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Abstract

The momentum exchange of bubble and particle laden incompressible turbulent �ows is investigated
by means of Direct Numerical Simulations (DNS), employing the Eulerian-Lagrangian approach.
The Exact Regularised Point Particle method (ERRP) is used to achieve the inter-phase momentum
coupling between the two phases. The �rst part of the research deals with bubble-laden turbulent
homogeneous shear �ow. The aim of this study consists in addressing the modulation of shear tur-
bulence and the bubble clustering geometry in presence of di�erent inter-phase momentum coupling
conditions. Suspensions with di�erent combinations of void fraction and Kolmogorov-based Stokes
number, in the dilute regime, are studied. Bubbles suppress the turbulent kinetic energy and tur-
bulent dissipation as well. Turbulent modulation occurs via the direct change of the Reynolds shear
stress. In fact, the bubble energy source is proved to be negligible in the scale-by-scale turbulent
energy budget. The bubble clustering, in agreement with the literature, occurs in the form of thin
elongated structures. The clusters are aligned with principal strain direction of the mean �ow, as
usual in shear �ows. The bubble clustering and turbulent modi�cation are strictly related: both
increase with the Stokes number and are independent of the void fraction, in the range of parameters
considered in our simulations. The data show that the turbulent modi�cation is disadvantaged when
the bubble distribution is homogeneous (i.e. small Stokes number). Finally, the small scale bubble
clustering is slightly reduced by two-way coupling e�ects even though the clustering anisotropy
still persists at small scales as it occurs for inertial particles. In the next stage of the research,
the objective is to study multiphase wall-bounded turbulent �ows. Under the same �ow rate, the
dispersed phase can either reduce, as in bubbly-�ows, or increase, as in particles-laden �ows, the
viscous wall drag. However, it is well acknowledged that bubbles must be large, and deformable,
in order to reduce the viscous resistance in wall turbulence. On the other hand it is known that
small inertial particles lead to a wall drag increase. Since we are interested on important turbulence
modi�cations, the second part of the research is devoted to particle-laden wall turbulence �ows.
In this new investigation, the turbulence modulation is addressed in an particle-laden annular pipe
�ow, via Direct Numerical Simulation (DNS). The alteration of the heat exchange induced by the
di�erent turbulent mixing is studied as well. The turbulence modulation induced by small particles
is addressed for the �rst time in the annular geometry, in the context of Direct Numerical Simula-
tions. A wall correction is included in ERPP in order to take into account wall e�ects in the particle
disturbance. The research also focuses on the particle preferential concentration close to the wall,
the so-called turbophoresis. The relation between the particle concentration and the friction wall
drag and heat exchange modi�cation is explored. The �rst and second moment statistics, the two-
point correlation functions and the energy spectra are studied. The two-way coupled momentum
exchange leads up to 30% wall drag increase. The phenomenon is controlled by the particle mass
loading and the wall radius ratio '8/'>, where '8 is the internal wall radius and '> the external
one. The mechanism leading to the increase of resistance is attributed to the modi�ed Reynolds
shear stress. The heaviest suspensions show a drastic modi�cation of the coherent structures by
the external wall, although the �ow is altered in the whole annular pipe. The TKE signi�cantly
increases close the external wall, while it is suppressed close the internal wall. The increase of the
heat-exchange, induced by the di�erent turbulent mixing, is small, below 5 %.

In the annular pipe the dispersed phase preferentially migrates toward the external wall. In
fact, the internal peak of the particle concentration is up to 100 times lower than the external one.
Moreover, the �ndings suggest that the particle concentration is largely overestimated in the central
and internal regions, in the one-way coupling regime ( i.e. no turbulence modi�cation ). In fact, the
particle feedback promotes the turbophoresis of the external wall, while the particle accumulation
close the internal side is attenuated.
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Chapter 1

Introduction

Dispersed turbulent multiphase �ows consist of a background continuous phase, i.e. a �uid, that
transports a discrete phase in the form of small bubbles, droplets or solid particles. When tiny
bubbles are immersed in a liquid, e.g. water, the suspension is referred as bubbly �ow. On the
contrary, when the dispersed phase is made of collections of droplets or solid particles the �ow is
said to be "particle-laden". The di�erence between the two classi�cations, when the suspension is
dilute, is the inertia between the dispersed and the carrier phase. Particle-laden and bubbly �ows are
very common. Microbubble turbulent systems are easily encountered in many natural phenomena
and technological applications. Bubbles of diameters of the order of hundreds of micrometers are
observed in breaking waves [1, 2], in the wakes of seafaring vessels [3, 4] or after the collision of
raindrops in liquid pool [5]. The generation of microbubbles is caused by interface phenomena
[6] and can a�ect the turbulence dynamics [7, 8], the surface re�ectance [9, 4] or the acoustic
wave propagation [4, 10]. Particle-laden �ows are present in many natural and technological �uid
dynamical processes as well. In nature, sand and dust storms, rain formation, volcanic ash dispersion
in the atmosphere and geological sedimentation processes involve particle-laden �ows. In industry,
the dispersion of tiny fuel droplets in combustion chambers is crucial for the e�ciency of the chemical
reactions [11, 12, 13]. Pollutant deposition and dispersion is also a currently popular issue. The
prediction of particulate di�usion in the atmosphere can help to abate the e�ects of climate change
and safeguard the public health in urban and industrial areas [14, 15, 16].

Bubbles can be used to reduce the energy dissipation in many hydraulic or maritime applications,
due to depletion of viscous drag at the wall. The �rst evidence of drag reduction was found by
McCormick and Bhattacharyya [17], on a fully submersed body of revolution. Later, drag reduction
was found in several di�erent con�gurations, such as �at-plates boundary layers [8, 18, 19], channel
�ows [20, 21], Taylor-Couette �ows [22, 23], or mixing layers [24], see e.g. the review by Elghobashi
[25]. The bubble deformation plays an important role in the drag reduction mechanisms [22, 26],
when the size of the bubbles is substantially larger than the Kolmogorov length-scale [. In this
regime, the gaseous phase alters the turbulent structures even at very small void fraction iE as
discussed by Prakash et al. [7]. The dynamics of large bubbles can be addressed by Direct Numerical
Simulations at the price of resolving the bubble interface in the simulation. Di�erent interface-
resolved methods, have been used to address the behaviour of deformable bubbles in complex �ows
see e.g. refs. [27, 28, 29, 30, 31, 32, 33].

The wall bounded turbulence modi�cation due to particles was studied as well in channels [34, 35]
[36], round pipes [37, 38, 39] and Taylor-Couette �ows [40, 41], and �at plates [42]. In contrast to
bubbles, recent works have shown that the e�ect of tiny heavy particles in wall-bounded turbulence
is to increase the friction coe�cient [38, 42, 43]. In addition to this, other works suggest that inertial
particles increase the heat exchange [36, 44]. Whether the heat exchangers can or cannot bene�t of
inertial particles is still an open topic.

The present research is focused on the e�ects of small rigid bubbles and particles on incompress-
ible turbulent �ows, employing the Eulerian-Lagrangian approach. The adjective "small" means
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that particle Reynolds number is small. Therefore the bubble/particle diameter is smaller, or at
least comparable, than the characteristic smallest turbulent length-scale. The dispersed multiphase
suspensions are studied in both homogeneous and non-homogeneous turbulence. The presented ho-
mogeneous turbulence is a free-space shear �ow, which is characterised by large scales anisotropies in
the velocity �eld. The modi�cation of the non-homogeneous turbulence in annular pipes is investi-
gated in the second stage of the research. The objective is to understand whether the dispersed phase
and the background �ow may in�uence each other. The mechanisms of the preferential accumula-
tion of the dispersed phase in homogeneous ( i.e. the inertial clusterisation ) and non-homogeneous
( i.e. the turbophoresis ) turbulence, a�ected by the turbulent transport, are investigated as well.

In the present research, given their small size, the bubbles/particles are modelled as collections
of points. The dispersed phase interacts with the �uid through a point-wise forcing localised at
the current bubble/particle position. The dynamics of such system is strictly connected to the
inter-phase momentum exchange between the carrier and the transported phase. The present study
explores dilute suspensions ( small void fraction iE), where the bubble/particle collisions, break up
or coalescence have negligible importance [25].

In the past years, the dynamic of pointwise multiphase suspensions, in the one-way coupling
regime, has been well understood. In the one-way coupling regime the dispersed phases are trans-
ported by the turbulent �ow with no chance to modify the background turbulence. In homogeneous
turbulence, many important aspects such as bubble/particle dispersion [45, 46], e�ects of lift force
[47], Lagrangian statistics [48], or clustering [49, 50, 51] [52, 53, 54] have been understood. In a tur-
bulent homogeneous �ow, bubbles migrates into regions of high vorticity of the �ow, and form thin
elongated clusters. The bubble clusters are strictly correlated to the most intense coherent vortical
structures, the Kolomogorov vortices. In contrast, particles use to escape from these intense vortical
structures, concentrating into the high pressure �ow regions. This preferential accumulation occurs
when the bubble/particle time response g? is of the order of the Kolmogorov time-scale g[. This
phenomenon is called inertial clustering since depends on the di�erent inertia between the dispersed
phase and the �uid [55].

In a numerical context, the one-way coupling regime oversimpli�es the reality. In fact, the
dispersed phase is able to modify the turbulence even at small void fraction [8, 7, 56, 38, 57].
In the so called two-way coupling regime, the bubble/particle back-reaction is taken into account
by considering a bidirectional interphase momentum exchange. However, due to the small size of
bubbles and particles, the dispersed phase back-reaction �eld is singular, i.e. is represented by a
set of concentrated forces localised at the current bubble position. The Navier-Stokes equations for
the carrier phase must be resolved on a computational grid to be amenable of numerical treatment.
Many issues arise when a singular �eld must be resolved on a discrete Eulerian framework. Several
methods have been proposed to tackle this issue. The Particle In Cell (PIC) method introduced by
Crowe et al. [58], undoubtedly represents the easiest approach. However, it lacks of a physically
rigorous derivation, and su�ers of several shortcomings and numerical biases, as discussed by Boivin
et al. [59] and Gualtieri et al. [60]. These shortcomings can be mitigated when the number of
bubbles or particles #? per computational cell #2 is large. On average, this means #?/#2 � 1.
This condition, however, limits the range of applicability of the approach. In dilute suspensions
(small void fraction), the number of bubbles or particles is �xed by physical conditions and must be
set independently on the number of computational cells, which are set by the Reynolds number of the
simulation. Additionally, PIC introduces errors when the hydrodynamic force is computed. In fact,
the evaluation of this force requires the computation of the unperturbed �elds [61], i.e. the velocity
and pressure �elds in absence of the back-reaction due to the bubble/particle itself. These di�culties
call for special numerical procedures for the calculation of the force on the bubble/particle in the
two-way coupling regime, as proposed by Horwitz et al. [62, 63]. Recently, an alternative approach,
namely the Exact Regularised Point-Particle method (ERPP) [64], has been proposed. The method,
already employed for the calculation of particle-laden free shear, [57] and wall-bounded �ows [38],
provides a physically consistent treatment of the singular back-reaction �eld.In the ERPP approach
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the inter-phase momentum coupling occurs via the viscous di�usion of the vorticity generated by
the transported phase. This circumstance has a twofold advantage: the disturbance velocity �eld
that each bubble or particle produces on the carrier phase is known in a closed analytical form; the
calculation of the hydrodynamic force in the two-way coupling regime can be exploited taking into
account the bubble/particle self-disturbance velocity �eld.

The modulation of homogeneous isotropic turbulence due to point-wise bubbles have been pre-
viously investigated via Direct Numerical Simulation with PIC approach by many authors, see e.g.
Refs. [47, 65] and references therein. The authors found that bubbles reduce the turbulent dissipa-
tion rate by few percentage points. In particular, they found depletion of the turbulent dissipation
spectra at large �uid dynamic scales and increase at small scales. Note however, that the rela-
tive small number of bubbles per computational cell #?/#2, is far below the unity. As previously
mentioned, this might introduce arti�cial numerical e�ects on the scale of the grid size, leading to
unphysical extra dissipation. These issues call for alternative studies for comparisons. Having this
in mind, the �rst part of this research investigates the homogeneous turbulence modi�cation due
to small bubbles. Therefore, direct numerical simulations of the bubble transport and turbulence
modulation in a two-way coupled homogeneous shear �ow are carried out. The ERPP approach
is employed, which is able to capture inter-phase momentum coupling e�ects in a numerically ac-
curate and physically consistent manner. The latter feature sets the present work apart from the
previous researches [47, 65]. Several bubble populations, characterised by di�erent combinations of
void fraction and Stokes number, are addressed in the range of parameters iE ≤ 2% (dilute regime)
and (C[ ≤ 0.2 (small bubbles).

To study of homogeneous turbulence is very useful since it greatly simpli�es the understanding
of turbulent �ows. However, the homogeneity is an idealised condition, only partially achieved in
some real cases, like in the centre of channels and pipes. Since the new ERPP approach was applied
for the �rst time on bubbly �ows, as �rst stage, the study of turbulence was devoted to homogeneous
�ows. Our results from the bubbly homogeneous shear �ows are compared with the particle-laden
shear �ows. The latter was studied by Battista et al. [57] via DNS, using the same model for the
inter-phase momentum coupling ( i.e. ERPP ). After acknowledging that microbubbles can indeed
interfere with the homogeneous turbulence, we aim at studying a more realistic �uidynamics problem
where important turbulence modi�cation are observed. In the literature it is well-acknowledged
that only large deformable bubbles produce drag reduction [66, 67, 68]. On the other hand dilute
suspensions ( iE < 0.1% ) made of small particles have concrete e�ects in wall turbulence. In fact
recent works [38, 42, 43] show that inertial particles augment the viscous wall resistance. On the
other hand, a wide range of works, employing the problematic Particle In Cell method, suggest that
particles can lead to wall drag reduction [69, 70]. The over-mentioned issues of PIC cast doubts on
the reliability of such investigations, which are in clear disagreement to the physically consistent
ERPP [38]. Further studies are required to understand the �uid dynamic phenomena. Besides,
a wide range of control parameters comes into play when addressing the wall-bounded turbulence
modulation. These parameters are the void fraction, the particle nature, size and shape, the density
ratio between the particle and the �uid and the turbulence topology. While, in some conditions,
particles seem to lead to drag reduction, in other it occurs the opposite phenomenon. The reader
is referred to the recent review of Brandtl & Coletti [71] for additional details.

The e�ects of tiny heavy particles are investigated in turbulent heated annular pipe �ows. The
periodic annular pipe is a model of the concentric tube heat exchanger. The system is made of
the annulus between two concentric cylinders, through which the suspension �ows. So far, the
turbulent annular pipe has been studied only as a single phase �ow [72, 73, 74, 75, 76] , and the
role of an additional discrete phase has been never investigated. The opposite wall curvatures in
the annular pipe might a�ect the turbophoresis. The turbopheresis is the preferential concentration
phenomenon of the dispersed phase, which in wall-bounded �ow tends to migrate toward the walls.
The turbopheresis has a crucial impact to the wall drag modi�cation, since the particles massively
interact with the near wall coherent structures.
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In contrast to round pipes, the �ow �eld in the annular pipes is highly asymmetric. Therefore,
the characteristic length-scale of the near-wall vortical structures varies between the convex and
concave side. The asymmetry is function of the distance between the two walls, and reduces when
the walls are closer [77, 78, 76, 73] . In particular, the peak of the turbulent kinetic energy in the
bu�er layer is smaller at the internal side, than the external onw [79, 73, 72]. Similarly, the viscous
wall stress at the internal wall is larger than the external one. Moreover the peak of mean velocity,
instead of being central, is into the inner half of the pipe.

