9) = &) <& Sz I
1P P(q2+p2+2)\)7_5 Pelq, p p\ 3 CMf
<£”—a 2,
<2
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Proof of Theorem 8.3. We notice that for any 6 > 0

, > 1
/qu’;q ()I)‘<4/dq —
+q*+qp+ (g2 +2)1)2+

1 N 2
< [ ap AT e =)

Cs / 1
<—=sup [d
A5 qp b (q2+P2+2A)%_5

Setting § = (3 — a)/2 the thesis follows immediately from Lemma 8.3. O
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THREE DIMENSIONS

9.1 THE ENERGY FORM

In this chapter we present the results obtained in [10] on the study of three-particle system
with zero-range interaction in dimension 3. The Hamiltonian of the system is AW de-
fined in Equation (1.4). Removing the center of mass motion, along the same line of Appendix
A, we obtain the formal Hamiltonian in L2(IR®)

A3 = Hy + Y Vad(x4).
o

As in the one dimensional case we want to use a quadratic form approach to give a rigorous
definition of s#3¢. Unfortunately the quadratic form associated to .59 is no longer a small
perturbation of the free form and something different has to be done. The strategy is then
to take advantage of the well known two-body case selecting the so-called Skornyakov-Ter-
Martirosyan (STM) extensions.

In this coordinates the generalized boundary conditions stated in Equation (7.3) reduced

to
C(z) (Ya)

o el o) withre = vag) 61
14

(Xe, Ya) =

as |xq| — 0. Where ¢(¥) is a suitable function defined on the hyperplane 7, = {x, = 0}.
Furthermore we ask the analogous of (7.4):

AN =Hop  if x| #0 Va. (9-2)

Let us introduce the "potential” produced by the "charges" ¢(*) as we have done in the one

dimensional case in the previous chapter. Let § = (¢ 1),&@),70)), we set

GE =) Gug!"
/4
where in Fourier transform
S 2(0)
GolO) (ky, ) = M_
k"‘ + &
2uy  2ny

Following the line of Proposition 6.1 in [42] one shows that G¢ solves in the distributional

sense the equation

HoGE = (2)%2 Y 5(xa) &) (ya). (9.3)

Moreover G¢ has the following behavior when |x,| — 0

Ge(xw, Ya) = —— 7 — (T)a(¥a) +0(1) (9.4)
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where in Fourier transform

—~ ~ g
[uipo) =B o100 T e [tnei e 09

with Hy(pa, per) defined in (A.6). Next, proceeding as in the one-dimensional case we de-

compose the generic element § in the domain of #34 as
y=¢+ GG (9.6)
where ¢ is a smooth function. Then Equations (9.4) and (9.1) yield
9l (o) = V2rraval (ya) + (TE)a(ya)- (9-7)

The next step is to use the decomposition (9.6) to obtain the explicit expression of the
quadratic form B, associated to the operator 4. As in Chapter 8 we will denote with
Biree the quadratic form associated with the free Hamiltonian. We set Q, = {|x.| > ¢, Va}.
Then taking into account Equation (9.3) and the request (9.2) we have

By (y) =(, %) =lim | Hoy
:Bfree(‘p) +ll_r>% /Qs GigHO(P

=Biree(#) + 2 [(mr)% / dpa| &2 (w + ”“m)

_ ptx)‘:( )(pa’)
L avtre i ]

Where we have used also (9.5) and (9.7). Hence we can finally give a rigorous definition of
By :

D(By) = {p € L*(R®) : y = ¢ + GE, |V¢| € L2(R®), &V € H/2(R3)} 98)

B () = Breel) + 1| e [apn O (var (/232

(9-9)

é“m)é")( )

- dpadp,y _
g/ P Ho(p pc)

Remark 9.1. We note that in (9.8) the choice of the charges {j(g) € HY 2(R3) guarantees that
all terms in the square brackets of (9.9) are finite. However, it is not a priori clear for which
class of charges the sum of the last two terms in the square brackets is finite. Therefore our
choice has some degree of arbitrariness and in fact, in some relevant cases, a larger class of
charges must be considered ([25]).

9.2 THREE BOSONS FOR NON-ZERO ANGULAR MOMENTUM

For a system of three identical bosons of unitary masses, considered in the center of mass
reference frame, the Hilbert space of states in momentum space in the coordinates (py, pp) is

HY™ = {y € L2(R®) : ¢(p23, p31) = ¢(pa1, p23) = Y(p2s, —p2s — pa1) }-
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Moreover the symmetry condition implies that v, = v and ¢(©) = ¢ for any a, £ respectively.

Then we have the following expression for the potential

E(pas) + §(P3l) +&(=p2s — pa1)
P23 + P31 + P23 P31

With an abuse of notation we define the quadratic form associated to the STM operator in

(G&)(p23, pa1) = GE(pas, p31) =

the bosonic case as
D(By) = {p € H¥™ : p =9+ CE, [V9l € HI™, e HAR)|  (910)
By () = Beree(¢) + 67" O+ () (9.11)
where the form @, acting on the charge ¢ € D(®+) = H'/2(R®) is given by
() = UE(E) + @°(E) + vIIg]?

and the diagonal part and the off-diagonal part are defined respectively by

¢Mm:ﬁﬁwwwﬁ

OO f 7/ D1 dps flp)f(p2)
P1+P2+P1 p2

It is easy to see that if one can find an fy such that ®328( fy) + ®°ff(f5) < 0 then, by a scaling

argument, one shows that the form (9.11) is unbounded from below. As a matter of fact,

such fy can be explicitly constructed and it is rotationally invariant (for the proof one can
follows the line of [42], Section 4). This fact is not surprising since it is known that the STM
operator for three bosons is not self-adjoint and all its self-adjoint extensions are unbounded
from below, showing the occurrence of the Thomas effect ([36]). Following [48], we define

Ho = {p € HY™ | ¢ = ¢(|pxsl, |p31|)}, which is an invariant subspace for the STM operator,

and we consider its orthogonal complement Hy . In the next theorem we characterize our

quadratic form in Hg .

Theorem 9.1. The quadratic form (9.11) restricted to the subspace Hg is bounded from below and
closed for any v € R.

We start with some preliminaries, following the line of [24]. Given f € L?(IR%), we consider
its expansion in spherical harmonics. Using this expansion one can obtain the following
decompositions for ®°ff and @928 (see [24], Lemma 3.1)

X 400 ]
q)dlag(f> :lg :Z dlag fl

.
() =1 3 B

(9.12)

where f;,, is defined in (6.3) and F4128, Pl"ff acting on ¢ € L?((0, 4+o0), (1+ p%)dp)as

ia, \/g tee
PM@:*/demz
o 2 —+o00 —+o00
BW@=—*/ @A dp' ?

7 Jo m/y2+ﬁ+wy
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where P; denotes the Legendre polynomial of order /. Indeed

) 400 4oo ]
05 = 2 [app [La0@|E T o7

I=0v=-—1

“+o00

l
-L X f/ 4o 0 i o)

While for the off diagonal term we first use the addition formula (6.2) to rewrite

1 +oo | ( )
— o YV (T /
pr+pi+pi-m I;OVZZ,I ) y|P1|2+|P2|2+|P1||P2|y

where p1 = (|p1],2), p2 = (|p2l, w), w, T € S?, from which it follows
+o0
o (f */ dpp / dp'p ’2/ (g / dQ(w) f (o, O)f (¢, w)

400 1
<L L O w >/1 dy )

—1 7 P2+ "2+ pp'y

0v
2 t® +00 400 1 p(y)
d 2/ d 12 N ! / d 1 .
n; ;/ pe” Jy e i) fin(e) | dy

Proceeding as in Lemma 3.2 of [24], one proves that

Ff(g) >0 for 1 odd (9.13)
Fl"H (g) <0 for 1 even (9.14)

Moreover Floff can be diagonalized. Setting
1 .
il k) = 7/(1 eilkpezp eP
g*(k) Vol 8(ef)
we have (for details see [24], Lemma 3.3)
Fdiagg):\/g/dk|ﬁk2

(9-15)
F(g) = Vor [ dkSO(k)lg* ()]

where S0 (k) = §1(l)(k) is defined in Appendix B. Therefore the comparison between Fl"ff
and F4i8 s reduced to the study of S;(k). The following estimate, which is the main tool in
the proof of Theorem 9.1, is a direct consequence of Lemmas B.1, B.2.

