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Abstract

The momentum exchange of bubble and particle laden incompressible turbulent flows is investigated
by means of Direct Numerical Simulations (DNS), employing the Eulerian-Lagrangian approach.
The Exact Regularised Point Particle method (ERRP) is used to achieve the inter-phase momentum
coupling between the two phases. The first part of the research deals with bubble-laden turbulent
homogeneous shear flow. The aim of this study consists in addressing the modulation of shear tur-
bulence and the bubble clustering geometry in presence of different inter-phase momentum coupling
conditions. Suspensions with different combinations of void fraction and Kolmogorov-based Stokes
number, in the dilute regime, are studied. Bubbles suppress the turbulent kinetic energy and tur-
bulent dissipation as well. Turbulent modulation occurs via the direct change of the Reynolds shear
stress. In fact, the bubble energy source is proved to be negligible in the scale-by-scale turbulent
energy budget. The bubble clustering, in agreement with the literature, occurs in the form of thin
elongated structures. The clusters are aligned with principal strain direction of the mean flow, as
usual in shear flows. The bubble clustering and turbulent modification are strictly related: both
increase with the Stokes number and are independent of the void fraction, in the range of parameters
considered in our simulations. The data show that the turbulent modification is disadvantaged when
the bubble distribution is homogeneous (i.e. small Stokes number). Finally, the small scale bubble
clustering is slightly reduced by two-way coupling effects even though the clustering anisotropy
still persists at small scales as it occurs for inertial particles. In the next stage of the research,
the objective is to study multiphase wall-bounded turbulent flows. Under the same flow rate, the
dispersed phase can either reduce, as in bubbly-flows, or increase, as in particles-laden flows, the
viscous wall drag. However, it is well acknowledged that bubbles must be large, and deformable,
in order to reduce the viscous resistance in wall turbulence. On the other hand it is known that
small inertial particles lead to a wall drag increase. Since we are interested on important turbulence
modifications, the second part of the research is devoted to particle-laden wall turbulence flows.
In this new investigation, the turbulence modulation is addressed in an particle-laden annular pipe
flow, via Direct Numerical Simulation (DNS). The alteration of the heat exchange induced by the
different turbulent mixing is studied as well. The turbulence modulation induced by small particles
is addressed for the first time in the annular geometry, in the context of Direct Numerical Simula-
tions. A wall correction is included in ERPP in order to take into account wall effects in the particle
disturbance. The research also focuses on the particle preferential concentration close to the wall,
the so-called turbophoresis. The relation between the particle concentration and the friction wall
drag and heat exchange modification is explored. The first and second moment statistics, the two-
point correlation functions and the energy spectra are studied. The two-way coupled momentum
exchange leads up to 30% wall drag increase. The phenomenon is controlled by the particle mass
loading and the wall radius ratio R;/R,, where R; is the internal wall radius and R, the external
one. The mechanism leading to the increase of resistance is attributed to the modified Reynolds
shear stress. The heaviest suspensions show a drastic modification of the coherent structures by
the external wall, although the flow is altered in the whole annular pipe. The TKE significantly
increases close the external wall, while it is suppressed close the internal wall. The increase of the
heat-exchange, induced by the different turbulent mixing, is small, below 5 %.

In the annular pipe the dispersed phase preferentially migrates toward the external wall. In
fact, the internal peak of the particle concentration is up to 100 times lower than the external one.
Moreover, the findings suggest that the particle concentration is largely overestimated in the central
and internal regions, in the one-way coupling regime ( i.e. no turbulence modification ). In fact, the
particle feedback promotes the turbophoresis of the external wall, while the particle accumulation
close the internal side is attenuated.
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Chapter 1

Introduction

Dispersed turbulent multiphase flows consist of a background continuous phase, i.e. a fluid, that
transports a discrete phase in the form of small bubbles, droplets or solid particles. When tiny
bubbles are immersed in a liquid, e.g. water, the suspension is referred as bubbly flow. On the
contrary, when the dispersed phase is made of collections of droplets or solid particles the flow is
said to be "particle-laden". The difference between the two classifications, when the suspension is
dilute, is the inertia between the dispersed and the carrier phase. Particle-laden and bubbly flows are
very common. Microbubble turbulent systems are easily encountered in many natural phenomena
and technological applications. Bubbles of diameters of the order of hundreds of micrometers are
observed in breaking waves [1, 2|, in the wakes of seafaring vessels [3, 4] or after the collision of
raindrops in liquid pool [5]. The generation of microbubbles is caused by interface phenomena
[6] and can affect the turbulence dynamics [7, 8], the surface reflectance [9, 4] or the acoustic
wave propagation [4, 10]. Particle-laden flows are present in many natural and technological fluid
dynamical processes as well. In nature, sand and dust storms, rain formation, volcanic ash dispersion
in the atmosphere and geological sedimentation processes involve particle-laden flows. In industry,
the dispersion of tiny fuel droplets in combustion chambers is crucial for the efficiency of the chemical
reactions [11, 12, 13]. Pollutant deposition and dispersion is also a currently popular issue. The
prediction of particulate diffusion in the atmosphere can help to abate the effects of climate change
and safeguard the public health in urban and industrial areas [14, 15, 16].

Bubbles can be used to reduce the energy dissipation in many hydraulic or maritime applications,
due to depletion of viscous drag at the wall. The first evidence of drag reduction was found by
McCormick and Bhattacharyya [17], on a fully submersed body of revolution. Later, drag reduction
was found in several different configurations, such as flat-plates boundary layers [8, 18, 19], channel
flows [20, 21|, Taylor-Couette flows [22, 23], or mixing layers [24], see e.g. the review by Elghobashi
[25]. The bubble deformation plays an important role in the drag reduction mechanisms [22, 26],
when the size of the bubbles is substantially larger than the Kolmogorov length-scale . In this
regime, the gaseous phase alters the turbulent structures even at very small void fraction ¢, as
discussed by Prakash et al. [7]. The dynamics of large bubbles can be addressed by Direct Numerical
Simulations at the price of resolving the bubble interface in the simulation. Different interface-
resolved methods, have been used to address the behaviour of deformable bubbles in complex flows
see e.g. refs. [27, 28, 29, 30, 31, 32, 33].

The wall bounded turbulence modification due to particles was studied as well in channels [34, 35|
[36], round pipes [37, 38, 39] and Taylor-Couette flows [40, 41|, and flat plates [42]. In contrast to
bubbles, recent works have shown that the effect of tiny heavy particles in wall-bounded turbulence
is to increase the friction coefficient [38, 42, 43]. In addition to this, other works suggest that inertial
particles increase the heat exchange [36, 44]. Whether the heat exchangers can or cannot benefit of
inertial particles is still an open topic.

The present research is focused on the effects of small rigid bubbles and particles on incompress-
ible turbulent flows, employing the Eulerian-Lagrangian approach. The adjective "small" means



that particle Reynolds number is small. Therefore the bubble/particle diameter is smaller, or at
least comparable, than the characteristic smallest turbulent length-scale. The dispersed multiphase
suspensions are studied in both homogeneous and non-homogeneous turbulence. The presented ho-
mogeneous turbulence is a free-space shear flow, which is characterised by large scales anisotropies in
the velocity field. The modification of the non-homogeneous turbulence in annular pipes is investi-
gated in the second stage of the research. The objective is to understand whether the dispersed phase
and the background flow may influence each other. The mechanisms of the preferential accumula-
tion of the dispersed phase in homogeneous ( i.e. the inertial clusterisation ) and non-homogeneous
(i.e. the turbophoresis ) turbulence, affected by the turbulent transport, are investigated as well.

In the present research, given their small size, the bubbles/particles are modelled as collections
of points. The dispersed phase interacts with the fluid through a point-wise forcing localised at
the current bubble/particle position. The dynamics of such system is strictly connected to the
inter-phase momentum exchange between the carrier and the transported phase. The present study
explores dilute suspensions ( small void fraction ¢, ), where the bubble/particle collisions, break up
or coalescence have negligible importance [25].

In the past years, the dynamic of pointwise multiphase suspensions, in the one-way coupling
regime, has been well understood. In the one-way coupling regime the dispersed phases are trans-
ported by the turbulent flow with no chance to modify the background turbulence. In homogeneous
turbulence, many important aspects such as bubble/particle dispersion [45, 46], effects of lift force
|47|, Lagrangian statistics [48], or clustering [49, 50, 51| [52, 53, 54| have been understood. In a tur-
bulent homogeneous flow, bubbles migrates into regions of high vorticity of the flow, and form thin
elongated clusters. The bubble clusters are strictly correlated to the most intense coherent vortical
structures, the Kolomogorov vortices. In contrast, particles use to escape from these intense vortical
structures, concentrating into the high pressure flow regions. This preferential accumulation occurs
when the bubble/particle time response 7, is of the order of the Kolmogorov time-scale 7,,. This
phenomenon is called inertial clustering since depends on the different inertia between the dispersed
phase and the fluid [55].

In a numerical context, the one-way coupling regime oversimplifies the reality. In fact, the
dispersed phase is able to modify the turbulence even at small void fraction [8, 7, 56, 38, 57].
In the so called two-way coupling regime, the bubble/particle back-reaction is taken into account
by considering a bidirectional interphase momentum exchange. However, due to the small size of
bubbles and particles, the dispersed phase back-reaction field is singular, i.e. is represented by a
set of concentrated forces localised at the current bubble position. The Navier-Stokes equations for
the carrier phase must be resolved on a computational grid to be amenable of numerical treatment.
Many issues arise when a singular field must be resolved on a discrete Eulerian framework. Several
methods have been proposed to tackle this issue. The Particle In Cell (PIC) method introduced by
Crowe et al. [58], undoubtedly represents the easiest approach. However, it lacks of a physically
rigorous derivation, and suffers of several shortcomings and numerical biases, as discussed by Boivin
et al. [59] and Gualtieri et al. [60]. These shortcomings can be mitigated when the number of
bubbles or particles N, per computational cell N. is large. On average, this means N, /N, > 1.
This condition, however, limits the range of applicability of the approach. In dilute suspensions
(small void fraction), the number of bubbles or particles is fixed by physical conditions and must be
set independently on the number of computational cells, which are set by the Reynolds number of the
simulation. Additionally, PIC introduces errors when the hydrodynamic force is computed. In fact,
the evaluation of this force requires the computation of the unperturbed fields [61], i.e. the velocity
and pressure fields in absence of the back-reaction due to the bubble/particle itself. These difficulties
call for special numerical procedures for the calculation of the force on the bubble/particle in the
two-way coupling regime, as proposed by Horwitz et al. [62, 63]. Recently, an alternative approach,
namely the Exact Regularised Point-Particle method (ERPP) [64], has been proposed. The method,
already employed for the calculation of particle-laden free shear, [57] and wall-bounded flows 38|,
provides a physically consistent treatment of the singular back-reaction field.In the ERPP approach



the inter-phase momentum coupling occurs via the viscous diffusion of the vorticity generated by
the transported phase. This circumstance has a twofold advantage: the disturbance velocity field
that each bubble or particle produces on the carrier phase is known in a closed analytical form; the
calculation of the hydrodynamic force in the two-way coupling regime can be exploited taking into
account the bubble/particle self-disturbance velocity field.

The modulation of homogeneous isotropic turbulence due to point-wise bubbles have been pre-
viously investigated via Direct Numerical Simulation with PIC approach by many authors, see e.g.
Refs. [47, 65] and references therein. The authors found that bubbles reduce the turbulent dissipa-
tion rate by few percentage points. In particular, they found depletion of the turbulent dissipation
spectra at large fluid dynamic scales and increase at small scales. Note however, that the rela-
tive small number of bubbles per computational cell N, /N, is far below the unity. As previously
mentioned, this might introduce artificial numerical effects on the scale of the grid size, leading to
unphysical extra dissipation. These issues call for alternative studies for comparisons. Having this
in mind, the first part of this research investigates the homogeneous turbulence modification due
to small bubbles. Therefore, direct numerical simulations of the bubble transport and turbulence
modulation in a two-way coupled homogeneous shear flow are carried out. The ERPP approach
is employed, which is able to capture inter-phase momentum coupling effects in a numerically ac-
curate and physically consistent manner. The latter feature sets the present work apart from the
previous researches [47, 65]. Several bubble populations, characterised by different combinations of
void fraction and Stokes number, are addressed in the range of parameters ¢, < 2% (dilute regime)
and St,, < 0.2 (small bubbles).

To study of homogeneous turbulence is very useful since it greatly simplifies the understanding
of turbulent flows. However, the homogeneity is an idealised condition, only partially achieved in
some real cases, like in the centre of channels and pipes. Since the new ERPP approach was applied
for the first time on bubbly flows, as first stage, the study of turbulence was devoted to homogeneous
flows. Our results from the bubbly homogeneous shear flows are compared with the particle-laden
shear flows. The latter was studied by Battista et al. [57] via DNS, using the same model for the
inter-phase momentum coupling ( i.e. ERPP ). After acknowledging that microbubbles can indeed
interfere with the homogeneous turbulence, we aim at studying a more realistic fluidynamics problem
where important turbulence modification are observed. In the literature it is well-acknowledged
that only large deformable bubbles produce drag reduction |66, 67, 68]. On the other hand dilute
suspensions ( ¢, < 0.1% ) made of small particles have concrete effects in wall turbulence. In fact
recent works [38, 42, 43] show that inertial particles augment the viscous wall resistance. On the
other hand, a wide range of works, employing the problematic Particle In Cell method, suggest that
particles can lead to wall drag reduction [69, 70]. The over-mentioned issues of PIC cast doubts on
the reliability of such investigations, which are in clear disagreement to the physically consistent
ERPP [38]. Further studies are required to understand the fluid dynamic phenomena. Besides,
a wide range of control parameters comes into play when addressing the wall-bounded turbulence
modulation. These parameters are the void fraction, the particle nature, size and shape, the density
ratio between the particle and the fluid and the turbulence topology. While, in some conditions,
particles seem to lead to drag reduction, in other it occurs the opposite phenomenon. The reader
is referred to the recent review of Brandtl & Coletti [71] for additional details.

The effects of tiny heavy particles are investigated in turbulent heated annular pipe flows. The
periodic annular pipe is a model of the concentric tube heat exchanger. The system is made of
the annulus between two concentric cylinders, through which the suspension flows. So far, the
turbulent annular pipe has been studied only as a single phase flow [72, 73, 74, 75, 76] , and the
role of an additional discrete phase has been never investigated. The opposite wall curvatures in
the annular pipe might affect the turbophoresis. The turbopheresis is the preferential concentration
phenomenon of the dispersed phase, which in wall-bounded flow tends to migrate toward the walls.
The turbopheresis has a crucial impact to the wall drag modification, since the particles massively
interact with the near wall coherent structures.



In contrast to round pipes, the flow field in the annular pipes is highly asymmetric. Therefore,
the characteristic length-scale of the near-wall vortical structures varies between the convex and
concave side. The asymmetry is function of the distance between the two walls, and reduces when
the walls are closer |77, 78, 76, 73] . In particular, the peak of the turbulent kinetic energy in the
buffer layer is smaller at the internal side, than the external onw [79, 73, 72|. Similarly, the viscous
wall stress at the internal wall is larger than the external one. Moreover the peak of mean velocity,
instead of being central, is into the inner half of the pipe.

In such complex turbulent flow, a heavy but dispersed phase is present. The two-way interphase
coupling is enforced on the momentum exchange, while the particles are thermally inert. The
influence of the dispersed phase on the heat exchange, due to the change in the turbulent mixing,
is addressed. The modification of the viscous wall drag is studied as well. The role of the wall
curvature is explored in four different annular pipes, with different size of the internal cylinder.
The effects of the particle mass loading ®,, of the suspension are investigated as well. The viscous
time-scale based Stokes number is constant in the two-way coupling regime. The Stokes number is
selected from the one-way coupled simulations, where there is the most intense turbophoresis. The
analysis in the one-way coupling regime is conducted as comparison, and show analogies with the
literature.

The thesis is organised as follows: chapter §2 verbosely reports the theoretical framework of the
research. The Exact Regularised Point Particle (ERPP) method and the bubble/particle momentum
equation are derived and discussed in details. Chapter §3 introduces and provides the results of
the two-way coupled simulations of homogeneous turbulent bubble-laden shear flow by presenting
single point Eulerian statistics, energy spectra and the bubble clustering discussed in terms of the
Angular Distribution Function. Chapter §4 introduces and provides the results of the one-way and
two-way coupled simulations of the turbulent particle-laden annular pipe. The first and second
moement statistics, the two-point correlation functions and the turbulent spectra are presented and
discussed. The flow rate and the heat exchange are reported as function of the internal wall radius
R;. The particle preferential concentration, mean velocities and velocity variances are reported as
well, and related to the fluid statistic. Finally chapter §5 summarises the main results and provides
the conclusions of the numerical experiments.



Chapter 2

Theoretical framework

2.1 The point-particle dispersed multiphase system

The multiphase system is made of a turbulent carrier flow laden with small dispersed particles.
Here the word "particle" is generically adopted and may refer to either a small bubble or a inertial
particle. The adjective "small" refers to a comparison with the fluid lengthscale. In other words,
we are studying particles whose diameter d), is smaller than the smallest fluid dynamic lengthscale.

The dilute suspension allows to discard the particle-to-particle interactions, since they rarely
happen. However we want to remark that this does not mean that particles can’t influence each
other. In fact only direct interactions, such as collisions, coalescence or break up, are irrelevant for
the dynamic of the multiphase system, but a single particle can still experience the fluid perturbation
induced by other ones.

Due to their small size, the particles are modelled as rigid spheres. This might seem unrealistic

for bubbles. However, the deformability of a small bubble is controlled by the viscous forces and the
surface tension y,. While the viscous forces tend to deform the bubble, the surface tension tries to
preserve the spherical shape. When the surface tension is enough stronger than the viscous forces,
the bubble remains spherical. This effect is measured by the Capillary number Ca = ”'V;#, that
indeed compares the viscous forces to the surface tension. In the present study we are going to
study only suspensions whose Capillary number is very small. This allows to model even bubbles
as rigid spheres. For more details see the discussion in section 3.
The particle Reynolds number is Re, = m, where |[v — ul,.r is the reference relative
velocity and v is the kinematic viscosity. Re, describes how the flow field behaves around the
particle, and it has a crucial role to assess the hydrodynamic force acting on the particle. In the small
particle regime Re, is vanishing. Hence the flow field on the particle scale is governed by the Stokes
equations. On the fluid scale, what we see is a collection of points that are transported through the
turbulent field. The fluid in turn experiences a globally dispersed but locally concentrated forcing
due to the particles. We will show in the next sections that the equivalent governing equations,
where the particle boundary are replaced by a singular forcing, are derived in the low-Re, regime.
This avoids the extreme computational effort necessary to capture the fluid dynamic motions on the
particle sub-scale, filtered away in the equivalent model. The price of this operation is to resolve a
singular forcing over the computational grid. This procedure requires special care, in order to avoid
numerical biases.

In the present research we employ the Exact-Regularised Point Particle (ERPP) method to
achieve the momentum coupling between the fluid and the dispersed phases. In the forthcoming
sections we will provide the physical description of the multiphase system. We will describe in de-
tails the regularisation procedure of ERPP, that is performed introducing the time-scale eg. We will
discuss the physical interpretation of eg as the viscous time diffusion of the particle disturbance, in
terms of vorticity. We will show that the point-wise particle indeed introduces a singular vorticity
at present time, but the singularity is rapidly dissipated by viscosity. Only when the particle distur-



bance diffuses up to the smallest relevant scales of the fluid dynamics, after the time eg, this effect
becomes important for the turbulence. Following a lengthy but rigorous mathematical procedure,
we will show how an equivalent regularised governing equation can be consistently derived, when
er and Re,, are small.

The algorithm evolves the solution from time ¢ to time ¢ + dt. The history of the motion from a
reference state t = 0 to the current time 7 is known. The observation time must be sufficiently large,
such that we can define the regularising parameter in the range 0 < eg < t,,. This concept will be
crucial when we exploit the additivity property to split a time integral representation through the
time scale eg.

We will firstly address the mathematical procedures used to derive the momentum coupling
model in the free-space domain D = R3. In this first stage, we willl assume that the particles are
sufficiently far from the walls. The possibility of including wall effects in the model will be discussed
in a later section.

2.2 The Exact Regularised Point Particle method in the free-space

Let’s consider the multiphase system made of a carrier fluid laden with the N, set of rigid spherical
particles. The dispersed phase occupies the domain Q = U,Q,,, where Q,, is the domain of the p-th
particle and U, is the union operator between the N, set of particles. The fluid domain is R3/Q,
where R3 is the free-space domain and the notation A/B denotes the complement of A with respect
to B.

Figure 2.1: Sketch of the domain of the multiphase system. Q = U,Q,, is the domain of the overall
dispersed phase , R3/Q is the domain of the fluid.

The fluid dynamics is prescribed by the standard incompressible Navier-Stokes equations (2.1),
embedded with the proper boundary and initial conditions.
Du 2
5 = -Vp+uv
x € R3\Q(1) Proe=Pr8= YPTRTH
u=0
lim wu(x,t)=0 (2.1)

| x| —>+00
u(x, l‘)|,9gp(,) = Vp(x, l‘)lagp(,) for p=12, .. Np
u(x,0) = uo(x)

The closure of the problem is provided by the momentum equation of the rigid particles, that
must be coupled with the Navier-Stokes equations. The solution is evolved, from the initial condition



uo(x), in the free-space R?. The no-slip boundary conditions are enforced over the particle boundary.
Hence, the fluid and particle velocity u(x,1)|aq, ) and V,(x,1)|sq, ), where 8, (1) is the particle
boundary, are equal. The particle velocity obeys the kinematic law of the rigid bodies, V,(x,t) =
Vpc(t) +w(t) Xrp. In the adopted notation, Vpc is the velocity of the particle centroid x, (), w is its
angular velocity and rp, is the distance between a particle surface element and x,(z).

The inter-phase momentum coupling occurs via the boundary conditions over the particle bound-
ary. The velocity conditions on the particle surface locally deforms the flow field. In the attempt
to restore the equilibrium, the fluid reacts with a stress field. Exerted on the particle surface, these
stresses give rise to the hydrodynamic force.

The system (2.1) provides the complete description of the dynamic of the carrier phase. In
principle we could solve the equations as they were presented, once resolving the particle boundary
over the computational grid. However in the low-Re, limit, the particle size is smaller than the
smallest hydrodynamic lengthscale. In the context of homogeneous turbulence this means d,, << 7,
where 7 is the Kolmogorov lengthscale. Hence the grid should be finer than what the turbulence
constraints, already computationally demanding, prescribe. Moreover, due to the small particle
size, dilute suspensions can transport even millions of particles. Unfortunately, for the objectives of
this research, the simulations would be unfeasible under the current computational resources. For
this reason, a model of the inter-phase momentum coupling is required.

To this end, in the Exact-Regularised Point Particle approach the velocity field u(x, ) is addi-
tively split into the fields w(x, ) and v(x,#). The field w(x,t) can be explained as the background
turbulent field, in the absence of the dispersed phase, and it will be referred to as the background or
unperturbed field. The physical meaning of v(x,t) is instead the fluid dyanmic disturbance induced
by the dispersed phase, in a still fluid.

The field w(x, ) obeys the equations

oF (%—Vt" +F) =prg—Vpw + uViw

V-w=0 x €R?
lim |y oo u(x,7) = 0

w(x,0) = uo(x)

(2.2)

The field w(x, t) is prolonged into the particle volume, and is defined into the domain R3. The
term F(x,t) contains all the non-linearity of the complete field u(x, ), and must be interpreted as a
forcing term for the field w(x,t). F(x,t) is prolonged using the particle velocity inside the particle
domain, and its expression reads

Fo {pfu -Vu , for x € D\Q(r), (2.3)
prVp-VV,, for x € Q(t).

We remark that any prolongation of F(x,t) would be possible for the purpose of the algorithm,
that is the solution u(x,t). In fact, a different prolongation would affect the fields w and v, but
not their sum, which would be unchanged. The initial condition of w(x,t) is ug(x). This will be
important since it leaves to v(x, f) the homogeneous null initial condition. The free-space conditions
remains the same.

Notice that the particle boundary conditions disappear from the field w(x,7). Apart from the
prolongation of F(x,t), the dispersed phase in not present in w(x, ). This is why w(x,t) is referred
to as the unperturbed or background turbulent field.

The inter-phase boundary are reintroduced into the equations of the perturbation field v(x, ).
The evolution of v(x,¢) is controlled by the linear Stokes equations over the domain R3/Q(z), with
initial homogeneous conditions.



V.ov=0
xeRNQMN{ )
Prgr ==Vpy +uVay

ot (2.4)

v(x,0) =0
vlea, ) =Vp —wlaaw) for p=1,2,...N,

The systems (2.4) and (2.2) cannot be independently advanced in time. In fact the two solutions
w and v are strictly interconnected. The field w influences v through the particle boundary condi-
tions. In turn v affects w due to the non-linear forcing term F. Since the field that is evolved by
the algorithm is u, the interdependence between v and w won’t be a problem. In fact, our purpose
is to exploit the decomposition of the flow field to manipulate the equations of the particle distur-
bance. This procedure can be divided into two steps: first, to derive the point-particle model of the
multiphase suspension, and second, to regularise the obtained singular system within a physically
consistent framework. The Navier-Stokes equations of the complete field will be finally reassembled
into this new regularised form, that will be solved by standard numerical codes.

In the present manipulation, the initial conditions with along the non-linear behaviour of u(x, r)
are assigned to the unperturbed field. This is a crucial point since allows to exploit the analytical
solution of the corresponding unsteady Stokes equations. In fact, the solution of the particle dis-
turbance, equation (2.5), is expressed in terms of the third order stress tensor Tix;(x —¢,7 —71) and
the unsteady Stokeslet G;;(x — ¢, — 1), for the detailed calculation see F.5.

vi(x, 1) = /0 dr ./ag ti(W,1)Gij(x =t = 1) = v (W, ) Tigj(x = ¢, t = T)n; (Y)dSy (2.5)

The second order tensor G;; can be seen as the i-th fluid velocity component of the Stokes
problem of known term the j-aligned impulse 6(f — 7)6(x — i), centred at position ¥ and time 7.
The third order tensor T;x;(x —y,t — 7)n;(Y)ni represents the stress tensor of the associated flow
field. Further details are provided in F.3.

In equation (2.5) #;(i, 1) is the fluid stress over the particle surface. t; can be determined by
solving the boundary integral equation, i.e. the system of the boundary integral equations (2.5) for
the velocity v(x,1) over each particle boundary. Then, the stress 7;(¥, 7) can be integrated over the
particle surface to obtain the hydrodynamic force, or added into the (2.5) to compute the velocity
v(x,1).

The resolution of the boundary integral representation is a lengthy and computationally de-
manding operation. However, in the small Re, regime particles are smaller than the turbulent
lengthscales. Therefore, it is easier to compute the solution (2.5) as the multipole expansion in the
limit |x, — | =d, — 0. The equivalent expression of v(x,?) can be readily derived, and reads

Vi, 1) =/0 dr /69 (10D [Giy (= xpat =) + 0 — U])] -

[0 (8) + wp X (¥ = xp)] [ Tikj (x = xp, 1 = 7) + 0(Ixp = Y)n;(Y) } dSy =

= -/0 dr {—Z D, (1)Gij(x = xp,t —7) +0(|xp — 1//|)} = (2.6)
P

- _Z/o D; (1)Gij(x —xp,t —7)d7 +1 o(|xp — ¢)
p

where D, (7) is the hydrodynamic force, j-direction, to the p-th particle. Apart from the van-
ishing terms proportional to d,, the particle disturbance is now only determined by the Stokeslet
Tensor G and the hydrodynamic force D). Hence, in the limit |x, — ¢/| = d,, — 0, the dispersed
phase is modelled as the set of points where the concentrated forces D, are applied to. Pro-
vided that we can somehow compute DP, the relation (2.6) does not require any evaluation of
the flow field in the vicinity of the particle surface. This intuition lets us think that the velocity

10



v(x, 1) =-2, fot D;, (1)G;j(x—xp,t—7)d7 could be the solution of a Stokes equation over the simply
connected domain R?. In fact, (2.6) is the exact solution of the following singular unsteady Stokes
equation, whose extended calculation is provided in F.4,

pr G ==Vpy +uVv =5, Dp()6(x —xp(1))  x€R’
SN (2.7)
v(x,0) = 0.

In this new formulation the particle boundaries are replaced by a singular force, where § is the
Dirac delta function, centred at particle position x,(¢) and of module D, (¢). Once the equation
(2.7) is reassembled to the (2.2), the resulting system provides the point-particle equivalent model
of the multiphase system. Since the Dirac delta function is clearly unbounded, equations (2.7) still
need additional treatments in order to be used by standard numerical codes.

Due to the linearity of the equations, hereafter we shall consider the forcing from a single particle.
The final superimposition will return the solution of the whole system.

The particle disturbance can be represented in terms of the vorticity £ = V X v. The expression
of £(x,1) can be extracted by either taking the curl of the (2.6) or by solving its singular evolution
equation (2.8). In this discussion we favour the second path.

The equation of the vorticity {(x,¢) induced by one particle is derived by taking the curl of
equations (2.7), and reads
pr % = vV + D(1) X V&(x - xp) 28)
{(x,0)=0 '

Due to the linearity, the solution is expressed as the time convolution of the hydrodynamic force
and the Gaussian function g(x — x,,t — 7) of variance o (t — ) = /2v(t — 1), see section F.3 for
additional details, namely

1
{(x,t):/;‘/o D,(t)xVg(x —xp,t —71)dT (2.9)

The gaussian function g(x —x,,—7) is interpreted as the fundamental solution of the singularly
scalar diffusion equation discussed in F.1.

t* denotes the right-sided limit of 7 — ¢. Hence the integral passes through a singularity in the
neighbourhood of 7 = ¢, where the gaussian tends to the Dirac delta function. We will explain in
the next section how to remove the singularity, via a physical consistent procedure.

2.3 Regularisation procedure through the time-scale €g

The regularisation procedure used to extract the regular part from the vorticity ¢ and the velocity
v is now addressed. To this end, we define the regularisation parameter eg > 0, whose dimension is
time. Hence, we exploit the additive property of the integral to split {(x, ) into the singular {s(x, 1)
and regular {g(x,t) component, namely

(r(x,t) = /% '/OZ_ER D,(1) xVg(x —xp(1),t = 1)dT (2.10)
ls(x, 1) = i/t+ D, (1) xVg(x —x,(1),t —1)dt (2.11)
’ Pf Ji—er P P ’

The original field ¢ is reconstructed simply as the sum of the two components,

{(x, 1) = {r(x,1,€r) + {s(x, 1, €r) (2.12)

11



The implicit assumption is that the observation time ¢ is sufficiently large, such that t — eg is
positive. This is always possible since the initial condition ¢ = 0 is, at this step of the discussion,
purely arbitrary. We just have to go back to the instant in the history of the motion that is earlier
than t — eg.

We observe that the function (g is everywhere smooth, since the Gaussian function inside the
convolution (2.10) has positive variance o-(r—7) > og = V2veg. The singularity is entirely contained
into s for any non-null eg. In fact, the neighbourhood of the point 7 = ¢ is included into the integral
(2.11).

gx—xp,t—77) = /R3 g —xp, T—1)gx -y, 1 - f')d?’t// (2.13)

From a physics point of view, the regularised vorticity can be interpreted as the free diffusion
of the field ¢(x,t — €g) from time f — eg to time ¢. This can be shown by exploiting the semi-group
property (2.13), namely

1 I—€R
CR(x, 1) = —/ Dp(t) X Vg(x —xp,t —77)d7" =
Pf Jo

I—€R
-1 D, (+") XV, / G — 2t — er — Vg (x -, er)dPydr" =
Pf Jo R3 (2 14)
1 t—€r .
_ / {_ / Dp(r*>wig(w—xp,t—eze—r*)dr*}g(x—w,eIad%
rR3 L Pf Jo

= /RB LWt —er)g(x —yr, er)d>y

where V, and V, are the nabla operator with respect to the coordinates x,, and . The result
obatined in (2.14) is the exact solution of the free-diffusion problem, verbosely discussed in F.2,
that is exactly what we wanted to prove.

The regularised vorticity field /g (x, ), whose smallest scale is ogr = V2veg, obeys the unsteady
stokes equations where the Stokes drag is evaluated at the earlier time 7 — eg.

or

1
5 =VV2{R+p—Dp(t—eR)ng(x—xp(t—eR),eR), R(x,00=0 xeR3 (2.15)
f

We can add the expression (2.10) into the equation (2.15) and verify that the operation returns
the identity.
The solenoidal field vg(x, ) can be computed once known its vorticity, through decomposition

VRr(x,1) = VR, (x,1) + VOR(x,1) (2.16)

where the expression of vg, (x,1) reads

ng,(x,t) = _P_lf/o o D,(1)g(x —xp(7),t —7)dT (2.17)

The field vg, (x,1), referred to as the pseudo-velocity, does not satisfy the incompressible conti-
nuity equation, but its curl returns the vorticity {r(x, ). The zero-divergence constraint of vg(x, 1)
is provided thanks to the potential flow V®g(x,1), also referred to as the potential correction. The
potential field ®g is computed by solving the free space Laplace problem V2®g +V - vp =0

In analogy with the solution of equation (2.15), the expression (2.17) is the solution of the partial
differential equations

OVR, 9 1 3
~ =vVg, = —D,(t - €r)g(x —x,(t — €r),€r) , VR, (x,0)=0 x€R (2.18)
ot T Pf '
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By using the definition (2.16) into the previous equation (2.18) we compute the momentum
equation corresponding to the regular velocity vg(x,1)

%R = —%VpR +vV2yg — %Dl,(t —€r)8(x —xp,(t — €R), €r) xeR3

A\ VR = 0

vRr(x,0) =0 (2.19)
0D

PR, 1) = == (x,1) + V2P (x, 1)

ot

The scalar pg is function of the potential g, but the relationship is inessential while solving
the system in bracket. In fact pr is computed from the elliptic equation derived by taking the
divergence of the momentum equation in (2.19). In this sense, pg has the role of the regularised
hydrodynamic pressure of the velocity field vg. The singular forcing is replaced by the retarded
Gaussian shaped term that appears in the right hand side of the momentum equation in the (2.19).
The equation (2.19) can be solved in any numerical code, provided that the spatial scale og of the
regular forcing is resolved over the computational grid.

Under the present manipulation, the particle disturbance v(x, ), whose expression is given by
the (2.6), has been additively decomposed into the fields vg(x,¢) (2.20) and vg(x,7) (2.21), that is
v(x,t) =vr(x, 1) +vs(x,1).

1 I—€Rr
vr(x,1) = —EA G(x—xp(1),t=71)-Dp(1)dr (2.20)
vs(x,t) = —[% ‘/t_:R G(x —xp(1),t=7)-Dp(1)dt (2.21)

Similar to the vorticity {gr(x,1), the velocity vgr(x,t) (2.20) is the analytical solution of the
equations (2.19), and it corresponds to the free-diffusion of the field v(x,7 — eg) to time ¢.

In ERPP we will solve only the diffused field vg(x,?), by means of the equation (2.19), while
the singular velocity vs(x,t) is discarded. The operation obviously results in a numerical error. In
the next sections we will estimate the order of magnitude of such error. Then, we will show how, by
properly choosing the time scale eg, the singular field can be safely removed from the computation.

2.4 Estimate of the singular part of the particle disturbance

In this section we report the estimate of the singular fields vg {s, in the vanishing limit of Re,
and eg. Due to the very high velocity gradients in the unbounded region, the dissipation is locally
very strong. Thus, the singular perturbations introduced at time ¢ will be rapidly regularised by
viscosity after the vanishing time eg. This physical phenomenon is described by the additively
decompositions, i.e. equation (2.12) for the vorticity. The separation scale between the vorticity g
and (g is the gaussian variance og. If og is the smallest scales for (g, it is the largest for s. Hence
we expect to prove that the singular fields, even if unbounded close to x,,, affect a restricted portion
of space whose size is modulated by eg. For this purpose, we have to estimate the far-field component
of the particle disturbance vg(x,#). Similar to what we have done in the former section, the field
vs(x,1) can be decomposed into the potential flow V®g(x,7) and the pseudo-velocity vs, (x,1).

vs(x,1) = vs, (x,1) + Vg (x,1) (2.22)

The pseudo-velocity is vs, (x,7) = —# f:eR D,(1)g(x —x,(7),t —1)d7, and is defined such that
its curl returns the vorticity of the field singular field vs(x,?), namely {s(x,7) = V X vg,. The
divergence constraint, imposed by the continuity equation of vg(x,t), is satisfied by the potential
correction. Before the projection of vg, over the solenoidal vector field, the potential @5 must be

obtained by solving the following free-space Laplace problem
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1 [
Vi®g(x,1) = —— / Dpy(t)-Vg(x —x,(7),t —7)dt, xE€ R3 (2.23)
pf I—€R
In order to compute the far-field asymptotic estimate of vg we need to evaluate the behaviour of
both the pseudo-velocity vs, and the potential flow V®g. While the pseudo-velocity is exponentially
decaying in space, it is less evident how much fast Vdg approaches the far-field.

The solution of this problem is provided by solving the Laplace problem (2.23). Due to the
linearity, again, the solution is in the form ®g(x,?) = —ﬁ% tt_ER D,(1)-VG(x—xp(7),t—7)d7, where
G(x —x,(7),t — 7) is the solution of the Laplace problem

VQG()C—XP(T),I—T) =g(x—xp(1),t-17), x eR? (2.24)

g(x—x,(7),t—7) is the Gaussian function centred at position x,(7) of variance o = /2v(z — 7).
The solution of the Laplace problem (2.24) is easily computed, see the detailed calculation in F.4,
and reads

1 r
G(r,t—1)= —4—merf (—\/ﬁa(t—‘r)) (2.25)

where r = \/(x -xp) - (x—xp), and erf(n) = \%/0" e~ dt is the Gauss error function. The

function G(r,t — 1) is spatially isotropic, that is, it depends only on r. This is straightforward if
we consider that G is derived by the free-space Laplace problem whose known term is the Gaussian
function, indeed isotropic around its centre x,(7). The far-field contribution of the second order
tensor V® VG(r,t — 1) is computed from equation (2.25), and reads

1

VeVG(r,t —1) ~ I47rr3(‘r)

—7(1) ® F(1)

, ¥ — 400 2.26
Arr3 (1) (2:26)

With usual notation I is the identity matrix and the unit vector 7 = . If we want to
estimate the integral in (2.24), we have to remark that the distance r and the unit vector 7 are
functions of time 7 , since the particle is moving in the time interval t —eg < 7 < t*. Thus,
to evaluate the potential correction, we extract the upper bound of |D,(7)| and 1/r3(7) over the

x—xp (T)
—r—

2
ﬁ;’p((?)rl) < 2, we readily obtain

considered temporal interval. If we then observe that \/ 1+3 (

1 r
vos) —— [
pf I1—€R

1 7 |D D,(7) -7\ D
R p<?|\/1+3( »(0) ) s ap ELO)
Pf Ji—er drr |Dp(7')| Be[t—er.t*) 2nr (ﬁ)pf

Equation 2.27 provides the far-field contribution of the singular projected velocity ®s. Since the
singular-pseudo velocity is exponentially decaying, V®g is the dominant component far from the
particle. It is convenient to write the expression (2.27) in the dimensionless form over the particle
scale. The dimensional variables are measured with respect to the particle diameter d,, the relative
velocity [u — vplrer, and the forces to ppd?)|u —v,|%, where p), is the particle density. We remind

Dp(T)

Amr3 dr =

.3
—DP(T)-r4ﬂr3r

(2.27)

2
that the particle Reynolds number is Re, = dplu — vplrer /v, while eg = %. If the dimensionless

variables are denoted with the tilde, the particle disturbance Vg (x, t) =vs(x,t)/lu=vplrer is recast
into the following equation

~ D
Vog(x,t) < p—pE}TRe,, sup M
Pf

(2.28)
Belt—€er,t) QHFS(B)

14



The equation (2.28) provides the estimate of the algorithm error. Such error is vanishing when
Re,, and €g are small. Hence, far from the particle, that is for large 7, the disturbance vg(x, ) decays
as egRe p/?ﬂ. The singular velocity vg is clearly unbounded close to the particle. However, as far as
the smallest resolved scale og of the regular velocity vg is larger than the smallest hydrodynamic
lengthscale A, the singular near-field contribution will be unessential. Therefore the singular velocity
vs(x, 1) is neglected in the present algorithm, while advancing the solution of one time step. However
the reader must notice that vg(x,t) is not entirely discarded. In fact its effect is reintroduced at a
later time in the regular field vg, as soon as vg diffuses to the resolved scale og. This is a crucial
point since it avoids the accumulation of numerical errors while advancing the solution.