In such complex turbulent �ow, a heavy but dispersed phase is present. The two-way interphase
coupling is enforced on the momentum exchange, while the particles are thermally inert. The
in�uence of the dispersed phase on the heat exchange, due to the change in the turbulent mixing,
is addressed. The modi�cation of the viscous wall drag is studied as well. The role of the wall
curvature is explored in four di�erent annular pipes, with di�erent size of the internal cylinder.
The e�ects of the particle mass loading Φ? of the suspension are investigated as well. The viscous
time-scale based Stokes number is constant in the two-way coupling regime. The Stokes number is
selected from the one-way coupled simulations, where there is the most intense turbophoresis. The
analysis in the one-way coupling regime is conducted as comparison, and show analogies with the
literature.

The thesis is organised as follows: chapter �2 verbosely reports the theoretical framework of the
research. The Exact Regularised Point Particle (ERPP) method and the bubble/particle momentum
equation are derived and discussed in details. Chapter �3 introduces and provides the results of
the two-way coupled simulations of homogeneous turbulent bubble-laden shear �ow by presenting
single point Eulerian statistics, energy spectra and the bubble clustering discussed in terms of the
Angular Distribution Function. Chapter �4 introduces and provides the results of the one-way and
two-way coupled simulations of the turbulent particle-laden annular pipe. The �rst and second
moement statistics, the two-point correlation functions and the turbulent spectra are presented and
discussed. The �ow rate and the heat exchange are reported as function of the internal wall radius
'8. The particle preferential concentration, mean velocities and velocity variances are reported as
well, and related to the �uid statistic. Finally chapter �5 summarises the main results and provides
the conclusions of the numerical experiments.

6



Chapter 2

Theoretical framework

2.1 The point-particle dispersed multiphase system

The multiphase system is made of a turbulent carrier �ow laden with small dispersed particles.
Here the word "particle" is generically adopted and may refer to either a small bubble or a inertial
particle. The adjective "small" refers to a comparison with the �uid lengthscale. In other words,
we are studying particles whose diameter 3? is smaller than the smallest �uid dynamic lengthscale.

The dilute suspension allows to discard the particle-to-particle interactions, since they rarely
happen. However we want to remark that this does not mean that particles can't in�uence each
other. In fact only direct interactions, such as collisions, coalescence or break up, are irrelevant for
the dynamic of the multiphase system, but a single particle can still experience the �uid perturbation
induced by other ones.

Due to their small size, the particles are modelled as rigid spheres. This might seem unrealistic
for bubbles. However, the deformability of a small bubble is controlled by the viscous forces and the
surface tension WC . While the viscous forces tend to deform the bubble, the surface tension tries to
preserve the spherical shape. When the surface tension is enough stronger than the viscous forces,
the bubble remains spherical. This e�ect is measured by the Capillary number �0 =

` |E−D |A4 5
WC

, that
indeed compares the viscous forces to the surface tension. In the present study we are going to
study only suspensions whose Capillary number is very small. This allows to model even bubbles
as rigid spheres. For more details see the discussion in section 3.

The particle Reynolds number is '4? =
|E−D |A4 5 3?

a
, where |E − D |A4 5 is the reference relative

velocity and a is the kinematic viscosity. '4? describes how the �ow �eld behaves around the
particle, and it has a crucial role to assess the hydrodynamic force acting on the particle. In the small
particle regime '4? is vanishing. Hence the �ow �eld on the particle scale is governed by the Stokes
equations. On the �uid scale, what we see is a collection of points that are transported through the
turbulent �eld. The �uid in turn experiences a globally dispersed but locally concentrated forcing
due to the particles. We will show in the next sections that the equivalent governing equations,
where the particle boundary are replaced by a singular forcing, are derived in the low-'4? regime.
This avoids the extreme computational e�ort necessary to capture the �uid dynamic motions on the
particle sub-scale, �ltered away in the equivalent model. The price of this operation is to resolve a
singular forcing over the computational grid. This procedure requires special care, in order to avoid
numerical biases.

In the present research we employ the Exact-Regularised Point Particle (ERPP) method to
achieve the momentum coupling between the �uid and the dispersed phases. In the forthcoming
sections we will provide the physical description of the multiphase system. We will describe in de-
tails the regularisation procedure of ERPP, that is performed introducing the time-scale n'. We will
discuss the physical interpretation of n' as the viscous time di�usion of the particle disturbance, in
terms of vorticity. We will show that the point-wise particle indeed introduces a singular vorticity
at present time, but the singularity is rapidly dissipated by viscosity. Only when the particle distur-
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bance di�uses up to the smallest relevant scales of the �uid dynamics, after the time n', this e�ect
becomes important for the turbulence. Following a lengthy but rigorous mathematical procedure,
we will show how an equivalent regularised governing equation can be consistently derived, when
n' and '4? are small.

The algorithm evolves the solution from time C to time C + 3C. The history of the motion from a
reference state C = 0 to the current time C is known. The observation time must be su�ciently large,
such that we can de�ne the regularising parameter in the range 0 < n' < C=. This concept will be
crucial when we exploit the additivity property to split a time integral representation through the
time scale n'.

We will �rstly address the mathematical procedures used to derive the momentum coupling
model in the free-space domain D = R3. In this �rst stage, we willl assume that the particles are
su�ciently far from the walls. The possibility of including wall e�ects in the model will be discussed
in a later section.

2.2 The Exact Regularised Point Particle method in the free-space

Let's consider the multiphase system made of a carrier �uid laden with the #? set of rigid spherical
particles. The dispersed phase occupies the domain Ω = ∪?Ω?, where Ω? is the domain of the p-th
particle and ∪? is the union operator between the #? set of particles. The �uid domain is R3/Ω,
where R3 is the free-space domain and the notation �/� denotes the complement of � with respect
to �.

Figure 2.1: Sketch of the domain of the multiphase system. Ω = ∪?Ω? is the domain of the overall
dispersed phase , R3/Ω is the domain of the �uid.

The �uid dynamics is prescribed by the standard incompressible Navier-Stokes equations (2.1),
embedded with the proper boundary and initial conditions.

G ∈ R3\Ω(C)
{

d 5
�D
�C

= d 5 6 − ∇? + `∇2D
∇ · D = 0

lim
|G |→+∞

D(G, C) = 0

D(G, C) |mΩ? (C) = +? (G, C) |mΩ? (C) 5 >A ? = 1, 2, ..., #?

D(G, 0) = D0(G)

(2.1)

The closure of the problem is provided by the momentum equation of the rigid particles, that
must be coupled with the Navier-Stokes equations. The solution is evolved, from the initial condition
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D0(G), in the free-space R3. The no-slip boundary conditions are enforced over the particle boundary.
Hence, the �uid and particle velocity D(G, C) |mΩ? (C) and +? (G, C) |mΩ? (C) , where mΩ? (C) is the particle
boundary, are equal. The particle velocity obeys the kinematic law of the rigid bodies, +? (G, C) =
+�? (C) +l(C) × rp. In the adopted notation, +�? is the velocity of the particle centroid G? (C), l is its
angular velocity and rp is the distance between a particle surface element and G? (C).

The inter-phase momentum coupling occurs via the boundary conditions over the particle bound-
ary. The velocity conditions on the particle surface locally deforms the �ow �eld. In the attempt
to restore the equilibrium, the �uid reacts with a stress �eld. Exerted on the particle surface, these
stresses give rise to the hydrodynamic force.

The system (2.1) provides the complete description of the dynamic of the carrier phase. In
principle we could solve the equations as they were presented, once resolving the particle boundary
over the computational grid. However in the low-'4? limit, the particle size is smaller than the
smallest hydrodynamic lengthscale. In the context of homogeneous turbulence this means 3? << [,
where [ is the Kolmogorov lengthscale. Hence the grid should be �ner than what the turbulence
constraints, already computationally demanding, prescribe. Moreover, due to the small particle
size, dilute suspensions can transport even millions of particles. Unfortunately, for the objectives of
this research, the simulations would be unfeasible under the current computational resources. For
this reason, a model of the inter-phase momentum coupling is required.

To this end, in the Exact-Regularised Point Particle approach the velocity �eld D(G, C) is addi-
tively split into the �elds F(G, C) and E(G, C). The �eld F(G, C) can be explained as the background
turbulent �eld, in the absence of the dispersed phase, and it will be referred to as the background or
unperturbed �eld. The physical meaning of E(G, C) is instead the �uid dyanmic disturbance induced
by the dispersed phase, in a still �uid.

The �eld F(G, C) obeys the equations
d 5

(
mF
mC
+ �

)
= d 5 6 − ∇?F + `∇2F

∇ · F = 0 G ∈ R3

lim |G |→+∞ D(G, C) = 0

F(G, 0) = D0(G)

(2.2)

The �eld F(G, C) is prolonged into the particle volume, and is de�ned into the domain R3. The
term F(x,t) contains all the non-linearity of the complete �eld D(G, C), and must be interpreted as a
forcing term for the �eld F(G, C). � (G, C) is prolonged using the particle velocity inside the particle
domain, and its expression reads

� =

{
d 5 D · ∇D , 5 >A G ∈ D\Ω(C),
d 5 +? · ∇+? , 5 >A G ∈ Ω(C).

(2.3)

We remark that any prolongation of � (G, C) would be possible for the purpose of the algorithm,
that is the solution D(G, C). In fact, a di�erent prolongation would a�ect the �elds F and E, but
not their sum, which would be unchanged. The initial condition of F(G, C) is D0(G). This will be
important since it leaves to E(G, C) the homogeneous null initial condition. The free-space conditions
remains the same.

Notice that the particle boundary conditions disappear from the �eld F(G, C). Apart from the
prolongation of � (G, C), the dispersed phase in not present in F(G, C). This is why F(G, C) is referred
to as the unperturbed or background turbulent �eld.

The inter-phase boundary are reintroduced into the equations of the perturbation �eld E(G, C).
The evolution of E(G, C) is controlled by the linear Stokes equations over the domain R3/Ω(C), with
initial homogeneous conditions.
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
G ∈ R3\Ω(C)

{
∇ · E = 0

d 5
mE
mC
= −∇?E + `∇2E

E(G, 0) = 0

E |mΩ? (C) = +? − F |mΩ(C) 5 >A ? = 1, 2, ..., #?

(2.4)

The systems (2.4) and (2.2) cannot be independently advanced in time. In fact the two solutions
F and E are strictly interconnected. The �eld F in�uences E through the particle boundary condi-
tions. In turn E a�ects F due to the non-linear forcing term �. Since the �eld that is evolved by
the algorithm is D, the interdependence between E and F won't be a problem. In fact, our purpose
is to exploit the decomposition of the �ow �eld to manipulate the equations of the particle distur-
bance. This procedure can be divided into two steps: �rst, to derive the point-particle model of the
multiphase suspension, and second, to regularise the obtained singular system within a physically
consistent framework. The Navier-Stokes equations of the complete �eld will be �nally reassembled
into this new regularised form, that will be solved by standard numerical codes.

In the present manipulation, the initial conditions with along the non-linear behaviour of D(G, C)
are assigned to the unperturbed �eld. This is a crucial point since allows to exploit the analytical
solution of the corresponding unsteady Stokes equations. In fact, the solution of the particle dis-
turbance, equation (2.5), is expressed in terms of the third order stress tensor T8: 9 (G −k, C − g) and
the unsteady Stokeslet G8 9 (G − k, C − g), for the detailed calculation see F.5.

E8 (G, C) =
∫ C

0
3g

∫
mΩ

C 9 (k, g)G8 9 (G − k, C − g) − E: (k, g)T8: 9 (G − k, C − g)= 9 (k)3(k (2.5)

The second order tensor G8 9 can be seen as the i-th �uid velocity component of the Stokes
problem of known term the j-aligned impulse X(C − g)X(G − k), centred at position k and time g.
The third order tensor T8: 9 (G − k, C − g)= 9 (k)=: represents the stress tensor of the associated �ow
�eld. Further details are provided in F.3.

In equation (2.5) C 9 (k, g) is the �uid stress over the particle surface. C 9 can be determined by
solving the boundary integral equation, i.e. the system of the boundary integral equations (2.5) for
the velocity E(G, C) over each particle boundary. Then, the stress C 9 (k, g) can be integrated over the
particle surface to obtain the hydrodynamic force, or added into the (2.5) to compute the velocity
E(G, C).

The resolution of the boundary integral representation is a lengthy and computationally de-
manding operation. However, in the small '4? regime particles are smaller than the turbulent
lengthscales. Therefore, it is easier to compute the solution (2.5) as the multipole expansion in the
limit |G? − k | = 3? → 0. The equivalent expression of E(G, C) can be readily derived, and reads

E8 (G, C) =
∫ C

0
3g

∫
mΩ

{
C 9 (k, g) [G8 9 (G − G?, C − g) + >( |G? − k |)] −

[Ê? (C) + l? × (k − G?)] [T8: 9 (G − G?, C − g) + >( |G? − k |)= 9 (k)
}
3(k =

=

∫ C

0
3g

{
−

∑
?

� 9? (g)G8 9 (G − G?, C − g) + >( |G? − k |)
}
=

= −
∑
?

∫ C

0
� 9? (g)G8 9 (G − G?, C − g)3g + C >( |G? − k |)

(2.6)

where � 9? (g) is the hydrodynamic force, j-direction, to the p-th particle. Apart from the van-
ishing terms proportional to 3?, the particle disturbance is now only determined by the Stokeslet
Tensor G and the hydrodynamic force � ?. Hence, in the limit |G? − k | = 3? → 0, the dispersed
phase is modelled as the set of points where the concentrated forces � ? are applied to. Pro-
vided that we can somehow compute � ?, the relation (2.6) does not require any evaluation of
the �ow �eld in the vicinity of the particle surface. This intuition lets us think that the velocity
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E(G, C) = −∑
?

∫ C
0
� 9? (g)G8 9 (G−G?, C−g)3g could be the solution of a Stokes equation over the simply

connected domain R3. In fact, (2.6) is the exact solution of the following singular unsteady Stokes
equation, whose extended calculation is provided in F.4,

d 5
mE
mC
= −∇?E + `∇2E −

∑
? � ? (C)X(G − G? (C)) G ∈ R3

∇ · E = 0

E(G, 0) = 0.

(2.7)

In this new formulation the particle boundaries are replaced by a singular force, where X is the
Dirac delta function, centred at particle position G? (C) and of module � ? (C). Once the equation
(2.7) is reassembled to the (2.2), the resulting system provides the point-particle equivalent model
of the multiphase system. Since the Dirac delta function is clearly unbounded, equations (2.7) still
need additional treatments in order to be used by standard numerical codes.

Due to the linearity of the equations, hereafter we shall consider the forcing from a single particle.
The �nal superimposition will return the solution of the whole system.

The particle disturbance can be represented in terms of the vorticity Z = ∇ × E. The expression
of Z (G, C) can be extracted by either taking the curl of the (2.6) or by solving its singular evolution
equation (2.8). In this discussion we favour the second path.

The equation of the vorticity Z (G, C) induced by one particle is derived by taking the curl of
equations (2.7), and reads {

d 5
mZ

mC
= a∇2Z + � (C) × ∇X(G − G?)