Proposition 9.1. Let f € D(®). Then
-0 ¢diag (f) < q)off(f) <z Ppdiag (f)

where

100 zf 20 8 16

- = tg~ 0101, S=-S4_ 2 ~0274
27./3 3 T 93 93 3" \VAn



9.2 THREE BOSONS FOR NON-ZERO ANGULAR MOMENTUM

Proof. Using (9.12), (9.13), (9.15), (B.6), we have

(I)off Z 2 Foff flv > Z Z Foff flv

1=1v=—I =2 v=-]
leven

e Y Y 501,002 > 0 ¥ Y B fawift, P

=2 v=-—I| =2 v=-—I
leven leven
> —Q oNB(f)

and analogously recalling Equations (B.4), (B.5) and (3.8)

oo 1
q)off(f) < J{L—: Z off flv

=1 v=—I
lodd
<Ver Y Z /dkS DI R <2A(1) 3 Z FdiRg (£, )
I=1 v=—] =1 v=-—I
lodd lodd
= 2 o%8(f)

O

Proof of Theorem 9.1. We first consider the simpler case v > 0. From Equation (9.11) and
Proposition 9.1 we obtain the positivity of By

By (l/J) = Bfree(q)) + 67T2(Dv(‘:)
> 6772 |:q>off(§) +q>d1ag +V/dp|§ |2:|

> 62 [( — Q)08 (@) +v/dp\§ |2} >0

Let us prove that By is closed. Let {¢,} = {¢, + Gu} be a sequence in D(B) such that
Yn = P € L (R®) and By (Y — ) — 0.
From By (i, — ) — 0, the positivity of Hy and the lower bound for @, it follows

~ 2
/d;m dps1 (P53 + P3| (@n — fm) (23, p31)|” — 0

18n — Cmllgr2 — 0

Thus there exist ¢ € HY™ and & € H'/?(R?) such that
~ 2
/dP |\/ P35+ P31 ¢n(p23, p31) — ¢(p2s, pa1)|” — 0
160 = Ell sz =0

b

Defining ¢ =
k3 + k3

, for any € > 0 we have

/ dpas dps1 |(Pn — @) (p23, p31) > = 0 (9.16)

/11{6 dpysdps1|(GE, — GE) (pxs, pa)|* — 0 (9.17)

55



56

POINT INTERACTIONS — THREE DIMENSIONS

where R? = {x € R?||x| > ¢}. From (9.16) and (9.17) in particular we obtain
Y =¢+GEeD(By)

and also B+ (1, — ) — 0. This concludes the proof in the case v > 0.
In order to study the case v < 0 it is convenient to consider the following decomposition for
the generic ¢ in the domain of By

p=¢'+G'¢

where A > 0 and

~ ~ ~

) = &p2s) +6(p31) + 6(=p2s — ps1)
P23+ P51 T P23 patA

Thus G*& belongs to H%™ and ¢" is in H'(IR®). Moreover the quadratic form can be rewrit-
ten as

G&(pxs, pa1

By () = Bireo(9) + AllgH |1 = Allgl|* + 67 @5 (2)

where

~

@3(0) = [@15(0) + 03O +v [ apElpP]

OB = [aplf(p)Py Sp2ta

1 n
O (f) = = / dp2s dps

and

f(p23)f(p31)
P%g + P§1 +p23-pa1t+A

Proceeding as in the case A = 0 ([24]), one has
diag ff diag
—Q@,"° <P <1 P,

Therefore the quadratic form is bounded from below

Byv(y) = - 7 llgll?

-
(1 - Q)

The proof that B, is closed follows exactly the same line of the proof of Theorem 2.1 in [24]
and it is omitted for the sake of brevity. O

We conclude observing that Theorem 9.1 implies the existence of a self-adjoint operator

Hﬁl o in Hg which, at least formally, coincides with the STM operator restricted to H . Such
2
v

operator H«%,o is positive for v > 0 and bounded from below by — 5 for v <0.

(1 - Q)
9.3 SYSTEM OF FERMIONS

In a system of identical fermions the wave function, due to the antisymmetry under exchange
of coordinates, vanishes at the coincident points of any pair of particles and therefore the
zero-range interaction is ineffective. On the other hand, in physical applications it is relevant
the case of a mixture of N identical fermions of one species and M identical fermions of

another species. Here the dynamics is non trivial since each fermion of one species feels
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the zero-range interaction with all the fermions of the other species. In particular, numerical
simulations seem to suggest ([49]) that the system is stable at least for mass ratio equal to
one but, in this generality, no rigorous result is available (see [42] for a formulation of the
problem in terms of quadratic forms). A significant aspect of the fermionic problem is that
the stability of the system depends on the value of the mass ratio. This has been explicitly

shown in the case of N > 2 identical fermions of mass one plus a different particle of mass m.

In the particular case N = 2 an optimal result have been proved in [24]. in agreement with
previous heuristic results in the physical literature ([15]) and also with other mathematical
results ([53], [54]) they prove stability (instability) for m > m, (m < my).

Theorem 9.2. Let m, be as in Definition 3.2 and A(m) as in Equation (3.8). Then

(Stability) If m > m, then B is closed and bounded from below. In particular B~ is positive for
v > 0 and bounded from below by

v2

4 (1— A(m))?
for v < 0. Therefore the corresponding STM operator H- is self-adjoint and bounded from
below, with the same lower bound.

(Instability) If m < m, then B is unbounded from below for any v € R.

Remark 9.2. We remark the analogy between Theorem 9.2 and Theorem 3.1: in the mass range
m > m, both systems are stable while for m < m, they are both unstable exhibiting Efimov

effect in the first case and suggesting the occurrence of the Thomas effect in the second case.

Furthermore in the case of general N, in the more recent work [55] it is shown the existence
of a mass threshold m* independent of N such that if m > m* the system is stable. A
numerical evaluation yields m* ~ 0,36 hence in particular the system is stable for m = 1
which is particularly interesting in relation to the case of a spin-1/2 fermionic gas.

Let us now focus on the special case N = 2 in the unitary limit, i.e., for v = 0. Such a case
exhibits a further interesting behavior that we want to discuss in the rest of this section. As in
Part I the Hilbert space is H*Y™ defined in (3.1). Furthermore by the symmetry assumptions
one immediately gets ¢ 1) = —C @ .= —¢ and ¢ (3) = 0. Hence the potential in the Fourier

space in coordinates (po3, p31) takes the form
&(pa1) — E(p2)
P3+ Pt w1 P Pal

and the quadratic form associated to the STM operator is

D(Bo) = { € H™ [ = ¢+ GZ, [V4| € H™, & € HA(R?) )

(@)(stl p31) = é\f(?ﬂzs, p31) =

Boy) = Bie(9) + " (@)
where
() = @1 (E) + 0°(F) (0.18)
@5() = YD) [ 1) 919)
f(p23)f (pa1)

() = 5 Z/dpzs P31 (9-20)

P3s+ 3+ m%rlpzs P31
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From Theorem 9.2 we know that the form is closed and bounded from below for m > m,
and unbounded from below for m < m, . We also notice the main differences with respect
to the form in the bosonic case considered in the previous section, i.e., the dependence on
m and, more important, the sign + in front of the integral in (9.20). This implies that for the
estimate of ®°ff(f) one has to study the terms for ! odd, and in particular the case [ = 1, in
the expansion in spherical harmonics of f.

As a matter of fact, for suitable values of the mass m the above quadratic form can be
modified by enlarging the class of admissible charges and the new quadratic form turns out
to be closed and bounded from below. Therefore it defines a Hamiltonian, different from H+,
describing an additional three-body interaction besides the standard two-body zero-range
interaction (see [25] for details).

In order to explain the above assertion, we proceed formally. Let us define

. 1

¢y (k) = = Y7 (6,9), 0<s<1, n=0,%1 (9.21)
Notice that &, ¢ L?(IR®) but this fact is not relevant since for v = 0 the condition ®((¢) < co
does not require square-integrability of ¢. The crucial point is that both odiag() and
off(Z ) diverge, due to the behavior of &, (k) for large k and the two infinities can com-

pensate for an appropriate value of the mass. Indeed, by a direct computation one finds

__ 1my/m(m+2) L g° © 1
¢0(§V)—n[+/_¢iltt/0 e — ]/Odk

m1 + 52tq K=
S
— g(m,s)/ dk gy =co  unless  g(m,s) =0
0

The problem is then reduced to the study of the equation g(m,s) = 0. One can show that
for s € [0,1] there is a unique solution m(s), monotonically increasing, with m(0) = m, and
m(1) := My =~ 0.116. For m € (ms, m..) we can therefore define the inverse function s(m),
with 0 < s(m) < 1, which satisfies g(m,s(m)) = 0. This means that for each m € (m., m.)
the charge (9.21) with s = s(m) can be considered to enlarge the class of admissible charges
and to construct a more general quadratic form. Starting from the above argument, one can

prove the following result.
Theorem 9.3. For any m € (my, M) and p:= {B,}, n = 0, £1, the quadratic form in H3Y™

D(Bog) = {¢ € H™™ | = ¢+ Gy, [Vl € H™™, € HT2(RY),

1 . A
P=C+ Y vy, ®U8(E) < oo g, €C})

v=-—1

1
Dy(¢) + Z ,BV|‘7V|2

v=-—1

87t%m
m—+1

BO,,B (4]) = Bfree (4)) +
is closed and bounded from below. Then it uniquely defines a self-adjoint and bounded from below
Hamiltonian Hyg, D(Hp,g).