In the next section the original field u(x,t) is reassembled under the present regularised form.
The convective terms of the singular field will be proved to be negligible while observing the flow
field from the relevant hydrodynamic lengthscale.

2.5 Reassemble of the original regularised field

In this section we reconstruct the complete regularised field ug(x,t), by reassembling the fluid de-
composition ug(x, 1) = w(x, 1)+vgr(x,t). Asreported in the previous section, the singular disturbance
vs(x,1) is discarded when we observe the far-field hydrodynamic scales. This procedure leads to a
regularised Navier-Stokes equations which are amenable to numerical treatment.

After reassembling the unperturbed field w(x, r) with the regularised particle disturbance vg(x, 1),
the governing equations of ug(x, ) can be written as

el 1
o2 +ugR - Vugp +{vs - Vug +ug - Vvs + vy - Vig} = —EVp+VV2uR + f(x,t)+g

fx,1) = p17 ng {mf (Dg—;(” , (t - €r) —g) - Dp(t- ER)}g[x —xp(t — €r), €r]
V-ur =0

lim |y |0 ur (x,7) = 0 xeR3

u(x,0) = up(x)

(2.29)

The first important consideration is that the hydrodynamic force acting on the fluid, according
to the system (2.29), is not opposite to the force acting on the particle. In fact, the fluid unperturbed

Du(o)

acceleration Ds

my and gravitational force myg acting into the p-th particle volume is added
into the back-reaction term, where the displaced fluid massism s = ﬂg’g’ pr (80, 81]. The unperturbed
velocity field labelled by the subscript (0), corresponding to the p-th particle, is the fluid velocity
evaluated in the absence of the p-th particle itself. The physical reason for adding these terms into
the particle feedback, is that we are describing a system where the particle boundary is replaced by a
concentrated force. In this equivalent model the inter-phase momentum exchanged, on the integral
ground, must be conserved. However, since the volume of the particle is now filled with the fluid, the
corresponding momentum and gravitational force from the unperturbed field must be removed, or
equivalence is not achieved. Moreover, we stress that the fluid acceleration produced by the particle
does not appear in the back-reaction term, since it is already included in the equivalence. In fact,
the particle self-disturbances in the equivalent model and in the physical problem will be locally
different, especially very close the particle. However, the overall momentum induced by the particle
in the two problems will be the same. That is, the two particle self-disturbances will conserve the
momentum, although being distributed differently across the space. In the point-particle limit, the
concentrated force model is a good fit of the physical problem, since only the particle far-field is
important for the dynamic of the fluid.

The second important aspect that we must consider is that the convective terms in curly bracket
are clearly unbounded. These terms must be treated with particular care in the near-particle field,
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since the domain of the resulting problem (2.29) is R3, which includes the particle volume itself. This
is the equivalent problem discussed earlier, where the particle size is smaller than the hydrodynamic
spatial scales and its boundary can be replaced by a concentrated force. If we filter the convective
terms over the smallest hydrodynamic scale A, the operation will influence the singular fields, leaving
the regular contributions unchanged. In fact, the dynamic of the fluid is well-described when all the
relevant hydrodynamic scales are temporally advanced. However, in ERPP only the regular field is
resolved over the computational grid and integrated. This means that the regularising parameter
must satisfy the condition og > A. The equal sign provides the coarsest computational grid, and
therefore requires the minimal computational effort, which properly reproduces the fluid motion.
Therefore the regular field ugr(x,?) includes all the relevant spatial scales of u(x,#). The smaller
hydrodynamic scales are unessential, due to the decaying of the turbulent energy spectrum. These
sub-scale motions can be seen as the particle-induced disturbance which haven’t reached the scale
A yet. In this perspective, the regularising parameter eg can be seen as the time scale of the viscous
diffusion of the singular perturbation, released by the particle along its trajectory x,(#), to reach the
spatial scale A. In fact, the velocity vg(x,t) is naturally regularised by viscous diffusion. Only when
the particle disturbance diffuses up to the scale A, it will become important for the fluid dynamics.

For these considerations, the filtering operation of the equations (2.29) over the scale A, that is
denoted by the upper hat, acts only on the terms in curly brackets. The estimate of the filtering of
the singular convective terms is reported below, for the detailed calculation the reader is referred
to the paper of Gualtieri et al. [64].

= — OR\3 Pp ~ —
vs - Vvs ~ Re), (XR) p—prgmax
4 (2.30)

= — = — OR 2 Pp = —
vs - Vur ~ug - Vvs ~ Re,, (—) —prgmax
AT py
For consistency,the expressions (2.30) are reported in dimensionless unit with respect to the par-
ticle scale motion, where the tilde denotes the dimensionless variables, as the expression (2.28) was.
Smax = W is the maximum of the gaussian function of variance og/d,. The expressions
R/%p

(2.30) are compared with the forcing term on the right hand side that reads

Fo~ LD (2.31)
Pf

Clearly the filtered convective terms are one Re, order smaller than the forcing term, and they
can be discarded.

We have finally obtained the regularised Navier-Stokes equation (2.32), where the effect of the
dispersed phase is described by an extra forcing term. This forcing is expressed by the retarded
Stokes drag D(t — €r)p , and the gaussian function g(x — x,(f — €r), €r) centred at the delayed
position x,(f — eg) and of variance or = V2veg. The regularised forcing can be interpreted as the
fundamental solution of the diffusion equation, where the original delta function of module D, (7)
diffuses over the time interval eg.

Each particle influences the fluid over an area that is order og close to the particle. Moreover,
the particle perturbation is experienced by the fluid only at the delayed time eg. We observe that
the ERPP equations are converging to the initial singular problem. This means that if we reduce
the gaussian variance og, that is we reduce the delaying time eg, the mollified forcing is recast back
into the delta Dirac function. This operation progressively increases the resolution of the actual
field ugr(x,t) that we advance in time. The cost that we pay is the increased computational effort,
required to represent the even more resolved field.
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u N, D
66—;* +ug-Vug = —plpr +vV3ug + po P {mf (% , —g) -D,(t- eR)}g[x - xp(t—€r),€rl +8
A\ UR = 0
lim |y | oo ur (x,7) =0 x €R3
u(x,0) = up(x)

(2.32)

The regularised Navier-Stokes equations of the field ug(x,t), that is everywhere smooth, can be
implemented in any numerical code. The only constraint is to resolve the mollified forcing over the
computational grid. Additionally, the memories of the particle drag and position must be conserved
over the time eg, before they are actually used.

As we have discussed, the scale parameter og must be chosen according to the smallest hydrody-
namic scale A. In the present research we deal with turbulent flows. In the homogeneous turbulence
the Kolmogorov length-scale n will be the smallest resolved scale, i.e. or = n. In wall-bounded
turbulence og will be similarly determined by the viscous length-scale £*.

The regularised field is obtained analysing the propagation of the singular disturbance produced
by the particle, under a rigorous consistent framework. This is essential to prevent the deficiencies of
other regularisation procedures, such as PIC or FCM. In particular, we stress that the particle forcing
is grid-independent, in the sense that increasing the grid spacing ( while the gaussian variance is
constant ) only increases the resolution of the feedback itself. Moreover the particle self-disturbance,
required for the evaluation of the hydrodynamic force, can be computed in a analytical form. In
fact, according to ERPP, the particle self-disturbance obeys the Stokes equations forced by the
mollified forcing of the particle itself, with homogeneous initial condition.

2.6 The particle momentum equation

In section 2.2 we have discussed how the inter-phase momentum exchange occurs from the fluid
perspective. While explaining ERPP, we have always assumed that the hydrodynamic force D,
was somehow known. The hydrodynamic force D, has a crucial impact on the whole multiphase
system, since it regulates the inter-phase mechanical energy transfer. In a real physical problem, the
hydrodynamic force would be computed by integrating the fluid stresses over the particle surface.
In the point-particle model this is impossible, since the near-particle field has been filtered out.
In fact, the particle boundary conditions are replaced by a singular forcing in the Navier-Stokes
equations. Therefore, the fluid velocity u(x,(?),t), evaluated at particle position x,(t), does not
match the particle velocity v, (¢). In fact, u(x, (), 1) is the velocity field observed from the relevant
hydrodynamic scales. If we expanded the motion at the particle scale we would recover the inter-
phase boundary, and we would see that u(x,(#),?) is indeed infinitely distant from the particle.

Clearly the hydrodynamic force must be somehow evaluated. In the hypothesis of vanishing Re,,
an equivalent model provides the expression of D, (f) when spherical rigid particles are considered.
The model, known as the Maxey-Riley-Gatignol equation [61, 82|, evaluates the hydrodynamic
force as function of a far particle field. The detailed description of the physical and mathematical
framework used to derive the particle momentum equation is reported in the Appendix G.

In this section the Maxey-Riley-Gatignol equation is provided. Let’s consider a p-th particle of
diameter d,,, positioned at x,(#), moving across a flow field whose velocity in the absence of the par-
ticle itself is u (g (x,¢). The unperturbed field u ) (x, ) differs from the field w(x, ¢) introduced in the
(2.2). In fact, u(g)(x, ) takes into account not only the background flow w, but also the perturbation
induced by all the remaining particles. That is, the velocity u(y)(x,?) is the actual fluid velocity
u(x,t) experienced by the particle, after its self-disturbance u()(x,) is removed. Therefore, when
the p-th particle is considered, the field u(x,t), obeying the system (2.1), is additively decomposed
into ug)(x,t) and u(y)(x,), namely
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u(x, 1) = wu)(x, 1) +ugy(x, 1) (2.33)

The particle momentum, according to Maxey & Riley [61] and Gatignol [82], is driven by only the
particle unperturbed field u(g)(x,?). Therefore, in the point-particle limit the particle momentum
equation is written as

ppvpz = (pp - P_f)ng +prp7(xp(t),f) + §pfvpa U0y [)Cp(t), t] - Vp(t) + Edpv Uu(o) |x,,(t) +

1
+3nud, {u(o) [xp(2),t] = v, (2) + ﬁdiVQM(O) |xp(t)} +

t(d/dt(u Xp(7), 7| —Vv(T +Ld2v2u o (r
+3/2nud> [d7 () [xp (7). 7] = V(7)) + 33, Vit (0) v, (1) e
P Jo [mv(t —1)]1/2

(2.34)

The equation is better known as the Maxey Riley Gatignol equation, and describes the evolution
of the momentum of a tiny rigid sphere in the presence of an unsteady background flow.

Between left to right, in equation (2.34), the terms that appear are the buoyancy force, the fluid
inertia term, the added-mass force, the drag force and the history force. We will discuss more in
details later about the physical interpretation of these forces, and their relevance in the context of
bubbly (p,/ps << 1) or particle-laden (p,/ps >>) flows.

2.6.1 Drag force

1
3mudy(u) —vp + ﬂd?,qu(Q)) (2.35)

The drag force is the action due to viscosity that tends to nullify the fluid-to-particle relative
velocity. The force exhibits a Re, dependency, that can be easily shown

2

v/
CD(Ré’p)TprlM = Vplrer (o) = vp + 5:d5V?u () (2.36)

1
Y

Cp(Re)p) = % is the drag coefficient in the Stokes conditions, i.e. Re, << 1. The Re,
dependency of the drag coefficient can substantially change from the hyperbole for higher Re,,, that
are out of the solution (2.34). In intermediate (1<Re,<60) or higher (Re, > 60) regimes there exist
corrective expressions of the drag coefficient Cp [83, 84]. In the present research however the drag
force is expressed in the Maxey-Riley formulation, due to the negligible role of the particle Reynolds
number. ﬁd,%V%t(O) is the drag force Faxen correction. The correction takes somehow into account
that the velocity field u(g) may be non-uniform in the particle surrounding. The role of the Faxen
term grows in the intermediate regime, when the particle size is not far from the hydrodynamic
scale A. In the other cases it can be discarded.

2.6.2 Added-mass force
1 d 1
SVeps (o) —vp + 4_0d127V2”(0)) (2.37)

The added-mass force (2.37) describes the fluid inertia to overcome, in order to accelerate a
spherical mass. In fact, due to continuity, there is always a portion of fluid that moves with along
the particle, that must be accelerated as well. The added-mass force provides the energy required
to produce such motion.

The effect of the added-mass force depends on the inertial difference between the two phases,
i.e. by the density ratio p,/pr. When the fluid inertia is negligible with respect to the particle,
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the contribution of the added-mass to the motion is irrelevant. This is the case of solid particles (
pplps»1 ), where the dynamics is controlled by only the drag force. Conversely in bubbly flow the
fluid inertia prevails over the particle mass. The added-mass force has a crucial role in homogeneous
turbulence and it is responsible for the bubble inertial clusterisation.

Similar to the drag force, a Faxen correction is present in the added-mass force. However, in
the present research the added-mass Faxen term is discarded.

2.6.3 Basset force

37r,ud12, /’ J (d/dT(M[)Cp(T),T] —-v(1)+ ﬁd?,v?uhp(.,)))
2 b [rv( =17

The particle dynamics experiences somehow memory of the past configurations of the drag force.
The phenomenon is described by the Basset force.

The history of the motion is recorded up to the reference, and purely arbitrary, time ¢ = 0,
where the particle self-disturbance is at rest. The integral is weighted by the temporal coefficient
\/ga(t — 1), where o (t — 7) = 4/2v(t — 7) is the scale of the vorticity generated by the particle at
time t — 7 and diffused to current time 7. The force is one order of d,, smaller than the drag force.
For this reason it is neglected in the present research.

(2.38)

2.6.4 Buoyancy force

Vo(op = pPr)8 (2.39)

The buoyancy force is the resultant between the Archimede -V, pr g and the gravity force V,p,g.
Buoyancy is important to study the dynamics of rising bubbles or settling particles in turbulent
flows. However, we assume that the particle acceleration due to the turbulent flow prevails over the
gravity effects. In this case the buoyancy effects can be neglected.

2.7 The Maxey-Riley equation for bubbles and inertial particles

The particle momentum equation (2.34) refers to a rigid spherical object of mass m, = V,pp.
No assumptions are made on the state of matter, apart from the no-slip conditions on the particle
surface. The spherical object, generically referred to as the "particle", can be either gaseous or solid.
The general description of momentum does not change between the two cases. In other words the
dynamics of both a bubble or a inertial particle is effectively dictated by the Maxey-Riley-Gatignol
equation. However the dynamics of solid and gaseous phase dispersed in the turbulence is radically
different. This effect is captured by the equation (2.34) through the particle-to-fluid density ratio
Pplpy-

When we study bubbles, the relevant forces in the momentum equation (2.34) are the drag force,
the added-mass force and the fluid-inertia term. Additionally, the lift force (2.40) of the Auton’s
model [85] is added to the equation. The influence of the local background vorticity () =V X u(q)
through the lift force recovers important bubble finite size effects.

1
FL = §prp(u(0) - vp) X é’(o) (2.40)

The particle inertia is expressed by the particle time response 7, (2.42). 7, is usually measured
with respect to a turbulent background time-scale 75 through the Stokes number Stp = 7,/7a. The
reference time-scale usually depends on the nature of the background flow. For the homogeneous
turbulence 74 is the time-scale of the smallest vortices, i.e. the Kolmogorov time-scale 7,, and the
Stokes number is St,, = 7,/7,. In wall-bounded turbulence the Stokes number is referred to the
viscous time-scale 7%, that is St* =7, /7"
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dvp 1 509 1 Tp Du
2P i = vy + —d2 V2 + =—P 322 4 —v,) X 2.41
Tp dr uwoy —Vvp o1%p U(0) 2 pplpr +1/2 7 0) (u) = vp) X (0 ( )
1 1) d2 1 1) d2
= — 22|22 s =— (224 o) 2 (2.42)
18\pr 2/ v 18\pr 2] A2

In the case of inertial particles (p,/ps >> 1), the inertia of the fluid is negligible, and the
added-mass and the lift forces are discarded. Hence the dominant term is the drag force.

dv

Tpd_tp =up —vp+ idivzu(o) (2.43)

Clearly bubbles do not behave as light particles, in the sense that addition forces come into
play. This explains how particles and bubbles exhibit motions so different when in the presence
of turbulence. In fact, when in homogeneous turbulence bubbles tend to aggregate into the most
intense vortical structures, while inertial particles are pushed away. The phenomenon is described
by the equations (2.41) (2.43) through the balance between the drag and the added-mass force and
can be addressed if we understand the structure of a vortex. In the vortex, the flow field consists
in an increasing revolving velocity while moving inward, but into the very inner region where fluid
returns still. The hydrodynamic pressure usually exhibits a decreasing monotonic behaviour, with
the minimum in the central region of the vortex. The bubble motion approaching a vortex from
the outer regions is dictated by the equation (2.41). Clearly the drag force increases the centrifugal
force, since while moving inward the bubble experiences increasing revolving fluid velocity. If we
do not consider any additional radial force, bubbles with initial small kinetic energy are simply
pushed away and fail to reach the central region. Bubbles that own sufficient kinetic energy can
overcome the drag force, and get to the center of the vortex. However, again in the absence of
any radial force, the fluid accelerates the bubble along the azimuthal direction, and is expelled
from the vortex. The radial force that opposes the drag force is the added-mass force. Such force
provides two contributions to the bubble motion. These two effects are represented by the terms

1/2mfdﬁ and 1/2mfM where my = pyV, is the fluid displaced mass. The first term has a

)

passive Cf"tole: to increasé) ‘tche actual bubble inertia of the mass 1/2my. On the contrary the fluid
momentum is an active forcing for the bubble, as described by the (2.41). Since in the vortex the
fluid material derivative is dominated by the pressure gradient, the main effect is to produce an
acceleration toward the central vortical region. Therefore the hydrodynamic pressure attracts the
bubble inward the vortex, and such effect is proportional to the displaced mass. Bubbles, where the
added-mass term is relevant, tend to be trapped into the smallest vortices, and inertial particles,
where the displaced mass is small compared with the particle inertia, are simply pushed away.

In the 1-way coupling regime to compute the bubble/particle hydrodynamic force is trivial since
the unperturbed field u g (x,, (7), t coincides with the resolved field u(x,(z),t). However the dispersed
phase can significantly alter the background flow even at dilute regime. In this so called 2-way
coupling regime, the background field u ) (x, (), 1) differs from u(x,(z),?), and the self-disturbance
must be somehow evaluated. The operation can be achieved with ERPP, since the field u;(1), after
the regularisation treatment, obeys the equation (2.19). For further details of the procedure, the
reader is referred to the Appendix F.6.

2.8 The exact Regularised Point Particle method in wall-bounded
flows

So far we have discussed how to model the inter-phase coupling of dilute suspensions in the free-
space. In this section we will present the correction of the regularising method used in wall-bounded
flow. The procedure is conceptually similar to the one provided in the free-space problem. The
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disturbance of the dispersed phase is evaluated from a linear Stokes equation, where in this case
the proper boundary conditions for the solid walls are considered. The formulation allows the
manipulation of the analytic solution of the particle disturbance. Following considerations on how
the particle disturbance diffuses, the singular part of the field is consistently removed. The time-
scale regularising parameter is eg, that is, again, the diffusion time of the particle disturbance.
In contrast to the free-space problem, a solid wall is introduced close to the particle. The new
boundary condition of the particle disturbance is enforced by means of the method of images. A
mirrored particle, with respect to the local tangent plane, provides the feedback that nullifies the
velocity component normal to the wall.

5 O 2.

- .
D/ Q

()

DN

Figure 2.2: Sketch of the domain of the multiphase system. Q = U,Q,, is the domain of the overall
dispersed phase , D/Q is the domain of the fluid.

The domain of the multiphase flow in this new configuration is 9. The boundary of D is the
union of the plane 09D, i.e. the solid wall, and of the boundary at infinite d9D.. The dispersed
phase fills the domain Q(7) = U,Q,(¢), where Q,(¢) is the p-th particle domain. The fluid obeys the
standard incompressible Navier-Stokes equations with the no-slip condition at the solid boundaries

pr3t=prg—Vp+uviu

V-u=0

u@, ) op =0

u(x,t) - nlgp =0

u(x, l)|agp(t) = vp(x,t)lagp(,) for p=1,2,.,N,
u(x,0) = uo(x)

x e D\Q(1)

(2.44)

The notation is the same of the one presented in the free-space problem. We only distinguish
between the local tangent and normal velocity to the solid wall, respectively u(x,?)™|s9p and
u(x,t) - nlgp. The field u is additively decomposed into the background field w and the particle
disturbance v, namely u = w +v. The field w is described over the domain D by the equations
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Py (%—Vf +F) =pr8—Vpw+uViw

V-w=0 xeD
P pru-Vu, for x € D\Q(¥)
- Prvp Vv, for x € Q(1) (2.45)

w(x, )™ = —y(x, 1)
w(x,t)-n=-v(x,t)-n=0
w(x,0) = uo(x)

The forcing term F is, again, prolonged into the particle domain €,, using the particle velocity
vp, and no boundary conditions are applied to the particle boundary. The particle disturbance
v, defined over the domain D\Q, satisfies the unsteady Stokes equation with initial homogeneous
condition

x e D\Q() {V o 0 ,
Pfgr =—Vpy +uVy
v(x,t) -nlgp =0
G (D] =0
vlagp(,;) =V, —-wx,)loawy forp=12,..,N,
v(x,0) =0

(2.46)

The impermeability and free-slip conditions are enforced at the solid wall in v. We could object
that they are not the proper boundary conditions for solid walls. However, the reader must notice
that the resulting field u still satisfies the no-slip conditions, as it is meant to be.

The solution of the equation (2.46) can be found by means of the method of images. The wall is
the solid plane 7 of unit normal 7. The mirrored particle is obtained as the reflection of the physical
particle with the wall. Hence, the mirrored particle occupies the domain ff;,, in the semi-space
R3/D, that is the mirror image of Q,, with respect to the plane n. The motion of the mirrored
particle is characterised by the velocity of its centroid v, = —n-vpi+ v} and the angular velocity
wp = —wp. Due to symmetric reasons, the linear combination of the fields induced by the mirrored
and physical particle returns the boundary conditions over dD required by the particle disturbance.
Therefore the solution of equation (2.46) is

Vi) = / dr( / )Gy (¢ — st = 7) — v (W D) Tagy (= W = Ty () dSy +
0 o0 (2.47)

/9 )Gy 5 = Bt =) =T ) T 5 = bt = 0y ()

Physically, G;;(x —n,t — 7) is the i-th velocity component induced at position x and time ¢ by
the j-oriented impulse force located at position i acting at time 7. The stress tensor associated to
such field is Tix;(x — n,t = 7)n;j(n). The reader must note that if the velocity v is computed over
the domain 9. the tensors G and F fill the domain R?. Hence, due to the mirroring manipulation,
the system is prolonged into the free-space domain where the velocity v is computed only over the
semi-space 9. Therefore we can repeat all the considerations made in our original problem, where
the wall was not present into the domain, to the price of including the additional particle image
system. In the small-particle limit, the integral representation of the velocity is rapidly obtained
into the following time convolution

v(x, 1) = —ZV/Ot {D,,(T) cG(x —xp,t—7) +5P(T) -G(x —Xp,t —T)} dt (2.48)
p
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For each p-th particle we consider the reflected one with respect to the local tangent plane of
the solid wall, according to X7, = x7, X}, = —x%, D} = D7, D), = —=D'. The expression (2.48) is the

solution of the singular Navier-Stokes equation

=>

Figure 2.3: Sketch of the imaged system. The physical particle ( black one ) is labelled by the
position x,, while the mirrored particle ( red one ) by x,.

proE==Vpy +uV? = T {Dp(5(x —xp(1) + Dp()S(x —%p (1))}  x€D
V-v=0 (2.49)
v(x,0) =0.

The equation must be somehow regularised to be amenable to numerical treatment. Exploiting
the additivity property of the integral (2.48), the singularity can be removed from the particle
disturbance.

TEHERSY /OHR {Dp(0)- Gl =xp 1= 1)+ D (1) - Glx = Tt = 1)} dr (2.50)
p

vS(x,t)=—Z/t {DP(T)-G(x—xp,t—T)+[~)p(T)-G(x—fp,t—‘r)}d‘r (2.51)
7 Ji-er

The regularisation procedure is again performed through the parameter eg, that is the diffusion
time-scale of the velocity induced by the dispersed phase and its image system. eg represents the
time required by the singular initial velocity to diffuse up to the resolved scale og = V2veg. The
scale og is chosen in order to resolve all the relevant hydrodynamic lengthscales of v(x,t) up to
the smallest one A. The remaining smallest scales are inside vs(x,?), that bears the singularities,
and are inessential for the fluid dynamics. The far-field contribution of vg rapidly decays in space,
provided that eg and Re, are small, and can be neglected.

The regularised velocity field vr(x, ) is described by the Stokes equation where the singularity
§(x —n,(1)) is replaced by the Gaussian function g(x — 1, (r — €r), €r) of variance og = V2veg and
the hydrodynamic force is evaluated at the anticipated time ¢ — eg. The notation 7, is generically
referred to the position of either the physical x;, or the mirrored x, particle.
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N ~ —
%Lf = —#VPR +VvV2yg — /%f 25 " {ADp(t —€r)g(x —x,(t —€r),€r) + D, (t — €r)g(x =X, (t — €r), €r)}
V. VR = 0

vr(x,0)=0 xeD

(2.52)

The final Navier-Stokes equations of the complete field u(x, ) can be reassembled once filtering

out the singularities in the convective terms. The effect of such terms will be again negligible, being
one order of Re, smaller than the forcing term in the right hand side.

N ~ _
%R +ug - Vug = —/Tlpr +vV2ug — # Yp {Fp(t —€r)g(x —x,(t — €r), €r) + Fp(t — €r)g(x — X, (t — €r), €R) }
V'MR =0

D
Fp=Dp—my ( R p—g)
Fr=Fp
F;z—F;
ug(x,t)lop =0 xeD
u(x,0) = up(x)

(2.53)

The system (2.53) provides the ERPP solution of the regularisation process required by the
point-wise suspension. The concentrated force F,, equivalently replaces the p-th particle boundary,
in the Navier-Stokes equation. The correction due to wall effects is accounted for through the image
particle system, that provides the proper wall-boundary condition of the particle disturbance. The
mirrored concentrated force F, p» 1s reflected with respect to the local tanget plane &, of unit normal
.

The regularising parameter og, representing the smallest scale of the flow being resolved over the
computational grid, is selected to reproduce the hydrodynamic up to the relevant scale A, namely
or < A.

The procedure was derived when the wall is a solid plane. However we can expand the treatment
to a generic wall, provided that the particle diameter is much smaller than the local curvature of
the wall. In such condition we can approximate the wall to its local tangent plane, retaining the
boundary conditions in the equation (2.46).
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Chapter 3

The homogeneous turbulent bubbly
shear flow

In present chapter we report the study of the homogeneous turbulent bubbly shear flow. Results
and discussions refer to the paper of Motta et al. [86]. The layout is redited to adapt to the format
of the present thesis.

€; Ulx)
A

>

Cp

-

Figure 3.1: The domain of the shear flow A.

3.1 Short overview on the homogeneous shear flow and simulation
parameters

Given the orthonormal basis (&, &2, &3) and the corresponding coordinates (x1, x2,x3), in the homo-
geneous shear flow the mean velocity is imposed as U(x3) = Sx3é1, with S the constant mean shear.
The shear S is responsible of the energy transfer from the averaged field to the fluctuating field u
via the Reynolds shear stress. This mechanism allows the system to reach a statistically steady
state [87]. The production of turbulent kinetic energy at the largest scales is anisotropic, similar to
what is observed in wall bounded flows like pipes, channels and boundary layers. The turbulence
dynamics is characterised by two dimensionless parameters |88, 89|: the Taylor-Reynolds number
Re, and the shear strength S*. The Taylor-Reynolds number is defined as Rej = upmsd/v, being
Urms = V(v - v)/3 the root mean square value of the velocity fluctuations, A is the Taylor scale and
the angular brackets denote ensemble averaging, i.e. space and time average. When Re, is large
enough, the scale separation allows for the process of small scales isotropy recovery via the energy
cascade. In this case the turbulence energy production due to the shear —S(u1u3) and the turbulent
energy dissipation e fill two distinct regions of the spectral space. The shear strength is defined
as $* = S(u-v)/e = (Ly/Ls)?*/3 where Lg is the integral length scale and Lg = y/€/S3 is the shear
scale. The shear strength determines the range of scales where the fluctuations are driven by the
anisotropic turbulent kinetic energy production due to mean velocity gradient [88, 90].
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The Eulerian-Lagrangian approach is used to simulate the two-phase suspension. The Rogallo’s
algorithm [91] is employed to solve the Navier-Stokes equations in a reference frame advected by
the mean flow. The instantaneous velocity u is decomposed into the mean U and fluctuating field
v, namely u = Sx3& + v. The Navier-Stokes equations for the field v are written in a coordinate
system moving with the mean flow exploiting the variable transformation X1 = x; — Stxg; Xo =
X9; X3 = x3; T = t. In order to allow long time integrations a remesh procedure is performed along
the é; direction at time t, = 2/S, by exploiting the periodicity of the field v. The advantage of this
procedure is to make the field v homogeneous. The non-homogeneous term U - Vv is absorbed by
the change of coordinates. Rogallo’s technique allows the use of standard pseudo-spectral methods,
with the solely cost of dealing with time-dependent wave-numbers k = (k1, k2, k3 — Stky). The non-
linear terms are dealiased by the standard 2/3 zero-padding rule. The pressure is evaluated in a
closed analytical form in the Fourier space, by solving the associated Poisson problem. The Navier-
Stokes equations for the Fourier coeflicients are advanced in time through a four-stage, low-storage
Runge-Kutta method. The same time integration scheme is also used for the bubble momentum
equation (3.5). Further details are provided in sections A, B E.

The control parameters of the discrete phase are the ratio between bubble and fluid density
pplpy, the void fraction ¢, and the Stokes number St,, = 7, /7,,. The Stokes number is well known
to control the bubble clustering dynamics in the one-way coupling regime. In the two-way coupling
regime also the void fraction comes into play. The density ratio might be considered in its asymptotic
regime p,/ps — 0. Therefore the control parameters are {Re,, S*, St;;, ¢, } in conditions of small
bubble Reynolds number Re,, and void fractions ¢, .

The simulation matrix shown in table 3.1 that reports the relevant parameters of each case
study. The table is arranged into four sections. The cases labeled with A, B, C and D correspond
to simulations with fixed St,, and different void fractions ¢,. For each St,, the corresponding
one-way coupling simulation (no back-reaction) has been carried out. The parameters Re,, S*,
n, € and Re,, are given for the uncoupled case, and must be read as reference values. Since the
suspension is dilute, their actual values in the two-way coupling regime might, in principle, be
slightly modified by two-way coupling effects. The range of St,, is selected in order to satisfy the
condition of small bubble diameters when compared with the Kolmogorov scale. In fact, the bubble
diameter is computed from the definition of St,, namely d,/n =~ /36 St,,. Since Re, progressively
increases with the response time, too large values of St,, make the local flow past the bubble move
away from the Stokes solution. In the above conditions the bubbles can be also considered as non-
deformable spheres. In a creeping flow the viscous force is the relevant one that tends to deform
the bubble, while the surface tension acts to preserve its spherical shape. The relative importance
of these effects are measured by the Capillary number Ca (i.e. the ratio between viscous force and
surface tension), namely Ca = pyv{(lu—v,|)/y) where y is the surface tension. The present shear
flow, given the spatial homogeneity, might be considered as a portion of the logarithmic region of
a wall bounded flow. This circumstance allows for an estimate of the Capillary number. The box
height Lo represents the log-layer thickness and the Reynolds shear stress (u; us) the square of the
friction velocity. Given the nominal Reynolds number Reg = 500 of the HSF simulation, the friction
Reynolds number is Re, = 1100. At this Reynolds number, in a channel of height 24 = 0.2 cm,
and for an air-water suspension (kinematic viscosity v = 10°%m?/s, density ps = 1000kg/m?3 surface
tension y = 0.072N /m ), the bubble population at St,, = 0.2, corresponding to largest bubbles, have
an (average) Reynolds number Re, =~ 1.65. The capillary number follows at once Ca =~ 1073. This
value turns out to be much smaller than the threshold value of Ca = 0.05 below which bubbles
retain their spherical shape [92].

3.2 Momentum coupling model

This section shortly reports about the Exact Regularised Point Particle (ERPP) method, that is
used to achieve the inter-phase momentum coupling between the carrier fluid and the dispersed
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Case N, ©y St, d,/n Rep
Ap 4284006  0.02  0.025 0.95 0.09
As 2142003  0.01  0.025 0.95 0.09
By 1514496  0.02 0.06 134 0.23
By 757248 0.01 0.06 134 0.23
Ci 532072 0.02 0.1 1.9 0.61
Co 266036 0.01 0.1 1.9 0.61
Cs 133018  0.005 0.1 1.9 0.61
Cy 66509  0.0025 0.1 1.9 0.61
D1 189232 0.02 0.2 268 1.65
Do 94616 0.01 0.2 268 1.65
D3 47308 0.005 0.2 268 1.65
Dy 23654  0.0025 0.2 2.68 1.65

Table 3.1: Simulation matrix. The Navier-Stokes equations are integrated in a 47 X 27 X 27 periodic
box with a resolution of 384 x 192 x 384 Fourier modes corresponding to 576 X 288 X 576 points
in physical space. For each case the Taylor-Reynolds number is Rej = uysd/v = 100, the shear
parameter is S* = S{(u-u)/e = 5. The parameters Re,, S* refer to the one-way coupling case, and
must be read as reference values. The regularisation length-scale of the ERPP approach is set to
or/Ax = 1.5, being Ax/n = 1.28 the grid spacing which correspond to kjqxn = 4. The bubble-to-
fluid density ratio is p,/ps = 0.001. N, denote the number of bubbles, ¢, the void fraction and
St,, = 1, /1y,, where 7, and 7, are the bubble and the Kolmogorov time-scale. The averaged bubble
Reynolds number is Re, = (Ju, — v,|)d, /v, being d,, the bubble diameter. For each value of St, a
corresponding one-way coupling simulation (no back-reaction on the fluid) has been carried out.

phase. The reader can refer to the original paper [64] for a detailed discussion of the methodology.

The carrier flow is laden with small bubbles such that bubble Reynolds number Re, = (|u, -
vpl)d,/v is small, being (|lu, — v,|) the bubble-to-fluid average relative velocity, d, the bubble
diameter and v the kinematic viscosity of the fluid. Hereafter small bubbles will be considered. In
a turbulent flow, this means that the bubble diameter is of order of the Kolmogorov length-scale
n. Under these assumptions the set of N, bubbles is modelled as a collection of points where
concentrated forces are applied. The suspension is also assumed to be diluted, such that four-way
coupling effects, e.g. collisions and bubble-bubble interactions, are negligible. In these conditions,
the effects of the bubbles on the carrier phase is accounted by an additional forcing term in the
incompressible Navier-Stokes equations, namely

V-u=0
DY v, s uViu+t .
Prf D pPTH p
where
Np Du(g)
f,(x,1) = —Z {Dp(t) —my D (t)}é[x—xp(t)] (3.2)
p=1 ! p

is the singular forcing that each bubble exerts on the fluid, according to [81]. With usual notation,
pys denotes the density of the fluid, u the dynamic viscosity, D, (¢) is the hydrodynamic force on the

Dll(o)
Dt

is the Dirac delta function that localises the b%bble concentrated force on the fluid at the bubble
instantaneous position x,(¢). In equations (3.1) the inter-phase forcing term needs to be regularised.

In the Particle-In-Cell (PIC) approach the regularisation occurs by averaging the feedback term
on the computational cell. However, this treatment gives rise to several numerical and physical

bubble, my is the displaced fluid mass,

the unperturbed fluid acceleration, and 6(x —x))

27



drawbacks [59, 60|, i.e. the numerical feedback becomes grid dependent. These shortcomings are
overcome by the Exact Regularised Point-Particle approach. In ERPP method the singular feedback
is regularised within a consistent physical framework. The disturbance of each bubble on the fluid is
evaluated in a closed analytical form exploiting the solution of a unsteady Stokes equation that can
be proved to describe the dispersed phase perturbation of the background carrier flow. The effect
can be illustrated in terms of the vorticity that each point-wise bubble produces along its trajectory
X, (1) subjected to the force D, (¢). In fact, the vorticity is naturally regularised by viscous diffusion.
Therefore it is possible to introduce a regularisation time-scale eg which correspond to the viscous
diffusion time-scale of the vorticity on the length-scale og = V2veg, where v = u/p is the kinematic
viscosity. The regularisation scale og must be understood as the smallest hydrodynamical scale of
the problem, i.e. the Kolmogorov length-scale n in a turbulent flow. Following this kind of reasoning,
though a lengthy but rigorous path [64], the bubble back-reaction is recast into its regularised form,

Np D
ACHEEDY {D,,(t—eR) —my ;(to) (t—eR)}g[x—xp(t—eR),eR]. (3.3)
p=1 p

In equation (3.3) g[x — x,(f — €r), €g] is the Gaussian function centred at the retarded bubble
position x, (¢ — €g) with variance og = V2veg that accounts for the delay process associated to the
diffusion of the disturbance vorticity up to the length-scale og. Similarly, D, (¢t — €g) is the delayed
hydrodynamic force.

3.3 The dispersed phase

The dispersed phase consists of small rigid spherical bubbles of diameter d,, order of the Kolmogorov
scale. Bubbles can be considered as material points of mass m, and their evolution is described by

the standard Newton’s law

dx,, dv,

7 IVp(t), mPW IDp(t) (34)
where D, (¢) is the hydrodynamic force due to fluid stresses. The expression for D, (¢) was derived

independently by Maxey & Riley [61] and Gatignol [82], namely

+_1 _( | — )+
m u \
2 fdt Olp P

dp s Duyg)
D, =3nud, u(g)|p—vp+ﬂV u)lp |+ my Dr

(3.5)
1
+§mf (woylp = vp) x $o)lp-

In the expression of the force, my is the mass of the fluid displaced by the bubble and the subscript |,
means the Eulerian fields evaluated at the bubble position. The fields labeled with a "0" subscript,
namely u() and ¢ ) = VXu(g), are the unperturbed fluid velocity and vorticity respectively, i.e. the
fields in absence of the p —th particle. These undisturbed fields can be evaluated by subtracting the
bubble self-disturbance generated by the p —th bubble itself that, in the ERPP approach, is known
in a closed analytical form [64]. This feature allows the correct evaluation of the hydrodynamical
force within the ERPP approach.