Z (G, 0) = 0
(2.8)

Due to the linearity, the solution is expressed as the time convolution of the hydrodynamic force
and the Gaussian function 6(G − G?, C − g) of variance f(C − g) =

√
2a(C − g), see section F.3 for

additional details, namely

Z (G, C) = 1

d 5

∫ C+

0
� ? (g) × ∇6(G − G?, C − g)3g (2.9)

The gaussian function 6(G−G?, C − g) is interpreted as the fundamental solution of the singularly
scalar di�usion equation discussed in F.1.

C+ denotes the right-sided limit of g → C. Hence the integral passes through a singularity in the
neighbourhood of g = C, where the gaussian tends to the Dirac delta function. We will explain in
the next section how to remove the singularity, via a physical consistent procedure.

2.3 Regularisation procedure through the time-scale n'

The regularisation procedure used to extract the regular part from the vorticity Z and the velocity
E is now addressed. To this end, we de�ne the regularisation parameter n' > 0, whose dimension is
time. Hence, we exploit the additive property of the integral to split Z (G, C) into the singular Z( (G, C)
and regular Z' (G, C) component, namely

Z' (G, C) =
1

d 5

∫ C−n'

0
� ? (g) × ∇6(G − G? (g), C − g)3g (2.10)

Z( (G, C) =
1

d 5

∫ C+

C−n'
� ? (g) × ∇6(G − G? (g), C − g)3g (2.11)

The original �eld Z is reconstructed simply as the sum of the two components,

Z (G, C) = Z' (G, C, n') + Z( (G, C, n') (2.12)
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The implicit assumption is that the observation time C is su�ciently large, such that C − n' is
positive. This is always possible since the initial condition C = 0 is, at this step of the discussion,
purely arbitrary. We just have to go back to the instant in the history of the motion that is earlier
than C − n'.

We observe that the function Z' is everywhere smooth, since the Gaussian function inside the
convolution (2.10) has positive variance f(C−g) > f' =

√
2an'. The singularity is entirely contained

into Z( for any non-null n'. In fact, the neighbourhood of the point g = C is included into the integral
(2.11).

6(G − G?, C − g∗) =
∫
R3
6(k − G?, ĝ − g∗)6(G − k, C − ĝ)33k (2.13)

From a physics point of view, the regularised vorticity can be interpreted as the free di�usion
of the �eld Z (G, C − n') from time C − n' to time C. This can be shown by exploiting the semi-group
property (2.13), namely

Z' (G, C) =
1

d 5

∫ C−n'

0
� ? (g∗) × ∇6(G − G?, C − g∗)3g∗ =

= − 1

d 5

∫ C−n'

0
� ? (g∗) × ∇G?

∫
R3
6(k − G?, C − n' − g∗)6(G − k, n')33k3g∗ =

=

∫
R3

{
1

d 5

∫ C−n'

0
� ? (g∗) × ∇k6(k − G?, C − n' − g∗)3g∗

}
6(G − k, n')33k

=

∫
R3
Z (k, C − n')6(G − k, n')33k

(2.14)

where ∇G? and ∇k are the nabla operator with respect to the coordinates G? and k. The result
obatined in (2.14) is the exact solution of the free-di�usion problem, verbosely discussed in F.2,
that is exactly what we wanted to prove.

The regularised vorticity �eld Z' (G, C), whose smallest scale is f' =
√

2an', obeys the unsteady
stokes equations where the Stokes drag is evaluated at the earlier time C − n'.

mZ'

mC
= a∇2Z' +

1

d 5
� ? (C − n') × ∇6(G − G? (C − n'), n') , Z' (G, 0) = 0 G ∈ R3 (2.15)

We can add the expression (2.10) into the equation (2.15) and verify that the operation returns
the identity.

The solenoidal �eld E' (G, C) can be computed once known its vorticity, through decomposition

E' (G, C) = E'Z (G, C) + ∇Φ' (G, C) (2.16)

where the expression of E'Z (G, C) reads

E'Z (G, C) = −
1

d 5

∫ C−n'

0
� ? (g)6(G − G? (g), C − g)3g (2.17)

The �eld E'Z (G, C), referred to as the pseudo-velocity, does not satisfy the incompressible conti-
nuity equation, but its curl returns the vorticity Z' (G, C). The zero-divergence constraint of E' (G, C)
is provided thanks to the potential �ow ∇Φ' (G, C), also referred to as the potential correction. The
potential �eld Φ' is computed by solving the free space Laplace problem ∇2Φ' + ∇ · E'Z = 0.

In analogy with the solution of equation (2.15), the expression (2.17) is the solution of the partial
di�erential equations

mE'Z

mC
= a∇2E'Z −

1

d 5
� ? (C − n')6(G − G? (C − n'), n') , E'Z (G, 0) = 0 G ∈ R3 (2.18)
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By using the de�nition (2.16) into the previous equation (2.18) we compute the momentum
equation corresponding to the regular velocity E' (G, C)

mE'
mC

= − 1
d 5
∇?' + a∇2E' − 1

d 5
� ? (C − n')6(G − G? (C − n'), n') G ∈ R3

∇ · E' = 0

E' (G, 0) = 0

?' (G, C) = −
mΦ'

mC
(G, C) + a∇2Φ' (G, C)

(2.19)

The scalar ?' is function of the potential Φ', but the relationship is inessential while solving
the system in bracket. In fact ?' is computed from the elliptic equation derived by taking the
divergence of the momentum equation in (2.19). In this sense, ?' has the role of the regularised
hydrodynamic pressure of the velocity �eld E'. The singular forcing is replaced by the retarded
Gaussian shaped term that appears in the right hand side of the momentum equation in the (2.19).
The equation (2.19) can be solved in any numerical code, provided that the spatial scale f' of the
regular forcing is resolved over the computational grid.

Under the present manipulation, the particle disturbance E(G, C), whose expression is given by
the (2.6), has been additively decomposed into the �elds E' (G, C) (2.20) and E( (G, C) (2.21), that is
E(G, C) = E' (G, C) + E( (G, C).

E' (G, C) = −
1

d 5

∫ C−n'

0
G(G − G? (g), C − g) · � ? (g)3g (2.20)

E( (G, C) = −
1

d 5

∫ C+

C−n'
G(G − G? (g), C − g) · � ? (g)3g (2.21)

Similar to the vorticity Z' (G, C), the velocity E' (G, C) (2.20) is the analytical solution of the
equations (2.19), and it corresponds to the free-di�usion of the �eld E(G, C − n') to time C.

In ERPP we will solve only the di�used �eld E' (G, C), by means of the equation (2.19), while
the singular velocity E( (G, C) is discarded. The operation obviously results in a numerical error. In
the next sections we will estimate the order of magnitude of such error. Then, we will show how, by
properly choosing the time scale n', the singular �eld can be safely removed from the computation.

2.4 Estimate of the singular part of the particle disturbance

In this section we report the estimate of the singular �elds E( Z(, in the vanishing limit of '4?
and n'. Due to the very high velocity gradients in the unbounded region, the dissipation is locally
very strong. Thus, the singular perturbations introduced at time C will be rapidly regularised by
viscosity after the vanishing time n'. This physical phenomenon is described by the additively
decompositions, i.e. equation (2.12) for the vorticity. The separation scale between the vorticity Z'
and Z( is the gaussian variance f'. If f' is the smallest scales for Z', it is the largest for Z(. Hence
we expect to prove that the singular �elds, even if unbounded close to G?, a�ect a restricted portion
of space whose size is modulated by n'. For this purpose, we have to estimate the far-�eld component
of the particle disturbance E( (G, C). Similar to what we have done in the former section, the �eld
E( (G, C) can be decomposed into the potential �ow ∇Φ( (G, C) and the pseudo-velocity E(Z (G, C).

E( (G, C) = E(Z (G, C) + ∇Φ( (G, C) (2.22)

The pseudo-velocity is E(Z (G, C) = − 1
d 5

∫ C+
C−n'

� ? (g)6(G − G? (g), C − g)3g, and is de�ned such that
its curl returns the vorticity of the �eld singular �eld EB (G, C), namely Z( (G, C) = ∇ × E(Z . The
divergence constraint, imposed by the continuity equation of E( (G, C), is satis�ed by the potential
correction. Before the projection of E(Z over the solenoidal vector �eld, the potential Φ( must be
obtained by solving the following free-space Laplace problem
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∇2Φ( (G, C) = −
1

d 5

∫ C+

C−n'
� ? (g) · ∇6(G − G? (g), C − g)3g, G ∈ R3 (2.23)

In order to compute the far-�eld asymptotic estimate of E( we need to evaluate the behaviour of
both the pseudo-velocity E(Z and the potential �ow ∇Φ(. While the pseudo-velocity is exponentially
decaying in space, it is less evident how much fast ∇Φ( approaches the far-�eld.

The solution of this problem is provided by solving the Laplace problem (2.23). Due to the

linearity, again, the solution is in the form Φ( (G, C) = − 1
d 5

∫ C+
C−n'

� ? (g) · ∇� (G− G? (g), C − g)3g, where
� (G − G? (g), C − g) is the solution of the Laplace problem

∇2� (G − G? (g), C − g) = 6(G − G? (g), C − g), G ∈ R3 (2.24)

6(G − G? (g), C − g) is the Gaussian function centred at position G? (g) of variance f =
√

2a(C − g).
The solution of the Laplace problem (2.24) is easily computed, see the detailed calculation in F.4,
and reads

� (A, C − g) = − 1

4cA
4A 5

(
A

√
2f(C − g)

)
(2.25)

where A =
√
(G − G?) · (G − G?), and 4A 5 ([) = 2√

c

∫ [

0
4−C

2
3C is the Gauss error function. The

function � (A, C − g) is spatially isotropic, that is, it depends only on A. This is straightforward if
we consider that � is derived by the free-space Laplace problem whose known term is the Gaussian
function, indeed isotropic around its centre G? (g). The far-�eld contribution of the second order
tensor ∇ ⊗ ∇� (A, C − g) is computed from equation (2.25), and reads

∇ ⊗ ∇� (A, C − g) ∼ I
1

4cA3(g) − Â (g) ⊗ Â (g)
3

4cA3(g) , A → +∞ (2.26)

With usual notation I is the identity matrix and the unit vector Â = G−G? (g)
A

. If we want to
estimate the integral in (2.24), we have to remark that the distance A and the unit vector Â are
functions of time g , since the particle is moving in the time interval C − n' ≤ g < C+. Thus,
to evaluate the potential correction, we extract the upper bound of |� ? (g) | and 1/A3(g) over the

considered temporal interval. If we then observe that

√
1 + 3

(
�? (g) ·Â
|�? (g) |

)2
≤ 2 , we readily obtain

|∇Φ( | =
1

d 5

∫ C+

C−n'

����� ? (g)
4cA3

− � ? (g) · Â
3

4cA3
Â

���� 3g =
=

1

d 5

∫ C+

C−n'

|� ? (g) |
4cA3

√
1 + 3

(
� ? (g) · Â
|� ? (g) |

)2
3g ≤ sup

V∈[C−n' ,C+)

n' |� ? (V) |
2cA3(V)d 5

(2.27)

Equation 2.27 provides the far-�eld contribution of the singular projected velocity Φ(. Since the
singular-pseudo velocity is exponentially decaying, ∇Φ( is the dominant component far from the
particle. It is convenient to write the expression (2.27) in the dimensionless form over the particle
scale. The dimensional variables are measured with respect to the particle diameter 3?, the relative
velocity |D − E? |A4 5 , and the forces to d?32? |D − E? |2, where d? is the particle density. We remind

that the particle Reynolds number is '4? = 3? |D − E? |A4 5 /a, while n' =
f2
'

a
. If the dimensionless

variables are denoted with the tilde, the particle disturbance ∇̃Φ( (G, C) = E( (G, C)/|D−E? |A4 5 is recast
into the following equation

∇̃Φ( (G, C) ≤
d?

d 5
ñ''4? sup

V∈[C−n' ,C+)

|�̃ ? (V) |
2cÃ3(V) (2.28)

14



The equation (2.28) provides the estimate of the algorithm error. Such error is vanishing when
'4? and ñ' are small. Hence, far from the particle, that is for large Ã, the disturbance E( (G, C) decays
as ñ''4?/Ã3. The singular velocity E( is clearly unbounded close to the particle. However, as far as
the smallest resolved scale f' of the regular velocity E' is larger than the smallest hydrodynamic
lengthscale Δ, the singular near-�eld contribution will be unessential. Therefore the singular velocity
E( (G, C) is neglected in the present algorithm, while advancing the solution of one time step. However
the reader must notice that E( (G, C) is not entirely discarded. In fact its e�ect is reintroduced at a
later time in the regular �eld E', as soon as E( di�uses to the resolved scale f'. This is a crucial
point since it avoids the accumulation of numerical errors while advancing the solution.

In the next section the original �eld D(G, C) is reassembled under the present regularised form.
The convective terms of the singular �eld will be proved to be negligible while observing the �ow
�eld from the relevant hydrodynamic lengthscale.

2.5 Reassemble of the original regularised �eld

In this section we reconstruct the complete regularised �eld D' (G, C), by reassembling the �uid de-
composition D' (G, C) = F(G, C)+E' (G, C). As reported in the previous section, the singular disturbance
E( (G, C) is discarded when we observe the far-�eld hydrodynamic scales. This procedure leads to a
regularised Navier-Stokes equations which are amenable to numerical treatment.

After reassembling the unperturbed �eld F(G, C) with the regularised particle disturbance E' (G, C),
the governing equations of D' (G, C) can be written as



mD'
mC
+ D' · ∇D' + {E( · ∇D' + D' · ∇E( + EB · ∇EB} = − 1

d 5
∇? + a∇2D' + 5 (G, C) + 6

5 (G, C) = 1
d 5

∑#?
?

{
< 5

(
�D(0)
�C

���
?
(C − n') − 6

)
− � ? (C − n')

}
6[G − G? (C − n'), n']

∇ · D' = 0

lim |G |→+∞ D' (G, C) = 0 G ∈ R3

D(G, 0) = D0(G)

(2.29)

The �rst important consideration is that the hydrodynamic force acting on the �uid, according
to the system (2.29), is not opposite to the force acting on the particle. In fact, the �uid unperturbed

acceleration
�D(0)
�C

���
?
< 5 and gravitational force < 5 6 acting into the p-th particle volume is added

into the back-reaction term, where the displaced �uid mass is < 5 =
c33?
6 d 5 [80, 81]. The unperturbed

velocity �eld labelled by the subscript (0), corresponding to the p-th particle, is the �uid velocity
evaluated in the absence of the p-th particle itself. The physical reason for adding these terms into
the particle feedback, is that we are describing a system where the particle boundary is replaced by a
concentrated force. In this equivalent model the inter-phase momentum exchanged, on the integral
ground, must be conserved. However, since the volume of the particle is now �lled with the �uid, the
corresponding momentum and gravitational force from the unperturbed �eld must be removed, or
equivalence is not achieved. Moreover, we stress that the �uid acceleration produced by the particle
does not appear in the back-reaction term, since it is already included in the equivalence. In fact,
the particle self-disturbances in the equivalent model and in the physical problem will be locally
di�erent, especially very close the particle. However, the overall momentum induced by the particle
in the two problems will be the same. That is, the two particle self-disturbances will conserve the
momentum, although being distributed di�erently across the space. In the point-particle limit, the
concentrated force model is a good �t of the physical problem, since only the particle far-�eld is
important for the dynamic of the �uid.