We conclude with some comments.

i) At heuristic level, the Hamiltonian Hy g has been introduced and studied in the physical
literature (see, e.g., [21]). From the mathematical point of view, an analogous result has
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been found in [53] using an approach based on the theory of self-adjoint extensions. Nev-
ertheless, in [53] the analysis is done for v # 0, which requires charges in L?. Therefore

the parameter s in (9.21) is chosen in the interval (0,1/2) and for this reason the new

Hamiltonian is constructed only for a smaller range of mass, i.e., for m € (m,, m{}’fnlos),
with mMNOS = g (5) |51 /p < M.

The quadratic form By g constructed in Theorem 9.3 generalizes the previous one By in

the sense that limg_, Bo,g = Bo.

A final, and more important, comment concerns the boundary condition satisfied by an

element of D(Hp). Denoting R = \/ %353 + x%; and choosing for simplicity ¢, = 0, for
R — 0 one finds

q0 7 (m) Boqo +o(R¥M-2)

l[)(Xz3, x31> = R2+s(m) R2—s(m)

where y(m) is a given positive function of m. In analogy with the case of a point
interaction (see (7.1)), such boundary condition describes an interaction supported in
Y23 = y31 = 0, i.e., when the positions of all the three particles coincide. Therefore the
new Hamiltonian Hy g describes the two-body (resonant) zero-range interactions plus

an effective three-body point interactions.
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QUANTUM LORENTZ GAS






1 O INTRODUCTION AND MAIN RESULT

In the following chapters we study the effective behavior at low energy of a non relativistic
quantum particle of mass 1/2 in R? interacting with a system of N randomly distributed
obstacles in the limit N — oco. In order to formulate such Lorentz gas model, we introduce
the set Yy = {y1,...yn} of random variables in IR?, independently chosen according to a
common distribution with density W.

We assume that the interaction among the particle and the i-th obstacle is described by
the Gross-Pitaevskii potential. Hence, the Hamiltonian of the particle is Hy defined in Equa-
tion (1.6) where the potential VN is defined in Equation (1.5). The assumptions on V will
guarantee that Hy is a self-adjoint operator in L?(R%). Our aim is to characterize the limit
behavior of Hy and the fluctuations around the limit. We reasonably expect that, for N — oo,
the particle “sees” an effective potential depending on the density of obstacles. Moreover,
one could be tempted to consider essentially correct the formal manipulation

M=

VNG ~ LY NN —w) ~ b LY sy b= [axv )
7 N4 g N = vi .

and to obtain bW as effective potential. In reality, this is not the case and we shall see that
the effective potential is the density of scattering length of the system of obstacles 47talV,
where a is the scattering length associated to the potential V (see definition below). The
situation is completely analogous to the more difficult case of a gas of n particles interacting
via two-body potentials scaling as n?V (nx) for n — oo as investigated in [11, 18, 31-33, 62].
In particular, we refer to [12, Section 5] for a discussion on the emergence of the scattering
length in that context.

Let us recall the definition of scattering length. Assuming that zero is neither an eigenvalue
nor a resonance for V the associated scattering length a is finite (see Remark 3.1). Moreover
one has

a= % /dx V(x)¢po(x).

where ¢y is the solution of the zero energy scattering problem

(=A+V)pp=0

lim (po(x) =1.
|x] =00

(10.1)

As for the physical meaning, we recall that a represents the effective linear dimension of the
scatterer at low energy. It is also easy to check by scaling that the scattering length associated
to the rescaled potential VN is aN =a/N.

Here we give the proof of the convergence in the strong resolvent sense of Hy to the
limiting Hamiltonian H, defined in Equation (1.7), where the convergence is in probability
with respect to the distribution of the obstacles. In the following we denote by || - ||, the norm
in LP (R3), 1 < p < oo. We give below the precise formulation of our main theorem.
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Theorem 10.1. Let V € LY(R?, (1 + |x|*)dx) N L3(IR®,dx) such that zero is not an eigenvalue
nor a resonance for —A +V and let a € R be the corresponding scattering length. Moreover, let
W € LY(IR®) N LP(IR®), for some p > 3, f € L?>(R3) and take A > 0 large enough. Then for any
e > 0and B < 1/2 we have

Jim Py ({Y s NP[(Hy + )7 f = (H+A) 7 fla > e}) =0,

where Py is the product probability measure {W (x)dx}®N on the set of configurations of points Yy.

Remark 10.1. Theorem 10.1 implies the convergence in probability as N — oo of the unitary
group e~ "IN associated to the N dependent Hamiltonian (1.6), to the N independent unitary
group e *H for any time t > 0.

As an immediate consequence of Theorem 10.1 and of previous results [38, 39] we can
also characterize the fluctuations around the limit operator, as expressed in the following

theorem.

Theorem 10.2. Under the same assumptions of Theorem 10.1, for any f,g € L?(R®) the random
variable

Mg (Yn) == VN (g, ((Hn +2)7 = (H+A)7)f)

converges in distribution for N — oo to a Gaussian random variable 17}‘ < of zero mean and covariance

E((7}9?)
= (a2 (H+2) g (H+A) IRy —dma((H+A) g, (H+2) )%

where E(-) means expectation with respect to the probability measure Py and
L2, = L*(R3, W(x)dx).

Let us briefly comment on the above results. We find that the asymptotic behavior of
our Lorentz gas is completely characterized by the density of the obstacles and by their
scattering length. In particular, this means that the dependence of the limit Hamiltonian on
the interaction potentials VN is only through the associated scattering length a/N, ie., a
single physical parameter describing the effect of the obstacle as a scatterer at low energy. In
this sense, in our scaling and for N large, the Lorentz gas exhibits a universal behavior.

As we already mentioned, in the many-body context the same type of universal behavior
of the interaction arises in the effective description of the dynamics of n bosons interacting
through Gross-Pitaevskii potentials and undergoing Bose-Einstein condensation. More pre-
cisely, under the assumption that at time zero the system exhibits Bose-Einstein condensation
into the one-particle wave function ¢ € L?(R3), one expects condensation to be preserved
at any time in the limit # — co and the condensed wave function to evolve according to the
Gross-Pitaevskii equation id;g; = —Ag¢ + 47a|@;|>r, with initial condition ¢y = ¢. This fact
has been well established mathematically for non negative potentials (see [11, 18, 31-33, 62])
and shows that at the level of the evolution of the condensate wave function and in the limit
n — oo the interaction enters only through its scattering length.

Indeed, our Lorentz gas can be considered as a simplified model obtained from the more

general case of a test particle interacting with other N particles when the masses of these
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particles are infinite. Nevertheless, we believe that our analysis could have some interest
and could give some hints for the general case. The reason is that, because of its simpler
structure, our Lorentz gas allows a more detailed analysis. In particular, we obtain the con-
vergence result without any assumption on the sign of the interaction potential V and we

can characterize the fluctuations in a relatively simple and explicit way.
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1 1 LINE OF THE PROOF

In this chapter we describe the method of the proof and collect some preliminary results and
notation useful in the sequel.
Let us start with some notation. Given ¢, = {¢1,..., ¢n} € @l | L?(R?), we define

N
g, 2 = 3 llgul3.
i=1
Moreover, for Xy = {X1,..., Xn} € RN we set
2 A g2
IXnl* =} X5
i=1
It is useful to write the interaction potential as V(x) = u(x)v(x), where

u(x) = V()2 o(x) = sgn(V(x))|V(x)["2.

Using the above factorization, we rewrite the scattering length associated to the potential V'

as ,

0= (wn), (1.1
where p solves

1+ 0G%upu = v (11.2)

and G is the operator with integral kernel G°(x) = (4t|x|)~!. Indeed, under the assump-
tion that zero is neither an eigenvalue nor a resonance for —A + V, Equation (11.2) has a
unique solution in L?(IR%). Moreover, one can check that the function ¢ := 1 — G%up solves
problem (10.1). To see that this is indeed the case notice that

(=A+ V)1 = Gup) = —up +V - VGup = —u (p + vG%up —v) = 0.

and lim|,|_,, ¢o(x) = 1. Finally

4na:/decpo:/dxu(v—vgouy):/dxuy,

so that (11.1) is verified.

Analogously, for the rescaled potentials we set VN (x) = ulN (x)oN(x), where

uf (x) = VN ()2 = Nu(N(x — y)),

i

o (x) = [V (@) ?sgn(VN (x)) = No(N(x - yi)

1
and for the scattering length we have
1
N N N
a; = (i ui') =a/N,
where

e+ GO = o (113)
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Let us discuss the line of the proof. We first observe that the proof of Theorem 10.1 is non
probabilistic. In fact, we prove the convergence for a fixed set of configurations of obstacles
Yn = {y1,...yn} satisfying the following regularity assumptions

(Y1) Letv*(p) = %Z—j’ € (0,1/3). For any 0 < v < v*(p) there exists C such that
. C
rg;]r,l\yi—yjl > NI

(Y2) Forany N > 0 and any 0 < ¢ < 1 we have

N2 ij—1 lvi — ]/]'|37ér =t '
1]

The convergence in probability then follows once we show that (Y7) and (Y>) hold with
probability increasing to one in the limit N — co. More precisely the following lemma holds.