The terms on the right hand side of equation (3.5) are the drag force with the Faxen correction,
the fluid acceleration, the added mass force and the lift force, respectively. The buoyancy can
be neglected whenever St,,/Fr,, < 1 where Fr,, = a,/g and St,, = 7,,/7; are the Froude number
and the Stokes number in Kolmogorov units [93]. Apart from the lift force, the equations (3.5)
and (3.4) are the Gatignol-Maxey-Riley equation in the case of small particle-to-fluid density ratio.
In fact, the lift force is not considered in the original derivation by Maxey-Riley’s and Gatignol.
However, this effect is included given its relevance for bubbles with d),/n ~ 1 as discussed by many
authors [47, 49, 65]. The lift force is written in the form of Auton’s model [85], while the Basset
force is discarded as discussed by many authors [47, 50, 49, 51, 94|. The bubble response time,
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T, = 1/(18v)(pp/ps + 1/2)d12,, where p,/py is the ratio of the bubble to fluid density, can be
and expressed in dimensionless form with respect to the Kolmogorov time scale 7, to form the
Stokes number, namely St, = 7,,/1;,. St;, measures the bubble response to the small scale turbulent
fluctuations. Two limit regimes exist: the passive tracer and the ballistic regime. When St,, > 1
bubbles are insensitive to turbulent fluctuations and persist in their trajectory without any change in
their state of motion. Conversely if St,, < 1 the bubble response is enough high that the dispersed
phase faithfully follows the fluid. The phenomenon of preferential concentration occurs in some
intermediate regime. Note however, that the point-particle approach poses obvious constraints
in bubble size, which in terms of bubble time response translates into St < 0.2. Therefore the
ballistic regime is out of feasibility, since bubbles would be too large and deformability effects would
occur. The bubbles tend to be trapped into the most intense vortical structures of the turbulent
flow because of the fluid inertia terms, i.e. the pressure gradient term. Conversely, the drag force
tends to push away bubbles from inner regions of the vortices. Therefore the balancing between
the fluid inertia and drag forces, that is parametrised by St,, regulates the bubble preferential
concentration [25]. In the two-way coupling regime, the cluster geometry might impact on how the
fluid experiences the dispersed phase feedback. It follows that the Stokes number St,, eventually
controls the turbulence modulation via its indirect effect on small scale bubble clustering. The
second parameter that controls turbulence modulation is the void fraction ¢, = Vg /VL, i.e. the
ratio between the volume of the gas phase (Vi) and the volume of the carrier phase (V.), i.e. the
liquid. The reader might note that the void fraction plays a role only in the two-way coupling
regime. Four-way coupling interactions are discarded in the limit of a dilute suspension of small
bubbles. For this reason ¢, is limited to few percentage points in the present research.

3.4 Results and Discussion

The following sections discuss the turbulence modification due to different bubble populations in
the homogeneous shear flow (HSF).

3.4.1 The turbulent kinetic energy and dissipation rate

In this section the modification of the turbulent kinetic energy (t.k.e.) K = 1/2(v -v) and of
the energy dissipation rate € = 2v(Vv : Vuv) are discussed. Henceforth, angular brackets must be
understood as time and spatial average which, given the statistically time steadiness and spatial
homogeneity, are equivalent to ensemble average. K and € describe the global statistical behaviour
of the largest and smallest hydrodynamical scales, respectively.

In figure 3.2 the turbulent kinetic energy K is plotted versus the void fraction ¢, for different
St,,. The asymptotic standard error of K is shown with error-bars computed as 6 = 20-/V/Ny, where
o is the standard deviation of the single measurement of K and N; the number of samples. The
values of K are normalised by the corresponding value of the unladen case Ky (no back-reaction on
the fluid). When the bubble feedback is active an attenuation of the t.k.e. of order 10% is measured
within error-bars accuracy. The modification is controlled by St,, and ¢,,. The effect is progressively
more pronounced for increasing St,,. The largest modification occurs for St,, = 0.1 and St,, = 0.2,
where the bubble clustering is more intense as it will be discussed in later sections. Therefore, the
effect of the dispersed phase on the largest scales of turbulence is more effective when the feedback
follows from the bubble clusters, rather than evenly dispersed bubbles.

The reduction of K is equally divided among its three cartesian contributions. The stream-wise
(Uf), span-wise <U§>, and vertical (direction of the mean shear) (U%) velocity variances are shown in
figure 3.3, figure 3.4 and figure 3.5, respectively. Data are normalised by root mean square values
of the unladen case, namely (v%)m (v%)o and (U%)o. This behaviour is quite different from what is
observed in two-way coupled simulations of inertial particles in the homogeneous shear flow [57], and
wall bounded flows [38] where a preferential modulation of turbulence occurs being the stream-wise
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Figure 3.2: Turbulent kinetic energy K, normalised by the value of the unladen case Ky (no back-
reaction on the fluid), plotted versus the percentage void fraction. Panel a) St,, = 0.025; panel b)
Sty = 0.05; panel ¢) St,, = 0.1; panel d) St,, = 0.2.

velocity variance attenuated more than the stream-wise and vertical component as the mass loading
is increased.

The attenuation of the energy content K is accompanied by the reduction of the energy dissi-
pation rate €, reported in figure 3.6. As for the turbulent kinetic energy, the energy dissipation e,
along with its asymptotic standard error, is normalised by the value of the unladen case €. The
trend found for the t.k.e., is also found for this small scale observable. The modification increases
with St,,. Likewise the turbulent kinetic energy, the reduction of € is accentuated for St,, = 0.1 and
St;; = 0.2. The behaviour is monotonic in the void fraction in all the cases apart from the bubble
populations at the largest Stokes number . In fact, for St,, = 0.2 we observe, within the error bars
accuracy, a minimum in the dissipation rate at ¢, = 1%.

3.4.2 The turbulent kinetic energy and dissipation spectra

This section addresses the turbulent kinetic energy and dissipation spectra. The 3D spectrum is
defined as the Fourier transform of the autocorrelation function, namely E(k) = F[{(v(x,1) - v(x +
r,7))]. Due to the anisotropy of turbulence in the shear flow, E(k) depends on the direction of
the wave-vector k. The one-dimensional spectrum is extracted by averaging over the sphere of
radius |k| = k, namely E(k) = ?glkI:k E(k) k2 dQ, where dQ is the solid angle. E(k) represent the
contribution to the turbulent kinetic energy given by the scales whose wave number is between k
and k + dk. When integrated over the whole range of wave numbers E(k) returns the turbulent
kinetic energy content K, namely K = fOOOE (k) dk. The spectrum of the dissipation is computed
from E(k) as D(k) = 2vk?E (k).
The energy balance in spectral space follows the equation,

JE (k)

== +V(k) = P(k) = D(K) + @ (k). (3.6)

Equation (3.6) is the generalisation of the Kolmogorov-Onsager-von Weizsacker-Heisenberg equa-
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Figure 3.3: Stream-wise velocity variance (v%), normalised by the the value of the unladen case <v%>0
(no back-reaction on the fluid), plotted versus the percentage void fraction. Panel a) St,, = 0.025;
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Figure 3.5: Vertical velocity variance (v%), normalised by the value of the unladen case (vg 0 (no
back-reaction on the fluid), plotted versus the percentage void fraction. Panel a) St,, = 0.025; panel

b) St,, = 0.05; panel ¢) St,, = 0.1; panel d) St,, =0.2.
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Figure 3.6: Energy dissipation rate €, normalised with the value of the unladen case € (no back-
reaction on the fluid), plotted versus the percentage void fraction. Panel a) St,, = 0.025; panel b)

St,, = 0.05; panel ¢) St,; = 0.1; panel d) St,, = 0.2.
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Figure 3.7: 1D energy spectrum E(k) versus wave number. Data are normalised in Kolmogorov
units of the unladen case. Panel a) St,, = 0.025; panel b) St,, = 0.05; panel c¢) St,, = 0.1; panel d)
St;; = 0.2. In each panel the available data at different void fractions are reported and compared
with the unladen case.

tion [95, 96], for bubble-laden flow where the coupling term @ arising from the dispersed phase feed-
back on the fluid has been retained, namely ®(k) = fQ ¥ (k) k2dQ, where ®;;(k) = F(f;(x) v, (x+1)).
The spectrum of the non linear term is V(k), and in homogeneous conditions fooo V(k)dk = 0. The
term P(k) = —SEq3(k) is the production term where E13 is the Reynolds shear stress co-specrtum
and D(k) is the dissipation spectrum.

Figures 3.7 and 3.8 show the 1D energy E(k) and dissipation D (k) spectra, respectively. In
each panel, data are plotted for bubble populations at fixed St,, and different void fractions. Data
are normalised in the unladen Kolmogorov units, i.e. occurring in the one-way coupled simulations.
In particular the wavenumber k is normalised by the Kolmogorov length-scale n while the energy
and dissipation spectra by (ev®)/4 and (ev)3/4, respectively. For each bubble population, the
corresponding data of the unladen case are also shown.

The reduction, of the order of 10%, found in the t.k.e. K and dissipation € involves the first modes
of the spectra. Such thin alteration is not observable in the present logarithmic representation, which
can represent only large modification. In fact, the logarithmic scale is suitable for describing the
behaviour of the intermediate and small scales, where significant alterations are not observed. In
particular, no change in the spectral slope found in Ref. [47] can be inferred. In Ref. [47] the
PIC approach is used to investigate homogeneous isotropic turbulence laden with point-like bubbles
via DNS at St,, = 0.1 and ¢, = 1.6%, where the effect of gravity is also considered. The authors
find a depletion of the energy content at the dissipative scales, and augmentation at large scales.
This leads to an overall depletion of the dissipation rate. Although the present simulations bear
similarity to Mazzitelli et al. [47] for the turbulent kinetic energy, they are in disagreement for how it
is distributed across the spatial scales. It is not clear if the different behaviour of the spectra depends
on the shortcomings of the PIC approach or on the presence of gravity, which in the our simulations
is not considered. In fact, the effects of the buoyancy on the multiphase system have been neglected,
since the Stokes and Froud numbers are considered as St,,/Fr,, < 1. Since the presence of gravity
introduces a further element of anisotropy, it could be relevant to study its effect on the back reaction
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Figure 3.8: 1D dissipation spectrum D (k) versus wave number. Data normalised in Kolmogorov
units of the unladen case. Panel a) St,, = 0.025; panel b) St,, = 0.05; panel c¢) St,, = 0.1; panel d)
St;; = 0.2. In each panel the available data at different void fractions are reported and compared
with the unladen case.

term. On the other hands, the PIC approach suffers shortcomings when the feedback of an uneven
bubble population is represented on the Eulerian grid, where the carrier phase equations are solved
[59]. Due to biases in the feedback regularisation, PIC introduces an unphysical forcing, which acts
on grid scale. To avoid this numerical error, the number of bubbles N, per computational cell N
should be large. However, this condition is not fulfilled in Ref. [47| since N,,/N. =~ 0.05. Therefore,
the relatively high energy content at small scales found by the Authors might also be a side effect
introduced by the PIC approach. In contrast, the ERPP approach can account, on a more solid
physical ground, for the effects of uneven distributed population of bubbles. This is the case for
the relatively diluted suspension considered here. The effect of the bubble feedback on the smallest
dissipative scales seem to be less relevant than what observed in previous studies based on the PIC
approach, where however gravity was present. Further investigations are required to understand the
role of buoyancy and PIC shortcomings, on the spectra in Ref. [47], and results are not conclusive.

The spectral energy budget, equation (3.6), is shown in figure 3.9 for two reference cases, namely
St, = 0.025,¢, = 1% and St,, = 0.2,¢, = 1% which represent two limiting cases in terms of the
Stokes number. In both cases, the relevant result is that the spectral energy flux ®(k) is always
negligible and the dominant terms are D(k), P(k) and V (k) even though small fluctuations in D(k),
P(k) and V(k), of the order of few percent are observed. Therefore, rigid (and small) bubbles are
unable to directly affect the turbulent energy budget through the coupling term ®(k). In fact,
turbulence modulation occurs only via a direct changes of the turbulence production term P(k),
due to modification of the Reynolds shear stress co-spectrum. It is also clear that the dissipation
rate depletion observed in figure 3.6 must necessarily be accompanied by the reduction in the
turbulent production £ = —S({vyvs), since the global amount of energy intercepted by the bubbles
®, = /OOO @ (k) dk is vanishing.

We want to stress the differences between the mechanisms of interphase energy transfer in the
shear flows due to microbubbles and tiny heavy-particles by considering the particle-laden shear
flows discussed in Ref. |97, 57|, where the ERPP approach was used for the inertial particles. The
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Figure 3.9: Spectral energy budget. P(k) turbulent kinetic energy production; D (k) energy dissi-
pation; V(k) non linear energy transfer; ®(k) inter-phase momentum coupling due to the bubble
back-reaction. Panel a) St,, = 0.025 ¢, = 1%; panel c¢) St,, = 0.2 ¢, = 1%. Panels b) and d) show a
close up view of the smallest dissipative scales for the two cases respectively.

Authors show how inertial particles suppress the turbulent kinetic energy up to 40%, much more
than what is observed here for microbubbles. Moreover, the stream-wise velocity component is less
affected by the particle back-reaction, in contrast to what shown in this work, where the bubble
large-scale modulation is almost isotropic. However, the most important difference is the particle
inter-phase momentum flux ®(k), and its global amount ®,, = fooo ®(k) dk that appears in the global
t.k.e. budget 0 = P — € + @, that is not negligible. In particle-laden shear flow the modification
of the turbulence dynamics mainly occurs due to the energy intercepted by the dispersed phase.
This mechanism is quite different from what happens for bubbles. In fact, the bubble-induced
turbulence modification is solely due to the change in the production of turbulent kinetic energy,
i.e. the Reynolds shear stress co-spectrum, and therefore in the viscous dissipation, being the inter-
phase momentum flux ®(k) always negligible. The differences in turbulence modification might
be due to two aspects. Firstly the presence of the added-mass force in the bubble momentum
equation drastically changes the bubble dynamics. Bubbles and particles selectively concentrate in
different regions of the turbulent flow, i.e. the former accumulate in the low-pressure regions (high
vorticity) and the latter form clusters in the strain regions (low vorticity). Secondly, the density
ratio, and therefore the mass loading, is three order of magnitude smaller in the case of bubbles.
This considerably reduces the ability of the gaseous phase to exchange momentum with the fluid,
suggesting that the volume fraction could be used to provide a more fair comparison.

3.4.3 The bubble clustering in the two-way coupling regime

Figure 3.10 provides a snapshots of the instantaneous bubble configuration for increasing Stokes
number at fixed void fraction. Two thin slices in the cross-flow (y — z) and stream-wise (x — z)
plane are shown in the two columns of the figure. The typical bubble clustering, with bubbles
that aggregate into thin elongated structures, is progressively more visible for increasing St,. The
clusters are correlated with high fluid enstrophy levels, corresponding to the more intense turbulent
coherent vortical structures. The passive tracer limit, where bubbles faithfully follow the fluid,
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seems close to the case St;; = 0.025. The ballistic limit, where bubbles are not influenced by fluid,
is far to be achieved in the range of the Stokes number considered in this study.

In the homogeneous shear flow, the mean flow orients the largest vortical structure preferentially
in the direction of the mean strain, that is the bottom-left/top-right direction in the (x — z) plane.
When the flow is laden by heavy particles, this anisotropy is proved to be transferred to the small
scale clusters [98, 99]. A similar trend is found also for the bubbles. This behaviour is quite difficult
to be observed by visual inspection, even though bubble filaments appear in panels f) and h) of
figure 3.10. The bubble clustering can be more quantitatively measured following a more rigorous
statistical approach based on the Angular Distribution Function (ADF) [99]. The ADF is the
measure of the probability to find a bubble pair at distance r and oriented along the unit vector f.

The ADF is defined as
1dv, 1

r2 dr ng’

g(r,t) = (3.7)

where ng = 0.5N, (N, —1)/Vp is the volume density of bubble pairs in the volume Vp, v, (r,1)dQ is
the numbers of bubble pairs contained in the spherical cone of radius r with axis along the direction
t and amplitude dQ. Therefore, the ADF contains information about the shape of the clusters and
the distance between the bubble pairs. The spherical average of the ADF is so the called the Radial
Distribution Function (RDF), namely goo(r) = 1/(4n) /Q g(r,#)dQ. The RDF has been already used
to characterise clustering in isotropic conditions [100].

Figures 3.11, 3.12, 3.13 and 3.14 provide the ADF at the scale separation r = d,, i.e. at collision
scale, for the bubble populations at progressively increasing Stokes number. In the panels of each
figure two void fraction, ¢, = 1% andep, = 2% are considered, and results are compared with the
uncoupled case. At the smallest Stokes number Sz, = 0.025, figure 3.11, the bubble clusters
at collision distance are uniformly distributed on the unit sphere and the distribution does not
differ from what is observed in the one-way coupling regime for both void fractions. Therefore, it
is possible to conclude that no preferential orientation of the clusters occurs in these conditions.
Note that the overall concentration is close to the homogeneous value ng. However, when the Stokes
number is progressively increased, see figures 3.12, 3.13 and 3.14, two new features appear. The first
feature is that the bubble clusters present a preferential orientation, i.e. the peaks of the ADF are
located in a direction corresponding to the bottom-right/top-left direction of the stream-wise (x —z)
plane addressed in figure 3.10, meaning that the clusters actually show a measurable anisotropy.
The second feature consists in the fact that two-way coupling effects, here parametrised in terms of
the void fraction ¢,, have a measurable effect on the intensity of the clustering when compared with
the reference one-way data. This behaviour can be associated to the preferential alignment of the
large scale turbulent structures induced by the mean shear. The bubble clusters preserve memory
of the large scale directionality due to the coherent vortical structures. This occurs despite the fluid
partially recovers isotropy at small scales. Finally, we observe that there is no substantial change
in the clusters alignment when two-way coupling effects are present. The two-way coupling effects,
however, modify the intensity of the clustering process. The ADF has been also measured for all
the bubble populations and all the void fraction at a scale separation of the order of the integral
scale (data not shown). At this separation, in all cases, the ADF does not show any anisotropy of
the clusters. In fact, for increasing separation, distant bubble pairs are considered which mostly
belongs to distinct clusters.

The ADF is a powerful tool to asses the bubble distribution at fixed separation r. However,
providing the contour plots for several r—separations would be overly verbose, and somehow even
confusing in understanding the results. difficulty can be overcome by using a mathematical tool
able to capture the behaviour at each scale separation r, namely the SO(3) expansion [101] of
g(r,t). The method consists in the expansion of the function into the projections on the orthogonal
subspaces generated by the spherical harmonics Y, (1),

o

g(r 1) = )" > gjm(r)Yjm(®). (3.8)

720 m==j
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Figure 3.10: Snapshots of the instantaneous bubble position in a thin slice of thickness of the order
of few Kolmogorov scales. Left column: the slice is in the cross-flow plane (y — z). Right column:
slice is in the stream-wise plane (x — z). The Stokes number increases from top to bottom. Panels
a), b) St,, = 0.025; Panels c), d) St,, = 0.05; Panels e), f) St,, = 0.1; Panels g), h) St,, =0.1; In all
cases the volume fraction is ¢, = 1%.
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z z z
X/Jj\Y X/Jj\y X/J:J\Y

1.00 1.13 1.26 1.39 1.51 1.64 1.77 1.90

Figure 3.11: The ADF represented on the unit sphere at the collision distance r = d,, for the bubble
population St,, = 0.025. Panel a) one-way coupling; panel b) ¢, = 1%; panel ¢) ¢, =2%

b) c)
z z
X/JU\Y X/JU\Y

2.30 2.46 2.61 2.77 2.93 3.09 3.24 3.40

Figure 3.12: The ADF represented on the unit sphere at the collision distance r = d), for the bubble
population Sz, = 0.05. Panel a) one-way coupling; panel b) ¢, = 1%; panel ¢) ¢, =2%

a) ‘ b) <)
z z z
X/JJ\Y X/J:]\Y X/Jj\v

4.40 4.61 4.83 5.04 5.26 5.47 5.69 5.90

Figure 3.13: The ADF represented on the unit sphere at the collision distance r = d, for the bubble
population St,, = 0.1. Panel a) one-way coupling; panel b) ¢, = 1%; panel ¢) ¢, =2%
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Figure 3.14: The ADF represented on the unit sphere at the collision distance r = d, for the bubble
population St,, = 0.2. Panel a) one-way coupling; panel b) ¢, = 1%; panel ¢) ¢, =2%

Each sub-space is labelled by the index j, that is spanned by 2j + 1 base elements Yj,. For
instance, the basis of the sub-space j = 1 is the set of the spherical harmonics Y;_1, Y109 and Y.
The orthogonality condition of the base elements Y}, 559 Yim Y;qu =470 pOmg, and the uniform
convergence of the series for the regular function g(r,t), provide the expression of the modes g, (r),

1 A *
gim(r) = e jig(r,r)ijdQ (3.9)

where the superscript * denotes the complex conjugate. In this notation the isotropic component
of g(r,1r), i.e. the Radial Distribution Function (RDF), is represented by the sector j = 0, i.e.
goo(r) = ﬁfgg(r,f')dﬁ. The sectors with j > 1, in ordered way, label specific spatial directions,
therefore measuring specific anisotropies of the ADF.

Figure 3.15 provides the Radial Distribution Function ggo(r) for the available bubble popula-
tions. The separation r is normalised by the Kolmogorov length-scale . Data are plotted from
largest scales up to the collision separation r = d,. In each panel, the effect of the back-reaction can
be appreciated by comparing the data with the respective unladen case (black line). The power law
behaviour of the RDF at small separations proves that bubbles indeed show small scale clustering.
The clustering intensity is progressively stronger for increasing Stokes number. At Stz,, = 0.2, the
local bubble concentration at collision distance is about 10 times the overall homogeneous concen-
tration. Note that the RDF approach to constant value goo(r) ~ 1 above a critical scale £,. This
means that the large scale clustering, above scale ., recovers the behaviour of the homogeneous
distribution. The data show that the general trend of the RDF is only slightly changed when the
back-reaction is active, as already discussed when commenting the ADF.

A more detailed analysis of two-way coupling effects on the small scale clustering is provided
in figure 3.16, where the RDF goo(r) is normalised by its respective unladen case goo,_,, ., () coun-
terpart. The data show a small, though measurable, depletion of small scale clustering that ranges
from 5% to order of 10% when the Stokes number is progressively increased form St,, = 0.0025 to
St,; = 0.2 while the void fraction seems to play a minor role.

The scale-by-scale anisotropic behaviour of the ADF is addressed in figure 3.17 where some
significant projections of the ADF g;,(r), up to subspace j = 6, are shown for the reference case
St;, = 0.1, ¢, = 2%. Due to the symmetry of the flow, many other modes are negligible and the
figure provides only projections with significant amplitudes. The signal g;,,(r) rapidly decreases
with the order of the sector j indicating that the anisotropy in the ADF g(r,r) is dominated by
the sectors j < 2. The mode with higher intensity is the go1(r) projection which corresponds to
the spherical harmonic Yo1. Given the reference frame adopted, this specific harmonic selects the
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Figure 3.15: Isotropic projection ggop of the ADF versus separation r. The sector gog(r) is the
average of g(r,#) over the solid angle and is proportional to the probability to find two bubbles at
separation r. Panel a) St,, = 0.0025; panel b) St,, = 0.05; panel ¢) St,, = 0.1; panel d) St,, = 0.2.
In each panel the available data for different void fractions ¢, are compared against the reference
one-way coupling data (black line).
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Figure 3.16: Ratio between the RDF in the two-way coupling regime goo,_,,,, () and its counterpart
in the one-way coupling regime goo,_,,,, (7). Panel a) St,, = 0.0025; panel b) St,, = 0.05; panel c)
St, = 0.1; panel d) St,, = 0.2. In each panel the available data for different void fractions ¢, are
plotted for each bubble population.
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1 10 r/n 100

Figure 3.17: Anisotropic projections of the ADF g;,,(r) normalised by the isotropic component
goo(r) up to the sector j = 6. Only the higher signal sectors are shown for the reference case
Sty =0.1 ¢, = 2%. The mode (2,1) captures the bubble pair alignment along the bisector of the
(x — z) plane containing the mean flow. The mode (2, 2) selects the bubble pair alignment along the
stream-wise direction.

principal strain directions of the mean flow. Therefore the go1(r) projection measures bubble pairs
aligned along the bisector of the first and third quadrant of the (x — z) plane that contains the
mean flow. This data corroborate the more qualitative description of the clusters grasped from the
visual inspection of the instantaneous bubble positions. The negative sign of go1(r) is due to the
sign assumed by Yo1(#) when the unit vector t spans the directions of space. The signal of the
mode (2,2) is also significant. Indeed, the spherical harmonic Yoo (#) captures, with positive sign,
the bubble preferential alignment roughly in the steam-wise direction. Therefore goo(r) partially
recovers the anisotropy peaks in g(r,t), that however are best captured by go1(r).

The data in figure 3.17 suggest go1(r) as the best representative mode among the anisotropic
components of the ADF to be further analysed as one for all. The anisotropy content of the ADF
measured by the ratio go1/g00, is reported in figure 3.18 for the available bubble populations. Each
panel correspond to a specific Stokes number and compares the ratio go1/g0o against the data in the
one-way coupling regime (black line) when the void fraction is changed. The anisotropy content of
the ADF increases at small scale denoting that the directionality of the clusters becomes more and
more defined as bubble pairs approach each other. In other words, as the bubbles accumulate at
small scales, the more are orientated with large scale turbulent vortices. A final comment concerns
two-way coupling effects, that seems to be almost irrelevant. In fact, the ratio ga1/goo is quite
close to its one-way coupling regime counterpart, at least for the Stokes numbers and void fractions
considered here.
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Figure 3.18: Anisotropic projection go1(r) of the SO(3) decomposition of the ADF normalised
by the isotropic sector goo(r). Panel a) St,, = 0.0025; panel b) St,, = 0.05; panel c) St,, = 0.1;
panel d) St, = 0.2. In each panel the available data for different void fractions are shown and
compared against one-way coupling reference case (black line). The go1(r) mode captures bubble
pairs orientated with the principal strain direction of the mean flow, i.e. the bisector of the first
quadrant of the (x — z) plane.
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Chapter 4

The turbulent annular pipe flow

x’/ ] jLJ{,, % U FT& T

L

F

Figure 4.1: Sketch of the annular pipe. R; and R, are the inner and outer wall radius. The fluid
flows in the gap between the cylinders.

The first part of this thesis has dealt with the inter-phase momentum exchange between small
bubbles and homogeneous turbulence. Homogeneous turbulence is an idealised condition, that oc-
curs when the statistical properties are invariant under arbitrary translation. Real turbulence tends
to be homogeneous far from the walls, like in the centre of channels and pipes, or in atmospheric
flows. Although the homogeneous property is never fully achieved, homogeneous turbulence has
large interest since it greatly simplifies the understanding of turbulent flows. Due to the innovation
of the research, our first study of bubbly flows has been conducted in the homogeneous turbulence.
The complexity introduced by an non-homogeneous background flow is investigated in the later
stage. We would aim at analysing bubbly flows in a more realistic fluid dynamic problem: a wall-
bounded configuration. The presence of the wall introduces a non-homogeneous spatial direction |,
perpendicular to the wall. This inhomogeneity is transmitted to the injected discrete phase. The
result is that the concentration of the discrete phase exhibits a peak close to the wall regions. The
phenomenon is known as turbophoresis [102], and depends on the inertia of the transported phase,
i.e. by 7,. The turbopheresis is of crucial importance to determine the effect of the dispersed phase
to the turbulent field. In fact, the massive particle or bubble clusters interact with the vortical
structures in the buffer layer, affecting the average viscous stresses in the vicinity of the wall. Un-
der constant flow rate, the result is the modification of the viscous wall drag. The nature of such
modification depends on the phase of the dispersed phase. If bubbles tend to reduce the resistance,
inertial particles increase it. After studying the depletion of homogeneous turbulence due to a
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gaseous phase, we should expand the investigation to a wall-bounded configuration. However the
momentum coupling model that we have adopted, i.e. ERPP, is restricted to the point-particle
regime. As discussed in chapter 3, the small size of a bubble considerably reduces its aptitude of
being deformed. The bubble deformation plays a crucial role in the drag reduction . As long as
the bubble is rigid, the energy exchange can occur only through the momentum transfer. How-
ever this effect is small due to the very low density ratio p,/ps. In a wall-bounded domain the
bulk modification of the flow is deemed to be negligible. In fact, only when bubbles are large and
deformable [66, 67, 68|, the near-wall vortical structures are altered, through interphase and wake
effects, and they lead to the well-known reduction of dissipation. The main objective, in the second
stage of the present research, is to understand when the wall drag can be affected by a dispersed
phase. Therefore, the second part of the research is devoted to addressing wall-turbulence laden
with inertial particles. In this case the well-acknowledged effect on the turbulent field, due to the
dispersed phase, is the increase of the viscous wall resistance, occurring in the point-particle regime.
Moreover, we know that the drag augmentation is sometimes accompanied by the increase of the
heat exchange [36]. This phenomenon can be exploited to improve the heat exchanger efficiency,
and still must be well understood. In the research that we are going to introduce, the effect of tiny
particles on concentric tube heat exchangers will be investigated via Direct Numerical Simulations.
Between the many optional configurations, we have chosen the concentric tube heat exchanger, that
is the simplest one. It has two tubes, one inside the other. One tube carries hot fluid, the other
carries cold fluid. With such purpose we propose a specific topology: the annular pipe. This system
is made of the annulus between two concentric cylinders, through which the suspension flows. The
flow is periodic in the stream-wise direction, while heat flux is provided from the walls. In particu-
lar, the external surface is cold, while the internal one is hot. The sketch of the domain is presented
in figure 4.1.

4.1 Short overview of the numerical techniques

In this section we shortly report about the numerical techniques employed to carry out the DNSs
of the annular pipe flows. The numerical scheme is verbosely discussed in the Appendix, section
C. The Exact Regularised Point Particle (ERPP) method, that is used to achieve the inter-phase
momentum exchange between the carrier and the dispersed phase, is briefly discussed as well. The
detailed discussion of the momentum coupling model is provided in section 2 and refers to the
original paper [38].

The carrier flow is laden with small inertial particles of vanishing particle Reynolds number
Re,, = (u|, — vp)d,/v. In a wall-bounded flow this means that the particle diameter d,, is smaller
than the viscous length-scale ¢*. Under this assumption, the dispersed phased is modelled as
a collection of points, to which concentrated forces are applied. The fluid on the other hands
experiences the dispersed phases as a system of singular forcing. The singular forcing is regularised
by mean ERRP, where a wall correction is included in the particle disturbance.

The regularised standard incompressible Navier-Stokes equations of the annular pipe are re-
ported below
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7 1s the averaged pressure gradient in the stream-wise direction €3. The pressure gradient sustains
the turbulence, since it is responsible of the energy inlet. The temperature is evolved as a passive
scalar by the Fourier equation, where « is the thermal diffusivity and ¢, heat capacity at constant
pressure. The velocity u(x,t) and temperature field T(x,1) are periodic along the stream-wise and
azimuthal directions. Therefore periodic boundary conditions are enforced at the inlet and outlet
surface. The no-slip condition is applied at the cylindrical walls, where also two different uniform
temperatures are enforced.

The momentum-exchange occurs via the extra singular forcing term f;,(x,¢), which following the
treatment of ERPP reads:

Np

fp(x,1) = - Z{Dp(l — er)g[x — X, (t — €r). €r] + D, (1 — €r)g[x — X, (1 — €r), €r]} (4.2)
p=1

The method of images is employed to recover near-wall effects, with D p and X, denoting the
hydrodynamic force and position of the mirrored particle with respect to the local tangent plane.
The approach is valid when the wall curvature is smaller than the length-scale og, that is the
smallest resolved length-scale of the particle disturbance. The regularising length-scale is chosen as
or = 3/2Az, where Az is the stream-wise grid spacing. The time-scale €g is calculated through the
relation ogr = V2veg, where v is the fluid kinematic viscosity.

The system of partial differential equations (4.1) is solved, via direct numerical simulation, in
cylindrical coordinates, exploiting a second order finite difference scheme on a staggered grid [103].
The classical Chorin’s projection method [104], is employed to enforce the divergence-free constraint
imposed by the mass balance. The pressure field is evaluated through a Laplace problem, after
being expanded in the Fourier series in the azimuthal and streamwise directions. A Total Variation
Diminishing ( TVD ) scheme is employed to treat the convection term of the Fourier equation. The
integration in time is explicitly performed using a third-order low-storage Runge-Kutta algorithm.

4.1.1 The dispersed phase

The dispersed phase is made of small spherical solid-particles of diameter d, smaller than the
viscous length-scale £*. The particles are modelled as material point of mass m,, whose evolution
is prescribed by the standard Newton’s law

dx,

dv,
— = Ve, mp—==Dp(1) (4.3)

where D, () is the hydrodynamic force due to fluid stresses. The analytic expression of D, () was
derived independently by Maxey & Riley [61] and Gatignol [82]. In the case of particle-laden flows,
i.e. high density ratio, the equation reads

D, = 3rud,(uq)lp —vp) (4.4)
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In the equation y is the dynamic fluid viscosity and v, the velocity of the particle. u(|, is the
unperturbed fluid velocity field, where the subscript "p" denotes that it is evaluated at particle posi-
tion x,, (¢). The unperturbed velocity is the velocity field ul, in the absence of the p-th particle. This
undisturbed field can be evaluated, thanks to ERPP, by subtracting the particle self-disturbance of
the p-th particle u(y)|,, from the complete field u],.

The Faxen correction of the Stokes force is discarded due to the small particle diameter d,,. The
fluid inertia, the added-mass and the Basset force are neglected as well, due to the high density
ratio pp/pyr. The buoyancy can be neglected in the present case, since the acceleration due to
gravitational forces is negligible as compared with the contribution from the Stokes force. In other
words St*/Fr* << 1, where Fr =a*/g and St™ = 1, /7" are the Froud and Stokes numbers based on
the viscous length and time scale.

The particle time response 7, = 155 o7
7", by the Stokes number St* = 7,/7t*. Similar to bubbles, see the discussion in 3, the Stokes
coefficient influences the particle transport across the turbulent field. The tracer and ballistic
regimes occur when the particle time response is much smaller or larger than the viscous-time
scale, namely Srt << 1 and St* >> 1 respectively. The turbophoresis occurs at the intermediate
regime St* ~ 1. Owing to the crucial role of turbophoresis in the drag modification, the Stokes
number eventually controls the turbulence modification in the two-way coupling regime. The second
important parameter is the particle mass loading ®, = mp/mpr, i.e. the ratio between the mass of
the dispersed phase mp = Npm, and of the fluid mp. Although the flow that we will consider has
large particle mass loading, the suspension is dilute. In fact, owing to the large particle to fluid
density ratio p,/py = 180, the void fraction is ¢, ~ 0.1%. Therefore the inter-particle collisions
rarely occur and the four-way coupling interactions are discarded.

L’id?, is represented, with respect to the viscous time-scale

4.1.2 The objectives of the research

We will answer three important questions concerning the dynamic of the multiphase system:

e How does turbulence affect the particle transport?

e Are the turbulent coherent structures and the wall drag affected by the inter-phase momentum
coupling?

e [s the heat exchange influenced by the modified turbulent mixing?

The particle transport is subjected to the asymmetric annular flow, owing to the different wall
curvature. The influence of this non-homogeneous turbulence on a dispersed phase must be ad-
dressed. The turbophoresis can be in principle different when observed at the internal or external
side. This phenomenon is crucial since the near-wall turbulent coherent structures, which can be
modulated by the massive particle clusters, are responsible of the production of the turbulent ki-
netic energy in the whole channel. The modification of the turbulent kinetic energy, due to the high
particle mass loading, is expected. We will understand if such alteration could produce the increase
( or decrease ) of the viscous resistance.

Which could be the effect on the temperature field is an other important question. The heat
exchange is provided through the temperature difference at the walls, and it is regulated by the
thermal resistance of the system. The thermal resistance depends on the conductivity the fluid and,
in large part, on the turbulent mixing. The particles are thermally inert. Therefore the inter-phase
heat-exchange is negligible. In fact, the inter-phase coupling is enforced only on the momentum
equations. The modification of the thermal field can still occurs, but only due to the change of the
thermal fluid convection. Therefore, we want to understand if the inter-phase momentum exchange
can affect the turbulent mixing and the heat transfer as well, in the annular pipe.
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4.2 Results and discussion

The following sections report the analysis of the particle-laden annular pipe flow. The turbulence
is studied by means of the first and second moment statistic, two-point correlation functions and
energy spectra. The analysis is conducted in both the one-way and two-way coupling regime. In the
latter, of particular interest is the modulation of the turbulence. The investigation is carried out in
terms of the mechanical and thermal modification of the fluid observables. The particle transport
of the dispersed phase is studied as well. The turbophoresis and the statistic of the particle velocity
are addressed, and their role to turbulence modulation explored.

4.2.1 Short overview of the annular pipe flow and simulation setup

Given the cylindrical coordinate system (r, 6, z) of basis (7, 6, é3) the domain consists of the annulus
between two concentric cylinders, through which a particle-laden suspension flows. In the annular
pipe the pressure gradient in the stream-wise direction provides the energy transfer to the turbulent
field. The mechanism allows that the system reaches a stochastic steady state. The generated
incompressible turbulence is homogeneous in the stream-wise and azimuthal directions, in both the
thermal and velocity field. The heat fluxes is provided by two uniform temperature at the internal
and external wall.

The flow in the annular pipe is more complex than in simple connected topologies, such as round
pipe or channel flows. In fact, due to the opposite curvature of the inner and outer wall, the spatial
and temporal scales changes substantially close the near wall regions. The asymmetry is observed
in the velocity and temperature profiles, and in the turbulence intensities as well.

The dynamic of the system is described by six dimensionless parameters
{ Re*,Pr,St*,®,.0p/py,Ri/Ro}. The friction Reynolds number is Re* = (R, — R;)/{*, where R, and
R; are the external and internal wall radius, respectively, £* is the viscous length-scale. The viscous
length-scale ¢* is defined by the friction velocity u* and the fluid kinematic viscosity v, namely
t* = v/u*. The friction velocity is u* = /1y, /pf, where 7, is the mean viscous wall stress and py
the fluid density. The Prandtl number Pr = v/« is the ratio between the momentum ( v ) and the
thermal ( « ) diffusivity . The particle time response 7, that is a measure of the particle inertia,
is expressed through the Stokes number St* = 7,u*/¢*. The Stokes number deeply influences the
particle transport, since it determines how the discrete phase experiences the turbulent fluctuations
[55]. The particle mass loading @, is the ratio between the mass of dispersed phase and of the
fluid, while p,/ps is the particle to fluid density ratio. Both ®, and p,/ps are very important
in the 2-way coupling regime. In fact, ®, affects the global momentum exchange between the
dispersed phase and the turbulence |57, 38]. The density ratio p,/py, on the other hand, influences
the local contribution of the momentum exchange with the single particle. In addition to this,
the density ratio influences the dynamic of the particle, as dictated by the Maxey-Riley-Gatignol
equation (2.34) [61, 82]. The equation is in general very complex, and describes the evolution of the
particle momentum. However when the density ratio is high, the momentum equation is recast into
a simple formulation ( reported in chapter 2 by the equation (2.43) ), where the control parameter
is only the Stokes number Sr*.

Finally the radial aspect ratio R;/R,, where R; and R, are the inner and outer wall radius, is
very important to determine the flow asymmetry [77, 105, 78]. In fact, the peak of the turbulence
intensities in the buffer layer is stronger close to the external wall than to the internal one [79, 73, 72].
The phenomenon entails the increase of the viscous stress at the internal wall, and the corresponding
reduction to the outer wall. This asymmetry depends on wall radius ratio, and decreases while R;/R,,
is close to 1.