The second important aspect that we must consider is that the convective terms in curly bracket
are clearly unbounded. These terms must be treated with particular care in the near-particle �eld,
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since the domain of the resulting problem (2.29) is R3, which includes the particle volume itself. This
is the equivalent problem discussed earlier, where the particle size is smaller than the hydrodynamic
spatial scales and its boundary can be replaced by a concentrated force. If we �lter the convective
terms over the smallest hydrodynamic scale Δ, the operation will in�uence the singular �elds, leaving
the regular contributions unchanged. In fact, the dynamic of the �uid is well-described when all the
relevant hydrodynamic scales are temporally advanced. However, in ERPP only the regular �eld is
resolved over the computational grid and integrated. This means that the regularising parameter
must satisfy the condition f' ≥ Δ. The equal sign provides the coarsest computational grid, and
therefore requires the minimal computational e�ort, which properly reproduces the �uid motion.
Therefore the regular �eld D' (G, C) includes all the relevant spatial scales of D(G, C). The smaller
hydrodynamic scales are unessential, due to the decaying of the turbulent energy spectrum. These
sub-scale motions can be seen as the particle-induced disturbance which haven't reached the scale
Δ yet. In this perspective, the regularising parameter n' can be seen as the time scale of the viscous
di�usion of the singular perturbation, released by the particle along its trajectory G? (C), to reach the
spatial scale Δ. In fact, the velocity E( (G, C) is naturally regularised by viscous di�usion. Only when
the particle disturbance di�uses up to the scale Δ, it will become important for the �uid dynamics.

For these considerations, the �ltering operation of the equations (2.29) over the scale Δ, that is
denoted by the upper hat, acts only on the terms in curly brackets. The estimate of the �ltering of
the singular convective terms is reported below, for the detailed calculation the reader is referred
to the paper of Gualtieri et al. [64].

�Ẽ( · ∇Ẽ( ∼ '4? (f'
Δ

)3 d?
d 5
�̃ ? 6̃<0G

�Ẽ( · ∇D̃' ∼ �D̃' · ∇Ẽ( ∼ '4? (f'
Δ

)2 d?
d 5
�̃ ? 6̃<0G

(2.30)

For consistency,the expressions (2.30) are reported in dimensionless unit with respect to the par-
ticle scale motion, where the tilde denotes the dimensionless variables, as the expression (2.28) was.
6̃<0G =

1
(2cf2

'
/32?)3/2

is the maximum of the gaussian function of variance f'/3?. The expressions

(2.30) are compared with the forcing term on the right hand side that reads

5̃? ∼
d?

d 5
�̃ ? 6̃<0G (2.31)

Clearly the �ltered convective terms are one '4? order smaller than the forcing term, and they
can be discarded.

We have �nally obtained the regularised Navier-Stokes equation (2.32), where the e�ect of the
dispersed phase is described by an extra forcing term. This forcing is expressed by the retarded
Stokes drag � (C − n')? , and the gaussian function 6(G − G? (C − n'), n') centred at the delayed
position G? (C − n') and of variance f' =

√
2an'. The regularised forcing can be interpreted as the

fundamental solution of the di�usion equation, where the original delta function of module � ? (C)
di�uses over the time interval n'.

Each particle in�uences the �uid over an area that is order f' close to the particle. Moreover,
the particle perturbation is experienced by the �uid only at the delayed time n'. We observe that
the ERPP equations are converging to the initial singular problem. This means that if we reduce
the gaussian variance f', that is we reduce the delaying time n', the molli�ed forcing is recast back
into the delta Dirac function. This operation progressively increases the resolution of the actual
�eld D' (G, C) that we advance in time. The cost that we pay is the increased computational e�ort,
required to represent the even more resolved �eld.
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
mD'
mC
+ D' · ∇D' = − 2

d 5
∇? + a∇2D' + 1

d 5

∑#?
?

{
< 5

(
�D(0)
�A

���
?
− 6

)
− � ? (C − n')

}
6[G − G? (C − n'), n'] + 6

∇ · D' = 0{
lim |G |→+∞ D' (G, C) = 0 G ∈ R3

D(G, 0) = D0(G)
(2.32)

The regularised Navier-Stokes equations of the �eld D' (G, C), that is everywhere smooth, can be
implemented in any numerical code. The only constraint is to resolve the molli�ed forcing over the
computational grid. Additionally, the memories of the particle drag and position must be conserved
over the time n', before they are actually used.

As we have discussed, the scale parameter f' must be chosen according to the smallest hydrody-
namic scale Δ. In the present research we deal with turbulent �ows. In the homogeneous turbulence
the Kolmogorov length-scale [ will be the smallest resolved scale, i.e. f' ≈ [. In wall-bounded
turbulence f' will be similarly determined by the viscous length-scale ℓ∗.

The regularised �eld is obtained analysing the propagation of the singular disturbance produced
by the particle, under a rigorous consistent framework. This is essential to prevent the de�ciencies of
other regularisation procedures, such as PIC or FCM. In particular, we stress that the particle forcing
is grid-independent, in the sense that increasing the grid spacing ( while the gaussian variance is
constant ) only increases the resolution of the feedback itself. Moreover the particle self-disturbance,
required for the evaluation of the hydrodynamic force, can be computed in a analytical form. In
fact, according to ERPP, the particle self-disturbance obeys the Stokes equations forced by the
molli�ed forcing of the particle itself, with homogeneous initial condition.

2.6 The particle momentum equation

In section 2.2 we have discussed how the inter-phase momentum exchange occurs from the �uid
perspective. While explaining ERPP, we have always assumed that the hydrodynamic force � ?

was somehow known. The hydrodynamic force � ? has a crucial impact on the whole multiphase
system, since it regulates the inter-phase mechanical energy transfer. In a real physical problem, the
hydrodynamic force would be computed by integrating the �uid stresses over the particle surface.
In the point-particle model this is impossible, since the near-particle �eld has been �ltered out.
In fact, the particle boundary conditions are replaced by a singular forcing in the Navier-Stokes
equations. Therefore, the �uid velocity D(G? (C), C), evaluated at particle position G? (C), does not
match the particle velocity E? (C). In fact, D(G? (C), C) is the velocity �eld observed from the relevant
hydrodynamic scales. If we expanded the motion at the particle scale we would recover the inter-
phase boundary, and we would see that D(G? (C), C) is indeed in�nitely distant from the particle.

Clearly the hydrodynamic force must be somehow evaluated. In the hypothesis of vanishing '4?,
an equivalent model provides the expression of � ? (C) when spherical rigid particles are considered.
The model, known as the Maxey-Riley-Gatignol equation [61, 82], evaluates the hydrodynamic
force as function of a far particle �eld. The detailed description of the physical and mathematical
framework used to derive the particle momentum equation is reported in the Appendix G.

In this section the Maxey-Riley-Gatignol equation is provided. Let's consider a p-th particle of
diameter 3?, positioned at G? (C), moving across a �ow �eld whose velocity in the absence of the par-
ticle itself is D (0) (G, C). The unperturbed �eld D (0) (G, C) di�ers from the �eld F(G, C) introduced in the
(2.2). In fact, D (0) (G, C) takes into account not only the background �ow F, but also the perturbation
induced by all the remaining particles. That is, the velocity D (0) (G, C) is the actual �uid velocity
D(G, C) experienced by the particle, after its self-disturbance D (1) (G, C) is removed. Therefore, when
the p-th particle is considered, the �eld D(G, C), obeying the system (2.1), is additively decomposed
into D (0) (G, C) and D (1) (G, C), namely
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D(G, C) = D (0) (G, C) + D (1) (G, C) (2.33)

The particle momentum, according to Maxey & Riley [61] and Gatignol [82], is driven by only the
particle unperturbed �eld D (0) (G, C). Therefore, in the point-particle limit the particle momentum
equation is written as

d?+?
3E

3C
= (d? − d 5 )6+? + d 5 +?

�D (0)
�C
(G? (C), C) +

1

2
d 5 +?

3

3C

{
D (0) [G? (C), C] − E? (C) +

1

40
32?∇2D (0) |G? (C)

}
+

+ 3c`3?

{
D (0) [G? (C), C] − E? (C) +

1

24
32?∇2D (0) |G? (C)

}
+

+ 3/2c`32?
∫ C

0

(
3/3g(D (0) [G? (g), g] − E(g) + 1

243
2
?∇2D (0) |G? (g) )

[ca(C − g)]1/2

)
3g

(2.34)

The equation is better known as the Maxey Riley Gatignol equation, and describes the evolution
of the momentum of a tiny rigid sphere in the presence of an unsteady background �ow.

Between left to right, in equation (2.34), the terms that appear are the buoyancy force, the �uid
inertia term, the added-mass force, the drag force and the history force. We will discuss more in
details later about the physical interpretation of these forces, and their relevance in the context of
bubbly (d?/d 5 << 1) or particle-laden (d?/d 5 >>) �ows.

2.6.1 Drag force

3c`3? (D (0) − E? +
1

24
32?∇2D (0) ) (2.35)

The drag force is the action due to viscosity that tends to nullify the �uid-to-particle relative
velocity. The force exhibits a '4? dependency, that can be easily shown

�� ('4?)
c32?

8
d 5 |D − E? |A4 5 (D (0) − E? +

1

24
32?∇2D (0) ) (2.36)

�� ('4?) = 24
'4?

is the drag coe�cient in the Stokes conditions, i.e. '4? << 1. The '4?
dependency of the drag coe�cient can substantially change from the hyperbole for higher '4?, that
are out of the solution (2.34). In intermediate (1<'4?<60) or higher ('4? > 60) regimes there exist
corrective expressions of the drag coe�cient �� [83, 84]. In the present research however the drag
force is expressed in the Maxey-Riley formulation, due to the negligible role of the particle Reynolds
number. 1

243
2
?∇2D (0) is the drag force Faxen correction. The correction takes somehow into account

that the velocity �eld D (0) may be non-uniform in the particle surrounding. The role of the Faxen
term grows in the intermediate regime, when the particle size is not far from the hydrodynamic
scale Δ. In the other cases it can be discarded.

2.6.2 Added-mass force

1

2
+?d 5

3

3C
(D (0) − E? +

1

40
32?∇2D (0) ) (2.37)

The added-mass force (2.37) describes the �uid inertia to overcome, in order to accelerate a
spherical mass. In fact, due to continuity, there is always a portion of �uid that moves with along
the particle, that must be accelerated as well. The added-mass force provides the energy required
to produce such motion.

The e�ect of the added-mass force depends on the inertial di�erence between the two phases,
i.e. by the density ratio d?/d 5 . When the �uid inertia is negligible with respect to the particle,
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the contribution of the added-mass to the motion is irrelevant. This is the case of solid particles (
d?/d 5 �1 ), where the dynamics is controlled by only the drag force. Conversely in bubbly �ow the
�uid inertia prevails over the particle mass. The added-mass force has a crucial role in homogeneous
turbulence and it is responsible for the bubble inertial clusterisation.

Similar to the drag force, a Faxen correction is present in the added-mass force. However, in
the present research the added-mass Faxen term is discarded.

2.6.3 Basset force

3c`32?

2

∫ C

0
3g(

3/3g(D[G? (g), g] − E(g) + 1
243

2
?∇2D |G? (g) )

[ca(C − g)]1/2
) (2.38)

The particle dynamics experiences somehow memory of the past con�gurations of the drag force.
The phenomenon is described by the Basset force.

The history of the motion is recorded up to the reference, and purely arbitrary, time C = 0,
where the particle self-disturbance is at rest. The integral is weighted by the temporal coe�cient√
c
2f(C − g), where f(C − g) =

√
2a(C − g) is the scale of the vorticity generated by the particle at

time C − g and di�used to current time C. The force is one order of 3? smaller than the drag force.
For this reason it is neglected in the present research.

2.6.4 Buoyancy force

+? (d? − d 5 )6 (2.39)

The buoyancy force is the resultant between the Archimede −+?d 5 6 and the gravity force +?d?6.
Buoyancy is important to study the dynamics of rising bubbles or settling particles in turbulent
�ows. However, we assume that the particle acceleration due to the turbulent �ow prevails over the
gravity e�ects. In this case the buoyancy e�ects can be neglected.

2.7 The Maxey-Riley equation for bubbles and inertial particles

The particle momentum equation (2.34) refers to a rigid spherical object of mass <? = +?d?.
No assumptions are made on the state of matter, apart from the no-slip conditions on the particle
surface. The spherical object, generically referred to as the "particle", can be either gaseous or solid.
The general description of momentum does not change between the two cases. In other words the
dynamics of both a bubble or a inertial particle is e�ectively dictated by the Maxey-Riley-Gatignol
equation. However the dynamics of solid and gaseous phase dispersed in the turbulence is radically
di�erent. This e�ect is captured by the equation (2.34) through the particle-to-�uid density ratio
d?/d 5 .

When we study bubbles, the relevant forces in the momentum equation (2.34) are the drag force,
the added-mass force and the �uid-inertia term. Additionally, the lift force (2.40) of the Auton's
model [85] is added to the equation. The in�uence of the local background vorticity Z (0) = ∇ × D (0)
through the lift force recovers important bubble �nite size e�ects.

�! =
1

2
d 5 +? (D (0) − E?) × Z (0) (2.40)

The particle inertia is expressed by the particle time response g? (2.42). g? is usually measured
with respect to a turbulent background time-scale gΔ through the Stokes number (CΔ = g?/gΔ. The
reference time-scale usually depends on the nature of the background �ow. For the homogeneous
turbulence gΔ is the time-scale of the smallest vortices, i.e. the Kolmogorov time-scale g[, and the
Stokes number is (C[ = g?/g[. In wall-bounded turbulence the Stokes number is referred to the
viscous time-scale g∗, that is (C+ = g?/g∗.
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= D (0) − E? +
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24
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1

2

g?

d?/d 5 + 1/2
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(2.41)
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, (CΔ =

1

18

(
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d 5
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)
32?

Δ2
(2.42)

In the case of inertial particles (d?/d 5 >> 1), the inertia of the �uid is negligible, and the
added-mass and the lift forces are discarded. Hence the dominant term is the drag force.

g?
3E?

3C
= D (0) − E? +

1

24
32?∇2D (0) (2.43)

Clearly bubbles do not behave as light particles, in the sense that addition forces come into
play. This explains how particles and bubbles exhibit motions so di�erent when in the presence
of turbulence. In fact, when in homogeneous turbulence bubbles tend to aggregate into the most
intense vortical structures, while inertial particles are pushed away. The phenomenon is described
by the equations (2.41) (2.43) through the balance between the drag and the added-mass force and
can be addressed if we understand the structure of a vortex. In the vortex, the �ow �eld consists
in an increasing revolving velocity while moving inward, but into the very inner region where �uid
returns still. The hydrodynamic pressure usually exhibits a decreasing monotonic behaviour, with
the minimum in the central region of the vortex. The bubble motion approaching a vortex from
the outer regions is dictated by the equation (2.41). Clearly the drag force increases the centrifugal
force, since while moving inward the bubble experiences increasing revolving �uid velocity. If we
do not consider any additional radial force, bubbles with initial small kinetic energy are simply
pushed away and fail to reach the central region. Bubbles that own su�cient kinetic energy can
overcome the drag force, and get to the center of the vortex. However, again in the absence of
any radial force, the �uid accelerates the bubble along the azimuthal direction, and is expelled
from the vortex. The radial force that opposes the drag force is the added-mass force. Such force
provides two contributions to the bubble motion. These two e�ects are represented by the terms
1/2< 5

3E?
3C

and 1/2< 5
�D(0)
�C

, where < 5 = d 5 +? is the �uid displaced mass. The �rst term has a
passive role: to increase the actual bubble inertia of the mass 1/2< 5 . On the contrary the �uid
momentum is an active forcing for the bubble, as described by the (2.41). Since in the vortex the
�uid material derivative is dominated by the pressure gradient, the main e�ect is to produce an
acceleration toward the central vortical region. Therefore the hydrodynamic pressure attracts the
bubble inward the vortex, and such e�ect is proportional to the displaced mass. Bubbles, where the
added-mass term is relevant, tend to be trapped into the smallest vortices, and inertial particles,
where the displaced mass is small compared with the particle inertia, are simply pushed away.