Lemma 11.1. Let YN = {y1,...yn} a configuration of N identically distributed random variables
in R®, whose distribution has density W € L'(IR®) N LP(R3), for some p > 3. Then, the set of
configurations on which (Y1) and (Y,) hold has probability increasing to one as N goes to infinity.

Proof. The standard proof of the Lemma (see [59, 60]) can be easily adapted to the situation
where W € L'(IR?) N LP(R3) with p > 3. We start analyzing the assumption (V7). Let

C
Zn = 4 Yy|min |y; — yi| > ——
N {Nlr{;]r.llyl yJI_NH}

the set of configurations of N obstacles for which (Y7) holds. We show that in the limit N
going to infinity the probability of the complement of Zy (denoted by Z§;) goes to zero. We
have

PN(ZIC\]> = PN({YN| 34,5, i # j: |.1/z _y]| < CNf(lfv)})

2 |x|<CN—(1-v)

To bound the last integral we use Holder inequality. For 1/p’ +1/p = 1, we have

1/p' 1/p
/ dx W(x) < (/ dx) (/ de(x)v’)
|x|<CNv-1 |x|<CNv-1 |x|<CNv-1

< N3 W,

(11.4)

Hence the r.h.s. of (11.4) goes to zero as N goes to infinity for any v < %Z—j Note that the
requirement W € LP(IR®) with p > 3 assures that v > 0.

To show that also (Y>) holds with probability increasing to one as N — oo it is sufficient
to note that the M = N(N — 1) random variables |y; — y;|, withi,j =1,...,N and i # j, are
interchangeable and we can reorder them as {Xj, ..., Xy} (e.g. using a diagonal progression
as in the Cantor pairing function). Standard results (we refer to [47] for further details) ensure

that if W W(y)
—3+E\ _ X y
E(X;7"™) = /dxdy Py E=:

IN

C, (11.5)
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then

lim ~ AZA: L Ex
M—+oo M =1 Xi’*g 1

The bound (11.5) follows from the assumptions on W(x). Let R > 0 be arbitrary. Then:

/ dxdyiw(xmg(_yg < RPHW|F < C.
yl>R - [x =y

On the other hand, by Cauchy-Schwarz inequality

2
/ dxdy O / axdy 1O < ¢
Jpe—yl<sr 7 [x =y ryl<k T |x =y
O

By Lemma 11.1 we conclude that, in order to prove Theorem 10.1, it is enough to show
that for all f € L?(R3)

Jim [(Hy + )7 f = (H+A) " fll2 =0 (11.6)

uniformly on configurations Yy satisfying (Y;) and (Y2). In fact, since the measure of the
configurations where (Y7) and (Y>) do not hold goes to zero as N goes to infinity, we have

Jim P (Y NPII(Hy +A) 7L = (H+2) 7 fll2 > e})

= Jim P ({Y% : NP||(Hy +A) " f = (H+A) ' fll2 > €}) =0,

where {Y};} is the set of configurations of obstacles where (Y7) and (Y>) hold.

The proof of Theorem 10.2 is obtained with slight modifications of the step followed in
[39], [38] for a similar problem, and therefore we refer the reader to those papers.
The following remarks summarize two important consequences of the validity of the assump-
tions (Y7) and (Y>).

Remark 11.1. Notice that from (Y7) and (Y>) it follows that for any 0 < v < v*

<GCy. (11.7)
N3 v 1121 lyi — y]|4 Y
i#j
Indeed
1 N 1 2 1
N37u2 = |]/1’ —]/j‘4 Nl —2 NZ = |yz ]/]|3 v |]/ _y |l+v
i#] i#]
1 1
S N(1+V)(1 l/
by (v;) N1~ NZ ,,Zl lyi —yiP
i#j
< c¢y.

by (Y2)
Remark 11.2. For A > 0 we denote by G* the free resolvent (—A + A)~! and, with a slight
abuse of notation, also the corresponding integral kernel
ef\//ﬂx ‘

AMy) —
(%) = 4rt|x]
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Moreover, we define the N x N matrix G* with entries

GMyi—yj) i#]
0 i=].

A

Then, due to hypothesis (Y>) on our configuration of obstacles, we get

1
= HG’\H <c¢(A) =50 for A — +oo,
hence, in particular, there exists Ag > 0 such that

%HGAH <1 VA> A (11.8)

To see that this is indeed the case we fix 0 < B < 1 and use that e™* < x~B. Then, by (Y2)

1 1 N 2Vl
w6 < 5 X g

ij=1 1672 |y; — yjl2
i#j
1 X 1
Sc)\fﬁ/z— — < AB/2
N? ij=1 lyi — yj|2+5 P
i#j

Note that with a slight abuse of notation we denote with the same symbol G{} both the
elements of the matrix G* and the operator on L?(IR®) acting as the multiplication by G (y; —
yj)-

Given a set of configurations satisfying (Y1),(Y2), the strategy for the proof of (11.6) is based
on some ideas and techniques developed in the study of boundary value problems for the
Laplacian on randomly perforated domains, see [39], [40] and [41]. For a given f € L?(RR3)

we consider the solution ¢y of the equation

(Hv+M)yn = £

Next we use the Resolvent Identity to rewrite

N
yn = (Hy+A) 1 =G+ Y. G*oNpl, (11.9)
ia

where the function
o =u (HN+A)7'f
is solution of N
ol +ulNGroN ol +ull Y GroNplN = —ulGrf. (11.10)
7
The idea is to represent the “potential” on the r.h.s. of (11.9) by its multipole expansion

and to show that, for large N, the only relevant contribution comes from the first term
of this expansion, that is the monopole term. According to this program we decompose

YN = PN + (Pn — Pn), with

N
Pn(x) = (G )(x) + L M (x — ) QY (11.11)

i=1
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where
Q= (v p1").
The problem is then split in two parts: find a limit of iy and show that the difference

(pn — Pn) converges to zero for N going to infinity.
In order to find a limit of )y we recognize that the equation for the “charge” QN can be

written as .
N
4ra QM + Z; Gi)JL'Q]N = (G ) (i) + RY (11.12)
]:
j#i
with
RN = AN +BY + DY (11.13)
and

/dxv / . e—AMx—z| _|1 N(z)yl @

4m|x —
=3 [ e () [ 2@ @ -2 - Pu-) @O E g
j=1
i#j
V= [axuN@u(x) [ dz(0Mx—2) - 6N~ 2) f2).

Since we expect RN to be an error term, equation (11.12) suggests to study the approximate
equation obtained from (11.12) removing RZN . With this motivation, we define

N
Pn(x) = (G1f) () + Y G (x —yialY. (11.15)

i=1

where the “charges” gV satisfy

47mq’ +ZG1]’7] =—(G* N W), (11.16)
J#l

As before we rewrite Yy = Py + (P — Pn) and prove that the difference (P — Pn) con-
verges to zero as N goes to infinity. Finally, we show that the sequence ¥y converges to
defined by

= (—A+4maW + 7)1 f. (11.17)

This last step is strongly based on the analogy with the Hamiltonian with N zero-range
interactions considered in [38].

In fact, the resolvent of an Hamiltonian Hy,,y,, with N point interactions located at the points
Yn = {y1,...,yn} with strength Na is given (see, e.g., [2]) by

N
(Hnayy +0) 7 =G+ Y Gy (W) (G =), )G (- =)
Q=1
i#j
where the N x N matrix Zy y, (A) is defined by

(ENayy(A))ij = <N0¢+ f) 8ij — (1—6;j)Gh.
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Hence
= (o + )71 = @)(2) + 163 (1118
where :
(Nuc + Zj) i — Ji G = (G ) (wi)- (11.19)

j#i

Comparing (11.18) and (11.19) with (11.15) and (11.16) respectively and recalling in addition
that the scattering length of a point interaction with strength « equals —1/ (47 ), the analogy
between ¢ and Py is clear.

The rest of this part of the the work is organized as follows. In Chapter 12 we collect some
properties of 1N and pN that will be used along the proof. In Chapter 13 we give the proof
of the Theorem 10.1. In particular in Sections 13.1 and 13.2 we show that the differences
(N — ¥n) and (P — Pn) g0 to zero as N goes to infinity and finally in Section 13.3 we
study the convergence of {y.

To not overwhelm the notation, from now on we skip the dependence on N where not strictly

necessary.



1 2 A PRIORI ESTIMATES

We prove some useful a priori estimates for the solutions of Equations (11.3) and (11.10).