The set of control parameters is presented in the table 4.1. In the cylindrical coordinate system
the domain is the annulus of size h X 27 X L., with resolution N, X Ny X N,. The height of the
annulus is & = R, — R;, while the length in the stream-wise direction is L, = 27x. The Reynolds
friction and Prandtl number Re* = 180 and Pr = 0.79 are fixed in the whole simulation setup.
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Case N, X Ng XN, N, ®, Ri/R, ™ Rey
Ag  148x512x512 300000 1-way 0.125 0.0048 0.0700 3010
A; 148x512x512 368004 0.2 0.125 0.0048 0.0700 3010
Ay 148x592x 592 552006 0.3 0.125 0.0048 0.0700 3010
By 128x512x512 800000 1-way 025 0.0041 0.0603 3510
By 128x512x512 556542 0.2 0.25 0.0041 0.0603 3510
By 148x592x592 834813 0.3 0.25 0.0041 0.0603 3510
Co 128x512x512 800000 1-way 0.5  0.0028 0.0404 5300
C1  128x512x512 1502689 0.2 0.5  0.0028 0.0404 5300
Cy  148x592x592 2254034 0.3 0.5  0.0028 0.0404 5300
Dy 112x512x512 150000 l-way 0.75 0.0014 0.0209 10960
Dy 112x512x512 7012560 0.2 0.75  0.0014 0.0209 10960
Dy 112x512x512 10518840 0.3 0.75  0.0014 0.0209 10960

Table 4.1: Simulation matrix. Given the cylindrical coordinate system (r,#8, z), the Navier-Stokes
equations are integrated in the h X 27 X 27 annular pipe with a resolution of N, X Ng X N,. For each
case the friction Reynolds number is Re* = u h/v = 180, the Prantl number is Pr = a/v = 0.79.
The nominal Reynolds number Rep is different in the four geometry in order to have the same bulk
velocity in the one-way coupling regime. The regularisation length-scale of the ERPP approach
is set to og/Az = 1.5, being Az = L,/N, = 0.0123 the stream-wise grid spacing. The particle-
to-fluid density ratio is p,/pr = 180. N, denote the number of particles, ®, the mass fraction.
St* =1,/7" = 10, where 7, and 7* are the particle and the viscous time-scale. The particle diameter
measured in comparison to the viscous length-scale is d,,/¢* = 1. The nominal Reynolds number
is Rey = Ureflres /v, being urer and l,..r the reference velocity and length-scale. The one-way
coupled simulations (no back-reaction on the fluid) have been carried out for comparison.

The nominal Reynolds number Rep is changed with the ratio R;/R, to maintain the unitary bulk
velocity up = 1 in the one way coupling regime. The bulk velocity is defined by the flow rate Q
crossing the surface S = 7 (R2 —R?), i.eup = Q/S. Following a dimensional analysis, the bulk velocity
depends on the wall stress t,,, the height of the channel & and the nominal Reyolds number Rey .
Hence, while conducting a preliminary only-fluid simulation which guarantee the prescribed bulk
velocity, by means of a first guess value of Rep it is determined the wall stress that provides the
required Reynolds friction number Re*. The rationale behind this choice is that we want to exclude

the influence of the geometry to the flow rate. The friction Stokes number is St+ = 1—185—‘; (Ctl,i’ )2 =10
and the density ratio p,/ps = 180. The particle diameter d, correspondingly equals the viscous
length scale. In the two-way coupling regime the selected mass ratio ®, are 0.2 and 0.3. The
resolution is increased when the mass ratio is ®, = 0.3, due the extra particle-induced turbulence.
The simulations with larger mass ratios ( @, > 0.3) are unstable due to a lack of resolution of the
grid. The increased computational cost cannot be afford with the current numerical techniques and
HPC resources. We postpone the analysis of heavier suspension to successive works.

In figures 4.2, 4.3 and 4.4 we provide the contours of the instantaneous near-wall turbulent axial
velocity fluctuations, for the annular pipe of wall radii R;/R, = 0.25. The contours report the axial
velocity streaks ( blue color ) in the plane (6, z), where 6 is the azimuth and z the axial coordinate
in the cylindrical coordinate system. The plane corresponds, in Cartesian coordinates, to the lateral
surface of a cylinder concentric with the walls. The radius of the selected cylinders is r/R, = 0.3 (
internal side, left panels in figures ) and r/R, = 0.93 ( external side, right panels in figures ). The
lateral surfaces of the two cylinders are distant y* ~ 12 from the internal wall and y* ~ 17 from
the external wall. From top to bottom, the contours correspond to the one-way coupled ( case By,
figure 4.2 ) , two-way coupled ®, = 0.2 ( case By, figure 4.3 ) and ®, = 0.3 ( case By, figure 4.4
). simulations. Snapshots of particles in the vicinity of the velocity streaks are overlapped over the
contours.
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Figure 4.2: Contours of the axial fluid velocity fluctuations in the planes (6, z) located at distance
y* ~ 12 (internal ) and y* ~ 17 ( external ) from the walls. Particles in the vicinity of the planes are
depicted in white colour. The contours refer to the annular pipe of radial wall radii R;/R, = 0.25.
The contours correspond to the one-way coupled simulation. The left panel depict the internal
near-wall streaks ( panels 'a’ ), while the right panel the external near-wall streaks ( panels 'b’ ).
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Figure 4.3: Contours of the axial fluid velocity fluctuations in the planes (0, z) located at distance

* ~ 12 (internal ) and y* ~ 17 ( external ) from the walls. Particles in the vicinity of the planes are
depicted in white colour. The contours refer to the annular pipe of radial wall radii R;/R, = 0.25.
The contours correspond to the two-way coupled simulation, with particle mass loading ®, = 0.2
The left panel depict the internal near-wall streaks ( panels 'a’ ), while the right panel the external
near-wall streaks ( panels 'b’ ).
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Figure 4.4: Contours of the axial fluid velocity fluctuations in the planes (6, z) located at distance
y* =~ 12 (internal ) and y* ~ 17 ( external ) from the walls. Particles in the vicinity of the planes are
depicted in white colour. The contours refer to the annular pipe of radial wall radii R;/R, = 0.25.
The contours correspond to the two-way coupled simulation, with particle mass loading ®, = 0.3
The left panel depict the internal near-wall streaks ( panels 'a’ ), while the right panel the external
near-wall streaks ( panels 'b’ ).

The modulation of the near wall streaks is evident. The effect is to disrupt the stream-wise
coherent structures close the external wall, in particular for the case Bo. The streaks contribute to
the production of the turbulence energy and ultimately to the wall drag [106, 107]. Therefore their
modification is very important to assess how the wall resistance is modulated. The streaks near the
internal wall are not modified as well. The reason is probably the low number of particles located
at the internal side. In fact, the dispersed phase massively accumulates close the external wall. In
this region, particles form elongated column-like clusters, that seem being correlated to the fluid
streaks. In fact the clusters are noticeable in the uncoupled ( panel 'b’ ) and two-way coupled low
particle loaded ( @, = 0.2 , panel ’d’ ) suspensions, where the streaks are clearly present. On the
other hand when the particle mass loading is ®, = 0.3 ( panel 'f” ), the stream-wise fluid coherent
structures are disrupted by the particles, which in turn lose their ordered structure.

In the forthcoming section the turbulence modification and the particle transport will be quan-
titatively measured following a rigorous statistical approach. The dynamics in the one-way coupling
regime will be firstly addressed. The study in the two-way coupling regime will follow next.

4.2.2 The Reynolds stresses and the mean velocity in the one-way coupling
regime

Owing to the non trivial behaviour of the turbulence structures in the annular pipe, we firstly re-
port the study conducted in the one-way coupling regime. The standard notation of the Reynolds
decomposition is employed. The instantaneous velocity field is u. The ensemble average of the ve-
locity is denoted with capital letter, U = (u). The single quote mark labels the turbulent fluctuation
u=u-U.

In this section we report the turbulent Reynolds stress (u,u’) and the averaged velocity U, in
the one-way coupling regime. The Reynolds stress is expressed in wall unit, while the velocity U,
in computational unit. The dimensionless radial position is & = (r — R;)/(R, — R;).
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The mean velocity and Reynolds stress profiles for the four geometries are shown in figure 4.5.
The maximum of the velocity U, is moved toward the inner side, compared with round pipes or
channels. The slope ‘gg is consequently higher at the internal side than the external one. This
asymmetry is reduced when the distance between the walls decreases. Similarly, the zero of the
Reynolds stress is moved toward the internal wall, in comparison to channels and round pipes. The
external peak is in absolute value higher than the internal one, and besides, it is closer to the wall.
As the mean velocity profile, the symmetry is recovered when wall distance is reduced. The results

are in agreement with the literature |74, 73, 79, 76].
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Figure 4.5: The axial averaged velocity U, = (u) ( figure 'a’ ) and Reynolds turbulent stress (u’u;.
( figure 'b’). The mean velocity is expressed in computational unit, with respect to the reference
velocity u,.y. The Reynolds stress is in wall unit. The peak of the mean axial velocity is closer the
internal wall, in contrast to round pipes and channels. The wall stress is higher on the internal side
than on the external one. Similarly, the Reynolds stress exhibits an asymmetric behaviour, where
the external peak is higher than the internal one. However the position of the external maxima is
independent on the ratio R;/R,. Conversely the minimum, as well as the zero, of the Reynolds stress
is moved to the left, while its value is increased, when the annular pipe is larger. The asymmetry
of the annular pipe grows with the distance between the two walls.

The literature, in particular, agrees that the maximum of the mean axial velocity U, occurs

where Reynolds stress (u,u’) is zero. In figure 4.6 we show that this feature properly captured
1 du;

by our simulations. The mean viscous stress 7,; = z=—47 and the Reynolds stress (u,u;)* are

reported in wall unit versus the radial position & = (r — R;)/(R, — R;). The zero of 7 locates the
maximum of Uy. Clearly the zero of (u;u7)* and 7, are at same position, in all the four geometries.
Moreover the more the ratio R;/R, is small the more the viscous wall stress is larger at the internal

side, as compared with the external one. The largest difference occurs when R;/R, = 0.125, where
7, (£=0)
75 (€=1)

the external wall, namely

~ 1.5. Owing to the area difference, the overall wall drag is applied for the most part on
F(£=0 : . .

% If—’ & (0.19. The asymmetry is substantially reduced when the
H\S - o

distance between the walls decreases. In particular, when R;/R, = 0.75 the viscous wall stress and
*(£€=0 *(&£=0 . .

Tﬁ(—f_) T’j(—g_) R 0.75, respectively. The skewness of the stress profiles

T”(f—l) T},(f—l) Ro

is additionally reported by the shape of the total stress 7 = 7, — (u,u)*, which is quasi-linear when

Ri/R, = 0.75.

~ 1 and

drag ratios are

4.2.3 The velocity variance in the one-way coupling regime

This section reports the stream-wise (uf), radial (u/?) and azimuthal (ug) velocity variances, shown
in figure 4.7. Data are plotted in wall unit, labelled by the symbol ’+’; with respect to the friction
velocity u? = 1y /p - The radial position is expressed in dimensionless unit as & = (r—R;)/(R, —R;).

The flow is more turbulent at the external side than the internal one, in all the cases. In fact, the
velocity variances have two local maxima close to the two walls. However, the peak at the external
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Figure 4.6: The Reynolds (ujul)", viscous 7; = %% and total 7 = 7 — (u/u’)* stresses in wall

unit, where &€ = (r — R;)/(R, — R;). The plots refer to the four geometries R;/R, = 0.125 ( case Ay,
panel 'a’), R;/R, = 0.25 ( case By, panel 'b’), R;/R, = 0.5 ( case Cp, panel ¢’) and R;/R, = 0.75 (
case Dy, panel ’d’). The zero of the viscous and Reynolds stress are at same position. Hence, the
maximum of the velocity U, and the zero of Reynolds stress share the same location. The viscous
wall stress is larger at the internal side than at the external one. The difference is reduced when
the height of the annular pipe is smaller.

. . . . . . (uf)+(u;2)+(u;2
side is always higher than at the internal one. The turbulent kinetic energy K = —————*

is dominated by the stream-wise fluctuation. In fact, the stream-wise velocity variance is about
10 times higher than the other components. This is common is wall-bounded turbulence . The
turbulent energy inlet is indeed provided to the stream-wise velocity fluctuation, by means of the
transferring term (u;ug)‘;—g. The energy is later redistributed by the turbulent pressure to the
transverse components.

All the root mean square velocity fluctuations (uf), (u’?y and (u}f) are asymmetric with respect
to the centre of the annular pipe. However, the more the distance between the walls h = R, — R;
decreases, the more the asymmetry reduces. In fact, in the limit of vanishing A the annular pipe
becomes a channel of width 2R, + R;2. The results are in analogy with the literature |74, 73, 79, 76].

4.2.4 The thermal field and the Reynolds density heat flux in the one-way
coupling regime

The present section reports the statistics of the thermal field of the annular pipe in the one-way
coupling regime. The instantaneous temperature T follows the Reynolds decomposition T =7 + T,
where 7 = (T) is the averaged temperature and T’ is the turbulent fluctuation. The temperature can
be expressed in wall unit, with standard notation, as T* = %, where T,, and T; are the temperature
at the internal and external wall, respectively. The instantaneous temperature is bounded between
the two wall values, T, = 0 and T;" = 1, since there are no source or sink of heat. In figure 4.8 the
averaged temperature 7+ and the variance (T"?)* are reported for the four geometries of the annular

pipe (i.e. four value of R;/R, ). The radial position is expressed in dimensionless unit as & = I;O_—Réi .
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Figure 4.7: The root mean square of the stream-wise ( figure ’a’ ), radial ( figure 'b’) and azimuthal
( figure '¢’) turbulent fluctuation, in wall unit. All the curves refer to a one-way coupling simulation.
Among the three components, the dominant intensity is the stream-wise turbulent fluctuation. The
asymmetry of the annular pipe is evident. The internal peaks of the turbulence intensities are
smaller than the external ones. The asymmetry is reduced when the height of the annular pipe
decreases.

The larger pipes are progressively colder than the smaller ones. The curves 7+ are steeper close to
the external wall, for hotter pipes, and conversely is less steep to the internal side. The ratio between
the two slopes is exactly R,/R;, from the definition (4.6). The higher values of the temperature
variance at the internal side suggest that here the instantaneous temperature is subjected to wide
oscillations around its average 7 *. The highest peak of the variance is achieved by the case Ag, at
¢ = 0.1. The reason could be the large radial gradient of the mean temperature close the internal
wall. In fact the slope is so steep that the mean temperature at & = 0.1 is 7+(¢ = 0.1) = 0.5, far
from the threshold values imposed by the Dirichlet boundary conditions. On the other hand, close
the external wall, at & = 0.9 the mean temperature is 7(£ = 0.9) = 0.1, very close to the low
threshold value T,f = 0. Owing to the physical constraint, the temperature can never fall below 0.
Therefore the temperature fluctuations can oscillate less freely.

In similarity with what seen for the velocity profiles, the symmetry is recovered when the walls
are nearer, where the temperature profiles of the annular pipe resemble the channel’s ones.

Imposing two different temperatures at the walls gives rise to the heat exchange gw. The
averaged heat flux, per unit of stream-wise length, at steady state is defined, in dimensional unit,
as

d d
Qw = —2nR;k o) —2nR,k ar (4.5)
dr R; dr R,

The heat flux is expressed in wall unit, with respect to the dimensional quantity prc,Treru-h,
where u, is the friction velocity, namely
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Figure 4.8: The average temperature (T)* ( figure 'a’ ) and the variance (T'?)* ( figure 'b’ ) in wall
unit.

Ri/Ro QiV—V 6:

0.125 | 0.0615 | +/-0,0007(1, 13%)
0.25 | 0.0980 | +/-0.0009(0.97%)
0.5 0.2025 | +/-0.0012(0.58%)
0.75 | 0.4526 | +/-0.0014(0.30%)

Table 4.2: The heat flux @5, and the asymptotic standard error 6% in the one-way coupling regime.
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Figure 4.9: The heat flux @}, ( points ) and the thermal diffusion contribution Q4 ( dashed line ) in

wall unit. The heat flux follows a logarithmic law, and is always 3 times the laminar heat Q”W+ . The

errorbar €f is included for @y, but is negligible under the present scale. Q”W+ = —%% is

the heat exchange occurring at laminar condition under the present setup. The turbulence enhances
the heat fluxes proportionally to the ratio R;/R,.

gt — _2xRi/h dT*| 2R, /h dT*
W'"  PrRe* dé |, PrRe* dé |

(4.6)

The heat exchange @y, is reported in figure 4.9 and table 4.2.4. The asymptotic standard error
is shown with error bars, in figure 4.2.4 below the observable scale, computed as 6% = 30+ /+/Nj,
where ot is the standard deviation of the single measurement, and Ny the number of samples. The
error bar 6% is close or below 1%, and it is negligible with respect to the difference of the results.

The heat exchange is inversely proportional to the height of the channel. In particular, the heat
exchange in the smaller configuration, when R;/R, = 0.75, is eight times higher than in the larger
configuration, when R;/R, = 0.125. Therefore, since the temperature difference between the walls
is fixed, namely AT* =T} —T} = -1, reducing the thermal resistance increases the heat exchange. A
better understanding can be provided by the analysis of the heat equation of the annular pipe. In
fact, the exact equation of the heat @y, can be derived from the Reynolds averaged Fourier equation,
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whose detailed calculation is provided in section D.2. The equation relates the heat exchange to
the temperature difference at the walls A7+ = -1, the radial aspect ratio R;/R, and the turbulent
convection (u.T’)*, namely

+ 2n AT 2n

1
W = " Re Pr R JR) T Tn(RoTR0) ./0 (T'wp)"dg, &= (r=R)/(Ro—Ri) — (47)

_ 2n AT
Re*Pr In(Ry/R;)

1 I . .
(T'u.)*d¢ contribution. In a laminar annular pipe

The heat exchange in a turbulent annular pipe is caused by a thermal diffusion Q”W+ =

2n
In(Ro/R;) JO

flow the heat exchange is Q’VIV+ . In a wall bounded turbulent flow the heat exchange is usually higher
than in the laminar condition with identical setup. The increase is due to the Reynolds heat flux
< u, T’ >*, which measures the turbulent mixing of the fluid, and it is represented by the term
Q‘I}’V*. In figure 4.9 the turbulent contribution of the heat is represented by the vertical distance
between the points ( the heat @, ) and the black dashed line ( the laminar contribution Q)
. The increase of efficiency due to the turbulent mixing grows similar to the black dashed curve,
proportional to 1/In(R,/R;). In fact, the heat exchange is roughly 3 times the laminar contribution
Q”W+ ( blue dashed line ), in all the four configurations. This suggests that the heat Qqy*, with along
the thermal diffusion and turbulent contributions, follow a 1/In(R,/R;) scaling law. Therefore, the
integral of the Reynolds flux (u,.T’) is approximately constant, as shown in figure 4.10. In fact, the
area under the curves (u,.T’) represents the integral. The area appears to be roughly constant, by
visual inspection. The Reynolds heat flux (u,.7’)* has a maximum close to the internal wall, that is
more pronounced for the largest annular pipe. When the height of the pipe decreases, the reduction
of the peak at the internal side is compensated by the increase of the curve at external side. The
increase of heat therefore follows the scaling law [n(R,/R;).

and a turbulent convection Qﬁf =
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Figure 4.10: The Reynolds (u;T’)" and radial ¢; = ~PrRe dE heat density in wall unit, where
_ . . . . . . L+ _ 1 dTE
&= (r-R;)/(Ro—R;). Theradial heat density in a laminar equivalent annular pipe g,* = —RePr df

is also plotted ( black dashed line ) , where Ty is temperature profile if the flow was laminar. The
plots refer to the four geometries R;/R, = 0.125 ( figure 'a’), R;/R, = 0.25 ( figure 'b’), R;/R, = 0.5
( figure 'c’) and R;/R, = 0.75 ( figure ’'d’).
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The radial heat flux g; = —ﬁ‘g—?, per unit of surface, is shown in figure 4.10 versus the
radial distance & = (r — R;)/(R, — R;). When evaluated at the internal and external wall, qy is the
heat exchange but the wall circumference 27R;/h and 27R,, / h, respectively. Owing to the different
size of the walls, the heat density g is higher at the internal side than the external one. The radial

. ar; . . . . . .
heat density q,fJ' = —ﬁd—é in the laminar equivalent annular pipe is also reported, where 77 is

the temperature if the flow was laminar. The wall radial heat density in the laminar condition is
smaller than when the flow is turbulent, i.e. qé+|w < g¢lw. This is because of the increased heat
exchange due to the turbulent mixing, as previously discussed. The thermal diffusion, i.e. g, is
therefore higher close to the walls, where the turbulent convection (u,.T’) is negligible, than in the
laminar flow. At the centre of the pipe however the thermal diffusion is more pronounced in the
laminar flow, because in this region the heat in the turbulent flow is mainly due to the turbulent
convection (u,.T’).

4.2.5 The two-point correlations in the one-way coupling regime

In this section we report the two-point correlation of the velocity u and thermal field T in the
one-way coupling regime. The two-point correlations are defined as

L, 0l (r, 0, +2)

S I P P M P
Ry (r.2) = (u.(r,0,mu,.(r,0,n+2z))
T (uy(r,0,n)uy(r,0,n)) (4.8)
Roo(r.2) = (uy(r,0,muy(r,0,n+2)) ’
oo (uly(r, 0,m)upy(r,0,m))
AT (r,0,n)T"(r,0,m +2))
Rrr(r,z) =

(I’ (r,0,mT'(r,0,n))

for the axial, radial and azimuthal velocity component and thermal field respectively.

The two point correlation functions R(r,z) provide informations on the optimal size of the
domain and on the characteristic length-scales of the coherent structures. The figures 4.11, 4.12,
4.13 and 4.14 provide the two-point correlation of the axial, radial, azimuthal velocity component
and the temperature, respectively. The abscissa is the stream-wise separation coordinate z that
spans between 0 and the semi-length L,/2 = n of the domain. The functions are computed at
the local maximum/minimum of the Reynolds stresses (u,u.) >*. The figures 4.6 and 4.5 show
the position ¢ of such peaks. All the correlations are below 0.2, in absolute value, of the related
turbulent intensity. Among the three velocity components, the coherent structures labelled by R,
are the most correlated. In particular the cases Ag and By show R,, = 0.18 at the external side.
The case Cy also reports non perfect convergence to zero of the internal axial velocity structures (
panel ’a’; R,, ® —0.15 ), as well as the internal temperature correlation, which fails to go below 0.1.
All the remaining functions properly converge to zero at the separation scale L, /2.

The results suggest that the stream-wise size of the domain L, should be increased to to fully
represent the near-wall coherent structures of the cases Ag, By and Cy. In spite of that, the fist and
second moment statistic of the flow are in good agreement with the literature. In addition to this
we have to consider that the objective of this study is the turbulence modulation by the dispersed
phase, i.e. the study of the two-way coupling regime. As we have previously mentioned, when
the particle forcing is enabled, the elongated near-wall vortical structures are disrupted. Therefore
in the two-way coupling regime, the correlations converge must faster to zero. In consideration of
the available computational resources, this will be enough to justify the use of periodic boundary
conditions.
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Figure 4.11: The two-point correlation of the axial velocity fluctuation, internal side ( panel ’a’ ),
external side ( panel b’ ). The correlations are computed where the peaks of the Reynolds stress
occur.
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Figure 4.12: The two-point correlation of the radial velocity fluctuation , internal side ( panel 'a’ ),
external side ( panel b’ ). The correlations are computed where the peaks of the Reynolds stress
occur.
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Figure 4.13: The two-point correlation of the azimuthal velocity fluctuation, internal side ( panel
'a’ ), external side ( panel 'b’ ). The correlations are computed where the peaks of the Reynolds

stress occur.

4.2.6 Spectral analysis of the turbulence intensities in the one-way coupling
regime

The energy spectra are another usuful tool to examine the turbulence coherent structures. The
spectra describe how the energy of different turbulent signals distributes among the spatial length-
scale, or wavenumbers. The spectrum over the homogeneous directions of the signal ¢(r,0,x,1),
expressed in cylindrical coordinates, is defined as the Fourier transform of the autocorrelation func-
tion, namely E;D(l’,kg,kz) = F{o(r,y,x,)p(r,y +0,x + z,1))]. k; and kg are the wavenumbers
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Figure 4.14: The two-point correlation of the thermal fluctuation T’ = T — (T'), internal side ( panel
'a’ ), external side ( panel 'b’ ). The correlations are computed where the peaks of the Reynolds

stress occur.

in the axial and azimuthal periodic directions. Due to the anisotropy of wall-bounded turbulence,
the 2-D spectrum is not invariant under rotations on the plane (k;,kg). Since we aim at studying
the axial elongation of the streaks, we are interested in extracting the modes of the 2-D spectrum
denoting the energy content of the fluctuations in the axial direction. The modes of such 1-D spec-
trum are in the spectral plane of equation kg = 0. In order words the 1-D spectrum is computed
as E?(r,k;) = Eap(r,kg = 0,k;). The axial wavenumber belongs to the real line, namely k, € R,
and in general is both positive and negative. However when the function ¢(r,8,x,t) is real, the
spectrum E?(r,k;) is symmetric around the mode k, = 0, and can be represented with respect to
the absolute wavenumber k = |k;|. The relative one-dimensional spectrum, with respect to k, is
therefore computed as

E?(—k) + E?(k)
EfD(k) = {E¢(k) ¥

To be consistent with the literature, we will study the axial coherent structures by means of the
premultiplied 1D energy spectrum kE 1¢ p (k). The premultiplied energy spectrum denotes the spectral

,k?ﬁO

k=0 (4.9)

energy content in the logarithmic scale of the signal ¢, and is defined as (¢"?) = f_o:o Ekadln(k),
where [n(k) is the natural logarithm of k.

The figures 4.15 and 4.16 report the premultiplied axial spectrum of the stream-wise velocity
k*E'fi;(r, k*) and of the temperature k*Eng(r, k*) fluctuations. The contour is represented over
the plane (&, k%), where as usual & = (r — R;)/(R, — R;) while k* = k€*. The premultiplied spectra
kKEYZ (r,k*)
—2"— and by the reference

are nondimensionalised by the friction velocity k+Ei‘f)+ r, k%) =
KET, (r,k*)
BT

In figure 4.15 we report the premultiplied spectrum of the axial velocity component for the cases
R;/R, = 0.125 and R;/R, = 0.75. In the larger configuration there is a clear asymmetry in the
near wall peaks of the spectrum. The amplitude of the internal peak is higher than the external
one, and is placed at a smaller lengthscale. Hence the stream-wise characteristic lengthscale is
smaller for the internal coherent structures than the external ones. This was also confirmed by the
two-point correlation function in figure 4.11, where for the geometry R;/R, = 0.125 the curves tend
to zero faster at the internal side than at the external one. However, the radial extension of the
peaks is wider at the external side than the internal one. The reader must note that the physical
signal (uu’) is in fact higher close to the external wall. Therefore, the spectrum of the stream-wise
fluctuation, although being higher at the internal wall, decays faster at large wavenumber. The
results are consistent to the spectra of Bagheri [73]. The more narrow configuration R;/R, = 0.75
recovers a partial symmetry. The intensity and position of the peaks are closer to each other. A
zone of minimum values appears roughly at the centre of the pipe, at wavenumber k* = 10725,

temperature k*ElTDJr(r, k) =

58



a) R

Log(k+)
2.6
2.4
2.2
2
— 1.8
— 1.6

— 1.4
- 1.2
—1

— 0.8

02 0.5 08
r-Ri)/(Ro-Ri) (,_[g, ), /(Ro—[?l )

Figure 4.15: The one dimensional pre-multiplied ( z-direction ) spectrum of the streamwise fluctua-

tion k' Ef;" = “p ok A
i =[0,N;/2+1] and ¢* is the viscous length- scale. Data refer to the cases Ay ( panel ’a’) and Dy
( panel b’ ). The vertical axis is Log(k™) = log1o(k™), that is the logarithm in base 10 of k*. The

spectrum is defined as (ulul)(¢) = f k"Euz (&, kN)dIn(k™)

and the axial wavenumber k* = where

versus the radial position & =
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Figure 4.16: The one dimensional pre-multiplied ( z-direction ) spectrum of the temperature fluc-

. kKET . .
tuations k+E1T5 = —2 versus the radial position & = 4 _ng_ and the axial wavenumber k* = ]\2]”;*,
ref ! <

where i = [0, N;/2+1] and ¢* is the viscous length-scale. Data refer to the cases Ay ( panel ’a’) and
Dy ( panel b’ ). The vertical axis is Log(k™) = logio(k*), that is the logarithm in base 10 of k*.
The spectra are defined as (T"?) (&) = f k+ET (& k)dIn(kY).

In figure 4.16 we report the premultiplied spectrum of the temperature of the cases Ag and Dy.
The configuration Ag, the largest one, exhibits a clear asymmetric spectrum with respect to £&. A
peak occurs in the internal side, while the spectrum is monotonically decreasing in the central and
external regions.
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The spectrum is consistent to the informations provided by the energy (772) in figure 4.8 ( right
panel ). In fact, the energy peak of (T'?), when the wall radius ratio is R;/R, = 0.125, occurs close
to the internal wall. On the right side of the peak, the energy decreases monotonically till the zero
boundary condition. In other words, when the energy, i.e. the integral of the spectrum kJ’ElTD+ in
In(k), is larger, the energy containing modes of the spectrum are larger as well.

The smallest annular pipe, of wall radius ratio R;/R, = 0.75, is also shown in the same figure
( right panel ). The shape of the spectrum is very different as compared with the larger pipe.
The peak reduces its amplitude and is moved toward the centre of the annular pipe, at higher
wavenumber ( k* = 1072, R;/R, = 0.125, to k* = 1071 R;/R, = 0.75 ). The symmetry of the
spectrum is partially recovered in this narrow configuration.

The trend of the spectrum is consistent to the variance of the temperature depicted in figure
4.8, whose related maxima are in the region ¢ € [0.2,0.4].

The results are not comparable with the spectra of the temperature of of Bagheri [72]. In fact,
Bagheri et al. impose the heat flux rather than the temperature. This leads to a very different
evolution of the temperature fluctuations in the annular pipe, whose energy content is qualitatively
similar to the axial velocity fluctuation’s one.

4.2.7 The particle concentration and velocity in the one-way coupling regime

In this section we report the analysis of the turbophoresis in the one-way coupling regime of the
annular pipe. The turbophoresis consists in the preferential accumulation of the particles in the
low-velocity regions of the flow, i.e. close the walls. Before to report the results, we wish to describe
the complex fluid dynamic mechanisms leading to the turbuphoresis. In a flow with Cartesian
topology, such as a channel flow, the migration of the dispersed phase is dictated by the normal to
the wall velocity component of the fluid. When a particle is in the logarithmic and buffer layer, it
experiences high levels of turbulent velocity fluctuations. On the other hand, close to the wall the
turbulent intensity vanishes, due to the no-slip boundary conditions. Hence, the probability that
the particle is thrust toward the wall could be higher than to be later pushed away. This mechanism
is regulated by the inertia of the particle, that is measured the time response 7,. When the inertia
is the right one, the normal velocity gained by the particle in the external regions is neither too
high or too small. In fact, If the velocity is too high the particle appraching the wall would bounce
away. If it is is too small the particle would fail to reach the wall. Once the particle enters the
sub-viscous layer, due to its finite mass, it is very difficult that escapes. In fact the quasi-laminar
flow is insufficient to push a finite-mass particle away from the wall. Therefore the intensity of
the turbophoresis is modulated by the particle time response 7,. 7, is expressed by the viscous
time-scale based Stokes number St* = 7, /7%, where 7" viscous time-scale.

In a channel flow the transverse fluctuations have no influence on the turbophoresis. On the
other hand in the annular pipe this may be very different. In fact in the presence of concave curve
walls, the turbophoresis is emphasised by the azimuthal turbulent fluctuations. The azimuthal
fluid velocity, either positive or negative, accelerates the particle in the direction of the wall, since
increases the particle centrifugal force. Conversely if the wall is convex the azimuthal turbulent
fluctuations accelerates the particle away from the wall. The phenomenon is controlled by the
Stokes coefficients St*, and by the curvatures of the wall, that is by R;/R,. Owing to the opposite
curvatures of the walls it is expected that the turbophoresis does not occurs symmetrically in the
annular pipe.

In order to explore the effect of wall curvature and of the particle mass, in the one-way coupling
regime a population of particles, characterised by eleven different Stokes number St*, is transported

2
by the fluid. The Stokes number in wall unit is defined as St* = %Z—’f’ (i{f) . With usual notation

pplpys is the particle to fluid density ratio and ¢* is the viscous length-scale. The aim is to find the
particle inertia, labelled by St*, leading to the most intense turbophoresis. The particle data set is
shown in table 4.3.
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Ri/R, =0.125 | Ri/R, =0.25 | Ri/R, =0.5 | Ri/R, =0.75 |
Stt | dp/R, | St* | dp/R, | St* | dy/R, | St* | dp/R,
2 0.021 2 | 0018 | 2 | 0012 | 2 | 0.006
5 0.034 5 1 0029 | 5 0.02 5 0.01
10 | 0.048 | 10 | 0.041 | 10 | 0.028 | 10 | 0.014
20 | 0.068 | 20 | 0.058 | 20 | 0.040 | 20 | 0.02
40 | 0.096 | 40 | 0.082 | 40 | 0.056 | 40 | 0.028
80 | 0.136 | 80 | 0.116 | 80 | 0.079 | 80 | 0.0396
160 | 0.192 | 160 | 0.164 | 160 | 0.112 | 160 | 0.056
320 | 0271 | 320 | 0232 | 320 | 0.158 | 320 | 0.079

Table 4.3: The particle data set in the one-way coupling regime.

The concentration of the dispersed phase C(r) is defined as

d{np(r,0,z,1))
dv

where n,(r, 6, z,t) is the number of particles inside the cell located by the cylindrical coordinate
system, of volume dV = rdfdzdr and at time f. The concentration is normalised by the averaged
particle concentration Cy = Np,/Vp, where the domain volume is Vp = nL,(R? - Rl.2).

In figure 4.17 the concentration C(¢) is reported with respect to the dimensionless radial position
&= (r—-Ry)/(R, — R;). The plot shows how the particle inertia, labelled bu St*, influences the
turbophoresis for the geometry R;/R, = 0.5, when particle-to-fluid feedback is disabled. The near
wall particle concentration is higher when St* = 10/20. In the other cases the inertia is either too
high or too small, and the concentration is more uniform. At the centre of the annular pipe the
curves are flat, far below the averaged concentration ( i.e. below 1). This is the sign that particles
have migrated to the near-wall regions. In fact, the more the concentration peaks are high, the
fewer particles are found at the central region.

In contrast to the channel where the concentration is symmetric, in the annular pipe the peak
close the concave side is about ten times higher than it is at the convex side. The opposite curvature
of the two walls is the origin of this phenomenon. In fact, at the external side the azimuthal
fluctuations always push the particle closer to the wall, while at the internal side it is the opposite.

The strong turbophoresis of the particles with S+ =10 or St* = 20, suggests that these popula-
tions could lead to the most significant turbulence modification. For the simulations in the two-way
coupling regime, between the two choices, we selected the particles with St* = 10, owing to the
restriction on the particle size of the point-particle approach.

Although the results are omitted, the analysis of the turbophoresis in the other three geometries
of the annular pipe (i.e. cases Ag, By and Cy ) is carried out as well. The conclusions are the same
just reported. The turbophoresis, in the uncoupled simulations, is strongest in an interval of the
Stokes number St* = 10.

The particle concentration C (&) of the population St* = 10 is shown in figure 4.18 for the four
geometries of the annular pipe ( panel 'a’) . The radial position is € = (r — R;)/(R, — R;). In the
central and external regions the concentration is more or less the same in the four geometries. In
particular the turbophoresis on the concave side is not affected by the internal wall curvature. On
the other hand, the internal peak grows when the internal wall curvature is increased. In the largest
and smallest configurations of the annular pipe the difference is very clear. When the wall radius
ratio is R;/R, = 0.75 the internal maximum of the concentration is 5 times higher that it is when
R;/R, =0.125.

The symmetrisation process of the flow field, observed to the fluid, also occurs to the discrete
phase. However, although the difference between the intensity of the internal and external tur-

Cr) = /Co (4.10)
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Figure 4.17: The concentration of dispersed phase C(&) versus the radial position & = I;;_RIQ in

the one-way coupling regime for the case R;/R, = 0.5 ( panel ’a’ ). The particle data set includes
St* =2/5/10/20/40/80/160/320. Enlargements of the plot at the internal ( panel 'b’) and external (
panel '¢’) side are reported. Two peaks of the concentration are reported close to the walls. At the
concave side the concentration is ten times higher than it is at the convex side. The turbophoresis
is more pronounced when St* = 10.

bophoresis is reduced, it is still large when R;/R, = 0.75.
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Figure 4.18: The concentration of dispersed phase C (&) versus the radial position & = Rr__RIé_ in the

one-way coupling regime for the four geometries: R;/R, = 0.125 ( pink line ), R;/R, = 0(.251( green
line ), R;/R, = 0.5 ( blue line ), R;/R, = 0.75 ( orange line ). Enlargement of the plot at the external
( panel 'b’) side is provided. Two peaks of the concentration are reported close to the walls. At the
concave side the concentration is between 10 to 100 times higher it is at the convex side.

In figure 4.19 the particle VI, fluid U* and fluid particle-conditioned U, averaged velocities are
provided for the four configurations, when Sr* = 10. All the averaged velocities are aligned to the
axial direction, and only this component is reported. The radial distance is &€ = (r — R;)/(R, — R;)
while the velocity is in wall unit. The averaged velocity U;; is the unperturbed fluid velocity eval-
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uated at bubble position x, (). This velocity field is necessary to evaluate the particle momentum
equation, as the Maxey-Riley-Gatignol equation dictates. In the one-way coupling regime the un-
perturbed field, that was denoted by the subscript ”(0)” in section 2.6, coincides with the actual
velocity field. For this reason, the subscript ”(0)” is safely removed in the present discussion. The
reader must notice that this will be very different when the particle feedback is activated.

The field U}, is asymmetric as well as U*. However, the conditioned fluid velocity U}, differs
from the fluid velocity U* at the concave side. In this region the particles sample lower than average
fluid velocity values. In contrast, in the other flow regions U* and U}, are roughly the same. The
discrepancy reduces when the distance between the walls decreases.

The averaged particle velocity Vj; and field U}, are equal. In fact, at the stochastic steady state,
the averaged particle drag force is zero, namely

3
Re*

d
(D,)* = TP(U;—V;) =0 (4.11)

Ri/Ro=0.125 Ri/Ro=0.25
a) 20 . . . . b) 20 . . . .

Figure 4.19: The averaged particle velocity V7, the fluid velocity U* and the fluid velocity experi-

enced by the particle U}, in wall unit. The radial position is & = Rr,,_—RIé,-' The plots refer to St™ =10
and to the the four configurations of the annular pipe ( uncoupled-cases) : R;/R, = 0.125 ( panel

'a’ ), Ri/R, =0.25 ( panel 'b’ ), R;/R, = 0.5 ( panel '¢’ ), R;/R, = 0.75 ( panel ’d’ ).

The mean is a useful tool that provides the central tendency of the distribution. In order to
understand how the observables oscillate around the expected value, it is necessary to evaluate the
second moment of the distribution. In figure 4.20 we report the velocity variances (v;i)*, (v;?r *
(u/?)y* of the dispersed phase and of the fluid (u/*)*, (u/*)*, <u’92)+ , in wall unit. The curves refer
to St* = 10. In the one-way coupling regime, the particle velocity variance of the stream-wise
component increases, while the radial and azimuthal components reduce, independently on the
distance between the walls. Although the intensity of the particle velocity fluctuations is differently
modulated in the three physical directions, the asymmetry of the fluid energy profiles is reproduced
by the particles as well.