In the 1-way coupling regime to compute the bubble/particle hydrodynamic force is trivial since
the unperturbed �eld D (0) (G? (C), C coincides with the resolved �eld D(G? (C), C). However the dispersed
phase can signi�cantly alter the background �ow even at dilute regime. In this so called 2-way
coupling regime, the background �eld D (0) (G? (C), C) di�ers from D(G? (C), C), and the self-disturbance
must be somehow evaluated. The operation can be achieved with ERPP, since the �eld D1(1), after
the regularisation treatment, obeys the equation (2.19). For further details of the procedure, the
reader is referred to the Appendix F.6.

2.8 The exact Regularised Point Particle method in wall-bounded

�ows

So far we have discussed how to model the inter-phase coupling of dilute suspensions in the free-
space. In this section we will present the correction of the regularising method used in wall-bounded
�ow. The procedure is conceptually similar to the one provided in the free-space problem. The
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disturbance of the dispersed phase is evaluated from a linear Stokes equation, where in this case
the proper boundary conditions for the solid walls are considered. The formulation allows the
manipulation of the analytic solution of the particle disturbance. Following considerations on how
the particle disturbance di�uses, the singular part of the �eld is consistently removed. The time-
scale regularising parameter is n', that is, again, the di�usion time of the particle disturbance.
In contrast to the free-space problem, a solid wall is introduced close to the particle. The new
boundary condition of the particle disturbance is enforced by means of the method of images. A
mirrored particle, with respect to the local tangent plane, provides the feedback that nulli�es the
velocity component normal to the wall.

Figure 2.2: Sketch of the domain of the multiphase system. Ω = ∪?Ω? is the domain of the overall
dispersed phase , D/Ω is the domain of the �uid.

The domain of the multiphase �ow in this new con�guration is D. The boundary of D is the
union of the plane mD, i.e. the solid wall, and of the boundary at in�nite mD∞. The dispersed
phase �lls the domain Ω(C) = ∪?Ω? (C), where Ω? (C) is the p-th particle domain. The �uid obeys the
standard incompressible Navier-Stokes equations with the no-slip condition at the solid boundaries

G ∈ D\Ω(C)
{

d 5
�D
�C

= d 5 6 − ∇? + `∇2D
∇ · D = 0

D(G, C) (c) |mD = 0

D(G, C) · =|mD = 0

D(G, C) |mΩ? (C) = E? (G, C) |mΩ? (C) 5 >A ? = 1, 2, ..., #?

D(G, 0) = D0(G)

(2.44)

The notation is the same of the one presented in the free-space problem. We only distinguish
between the local tangent and normal velocity to the solid wall, respectively D(G, C) (c) |mD and
D(G, C) · =|mD . The �eld D is additively decomposed into the background �eld F and the particle
disturbance E, namely D = F + E. The �eld F is described over the domain D by the equations
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

d 5

(
mF
mC
+ �

)
= d 5 6 − ∇?F + `∇2F

∇ · F = 0 G ∈ D

� =

{
d 5 D · ∇D , 5 >A G ∈ D\Ω(C)
d 5 E? · ∇E? , 5 >A G ∈ Ω(C)

F(G, C) (c) = −E(G, C) (c)

F(G, C) · = = −E(G, C) · = = 0

F(G, 0) = D0(G)

(2.45)

The forcing term � is, again, prolonged into the particle domain Ω?, using the particle velocity
E?, and no boundary conditions are applied to the particle boundary. The particle disturbance
E, de�ned over the domain D\Ω, satis�es the unsteady Stokes equation with initial homogeneous
condition 

G ∈ D\Ω(C)
{
∇ · E = 0

d 5
mE
mC
= −∇?E + `∇2E

E(G, C) · =|mD = 0
mE
m=
(G, C)

��
mD = 0

E |mΩ? (C) = +? − F(G, C) |mΩ(C) 5 >A ? = 1, 2, ..., #?

E(G, 0) = 0

(2.46)

The impermeability and free-slip conditions are enforced at the solid wall in E. We could object
that they are not the proper boundary conditions for solid walls. However, the reader must notice
that the resulting �eld D still satis�es the no-slip conditions, as it is meant to be.

The solution of the equation (2.46) can be found by means of the method of images. The wall is
the solid plane c of unit normal =̂. The mirrored particle is obtained as the re�ection of the physical
particle with the wall. Hence, the mirrored particle occupies the domain Ω̃?, in the semi-space
R3/D, that is the mirror image of Ω? with respect to the plane c. The motion of the mirrored
particle is characterised by the velocity of its centroid Ẽ? = −= · E? =̂ + Ec? and the angular velocity
l̃? = −l?. Due to symmetric reasons, the linear combination of the �elds induced by the mirrored
and physical particle returns the boundary conditions over mD required by the particle disturbance.
Therefore the solution of equation (2.46) is

E8 (G, C) =
∫ C

0
3g

(∫
mΩ

C 9 (k, g)G8 9 (G − k, C − g) − E: (k, g)T8: 9 (G − k, C − g)= 9 (k)3(k+∫
mΩ̃

C̃ 9 (k̃, g)G8 9 (G − k̃, C − g) − Ẽ: (k̃, g)T8: 9 (G − k, C − g)= 9 (k̃) 3̃(k
) (2.47)

Physically, G8 9 (G − [, C − g) is the i-th velocity component induced at position G and time C by
the j-oriented impulse force located at position [ acting at time g. The stress tensor associated to
such �eld is T8: 9 (G − [, C − g)= 9 ([). The reader must note that if the velocity E is computed over
the domain D, the tensors G and F �ll the domain R3. Hence, due to the mirroring manipulation,
the system is prolonged into the free-space domain where the velocity E is computed only over the
semi-space D. Therefore we can repeat all the considerations made in our original problem, where
the wall was not present into the domain, to the price of including the additional particle image
system. In the small-particle limit, the integral representation of the velocity is rapidly obtained
into the following time convolution

E(G, C) = −
∑
?

∫ C

0

{
� ? (g) ·G(G − G?, C − g) + �̃ ? (g) ·G(G − G̃?, C − g)

}
3g (2.48)
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For each p-th particle we consider the re�ected one with respect to the local tangent plane of
the solid wall, according to G̃ c? = G

c
? , G̃

=
? = −G=?, �̃ c

? = �
c
? , �̃

=
? = −�=?. The expression (2.48) is the

solution of the singular Navier-Stokes equation

Figure 2.3: Sketch of the imaged system. The physical particle ( black one ) is labelled by the
position G?, while the mirrored particle ( red one ) by G̃?.


d 5

mE
mC
= −∇?E + `∇2E −

∑
?{� ? (C)X(G − G? (C)) + �̃ ? (C)X(G − G̃? (C))} G ∈ D

∇ · E = 0

E(G, 0) = 0.

(2.49)

The equation must be somehow regularised to be amenable to numerical treatment. Exploiting
the additivity property of the integral (2.48), the singularity can be removed from the particle
disturbance.

E' (G, C) = −
∑
?

∫ C−n'

0

{
� ? (g) ·G(G − G?, C − g) + �̃ ? (g) ·G(G − G̃?, C − g)

}
3g (2.50)

E( (G, C) = −
∑
?

∫ C

C−n'

{
� ? (g) ·G(G − G?, C − g) + �̃ ? (g) ·G(G − G̃?, C − g)

}
3g (2.51)

The regularisation procedure is again performed through the parameter n', that is the di�usion
time-scale of the velocity induced by the dispersed phase and its image system. n' represents the
time required by the singular initial velocity to di�use up to the resolved scale f' =

√
2an'. The

scale f' is chosen in order to resolve all the relevant hydrodynamic lengthscales of E(G, C) up to
the smallest one Δ. The remaining smallest scales are inside E( (G, C), that bears the singularities,
and are inessential for the �uid dynamics. The far-�eld contribution of E( rapidly decays in space,
provided that n' and '4? are small, and can be neglected.

The regularised velocity �eld E' (G, C) is described by the Stokes equation where the singularity
X(G − [? (C)) is replaced by the Gaussian function 6(G − [? (C − n'), n') of variance f' =

√
2an' and

the hydrodynamic force is evaluated at the anticipated time C − n'. The notation [? is generically
referred to the position of either the physical G? or the mirrored G̃? particle.
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
mE'
mC

= − 1
d 5
∇?' + a∇2E' − 1

d 5

∑#?
? {� ? (C − n')6(G − G? (C − n'), n') + �̃ ? (C − n')6(G − G̃? (C − n'), n')}

∇ · E' = 0

E' (G, 0) = 0 G ∈ D
(2.52)

The �nal Navier-Stokes equations of the complete �eld D(G, C) can be reassembled once �ltering
out the singularities in the convective terms. The e�ect of such terms will be again negligible, being
one order of '4? smaller than the forcing term in the right hand side.



mD'
mC
+ D' · ∇D' = − 1

d 5
∇? + a∇2D' − 1

d 5

∑#?
? {�? (C − n')6(G − G? (C − n'), n') + �̃? (C − n')6(G − G̃? (C − n'), n')}

∇ · D' = 0

�? = � ? − < 5

(
�D(0)
�C

���
?
− 6

)
�̃ c? = �

c
?

�̃=? = −�=?{
D' (G, C) |mD = 0 G ∈ D
D(G, 0) = D0(G)

(2.53)
The system (2.53) provides the ERPP solution of the regularisation process required by the

point-wise suspension. The concentrated force �? equivalently replaces the p-th particle boundary,
in the Navier-Stokes equation. The correction due to wall e�ects is accounted for through the image
particle system, that provides the proper wall-boundary condition of the particle disturbance. The
mirrored concentrated force �̃? is re�ected with respect to the local tanget plane c, of unit normal
=̂.

The regularising parameter f', representing the smallest scale of the �ow being resolved over the
computational grid, is selected to reproduce the hydrodynamic up to the relevant scale Δ, namely
f' ≤ Δ.

The procedure was derived when the wall is a solid plane. However we can expand the treatment
to a generic wall, provided that the particle diameter is much smaller than the local curvature of
the wall. In such condition we can approximate the wall to its local tangent plane, retaining the
boundary conditions in the equation (2.46).
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Chapter 3

The homogeneous turbulent bubbly

shear �ow

In present chapter we report the study of the homogeneous turbulent bubbly shear �ow. Results
and discussions refer to the paper of Motta et al. [86]. The layout is redited to adapt to the format
of the present thesis.

Figure 3.1: The domain of the shear �ow A.

3.1 Short overview on the homogeneous shear �ow and simulation

parameters

Given the orthonormal basis (ê1, ê2, ê3) and the corresponding coordinates (G1, G2, G3), in the homo-
geneous shear �ow the mean velocity is imposed as * (G3) = (G3ê1, with ( the constant mean shear.
The shear ( is responsible of the energy transfer from the averaged �eld to the �uctuating �eld u
via the Reynolds shear stress. This mechanism allows the system to reach a statistically steady
state [87]. The production of turbulent kinetic energy at the largest scales is anisotropic, similar to
what is observed in wall bounded �ows like pipes, channels and boundary layers. The turbulence
dynamics is characterised by two dimensionless parameters [88, 89]: the Taylor-Reynolds number
'4_ and the shear strength (∗. The Taylor-Reynolds number is de�ned as '4_ = DA<B_/a, being
DA<B =

√
〈h · h〉/3 the root mean square value of the velocity �uctuations, _ is the Taylor scale and

the angular brackets denote ensemble averaging, i.e. space and time average. When '4_ is large
enough, the scale separation allows for the process of small scales isotropy recovery via the energy
cascade. In this case the turbulence energy production due to the shear −(〈D1D3〉 and the turbulent
energy dissipation n �ll two distinct regions of the spectral space. The shear strength is de�ned
as (∗ = (〈h · h〉/n = (!0/!()2/3 where !0 is the integral length scale and !( =

√
n/(3 is the shear

scale. The shear strength determines the range of scales where the �uctuations are driven by the
anisotropic turbulent kinetic energy production due to mean velocity gradient [88, 90].
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The Eulerian-Lagrangian approach is used to simulate the two-phase suspension. The Rogallo's
algorithm [91] is employed to solve the Navier-Stokes equations in a reference frame advected by
the mean �ow. The instantaneous velocity u is decomposed into the mean U and �uctuating �eld
h, namely u = (G3ê1 + h. The Navier-Stokes equations for the �eld h are written in a coordinate
system moving with the mean �ow exploiting the variable transformation G̃1 = G1 − (gG3; G̃2 =
G2; G̃3 = G3; g = C. In order to allow long time integrations a remesh procedure is performed along
the ê1 direction at time CA = 2/(, by exploiting the periodicity of the �eld h. The advantage of this
procedure is to make the �eld h homogeneous. The non-homogeneous term U · ∇h is absorbed by
the change of coordinates. Rogallo's technique allows the use of standard pseudo-spectral methods,
with the solely cost of dealing with time-dependent wave-numbers k = (:1, :2, :3 − (g:1). The non-
linear terms are dealiased by the standard 2/3 zero-padding rule. The pressure is evaluated in a
closed analytical form in the Fourier space, by solving the associated Poisson problem. The Navier-
Stokes equations for the Fourier coe�cients are advanced in time through a four-stage, low-storage
Runge-Kutta method. The same time integration scheme is also used for the bubble momentum
equation (3.5). Further details are provided in sections A, B E.

The control parameters of the discrete phase are the ratio between bubble and �uid density
d?/d 5 , the void fraction iE and the Stokes number (C[ = g?/g[. The Stokes number is well known
to control the bubble clustering dynamics in the one-way coupling regime. In the two-way coupling
regime also the void fraction comes into play. The density ratio might be considered in its asymptotic
regime d?/d 5 → 0. Therefore the control parameters are {'4_, (∗, (C[ , iE } in conditions of small
bubble Reynolds number '4? and void fractions iE .

The simulation matrix shown in table 3.1 that reports the relevant parameters of each case
study. The table is arranged into four sections. The cases labeled with �, �, � and � correspond
to simulations with �xed (C[, and di�erent void fractions iE . For each (C[, the corresponding
one-way coupling simulation (no back-reaction) has been carried out. The parameters '4_, (∗,
[, n and '4? are given for the uncoupled case, and must be read as reference values. Since the
suspension is dilute, their actual values in the two-way coupling regime might, in principle, be
slightly modi�ed by two-way coupling e�ects. The range of (C[ is selected in order to satisfy the
condition of small bubble diameters when compared with the Kolmogorov scale. In fact, the bubble
diameter is computed from the de�nition of (C[, namely 3?/[ '

√
36 (C[. Since '4? progressively

increases with the response time, too large values of (C[ make the local �ow past the bubble move
away from the Stokes solution. In the above conditions the bubbles can be also considered as non-
deformable spheres. In a creeping �ow the viscous force is the relevant one that tends to deform
the bubble, while the surface tension acts to preserve its spherical shape. The relative importance
of these e�ects are measured by the Capillary number �0 (i.e. the ratio between viscous force and
surface tension), namely �0 = d 5 a〈|u − v? |〉/W) where W is the surface tension. The present shear
�ow, given the spatial homogeneity, might be considered as a portion of the logarithmic region of
a wall bounded �ow. This circumstance allows for an estimate of the Capillary number. The box
height !2 represents the log-layer thickness and the Reynolds shear stress 〈D1 D3〉 the square of the
friction velocity. Given the nominal Reynolds number '40 = 500 of the HSF simulation, the friction
Reynolds number is '4∗ = 1100. At this Reynolds number, in a channel of height 2ℎ = 0.2 2<,
and for an air-water suspension (kinematic viscosity a = 10−6<2/B, density d 5 = 1000:6/<3 surface
tension W = 0.072#/< ), the bubble population at (C[ = 0.2, corresponding to largest bubbles, have
an (average) Reynolds number '4? ' 1.65. The capillary number follows at once �0 ' 10−3. This
value turns out to be much smaller than the threshold value of �0 = 0.05 below which bubbles
retain their spherical shape [92].