Lemma 12.1. Let y; = uN € L2(R3) and p; = pN € L2(R3) defined in (11.3) and (11.10)
respectively. Under the assumptions of Theorem 10.1 there exists a constant C > 0 such that

sup [[pifl2 < CN7/?
1

Moreover
lull<C, el <Cllfl2-

Proof. 1t is simple to check by scaling that y;(x) = Nu(N(x —y;)). On the other hand, since
u satisfies Equation (11.2) and zero is not an eigenvalue nor a resonance for V we can invert
the operator (1 + u G%) and get

Iull3 < C. (12.1)

Hence 1 1
Il = [ dxlps(x) P = - [ dxlu(ol = 5 i3,

which leads to sup; ||4;]l2 < CN~1/2 and [ull <C.
We prove now the bound for [|p ||. We set

pi(x) :== N~"pi (y; + x/N) .
From Equation (11.10) we have
(1+u G%)pi(x) + (u(GMN = G°)op) (x) + % Y Gij(uvp)) (x)
Y (G — G)op) (x) = —u() (G)f) (v +¥/N) | (122
L]
i
where g{]@'N denotes the operator in L?(IR?) with integral kernel

e~ VAlyi—yj—(x=2)/N| (123)
P . 12.
4y —y; — (x—2)/N] 3

AN
gij (x —z2)
Our goal is to show that the operator M" acting on @ | L2(IR%) defined by

(MY),; = [(A+uG%) +u(GN* = G0l s;

1
+ Gl +u(G)N — 6yl (1 -ay)
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is invertible. Due to the assumptions on V the operator (1 + uG%0) is invertible. Then, in
order to prove that M* is invertible it suffices to show that there exists Ao such that the
operators M7, My and M3 defined by

(M), = (@™ ~ %06
(M3),; = N"'uGjo
(Mé‘) =N~ u(QAN G/\) ( 5,])

have a norm going to zero as N goes to infinity for any A > Aj. Denoting with || - ||gs the
Hilbert-Schmidt norm in L?(R3) and using the definition of u(x) and v(x), we obtain

2 A
1M 1% < u(GMN = G035 < CWHVH%/ (12.4)

which is small for any A in the limit N — oo. To bound the norm of the second matrix, we
fix 0 < B < 1. Then, using (Y2)

A2 1 A2 1 2\[‘% ]/]l
Mz [|= < mzz]'”u Gjjollys = Nzlz];/dx"lZW(x W'
i i#] ) (12.5)
<c||[V|EATR2— < cgA7P/2,
1 N2 Z Vi —y; |2+/S B
Z#J
The r.h.s. of (12.5) can be made small by choosing A sufficiently large.
To bound the third term we use that for any ¢ < 1 the following bound holds true:
1 1 1
||M (g)\,N _ G)\) ,UHZ S C + + — — (12.6)
i L N2y, —yil* N2y —yi> N8y —yiP—¢
From (12.6) and using the assumptions on the charge distribution and (11.7) we have
M52 < < Z e (G5 = G ol
ij=1
1#]
) . c (12.7)
<C + < .
1]21 [N‘*Iyl D I yjl?"@] NIt
i#]

To prove (12.6) we define the cutoff function )(f}] (x) to be equal to one if [x| < §|y; — y;| and

zero otherwise and write

AN A
H“(gi]' - gij)UH%JS

N e—ﬁ\yi—yj—(x—z)/N\ e—ﬁlyi—yj\ 2
< cfautz ) -V EN (=~ o)
i j t ]

C/d dz|V(x)||V(z)](1 N( ))< e 2VAlyi—yj—(x=2)/N]| ezﬁ%y;>
+ xdz|V(x z —xN(x—z N
Y yimyj—(x=2)/NP  lyi—yf?

(12.8)
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To bound the term on the second line of (12.8) we exploit the fact that whenever Xf}] (x) is
different from zero the difference in the round brackets is small. In particular, we have

2
e~ VAlyi—yj—(x=2)/N| e_ﬁh/z‘_yj)

[ dtzidx =2V NIV ) (]/i_]/j_<x_z)/N| iyl

2
< C/dx dzxf}l(x - z)|V(x)||V(z)|#2 (ef‘my"*yf*(xfz)/m - eiﬂly"fyfo
lyi _l/j| (12.9)
+C [dxdzxf (x = 2)|V(x) ||V ()] e VAN
2
o 1 _ 1
lyi—yj—(x—=2)/Nl |yi—yl) ~
To bound the first term on the r.h.s. of (12.9) we use the bound
ly—w/N| _ o lyl| < ¢ %
le e W <cC N
obtaining
—z[? c 1
C/dxdz Nix —)|V()||V(z &7—7. 12.10
X e AVWIVE) e < ey (1210

To bound the second term on the rh.s. of (12.9) we note that [y; —y; — (x —z)/N| > |y; —
yj| — [x —z|[/N, and moreover on the support of )(f}l(x —z) we also have |y; —y; — (x —z)/N
> |y — y]-|/2. Hence:

Xg(X—Z)( 1 1 )< 2|x —z|

lvi—yi— (x—2)/N|  |yi—yjl/ = Nly; —y;[?
We obtain
1 1 2
dxdz xN (x—2) |V (x)||V (2) e VAW (x=2)/N]| —
[t -2Vl vy~ G-2/N i

|x — z|? < C
N2|y; —y|* = N2y —yl*
We are left with the bound of the term on the third line of (12.8), for which we exploit the
fast decaying behavior of the potential. We start from the term which does not contain the
singularity. We fix a such that 1 —a € (0,1) and we multiply and divide by |x — z|%; then we

use that [x — z| > CNJy; — y;| on the support of the integral and that [x — z| > 1 for N large
enough, due to (Y7):

< C/dx dz Y (x - 2) [V ()||V(2)| (12.11)

N e~ 2VAlyi—yjl
[ axdz V@IV @I~ (x-2) —
Yi y]|
C / N |x —z|®
<—— [dxdz|V()||[V(2) |1 —x; (x —2) —————
|yi_yjcP O By (12.12)
S—/dxszx V(z)||lx —z
Nzx|yl,_yj|2+,x | ( )|| ( )|| ‘
C

= Ny, =g
Yi —Yj
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To bound the remaining term on the third line of (12.8) we use a similar idea; we obtain

e 2VAlyi—yj—(x~2)/N]|
D=y~ =2 /NP

[ axazv @)Vl -1 (x - 2)

[ dxdz|v @)V - 1 (x -

C

< |x—z\2+“
= (Nlyi —y;j])>+e

yi —y;j— (x —2)/NJ?
c v %P + |2P
< - 1—xN(x =
< Sy ] BEVRIVEI0 - x -2)

vi—y) = (x=2)]?
c o [V G+ NIV + Ny
[ —
< N | EEER

(12.13)

(Ix" + Nyi]* + |2/ + Ny;*)

where in the last line we used the change of variables ' = x — Ny; and z’ = z — Ny; and we
removed the cutoff function.

To bound the rh.s. of (12.13) we use the Hardy-Littlewood-Sobolev inequality: let f €
LP(R") and h € LI(R") with p,g > 1 and let 0 < A < n with 1/p+A/n+1/q = 2, then
there exists a constant C independent of f and / such that

| [, F@ =yl hydxdy| < CIf]pll.

Hence

<Clll-1PVlss2llVisya,

[ aae WA NIV S Nyl + N
=P

and exactly in the same way we bound also the other term in the r.h.s. of Equation (12.13).
Then, due to our assumptions on the potential, we obtain

e 2VAlyi—yj—(x~2)/N]|
lyi —yj— (x—2z)/NJ?

[zl @[V - 1) (x - 2))

C

< 12.1
~ NoJy; —yj|2He (12:14)

Putting together (12.10), (12.11), (12.12) and (12.14) we prove (12.6).

The bounds (12.4), (12.5) and (12.7) together with the assumptions on V prove that there
exists a Ag > 0 such that for any A > A and N large enough the operator M* is invertible.
From Equation (12.2) we obtain

Il < il [ axluG)PIG ) i+ x/N) P

< CN(sup (6" /) ()P?)
< CN|fI3-

It follows that

N N 1 N N
e 17 = Z/dxlNPi(N(x —y))lP =5 LAz < ClifI5-
i i=1



1 PROOF OF THEOREM 10.1

13.1 MONOPOLE EXPANSION

In this section we analyze the difference between the solution ¢ defined by (11.9) and the
approximate solution §yy obtained considering the first term of a multipole expansion for
the potential defined in (11.11). This is the content of the following proposition.