The interpretation of the observations is as follows. Owing to the damping effect of the particle

Stokes force, the amplitude of the homogeneous velocity components ( i.e. the radial and azimuthal
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components ) is attenuated. On the other hand, while the particle moves radially, its finite inertia
conserves its stream-wise velocity for a longer time than a fluid particle does. Hence, while entering
or leaving the near-wall regions, the particles move with a wider ( with respect to the average )
stream-wise velocity distribution.
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Figure 4.20: The velocity variance of the dispersed phase ( solid lines with points ) (v'22>+ ( panel
"a’), (v},zr)’r ( panel 'b’), (v;?H)J“ (panel ’c’) and of the fluid ( solid lines ) (u)*, (u/?)*, (u’(f)+ ,
in wall unit. The radial position is & = I;:—RIéi and the curves refer to St* = 10, and the the four
configurations of the annular pipe ( uncoupled-cases) : R;/R, = 0.125 ( pink line ), R;/R, = 0.25 (

green line ), R;/R, = 0.5 ( blue line ), R;/R, = 0.75 ( orange line ).

4.2.8 The velocity variance in the two-way coupling regime

We will now present the turbulence modulation induced by the dispersed phase. The particle
feedback is considered for the present simulations, under the ERPP methodology.

Simulations are carried out under constant Reynolds friction Re* = h% The kinematic viscosity
( the nominal Reynolds number in computational unit Rep ) and the height of the pipe h = R, — R;
are obviously unchanged when the particle feedback is activated. Consequently the friction velocity
ur = +/Tw/pyr, and the viscous length-scale £*, of the one-way and two-way coupled cases are the
same. In other words, each configuration of the annular pipe, labelled by the ratio R;/R,, is studied
under constant mean viscous stress 7, ( or constant pressure gradient Z—IZJ ).

Owing to the large particle mass loading ®,,, we can expect both local and bulk modifications of
the flow field. When the flow rate is constant, the expected bulk modification is the increase of the
mean viscous stress 7,,. However, owing to the overmentioned simulation setup, the increased wall
resistance will be measured with the flow rate reduction. An increased flow rate will be interpreted as
a resistance reduction, and vice versa. We remark that to observe the modification of the wall drag
( instead of the flow rate ), it would be sufficient to rewrite the velocity field in a new dimensionless
form, with respect to its bulk velocity up = #_R?). However, in this research this passage is
omitted.
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Before to present how the particles globally affect the background flow, we will focus on the local
modification of the flow field. In this section we report the velocity variances of the stream-wise
(ulul)*, azimuthal (ujuy)* and radial (u,u,)* components, expressed in wall unit in figures 4.21
4.22 4.23. The one-way coupled related quantity is reported as well ( pink lines ). The alteration
of the turbulent kinetic energy ( TKE ) is finally provided.

In the two-way coupling regime, two particle mass loading ratios are considered: @, = 0.2 (
green lines ) and @, = 0.3 ( blue lines). When @, = 0.2 there is a small, though observable, effect on
the root mean squares of the velocity. The stream wise turbulent velocity fluctuations (ulu’)* are
attenuated by the particle back reaction. The most relevant effects are observed when R;/R, = 0.25
and R;/R, = 0.5. In these two configurations, both the internal and external peaks are attenuated,
even if, as we will see later, particles mainly concentrate on the external wall. When R;/R, = 0.125
there is no modification at the internal side. In fact, the reduction is concentrated at the external
side. When R;/R, = 0.75 the stream-wise turbulent fluctuation is preserved in the near-wall regions
structure, even if there is a small reduction at the centre of the annular pipe. The radial (u,u,)* and
azimuthal (uju})* velocity variances are slightly modified, as compared with the axial contribution,
when @, = 0.2. The near-wall energy peaks are subjected to very small increase, barely noticeable
under the present scale.
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Figure 4.21: The root mean square of the stream-wise turbulent fluctuation (u,u’), in wall unit.
The green and blue curves refer to the two-way coupled simulation. The pink curve refers to the
uncoupled simulation.

Very important modifications of the turbulence intensities occur when the particle mass loading
is @, = 0.3. The stream-wise velocity variances report very large attenuations of the peaks, in
particular for the case R;/R, = 0.125. The external peaks are shifted outward, closer the near
wall massive particle clusters. Moreover, in the centre of the annular pipes, small increments of
the stream-wise energy content are detected. The radial and, in particular, the azimuthal velocity
variances report drastic modifications as well. A very large peak appears in the radial energy
component (u,u,)*, close the external wall. At the internal side, in contrast, the energy profiles are
only slightly attenuated. The azimuthal velocity variances (upuj)* show even higher peaks, close
the external wall. The external peaks are about 10 times higher than they are in the uncoupled
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Figure 4.22: The root mean square of the radial turbulent fluctuation (u,.u,.), in wall unit. The green
and blue curves refer to the two-way coupled simulation. The pink curve refers to the uncoupled

simulation.
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Figure 4.23: The root mean square of the azimuthal turbulent fluctuation (ujuj), in wall unit.

The green and blue curves refer to the two-way coupled simulation. The pink curve refers to the
uncoupled simulation.

case. They modification is so large, that the azimuthal and axial velocity variances are comparable
in the external region. However, as the radial velocity fluctuations, the azimuthal profiles are only
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Figure 4.24: The turbulent kinetic energy 2K* = (u’-u’)*, in wall unit. The dashed lines refer to the
one-way coupled simulations. The full lines with points refer to the two-way coupled simulations.

slightly reduced at the internal side.

The annular pipe with radial aspect ratio R;/R, = 0.75 is the only of the present configurations
where the overmentioned radical change of the turbulence intensities are not observed. In fact,
owing the strong fluid confinement, the turbulent intensities, when ®, = 0.3, retain the shape of
the lighter suspensions ( i.e. ®, =0.2 ).

The reported results suggest that the near wall coherent structured are drastically modified when
®,, = 0.3, except when the flow confinement is too large ( i.e. when R;/R, = 0.75 ). In particular, the
strongest modification occurs at the external side, where the massive particle clusters are located.
In this region, the reduction of the stream-wise turbulence intensities is partially compensated by
the increase in the transverse components. In contrast, at the internal side, where the turbophoresis
occurs with minor intensity, the effect on the fluid is considerably reduced.

The turbulent kinetic energy ( TKE ) K is the mean energy, per unit of mass, associated to
the turbulent signal u’. The TKE describes the energy of the turbulent eddies, and it is computed

as the half sum of the variances of the three velocity components ( axial, radial and azimuthal ),
(ulul )+ (uyuy ) +(upuy,

namely K* = 5 C I figure 4.24 the turbulent kinetic energy K* is reported, in
wall unit, versus the radial position & = (r — R;)/(R, — R;).

As previously discussed, in the smallest annular pipe, i.e. when R;/R, = 0.75, there is only a
very small attenuation of turbulent energy content. No influence of the particle mass loading ®,, is
found for this case. The results, of course, are in analogy with the negligible effects observed in the
velocity variances.

In the other three geometries ( the cases A, B and C ) the energy of the turbulent velocity
fluctuation is considerably increased at the external side, while attenuated at the internal ome,
when @, = 0.3. The largest modification occurs when the internal wall radius is R;/R, = 0.25. On
the other hand, when ®, = 0.2, the particle influence on the KTE is small, barely noticeable, as
suggested by the analysis of the velocity variances.

The results show that there is a threshold value of the particle mass loading ®,, beyond which a
radical alteration of the coherent structures is somehow activated. The strong modification mainly
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occurs at the external side of the annular pipe, close to the massive particle clusters. Although
to a lesser extent, the particle effects are observable in the other regions of the flow field, in both
the velocity variances and the TKE. The threshold value is between 0.2 and 0.3 in the geometries
R;/R, =0.125 R;/R, = 0.25 and R;/R, = 0.5, but it is beyond 0.3 when R;/R, = 0.75. This suggests
that increasing the confinement of the fluid, the particle-induced turbulence is somehow reduced.

4.2.9 The viscous, Reynolds and extra stress in the two-way coupling regime

The Reynolds averaged momentum equation in the streamwise component describes how the stresses,
the pressure and the volume forces are related each other. The presence of the dispersed phase calls
for an additional stress in the momentum equation, called extra-stress 7,. The extra-stress is ex-
pressed by the integral 7, = %/Rf, nFp dn, where F, = (fp.) is the averaged particle back reaction

in the axial direction. The sum of the extra-stress 7., the Reynolds shear stress T = —py (u,ul)
and the viscous stress 7, = ,uddliz is the total stress 77 = 7, + g + 7. Following the proof provided

by Fukagata [108|, applied to the annular pipe, the equation of the total stress, that is equation
(4.12), is derived. Additional details are provided in the appendix, in section D.1.

1 [Re 1
- Te + TRdr — —
r R; r

The Reynolds shear stress is g = —pr{u,ul), U, = (u;) is the streamwise averaged velocity
component and [n(R,/R;) is the natural logarithm of R,/R;. In contrast to channel and round
pipes [38, 108], the total stress is a non linear function with respect to r. In fact, 77 is the sum
of a straight line and a hyperbole. However, when the internal and external wall radii are very
close the equation (4.12) equivalently reproduces the dynamic of a channel of width QH%. In
the limit R,/R; — 1, the extra-stress and Reynolds stress become odd functions in r with respect
the centre of annular pipe, that is %. Therefore, the integral in the left-hand side is zero.
Moreover, the multiplier factor of the pressure gradient can be expanded into a linear function
in the neighbourhood of the mean radius %. Therefore, when the distance between the walls
decreases, the total stress approximates a linear odd function. The feature was shown and discussed
for the one-way coupled simulations, in figure 4.6. The same aspect will be now addressed when
the particle-back reaction is active, and the additional extra-stress is taken into account.

In figure 4.25 we report the Reynolds stress ( with negative sign ) (uy.u’)*, the viscous stress
T = %i[—l?, pflug % lef" nFp_dn and the total stress 77 = 77 + 7, — (u u})" in
wall unit. The radial position is expressed in dimensionless unit by & = (r — R;)/(R, — R;). The
two-way coupled simulations ( lines with points ) are compared with the unladen case ( dashed line
). From top to bottom, the figures show the effect of the radial aspect ratio R;/R,, in ascending
order. The left panels report the findings when the particle mass loading is ®, = 0.2, while the
right panels are referred to suspensions with ®, = 0.3

The first important result is that the extra-stress 7, is always negligible as compared with
the other stresses, in particular to the Reynolds stress (u,u’). The total stress is therefore solely
determined by the resultant of the Reynolds shear and viscous stress, as in the unladen case. The
results are not in total agreement to the particle-laden round-pipe two-way coupled DNSs conducted
by Battista et al. [38]. In fact, they found that close to the wall the extra-stress is up to 10% of
the total stress, for particle density ratio p,/ps = 180 and Stokes number St* = 10. Although the
discrepancy could be motivated by the different topology of the domain, we highlight that their
findings refer to a particle mass loading @, = 0.4, which is higher than in the present research. In
our annular pipes, suspensions with particle mass loading ®, = 0.4 were unsuccessfully simulated,
owing to numerical instabilities. Since the instabilities were caused by locally very high particle
feedback, we can’t exclude that similar effects, of those observed by Battista et al, could be present
in the annular pipes, when heavier suspensions are considered.

B S ’ 412
An(Ry/R) 2 )az Har TTeTR (4.12)

R - R? r2) dP _ du,

the extra stress 7} =
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Figure 4.25: The turbulent shear convection (u;r,)* ( red lines ), viscous stress 7,; = s 7z ( blue

lines ), extra stress 7 = uf%r lejo nFp_dn ( green lines ) and total stress 77 = 7, — (u;r,)* + 7, ( black
lines ) in wall unit, versus the radial distance & = (r — R;)/(R, — R;). Lines with points are referred
to the two-way coupled simulations. The dashed lines report the results of respective unladen cases.
In the left axis the scale of the extra-stress and of the turbulent shear convection is provided. The
right axis reports the scale of the viscous ans total stresses.

The modificationos of the stresses in the annular pipe with radial aspect ratio R;/R, = 0.75
are consistent with the velocity variance observed in the previous section. In fact, the modification
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appears negligible, when the particle feedback is active, for any particle mass loading considered.
Conversely, the fluid stresses are highly modulated by the particles when the mass loading is
®,, = 0.3, in the three smaller annular pipes ( R;/R, = 0.125, R;/R, = 0.25 and R;/R, = 0.5 ). The
total stress 7 is shifted downward, as compared with the unladen cases. In the central regions,
where the viscous stress 7 is negligible, the reduction is caused by the increased turbulent shear
convection (u,u’)*. On the other hand, in the near-wall regions the turbulent fluctuations vanish,
and the reduction of the viscous stress T; controls the modulation of the total stress. Therefore, the

viscous wall stress increases at the external wall, but decreases at the internal wall, in absolute value.
Tw; Ri+7y, R,

In fact, owing to the simulation setup ( constant Re* ), the mean viscous wall stress 7, = —p—

is constant.

When the particle mass loading is @, = 0.2 ( left panels ) we do not observe any significant
alteration in the stress profiles.

The flow rate depends on a integral, suitably weighted, of the Reynolds stress and the extra
stress. The equation that regulates such dependency is derived in the appendix, in section D.1,
and follows the proof of Fukagata [108], extended to the particle-laden annular pipe. Clearly the
reduction of the flow rate will be solely dependent on the modification of the turbulent shear
convection. In fact, the extra-stress is always negligible as compared with the Reynolds shear
stress. This very important aspect will be addressed in more details in the forthcoming section.

4.2.10 The flow rate reduction due to the dispersed phase

The flow rate depends on a integral, suitably weighted, of the Reynolds stress, the extra stress and
on the pressure gradient ( or equivalently the mean viscous stress ). The equation is derived in the
appendix, in section D.1, and generalises the Fukagata’s proof [108] to the particle-laden annular
pipe turbulent flows. The equation is reported below

(RZ - R?)?

4 4 4
—<{R° - R’ — =1,+Ig+1 4.13
4(Ro - Ri) { ¢ ! ln(Ro/Ri) }TW 2 R ¢ ( )

. Twg, RitTwg Ro | i i 5 i
The mean viscous wall stress 1, = —x—%—"— is given by three contributions: the viscous I,
O U

the turbulent Ig and particle ( or extra-stress ) contributions /.

= uQ o
Ig = ﬂfRRv {% - FQ} TRAr (4.14)
2 2
= n/RL" {215(&512 3 rQ} T.dr

I, is the contribution of the wall viscous stress due to the averaged viscous diffusion. In a
laminar unladen flow I,, is entirely responsible of the wall viscous stress, since Ig = I, = 0.

Under constant viscous wall drag t,,, in a single-phase turbulent wall-bounded flow the flow
rate is usually lower than in the equivalent laminar case. The reduced flow rate is associated to the
existence of near wall coherent motions. These coherent structures are characterised by ejection and
sweep events [109]. The ejections are fluid with low stream-wise speed moving away from the wall.
The sweeps are inrushes of high stream-wise speed fluid toward the wall. The effect of such near
wall motions on the averaged momentum balance is captured by the Reynolds stress 7X. Similarly,
the dispersed phase affects the fluid momentum by means of the extra-stress 7¢, as explained in
the previous section. In the former section we have shown that the extra-stress is negligible, as
compared with 7R.i Therefore, according to the equations (4.13) (4.14), the alteration of the flow
rate will be driven by the Reynolds shear stress. In the annular pipe the Reynolds shear stress
increases on the external side, while decreases on the internal one. While the increment of the
Reynolds shear stress is associated to the intensification of the near-wall sweep and ejection events,
and therefore to the flow rate reduction, the decrease of the Reynolds shear stress is symptom of a
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flow rate increase. Hence, the modification of the shear stress contributes to increase the flow rate

at the internal side, while to reduce it at the external one. However, the Reynolds shear stress 7R,

as well as the extra-stress 7¢, affects the flow rate by means of the geometric factor % —r2
Physically, this means that the stresses do not provide a uniform contribution, but the flow rate
will depend on where, along the radial position, the stresses are modified. In the annular pipe, the
modifications on the external side have greater weight than those occurring on the internal one.
This is in particular true when the distance between the walls is large, i.e. when R;/R, is small.
Therefore, basing on n the observations given in figure 4.25, we could expect that the overall effect
of TR is to increase the viscous resistance.

All the considerations just given are captured by the flow rate equation equation (4.13) (4.14).
The modification of the flow rate will depend on the integrals Ig and I, which are related to the
Reynolds shear stress and the extra-stress, respectively. The turbulent and particle contributions

of the flow rate will be now measured and reported for the two-way coupled data set.
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Figure 4.26: The viscous I, ( green rectangles ), turbulent /g ( blue rectangles ) and extra stress I, (
orange rectangles ) contributions of the mean viscous wall stress 7,,. Data are reported with respect
to the viscous contribution of the unladen referred case I }fway . The sum of the three contributions
is constant for each R;/R,. The reduced flow rate is observable when ®, = 0.3. The reduction is
accompanied by the increase of the turbulent contribution Ig. The extra stress contribution I is
negligible.

In figure 4.26 the viscous I, ( green rectangles ), turbulent I ( blue rectangles ) and extra stress
I, ( orange rectangles ) contributions of the mean viscous wall stress 7,, are provided. Data are
reported with respect to the viscous contribution of the unladen reference case I}l_way . The sum
of the three contributions is constant for each R;/R,, whereas it may differ when the internal wall
radius is changed.

The extra stress contribution I, is always negligible. The result is consistent with the findings
presented in the previous section, where the extra-stress 7, is shown to be insignificant as compared
with the shear stress 7g.

When the particle mass loading ratio is @, = 0.2 the flow rate does not decrease ( Iu/llll_way ~1

). Since Ie/IIl,_Way ~ 0, the turbulent wall stress contribution in the 1-way Illz_way
coupled cases coincide under the presented scale.

The reduced flow rate is observable when ®, = 0.3. The exception is the case D (i.e. R;/R, =
0.75 ), where the confinement of the fluid is enough strong to absorb the particle-induced turbulent
fluctuations ( see the behaviour of g and 7. in figure 4.25 ).

If we compare the two histograms ( panel ’a’ and panel 'b’) , we observe that when Q decreases
the turbulent contribution Ig increases. Therefore, since I, is negligible, the reduced flow rate is
entirely attributed to the modified turbulent shear convection generated by the particles. The direct
influence of the particle feedback on the flow rate is negligible.

We stress the crucial findings of this analysis. The mechanism through which the particles affect
the flow rate ( or the viscous wall stress ) involves the modification of the turbulent shear convection

and 2-way Ig
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(ulul) (or T8 ). The results suggest that, owing to the asymmetric weight of 7 in the integral Ig,
the increased viscous resistance provided by the Reynolds shear stress at the external side dominates
the opposite contribution at the internal one. In addition to this, the extra-stress contribution I, is
negligible. Hence, the particle feedback significantly influences the Reynolds shear stress, but the
direct effect on the flow rate, through I, is insignificant.

4.2.11 The two-point correlation function in the two-way coupling regime

In this section we report the two-point correlation functions of the velocity u and of the thermal field
T, in the two-way coupling regime. The two-point correlation functions of the axial R,,, radial R,,,
azimuthal Rgg velocity and temperature Rpr fluctuations are defined in equation (4.8). The two
point correlation functions R(r,z) provide informations on the optimal size of the domain as well
as the length-scales of the coherent structures. In figure 4.27 are reported the two-point correlation
functions for annular pipe of wall radius ratio R;/R, = 0.25. The correlations are computed where
the peaks of Reynolds stress occur in the one-way coupling regime. In particular, we report the
correlation of the internal ( left panels ) and external ( right panels ) near-wall coherent structures.

As observed in the instantaneous snapshot in figures 4.2 4.3 4.4, the particle forcing disrupts
the axially-elongated coherent structures of the wall turbulence. The phenomenon is detected by
the correlations and involve both the turbulent velocity and the temperature fluctuations. In fact
the convergence to zero of the correlations is accelerated. In fact, where the flow was still correlated
in the one-way coupling regime, the activation of the particle feedback considerably reduces the
minimum reached at the largest separation z = L,/2. The effect is more pronounced when the
particle mass loading is ®, = 0.3, but is still present when ®, = 0.2. Hence, the axial characteristic
length-scale of the near-wall coherent structures decreases both at the internal and external side.

These observations are reported in all the four annular pipes ( cases A, B, C, and D). However
the results of the cases A, C and D are omitted, being verbosely redundant.

In conclusion, the stream-wise domain size L, = 27 of the domain may be unsuitable to treat
the single-phase turbulent flow, as also discussed by Bagheri et al. [74]. However in the presence
of a dispersed phase, the reduction of the stream-wise characteristic length-scale of the near-wall
coherent structures justifies the use of periodic boundary conditions.

4.2.12 The Reynolds heat density and the heat flux in the two-way coupling
regime

In the present simulations the inter-phase momentum coupling is enforced. However, the dispersed
phase and the fluid can’t exchange heat, since the particles are considered thermally inert. The
modification of the thermal fluid field can still occur, if the turbulent mixing is altered. The
turbulent thermal convection is represented by the Reynolds heat density (u,.T’). The Reynolds
heat density affects the heat exchange in the annular pipe according to the heat equation (4.7).
According to the equation, the area under the curves (u,.T’) provide the turbulent contribution of
the heat exchange.

In figure 4.28 the Reynolds heat density (u,.7’)* is reported in wall unit. The radial distance is
&= (r—R;)/(R,—R;). The one-way coupled reference ( pink lines ) cases are provided in comparison.

The annular pipe R;/R, = 0.75 reports no modifications of the Reynolds heat density, for any
particle mass loading ®,, considered. The other three configurations R;/R, = 0.125, R;/R, = 0.25,
R;/R, = 0.5 show negligible alterations when ®, = 0.2. When @, = 0.3 the curves increase on the
right-hand of the annular pipe, while the position and value of the internal peak is more or less
unchanged. Due to the increased area under the Reynolds heat density, we expect to find a small
increase of the heat exchange when ®,, = 0.3, in the three smallest configurations ( R;/R, = 0.125,
R;/R, =0.25 and R;/R, = 0.5 ).

The heat exchange Qw in the two-way coupling regime is reported in figure 4.29. Data are
compared with the unladen value Q‘l,;w“y. The error bar 6, = 30'/\/ENS), is reported, where o is
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Figure 4.27: The two-point correlation functions of the axial velocity fluctuation R,, ( panels 'a’
and 'b’), radial velocity fluctuation R, ( panels ¢’ and ’d’ ), azimuthal velocity fluctuation Rgg
( panels ¢’ and 'f’ ) and temperature fluctuation Ryr ( panels ’g’ and 'h’ ) for the annular pipe
of wall radius ratio R;/R, = 0.25. The axial distance z ranges between 0 to the half-length of the
annular pipe L,/2 = . The correlation is computed where the peaks of the Reynolds stress occur.
The left panels refer to the correlation computed at the internal side. The right panels refer to the
correlation computer at the external side.

the standard deviation of the single measurement, and Ny the number of samples.
When ®,, = 0.3 the heat exchange increases in all the four configurations. The largest increment
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Figure 4.28: The Reynolds heat density (u.7’)*, wall unit, in the

radial position is & = (r — R;)/(R, — R;).
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Figure 4.29: The heat exchange Qw in the two coupling regime compared with the unladen value
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QW

measurement, and Ny the number of samples.

. The error bar 65 = 30'/\/ZNS), is reported, where o is the standard deviation of the single

is achieved when R;/R, = 0.25, but does not go beyond 5%. When ®, = 0.2 the ratio QQ—W

1-way

w
oscillates very close 1. Therefore there is no specific trend with respect to the curvature of the
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internal wall. The modification in this case is very small, order of 1-2%.

The small increment ( few percentage points ) of the heat exchange, found when @, = 0.3,
is much lower than the reduction of the flow rate ( order of 20-30%). Therefore, the two-way
momentum inter-phase coupling is little effective in influencing the heat exchange, if the particles
are thermally inert.

The heat exchange modification is consistent with the behaviour of the Reynolds heat density

in the two-way coupling regime observed in figure 4.28.

4.2.13 The turbophoresis in the two-way coupling regime
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Figure 4.30: The normalised particle concentration C (&) versus the radial position & = (r—R;)/(R, —
R;). The concentration in the one-way coupled simulations are provided as well ( pink lines ). The
enlargements of the plots close to the external wall are reported.

Owing to the modification of the turbulence structures observed in the previous sections, the
particle transport can be strongly affected by the two-coupled momentum transfer. Therefore the
transport of the dispersed phase, when the particle feedback is disabled, is likely far from reality.

At this aim in this section we report the analysis of the turbophoresis in the two-way coupling
regime. The turbophoresis is measured by means of the normalised concentration C(r), defined by
the equation (4.10).

We remind to the reader that in the two-way coupled simulations, the Stokes number St* = 10 is
constant. The selected Stokes number St* = 10 corresponds to the most intense turbophoresis in the
one-way coupling regime. In this regime is probable to find the strongest fluid-particle interactions,
once the two-way coupled momentum transfer is enabled. The influence on the particle transport,
when the particle back-reaction is active, of the particle diameter ( i.e. the Stokes number ) is out
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of the scope of the present research.

In the present simulations, the initial particle concentration is homogeneous. The turbulence
activates the migration processes that lead to the turbophoresis. The characteristic time of these
fluid dynamic phenomena is very long. The concentration reaches the stochastic steady state in
between 800 to 1200 computational instants, depending on the specific case. If we consider a
particle of axial velocity equals to the bulk velocity in the unladen case ( ie. v, =up =1 ),
the particle crosses the whole length of the annular pipe between 127 to 190 times before the
transient is complete. Owing to this very slow transient, it is very important that the simulations
are evolved over a prolonged temporal interval. The steadiness is finally verified through the analysis
of consecutive temporal chunks of the whole statistic, omitted in the present work. We now report
the results at steady state.

In figure 4.30 we report the particle concentration C (&) versus the radial dimensionless position
&. The plots refer to the four annular pipe geometries: R;/R, = 0.125 ( panel ’a’ ), R;/R, = 0.25 (
panel b’ ), R;/R, = 0.5 ( panel '¢’ ), R;/R, = 0.75 ( panel ’d" ). The findings of the one-way coupled
simulations are reported ( pink lines ) as well.

The turbophoresis is strongly modified when the internal wall radius is R;/R, = 0.125, R;/R, =
0.25 and R;/R, = 0.75. In these three annular pipes the concentration drops in the central and
internal regions, while the external peak increases. Therefore when the particle feedback is active,
the particles tend to be attracted more easily to the external wall. Consequently the turbophoresis at
the internal wall reduces, while at the external wall increases. The effect is greater when the particle
mass loading is ®, = 0.2. Strangely, this corresponds to the minimal turbulence modifications, in
terms of velocity variances and flow rate. This tiny effects are however capable to produce large
alterations in the particle transport. When the particle loading is ®, = 0.3, a compensatory
mechanism occurs. In fact, although the turbulent structures and the flow rate vary substantially,
the particle concentration recovers the structure of the one-way coupled simulations.

The annular pipe with internal wall radius R;/R, = 0.75 has a complete different behaviour. In
this case the increment of the turbophoresis is proportional to the particle mass loading. Moreover
The effect is very small, as compared with the other three geometries.

The very important result is the enhanced turbophoresis at the external wall, occurring at
particle mass loading ®, = 0.2. In fact, standard theoretical models suggest that the largest
accumulation depends on the wall-normal fluid velocity variance [102|. However, as shown in figure
4.22, this doesn not happen since we would expect a larger concentration when ®, = 0.3. The
results suggest that the mechanism of wall-accumulation is driven by some extra phenomena when
the back-reaction is active. Further analyses are required in order to address the phenomena, and
results are not conclusive.

4.2.14 The particle velocity in the two-way coupling regime

We will now present the particle averaged velocity Vp = (vp), in comparison with the fluid U = (u),
observed in the two-way coupling regime. As discussed in section 4.2.7, we remind that the particle
and fluid velocity may differ at steady state. In fact, the unperturbed fluid velocity sampled by the
particle itself, on which the particle drag depends, may differ from the fluid velocity, i.e. Uy, # U.
This is in general true even in the one-way coupling regime, where the unperturbed field coincides
with the actual field, since the particle disturbance is absent ( for additional details see section 2.6
). In the two-way coupling regime the difference between the two fields is more pronounced, since
the particle self-disturbance must be removed from the conditioned field Up,.

In figure 4.31 we report the axial particle V),  and fluid velocity U, in wall unit, versus the radial
position & = (r — R;)/(R, — R;). The radial and azimuthal component of the velocity are omitted,
since they are statistically zero.

The large flow rate reduction is observable when @, = 0.3 ( blue curves ) in all the annular
pipes, except when R;/R, = 0.75. The asymmetry of the velocity profiles is conserved when the
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Figure 4.31: The particle averaged velocity Vj ( circles ), in wall unit, versus the radial position
&= (r=Ri)/(R, — R;). The fluid velocity U} is depicted with filled lines.

back-reaction term is activated, and the profiles are evenly attenuated in all the annular pipe. When
®,, = 0.2 ( green curves ) the flow rate is slightly attenuated, for any R;/R,.

The particle and fluid velocity profiles are in analogy with the one-way coupled cases, reported
in figure 4.19. In fact, the particle velocity roughly equals the fluid one everywhere, but in the
vicinity of the walls, where the particle velocity is lower. This phenomenon is more emphasised at
the external side, espetially for low R;/R,. In particular, when R;/R, = 0.125 and R;/R, = 0.25
the particle velocity matches pretty well fluid velocity internally, while it is not externally. This
suggests that the particles oversample the external low-speed fluid streaks much more frequently
than internally. This behaviour is independent on ®,, under the range of control parameters
considered in this research.

4.2.15 The particle velocity variances in the two-way coupling regime

In the two-way coupling regime the particle velocity fluctuations can be affected by the particle
feedback as well as the turbophoresis. The energy of the velocity fluctuations is represented by the
velocity variances. The difference between the particle and fluid velocity variances describes how
the dispersed phase is able to follows the fluid flow.

The particle velocity variances is reported in the present section, in the two-way coupling regime.
The axial (v;,zz>+, radial (v},zr>+ and azimuthal <v;729>+ particle velocity variances are reported ( circles
with line ) in wall unit in figures 4.32, 4.33 and 4.34. The findings of the uncoupled case are reported
as well ( pink curves ). The corresponding fluid velocity variances ( filled lines ) are provided as
comparison.

When the particle mass loading is ®, = 0.2 the turbulence intensities are preserved, except
small alterations close the walls. The findings show that the particle velocity fluctuations are
modified accordingly. In fact, the energy of the particle axial velocity fluctuations are still larger
than the fluid’s one close to the external wall, as it is in the unladen case, although the peak value
reduces. Moreover, the intensities of the particle radial and azimuthal fluctuations are attenuated
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Figure 4.32: The variance of the axial component of the particle ( circles with lines ) and fluid (
filled lines ) velocity. he radial position is & = (r — R;)/(R, — R;). The findings in the one-way
coupling regime are reported ( pink curves ).
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Figure 4.33: The variance of the radial component of the particle ( circles with lines ) and fluid (

filled lines ) velocity. The radial position is & = (r — R;)/(R, — R;). The findings in the one-way
coupling regime are reported ( pink curves ).
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Figure 4.34: The variance of the azimuthal component of the particle ( circles with lines ) and fluid
( filled lines ) velocity. The radial position is € = (r — R;)/(R, — R;). The findings in the one-way
coupling regime are reported ( pink curves ).

as compared with the fluid. The phenomena can be attributed to the damping effect of the Stokes
force, which makes the dispersed phase unable to perfectly track the fluid unsteady motions.

When the particle mass loading is ®, = 0.3 the turbulence structures are subjected to radical
transformations. In particular, a large modification of the turbulent intensity is observable close
to the external wall, where the massive particle clusters are located. The alteration involves the
variances of the three fluid velocity components together. The turbulence modification is in turn
transmitted to the dispersed phase. In fact, the particle velocity variances show large differences as
compared with particle mass loading ®, = 0.2. In particular the greatest changes occur when the
large flow rate reduction is observed, i.e. when the wall radius ratios are R;/R, = 0.125, R;/R, = 0.25
and R,/R; = 0.5. The inclination of the particles to track the axial fluid fluctuations is improved
at the external side ( see panels ’a)’ ’b)’” and ’c)’ ). In fact, the particle and fluid axial velocity
variances are very close in the vicinity of the external peak. The reduction of the peaks of the
fluid axial energy, which is transferred to the transverse directions, can be an explanation of such
behaviour. The radial and azimuthal particle velocity variances are smaller than the fluid ones, as
in the one-way coupling regime. However, in the two-way coupling regime the peaks of the energy
of the transverse velocity components are significantly higher. Hence, the corresponding particle
energy is similarly increased ( see the blue curves in figures 4.32, 4.33 and 4.34 ).

When the wall radius ratio is R; /R, = 0.75 the strong fluid confinement prevents the formation of
the strong particle-induced turbulence, which leads to the flow rate reduction. In fact, the turbulence
intensities, as discussed in previous sections, are more or less unchanged when the distance between
the walls is so short. The particle velocity variances, which are correlated to the vortical structures,
are consistent to this observation. Their modification is indeed negligible when both the two particle
mass loading ®, = 0.2 and ®,, = 0.3 are considered.

Similar particle velocity variances are found in the experiments of Kulick et al. [34], who
investigated a particle-laden down-flow fully developed channel flow via LDA measurements. As in
our simulations, they have found that particle fluctuation intensities are larger than the unladen-
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fluid velocity fluctuation in the streamwise direction but are smaller in the transverse directions.
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Chapter 5

Final remarks

5.1 The bubble-laden homogeneous shear flow

The Exact Regularised Point Particle (ERPP) method has been exploited in a Direct Numeri-
cal Simulation of turbulent homogeneous shear flow laden with millions of Kolmogorov-sized rigid
bubbles in the two-way coupling regime. By means of the Eulerian-Lagrangian approach, the simu-
lations provide a study of turbulence modulation of bubble-laden shear flow exploiting a physically
consistent inter-phase momentum coupling, namely the ERPP method.

The results show that bubbles are able to reduce the turbulent kinetic energy content K and
dissipation rate €. The modification is almost irrespective of the void fraction, but increases with St,,.
Velocity variances in the three coordinate directions are equally attenuated by two-way coupling
effects. Turbulent energy depletion is caused by the change of the turbulent energy production
spectrum P(k). In fact, the spectral distribution of the bubble-to-fluid coupling term ®(k) is
negligible. Therefore the turbulence modulation occurs through change in the spectrum of the
Reynolds shear stress (vivs). The attenuation of the energy content is small but occurs throughout
the spectral scales. Significant alteration of the spectral distribution of either the turbulent kinetic
energy E(k) and the dissipation spectrum D(k) are not observed. The results agree with those
discussed in Ref.[47, 65|, where gravity is considered, except for those pertaining the small scale
turbulence statistics. In fact, the ERPP method predicts a small, though measurable, depletion
of the energy content in the dissipative range. The effect of buoyancy, which is not considered in
our simulations, on the back reaction term could affect the energy content across the spatial scales.
Therefore the higher level of energy found at the smallest scales found by Mazzitelli et al. could
be ascribed to the widely discussed numerical drawbacks of the PIC approach or to gravitational
effects. Further investigations are required to address the phenomena described by Ref. [47, 65].

The bubble clustering, accordingly to literature, manifests in the form of thin elongated struc-
tures. The exponential behaviour of the Radial Distribution Function proves that bubbles exten-
sively agglomerate toward smallest scales. Despite that, the clusters retain the alignment of the
largest turbulence vortical structures, as documented by the SO(3) decomposition of the Angular
Distribution Function. Namely, the mode go1(r) which samples the principal directions of the mean
flow, is the most energetic revealing a preferential orientation of the clusters along the latter spatial
directions. The bubble spatial distribution recovers homogeneity at increasing separation. The clus-
tering intensity increases with St,, and is subjected to a small depletion when the back-reaction is
active. This modification occurs also in the very dilute case ¢, = 0.25%, though irrespectively of the
void fraction, suggesting that the turbulence modification is more effective to the clustering process
controlled by the Stokes number rather than the void fraction. This trend is well documented by
cases C and D where bubbles concentrate into small scale clusters.
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5.2 The particle-laden annular pipe flow

The Exact Regularised Point Particle (ERPP) method, corrected for wall-bounded flows, has been
employed in Direct Numerical Simulations of turbulent annular pipe flows laden with millions of
small heavy particles in the one-way and two-way coupling regime. By means of the Eulerian-
Lagrangian approach, the simulations provide a study of turbulence modulation of particle-laden
annular pipe flow exploiting a physically consistent inter-phase momentum coupling, namely the
ERPP method.

The analysis the particle-laden annular pipe is firstly provided in the one-way coupling regime.
Four different configurations, with wall radius ratio R;/R, = 0.125/0.25/0.5/0.75, are studied.

The analysis of the averaged fluid velocity shows that the profiles are asymmetric and their
peaks are located into the inner half of the annular pipe. The asymmetry is inversely proportional
to R;/R,. When R;/R, = 0.75 the solution partially recovers the structure of a turbulent channel
flows.

The fluid velocity variances are asymmetric as well, and have the same trend with respect to
R;/R,. The peaks at the internal side are smaller than they are at the external one. The dominant
intensity is the stream-wise component, where the energy transfer from the mean field is provided.

The viscous 7, = pM and Reynolds shear stresses (u,u’) are reported. The zero of the
stresses occurs at the same position, into the inner half of the annular pipe. Therefore, the peak of
the fluid mean velocity occurs where the Reynolds shear stress is zero, for all the four geometries.
In absolute values, the peak of the Reynolds stress is higher at the external side than it is internally.
The viscous wall stress is larger at the convex wall, although the hydrodynamic force is larger at
the concave wall.

The temperature is evolved as a passive scalar by means of the Fourier equation. The internal and
external wall temperature are constant, equal to 7; = 1 and T, = 0, respectively. The temperature is
periodic along the stream-wise direction. The heat exchange is modulated by the thermal resistance
of the whole system.

Owing to physical constraints, the temperature is bounded inside the boundary values, i.e.
T € [0,1]. The thermal fluctuations are very close to the average at the external side, where the
mean temperature is near the lower bound 0. In contrast, at the internal side the mean temperature
falls rapidly down from the wall boundary value, the fluctuations are more intense.

The heat equation of the annular pipe is provided, and the heat exchange is studied as function
of the radial ratio R;/R,. The heat exchange, with along both the thermal diffusion and turbulent
contributions, shows a 1/In(R,/R;) scaling law. In fact, the area under the Reynolds heat density
is roughly constant, in the four geometry. Moreover, the heat exchange in the turbulent annular
pipes is always 3 times higher than in the equivalent laminar flow.

The two point correlation functions and the one dimensional spectra show that at the external
side the near wall coherent structures are longer, in the stream-wise direction, than they are inter-
nally. The spectral energy of the temperature is largest where the peak of temperature variance
is observed. The spectra and the variance of a quantity are indeed strictly correlated, since the
integral of the spectra is the variance itself. The asymmetry is, again, recovered when the distance
between the walls decreases.

The turbophoresis is explored in the four geometries, when the particle back reaction is disabled.
Eight different particle populations, each one labelled by a viscous time-scale based Stokes number
St*, are considered. The particle agglomeration close to the walls is largest when St* = 10. Moreover
the peak at the external wall is between 10 to 100 times the internal value. The influence of the
wall curvature is addressed. There is small influence on the turbophoresis due to the wall radii. In
fact, we find only a small increment of the particle concentration close to the internal wall, when
R;/R, increases. Although the difference between the internal and external peak is still large ( 1 to
10 ) the particle diffusion follows a similar symmetrisation process that occurs to the fluid.