3.2 Momentum coupling model

This section shortly reports about the Exact Regularised Point Particle (ERPP) method, that is
used to achieve the inter-phase momentum coupling between the carrier �uid and the dispersed
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Case #? iE (C[ 3?/[ '4?

�1 4284006 0.02 0.025 0.95 0.09
�2 2142003 0.01 0.025 0.95 0.09
�1 1514496 0.02 0.05 1.34 0.23
�2 757248 0.01 0.05 1.34 0.23
�1 532072 0.02 0.1 1.9 0.61
�2 266036 0.01 0.1 1.9 0.61
�3 133018 0.005 0.1 1.9 0.61
�4 66509 0.0025 0.1 1.9 0.61
�1 189232 0.02 0.2 2.68 1.65
�2 94616 0.01 0.2 2.68 1.65
�3 47308 0.005 0.2 2.68 1.65
�4 23654 0.0025 0.2 2.68 1.65

Table 3.1: Simulation matrix. The Navier-Stokes equations are integrated in a 4c×2c×2c periodic
box with a resolution of 384 × 192 × 384 Fourier modes corresponding to 576 × 288 × 576 points
in physical space. For each case the Taylor-Reynolds number is '4_ = DA<B_/a = 100, the shear
parameter is (∗ = (〈u · u〉/n = 5. The parameters '4_, (∗ refer to the one-way coupling case, and
must be read as reference values. The regularisation length-scale of the ERPP approach is set to
f'/ΔG = 1.5, being ΔG/[ = 1.28 the grid spacing which correspond to :<0G[ = 4. The bubble-to-
�uid density ratio is d?/d 5 = 0.001. #? denote the number of bubbles, iE the void fraction and
(C[ = g?/g[, where g? and g[ are the bubble and the Kolmogorov time-scale. The averaged bubble
Reynolds number is '4? = 〈|u? − v? |〉3?/a, being 3? the bubble diameter. For each value of (C[ a
corresponding one-way coupling simulation (no back-reaction on the �uid) has been carried out.

phase. The reader can refer to the original paper [64] for a detailed discussion of the methodology.
The carrier �ow is laden with small bubbles such that bubble Reynolds number '4? = 〈|u? −

v? |〉3?/a is small, being 〈|u? − v? |〉 the bubble-to-�uid average relative velocity, 3? the bubble
diameter and a the kinematic viscosity of the �uid. Hereafter small bubbles will be considered. In
a turbulent �ow, this means that the bubble diameter is of order of the Kolmogorov length-scale
[. Under these assumptions the set of #? bubbles is modelled as a collection of points where
concentrated forces are applied. The suspension is also assumed to be diluted, such that four-way
coupling e�ects, e.g. collisions and bubble-bubble interactions, are negligible. In these conditions,
the e�ects of the bubbles on the carrier phase is accounted by an additional forcing term in the
incompressible Navier-Stokes equations, namely

∇ · u = 0

d 5
�u

�C
= −∇? + `∇2u + f?

(3.1)

where

f? (x, C) = −
#?∑
?=1

{
D? (C) − < 5

�u(0)
�C

����
?

(C)
}
X[x − x? (C)] (3.2)

is the singular forcing that each bubble exerts on the �uid, according to [81]. With usual notation,
d 5 denotes the density of the �uid, ` the dynamic viscosity, D? (C) is the hydrodynamic force on the

bubble, < 5 is the displaced �uid mass,
�u(0)
�C

���
?
the unperturbed �uid acceleration, and X(x − x?)

is the Dirac delta function that localises the bubble concentrated force on the �uid at the bubble
instantaneous position x? (C). In equations (3.1) the inter-phase forcing term needs to be regularised.

In the Particle-In-Cell (PIC) approach the regularisation occurs by averaging the feedback term
on the computational cell. However, this treatment gives rise to several numerical and physical
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drawbacks [59, 60], i.e. the numerical feedback becomes grid dependent. These shortcomings are
overcome by the Exact Regularised Point-Particle approach. In ERPP method the singular feedback
is regularised within a consistent physical framework. The disturbance of each bubble on the �uid is
evaluated in a closed analytical form exploiting the solution of a unsteady Stokes equation that can
be proved to describe the dispersed phase perturbation of the background carrier �ow. The e�ect
can be illustrated in terms of the vorticity that each point-wise bubble produces along its trajectory
x? (C) subjected to the force D? (C). In fact, the vorticity is naturally regularised by viscous di�usion.
Therefore it is possible to introduce a regularisation time-scale n' which correspond to the viscous
di�usion time-scale of the vorticity on the length-scale f' =

√
2an', where a = `/d 5 is the kinematic

viscosity. The regularisation scale f' must be understood as the smallest hydrodynamical scale of
the problem, i.e. the Kolmogorov length-scale [ in a turbulent �ow. Following this kind of reasoning,
though a lengthy but rigorous path [64], the bubble back-reaction is recast into its regularised form,

f? (x, C) = −
#?∑
?=1

{
D? (C − n') − < 5

�u(0)
�C

����
?

(C − n')
}
6[x − x? (C − n'), n'] . (3.3)

In equation (3.3) 6[x − x? (C − n'), n'] is the Gaussian function centred at the retarded bubble
position x? (C − n') with variance f' =

√
2an' that accounts for the delay process associated to the

di�usion of the disturbance vorticity up to the length-scale f'. Similarly, D? (C − n') is the delayed
hydrodynamic force.

3.3 The dispersed phase

The dispersed phase consists of small rigid spherical bubbles of diameter 3? order of the Kolmogorov
scale. Bubbles can be considered as material points of mass <? and their evolution is described by
the standard Newton's law

3x?

3C
= v? (C), <?

3v?

3C
= D? (C) (3.4)

where D? (C) is the hydrodynamic force due to �uid stresses. The expression for D? (C) was derived
independently by Maxey & Riley [61] and Gatignol [82], namely

D? = 3c`3?

(
u(0) |? − v? +

32?

24
∇2u(0) |?

)
+ < 5

�u(0)
�C

����
?

+ 1

2
< 5

3

3C

(
u(0) |? − v?

)
+

+1

2
< 5

(
u(0) |? − v?

)
× ' (0) |? .

(3.5)

In the expression of the force, < 5 is the mass of the �uid displaced by the bubble and the subscript |?
means the Eulerian �elds evaluated at the bubble position. The �elds labeled with a "0" subscript,
namely u(0) and ' (0) = ∇×u(0) , are the unperturbed �uid velocity and vorticity respectively, i.e. the
�elds in absence of the ?− Cℎ particle. These undisturbed �elds can be evaluated by subtracting the
bubble self-disturbance generated by the ? − Cℎ bubble itself that, in the ERPP approach, is known
in a closed analytical form [64]. This feature allows the correct evaluation of the hydrodynamical
force within the ERPP approach.

The terms on the right hand side of equation (3.5) are the drag force with the Faxen correction,
the �uid acceleration, the added mass force and the lift force, respectively. The buoyancy can
be neglected whenever (C[/�A[ � 1 where �A[ = 0[/6 and (C[ = g?/g[ are the Froude number
and the Stokes number in Kolmogorov units [93]. Apart from the lift force, the equations (3.5)
and (3.4) are the Gatignol-Maxey-Riley equation in the case of small particle-to-�uid density ratio.
In fact, the lift force is not considered in the original derivation by Maxey-Riley's and Gatignol.
However, this e�ect is included given its relevance for bubbles with 3?/[ ∼ 1 as discussed by many
authors [47, 49, 65]. The lift force is written in the form of Auton's model [85], while the Basset
force is discarded as discussed by many authors [47, 50, 49, 51, 94]. The bubble response time,
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g? = 1/(18a) (d?/d 5 + 1/2)32?, where d?/d 5 is the ratio of the bubble to �uid density, can be
and expressed in dimensionless form with respect to the Kolmogorov time scale g[ to form the
Stokes number, namely (C[ = g?/g[. (C[ measures the bubble response to the small scale turbulent
�uctuations. Two limit regimes exist: the passive tracer and the ballistic regime. When (C[ � 1
bubbles are insensitive to turbulent �uctuations and persist in their trajectory without any change in
their state of motion. Conversely if (C[ � 1 the bubble response is enough high that the dispersed
phase faithfully follows the �uid. The phenomenon of preferential concentration occurs in some
intermediate regime. Note however, that the point-particle approach poses obvious constraints
in bubble size, which in terms of bubble time response translates into (C[ < 0.2. Therefore the
ballistic regime is out of feasibility, since bubbles would be too large and deformability e�ects would
occur. The bubbles tend to be trapped into the most intense vortical structures of the turbulent
�ow because of the �uid inertia terms, i.e. the pressure gradient term. Conversely, the drag force
tends to push away bubbles from inner regions of the vortices. Therefore the balancing between
the �uid inertia and drag forces, that is parametrised by (C[, regulates the bubble preferential
concentration [25]. In the two-way coupling regime, the cluster geometry might impact on how the
�uid experiences the dispersed phase feedback. It follows that the Stokes number (C[ eventually
controls the turbulence modulation via its indirect e�ect on small scale bubble clustering. The
second parameter that controls turbulence modulation is the void fraction iE = +�/+!, i.e. the
ratio between the volume of the gas phase (+�) and the volume of the carrier phase (+!), i.e. the
liquid. The reader might note that the void fraction plays a role only in the two-way coupling
regime. Four-way coupling interactions are discarded in the limit of a dilute suspension of small
bubbles. For this reason iE is limited to few percentage points in the present research.

3.4 Results and Discussion

The following sections discuss the turbulence modi�cation due to di�erent bubble populations in
the homogeneous shear �ow (HSF).

3.4.1 The turbulent kinetic energy and dissipation rate

In this section the modi�cation of the turbulent kinetic energy (t.k.e.)  = 1/2 〈h · h〉 and of
the energy dissipation rate n = 2a〈∇h : ∇h〉 are discussed. Henceforth, angular brackets must be
understood as time and spatial average which, given the statistically time steadiness and spatial
homogeneity, are equivalent to ensemble average.  and n describe the global statistical behaviour
of the largest and smallest hydrodynamical scales, respectively.

In �gure 3.2 the turbulent kinetic energy  is plotted versus the void fraction iE for di�erent
(C[. The asymptotic standard error of  is shown with error-bars computed as Xn = 2f/

√
#B, where

f is the standard deviation of the single measurement of  and #B the number of samples. The
values of  are normalised by the corresponding value of the unladen case  0 (no back-reaction on
the �uid). When the bubble feedback is active an attenuation of the t.k.e. of order 10% is measured
within error-bars accuracy. The modi�cation is controlled by (C[ and iE . The e�ect is progressively
more pronounced for increasing (C[. The largest modi�cation occurs for (C[ = 0.1 and (C[ = 0.2,
where the bubble clustering is more intense as it will be discussed in later sections. Therefore, the
e�ect of the dispersed phase on the largest scales of turbulence is more e�ective when the feedback
follows from the bubble clusters, rather than evenly dispersed bubbles.

The reduction of  is equally divided among its three cartesian contributions. The stream-wise
〈h21〉, span-wise 〈h22〉, and vertical (direction of the mean shear) 〈h23〉 velocity variances are shown in
�gure 3.3, �gure 3.4 and �gure 3.5, respectively. Data are normalised by root mean square values
of the unladen case, namely 〈h21〉0, 〈h22〉0 and 〈h23〉0. This behaviour is quite di�erent from what is
observed in two-way coupled simulations of inertial particles in the homogeneous shear �ow [57], and
wall bounded �ows [38] where a preferential modulation of turbulence occurs being the stream-wise
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Figure 3.2: Turbulent kinetic energy  , normalised by the value of the unladen case  0 (no back-
reaction on the �uid), plotted versus the percentage void fraction. Panel a) (C[ = 0.025; panel b)
(C[ = 0.05; panel c) (C[ = 0.1; panel d) (C[ = 0.2.

velocity variance attenuated more than the stream-wise and vertical component as the mass loading
is increased.

The attenuation of the energy content  is accompanied by the reduction of the energy dissi-
pation rate n , reported in �gure 3.6. As for the turbulent kinetic energy, the energy dissipation n ,
along with its asymptotic standard error, is normalised by the value of the unladen case n0. The
trend found for the t.k.e., is also found for this small scale observable. The modi�cation increases
with (C[. Likewise the turbulent kinetic energy, the reduction of n is accentuated for (C[ = 0.1 and
(C[ = 0.2. The behaviour is monotonic in the void fraction in all the cases apart from the bubble
populations at the largest Stokes number . In fact, for (C[ = 0.2 we observe, within the error bars
accuracy, a minimum in the dissipation rate at iE = 1%.

3.4.2 The turbulent kinetic energy and dissipation spectra

This section addresses the turbulent kinetic energy and dissipation spectra. The 3� spectrum is
de�ned as the Fourier transform of the autocorrelation function, namely �̂ (k) = F [〈h(x, C) · h(x +
r, C)〉]. Due to the anisotropy of turbulence in the shear �ow, �̂ (k) depends on the direction of
the wave-vector k. The one-dimensional spectrum is extracted by averaging over the sphere of
radius |k| = :, namely � (:) =

∮
|k |=: �̂ (k) :

2 3Ω, where 3Ω is the solid angle. � (:) represent the
contribution to the turbulent kinetic energy given by the scales whose wave number is between :
and : + 3:. When integrated over the whole range of wave numbers � (:) returns the turbulent
kinetic energy content  , namely  =

∫ ∞
0
� (:) 3:. The spectrum of the dissipation is computed

from � (:) as � (:) = 2a:2� (:).
The energy balance in spectral space follows the equation,

m� (:)
mC

++ (:) = %(:) − � (:) +Φ(:) . (3.6)

Equation (3.6) is the generalisation of the Kolmogorov-Onsager-vonWeizsacker-Heisenberg equa-
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Figure 3.3: Stream-wise velocity variance 〈h21〉, normalised by the the value of the unladen case 〈h21〉0
(no back-reaction on the �uid), plotted versus the percentage void fraction. Panel a) (C[ = 0.025;
panel b) (C[ = 0.05; panel c) (C[ = 0.1; panel d) (C[ = 0.2.
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Figure 3.4: Span-wise velocity variance 〈h22〉, normalised by the value of the unladen case 〈h22〉0 (no
back-reaction on the �uid), plotted versus the percentage void fraction. Panel a) (C[ = 0.025; panel
b) (C[ = 0.05; panel c) (C[ = 0.1; panel d) (C[ = 0.2.
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Figure 3.5: Vertical velocity variance 〈h23〉, normalised by the value of the unladen case 〈h23〉0 (no
back-reaction on the �uid), plotted versus the percentage void fraction. Panel a) (C[ = 0.025; panel
b) (C[ = 0.05; panel c) (C[ = 0.1; panel d) (C[ = 0.2.
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Figure 3.6: Energy dissipation rate n , normalised with the value of the unladen case n0 (no back-
reaction on the �uid), plotted versus the percentage void fraction. Panel a) (C[ = 0.025; panel b)
(C[ = 0.05; panel c) (C[ = 0.1; panel d) (C[ = 0.2.
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Figure 3.7: 1D energy spectrum � (:) versus wave number. Data are normalised in Kolmogorov
units of the unladen case. Panel a) (C[ = 0.025; panel b) (C[ = 0.05; panel c) (C[ = 0.1; panel d)
(C[ = 0.2. In each panel the available data at di�erent void fractions are reported and compared
with the unladen case.

tion [95, 96], for bubble-laden �ow where the coupling term Φ arising from the dispersed phase feed-
back on the �uid has been retained, namelyΦ(:) =

∫
Ω
Ψ88 (k) :23Ω, whereΦ8 9 (k) = F 〈 58 (x) h 9 (x+r)〉.