Proposition 13.1. Let y and ibvN be defined in (11.9) and (11.11) respectively. Then, under the
same assumptions as in Theorem 10.1,

li B = 1.
im NPllyn —¢nllo=0 VB <

Proof. Using (11.9) and (11.11) we write

N

N
() = () = 1 [ dzul(a)(6" (v 2) - 6N —w) = L Kil).

i=1

We have

lon — Il < 2 / () + 3 [axkitx (15.0

i,j=1
i#]

We first bound the diagonal term on the rh.s. of (13.1).
N N
Y [axkix) = ) [ dzdzoi(2)0n( pi(2)pi =)
i=1 i=1

/dx (GMx—2) =G (x =) (G (x =) = GM(x —w))

Using elliptic coordinates we can explicitly calculate the integral over x of the products of
Green’s functions on the last line. For instance let us consider the product G*(x — z)G*(x —
z'). Wesetr; = |[x—z|, r = [x —Z/| and R = |z — 2’| and consider the new variables {y, v, ¢}
with y = (r1 +12)/R € [1,400), v = (r1 —1r2)/R € [-1,1] and ¢ € [0,27) the rotation angle
with respect to the axis zz'.
Then

VA(lx—z]+x—2))
/dng 2)GM (x — 7') /d

16712|x—z||x—z’|
+ood p 27Td ’ 2
=T [ [T aec
e*\/X(H‘HFHxI*V)R/Z

X
1672 5 (u+v) 5 (n—v)
_ 1 e VAlz—2|

8tV A
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Proceeding analogously for the other terms we obtain

N
; / dx K?(x)

N
<C Z/dz dz' vi(z)v;(z")pi(x)pi () (fMZ*Z'\ — e Myl _ oAl il 4 1) )
i=1

We use the definition of v; and rescale the integration variables as follows N(z —y;) — z and
N(z' —y;) — z’. Hence

N N
Y [ ki) < ON Y [ dzde!|v )V i e + 1)
i= i=1
(13.2)

N
SCN+[-P)Vin el < N2
i=1

where we recall that p;(z) = N~ 1p;(y; +z/N) and HEHz < CN from Lemma 12.1.
To bound the non diagonal term we use Cauchy-Schwarz inequality and the elementary
estimate ab < 1/2(a® + b?)

N N N
€ 1
Y. [aKiK) < 5 3 Il loglB+ 5 X [ dzdoi(z) Ploy(z)P?
iji=1 iji=1 ij=1
i# i i# (13.3)
2
x| [ax(@ (x=2)- G x—y) (6" (x—2) = G (x-y)|
with € > 0 to be fixed. To bound the second term in the r.h.s. of Equation (13.3) we first
integrate over x using elliptic coordinates, then we use the definition of v; and rescale the

integration variables z and z’. We obtain

1 N
Py [zt V@)V ()1 2, 2P
i
with

@{}](Z, Z)= e~ VAi—yj+(z=2)/N| _ ,=VAlyi—yj+2/N| _ =VAlyi=yj—=2'/N| 4 ~VAlyi=yjl (13.4)

With a Taylor expansion at first order, it is easy to check that the function f(x) = e~ VAlx+al

satisfies

e~ VAlxtal _ ,—vAlal (1 _ \/XM)‘ < CJxf?.
|a]
with C independent on a. Hence
N / C 112
22 < el + 212, (135)
and
1 ul / / N y|2
Wijzlfdzdz VEIVE) 12 2]

i
< % [ a2 || [VE)I (2] + 2] < Ce TN (136)



13.1 MONOPOLE EXPANSION

Using Equation (13.3) and (13.6), the bound ||p || < C and the assumptions on the potential,
and choosing ¢ = N~2 we obtain

N
y / dxK;(x)K;(x) < CN2.
ij=1
]

(13.7)

Equation (13.2) and (13.7), together with (13.1) conclude the proof of the proposition. O
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13.2 POINT CHARGE APPROXIMATION
In this section we analyze the difference between ¢y and Py and show that it is small for
large N. More precisely our aim to prove the next proposition.

Proposition 13.2. Let @N and Py be defined in (11.15) and (11.11) respectively. Under the assump-
tions of Theorem 10.1 and for A large enough

lim N7P[gn — Pnll2 =0 VB <3/2
N—oo
The proposition follows from the next two lemmas.
Lemma 13.1. Let )y and iy be defined in (11.15) and (11.11) respectively. Then,
19n — gl < c VN |G - Q|
Lemma 13.2. Let Q; = (v;, p;) and g; be defined in (11.16). Then there exists 6 > 0 such that
10 -7 <cN~2.

Proof of Lemma 13.1. We notice that

2
N
=B < [ dx |36 (x =) (g — Q)
i=1
N _Z\F|x vil
— 2
B ;( — Q) /d 167r2|x vil? (13.8)
—VA(x=yil+ )
e ]
+ -Q .
]2 T
i#]

The term on the second line of Equation (13.8) is clearly bounded by C|| Q7>
To evaluate the integral in the last line of (13.8) we use an explicit integration as in the proof
of Proposition 13.1 and Cauchy-Schwarz inequality. We get:

5 (- 000 @ far g 5 (- 0 g Qe
—ONa.— O x <cy — 0N g.— O:e” i—Yj
i,jzl ql 1 ‘1] ] 167_[2|x_yi||x_yj| i,j:1 ‘11 1 q] ]
i#] i#}’
<e }: ~Qi)*< N|lF - Q%
i,j=1
i#]
O
Proof of Lemma 13.2. Equations (11.12) and (11.16) for the charges Q; and g; give
N

]#l
where R; is defined by Equations (11.13), (11.14). We denote

47ta
Ff} = (5ij+ W(l —51']')63) , (13.10)
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so that (13.9) becomes

N 4rta
Y THQ —q)) = - Ri-
=1

1=
J#i

On the other hand the bound (11.8) yields immediately the invertibility of F)‘ for A > Ag.

Therefore c
57l < =|R
IG-71l < IR
Lemma 13.2 is proved showing that there exists 6 > 0 such that
IR <N~ (13.11)

We start from || A ||. By Cauchy-Schwarz inequality we get

Ail < llpill2llpill2lloi(G* — G%)uill s -
Using the definitions of #; and v;

—VA|lx—z| _ 1)2
Jou(G — @il = [ dxdzN V(N x =y IV NGz = i) )

C/d d |( NV (z )|( ~VAx=zl/N 12
< CAN?||V3.

With the bounds in Lemma 12.1 we have
S 1/2 1/2 B
141 < llpll (suplloi(G* — ¢uillhs)  (supluil3) < CNT2|fla. (13.12)
1 1

Next, we analyze ||B ||. We define

/dxdzu )(QA(X —z)— Gl)]‘)v]'(z)pj(Z) .
Then
. N [/ N 2
IBI?= Y| Y Bi| -
i=1 \ j=1
j#i
Using twice Cauchy-Schwarz inequality, first in the x and z variables and then in the sum

over j, we get

N

N 2
IBI2<Y. ]; ||yi||2||p]-||2(/dxdz|ui(x)|2(g7\(x—z) B Gl{})2|v]-(z)|2>1/2]

i
N
<Y llpll Z oI5 Z [0;(G MzHHs
& -
l (= J#z
< (SUP ||#z||z)||PHZZZ [0;(G )WH%{s
i=1j=1

#i
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Rescaling variables and recalling the definition (12.3) for G SN we have
_ A,
o (G* — Ghuillss = N2 o(GhN — G yulls.
Using the bounds (11.7), (12.9) and (13.13), together with Lemma 12.1 we obtain
1/2
_ 1 Y 1 1,2
Bl|<C| = — <, N 1727,
IZ] <N5 El |yi_]/j|4> !
2
i#]
To conclude we consider ||D||. We have
112 N A A 2
IBIP = 3| [ dxdzpui(x)ui(x) (6 (x — 2) = G2 (i = 2) 2)
i=1

= Y [ f ) ()6,

with
Gi(z) = [ dxpi(xm(x) (G (v 2) ~ Gy~ 2))
Using Cauchy-Schwarz inequality

1D |2 < |12 [% (/dzg.z(z))2+ % (/dzq;‘-(z)é-(z))zr/2
> 2 = i i,j:'l ! ]

7]

(13.13)

(13.14)

(13.15)

We proceed as in the proof of Proposition 13.1. As for the diagonal term, using the scaling

property u(x) = N~'u;(y; + x/N) we obtain

N
< Z [Z\C;z/dxdx/’u(x)‘u(xlﬂv(xﬂlﬂV(x/)|1/2

, 2
X (e_ﬁ‘/N _ VAR VA +1)}

N 2
< CY [N f (s V) 2V (V21 1)
6 2 y 4 5
< CNO|(1+ - )V 1 Il < CN~.
i=1

Here we used [||3 < C, see (12.1).

(13.16)



13.2 POINT CHARGE APPROXIMATION

To estimate the non diagonal term in (13.15) we use the bound (13.5) for the function Cf}i
defined in (13.4). By the scaling properties of u;(x) we have:

N 2
dz &;(z)¢i(z
,»;1(/ 5i(2)5i(2))
i#]
N
= ¥ [N [t 2V O ()
icf;.l
i#]

x/dz (g/\(]/i —z4x/N) — GMy; —z)) (gA(yj —z+x'/N)— g/\(]/]' —Z)) ]2

N[ 2 / 1/2(17( (172 NN ]2 (13.17)
= % (N2 [ |V o[22t 8 ()|
=1
i#]
N 2
<C) [N_4/dde/|V(x)|1/2|V(x/)1/2H(x)li(x/)(|x| +|x’|)2}
ii=1
i#]
N 2
<CcN® Y (/dx\V(x)|(1+ |x|2)/dx’|y(x’)|2> < CNS.
ij=1
i#]
Putting together (13.15), (13.16) and (13.17) we obtain
ID|><CN™2. (13.18)

The bound (13.11) for Hﬁ || follows from (13.12), (13.14) and (13.18). O

83



84

QUANTUM LORENTZ GAS — PROOF OF THEOREM 10.1

13.3 LIMIT OF {y

In this section we conclude the proof of the main result stated in Theorem 10.1. By Proposi-
tions 13.1 and 13.2 it remains to show the convergence of {y to §. Although the proof is a
slight modification of the step followed in [38] (see also [17]) we report the details here for

the sake of completeness.