The particle V,,_, fluid U, and fluid particle-conditioned U,_ averaged velocities are reported.
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The velocity U,,_ is the averaged fluid velocity experienced by the p-th particle, i.e. the velocity of
the fluid constantly evaluated at particle position x, (). At the stochastic steady state, the velocities
V, and U, are equal, since the mean axial drag force is zero. The particle velocity variances are
compared with the fluid ones. Owing to damping processes, the azimuthal and radial components
of the particle kinetic energy are smaller that the fluid ones. On the contrary, the stream-wise
particle velocity variance is larger than the stream-wise turbulent intensity. This phenomenon is
attributed to the particle inertia. Particles can conserve the stream-wise velocity better than fluid
does, while moving radially through the annular pipe. Therefore the deviation from the mean,
which is conserved, increases.

The two-way coupled simulation are carried out for the particle population characterised by the
Stokes number St* = 10. The turbulence modulation is explored in combination of the particle
mass loading ratios @, = 0.2/0.3 in the four geometries presented ( R;/R, = 0.125, R;/R, = 0.25 ,
R;/R, = 0.5 and R;/R, = 0.75 ). The simulations are conducted under constant Reynolds friction
number Re* = 180 and Prandtl number Pr = 0.79. The nominal Reynolds number Rey differs in
the four geometries. This allows to compare the flow fields, ensuring that the bulk velocity is always
up =1 in the unladen case.

When ®,, = 0.2 there is a very small effect on the fluid velocity variances, measured in a
tiny reduction of the peaks of the turbulent kinetic energy. On the contrary, when the particle
mass loading is @, = 0.3 we observe important modifications of the turbulence intensities. In this
case the stream-wise velocity variances show a large attenuation of the peaks, in particular for
the case R;/R, = 0.125. The external peaks are shifted outward, close to the near wall massive
particle clusters. The radial and, in particular, the azimuthal velocity variances report intense
modifications as well. A large peak appears in the radial component (ul.u.)*, very close the external
wall. At the internal side, in contrast, the energy profiles are only slightly attenuated. The azimuthal
velocity variances (ujuj,)* show even higher peaks, close the external wall. The peaks are about 10
times higher than in the uncoupled case, and they are comparable to the maxima of stream-wise
component (ulul)*. As for the radial fluctuations, the azimuthal profiles slightly reduce at the
internal side.

Up to 30% reductions of the flow rate is observed, when ®, = 0.3, in the three smallest annular
pipes (i.e. R;/R, =0.125, R;/R, = 0.25,R;/R, = 0.5 ). On the other hand when R;/R, = 0.75 and
when @, = 0.2 very small or no reduction of the flow rate is observed.

The mechanism of the flow rate modification is explored by studying the Reynolds shear and
extra stresses. In fact, the phenomenon can be studied by means of the equation of the flow rate of
the annular pipe. The equation relates the flow rate with the mean viscous wall stress, the Reynolds
stress and the extra stress. The different contributions of viscous wall stress, which in the present
simulation setup is constant, are studied. When the flow rate reduces, the turbulent contribution
increases. On the other hand the extra-stress contribution is always negligible. The flow rate
reduction is therefore solely attributed to the modification of the turbulent shear convection. This
is confirmed by the profiles of the Reynolds and extra stress. The extra stress is indeed always
negligible as compared with the Reynolds stress.

The modification of the heat-exchange due to inter-phase momentum exchange is explored. The
Reynolds heat density slightly increases when the flow rate occurs ( i.e. ®, =0.3 and R;/R, < 0.75
). However the increase is small, not beyond 5%. In all the other cases the heat-exchange is either
attenuated or increased by the particles, but the modification is negligible, below 2%. Therefore,
although the thermally-inert dispersed phase can considerably affect the fluid mechanical energy,
the influence on the thermal field is small.

The analysis of the turbophoresis in the two-way coupling regime is provided. The concentra-
tion drops in the central and internal regions of the annular pipe, while the external peak increases.
Therefore the turbophoresis is more intense at the external wall, when the particle feedback is
active. The effect is more noticeable when ®, = 0.2, that is when the turbulence modification
is minimal. On the other hand, when ®, = 0.3 a compensatory mechanism occurs, and the con-
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centration partially recovers the behaviour of the one-way coupling regime. The important result
is the enhanced turbophoresis at the external wall, occurring at particle mass loading ®, = 0.2.
Standard theoretical models suggest that the largest accumulation depends on the wall-normal fluid
velocity variance [102]. However in the annular pipe this does not occur, since we would expect a
larger concentration when ®, = 0.3. The results suggest that the mechanism of wall-accumulation
is driven by some extra phenomena, when the back-reaction is active. Further analyses are required
in order to address these phenomena, and results are not conclusive.

The particle and fluid velocity decreases in the two-way coupling regime, owing to the flow
rate reduction. However, the relation between the fluid and particle velocity is very similar to the
uncoupled case. The asymmetry of the profiles is in particular preserved. While the first moment of
the velocity is unchanged, the second moment is noticeably modified by the particle feedback. When
the particle mass loading is ®, = 0.2 the particle velocity fluctuations are slightly altered, in the
same way as the fluid. In fact, the intensity of the particle axial fluctuations is larger than the fluid
one close the walls, although the external peak is reduced. In addition, the intensities of the particle
radial and azimuthal fluctuations are attenuated as compared with the fluid. When the particle mass
loading is ®,, = 0.3 the particle velocity variances are subjected to radical transformations. In fact,
the particle velocity variances are very different from the suspensions with ®, = 0.2. The greatest
change occurs when the large flow rate reduction is observed. The inclination of the particles to
track the axial fluid fluctuations is improved at the external side. The reduction of the peaks of
the fluid axial energy, which is transferred to the transverse directions, is an explanation of such
behaviour. The radial and azimuthal particle velocity variances are smaller than the fluid ones, as
in the one-way coupling regime. However, in the two-way coupling regime the peaks of the energy
of the transverse velocity components are significantly higher. The particle velocity variances are
in analogy with the experiments of Kulick et al. [34], who investigated a particle-laden down-flow
fully developed channel flow via LDA measurements. As in the present simulations, they have
found that particle fluctuation intensities are larger than the unladen-fluid velocity fluctuation in
the streamwise direction but are smaller in the transverse directions.

5.3 Future perspectives

The behaviour of microbubble-laden homogeneous shear flow has been studied in detail in the present
research. However few aspects were not considered and should be addressed in future investigations.
In particular, the buoyancy introduces further level of anisotropy and may affect the back-reaction
term and turbulent energy spectra. It could be relevant to study the influence of the direction of
gravity with respect to the mean field. The results could suggest if the modification of the spectra
found in Ref. [47] is an effect of the PIC shortcomings or of the buoyancy. Moreover, the fact
that bubbles are preferentially located at the centre of the vortical structures has not statistically
measured. The ADF provides informations on the bubble cluster shape. Although, it was proved
that the bubble filaments are aligned as the smallest vortical structures of the shear flow, further
analysis might be provided.

It is well-known that bubbles must be large and deformable in order to produce drag reduction in
wall-bounded turbulence. In the point-particle model it still must be proved that such phenomenon
occurs. Although it is impossible to study suspensions in the large-bubble regime , i.e. St+ > 1,
with the present methodology, an effect of the bubble deformability can be recovered. In fact, the
deformation of spherical microbubbles can be explored including the Rayleigh-Plesset equation in
the numerical code. The oscillations of the bubble diameter due the pressure difference at the bubble
interface can be addressed, and in particular their role on the drag modification investigated. It is
important to remark that, even if the bubble interface can oscillate, the bubbles are still enough
small to remain spherical. In other words, the simulations will be carried out always in the small-
bubble regime, i.e. when St* <« 1. This is important since this is not the regime where the drag
reduction is experimentally measured. Therefore, it is not sure which effect on the turbulence could
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be observed. Moreover, the microbubble deformation involve few theoretical issues that must be
properly considered. The oscillation of the interface leads to a singular source or sink of flow rate at
the bubble position. This singular term must be properly considered in the inter-phase momentum
exchange model, i.e. ERPP. Therefore ERPP must be corrected in order to take into account the
inflow /outflow at bubble position.

The results presented in the second part of the research, dealing with particle-laden annular
pipe flows, are not conclusive. The mechanism of the turbophoresis still must be addressed. In fact,
it is not clear why at ®, = 0.2 we observe the largest particle accumulation at the external wall. In
fact, according to the fluid velocity variances, the standard models of turbophoresis suggest that the
largest accumulation is achieved when @, = 0.3. Moreover, the role of the particle mass loading on
the large flow reduction requires further investigations. The fluid confinement has a clear influence
on this phenomenon, as observed in the smallest configuration of the annular pipe. However, the
important aspect is that the modification of the flow rate seems to be suddenly triggered, when a
sufficient large number of particles are considered. The reasons of this fast transition are not clear,
and suspensions with intermediate particle mass loading should be studied.

Finally the influence of the heat exchange can be studied for non-inert particle. The particle
energy equation can be derived, similar to the Maxey-Riley-Gatignol equation, in the point-particle
limit, and evolved along the particle trajectory. The temperature difference between the particle
and the surrounding fluid gives rise to a singular heat flux. This 2-way coupling energy transfer
can be enforced on the Fourier equation, where the singular heat must be treated with ERPP.
Metal nanoparticles are sometimes injected in liquid solutions, the nanofluids, to enhance the heat
transfer [110]. However, the size of nanoparticles is typically below 100nm, 1000 times smaller than
the inertial particles considered in the present research ( the size of small inertial particles is usually
above 10um ). An interesting scientific question could be to check if inertial particles with high
conductivity could lead to the increased heat exchange observed with nonofluids. The influence
on the heat exchange could be explored by considering different combinations of particle thermal
conductivity. In particular, it could be investigated if the altered heat transfer is induced by the
increased conductivity of the suspension or by the different thermal convection of the underlying
flow.

Finally, owing to the intense bubble and particle concentration in the subjects of study, to
consider a model for the four-way coupling interactions seems very important. In particular, in the
annular pipe, the void fraction at the external wall is larger than 1, which is obviously unphysical.
Therefore, the interparticle collision in the near-wall region will reduce the turbophoresis. The role
of the attenuated particle accumulation on turbulence could be finally addressed.

85



Appendices

86



Appendix A

The dealiasing procedure of the
non-linear terms in the spectral
Navier-Stokes equations

In this section we shall discuss how to perform the dealiasing of the non-linear terms in the spectral
Navier-Stokes equations (B.7). For the sake of simplicity let’s consider for now a one-dimensional
problem. The turbulence fluctuation v(x) is periodic of period L, piecewise differentiable and
summable over the interval [0, L). The function v(x) can be expanded into the uniformly convergent
Fourier series of modes 0;, namely

M/2 L L
v(x) = Z vielknx g = Z/ v(x)e_/k”xdx (A1)
i=—M /2 0

The spectral domain of the modes k,, is bounded by fluid dynamic constraints. In this example
only m = M + 1 modes are needed to reconstruct all the spatial scales of v(x). If k,, = 27” is the
largest relevant wavenumber of the spectrum of the turbulent kinetic energy, the number of modes

required are
M 2r

L
kMAX:Tan=7$m2m+1 (A2)

Therefore the minimum number of nodes are m = # + 1. The modes are computed through
the integral in (A.1), over the periodic interval. The function v(x) is represented under a discrete
framework, over the computational grid immersed in the physical space. Hence, the integral in (A.1)
is computed through the sum of discrete terms, rather than continuous ones. This operation may
lead to a discrepancy between the exact ; and the numerical o modes. In fact, the interval [0, L) is
divided into N elements of grid spacing Ax = L/N, namely x; = (I = 1)Ax, with [ = 1, N. The velocity
is exactly computed only at the N physical nodes, while approximated with the trapezoidal rule in
the region between two neighbouring elements x;. Hence, the modes U; are computed through the
sum of finite elements

N
1
U; = 5 Z v(xp)eIHknxi (A.3)
=0

In order to understand the discretising error, we derive the relation between U; and v;. We
substitute the expression of v(x) in the (A.1) into the equation (A.3), and we obtain
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Figure A.1: The discretisation over the interval x € [0, L) of the function v(x). The domain is split
into the grid of N elements and spacing Ax = L/N. The function is linearly interpolated in the
points within two grid elements.

LN M2
7] Yy k)_ki —
Ui = N Z Z vpem( p=ki) —
1=0 p=—M /2
M /2 (A.4)

Z ﬁpép,i+(ZN = a€Z
p=—M /2

:---+1}i—2N+ﬁi—N+ﬁi+ﬁi+N+ﬁi+2N+---

Clearly the modes Ujiqn, With @ # 0, mustn’t contaminate the solution u;. Therefore all the
modes U;4on that differ from the one that is actually computed must fall outside the spectral
domain. The strictest conditions are at the boundary of the spectral domain, where the following
inequalities must be satisfied

{—M/2+N>M/2 N m (A5)

M/2-N<-M/2

Consequently, there exists a constraint in the discretisation of the physical space. In fact, in
order to represent the M + 1 exact Fourier modes at least M + 1 physical nodes are required. The
reasoning can be also reversed. That is, we can compute only N exact Fourier modes, through the
N-discretisation of the periodic interval of v(x). In conclusion, k,, determines the number of M +1
modes of v(x) necessary to the computation. The number of physical nodes to represent v(x) must
consequently be M + 1, in order not to have errors in v;.

In the Navier-Stokes equation the convective term represents a non-linearity. This quantity, on
the one-dimensional ground, is expressed as the product of two functions, namely h(x) = a(x)b(x).
The functions a(x),b(x) and h(x) are all periodic of period L, piecewise-differentiable and summable
over the interval x € [0, L). Therefore the three functions are amenable to the Fourier decomposition,
in particular a(x) and b(x) can be written as

M/2

1 L
a(x) = Z ae’** | G = Z/ a(x)e " n~dx
i=—M /2 0
o (A.6)
. N
b(x) = Z bie!** | b; = Z_/ b(x)e ™ n~dx
i=—M /2 0

The function h(x) can be expanded into the Fourier series as well. We can find the relation
between the modes h,, d,, and b through the definition of the Fourier expansion, namely

88



M/2 M/2  MJ/2

h(x) = Z hiel*n* = Z Z dnb el knthp)x (A7)

i=—M /2 n=-M /2 p=—M /2

Hence, the product between a(x) and b(x) is not a conservative operation with respect to the
number of modes. In other words the product operator introduces additional spatial lengthscales
of those included in the operands. Therefore, the number of modes 71 = M + 1 of h(x) differs from
the M + 1 modes of the original functions a(x) and b(x). The equation (A.7) provides the spectral
domain of A(x), which is the interval n € [-M /2, 1\7/2], namely

{MP SMPEAME G om (A.8)
—MJ2=-M/2 - M/2

The 2M + 1 modes are required to describe all the spatial scales of the non-linear function h(x).
However, on the numerical ground, it is unfeasible to compute the entire spectrum of i(x). In fact,
at run time, new additional modes, resulting from the non-linear term, are supposed to be added and
evolved by the Navier-Stokes equations. This path is, of course, impassable since requires infinite
amount of memory. A dealiagsing procedure is required, to discard some of the modes of h(x). We
made the choice of representing in the exact form only the modes h; falling inside the spectra of
a(x) and b(x). The modes d; and b; must satisfy the condition (A.5). With this in mind, according
to equation (A.4), the number of physical nodes N required to correctly evaluate the computational
modes h; are prescribed by following the inequality

{_M/Q PNEM s som =328 - 32 (A.9)
M/2-N=-M

The result is better explained by a graphic analysis, provided in figure A.2, where the domain
of a, and b, is the interval n € [-M /2, M /2], while the domain of h, isn € [-M, M].

JNT

-M  -M/2 0 M/2z M

Figure A.2: Sketch of the spectra of the modes ]:ln, En and d,. The domain of a, and 1;,1 is interval
ne[-M/2,M/2]. The domain of h, ranges between n € [-M, M].

In conclusion, A(x) must be resolved over the grid of N = 3/2N —1/2 elements to exactly describe
the N modes h, over the interval n € [-M /2, M /2]. The procedure is generally referred to as the
3/2 dealiasing rule, in which only the first 1/2 of the low frequency modes are exactly computed,
whereas the remaining 1/2 are discarded.
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The numerical treatment was discussed for the one-dimensional case, but can be extended for
functions of more variables. Let’s define the function v(x1,x9,x3), where x; are the coordinates
corresponding to the normal 3-D basis é;. The function is periodic of periods Ly,Lo,L3, piecewise-
differentiable and summable over the domain 8. Then, v can be expanded into the Fourier series
of modes U, p 4

M /2 My /2 Ms/2

U(XI,XQ, X3) = Z Z Z ﬁn,p,qejkn'p’q *

n=—M1/2 p=—M2/2 g=—M3/2 (A.10)

ﬁn,p,q = / U(xl,x2,x3)e—_/kn,p,q~xd3x
B

X = X1€1 + X269 + x3€3 is the displacement vector while k,, , 4 = =kl n€1+ k2 és + k3€3 is the wave
vector. k., k2 k3 are the wavenumbers of the respective physical dlrectlons €1,62,63. Along each
direction the functlon v(x1,x9,x3) is independently expanded into its one-dimensional Fourier series.
The number of modes necessary to cover all the spectral space of U, j, 4 is (M1 +1)(Ma+1)(M3+1).
For each direction, the number of modes M; + 1 is prescribed by fluid dynamic conditions. In the
case of homogeneous turbulence k,, = 27”, where 7 is the Kolmogorov lengthscale, is the largest
wavenumber of the turbulent kinetic energy spectrum. Therefore the spectral domain is derived by

the following inequalities

1 2 3
kit ax> Knraxskyrax > kn
! _ M K2 _ My k3 _ M3 (A.11)
MAX — Ll > MAX — L2 ’ MAX — L3

The function v(xy,x2,x3) is discretised over the computational grid of Ny X No X N3 elements
and grid spacing Ax; = L;/N;. If we denote x;;, = (i — 1)Ax1é1 + (I — 1)Ax2é2 + (r — 1)Axsés as the
displacement vector, in analogy to the one-dimensional case, we can derive a relation between the
exact modes U, p, 4 and the ones that are actually computed v, p , through sum of finite elements

(A.12).

N1 N3 N3

il,r kn,
Unp.q = N1N2N3 ZZZU(xl,XQ,XS)e L Rpa (A.12)

i=1 I=1 r=

The equation (A.4) can be derived in the generalised form

1 My/2 My /2 M3 /2

ﬁn,p,q = NN N E § E ﬁt,z,mét,n+alN16z,p+agN25m,q+c13N3 , @1,Q2,a3 €Z
LV23 122y 12 2=" M )2 m=—M3 2
(A13)

It follows at once that the grid nodes N; and the number of modes M; are related as

Ni>M,, Ny>My, N3>Ms, (A.14)

The coarsest computational grid that satisfies the requirement (A.14) has size (M7 +1) X (M3 +
1) x (M3 + 1).

The non-linear term h(xy,x2,x3) = a(x1, x2,x3)b(x1, x2,x3) is treated with the 3/2 dealiasing pro-
cedure. The functions a(x1,x2,x3), b(x1,x2,x3), h(x1, X2, x3) satisfy the assumptions of derivability,
integrability and periodicity made about v(x1,x9,x3). The treatment is then extended from the
one-dimensional problem. The principle is always the same: to represent the exact Fourier modes
Un,p,q only within the domain of a, ,, and b,, ,p.q- The function h(xl,xg,xg) has to be resolved
over the grid of size N1 X Ng X N3, where the smallest number of nodes N necessary to meet the
requirement, by condition (A.13), are
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Ni=3/2N1—1/2, N2=3/2Ny—1/2, N3=3/2N;3-1/2, (A.15)

Therefore, for each direction, only the first 1/2 modes of the Fourier series of the non-linear
term are actually computed, while the remaining 1/2 are discarded.
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Appendix B

The Rogallo procedure

The Rogallo procedure is employed to compute the spectral Navier-Stokes equations in the homo-
geneous shear flow. The technique is necessary since the mean shear introduces a non-periodic term
in the equations of the turbulent fluctuation v(x,t). In order to understand this, we consider the
turbulent shear flow, that is the object of our research. We define the first inertial reference, whose
space is measured by the fixed basis €1, €2, é3. The domain A over such space is the box in figure B.1.
Through the classical Reynolds decomposition, the instantaneous field u(x,t) is decomposed into
the averaged velocity U(xs) and the turbulence fluctuation v(x, 1), namely u(x,t) = U(x3) + v(x,1).
The mean velocity is U(xs) = Sx3é1, where S is the mean shear. Due to the averaged shear, the
turbulent field is steadily supplied with energy. This energy comes from the work of the averaged
viscous and Reynolds stresses performed by the mean field over the boundary of A, and allows that
turbulence does not decays in time.

R U(Xs)
f

_;‘;_

>

~~

€,

Figure B.1: The domain of the shear flow A.

The Navier-Stokes equation of the turbulence fluctuation v(x,t) are

P GE(), 1) Lo +PrUs(x(t),1)Se1 + py Sxz 2L (x(1),1) = =Vp(x(2), 1) + V20 (x(2), 1) + fp (x(2), 1)
V-vu(x(t),t) =0 xeA
(B.1)
The equations cannot undergo the Fourier expansion over the domain A. The problem originates
from the mean field, that is non periodic under the current reference. In particular, the equation
must be somehow manipulated in order that the term pg ngg—;’l disappears.
To deal with the problem, Rogallo proposed the following change of the parametrisation of the

turbulence fluctuation
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Ul =v; — Sx3 fl =x1 — Sxst

v = o (B2)
U3 = U3 X3 = X3
=t =t

We refer to x as the coordinates of the fixed reference and to x as the coordinates in the moving
reference. In this new reference the fluid is mapped over the space that is moving as the mean field.
Hence, even if the velocities are still measured under the inertial observer, the fluid particles are
tracked with respect to the moving reference. In this frame the new domain 8, that starts from the
undeformed configuration (A, is progressively subjected to shear deformation, see figure B.2.

B

Cp

Figure B.2: The skewed B(t) (solid line) and fixed domain A (dash line) of the shear flow. Sight
of the plane é3, é;.

The complexity of this new time-dependent topology allows to reduce the equations to a periodic
problem. In fact, through the change of coordinates (B.2), there exists the following transformation
of the time partial derivative of the velocity v, computed under the fixed space.

ov ov
2 wwn=2

at xX=cost X=cost

(}(ﬂ,t)—-gg%Skg (B.3)

With such manipulation the Navier-Stokes equations (B.1) are recast into the periodic form

{Pf G (R(1), 1) sy s + PFUB(E(D), 1)SE1 = =Vp(R(1), 1) + uV2v (X (1), 1) + f, (X(1), 1) (BA)

V-vu(x(),t) =0 xeB

The velocity and the pressure field are mapped in the moving reference, namely v(x(¢),¢) and
p(x(t),t) . Therefore the spatial derivatives in equations (B.4), that refer to the fixed space, must
be converted into the skewing configuration as well. It easily proved that the nabla operator in the
skewing space V is related to V as

- 0
V = V StA -_— B5
+ €3ax1 (B.5)

The fields v(x(¢),t) and p(x(¢),t) are periodic and continuous over the domain 8B(¢), and can be
expanded into the Fuorier series, with respect to the complex bases e/kim.iX
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- . s . 1 — ke F a3~
v(x,t) = Z Ul-,m,lejk"'"” x, Viml = —/ u(X, 1)e I kimi X @35
o V)
— N 5 N 1 — ke E 3
PED) = Prmae ¥ = _/ p(E, ) /kimt ¥4’y
ol Vs (B.6)
r 2m'A+27rmA+27rlA
iml=—€1+—éy+—¢
i,m,l Ll 1 LQ 2 LS 3

i€[-M/2,M/2], me[-My/2,M3/2], [€[-M3/2,M3/2],

The modes v; ,; and p; ,»,; measure the intensity of the fluctuation related to the scale
kimi= kl.lél + kfnég + k?ég. Since the turbulent signals are band-limited, the integer indeces i,m, [
span between a negative minumun to a positive maximum, as we have discussed in A. Hence, the
spectral domain is chosen to describe all the turbulent lengthscale. The direction of periodicity
are €1, éq, €3, of periods L1, Lo, L3, which are also the sides of the domain A. V is the volume of
the domain B(r), that corresponds to A’s, since the change of coordinates (B.2) is isochoric. From
the relation (B.5), we define the modified wave vector kpy, ,,, = ki,m, + Stk}é3 and we compute the
spectral Navier-Stokes equations

i,m,l

il - 5 o)) — . 2 - ;
PF 3t it T P U30miSCL+ JPF kM, - (V@) = =Jkp, Pimit = Ky Diimd + Sy
C 20pSK s kg A s 1PF KMy, (08D) ) (B.7)
pi,m,l - .] k2

M

i,m,l

The divergence constraint is replaced by the analytic expression of the pressure p, that is derived
by taking the divergence of the momentum equation. The modes can be advanced in time, once
known the initial conditions. The physical quantities are reconstructed over the space 8, through
the Fourier decomposition (B.6).

93 §1
t:O t:tj t:tﬁ

Figure B.3: Sketch of the deformation of 8(¢) (solid line). The fixed domain A is in dash line. View
from the plane é€3,é1. The domain B starts its motion at time ¢ = 0, when coincides to A. B is
skewed by the mean shear, being deformed into a parallelogram. At time tg, 8 can be reassembled
into the original undeformed domain A, due the periodicity.

In figure B.3 the evolution of the deformation of the computational domain 8 is presented. The
temporal integration of the equations (B.7) is possible under a mathematical framework. However,
while advancing in time, we would require increasing number of the modified wavenumbers, due
to the relation kg, ,,, = kim,ig — tkl.lSég. Due the limited computational resources, infinite amount
of memory cannot be allocated. The solution is to remesh the computational domain 8 into the
physical one A, exploiting the periodic property of the field. In fact, the original physical space,
depicted in figure B.3 (¢t = 0 ), is distorted into the parallelogram of increasing skewness ( the
domain B ). At time ¢ = tg, the top-left corner of the parallelogram intercepts the top-right corner
of the original rectangular, and the field can be remeshed with no harm into the domain A. The
procedure is repeated at future time steps.

The frequency of the remeshing is controlled by the averaged shear and aspect ratio Li/Ls
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B L3S
To describe the remeshing procedure we have to distinguish between the computational ¥ and
the physical o modes.

Ir (BS)

_ R L . 1 o
v(x,1) = Z Ui e’ Kima x| Viml = —/ v (X, t)e Tkimi X g%
o) VJs
. (B.9)
v 1) = Y Tpmae o = = / v(x, )e I Kimix gy
il V Jaw

The computational modes v are computed according to (B.6) and evolved in time with the
spectral Navier-Stokes equations (B.7). The domcomposition is performed over the domain B,
where the periodic conditions are enforced at run time. At remesh time, and only at remesh time,
the field is periodic over both A and B, as shown in figure B.3. Therefore we can compute the Fourier
series od the field over the domain A, of modes v. During the remeshing the computational modes
¥ must be converted back to the physical ones v. Therefore we have to derive the relation between
the two spectral variables. With this purpose we expand the wave vector k; ;.1 = kl.lél + k,znéQ + k?ég
and the displacement vector X = X161 + X2€2 + X3é3 along their directions. For the sake of clarity
the dependency in the spetral modes on three wavenumbers is highlighted, namely U(kl.l, k2, kf’)
and 0(k1, kg, k2). By using the definitions (B.9) and exploiting the change of coordinates (B.2), we
obtain

~ 1
U(kil’krzna k?) = % ./32{( : U(x,t)e_lki,m,z'xdi’»x —
t

1 . F ik FateSTakl) 13~
- Z U(kl , k?]’ k;‘?’) e]kp,q,r xe ]{kl,m,l x+lex3k,~ }d3x -
v P-q.r B(1)

= > ok} ,kgl,kg)l / oI (kb =K1 1 (K32 %o o (=~} SR (1, i I = (B.10)
VJaaw)

p.q,r
=Zﬁ(k1k2k3)51 1012 12013 1.3,01qs, =
p>rqr kp’ki kq’kln krskl+kiStR
p.q.r
~cpl 1.2 3 1 ~r,l 1.2 3
=v(k;, k. kj +k; Stg) =v(k;, k,,, k})

l 1

The equation (B.10) provides the relation between the physical v and computational & modes.

The spectral domain of ¥ is fixed during the computation and it is represented by k' € [_kzlv[Ax’ kzllexL
k? € [=k3, i ko o], K3+ k}Stg € [-k3, .o k3, 1. The modes 0(k;, kz,, k} + k; Stg) that are rel-

evant for the turbulence are prescribed by fluidynamic contraints, in particular for homogeneous
turbulence we have

2r
kll\lAX’ klz\/IAX’k?VIAX > ky = 7 (B.11)

where k,;, denotes the Kolmogorov spatial scale. The domain of U(kil, k2, k?) on the other hand

is function of the remeshing time tx, and requires less wavenumbers than &. Since on the numerical

ground the same memory is allocated for both the computational and physical modes, a dealiasing

procedure is required. In particular, at remeshing time tg, only the modes ﬁ(kl.l, k2, kf’+k}StR) such

that |k;’ + kl.lStRI < k?\/IAX can be used to compute z7(ki1, k2, k?). The remaing modes v inevitably
come from the external region of the boundary of U, and are set to zero.

The inequality |2 + k'Stg| < k?\lAX can be represented on the plane (k',k3) to depict the
modes U that are actually computed during the remeshing, see figure B.4. The effect of truncating

such fluidynamic scales on v introduces an unphysical dissipation. This drag of energy is spectrally
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Figure B.4: Modes 0(k!, k?, k3+k'Stg), depicted over the plane (k!, k?), that satisfies the condition
|k3+k1StRr| < k?\/IAX and are available for the remeshing procedure. The remaing modes v(k", k2, k3)
are set to zero, since derived from the external region of the boundary of ¥. The external rectangular
of sides Qk}WAX,Qk?VIAX is the numerical domain of v, while the dashed zone corresponds to the
truncated v modes. k, is the smallest truncated wave vector of the physical modes.

located at the smallest discarded wavenumber k,. The expression of k, can be easly derived from
the sketch B.4, and reads

k3
k, = —MAX__ (B.12)
2
L
1+ (L—i’)

In order not to introduce a dealiasing bias, this unphysical forcing must fall outside the resolved
spectral domain. In other words the smallest truncated scale must be placed over the dissipative
range, namely k, > k,. Therefore the quality of the dealiasing procedure is controlled by the aspect
ratio Lg/L; and the largest wavenumber along the shear direction k3. = n(N3 — 1)/Ls. This
explains why in our simulations the streamwise size of the domain is L; = 2L3, while the number
of nodes along the shear direction is N3 = 2N;. The reason is of course to maximise k, in order to
satisfy the constraint

m(N3-1)

2
k= ——t T (B.13)

1+ (3)2 1

Ly
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Appendix C

The numerical techniques of the annular
pipe

In this section we report the numerical techinques that we employed to solve the partial differential
equation of the annular pipe flow. The standard low-Mach Navier-Stokes equations for the annular
pipe, in cilindrical coordinates (r, 6, z) are presented below

G e L0 Digte vt = A0k v (L (e ) + e + G+ B - 4 o
R AR A e e R A G Rt A = R
R+ L G5 =0

Grd gl il e 2l = [ () + B0+ 55

(C.1)

In descending order, from top to bottom, the equations are r.0 and z components of the mo-
mentum equation, the continuity equation and the Fourier equation. For simplicity, the subscript
R denoting the ERPP regularised field is omitted. Hence the particle forcing f,, is here considered
as a gaussian-shaped function, as prescribed by the regularising procedure. The reader is referred
to section 2.8 for additional details.

The stream-wise average pressure ‘fi—f is a parameter prescribed by the boundary conditions at
inlet and outlet. On the other hand, the fluctuating pressure p, periodic in the stream-wise direction,
must be solved through the continuity equation. At the walls, the system (C.1) is endowed with
Neumann boundary conditions for the velocity u and the temperature T, and Dirichlet boundary
condition for the pressure p, namely

u(R;,0,z,1) =0
u(R()a 97 Z’ [) = 0
T(R;,0,z,1t) =1
T(Ry,0,2,t) =0
% (R;,60,2,1) = 0
3_5«’(130’ 97 Z’ t) = O

(C.2)

At the inlet and outlet the periodicity of the fields u, T and p is enforced, namely

u(r,6,0,t) =u(r,6,L,,t)
T(r,6,0,t) = T(r,0,L,,t) (C.3)
p(r’eao’t) :p(r79’LZ’t)
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The discretision of the time derivative is performed through a low-storage four-stage Runge-
Kutta algorithm. For further details the reader is referred to section E.

The spatial derivatives of the Navier-Stokes must be discretised as well, by resolving the displaced
variables over the computational grid. The present section reports the algorithm used to achieve
such discretisation.

C.1 The spatial discretisation of the annular-pipe Navier-Stokes
equations

Figure C.1: The staggered arrangement in the cylindrical coordinate system (r,6,z). The scalar
variables are collocated at the center of the computational cell. The radial ( red ), azimuthal ( green
) and axial ( blue ) components of the vector fields are stored at cell faces.

The system of partial differential equations is resolved over a staggered mesh, by means of
an energy-conserving second-order difference scheme developed by Fukagata and Kasagi [103] for
incompressible flows. In the staggered mesh, see figure C.1, the scalar variables (i.e. pressure,
temperature, divergence, etc...) are collocated in the centre of the computational cell, while the
vectors ( i.e. the velocity, momentum, forces) lie at the faces. The grid is parametrised with the
vector index i, j, k, referring to the radial, azimuthal and the axial position. The integer indices
correspond to the cell centres, while the fractional ones (e.g. i+1/2, j, k ) to the faces . The standard
second-order approximation of the arithmetic mid-sum is employed to interpolate variables that
are stored in different points of the mesh. Exceptions are present in the momentum and thermal
convection terms, and will be discussed later. However, many terms that require interpolation in the
collocated arrangement can be computed, to this second-order approximation, without interpolation.
In fact, both the pressure gradient, the viscous diffusion and the divergence of the flow are naturally
computed with a central differencing scheme, with no need of interpolation. The biggest advantaged
of a staggered configuration is the strong coupling between the velocity and pressure. This is helpful
to avoids the formation of spurious oscillation in the pressure and velocity fields. These wiggles are
typical of collocated mesh, and are generated by the inability of such numerical schemes to capture
the grid-scale spatial derivatives in the projection step. In order to provide a better understanding
of the problem, we would briefly focus on collocated meshes.

98



C.1.1 The high frequency instability in collocated arrangements

The collocated arrangement is probably the most simple configuration, since all the quantities are
stored at the centre of the computational cells. The accuracy of the spatial derivatives achieved
with these difference schemes is crucial to establishment of the high-frequency instability. In order
to understand this concept, let’s consider an one-dimensional periodic incompressible problem,
over the N-discretised domain of length L and grid spacing Ax = L/N. The precision of the spatial
derivatives can be determined through the Fourier, or Von Neumann, analysis. In the Von Neumann
analysis the modes of the discrete spatial derivative are computed and compared with the exact ones.
Hence, we should distinguish between the modes of the derivatives exactly evolved through spectral
methods and their discrete formulation in difference schemes. In spectral methods the resolution of
the grid is dictated by the dealiasing procedure, which allows the modes not to contaminate each
other. With the N-grid resolution, N/2 fluid dynamic scales are captured (i.e. the Fourier modes),
that we assume are the relevant ones. Accordingly, the smallest fluid dynamic scale that is detected
is Aprrn = 2Ax. While the spectral equations are evolved in time, the spatial derivatives are exactly
computed, except for the error of the inverse Fourier transform. On the contrary, in a difference
scheme, with identical resolution, there is always a discretisation error in the spatial derivatives. In
order to increase the accuracy of the spatial derivatives, one could either increase the their order of
approximation, increase the grid resolution or change the difference scheme. A finer resolution is
of course possible, but the price is a greater computational effort. A higher order of approximation
of the derivatives leads to the same issue, since even more nodes are required for the computation.
Due to the limited computational resources, it is clear how much is important to choose the most
suitable numerical scheme for the problem that must be solved.

In the present example, the central differencing second-order scheme is used over a grid with
the minimum number of nodes, according to the dealiasing constraint, to resolve the smallest fluid
dynamic scale Aprny. In the classical projection method, see section C.4, the velocity u is decom-
posed into the compressible field # and the potential correction Z—‘i. The Poission problem and the
projection step are described by the following discrete equations

+ Yiv1 —¥i-1

Yivi i1 =200 Hip1 — Uiy

= , =i C4
Ax? 2Ax G T A (€4
Due to periodicity, the signals ¢; and i; can be expanded into the Fourier series (C.5).
N/2
Yi= Z wneJXikn
n=—N/2 _2nn
N2 ky = I (C.5)
U = Z linejxik"
n=—N/2

The wavenumber k, describes the spatial scales of the signals y and i, and ranges between
—kprax and kppax, where kpyax = n/Ax. Through the Fourier expansion, the equations (C.4) can
be expressed into the following spectral problem

_(kz)lly'ﬁn = —Jkﬁlﬁn , Up = ﬁn +]ky]:/llﬁn (CG)

kM and (k*)M are the modified wavenumbers of the first and second derivatives captured by the
difference scheme, respectively. Owing to the discretising error, the modified wavenumbers differ
from their own analytical expressions k, and k2. The error depends on the difference scheme itself,
as well as on the grid resolution and the order of approximation of the derivatives. The accuracy
usually decreases at the highest frequencies, since the small-scale fluctuations are resolved with
fewer nodes.
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In the example, kM and (k?)M are computed from the Fourier transformation of the discrete
derivatives. Therefore, combining equations (C.5) and (C.4), where x;41 = x; +Ax and x;_1 = x; — Ax,
we obtain

KM sin(k,Ax) 2(1 = cos(k,Ax))

2\M _
n = A , (k) = A2 (C.7)
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Figure C.2: The modified wavenumbers k™ and (k%) in a second order central ( red lines ) and
staggered ( green circles ) difference scheme. Comparison with the analytical expressions ( black
lines ) are reported.

The modified wavenumbers of the present central differencing scheme are represented in Figure
C.2 (red lines ) , where they are compared with the analytical expressions ( black lines ). While the
second derivative is monotone, the first derivative has a maximum at k/kpax = 0.5 and then goes
back to zero at the largest supported frequency k;uq.x. Hence, it is clear that the numerical scheme
fails to capture the spatial derivatives of the grid-scale fluctuations. This is better understood in
figure C.3, where the bases cos(kpaxx) and sin(kpraxx) are depicted around the i — th node. The
sine function, and its derivative as well, is zero at each cell centre . The cosine function is measured
with alternating values instead. Its derivative is zero since it is computed with the two outermost
points of the interval of periodicity Aprn.

Thus, at the largest supported frequency of the grid, the pressure ( i.e. the potential field g—f )
decouples from the velocity field. The Poission equation is recast into a Laplace problem and the
projection step becomes independent on the potential field, namely

—(HMy, =0, i, =iy, (C.8)

The pressure fluctuation on grid scale aren’t detected and any compressible modification & of
the original solenoidal field cannot be corrected by the potential field. The problem is common
to any numerical scheme with k% ax = 0, since shares equation (C.8). Increasing the order of
approximation of the derivatives wouldn’t solve the problem [111, 112]. In fact, this would increase

the accuracy of the modified wavenumbers at any scale but at kasax, where still k% ax = 0.
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Figure C.3: The grid-scale fluctuations represented with the second-order central differencing and
staggered scheme. The empty circles are the centre of the nodes while the crosses are the faces. The
second-order collocated schemes are unable to detect the grid scale first derivative at the i-th node,
since they require the values of f;;1 and f;_1. The function sin(kpaxx) cannot be represented at
all, being zero at each cell centre. The derivative of cos(kpaxx) is zero as well, being computed
over the periodic interval. On the contrary, in the staggered arrangement the derivatives at the
i —th node are computed with the two neighbouring cell-face values, with no need of interpolation.
Therefore the cosine basis has non-zero derivative, while the sine is still zero.