The spectrum of the non linear term is + (:), and in homogeneous conditions
∫ ∞
0
+ (:)3: = 0. The

term %(:) = −(�13(:) is the production term where �13 is the Reynolds shear stress co-specrtum
and � (:) is the dissipation spectrum.

Figures 3.7 and 3.8 show the 1D energy � (:) and dissipation � (:) spectra, respectively. In
each panel, data are plotted for bubble populations at �xed (C[ and di�erent void fractions. Data
are normalised in the unladen Kolmogorov units, i.e. occurring in the one-way coupled simulations.
In particular the wavenumber : is normalised by the Kolmogorov length-scale [ while the energy
and dissipation spectra by (na5)1/4 and (na)3/4, respectively. For each bubble population, the
corresponding data of the unladen case are also shown.

The reduction, of the order of 10%, found in the t.k.e.  and dissipation n involves the �rst modes
of the spectra. Such thin alteration is not observable in the present logarithmic representation, which
can represent only large modi�cation. In fact, the logarithmic scale is suitable for describing the
behaviour of the intermediate and small scales, where signi�cant alterations are not observed. In
particular, no change in the spectral slope found in Ref. [47] can be inferred. In Ref. [47] the
PIC approach is used to investigate homogeneous isotropic turbulence laden with point-like bubbles
via DNS at (C[ = 0.1 and iE = 1.6%, where the e�ect of gravity is also considered. The authors
�nd a depletion of the energy content at the dissipative scales, and augmentation at large scales.
This leads to an overall depletion of the dissipation rate. Although the present simulations bear
similarity to Mazzitelli et al. [47] for the turbulent kinetic energy, they are in disagreement for how it
is distributed across the spatial scales. It is not clear if the di�erent behaviour of the spectra depends
on the shortcomings of the PIC approach or on the presence of gravity, which in the our simulations
is not considered. In fact, the e�ects of the buoyancy on the multiphase system have been neglected,
since the Stokes and Froud numbers are considered as (C[/�A[ � 1. Since the presence of gravity
introduces a further element of anisotropy, it could be relevant to study its e�ect on the back reaction
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Figure 3.8: 1D dissipation spectrum � (:) versus wave number. Data normalised in Kolmogorov
units of the unladen case. Panel a) (C[ = 0.025; panel b) (C[ = 0.05; panel c) (C[ = 0.1; panel d)
(C[ = 0.2. In each panel the available data at di�erent void fractions are reported and compared
with the unladen case.

term. On the other hands, the PIC approach su�ers shortcomings when the feedback of an uneven
bubble population is represented on the Eulerian grid, where the carrier phase equations are solved
[59]. Due to biases in the feedback regularisation, PIC introduces an unphysical forcing, which acts
on grid scale. To avoid this numerical error, the number of bubbles #? per computational cell #2
should be large. However, this condition is not ful�lled in Ref. [47] since #?/#2 ' 0.05. Therefore,
the relatively high energy content at small scales found by the Authors might also be a side e�ect
introduced by the PIC approach. In contrast, the ERPP approach can account, on a more solid
physical ground, for the e�ects of uneven distributed population of bubbles. This is the case for
the relatively diluted suspension considered here. The e�ect of the bubble feedback on the smallest
dissipative scales seem to be less relevant than what observed in previous studies based on the PIC
approach, where however gravity was present. Further investigations are required to understand the
role of buoyancy and PIC shortcomings, on the spectra in Ref. [47], and results are not conclusive.

The spectral energy budget, equation (3.6), is shown in �gure 3.9 for two reference cases, namely
(C[ = 0.025, iE = 1% and (C[ = 0.2, iE = 1% which represent two limiting cases in terms of the
Stokes number. In both cases, the relevant result is that the spectral energy �ux Φ(:) is always
negligible and the dominant terms are � (:), %(:) and + (:) even though small �uctuations in � (:),
%(:) and + (:), of the order of few percent are observed. Therefore, rigid (and small) bubbles are
unable to directly a�ect the turbulent energy budget through the coupling term Φ(:). In fact,
turbulence modulation occurs only via a direct changes of the turbulence production term %(:),
due to modi�cation of the Reynolds shear stress co-spectrum. It is also clear that the dissipation
rate depletion observed in �gure 3.6 must necessarily be accompanied by the reduction in the
turbulent production P = −(〈h1h3〉, since the global amount of energy intercepted by the bubbles
Φ? =

∫ ∞
0
Φ(:) 3: is vanishing.

We want to stress the di�erences between the mechanisms of interphase energy transfer in the
shear �ows due to microbubbles and tiny heavy-particles by considering the particle-laden shear
�ows discussed in Ref. [97, 57], where the ERPP approach was used for the inertial particles. The
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Figure 3.9: Spectral energy budget. %(:) turbulent kinetic energy production; � (:) energy dissi-
pation; + (:) non linear energy transfer; Φ(:) inter-phase momentum coupling due to the bubble
back-reaction. Panel a) (C[ = 0.025 iE = 1%; panel c) (C[ = 0.2 iE = 1%. Panels b) and d) show a
close up view of the smallest dissipative scales for the two cases respectively.

Authors show how inertial particles suppress the turbulent kinetic energy up to 40%, much more
than what is observed here for microbubbles. Moreover, the stream-wise velocity component is less
a�ected by the particle back-reaction, in contrast to what shown in this work, where the bubble
large-scale modulation is almost isotropic. However, the most important di�erence is the particle
inter-phase momentum �ux Φ(:), and its global amount Φ? =

∫ ∞
0
Φ(:) 3: that appears in the global

t.k.e. budget 0 = P − n + Φ?, that is not negligible. In particle-laden shear �ow the modi�cation
of the turbulence dynamics mainly occurs due to the energy intercepted by the dispersed phase.
This mechanism is quite di�erent from what happens for bubbles. In fact, the bubble-induced
turbulence modi�cation is solely due to the change in the production of turbulent kinetic energy,
i.e. the Reynolds shear stress co-spectrum, and therefore in the viscous dissipation, being the inter-
phase momentum �ux Φ(:) always negligible. The di�erences in turbulence modi�cation might
be due to two aspects. Firstly the presence of the added-mass force in the bubble momentum
equation drastically changes the bubble dynamics. Bubbles and particles selectively concentrate in
di�erent regions of the turbulent �ow, i.e. the former accumulate in the low-pressure regions (high
vorticity) and the latter form clusters in the strain regions (low vorticity). Secondly, the density
ratio, and therefore the mass loading, is three order of magnitude smaller in the case of bubbles.
This considerably reduces the ability of the gaseous phase to exchange momentum with the �uid,
suggesting that the volume fraction could be used to provide a more fair comparison.

3.4.3 The bubble clustering in the two-way coupling regime

Figure 3.10 provides a snapshots of the instantaneous bubble con�guration for increasing Stokes
number at �xed void fraction. Two thin slices in the cross-�ow (H − I) and stream-wise (G − I)
plane are shown in the two columns of the �gure. The typical bubble clustering, with bubbles
that aggregate into thin elongated structures, is progressively more visible for increasing (C[. The
clusters are correlated with high �uid enstrophy levels, corresponding to the more intense turbulent
coherent vortical structures. The passive tracer limit, where bubbles faithfully follow the �uid,
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seems close to the case (C[ = 0.025. The ballistic limit, where bubbles are not in�uenced by �uid,
is far to be achieved in the range of the Stokes number considered in this study.

In the homogeneous shear �ow, the mean �ow orients the largest vortical structure preferentially
in the direction of the mean strain, that is the bottom-left/top-right direction in the (G − I) plane.
When the �ow is laden by heavy particles, this anisotropy is proved to be transferred to the small
scale clusters [98, 99]. A similar trend is found also for the bubbles. This behaviour is quite di�cult
to be observed by visual inspection, even though bubble �laments appear in panels f) and h) of
�gure 3.10. The bubble clustering can be more quantitatively measured following a more rigorous
statistical approach based on the Angular Distribution Function (ADF) [99]. The ADF is the
measure of the probability to �nd a bubble pair at distance A and oriented along the unit vector r̂.
The ADF is de�ned as

6(A, r̂) = 1

A2
3aA

3A

1

=0
, (3.7)

where =0 = 0.5#? (#? − 1)/+� is the volume density of bubble pairs in the volume +�, aA (A, r̂)3Ω is
the numbers of bubble pairs contained in the spherical cone of radius A with axis along the direction
r̂ and amplitude 3Ω. Therefore, the ADF contains information about the shape of the clusters and
the distance between the bubble pairs. The spherical average of the ADF is so the called the Radial
Distribution Function (RDF), namely 600(A) = 1/(4c)

∫
Ω
6(A, r̂)3Ω. The RDF has been already used

to characterise clustering in isotropic conditions [100].
Figures 3.11, 3.12, 3.13 and 3.14 provide the ADF at the scale separation A = 3?, i.e. at collision

scale, for the bubble populations at progressively increasing Stokes number. In the panels of each
�gure two void fraction, iE = 1% andiE = 2% are considered, and results are compared with the
uncoupled case. At the smallest Stokes number (C[ = 0.025, �gure 3.11, the bubble clusters
at collision distance are uniformly distributed on the unit sphere and the distribution does not
di�er from what is observed in the one-way coupling regime for both void fractions. Therefore, it
is possible to conclude that no preferential orientation of the clusters occurs in these conditions.
Note that the overall concentration is close to the homogeneous value =0. However, when the Stokes
number is progressively increased, see �gures 3.12, 3.13 and 3.14, two new features appear. The �rst
feature is that the bubble clusters present a preferential orientation, i.e. the peaks of the ADF are
located in a direction corresponding to the bottom-right/top-left direction of the stream-wise (G− I)
plane addressed in �gure 3.10, meaning that the clusters actually show a measurable anisotropy.
The second feature consists in the fact that two-way coupling e�ects, here parametrised in terms of
the void fraction iE , have a measurable e�ect on the intensity of the clustering when compared with
the reference one-way data. This behaviour can be associated to the preferential alignment of the
large scale turbulent structures induced by the mean shear. The bubble clusters preserve memory
of the large scale directionality due to the coherent vortical structures. This occurs despite the �uid
partially recovers isotropy at small scales. Finally, we observe that there is no substantial change
in the clusters alignment when two-way coupling e�ects are present. The two-way coupling e�ects,
however, modify the intensity of the clustering process. The ADF has been also measured for all
the bubble populations and all the void fraction at a scale separation of the order of the integral
scale (data not shown). At this separation, in all cases, the ADF does not show any anisotropy of
the clusters. In fact, for increasing separation, distant bubble pairs are considered which mostly
belongs to distinct clusters.

The ADF is a powerful tool to asses the bubble distribution at �xed separation A. However,
providing the contour plots for several A−separations would be overly verbose, and somehow even
confusing in understanding the results. di�culty can be overcome by using a mathematical tool
able to capture the behaviour at each scale separation A, namely the ($ (3) expansion [101] of
6(A, r̂). The method consists in the expansion of the function into the projections on the orthogonal
subspaces generated by the spherical harmonics . 9<(r̂),

6(A, r̂) =
∞∑
9=0

9∑
<=− 9

6 9<(A). 9<(r̂). (3.8)
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a) b)

c) d)

e) f)

g) h)

Figure 3.10: Snapshots of the instantaneous bubble position in a thin slice of thickness of the order
of few Kolmogorov scales. Left column: the slice is in the cross-�ow plane (H − I). Right column:
slice is in the stream-wise plane (G − I). The Stokes number increases from top to bottom. Panels
a), b) (C[ = 0.025; Panels c), d) (C[ = 0.05; Panels e), f) (C[ = 0.1; Panels g), h) (C[ = 0.1; In all
cases the volume fraction is iE = 1%.
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a) b) c)

Figure 3.11: The ADF represented on the unit sphere at the collision distance A = 3?, for the bubble
population (C[ = 0.025. Panel a) one-way coupling; panel b) iE = 1%; panel c) iE = 2%

a) b) c)

Figure 3.12: The ADF represented on the unit sphere at the collision distance A = 3? for the bubble
population (C[ = 0.05. Panel a) one-way coupling; panel b) iE = 1%; panel c) iE = 2%

a) b) c)

Figure 3.13: The ADF represented on the unit sphere at the collision distance A = 3? for the bubble
population (C[ = 0.1. Panel a) one-way coupling; panel b) iE = 1%; panel c) iE = 2%
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a) b) c)

Figure 3.14: The ADF represented on the unit sphere at the collision distance A = 3? for the bubble
population (C[ = 0.2. Panel a) one-way coupling; panel b) iE = 1%; panel c) iE = 2%

Each sub-space is labelled by the index 9 , that is spanned by 2 9 + 1 base elements . 9<. For
instance, the basis of the sub-space 9 = 1 is the set of the spherical harmonics .1−1, .10 and .11.
The orthogonality condition of the base elements . 9<,

∮
Ω
. 9<.

∗
?@3Ω = 4cX 9 ?X<@, and the uniform

convergence of the series for the regular function 6(A, r̂), provide the expression of the modes 6 9<(A),

6 9<(A) =
1

4c

∮
Ω

6(A, r̂). ∗9<3Ω (3.9)

where the superscript ∗ denotes the complex conjugate. In this notation the isotropic component
of 6(A, r̂), i.e. the Radial Distribution Function (RDF), is represented by the sector 9 = 0, i.e.
600(A) = 1

4c

∫
Ω
6(A, r̂)3Ω. The sectors with 9 ≥ 1, in ordered way, label speci�c spatial directions,

therefore measuring speci�c anisotropies of the ADF.
Figure 3.15 provides the Radial Distribution Function 600(A) for the available bubble popula-

tions. The separation A is normalised by the Kolmogorov length-scale [. Data are plotted from
largest scales up to the collision separation A = 3?. In each panel, the e�ect of the back-reaction can
be appreciated by comparing the data with the respective unladen case (black line). The power law
behaviour of the RDF at small separations proves that bubbles indeed show small scale clustering.
The clustering intensity is progressively stronger for increasing Stokes number. At (C[ = 0.2, the
local bubble concentration at collision distance is about 10 times the overall homogeneous concen-
tration. Note that the RDF approach to constant value 600(A) ∼ 1 above a critical scale ℓ2. This
means that the large scale clustering, above scale ℓ2, recovers the behaviour of the homogeneous
distribution. The data show that the general trend of the RDF is only slightly changed when the
back-reaction is active, as already discussed when commenting the ADF.