Proposition 13.3. Let $ and  be defined as in (11.15) and (11.17) respectively. Then under the
assumptions of Theorem 10.1 and for A > Ag

. Bl 7. _
Jim NGy -yl =0 vB<1/2.

To prove the proposition we first introduce g defined by

r -1
— 1= = (-A+4maW +A)71f. (13.19)

Then by the second resolvent identity we get

() + [ 26 (x - 2)W(2)g(z) = (64 (). (1320

47ta

In the following lemma we compare q(y;) with g;.

Lemma 13.3. Let q; and q be defined as in (11.16) and (13.20) respectively. Then under the same
assumptions as in Theorem 10.1 and for A > Ag

1/2
1 N
i ﬁ E ;o ; 2 =
Nl_lfﬂooN {N i=1 N =) } o Tpesl

Proof. From (11.16) and (13.20) we get

L (m‘sﬁ 5@ ‘517')@17') (\/ﬁ% - mq(yj)) — I (13.21)
where
i W; i9(;) — ﬁ( 7)(vi)- (13.22)

J#i
Recalling the definition of 1";} given in Equation (13.10) we rewrite Equation (13.21) as

N 1
r (\/N - — ‘)) = (47a)L;.
]; i (VNG — =4y i
Using invertibility of T* for A > Aq (see (11.8)) and multiplying by N with 8 < 1/2 we get

1y 1
N{g ﬁq

It remains to prove that NP||L|| goes to zero. In particular noticing that E(||L|) = 0 and

\/ﬁql' - (vi)

} < CNP|L|.

applying Chebyshev inequality it is enough to show N?PE(||L||?) — 0. We use that
E(GM(x —yi)q(yi)) = (6" Wq)(x)
E( (gAW’J)Z(Vi)) = HQ’\WqH%%N (13.23)
E((9* (i —ypa)?) = (1,(G")? = Wa*)) 12,
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where we used the notation (f x g)(x) = [dyf(x —y)g(y). From (13.22) and (13.23) we
obtain
~ N /1 N
N2BE <||L ||2> - mﬁ—lE(Z (2 Y., GiGra(yg N2 Z Gha(y)))
= ];i’,ck#li,]
N Z Ghaly) (G Wa)(v)) + (gAWq)z(yi)> )
J#t

— N2p-1 (WNDE((Q)‘(}/l —y2)q(y2))?)

N <(N—1)Z\([1\f—2) —2(N-1)+ N>E((g)‘Wﬂl)2(]/1))>

N-1 N-2
= N2-28 (L(g/\)z * (qu))@v T N2-28 ||g/\W‘1||Lz ,

which goes to zero for N — co for any B < 1/2. This concludes the proof of the lemma. [

Proof of Proposition 13.3. Let us consider g € L%(IR%). Then by (11.16), (11.15), (13.19)
and (13.20) we get

N
(8 v — )] = I(g,Zqi G- — i) — (3, G" W)l
(13.24)
< IZ Wiy G y,) |+|f2q )G (i) — (8,5 Wq)l.

NP
Then using Cauchy-Schwarz inequality and multiplying both sides by Tl we obtain

T |gAg(x)| N 1/2
INP(g, 9N — 9)] jﬁp Wl
Ig] =T sl Nz;( 9: = q(yi))

L NP [n(Yn) —”E|(’7(YN))
8

(13.25)

where
N 1 al A
YY) =5 L(978)wiay)-
i=1
The first term in (13.25) goes to zero by Lemma 13.3. Furthermore

E(M(YN) - E(n(YNnZ) E(n(n)*) _ E(y(xy))*
512

IsI? 5k
_ (fdxw<x>q2<x><wg>2<x> N1 E(r;(m>>2>
By N llP
E(1(Y))?
Il
_ AW (@82~ (Jdy (6'9) Waw)W(y)’
ug||2N

< 5 (lallg, + WL ak ).
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Then by Chebyshev inequality also the second term in (13.25) goes to zero uniformly in ||g||.
Taking the supremum over g € L?(IR?) we get the thesis. O

We are now ready to prove our main result

Proof of Theorem 10.1. It follows immediately from Propositions 13.1, 13.2 and 13.3. O
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THREE-PARTICLE SYSTEMS

A.1 THREE-BODY QUANTUM PROBLEM IN THE CENTER OF MASS FRAME

Let us consider a generic three-particle quantum system in dimension d = 1,2, 3 interacting
via pairwise interactions. We denote with x; € R? the coordinate of the i—th particle and
with m; its mass. The Hilbert space is then L2(R*) and the Hamiltonian describing the
dynamic of the system is
3bod 23: 1
pdbody — _y_©

Ax]- + Zle(xl' - x])
i=1 o

2m;
where Ay, is the Laplacian with respect to x; and « = ij runs over the pair {12,23,31}. We will
often use an “odd-man-out” notation common in the study of three-body systems denoting
equivalently the pair & with the index ¢ = 1,2,3 such that £ ¢ a. Throughout this work
the Hamiltonian H3b°4Y will be either a well-defined self-adjoint Hamiltonian with regular
potential or a formal Hamiltonian with singular interaction of 5 —type (see Part II).

As usual in the study of three-particle systems it is convenient to extract the center of
mass motion. To do this we introduce the coordinates (X, x4, Y« ), where X is the coordinate
of the center of mass and (xa, Ya) is any pair of Jacobi coordinates (see Figure A.1): x, is the
relative coordinate between the pair of particles & while y, is the relative coordinate between

the third particle and center of mass of the pair, i.e.,

k
MoyXoy + M3X3 Y
X3 = X2 — X3, Yn3=——""—X1 .
mp + M3 Ji
X Ya—x1, ¥ mixytmaxs
31 = X3 — X1, Y31 = — X2
’ my + ms Xy
x X X my1x1 + mpxp X
12 =X1—X2, Yp=——""—X3. .
Y my + mp 1

Figure A.1: Jacobi coordinates associ-
ated to the pair a = ij

These coordinate systems define a decomposition L?(R3) = [2(RY) ® L*(R*) and a
tensor decomposition of H*° which is independent of the choice of the pair in the Jacobi
coordinates. Denoting with 1 the identity operator in L?(IR")

H%®Y — Hopf @ 14+10 H
where

1
my + my + mg3)
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and
1 1

H=Hy+) vy(xy) = —mAxlx — RA%‘ + Y v (xy). (A1)
o o

In the above formula Xp, for B # w, is expressed in terms of (x,, y,) and the new masses are
defined by
mim]- I mé(ml- =+ m])

S T my a=ij, L #1ij. (A.2)

Ha =

m; + mj ’
Hcw is just the free Hamiltonian and we can reduce our analysis to H acting on L?(R*).
Moreover it is often useful to work in momentum space. Let k4, px be the conjugate vari-

ables of x,, y,. respectively. Denoting with k; the conjugate variable of x;, they are explicitly
defined by

fon — mzky — myks _ my(ko +k3) — (mp + m3)ky
2= P23 =
my + ms3 my + my + ms
miks — mszk mo(ky +k3) — (mq +m3)k
kay = 1k3 3kq pa1 = 2(ky +k3) — (mq 3)k2 (A.3)
my + ms3 my + my + ms3
oo — moky — myky _ ma(ks + ko) — (m1 +mp)ks
2= T P12 = .
my + mp my + my + ms

With a slight abuse of the notation we denote with the same symbols the Hamiltonians H, Hy

written in momentum space. For any choice of pair «, we have

H=Hy+) Vg
B
where
Ho = Holke, pa) = 0+ P&
0 = Ho(Ka, Pa) = 21 2,
is the free Hamiltonian and
1 ~
(Vo) ks ) = Gyrovare | A0k~ kg) 9k pp) (A4)

describes each interaction term. In (A.4) we denote by fthe Fourier transform of f.
Finally we note that one can also choose as independent variables any pair (p,, pg) with
« # B. The connections between the various coordinate system is given by the following

relations - s
ko = — s — 4+
23 P31 Ty + 3 P23 = P12 s + 13 P23
Kt = —prg— — B
31 P12 My + s P31 = P23 My + s P31 (As)
my
kin = —Pog — — L — "
12 P23 i+ My p12 = p31+ my o+ m; P12
p2s + p31 + pr2 = 0.
Using them we find
P2 PuPw | Pa
Ho(pa,pw) = 5= + 52 4 20 k# 4,0 (A.6)

2y my 21y
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A.2 FADDEEV EQUATIONS FOR THE EIGENVALUES