The solution of the problem is switching to a staggered grid. In the staggered configuration the
Poisson problem is still computed at cell centres ( ¢ is a scalar ), but the velocity is stored at cell
faces. Hence no interpolation is required to compute the divergence of &. Similarly, the potential
field is naturally computed in the projection step. Therefore, the system (C.4), while represented
over a staggered grid, becomes

Yit +¥io1 — 20 Uiv1/2 — Ui-1/2 _ Yin — i
= A;Q = A —= ., Wi1j2 = g2 + —HA.x l (C.9)

Following the Von Neumann analysis, the spectral equation is the same of the system (C.6),

with the modified wavenumbers

M 2sin(k,Ax/2) 2(1 = cos(k,Ax))
" Ax ’ Ax?

The wavenumber (k?)M is still the same of the central scheme, but k™ is now monotone, with
the maximum located at the highest supported frequency. The modified wavenumbers are reported
in figures C.3 ( green circles ).

Figure C.2 shows the same concept from a different point of view. The fluctuations acting on
grid-scale have non zero derivative. In fact, when the derivative is computed at the cell centre (
position i ), the values at two adjacent cell faces are used, with no need of interpolation. When
the derivative lies at the cell face ( position i +1/2 ), the values at the two neighbouring cell centre
are used instead. The staggered arrangements essentially doubles the range of frequencies of the
first derivatives that are resolved by central schemes. While in the collocated scheme the smallest
length-scale of kM is /lg,e = 2Ax, in the staggered arrangement is /l‘zﬁ = Ax. This can be clearly
seen in figure C.2, or comparing equation (C.7) with (C.10).

(k)M = (C.10)
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Owing two this two-fold resolution, the behaviour in the range of supported frequency [—kprax, karax]

in the staggered grid is the same of the collocated grid in the range [—kaprax/2, karax/2]. Moreover
the accuracy of such derivative (i.e. the maximum of k™) is increased.

In conclusion, the first discrete spatial derivative is never zero at each scale, with the additional
advantage of the increased accuracy. Therefore, the potential ( pressure ) and the velocity field
never decouples and the incompressible constraint is always satisfied at each scale.

C.2 The energy conservation of the finite difference scheme for the
cylindrical coordinate system

One of the most important requirements of DNS incompressible flows is the energy conservation
of the advection terms in the Navier-Stokes equations. If the conservation of mass and energy
fluxes is not achieved within a sufficient level of accuracy, the simulation can become unstable and
finally diverge. The conservation is achieved if the advection term satisfies the condition (C.11) on
a discrete ground.

112 112
V-{pfu®11}-u=V-{P.fu7}+7V-{pfu} (C.11)

In the present incompressible case the divergence of the velocity field is zero. The fluid density
pr is a constant and can be factored out in equation (C.11). The conservation is not trivial
when the grid is non-uniform, as in the cylindrical coordinates. The interpolation of the advected
and advecting velocity must take into account the change of area of the cell faces, or the condition
(C.11) won’t be not achieved. In this section we present the technique adopted to achieve the energy
conservation, that was developed by Fukagata and Kasagi [103]. Fukagata and Kasagi showed that
the convection of the radial momentum #h,, which is stored in (i + 1/2, j, k) as the radial velocity,
needs a special treatment. In order to ensure the energy conservation, the advecting velocity in A,
must be interpolated with the volume-flux average, while the advected velocity with the arithmetic

average. The volume-flux average is denoted by 61 ( i-direction ) while the arithmetic average by

—1
(1) ( I-direction ). The expression of (A, )i+1/2,j,k in the discrete form consequently reads

1 . . . .
(o b = [Ty i i = T T
..k ri+l,7,k"ri+l,j,k ri,j,k*ri,j.k

Fiv1/28ris1/2 / / ! !
1 —

—j — —j
+ Uoir1/2,j+1/2,k%r; i — U012, j-1/2,kYUr; . ]
riv1/2A0 [2,J41/2, k5T i1 /2, j+1/2,k /2.j-1/2.kM"7 4172 j-1/2.k

(C.12)
+i —~i —k S — K
Az Uziv1/2,j,k+1/2%r 0172, 5 k+1/2 ~ Yzit1/2,7,k=1/2%ri41/2, 7, k-1/2

The volume flux averages are defined by

A’”i+1”91'+1,j+1/2,k +Ariug

lj\i i,j+1/2,k
0i+1/2,j+1/2,k —
[2e 2Ai11/2

(C.13)

ri+1Ari+1MZi+1,j,k+l/2 + riAri”Zi,j,k+1/2

~1

Uziv1)2,k k+1/2 =

2riz128ri1/2Xix1 /2

while the arithmetic averages are

i Tiv1/2Uriy0 0 T Vit3/2Ur 130 5 1
FUrivi,j e = B

(C.14)

—J _ Mri+1/2,j+1,k + uri+1/2,j,k
Uriv1/2,7+41/2.k = 5

Xi+1/2 Is a normalisation parameter, being unity if the radial spacing is uniform.
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ris1Ariy +riAr; 1+ Ariyy — Ar;

Xiv1j2 = (C.15)

2riz1/20r 412 2riz1/2

Fukagata and Kasagi approximate y;,1/2 as unity in general. However the author of the present
work remarks that this could not be true in the vicinity of the longitudinal axis, as suggested by
equation (C.15). Hence, in this thin region of space the scheme could not be energy conserving.
However, the present research deals with annular pipes, where the longitudinal axis is far outside the
computational domain. Therefore, for what concerning our research, the parameter can be safely
considered unity.

The advection of the squared value, u2, that is the radial component of the kinetic energy, is
represented by the following discrete equation

~i ~i

2 2

(H,) 1 i Urivljk i Mrigik
r)il/2,j,k =T A — rivl,j,k— o %rijk
Tis1/20ri41/2 g 2 bR 2
1 — ~J — ~J (016)
+—|u u? —u u?
0i+1/2,j+1/2,k*ri+1/2,j+1/2,k 0i+1/2,j-1/2,k%ri+1/2,j-1/2,k
ris1/2A0
1

+_
Az

~i 5k i 5k
Zi+1/2,,k+1/28ri+1/2,j,k+1/2 ~ Uzi41/2,j k-1/2%ri+1/2,j,k-1/2

The average of the squared value of u, , denoted by P(d-), are computed according to Piacsek and
Williams [113], that is

2 —
Urijk = UriayojicWricaye,

(C.17)

2 _
Uriv1/2,j41/2,k = Urip1y2, jur 1 Wrivay2,j.k

2 —
Uriv1/2,j,k+1/2 = WUrip1o,j ko1 Wrivayo,j.k

With the present averaging the conservation of the radial component of the kinetic energy is
satisfied. In other words it can be proved the following relation

2 2

h ri+1Ari+1uri+1/2,j,k ( ) riAriuri+1/2,j,k

. o Uy . =H,. .+ D-u) ikt ——
Tiv1/2,5.k PTiv1/2,5.k Tis1/2,7,k i+1,j.k

FR LR R 2riv1/28ri41)2 2riv1 /287412

(D . u)i,j,k (018)
where D - u represents the discrete divergence operator applied to the velocity field, namely

LTiv1/2Uripy 0 ju = Vi-1/2Urqpp 0 L U6 jurjon ~ U6 1ok Uzijrsre ~
(D'u)i,j,k:_ i+1/2,], i-1/2,j, + = i,j+1/2, i,j-1/2, + i,j,k+1/

uZij k-1/2
= C.19
ri Ar,— Iy A6 AZ ( )

The equation (C.18) is the discretised form of the radial component of the balance (C.11),
namely

u?)  u?
V- {uu, tu, =V- {ué}+?rv-u (C.20)
The divergence of u in equation (C.18) is evaluated at position i + 1/2, j, k through the averaging
of (D - u)iy1,j,x and (D -u); j x. The fluid density ps, that is present in equation (C.11), is omitted
being constant. The treatment is valid only for incompressible flows. However it can be extended
to a more general case, by including the density in the arithmetic averaging of the advected velocity
[112].
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The axial and azimuthal momentum convection h, and hg, such as the as the other momentum
terms, can be discretised, without harm, with the standard second order arithmetic average. Hence
their discrete expressions are not presented in this section.

Finally, the metric terms of the cylindrical coordinates are discretised as proposed by Fukagata
and Kasagi. Their expressions are presented below

(urug) B 1_u - u
= T Ur i, j+1/2,k%6;
r i, j+1)2,k r i,j+1/2,k"0; ji1/2,k
5 5 C.21)
2 2 2 (C.
(”9) 1 Ar‘+1u0i+1,j,k +Ar‘”9i,j,k
o 2Ar;
i+1/2,).k i+1/2 i+1/2

C.3 The spatial discretisation of the scalar equations

The Fourier equation is a scalar equation for the temperature. In the present model the temperature
is a passive scalar that is transported and diffused across the turbulent field. This section reports the
numerical techniques adopted to discretise the domain of temperature field. The method employed
is a total variation diminishing scheme, or TVD. The scheme combines two different discretisation
approaches of scalar equations on a staggered grid: central and upwind differencing schemes. Before
entering into details of the TVD scheme, we prefer to give a brief description of these two methods.

Both upwind and central differencing have advantages and disadvantages. In the central differ-
encing scheme, the transported variables is subjected to false numerical oscillations, owing to the
inability to detect the high frequency spatial variations [114, 115, 111]. The reason is that, although
central second order schemes are accurate, they are not monotonicity preserving. Hence they can
cause instability, and eventually the simulation can diverge. The simplest monotone difference
scheme is the first order upwind scheme. However, the standard upwind scheme is less accurate (
only first order ) and introduces more numerical diffusion due to its complex modified wave number.
In order to explain the feature briefly discussed, in the next sections we will provide the semi-discrete
analysis of a one-dimensional problem. The temporal evolution of the error of the schemes will be
helpful to understand the numerical diffusion and the accuracy of the two approaches.

C.3.1 Accuracy and stability of upwind and central differencing schemes

In this section we address the main features of the first order upwind and second order central
differencing schemes. In order to provide a deep insight of the difference between the two schemes,
we introduce the one-dimensional periodic problem, over the domain D = [0, L), of the scalar ¢(x, 1)
transported by the advecting velocity u:

0p 09 _
ar " ax T
$(x.0) = go(x)

In the equation ¢o(x) is the initial condition, while u is a constant in a one-dimensional problem.
The semi-discrete analysis provides the evaluation of the error e(x,7) = ¢p(x,t) — ¢(x,¢), due to
the spatial discretisation. To this end, we will distinguish between the exact solution ¢(x,7) of
the partial differential equation (C.22) and the approximated solution ¢p(x,t) of the related N-
discretised equation. In the spectral space of N+ 1 modes, the difference between the two solutions
is in the modified wavenumber k| namely

0, x € [0,L) (C.22)

{"% fujknfn =0, ne[-N/2,N/2] {m Tk =0 nEENENEL gy

ot
$n(0) = ¢ $n(0) = ¢
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The solution of the systems (C.23) can be found integrating by part, and the error €,, in the
spectral space, is readily computed

éa(t) = O {eukn"t _ gmiuknty (C.24)

The amplitude of the error €,(t) is computed from equation (C.24), and reads

|énl(1) = |GO1{1 + 2SI KA1 _ 203D cos[(R(KM) — kput]} (C.25)

The modified wavenumber k¥ depends on the scheme that is adopted, and in general may be
a complex number. In equation (C.25) R(kM) denotes the real part of the modified wavenumber,
whereas J(kM) the imaginary part. As clear from equations (C.24) and (C.25) , while the real part
R (kM) is a source of error for the phase of ¢bn, the imaginary part J(kM) generates errors in its
amplitude. The modified wavenumbers of the first order upwind and second order central scheme
[112, 114, 115] are reported below

sin(Axky, 1-cos(Axk, .
|y py = S2GeteL — iy 0y i) o
in(Axk;, 1- Axky, - .
kMUPS = sm(A; ) + 4 CosA(xx ) . u<0 nes Ax

The modified wavenumber of central schemes has no imaginary, hence there is no error in the
amplitude of the solution. The error (C.25) is doomed to perpetually oscillate, due to the phase
error. The frequency of the oscillation is largest for the smallest supported spatial scale, where the
modified wavenumber kM = 0. The example illustrates the wiggles occurring in central differencing
schemes, that make the code unstable. In order to reduce the oscillations one could either to
increase the accuracy of the scheme or to increase the resolution. This would reduce both the
discrepancy between the modified and exact wavenumber. Note that in the proposed example, this
does not affect the maximum of the error |€,(¢)|, that still is 2(;391. This is because the diffusion is
not included in the problem. In a real problem to increase the resolution of the spatial derivatives
would eventually increase the diffusion ( i.e. the modified wavenumber (kM)2 ) captured by the
scheme, damping the peaks of the error |é,|.

On the contrary in the upwind scheme k¥ is a complex number. Its imaginary part introduces
a false numerical dissipation ( uJ (kM) is always negative ). The fictitious diffusion damps the
oscillations, making the solution more stable, in particular for the smallest scales. However the
error converges to a non-zero value. Therefore the numerical diffusion introduced by the imaginary
part of the modified wavenumber damps the wiggles, but makes the scheme less accurate. Figure
C.4 reports the differences between the central and upwind scheme in the amplitude of the error
|€x(2)], for three different spatial scales kyj2 = %, knja = 55 and kyjs = 5.

In conclusion, the second order central schemes are very accurate, but can give undershoots
and overshoots when the Peclet number is high ( i.e. strong convection ). When this high order
scheme is used to solve turbulent transported quantities, this could lead to false negative values and
instability. Conversely, the upwind differencing scheme is the most stable, and avoids the formation
of unphysical wiggles. However the scheme introduces much diffusion due to both the low accuracy
and its complex modified wavenumber.

C.3.2 The total variation diminishing schemes

The class of TVD ( total variation diminishing ) schemes aim at achieving oscillation-free solutions
with still a high level of accuracy. Early schemes of this kind were called flux corrected transport
(FCT) schemes [116, 117], and their development has led to the modern TVD schemes [118, 119,
120, 121, 122, 123|.

A stable, non oscillatory scheme should be monotonicity preserving. In order to satisfy the
monotonicity the scheme must not create local maxima or minima, and the value of existing local
extrema must not be amplified. In other words the scheme must not create new undershoots
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error converges to a non-zero value.

or overshoots and must not accentuate existing extrema.
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TV(¢) = Zf-il |¢pir1 — @] of the discretised solution ¢; should diminish with time. Therefore, the
scheme is said to be total variation diminishing, or TVD, if the total variation at two consecutive
time steps n+ 1 and n is always decreasing, namely

V(") < TV(¢™) (C.27)

The reader must notice that the proof of the monotonicity preserving is always given in the
one-dimensional case, while it is not for the multi-dimensional problems.

To describe the TVD scheme we consider the one-dimensional form of the convection diffusion
equation (C.1). The discretisation of the diffusion equation can be done with the standard central
differencing arrangement and does not require further explanation. The advection term, on the
other hand, requires special care, to avoid the formation of false extrema. TVD schemes is designed
to treat the convection term with the first order upwind scheme in the presence of steep gradients,
while recovering the high accuracy of second order central schemes where the solution is smooth.
Agu}

Ax

To illustrate the TVD scheme we consider the convection term _in a one-dimensional
1

problem

AMou}|  uiv1j20iv1/2 — Ui—1/20i-1/2
= C.28

1

In this example the velocity u is assumed positive. The advection term requires no interpolation
for the velocity, since it is collocated in staggered points i + 1/2 ( cell face value ). On the other
hand the scalar quantity ¢ is collocated in the integer index points i ( cell centre value ). The cell
face values of ¢ must be somehow computed from the neighbouring cell centre values. In the second
order central differencing the interpolation is computed according to the linear equation

Piv1 — Pi

Pir1j2 = Gi+ —5— (C.29)

In the first order upwind differencing the cell face quantity is obtain through the equation

biv1/2 = i (C.30)

The TVD scheme is constructed by means of the flux limiter function W(r), that is a non-linear
function of the local variation, denoted by r, of the scalar gradient.

1

; =¢; + sV (r; i — i

¢l+1/2_ Z’Ll_gi (risy2)(¢i — $i-1) (C.31)
T2 = gimgiy

The interpolation is the sum of the diffusive first order upwind term and the anti-diffusive high-

order quantity. The operatation is regulated by the flux limiter ¥(r). The upwind first order scheme

is obtain when the flux limiter is ¥(r) = 0, while the standard second order central differencing when

Y(r) = r. The monotonicity preserving condition is achieved by the scheme if:

0<¥(r) <2 (C.32)

Basing on the condition (C.32) the first order upwind scheme is clearly monotone, while the
second order central differencing is not in the case of large gradient variation. By specifying a
proper flux limiter function W(r) it is possible to achieve the monotonicity preserving property
[122]. In the present research we have adopted the Chakravarthy-Osher limiter [124], reported in
equation (C.33), where the constant is set to K; = 2.

Y(r) = max[0, min(r, K1)] (C.33)
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Figure C.5: Sketch of the annular domain . R; and R, are the inner and outer wall radius. The
fluid flows in the gap between the cylinders.

C.4 The Chorin’s projection method

The fluidynamic of the annular pipe is described by the standard-incompressible Navier-Stokes
equations in the domain D

V-u=0
0 dP
Pf (3—1; +11'V11) =-Vp-—-—és +pVu+f,
X3
u(x, )|y = up(x,1)
u(x,)ls;, = u(x,t)ls,,,
u(x,0) = up(x) xeD

(C.34)

In the equation f; is the forcing from the dispersed phase and 5—2 is the averaged pressure
gradient in the streamwise direction. The boundary conditions are periodic at the inlet S;;, and
outlet Sy, surface, and no-splip at the walls 0Dyw. The initial condition, at the reference time
t =0, is up(x,¢). The problem of solving this equation is that the hyrodynamic pressure Vp is
uncoupled from the state equation, that in the present incompressible flow simply reads

pf = constant (C.35)

In fact, in the low-Mach limit of Navier-Stokes equation, the hydrodynamic pressure is solely
determined by the flow field u. Physically, the hydrodynamic pressure represents the constraint
required to satisfies the zero-divergence condition prescribed by the continuity equation. Mathe-
matically speaking, Vp can be computed by the elliptic equation derived by taking the divergence of
the momentum equation. This equation can replace the continuity condition in the system (C.34).
By means of a backward Euler method, the over-mentioned system can be discretised in time,
yielding

At

wtl—yn +u" - Vu" = _Vpn+1 +/1V211n+1
V2pn+1 =VeV: {un+1 ® l1n+1} (0'36)
The present scheme is highly inefficient since requires, at each time step, the solution u"*'. More
specifically, the problem is that in the present algorithm the continuity and the momentum equation

must be solved simultaneously.
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To tackle the issue, Chorin [104, 125, 126] proposed a numerical technique aimed at decoupling
the computation of w**! and p™*!. The method consists in ignoring the pressure gradient and
advancing an auxiliary solution @1, which does not satisfy the divergence constraint. In a later step,
the intermediate velocity field u is projected back to the incompressible vector field, by mean of
a potential field V. The method is repeatedly applied at each time step and ensures that the
solutions u™! and p"™*! satisfy the momentum and continuity equations.

We shall discuss the procedure for a generic time-step At = t,41 — t,,, where t, and t,41 denote
the initial and advanced instant, respectively. Hence, the algorithm evolves the solution between
time f,, to t,4+1. The reiteration of the method allows the long-term integration.

The approach consists in additively splitting the velocity field u(x,t) into the fields u(x, ) and
Vi (x,t), namely

u(x, 1) =u(x, 1) + Vy(x,1) (C.37)

The velocity field u(x, r) satisfies the Navier-Stokes equation C.34 when the pressure field Vp is
ignored, namely

ot dp
oF (_u +u-Vu) = —d—A3+,uV2ﬁ+fp

ot X3
u(x,lop = up(x,1) (C.38)
u(x, 1)ls;, = a(x,1ls,,,
u(x,t,) = ug(x) xe€D, te |ty tn1]

ii(x, 1) is an auxiliary solution of the Navier-Stokes equation that does not satisfy the continuity
equation. After being advanced through equation (C.38), @(x,¢) must be projected back to the
divergence-free vector field. The procedure is achieved through the potential field Vi, that recovers
the informations that are missing in the field u.

V. (ii+Vy)=0
oV
pr=g=-Vp+uvive
oy _
x|, =0 (C.39)
w(X, t) |S[n = ¢’(X’ t)lsout
Vlﬁ(X, tn) =0 xePD, te [tn’tn+1]

Starting from the reference time ¢, and evolving the solution to time t,,1 = At, the Chorin’s
algorithm proceeds as follows

1. to find the solution @(x,7,41), by integrating over the time-step Ar the equation (C.38) with
initial and boundary conditions uy and uyp

2. to use the auxiliary solution @;; (7, f44+1) to solve the Laplace problem ( first equation in (C.39)

) with the boundary condition (‘;—L’p‘.ao =0
w

3. to use the resulting potential field Vi (x, t,,+1) to project a(x, t,+1) back to the space of incom-
pressible vector fields through the relation (C.37)

4. finally the adhesion boundary condition is reapplied by hand to the resulting field u(x, f,4+1)

The method ensures that the solution satisfies both the continuity and momentum equation of
the incompressible flows. However, decomposing the solenoidal field by means of a potential flow
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leads to a numerical error that is better to be addressed. In fact, the reader should notice that the
system (C.39) is a second order partial differential equation for the scalar function . Therefore we
can apply only one boundary condition at the walls and we have to choose between impermeability
and adhesion. The most common choice in the literature is to enforce the impermeability condition,

that is g—f op - 0. The condition is equivalent to enforce, but an error of order Az, the pressure

boundary condition of a solenoidal field, namely

or1  _y (C.40)
on|ypy,

The tangential component on the wall of the potential field is V|40, , where r is the local
tangent plane relative to the point x € dDw. Owing to the nature of the partial differential
equation (C.39), the adhesion can’t be enforced as well to the field V. Hence the velocity V¢
should appear in the boundary condition of @, in the system (C.38). This would ensure that the
decomposition in the two system of equations, induced by the relation (C.37), is formally correct.
In other words, the sum of the split systems must return the original differential equation. To this
end, the wall boundary condition of the auxiliary solution should be u(x, ?)lgp = up(x,1) = Va¥|sp,,
Unfortunately, the boundary conditions of @ are the same of u. This means that the no-slip condition
is enforced on the auxiliary solution instead of u. The resulting numerical error, at the wall, is
exactly the potential field Vi|5p,, . Fortunately, the field ¢ evolves at each time step from the
homogeneous configuration. Hence, the error introduced by the false adhesion is infinitesimal, and,
equally important, it is not accumulated over time.

In conclusion, the resulting field @ does not satisfy the adhesion boundary condition, even if
for an infinitesimal error. Therefore the no-splip condition of the field 1 is reintroduced by the
Navier-Stokes solver at the end of each time-step. This results in a concentrated numerical vorticity
at the wall, that is later diffused by the Navier-Stokes solver [127]. If the algorithm is convergent
this numerical boundary layer is bounded, with no-harm for the rest of the computation, close to
the wall. A different choice of the wall boundary condition of the potential field is in principle
possible, but this gives rise to different numerical boundary layers [128, 129].

C.5 The Laplace problem of the potential field

We shall now present how the Laplace equation of the potential field ¢ is solved. The above-
mentioned Laplace problem is derived by taking the divergence of equation (C.37), embedded with
the boundary conditions in (C.39)

VY= Veaste) . ae| =0, x0ls, = U0k, (C.41)
oDy
The velocity field @(x,#,41) is the auxiliary solution, i.e. the solution of equation (C.38). At
this stage of the computation, when we have to compute the potential field, u(x, t,+1) is a known
function.
In cylindrical coordinates, the potential field ¥ (r, 8, z,t) is periodic in both 6 and z. The field
is reasonably smooth and bounded, then we can expand ¢ into the uniformly convergent Fourier
series of modes ;ﬁlq(r, 1).

N(-}/2 Nz/2

2r L, A
lﬁ(r, 0, Z, [)e—./qu.ndzdg , 'ﬁ(’", 9,z, t) - wl (l,7 t)ejqu-n
/0 0 Z Z q

I=—Ng/2 q:—NZ/Q

. =
‘mq(” ) oL,

k1q=klgé+ké'é3, U=9é+Zé3
(C.42)
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The wave vector kj, is decomposed into the wavenumbers kl‘9 =l and kf = 2Lﬂ, of directions
Z

6 and é3 respectively. 7 is the displacement vector of the periodic domain, that in the present
configuration is the portion of the cartesian space {6,z}, such that 8 € [0,27) and z € [0, L;).
The laplacian operator can be expressed in cylindrical coordinates and by means of the Fourier
transformation (C.42), the Laplace problem (C.41) is recast into the following spectral form

7 k{? lﬂz lﬂz
’ (9}’ ( 8rq) - (r_2 + kZQ wlq = qu ulq ’ —2 (Rutn+1) —2 (R(,,l‘n+1) = (C-43)

The equation, once discretised along the N,-resolved height of the annular pipe, is expressed
into an algebraic equation of known term by,

Ay =by (C.44)
The A is a banded matrix, expressed as

A=A;+Ay+Ag (C.45)

where A; is a diagonal matrix, while all entries outside the superdiagonal of As and the subdi-
agonal of Ay are zero

a;; 0 0 0 0 0
0 a2 0 0 0 0
0 0 X 0 0 0
Av=| 0N :
0 0 0 AN 0 0
0 0 0 0 ain-1 O
0 0 0 0 0 ain
0 0 O 0 0 0
az1 0 0O 0 0 0
0 a2 O 0 0 0
A= SN : (C.46)
0 0 0 X\ 0 0 0
0 0 0 as N,.-2 0 0
0 0 0 0 asn.-1 0
0 a1 O 0 0 0
0 0 as 2 0 0 0
0 O 0 N 0 0 0
Az=|: ; N :
0 0 0 0 a3 N,-1 0
0 0 0 0 0 a3 N,
0 O 0 0 0 0

The algebraic equations is solved by the tridiagonal matrix algorithm, also known as the standard
Thomas algorithm.

Once known the potential 1/;1q(r,tn+1), its gradient, in the Fourier space, can be derived as it
follows

RO
Vi1 (7 tyer) = P o L(rotne) + 1 Kigiq (ry tns1) (C.47)

The signal Vi (x,t,+1) can be now finally reconstructed, and used to project the velocity field

u(x, t,+1) back to the solenoidal vector field.
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Appendix D

The annular pipe averaged Navier-Stokes
equations

D.1 The viscous wall drag equation of the annular pipe

In this section we report the analysis of the averaged Navier-Stokes equations of the annular pipe
in presence of a discrete phase. The analysis results in a simple expression of the mean viscous wall
stress 1,,. At the stochastic steady state, given the no-slip boundary conditions, the frictional drag
can be decomposed into three contributions: the laminar, the turbulent and the dispersed phase
contributions. The study follows the work of Fukagata et al. [108] , where a relation of the skin
friction coefficient was derived for the single-phase channel, pipe and plane boundary layer flows.
By adding the dispersed phase feedback to fluid averaged momentum equation we aim at addressing
the contribution due to particles to the viscous wall stress.

Owing to symmetry, the Reynolds averaged Navier-Stokes equation in the streamwise direction
for an incompressible annular pipe flow [130] is given by

dP 1d AU,  »
- - g F D1
dz rdr{r(# dr T )}+ p= (D-1)

We denote with capital symbols the average quantities. F,_ = (f,.) is the average axial particle
back-reaction, ‘5—5 is the averaged pressure gradient and U = U,é3 is the averaged fluid velocity.
™wR=—p £ {u,u’) is the turbulent viscous stress, where the single quote marks denote the turbulent
fluctuations.

The equation (D.1), once multiplied by r, can be integrated in the radial spatial direction,
between R; and r. Following the integration, the particle feedback contribution is expressed by the
extra-stress 7¢ = %f; Fp ndn. The extra-stress 7¢, similar to the turbulent stress 7R is responsible
of the increase or reduction of the viscous wall stress due to the back-reaction term. The overall

stress 7°, that is the sum of ¢ and R, reads

=184 1¢ (D.2)

After defining the wall stress over the inner wall as T = ,ud;];

, the resulting equation reads
R.

L

r*—R? 4p dU,
= -5
2 dz K dr
After two consecutive integrations, the first one between R; and r, and the second one between
R; and R,, followed by appropriate manipulations, we get an equation that relates the average

+T0} —RiTVIS" (D.3)

pressure gradient to the average flow rate Q = 27 flfo U,rdr, namely
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Figure D.1: The viscous contribution L¥, normalised by R3/u, of the wall stress 7, versus the

height of the annular pipe RL = %. At large R,, compared with h, the viscous contribution of
the annular pipe correctly approximates the channel solution L’c‘ hannels Where 27rROL': hannel = i—";.

2 22 R 2 2
n) oy o4 (RG-R)”| dP / o) R;-K; 2| o
_CRA R0 v W + e d D.4
8 { o TR T T RaRY [ @@ O Je \FnRoRY T[T (B4
The mean viscous wall stress can be defined through the mechanical balance of the averaged
forces on the annular pipe. Therefore the mean viscous wall stress is 7, = —Z—f@. This infor-

mation can be included into the equation (D.4) to obtain a relation of the mean viscous wall stress,
namely

2 2\2 R 2 2
/s 4 4 (RO — Rl) / o RO —_ Ri 5 R .
— R -Rl - g = _ D
4(R(,—Ri){ o R T L RRy [T T < |2m(RoJR) " (" +7%dr (D5

Following equation (D.5), the viscous wall stress 7, is given, by three contributions: the viscous
LH, the turbulent LR and the back-reaction contributions L¢.

7w = QLM + LR + L¢ (D-6)
i = 4(Ro—-Ri)p
= 2_p2,\2
4 4 (Ro Ri)
M Ro=R; ~iro IRy
Ro| R3-RZ )| g
e 4(R()_Ri).[Ri0{Wu/LRi)_r T
_ o D.7
4 4 o ‘
{Ro—Ri_Eﬂ§Eﬁ§7 ( )
Ro R2-R2 2
L 4(Ro=R) [, {m_r T

(riri- e

L* solely depends on the geometry of the annular pipe, i.e. on the radial aspect ratio R;/R,,
and on the dynamic viscosity. In a laminar flow L* is exactly the viscous wall stress per unit flow
rate Q. When the radius of the cylindrical shells are very large, the curvatures of the walls are
negligible. Hence the flow field of the annular pipe approximates a channel flow of width L = 27R,,.
Figure D.1 shows how L* approximates the related channel solution, i.e. 271R(,L’: nannel = 2—‘;, when
the height of annular pipe & = R, — R; is small as compared with R,.

The viscous wall drag in a single-phase turbulent wall-bounded flow is usually much higher
than that of a laminar one under the same flow rate. The large frictional drag is associated to the
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Figure D.2: The annular pipe geometric coefficient B = 4/ 57575~ versus the height of the channel
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h/R, = %. The coefficient B approximates the channel solution Bepanner = w when the

curvature o(fZ the walls is reduced.

existence of near-wall vortical structures [109]. The effect of such near-wall motions on the averaged
momentum balance is captured by the Reynolds stress 7%. The back-reaction term similarly affects
the fluid momentum by means of the extra-stress 7¢. According to the equations (D.6) (D.7), the
related increase of wall friction is represented by L® and L¢, owing to turbulence fluctuation and
particle feedback, respectively. The overall effect of the Reynolds stress 78 and the extra-stress ¢

2 p2
is averaged by means of the weight B? — r?, where B? = %. When the distance from the

wall is small, i.e. R;/R, — 1, the weight of the integrals is recast into the channel expression, i.e.

B? —r? ~ # —r. Hence, when increasing the size of the cylinders, the geometric coefficient B
approaches the channel solution, where Behanner = R";R". Figure D.2 shows this behaviour, where

the weight B/R,, is plotted against the height of the annular pipe h/R,.

The equations (D.6) (D.7) can be used to addressed the increase of wall friction in particle-laden
flow. The viscous, turbulent and particle-feedback contributions must be computed and compared
at constant flow rate Q. The dispersed phase can affect the wall friction via the direct effect
of its averaged feedback F,_ . Such modification is described by the extra-stress 7¢ and by the
related wall-friction contribution L¢. Owing to turbophoresis, particles can change the near-wall
vortical structures as well. The related alteration of the Reynolds stress 8 modifies the turbulent
dissipation, and therefore the viscous wall drag, in the annular pipe. Such effect is captured by the
turbulent contribution of the wall friction, i.e. by LK.

D.2 The heat equation of the annular pipe

A similar analysis can be conducted in the averaged Fourier equation. Due to the axial symmetry
of the problem, at steady state the Reyolds averaged Fourier equation reads

0:%%{}’ (K%—pfcp(T’u;))} (D.8)

The averaged temperature is 7 = (T), and the turbulent fluctuations is T’ = T — 7. The
Reynolds heat density is g8 = —p rcp{T’u;). The Reynolds stress 7R is responsible for the wall
drag due to the turbulent shear transport . Likewise, the Reynolds heat density affects the heat
exchange owing to the turbulent thermal convection. The heat transfer Qw will be decomposed
into two contributions: the diffusive and turbulent contributions. In presence of inter-phase heat
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transfer, which in the present research is discarded, an additional contribution would appear, similar
to the particle feedback F,_in the momentum equation.

The heat transfer is positive when it is added to the system through the internal cylinder, or
removed from the system through the external cylinder. The definition is reported below

Qw = | (=«kVT) -7Fdr = (—=«VT) - Fdr (D.9)
S[ So
By means of two consecutive integration of equation (D.8), the first one between R; and r and
second one between R; and R,, and after appropriate manipulations, we get the equation for the
heat transfer Q.

T,-T; 2n Ro

Qw = —2mk—2—+— — / gRdr D.10

ln(Ro/Ri) ln(Ro/Ri) R; ( )

The heat exchange is generated by a diffusive effect, proportional to the thermal diffusivity «

and the difference between the external and internal temperature, and by the turbulent thermal
convection, proportional by the integral of the Reynolds heat density.

Ho_ To-T;
QR — _ 27 o Rdr ’
W = TInR. /R JrR: 4

Q”W is the heat transfer occurring in a laminar flow, due to solely thermal diffusion. Given the
temperature difference, the heat exchange is in general higher in presence of turbulence, than it is
in laminar flows. In fact, the turbulent thermal convection (u,.T’) is usually aligned to the diffusive
contribution Q”W. The measure of such increase is given by the turbulent thermal convection, i.e.
by Q"fv.

The alteration of the turbulence mixing due to the dispersed phase changes the turbulent thermal
convection and the heat exchange as well. The measure of such modification is given the turbulent
contribution Q.

It is easily shown that, when the wall curvature is small ( i.e. /R, — 0), the equation of the
heat flux returns the solution of a channel of width 27R,, which reads

T,-T; 1 [Re
QW pammer = 27R {—k——— — — / gRdr (D.12)
channe h h R

i

115



Appendix E

The low-storage Runge-Kutta method

In this section we aim at providing to the reader a detailed description of the low-storage four-stage
Runge-Kutta algorithm ( RK4 ) used to advance in time the set of partial differential equations.
We will present the analysis of the stability and accuracy of RK4.

E.1 The accuracy of RK4

Let’s consider the following differential equation:

ou
where u(k,t) is the variable to be integrated and N(u) is in general a non linear operator.
In the four-stage Runge-Kutta method the computation of u**! at the next physical time step is
performed through four successive sub-steps. Each sub-step is computed through an Euler-like
algorithm, whose inputs are the solutions of the two previous sub-steps. The scheme is presented

in equation (E.2).
u™ = u
ul = u® + a N(u®)Ar
u? = u' + (aaN(ub) + boN(u®)) At
u? = u' + (asNu?) + bsN(ub)) At
u = u' + (asN(u®) + byN (u?)) At

(E.2)

where At is the physical time step, chosen by convergence criteria, see the next section E.2.

The coefficients a; and b; are determined with accuracy criteria. In fact, the scheme must
approximate the Taylor expansion of u, up to the desired level of accuracy. For RK4 the largest
accuracy that can be obtained is the fourth order. However, in the present algorithm it has been
preferred to truncate the accuracy up to the third order. We will show that not all the conditions
imposed by the fourth order terms of the Taylor expansion of u are satisfied, but only the one needed
by the stability analysis.

The Taylor expansion of u is presented in equation (E.3).

n n

n 2
I 10°u

=u"+—| At++ -—
T Ty 2 012

Considering the following relations

5 103

+66t3

n+1

1 04
3 u

Lou 4 4
* 219 At" + o(At) (E.3)
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ou

ot
02 Ou
0% _ N (0NN (E-4)
a3 Ve T (a_u)
d*u ON 03N ON 0N
— =N |— N3 4 2
ort (8u) ou3 u u?

equation (E.3) is recast into the following expression:

1 (. oN\|" 92N ON\?
n+1 n n 2 3
= Ar+= [NZZ)| A2 FN [ At
u u" + N| +2(N8u) 6(N vl (au) +
\ (E.5)
1 ON 3N AN 92N
— [N[=]| +N3=—= +4N>— At At
(au) 0u’ du du 2) +o(ar)

For the sake of simplicity we will omit hereafter the n (or 0) superscript for variables belonging
to the initial step. From the scheme represented in equations (E.2) we obtain the values of the
increments Au:

E:ul—uzAtalN

Au=u?—u= At(a1N+agN1 + boN)

Au=u’—u= At(a1N+a2N1 + b2N+Cl3N2 +b3N1)
Au=u*—u=At(a1N + asN' + boN + agN? + bsN' + baN? + a,N?)

(E.6)

The last equation in (E.6) is the discretised Taylor expansion of u. The equation requires to
express N’ as functions of the time step, to be represented in the form of (E.5), which reads

OIN— 10°N—2 103N
—Au Au ——A A
N! =N+ +2(92 I A’ +o(Bu)
ON — 10°N—2 103N —~
2
= —A Z A ——A A E.7
N N+8u u+28u2 u+6(9 u+0(u) (E.7)
ON— 10°N—2 103N —
3
= —A ——A ——A A
N° =N+ £ u+ 5 92 5 ou u +0( u)

By putting the (E.6) into the (E.7) we obtain:
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9°N ,Ar? 3N 34 A3

ON
N'=N+N—ajAt+N°— + N — +o(Ar?
au " 2y TN i o)
ON ON\> N202N
N N+N—(a1+a2+b2)At+ asa1N +——(a1+b2+a2)2 Al‘2+
Ou 2 Ou?
ON 8N [aza 93N (a1 + by +
au 81/!2 ( 22 ! +612a1(01+b2+02)) Nga 3 (al é a2) Al‘3+0(Al3)

) ON
N3 =N+N%(a1+az+b2+b3+a3)m+ (E.8)
2

ON\? 1 ,8°N
N|— (ag(a1+b2+a2)+a1b3+a2a1)+—NQ—
ou 2 Ou?

AZQ (a1 + by +a2+b3+a3)2

ON 0°N
+{N2 on (9 (a2+b3)+—(a1 +b2 +612) +(a1+a2+b2+a3+b3)(a1(b3+a2) +

3 93

9°N ON\’
+az(ay + b2 +az)) |++— 3(a1+b2+a2+b3+a3) +N(6 ) alagag}At3+0(At3)
u

6 Ou

Therefore Au can be computed and after some algebra we get:

Au = Aui At + AuaAf® + AusAr® + AugAt* + o(Ar?) (E.9)

where the increments Au; are defined as:

Au1 =N(a1+a2+b2+a3+b3+a4+b4)
ON
Aug = Na—(al(ag + bg) + (a1 + by +a2)(a3 +b3) +a4(a1 + by + as + by +a3))

9N

- N2
ou?

—(a2 +b3) + (a1 +b2+02) (a3+b4)/2+ —(Cll +a2+b2+a3+b3)

2
+N (E) [(ag + b4)a2a1 + a4(a1(b3 +ag) +az(ay +ba + a2))]

N3 83N ‘
Auy = 6 o a3 [(ai’(ag + b3) + (as + by)(ay +b2+a2)3+a4(a1 + bo +a2+b3+a3)3] +
oN\? ,ON 82N a2ay
+N(E) aiasasay + N 5_6_ {(a3+b4)[a2a1(a1+b2+a2)+ L ] +

2

a
+ ay El(ag +b3) + %(al +b2 +a2)2 + (a1 +b2 + as +b3 +a3)(a1(a2 +b3) +a3(a1 +b2 +a2)

|

(E.10)
The discrete Taylor expansion of the algorithm must approximate the real Taylor expansion of

the solution u(k,t). Therefore, the equation (E.9) must approximate (E.5) up to the desired level
of accuracy. Since N(u) is arbitrary, the comparison lead to conditions for the coefficients a; and b;,
shown in (E.11). The conditions are expressed as a set of seven non-linear equations, one equation
for each term of the Taylor expansion (E.5). In particular, we have one condition for the first-order

term, one for the second-order term, two for the third-order term and three for the fourth-order
term.
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ay | 8/17 | by |0

as | 17/60 | by | -15/68
as | 5/12 | by | -17/60
ay 3/4 b4 —5/12

Table E.1: Coefficients a; and b; of RK4

ai+bys+as+as+bs+as+by=1
al(aQ + bg) + (a1 +bo + ClQ)(ag + bg) +a4(a1 +bo+ao+bg+asz= %
2
%(ag + bg) + %Tw(al + b2 + 02)2 + %(Cll + b2 +ag + bg + d4)2 = %
_1

asay(as + b41 +ay(ai(bs +az) +as(ar +by+az)) =3 (E.11)
aidodszdyg = by

—QQEbB a:i‘ + _ag-é—b4 (al + by + a2)3 + %(al +bo+as+ b3+ 613)3 = i

2
a -
((13 + b4) [agal(al +bo + CIQ) + a%ag/Q] + a4{71(b3 + aQ) + a—;(al + by + a2)2+

+(ay + by +as +bs+as)[ai(bs+asz)+as(ay + by +as)]} = %

From this set of equations we can derive the values of the coefficients that satisfies the prescribed
level of accuracy. Since we have 7 independent equations and 7 unknowns, the system is closed and
a unique solution exists. The number of solutions, in the complex field, is the order of the system,
namely 1152. It is worth noticing that if one of these solutions belonged to the real field, in order not
to have complex sub-step solutions, it would be possible to have a 4th order algorithm. However,
the last two equations in (E.11) are replaced by the relations by = —asg and b3z = —as. The selected
set of parameters a; and b; is reported in table E.1.

In general, for a non-linear function N(u), the numerical scheme is only 3th-order accurate, since
the conditions coming from the 4th-order terms of the Taylor expansion are only partially satisfied.
However, in the specific case where N(u) is linear function, all the higher-order dervatives with

3
respect to u are zero. In this case all fourth-order terms in equation (E.5), except for N (%—LIY) , are

zero. The surviving term is well-approximated by the set of coefficients in E.1, which in fact satisfies
the fifth equation of the set (E.11) Therefore, when N(u) is a linear function, RK4 approximates
the Taylor expansion up to the fourth order of accuracy.

E.2 The stability of RK4

Let us consider the equation (E.1), with N(u) a non-linear function. RK4 provides a a 3th-order
approximate solution, where the fourth-order term of the Taylor expansion of N(u) is only partially
approximated. By referring to u as the exact solution and to ¢ as the approximated one, we can

write:

u =i

n 2 2 2 " 3 "
w = u" + N|IAr+ NGY|" A + (NQ%TIQJ+N(%—IZ) ) A 4 (N (%—];’) ) 8- +o(Ar%)
. “ ¢ (E.12)
q =u

n 2 2 2 " 3 n 4
g™ = g" + N|"gAt + N%—’Zq%+ (N2%u’;’ +N(%—’Z) ) A 4 (N (%—’1) ) a-

q q
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If we define the error of the algorithm as € = u — ¢, T is the temporal integration interval and
n = T/At the number of time steps from the initial condition, the comparison of the exact and
numerical equations (E.12) determines the order of magnitude of €, namely

€" ~n o(A?) =T o(Ar?) (E.13)

The error goes to zero as A3, as prescribed by the choice of the coefficients a; and b;.We can
derive the equation for €"*!, truncated at the second order, by subtracting the second equation of
(E.12) from the first one. Thus, we write

n,

At? ON\|" ON
n+l _ n n _ amn = _ _ -
€ =€"+ (N|, — Ny)At + 5 (N 6u)u (Nau)q +
+A_t3 N282_N+N6_N2n_ N282_N+N6_N2n+
6 du? u du? ou (E.14)
u q
Art aN\*\[" anN\3\[" ,
L u q

Now we can use the expansion of a generic function f(u) centred at ¢, truncated at the second
order, which omitting the superscript n reads

e+o(€) (E.15)
q

fw) = fle+q) = fg)+ 2
u

The expansion (E.15) allows, after some algebra, to rewrite the equation (E.14) as

ON 8 [ ON\AZ [ ,0°N N\ ar 9 [ (an\) at]]"
n+l 2 n 3
=14+ —At+ — ([N— ]| =— + — [N +N|—| | =—+—[N[=—] | = At
" u +au( au)2+au( a2 (au))6+au (au) o1 || €' roar)
q
(E.16)
The algorithm is stable only if, for every value of n
N 8 [ ON\ A2 8 92N ON\?\ A3 8 ON\?\ At
1+ —At+— |[N— | =— + — N2+ N[—]| | =—+—=[N[|=] | =<1 (E1
" ou +au( au) 2 +au(N au? " (au) 6 ' ou (au) or| <t (EID

By solving the above inequality, once known the function N, it is possible to find the values of
At which guarantee the stable operation of the numerical alogorithm. Since when using spectral
methods N can be in general a complex function, the solution will be bounded in a region of the
complex plane, referred to as the stability region.

The inequality (E.17) has a strightforward solution when N(u) is a linear differential system. In
fact, under the hypothesis that N(u) is expressed through a diagonalizable matrix of eigenvalues A;,
the equation (E.17) is recast into

Ar? A3 Art
T+ A+ 22— + B — 4 2 —
! 9 6 124

where M is the number of equations of the linear system N (u).

The solutions AAt of the problem (E.18) provide the stability region of RK4. For the third-stage
Runge-Kutta ( RK3 ) we can obtain a similar relation. In this case, however, the coefficients a; and

<1 Vi=12,...M (E.18)

3
b; can’t satisfy the approximation of the fourth-order term N (%—I;[) . The stability region of RK3

is therefore derived by the inequality (E.18) in the absence of the fourth-order term Afé—tz.
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The stability regions of RK4 and RK3 are found using the Newton-Rapson algorithm, while
considering complex eigenvalues in (E.18). In figure E.2 the stability regions of RK4 and RK3 are
displayed, where Aj is the imaginary part and Ag the real part of 4. For each eigenvalues A;, which
are fixed by the physical problem, the code is stable when the time step is small enough that Ara;
falls inside the stability region. In the linear analysis, RK4 has a wide stability region than RK3.
In particular, for pure imaginary eigenvalues, the CFL,,q of RK4 is V8, as compared with V3 for
RK3.

—RK3 é é é
| Rk e

] 25 5] 15 E| 04 0 05

Figure E.1: The stability regions of RK3 and RK4

121



Appendix F

Main differential equations in ERPP
derivation

F.1 Fundamental solution of the diffusion equation

The fundamental solution of the diffusion equation g(x-¢,t-7) in the free-space is found by solving
the following singularly forced diffusion problem, coupled with the proper initial condition:

0
7 _ YWig+6(x — )8t — 1)
ot (F.1)
fm gx =y, 1 -1)=gx-¢,07) =0
-7

By integrating the first one of (F.1) from 7 — € to 7+ €, with € going to zero, and exploiting the
delta function properties and the regularity of g, equations (F.1) can be recast into an initial-value
problem:

a_g =vV?g t>T,
ot (F.2)
lim g(x =y, 1 =7) =g(x = ¢, 07) = 6(x )

and by transforming the above set of equations into the Fourier space, denoting with g the
Fourier transform of g and with k the wavenumber, one immediately gets:
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LR r>,
. 1 (F.3)
1‘ 0 - =90 =
lim g(k,t —7) = g(k,07) L
Equation (F.3) can be easily integrated in # from 7 = 7+ to ¢, obtaining:
g(k,t = 1) = g(k,0")exp[-v|[k|[*(r = 7%)] (F.4)

where by considering the initial condition and omitting for the sake of simplicity the superscript
+ in 7, being a formalism not relevant here, one finally gets the solution:

1
(2m)3

We now recognise equation (F.5) as the Gaussian distribution in the wavenumber space, with
time-dependent variance o (¢t — ) = /2v(t — 1), that back to the physical space becomes:

gk, 1 —1) = exp[=vIIkl[*(t - 7)] (F.5)

e = wll? F4)

gx—y,1-71) = WexP [_4v(t -7)
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F.2 Fundamental solution of the free diffusion vorticity equation
forced by the impulse (x,7)6(t — 1)

The fundamental solution of the free diffusion vorticity equation forced by the impulse ¢(x, 7)5(t—7)
is identified by the following differential equation

0
of %(x, 1) =uVir(x,t) + C(x,7)6(t-1), (r(x,77)=0 (F.7)

By applying the same procedure of F.1, one integrates equation (F.7) from time ¢t = 77 to time
t =1% and gets

R, ™) =2(x,7) (F.8)

We now compute the Fourier transform of equation (F.7) and we obtain

o o B =~k (k) F.9)
{r(k,7%) = {(k,7)
that can be integrated from ¢ = 7 to ¢ obtaining
~ 32 1 _K22(t-1)v 32 .
b (k1) = Lk, T g™ T = Pk Do (ko1 = T) (F.10)

By recognising the convolution product between the Gaussian g, (k,t — 7) with variance o =
v2v(t — ) and the function {(k,7) in the (F.10), one can apply the inverse Fourier transform and
find the final solution, that reads:

G = [ et == ndy (F11)
R3
F.3 Fundamental solution of the unsteady singularly forced Stokes

equations

The fundamental solution of the unsteady singularly forced Stokes problem in the free-space can be
found by solving the following set of equations:

p‘z_vtv =V T +e5(x — )61 —7)
o (F.12)

tl_i)m_w(x—L//,t—T) =wkx-y,07)=0

where T is the stress tensor for incompressible Newtonian and Stokesian fluids and the singular
force is applied at time 7 and position ¥ along the direction é. By taking the curl of the first
equation in (F.12) one gets the dynamic equation for the vorticity ¢ = V X w, shown in equation
(F.13).

e 2, .
= =uVL—-exVo(x—y)o(t -
P =HVL—exVo(x =)ot —7) (F.13)
Yy(x—y),07)=0
Introducing the ansatz ¢ = —%é x Vg, equation (F.13) returns:
dg 2 5
V x T =Vx[vWg+édo(x—y)o(t—1)] (F.14)
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that, being valid for every point of the domain, it is immediately recast into the scalar diffusion
equation (F.1), and its solution g(x —, t—7) is the Gaussian function with variance o = /2v(t — 7).

By substituting the expression of g(x —,t — 1) into the ansatz one finds the solution for . In
order to derive the solution of the velocity field the free-divergence vector potential A is introduced
for w, and it follows:

[=Vxw=VxVxA=-VA (F.15)

We then define the operator G in such a way to have V2G = g, allowing us to write an equation
for A:
1,
A=—-¢éxVG (F.16)
Je
By taking the laplacian of (F.16) and considering the definition of G it is possible to verify
that the equation returns the ansatz for the vorticity. The problem is now transposed into the
computation of the function G(r,r;), where r and r; are the module ||x — || and t — 7, respectively.
By exploiting the isotropy of the function G, we write its definition in spherical coordinates:

V3G =

19 [ ,9G 1

1 r2
2ar | ar (2ra(re)2)32 P [‘200»7)2]

After a successive double integration by parts, the solution of (F.17) can be found, reading:

]:g(r’rT):

1 L[ r?
G(I”,I’T)Z (271-)—3/20_ |:—;'/0 exp _T"Q:| dr|+B (F]_S)
By defining now the function er f(p) as
) =— / "o th p= (F.19)
erf(p) =— e Vdy wi o= .
Vr Jo V20

one can rewrite the (F.18) in its final expression, where B is chosen zero

1 r
G(r,ry) = ——erf(\/_o_) = —merf(\/m) , (F.20)

where we have considered the dependence on time of the variance o .
The velocity field w can now be determined by substituting equation (F.20) and (F.16) into
w =V X A, being:
1 .
w=VXA=-VX(éxVG)=
Jel

1
= —(V2Gé-Ve VG -¢) =
P

(F.21)
1
=—[(gl-V®VG)- €] =
0
=G-¢
The expression of the Green tensor G(x — ¢, — 1) is given below.
2 2
G 3 3G
Gx—y,t—1)= (1+O-)g+ I- (1+i2)g+—2}¥ (F.22)
r2 r2 o r r r

The pressure field associated to the problem can be found by taking the divergence of the
singularly forced Stokes equation and solving the associated Laplace equation in the free-space,
that reads:
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Vip=6-V6(x —y)s(t—1) (F.23)

The solution for (F.23) is readily found through the aim of the Green function ¢ =
indeed we have

_ 1
dr||x=yl|’

1
p== [ & Vo0 -0s -y
. Tl

el s o(y—v) 3
=6(t—1)e VwAg —47r||x—y||dy_

A L
‘_““””'thu—wd‘

(F.24)

ée-r
o(t —
47rr3( 7)

The stress tensor T associated to the problem can be written as:

T=—-pl+u(Vw+VTw) (F.25)
where the pressure p is given by the (F.24) and the velocity w by the (F.21). The stress tensor
can be rewritten via a third-rank tensor T
T=T ¢ (F.26)
being T the Green stress tensor defined in index notation as

0Gjk . 0G i
(9Xj 6)61‘

By substituting the formula of G;; into the (F.27) one can get the final expression for T;j, that
reads:

1
Tk = —ﬁﬂf —71)0;j i+ u( ) (F.27)

4r

Ik

Tijk = —m(g(l - T)éij
B 1dA B 2 4B\ rirjre (F.28)
+v —2r—25ijrk+ ;E—r—2 (6]-kri+6ikrj)—2 ;B+E 3

where A(r) and B(r) are defined as

2
A(r) = (1+0'_2)+£2
r r
) (F.29)
3o 3
B(r): (1+r_2)g+r_2G
F.4 Fundamental solution of the unsteady Stokes equations forced

by a singular time-dependent forcing

The fundamental solution of the unsteady Stokes free-space problem forced by the singular time-
dependent forcing D(f) 6(x — ¢), can be found by solving the following set of equations:

pa(;vt* =V-T*+D(t) 6(x — )

Vow' =0 (F.30)
tlim wx—-y,t—-1)=w'(x—-¢,00)=0
—T
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with the usual notation for the symbols used. A solution for (F.30) can be found by exploiting

o _y.
the linearity of the differential operator [ %" OV } applied to the unknowns [ ‘;f }

Indeed, through the delta Dirac definition we can write the (F.30) as:

[ 2 v ] [ w* ] _ [ /Oﬁé(x—w)d(t—r)D(T)dt
V- 0 T 0

(F.31)
tl_i)rg wx—-y,t—-1)=w'(x—-y¢,07)=0

and because of the linearity of this operator the solution will be a linear function of the known
term. Thus, it follows:

wix—yt-1)=f

/t D@ v~ w6 - T)d‘r) -
0 P

:/t D‘Y(T)f(é 6(x —¢)o(r —7))dt =
0 P

= /l D‘Y(T)w(x -yt —1)dt = (F.32)
0 P

B _/ﬁ DS(T)G -édt =
0 P

tt D
- / 6. 204
0 P

where Dy is the scalar part of the vector D(f) = Dgé, é is as usual the direction of the forcing,
and w(x — ¢, 1 — 1) is the solution of (F.12), shown in (F.21). By taking the curl of w*(x — ¢, — 1)
one can get the expression of the vorticity, that reads, after some algebra:

{(x—(//,t—r):—/ TTng(x—d/,t—T)dT (F.33)
0

One can repeat the same steps for pressure and viscous stresses, obtaining in index notation:

[+
D
TF = / Tijk k(T) dr (F34)
0 P

tj

being T;jx the third-rank Green stress tensor expressed in (F.28).

F.5 Fundamental solution of the unsteady Stokes equation

We consider the equations for the motion of a Stokes incompressible flow resolved within the domain
Q and properly endowed with initial and boundary conditions. We write

p =V .T+f
V-u=0
u(x,0) = up(x)

u(x,t)|aq = up(xp, 1)

(F.35)

where f is the resultant mass force, T the stress tensor for incompressible Newtonian fluids and
D(1)6(x—y) is the singular forcing exerted by the particle on the fluid. We want to look for solutions
of equations (F.35) by means of the impulse forced unsteady Stokes problem, previously discussed
in F.3, with the forcing applied at time 7 and position ¢, whose equations read:
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p%—v;’ =V T, +6(x—y¥)é(t—1)é
V-w=0 (F.36)
wkx—-¢,07)=0

The solution of equations (F.36), derived previously, are shown in the (F.21) and (¥.26), for the

velocity field w(x — ¥, ¢t — 7) and the tensor stress T, (x — ¥, t — 7), respectively. We consider the
following change of coordinates for u(x,t) and w(x —y,t — 7):

Ou _ Ou . Ou _ du
ot — 0 ) ox; — Oy
{6_W — _Ta_w . xf?_w — _ow (F.37)
or ot ’ ox; — Oy
and we project equation (F.35) along w(x — ¢, 1t — 1)
ou - 0
pL;TW—pu-a—v::Vw-(w-T)—T:Vl/,w+f-w (F.38)

By substituting the value of %—VTV from the (F.36), after the above mentioned change of coordinates,
one obtains:

ou-w
ot

It is important to notice that in order to be able to say that V =V, for T,, one must change
the sign of p,,, that is, then, taken negative.

Because of the incompressibility, the terms responsible of the deformation work cancel out each
other, indeed we can write:

+u-65(x—-yY)o(t—-1)=Vy -(w-T)=Vy - (u-Tw)-T:Vyw+T,, : Vyu+ f-w (F.39)

{ T:Vyw=-pVy -w+2ue:e,=2ue:e, (F.40)

T :Vyu=py,Vy -u+2ue,:e=2ue,:e
where e and e, are the symmetric part of the velocity gradient of u(y¥, ) and w(x —y,t — 1),
respectively, always spatially derived with respect to V. Equation (F.39) is simplified as:
ou-w
ot
and can be integrated in ¢ and .

t+ (9 . tt r
// p L;Wdrd%m(x,t)'é:}{ / (W'T—“'Tw%nwdSwd”// frwd’pdr (F.42)
o Jo T a0 Jo QJ0

The first term in the last equation can be integrated in time and, just recalling the initial
condition of the impulse problem w(x —¢,t — ") = w(x —,07) = 0, one obtains:

o +u, 1) e 6(x=yY)o(t—-1)=Vy -W-T)=Vy-(u-Ty)+f-w (F.41)

u(x,t)-é=—/p(u-w) (x,¥,1,0) d3(//+jl{ / (w-T—u-Tw)-nwdS¢dT+// f-wd3ydr (F.43)
Q 0Q J0 QJ0

Now by recalling the expression of w and T, for the solution of the impulse Stokes equations,
the (F.43) is recast into:

z+
uj(x, l)éj = —‘/g;p (uiGijéj) (X,lﬁ,l‘, 0) d3lﬁ +£g£ Gijéjll-s —uiTlY‘,’(jéjnde,/,dT+

t+
+// fiGijé;d>ydr
QJO
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where t* are the stresses exerted on the fluid, related to the stress tensor with the usual repre-
sentation t* = T - n. Since the direction of the impulse forcing is arbitrary, from the last equation
one can finally get the expression for the velocity field u;(x,7), that reads:

t* t*
u_,-(x,t):—‘/gp(uiGU) (x,,1,0) d>y+ /O Gijtf—uiT;ZjndewdT+‘/Q/0 f:Gijd®pdr (F.45)

o0Q

The three terms on the right hand side represent the perturbation to the fluid due to the initial
condition, the boundary conditions and the mass forcing term, respectively. If we now set the initial
condition to zero and we turn off the mass forces, we obtain the following simplified expression for
the velocity field:

t+
uj(x,t) = 7{{99/0 Gijt] - uiTﬁ(jndelpdT (F.46)

F.6 The background field and its derivation through ERPP

In this section we will describe how the background field is derived, in order to compute the equations
(2.41) (2.43) in the 2-way coupling regime. The Maxey-Riley-Gatignol equation deals with different
unperturbed fields. In the most general case, i.e. the bubbles (2.41) , these fields are the velocity
u (o), the laplacian V2u(0) the material derivative Dg(to), and the vorticity {(g). Each of these terms

must be computed at the current bubble position x, (), through the definition (2.33), namely

(o) (xp (), 1) = u(xp(1), 1) —u)(xp(1),1)
V2u o) (xp (1), 1) = V2u(x, (1),1) = V2uy (x, (1), 1)
£ (ep (1)) = L0 (1),1) = (1) (5 (1),1) (F.47)
Du
O (1 (1,1) = 2 e (0,0) =~ (1 (1), 1)

The complete fields u and ¢ are the regularised fields, as prescribed by ERRP, and they obey
the equations (2.32). For the sake of simplicity we have omitted the subscript R denoting the
regularised condition. At run time the fields are known and resolved over the computational grid.
On the contrary the self-induced fields have to be somehow calculated, for each bubble. Such
computation is allowed in the context of ERPP, since the equation of the regularised disturbance
field is recast into a linear Stokes equation.

The following discussion shall refer to the computation of the bubble momentum equation. Solid
particles undergo the same treatment, but less terms must be computed, due to the simpler structure
of their momentum equation (2.43).

If we omitted the computation of the self-disturbance, imposing the unperturbed field as the
complete one, in the 2-way coupling regime we would obtain a computational error. In fact, Gualtieri
et al. [64] showed that this would overestimate the terminal velocity of settling particles.

Du

F.6.1 The velocity and vorticity self-induced field

The first terms that we are going to derive are the self-induced velocity u (1) and vorticity {(1). The
fields are analytically computed by solving the regularised Navier-Stokes equation

0 D, (t—

3 = —,%VP(U +vV2u () - %g(x —Xxp(t — €r), €R)
V-uny=0 (F.48)
) (x,t,) =0, x eR?
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At run time ¢, the equations are integrated over the time step dt, to the new configuration at
time #,,41.

The particle is, for this moment, considered enough far from a wall, such that the self-induced
field isotropically decays in space. The integration of the equations (F.48) is split into three steps:
the integration of the forcing term, the diffusive step and the projection step.

In the first stage the equation (F.48) are integrated using the homogeneous initial condition,
omitting the pressure gradient and the diffusive term.

D,(t-€
ﬁ(l)(x,t+dt) = —M

g(x —xp(t — €r), €r) (F.49)
For sake of simplicity we have consider the Fuler-like integration algorithm. Conceptually noth-
ing changes if we employed different numerical schemes to advance the solution.
In the second stage the purely diffusive equation (F.50) is solved, where the initial condition is
the first-step solution (F.49).

612(1) — V2A
o ST HRL (F.50)
U (x,t+dt) = u(l)(x, t+dt)

The solution of the equation is the convolution of the initial condition with the gaussian function
g(x —n,dt), namely

iy (x,t+dt) = /3 iy (n,t+de)g(x —n, dt)d’n =
R

D, (t — er)dt
:—u/ g(r]_xp(t_ER)aeR)g(x_n’ dt)d?)’]: <F51)
Pf R3
D, (t - eg)dt

=——————————2(x —x,(t — €r), g + dt)
Pf

The field it (1) corresponds to the pseudo-velocity related to u(y). In fact, it is derived by integrat-
ing the Navier-Stokes equation in the absence of the pressure gradient. Hence, the self-disturbed
vorticity, that is required by the lift force, is {(1) =V X #(1)

Dyt -
day = dt% X Vg(x —xp(1 — €r), €r + dt) (F.52)

The pseudo-velocity #(1) must be projected back to the solenoidal vector field by means of the
divergence constraint of the (F.48). The incompressible condition is achieved by introducing the
divergence-free potential A, such that u(1)(x,7+dt) =V X A(x,t +dt). The potential A depends on
the vorticity (1) through the differential equation

D,(t -
(1) =VXVxA=-VA= dt# X Vg(x —x,(t — €g), €g + dt) (F.53)
f

Due to linearity, the solution is in the form A = —dt%f_@) X VG(x—x,(t—€r),er +dt). G is,

again, the solution of the Laplace free-space problem V2G = g(x —Xxp(t— €r), €g +dt). The resulting
field u(1) = V x A, expressed in terms of the function G(x — x,(f — €r), €r), reads

D,(t—¢€
uy(x, t+dt) = dtM AV®VG(x —x,(t —€r), g +dt) —Ig(x —x,(t — €r), egr +dt)} (F.54)
Pf

where the solution of G is

1 r
G(r,eg +dt) = —Herf (m) (F55)
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with r = \/(x —xp(t—€r)) - (x —x,(t —€r)), o(er +dt) = y2v(eg +dt) and erf(n)the Gauss

error function. By adding the solution of G into the (F.54) we compute the final expression

Dp(t — €R) PN
uy(x,t+dt) = dtT AFiso(r,t +dt)] — Freps(r,t + dt)7 @ 7}
2
Fiso(rt.dn) = =g (r. i ex) {1 " ((r(dtV+ER)) } ¥ 47r1r3erf (\/50(2R+dl)) (F.56)

er+dt)

2
Ftens(rat"'dt) :_g(r:dt'i'fR) {1+3(M) }+47§r3erf(\/§o_(r )

At the end of this single time step integration the fields u (1) (x, t,41) and {(1)(x, t,4+1) are known,
and can be used to compute u(g)(x,?,41) and (o) (x,7,41). This concludes the first part of our
calculation.

At the beginning of the next time set, the evolved disturbance u1)(x, f,4+1) is discharged into
the unperturbed velocity u(g)(x,t,41). Therefore, the initial condition, at time #,41, of the self-
disturbance is again the homogeneous condition, and the procedure can be reiterated.

F.6.2 The laplacian of the self-induced velocity field

The Faxen correction and the fluid material derivative require the evaluation of the self-disturbed
laplacian V2u(1), whose expression follows at once by taking the laplacian of equation (F.54).

(t - €r)

D
V2u(1) (x,t+dt) = di—2 ; -{V®Vg(x—xp(t—6R),6R+dt)—IV2g(x—xp(t—ER),6R+dt)} (F.57)
S

g(x —x,(t — €r), €g +dt) is the solution of V2G(x - xp(t — €r), €g +dt), that is by definition the

Gaussian function of variance o (eg + dr) = \/2v(eg + dt). Owing to the symmetry of the Gaussian
function, we can write

(F.58)

The partial derivatives with respect to r of the Gaussian function are easily computed. Then,
adding the (F.58) into the (F.57), we derive the final expression we were looking for

Dp(l - GR) .
pro2(er +dt)

2 2
V2u( (x, t+dr) = dt { ! f®f(r— 2)}g(x—xp(t—eR),eR+dt)

I+ -
o2(eg +dt) o2(eg +dr)

(F.59)
F.6.3 The material derivative of the self-induced velocity field
The material velocity DIL)‘ZO) is computed as it follows
Duw) _Du Dug
=— - F.60
Dt Dt Dt ( )
% and Dg(t“ are the material derivatives of the complete and self-induced fields, respectively.

Their expressions follow from the Navier-Stokes equations (2.32) and (G.3), namely

P (F.61)

i = 5 VP + V(1) = 5-Dp(t — €r)g(x = xp(t — €r, €r))

u N,
{% =~ VP +VVPu = o 3 D(t — er)g(x — (1 — €r. )
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Du(())

The expression of that is equivalent to the multipole expansion of the (G.2) for the p-th

Dt
particle, reads
D
i = =5V +vViu) + f = fo
r P
f(x,1) = —# Yy Dn(t — €r)g(x — X, (t — €r, €R)) (F.62)

fay(x, 1) = ,%Dp(f —€r)g(x —xp(t — €r, €rR))

The material derivative requires the computation of the unperturbed pressure gradient Vp g,
the laplacian V2u(0) and the unpertubed forcing term fo)(x,1) = f(x,t) — f1)(x,1). The latter is
derived at once since the forcing from both the whole discrete phase f(x,?) and the p-th particle
fay(x, 1) = —#Dp(t —€r)8(x—x,(t —€Rr), €r) are already resolved over the computational grid. The
laplacian V2u(0) was presented in the previous section and the computation will not be repeated.
The self-induced pressure gradient will be computed from the elliptic equation obtained by taking
the divergence of the momentum equation in the (F.48). The problem is recast into the following
Laplace problem

Dp(t - €r)
Vpa) = —pT -Vg(x —xp (1 - €r). €r) xR’ (F.63)

Due to the linearity of the equation (F.63) the solution, with usual notation, is in the form

D, (1 - €r)
Py = ——2——= - VG(x — x,(f — €r, €R)) (F.64)
pf
Following the expression of V® VG, the self-induced pressure gradient is finally obtained

D, (t —€Rr)

Vp(l) S A Y ® VG (x —xp(t — €R,€R)) =

D, (t - €r) { o2(eR) 1 ( r )}
=———{g(r,er) - erf - F.65
o r2 4rr3 V20 (er) ( )
F 02(er) 3 r
D (t—eR)-f—{g(r,eR) (1+3 )— erf( )}
g Py r? xr 7 V20 (eg)
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Appendix G

The Maxey-Riley-Gatignol equation

In section 2.6 we have introduced the momentum equation of a pointwise particle immersed in a
turbulent field, namely the Maxey-Riley-Gatignol equation. In this section we will discuss the phys-
ical and mathematical procedures employed to derive the equation. The procedure was originally
introduced by Maxey & Riley and Gatignol in the papers [61][82].

Given a reference system and an orthonormal base, let’s consider the dilute two-phase flow
within the domain R3. In the low-Re,, regime the dispersed phase can be seen as the set of small
spherical rigid bodies. The p-th particle of diameter d,,, positioned at x, (¢), moves across a flow field
whose velocity in the absence of the particle itself is u(g)(x,7). We remark that the field ug)(x, 1)
is different from the field w(x, ) introduced in the (2.2). In fact, u(g)(x,t) takes into account not
only the background flow w, but also the perturbation induced by all the remaining particles. That
is, the velocity u(g)(x, 1) is the actual fluid velocity u(x,t) experienced by the particle, after its self-
disturbance u(1)(x, ) is removed. Therefore, when the p-th particle is considered, the field u(x,1),
obeying the system (2.1), is additively decomposed into ug)(x,?) and u(1)(x,?), namely

u(x,t) = u(x,t) +u)(x,1) (G.1)

The unperturbed field u g fills the domain R3/§p, where ﬁp = Q/Q,,, and obeys the Navier
Stokes equations in (G.2). The control parameters of the system are the Froud number Fr and
the Reynolds number Rex = |u — vp|rer A/v. The field u(g) is observed from its smallest relevant
scale A >> d,,. For the homogeneous turbulence A is exactly the Kolmogorov lengthscale . The
differential equations are embedded with the neighbouring particle boundary conditions and the
initial condition of the complete field u(x,¢). The field ug) is prolonged inside the particle domain
Q,,, by means of the Taylor expansion. If A >> d,, the variation of u(g) into the p-th particle volume
is indeed negligible.

) _
5 +u() - Vu) = 728 + zexV - To) x e R°/Q,

V. up) = 0

hm|x|—>+00 M(O) (_x’ t) = O (GQ)

uo)(x, Do, = valx,t) —u@y(x, s, , Yn#p
u0)(x,0) = ug

The self-disturbance field u; belongs to the domain R3 /Qp, and its evolution is dictated by
the Navier-Stokes equations G.3, with initial homogeneous condition. The p-th particle boundary
is introduced in the domain of the self-disturbance, while all the other particles disappear. The
particle velocity v, (x,t) = V,(f) + wp, X (x(f) — x, (7)) is prescribed by the kinematic law of rigid
bodies, with usual notation.

The spatial derivatives of u(1) and u gy are computed over the scales d,, and A, respectively. The
control parameters are the particle Reynolds number Re, and d,/A.
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o+ uy - Vi +ug) - Vuay + gy - Vue) =+g=V-Tay  xeRYQ,

Vouny=0

lm |y | oo u (1) (x, ) = 0 (G.3)
uy(x,lag, =vp(x,1) —u)(x,)log,

u(x,0)=0

In the low-Re,, regime d, /A is negligible, and the system (G.3) is recast into an unsteady Stokes
equation with initial homogeneous condition. We remark that the systems (G.3) and (2.4) differ
only for the domain where they are defined. In fact, in the (G.3) we include only the disturbance
of the p-th particle itself, of which we are evaluating the hydrodynamic force. Therefore, after the
field u(1) undergoes the ERPP treatment, the system (G.3) becomes exactly equal to the (2.19),
where the known term is the forcing term from the p-th particle.

The particle momentum equation comes from the Cauchy equation, integrated over the domain
Q,,, namely
dvp _

PrVp=ar = pPpgVp +Dp(1) (G.A)
Dp(1) = $yq T-0dS '

We denoted with V, the particle volume, enclosed within the surface 992, of outward normal
unit 7, and with p, the particle density. The only mass force considered in this formulation is the
gravity force. The hydrodynamic force is derived through the surface integral over €, of the stress
T - n. The result of the integral strictly depends on the particle motion and, in particular, on the
Reynolds particle number Re,. In the low-Re, regime it is possible to find an analytical expression
of the force D, (1) as function of the field u (), exploiting the analytical solution of the equations
(G.3).

T=—pl+u(Vu+Viu) (G.5)

The stress tensor T is related to the field u through the standard constitutive relation (G.5).
Due to linearity of (G.5), the stress tensor T follows the same additively splitting of the field u, that
is T = T(o) + T(1)- The hydrodynamic force is therefore decomposed as well, into the components
Do) and DP(l)

Dp(t) = DP(O) (1) + DP(1) (1) (GG)

D () is the contribution of the hydrodynamic force due to the unperturbed field u ), while D
derives from the particle self-disturbance u )

{Dp<o> = $aq, T - 1dS = $o0 {=P@)1+ 1 (Vu@ + V" u()} - ids @

Dpy = $ao, Tty - 4dS = $o {=pay I+ p (Vi) + Vi uy) } - adS
In the assumption that the particle is small, the field u () is subjected to negligible variations
over the sphere. This means that we can expand the field in the neighbourhood of of the particle

centroid x,(¢). In particular we can think that the material derivative %(x, t) varies linearly in the
vicinity of x, ()

%(x,t) = %(xp(t),t) +(x=xp(1)-V (%) (xp(t), 1) +o(d,/A) (G.8)

Since A >> d), Dp,
Rescaling into dimensional form, the expression of D
evaluated through the condition (G.8)

can be computed with no further assumptions from equation (G.2).

po, comes down to the volume integral that is
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Du )

0 DM(O)
T ndS = | (py—p == pr&)dVp =Vopp—p = = Vppps; (G-9)
vV, t t

DP(O) = 7{
0Q

Similarly the self-disturbance force contribution Dy is evaluated from the system (G.3), when
Re, and d), /A are very small. In this the case non-linear convective terms are negligible with respect
to the viscous forces, and the dimensional equations are recast into the following unsteady stokes
equations

p

of 6:;(;) =-Vpu +MV2u(1) X € R3/Qp

Veouny=0

lim‘x|_>+oou(1)(x,t) =0 (GlO)
ue) (x,Dlae, = vp(x, 1) —uw) (x,1la,

u)(x,0)=0

whose solution is given by the (2.5). Avoiding the detailed computation of the field u(y), the
solution D(y) is evaluated in conjunction with the fundamental point force flow of Burgers [131].
The lengthy but rigorous detailed computation is out of the purpose of the present work, but the
reader is referred to the work of Maxey & Riley for additional details [61]. What is important to
stress is that the self-disturbance field is controlled by only the unperturbed field u g, through the
no-slip condition in (G.10). The resulting force D(y) (G.11) is restricted to the same dependency,
as well as D). This might seem controversial, since the force D, is formally derived through
the surface integral of the complete fields u(x,t) and p(x,?). In particular the largest contribution
of the self-disturbance fields is achieved at the particle surface, where the force is computed. To
understand this crucial concept it is better to provide a physical interpretation of the mathematical
procedure. In the hypothesis of low-Re,, the particle disturbance obeys the Stokes equations that
we have presented. The scale of the motion of such flow field will be of the order of the particle
size d,. Hence, in the assumption that the diameter d, is small, the particle disturbance will
decays very fast in space. On the other hand the scale of motion of the unperturbed field u () is
locked by the background hydrodynamic conditions to the scale A. The scale A does not depends
on the particle Reynolds number, and in particular on the particle size. If the particle is small as
compared with the ( smallest ) background scale A, the scale separation between the unperturbed
and disturbance fields is achieved. When observing the motion from the particle scale d,, the far
field is dominated by only the unperturbed field. It is now clear, by analysis of the fluid integral
momentum equation, how the force D, (f) is connected to only the field u ), if the particle Reynold
number is vanishing. However, when zooming out to the hydrodynamic scale A the effect of the
disturbance and the background field about the particle will be concentrated in a single point.
The disturbance u(1) is now controlled by a singular equation, and can be finite at the observed
from the distance particle position x,(¢). Therefore, to recover the near-field information, such
self-disturbance must be removed from the complete field, when computing the hydrodynamic force

D,(1).

1 d 1 1
Dy, =501 Voo {u(o) Lep (0,11 = vp (1) + 54, V7 u(o) |xpm} +3mud, {u(o) [xp (0,11 = vp (1) + 5 d Viugo) |xp(t)}

) t(d/dr {M(g) [xp(7), 7] =v(7T) + 2—14d12,V2u(0) |Xp(T)}
+3/27r,udp/ ( D] dr
(G.11)

After reassembling the two contribution of the drag force, the particle momentum equation
finally reads
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dv Du 1 d
pprE = (pp —pf)ng +pr A )(Xp(t) 1)+ Pprd {”(0) [xp(t)a t] - Vp(t) + Od v M(O)lx,,(z)}
+3mud, {u(o) [xp (1), 1] = v, (2) + 2—d]2,V2u(0) prm} +

t d dT u Xp(T), T v(T) + d2V2M (T
+3/27T[1d12)/ ( /dt( (0)[ p( ), 7] =v(7) 51 (())l b ( )))d

0 [v(z —7)]1/2
(G.12)

The equation is better known as the Maxey-Riley-Gatignol equation, and describes the evolution
of the momentum of a tiny rigid sphere in the presence of an unsteady background flow. The
notation # and du(o) denotes the material derivative of the velocity u(g) measured following the
fluid x(¢) and the partlcle xp(t), respectively. These physical quantities represent very different
physical concepts and generally they can differ considerably. However the difference between the

material derivatives, when compared with the drag force, is negligible if the particle is small

Du(o) B dbt(())
Dt dt

Therefore, the added mass force is approximated with the fluid material derivative with no harm,
namely

= (uy = vp) - Vuy ~ o(ReAdf,/AQ) (G.13)

du(o) B dvp _ Du(g) dvp

1
—) =z 14
dt A A YR (G-14)

1
5 ppf(
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