A useful tool in the study of the point spectrum of the three-particle Schrodinger operator
are the so-called Faddeev equation for the eigenvalues, introduced by L. D. Faddeev in [34]
(see also [35]), which are the analogous of the Birman-Schwinger equation for the one-body
problem. We briefly recall here their derivation following the clear and simple presentation
contained in [56]. Let us suppose z < 0 to be an eigenvalue for the operator H defined in
(A.1) and 1 to be the corresponding eigenfunction. We assume in addition z ¢ o(Hp + Vi),
Va where 0(A) denotes the spectrum of the operator A. Then

(Ho+ )} Va)p =z (A7)
®
Note that the free resolvent
Ro(z) = (Hy—z)!

is bounded in L?(IR??), so that (A.7) can be equivalently rewritten as

¥ = —Ro(z) ;Vw. (A.8)
We decompose 1 in the Faddeev components

$=2 1
«
where, for each pair «, from (A.8), we have
e = —Ro(z) Vayp. (A.9)

In order to find the equations for #,, we introduce the resolvent of Hy, = Hy + V,

Ry(z) = (Hy —2)7!
which is bounded in L2(IR?%) by our assumptions. Then we rewrite (A.9) in the form

e = —Ro(z) Vi 277;8
B

or

Mo + RO(Z)szﬂa = *RO(Z)sz Z g
§7a

Applying the operator R,(z)(Hp — z) to both sides of the above equation, we obtain the
Faddeev equations

e = —Ra(2) Vi Z ng, Va (A.10)
BFu

Thus, we conclude that if ¢ is a solution of (A.7), then ¢ = ), 1, and 7, are solutions
of (A.10). The converse is also true, i.e., if 7, are solutions of (A.10), then ¢ = Y, %, is a
solution of (A.7). As it is well known, a suitable iterated form of the Faddeev equations is
characterized by a compact operator and this is the main advantage of the Faddeev equations
with respect to Equation (A.8).
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A.3 FADDEEV EQUATIONS FOR THE RESOLVENT

In this section we apply a method analogous to the one adopted in the previous section to
the study of the resolvent of H. Let z < 0 be such that z ¢ ¢(H) and z ¢ o(H,), Va. By the
resolvent identity R(z) = (H — z)~! satisfies

R(z) = Ro(z) — Ro(z) Y VaR(z) = Ro(z) + YR (z) (A11)
o l

where R() (z) = —Ry(z)V4R(z), £ ¢ «. Plugging Equation (A.11) into the definition of R(*)(z)
we find

RO (z) = —Ro(2)VaRo(2) — Ro(2) Ve Y R (2)
f,

or equivalently

R (2) + Ro(z)VaR¥) (z) = —Ro(z)VaRo(2) — Ro(z)Va Y R (2).
O£

Applying R, (z)(Hp — z) to both sides of the equation above we get

R (z) = —Ry(2)VaRo(z) — Ra(z) Y R (2). (A12)
040
Let us introduce the operator
Ta(2) = Vo = VaRa(2)Va (A.13)
and note the identity
Ry (z)Vy = Ro(2)Ta(2) (A.14)

which is a consequence of the resolvent identity. Using Equation (A.14) in Equation (A.12)

we find

R (z) = —Ro(z)Tu(z)Ro(z) — Ro(2)Tu(2) Y R (2).
1

Or equivalently, again by resolvent identity,

RY(z) = —Ru(z) — Ro(z) — Ro(2)Tu(z) Y R¥)(2).
(]

Remark A.1. One can prove that

2
T (2)P (ke pa) = /dk:/x ta (Z - zp“a;kark&>¢(kz/xrpa) (A.15)

n

where f4(z; kg, k},) is the integral kernel in Fourier space of the two-particle operator t,(z) on
L*(R%) defined by
ty(2) = vy — Ut o (2)Vy. (A.16)

Here v, denotes the multiplication operator in L2(R?) and r4(z) = (hg + vy —z)~! where
hy = —ﬁAxa.
Let us check Equation (A.15). By Equation (A.16) and the resolvent identity we get

te(2) = vy — Varo(2) 0,



A3 FADDEEV EQUATIONS FOR THE RESOLVENT

where rq(z) = (hg — z) 1. From the equation above we obtain the following equation for the
kernel t,(z; ko, kb, ):

/ 1 / 1 //Utx(kvé_k:x/) "ot
ta(zrk k) = —=aulke ~Ki) - m/dka b (2Kl ). (A.17)
Dy T2

(49

From Equation (A.17), recalling Equations (A.13), (A.14) and (A.4) we immediately get (A.15).
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PROPERTIES OF s'/

We collect here some properties of functions S,(é) (x) (see also [24]) defined by

0 /1 Pi(y)
Sy = —2mb dy ——>>———, R B.
(*) 7b(m) -1 Y cosh(x) + mﬁl € (B.1)
where 1 +1
m
b(m) = —— T2
(m) 472 Jm(m 1 2)

is a function of the mass and P; denotes the I-th Legendre polynomial.
First we evaluate their Fourier transform

~ +oo . gt
V2r Sn(f)(k) =271 b(m)/ dx e_’kx/ dy Py)

cosh x + m+1

400 —ikx
_ _om+1 / dy Py Fn e

27T Vm(m+2) — m
m+41 1
ﬂm/ WA Jy B oo i
B m4+1 / sinh (karccos (747))
- \/m smh (km) sin (arccos (7%57))

where, for the computation of the last integral, we refer the reader to [30, p. 30]. Moreover us-
ing the elementary relations arccos(a) = 5 — arcsin(a) and sinh(a &= B) = sinh(a) cosh(p) +
sinh(B) cosh(a), we find

30 (k) = 1 m+1 /1 cosh (karcsin (5747))
"  V2r/m(m+2) /- 2cosh (k%) cos (arcsin (747))
B sinh (karcsin ( mil )
2sinh (k%) cos (arcsin (mil))

Using the parity of the Legendre polynomials in the expression above we obtain

1 m+1 / smh(karcsm(mil)) ! odd
V2m \/m(m +2) vhly snh (k%) cos (arcsin (747))

Su (k) = (B.2)
1 m4+1 1 cosh (karcsin (
/ y l(]/) ( ( +l)

V2 /m(m+2) Jo cosh (k%) cos (arcsin (747))

~

Note that § () (—k) = S (k). Furthermore in [24] the following properties are proved.

[ even.

Lemma B.1.

o
Sp’(k) >0  lodd
" . (B.3)

[ even,
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- ~ (B.4)
s\ (k) > 50 (k) 1 even
Moreover S (1) (k) is monotone decreasing for k > 0 and
Sy Wy — L A B
max S, (k) = S’ (0) Nor (m) (B.5)
where A(m) is defined in (3.8).
Finally in the case m = 1, setting § () (k) := §1(l) (k), we have
Lemma B.2. For [ even and any k € R
1 (50 10 V11 10 -
e y-_ X < SW(p) < )
m(yn 3f3+ 5 9t0>_S (ky<0, 1#0 (B.6)
where ty = arcsin(l/m) ~ (0.293 and
4 N
——— <50k <o. B.
N (k) < (B.7)

Proof. Let us consider the case I # 0 and even. Since S (k) is decreasing in I by (B.4), we
have S (k) < 5@ (k), where §? (k) is an even function. An explicit integration gives

~ 1 1 1
S@A0)=—— [ dy(B?P—1)——~
) \/671/0 y By )cos (arcsin %)

/6
= 2 dx (125in2x—1) = —L (5n—3\@>

- \/67T 0 Vver \3
Let us estimate the difference S (2) (k) — 5@ (0) for any positive k. We have
~ = 1 1 32 —1 cosh (karcsin %)
3900 - $1(0) = /d ’ - 2 B.8
®) © Ve Jo Y os (arcsin %) cosh (k%) (B.8)
2
= =1k B.
NG (k) (B.9)
where
/6 cosh(kt)
Ik:/ dt (12sin2¢ — 1) (1 — <2
() 0 (12sin ) < cosh (k%)

Since s(t) = 12sin?t — 1 is negative if t < to and positive otherwise we can write
to /6
1(k) = —/ dt|s(t)| + [ dts(t)
0 to

1 to /6
+Cosh(k§)[ | atIs(8) [ cosh(kt) - /to dts(t)cosh(kt)] (B.10)

> coshl(kg) [(b —a) cosh (kg) +a —bcosh (k%)}

where g = foto dt|s(t)] and b = ftg/é dts(t), with b — a > 0. Denoting

g(k) =a+ (19017 - a) cosh (kg) — bcosh (k%)
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we can rewrite (B.10) as
8(k) b
I(k) > —~—~2 .
(k) = cosh (k3) 9

Let us show that g(k) > 0. We have

)] (B.11)

iy (10 7 _, 3sinh (kg
¢'(k) = 5 (917 a) sinh (k—) ll A—F2

2 sinh (k%)
where
a. b
106 —9a’
The term in square bracket in (B.11) is positive, then ¢’ (k) > 0 which, together with ¢(0) = g,
yields g(k) > 0. Thus we find § @ (k) — S@(0) > —ﬁb. Inserting the explicit expression

for b, we obtain the estimate (B.6).
In the case | = 0 the estimate (B.7) is straightforward.
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