A more detailed analysis of two-way coupling e�ects on the small scale clustering is provided
in �gure 3.16, where the RDF 600(A) is normalised by its respective unladen case 6001−F0H (A) coun-
terpart. The data show a small, though measurable, depletion of small scale clustering that ranges
from 5% to order of 10% when the Stokes number is progressively increased form (C[ = 0.0025 to
(C[ = 0.2 while the void fraction seems to play a minor role.

The scale-by-scale anisotropic behaviour of the ADF is addressed in �gure 3.17 where some
signi�cant projections of the ADF 6 9<(A), up to subspace 9 = 6, are shown for the reference case
(C[ = 0.1 , iE = 2%. Due to the symmetry of the �ow, many other modes are negligible and the
�gure provides only projections with signi�cant amplitudes. The signal 6 9<(A) rapidly decreases
with the order of the sector 9 indicating that the anisotropy in the ADF 6(A, r̂) is dominated by
the sectors 9 ≤ 2. The mode with higher intensity is the 621(A) projection which corresponds to
the spherical harmonic .21. Given the reference frame adopted, this speci�c harmonic selects the
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Figure 3.15: Isotropic projection 600 of the ADF versus separation A. The sector 600(A) is the
average of 6(A, r̂) over the solid angle and is proportional to the probability to �nd two bubbles at
separation A. Panel a) (C[ = 0.0025; panel b) (C[ = 0.05; panel c) (C[ = 0.1; panel d) (C[ = 0.2.
In each panel the available data for di�erent void fractions iE are compared against the reference
one-way coupling data (black line).
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Figure 3.16: Ratio between the RDF in the two-way coupling regime 6002−F0H (A) and its counterpart
in the one-way coupling regime 6001−F0H (A). Panel a) (C[ = 0.0025; panel b) (C[ = 0.05; panel c)
(C[ = 0.1; panel d) (C[ = 0.2. In each panel the available data for di�erent void fractions iE are
plotted for each bubble population.
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Figure 3.17: Anisotropic projections of the ADF 6 9<(A) normalised by the isotropic component
600(A) up to the sector 9 = 6. Only the higher signal sectors are shown for the reference case
(C[ = 0.1 iE = 2%. The mode (2, 1) captures the bubble pair alignment along the bisector of the
(G − I) plane containing the mean �ow. The mode (2, 2) selects the bubble pair alignment along the
stream-wise direction.

principal strain directions of the mean �ow. Therefore the 621(A) projection measures bubble pairs
aligned along the bisector of the �rst and third quadrant of the (G − I) plane that contains the
mean �ow. This data corroborate the more qualitative description of the clusters grasped from the
visual inspection of the instantaneous bubble positions. The negative sign of 621(A) is due to the
sign assumed by .21(r̂) when the unit vector r̂ spans the directions of space. The signal of the
mode (2, 2) is also signi�cant. Indeed, the spherical harmonic .22(r̂) captures, with positive sign,
the bubble preferential alignment roughly in the steam-wise direction. Therefore 622(A) partially
recovers the anisotropy peaks in 6(A, r̂), that however are best captured by 621(A).

The data in �gure 3.17 suggest 621(A) as the best representative mode among the anisotropic
components of the ADF to be further analysed as one for all. The anisotropy content of the ADF
measured by the ratio 621/600, is reported in �gure 3.18 for the available bubble populations. Each
panel correspond to a speci�c Stokes number and compares the ratio 621/600 against the data in the
one-way coupling regime (black line) when the void fraction is changed. The anisotropy content of
the ADF increases at small scale denoting that the directionality of the clusters becomes more and
more de�ned as bubble pairs approach each other. In other words, as the bubbles accumulate at
small scales, the more are orientated with large scale turbulent vortices. A �nal comment concerns
two-way coupling e�ects, that seems to be almost irrelevant. In fact, the ratio 621/600 is quite
close to its one-way coupling regime counterpart, at least for the Stokes numbers and void fractions
considered here.
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Figure 3.18: Anisotropic projection 621(A) of the ($ (3) decomposition of the ADF normalised
by the isotropic sector 600(A). Panel a) (C[ = 0.0025; panel b) (C[ = 0.05; panel c) (C[ = 0.1;
panel d) (C[ = 0.2. In each panel the available data for di�erent void fractions are shown and
compared against one-way coupling reference case (black line). The 621(A) mode captures bubble
pairs orientated with the principal strain direction of the mean �ow, i.e. the bisector of the �rst
quadrant of the (G − I) plane.
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Chapter 4

The turbulent annular pipe �ow

Figure 4.1: Sketch of the annular pipe. '8 and '> are the inner and outer wall radius. The �uid
�ows in the gap between the cylinders.

The �rst part of this thesis has dealt with the inter-phase momentum exchange between small
bubbles and homogeneous turbulence. Homogeneous turbulence is an idealised condition, that oc-
curs when the statistical properties are invariant under arbitrary translation. Real turbulence tends
to be homogeneous far from the walls, like in the centre of channels and pipes, or in atmospheric
�ows. Although the homogeneous property is never fully achieved, homogeneous turbulence has
large interest since it greatly simpli�es the understanding of turbulent �ows. Due to the innovation
of the research, our �rst study of bubbly �ows has been conducted in the homogeneous turbulence.
The complexity introduced by an non-homogeneous background �ow is investigated in the later
stage. We would aim at analysing bubbly �ows in a more realistic �uid dynamic problem: a wall-
bounded con�guration. The presence of the wall introduces a non-homogeneous spatial direction ,
perpendicular to the wall. This inhomogeneity is transmitted to the injected discrete phase. The
result is that the concentration of the discrete phase exhibits a peak close to the wall regions. The
phenomenon is known as turbophoresis [102], and depends on the inertia of the transported phase,
i.e. by g?. The turbopheresis is of crucial importance to determine the e�ect of the dispersed phase
to the turbulent �eld. In fact, the massive particle or bubble clusters interact with the vortical
structures in the bu�er layer, a�ecting the average viscous stresses in the vicinity of the wall. Un-
der constant �ow rate, the result is the modi�cation of the viscous wall drag. The nature of such
modi�cation depends on the phase of the dispersed phase. If bubbles tend to reduce the resistance,
inertial particles increase it. After studying the depletion of homogeneous turbulence due to a
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gaseous phase, we should expand the investigation to a wall-bounded con�guration. However the
momentum coupling model that we have adopted, i.e. ERPP, is restricted to the point-particle
regime. As discussed in chapter 3, the small size of a bubble considerably reduces its aptitude of
being deformed. The bubble deformation plays a crucial role in the drag reduction . As long as
the bubble is rigid, the energy exchange can occur only through the momentum transfer. How-
ever this e�ect is small due to the very low density ratio d?/d 5 . In a wall-bounded domain the
bulk modi�cation of the �ow is deemed to be negligible. In fact, only when bubbles are large and
deformable [66, 67, 68], the near-wall vortical structures are altered, through interphase and wake
e�ects, and they lead to the well-known reduction of dissipation. The main objective, in the second
stage of the present research, is to understand when the wall drag can be a�ected by a dispersed
phase. Therefore, the second part of the research is devoted to addressing wall-turbulence laden
with inertial particles. In this case the well-acknowledged e�ect on the turbulent �eld, due to the
dispersed phase, is the increase of the viscous wall resistance, occurring in the point-particle regime.
Moreover, we know that the drag augmentation is sometimes accompanied by the increase of the
heat exchange [36]. This phenomenon can be exploited to improve the heat exchanger e�ciency,
and still must be well understood. In the research that we are going to introduce, the e�ect of tiny
particles on concentric tube heat exchangers will be investigated via Direct Numerical Simulations.
Between the many optional con�gurations, we have chosen the concentric tube heat exchanger, that
is the simplest one. It has two tubes, one inside the other. One tube carries hot �uid, the other
carries cold �uid. With such purpose we propose a speci�c topology: the annular pipe. This system
is made of the annulus between two concentric cylinders, through which the suspension �ows. The
�ow is periodic in the stream-wise direction, while heat �ux is provided from the walls. In particu-
lar, the external surface is cold, while the internal one is hot. The sketch of the domain is presented
in �gure 4.1.

4.1 Short overview of the numerical techniques

In this section we shortly report about the numerical techniques employed to carry out the DNSs
of the annular pipe �ows. The numerical scheme is verbosely discussed in the Appendix, section
C. The Exact Regularised Point Particle (ERPP) method, that is used to achieve the inter-phase
momentum exchange between the carrier and the dispersed phase, is brie�y discussed as well. The
detailed discussion of the momentum coupling model is provided in section 2 and refers to the
original paper [38].

The carrier �ow is laden with small inertial particles of vanishing particle Reynolds number
'4? = 〈u|p − vp〉3?/a. In a wall-bounded �ow this means that the particle diameter 3? is smaller
than the viscous length-scale ℓ∗. Under this assumption, the dispersed phased is modelled as
a collection of points, to which concentrated forces are applied. The �uid on the other hands
experiences the dispersed phases as a system of singular forcing. The singular forcing is regularised
by mean ERRP, where a wall correction is included in the particle disturbance.

The regularised standard incompressible Navier-Stokes equations of the annular pipe are re-
ported below
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is the averaged pressure gradient in the stream-wise direction 4̂3. The pressure gradient sustains
the turbulence, since it is responsible of the energy inlet. The temperature is evolved as a passive
scalar by the Fourier equation, where ^ is the thermal di�usivity and 2? heat capacity at constant
pressure. The velocity u(x, C) and temperature �eld ) (x, C) are periodic along the stream-wise and
azimuthal directions. Therefore periodic boundary conditions are enforced at the inlet and outlet
surface. The no-slip condition is applied at the cylindrical walls, where also two di�erent uniform
temperatures are enforced.

The momentum-exchange occurs via the extra singular forcing term fp(x, C), which following the
treatment of ERPP reads:

f? (x, C) = −
#?∑
?=1

{D? (C − n')6[x − x? (C − n'), n'] + D̃? (C − n')6[x − x̃? (C − n'), n']} (4.2)

The method of images is employed to recover near-wall e�ects, with �̃ ? and G̃? denoting the
hydrodynamic force and position of the mirrored particle with respect to the local tangent plane.
The approach is valid when the wall curvature is smaller than the length-scale f', that is the
smallest resolved length-scale of the particle disturbance. The regularising length-scale is chosen as
f' = 3/2ΔI, where ΔI is the stream-wise grid spacing. The time-scale n' is calculated through the
relation f' =

√
2an', where a is the �uid kinematic viscosity.

The system of partial di�erential equations (4.1) is solved, via direct numerical simulation, in
cylindrical coordinates, exploiting a second order �nite di�erence scheme on a staggered grid [103].
The classical Chorin's projection method [104], is employed to enforce the divergence-free constraint
imposed by the mass balance. The pressure �eld is evaluated through a Laplace problem, after
being expanded in the Fourier series in the azimuthal and streamwise directions. A Total Variation
Diminishing ( TVD ) scheme is employed to treat the convection term of the Fourier equation. The
integration in time is explicitly performed using a third-order low-storage Runge-Kutta algorithm.

4.1.1 The dispersed phase

The dispersed phase is made of small spherical solid-particles of diameter 3? smaller than the
viscous length-scale ℓ∗. The particles are modelled as material point of mass <?, whose evolution
is prescribed by the standard Newton's law

3x?

3C
= v? (C), <?

3v?

3C
= D? (C) (4.3)

where D? (C) is the hydrodynamic force due to �uid stresses. The analytic expression of D? (C) was
derived independently by Maxey & Riley [61] and Gatignol [82]. In the case of particle-laden �ows,
i.e. high density ratio, the equation reads

D? = 3c`3? (u(0) |? − v?) (4.4)
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In the equation ` is the dynamic �uid viscosity and v? the velocity of the particle. u(0) |? is the
unperturbed �uid velocity �eld, where the subscript "p" denotes that it is evaluated at particle posi-
tion x? (C). The unperturbed velocity is the velocity �eld u|? in the absence of the p-th particle. This
undisturbed �eld can be evaluated, thanks to ERPP, by subtracting the particle self-disturbance of
the p-th particle u(1) |?, from the complete �eld u|?.

The Faxen correction of the Stokes force is discarded due to the small particle diameter 3?. The
�uid inertia, the added-mass and the Basset force are neglected as well, due to the high density
ratio d?/d 5 . The buoyancy can be neglected in the present case, since the acceleration due to
gravitational forces is negligible as compared with the contribution from the Stokes force. In other
words (C+/�A+ << 1, where �A = 0+/6 and (C+ = g?/g∗ are the Froud and Stokes numbers based on
the viscous length and time scale.

The particle time response g? = 1
18a

d?
d 5
32? is represented, with respect to the viscous time-scale

g∗, by the Stokes number (C+ = g?/g∗. Similar to bubbles, see the discussion in 3, the Stokes
coe�cient in�uences the particle transport across the turbulent �eld. The tracer and ballistic
regimes occur when the particle time response is much smaller or larger than the viscous-time
scale, namely (C+ << 1 and (C+ >> 1 respectively. The turbophoresis occurs at the intermediate
regime (C+ ∼ 1. Owing to the crucial role of turbophoresis in the drag modi�cation, the Stokes
number eventually controls the turbulence modi�cation in the two-way coupling regime. The second
important parameter is the particle mass loading Φ? = <�/<� , i.e. the ratio between the mass of
the dispersed phase <� = #?<? and of the �uid <� . Although the �ow that we will consider has
large particle mass loading, the suspension is dilute. In fact, owing to the large particle to �uid
density ratio d?/d 5 = 180, the void fraction is i? ≈ 0.1%. Therefore the inter-particle collisions
rarely occur and the four-way coupling interactions are discarded.

4.1.2 The objectives of the research

We will answer three important questions concerning the dynamic of the multiphase system:

� How does turbulence a�ect the particle transport?

� Are the turbulent coherent structures and the wall drag a�ected by the inter-phase momentum
coupling?

� Is the heat exchange in�uenced by the modi�ed turbulent mixing?

The particle transport is subjected to the asymmetric annular �ow, owing to the di�erent wall
curvature. The in�uence of this non-homogeneous turbulence on a dispersed phase must be ad-
dressed. The turbophoresis can be in principle di�erent when observed at the internal or external
side. This phenomenon is crucial since the near-wall turbulent coherent structures, which can be
modulated by the massive particle clusters, are responsible of the production of the turbulent ki-
netic energy in the whole channel. The modi�cation of the turbulent kinetic energy, due to the high
particle mass loading, is expected. We will understand if such alteration could produce the increase
( or decrease ) of the viscous resistance.

Which could be the e�ect on the temperature �eld is an other important question. The heat
exchange is provided through the temperature di�erence at the walls, and it is regulated by the
thermal resistance of the system. The thermal resistance depends on the conductivity the �uid and,
in large part, on the turbulent mixing. The particles are thermally inert. Therefore the inter-phase
heat-exchange is negligible. In fact, the inter-phase coupling is enforced only on the momentum
equations. The modi�cation of the thermal �eld can still occurs, but only due to the change of the
thermal �uid convection. Therefore, we want to understand if the inter-phase momentum exchange
can a�ect the turbulent mixing and the heat transfer as well, in the annular pipe.
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4.2 Results and discussion

The following sections report the analysis of the particle-laden annular pipe �ow. The turbulence
is studied by means of the �rst and second moment statistic, two-point correlation functions and
energy spectra. The analysis is conducted in both the one-way and two-way coupling regime. In the
latter, of particular interest is the modulation of the turbulence. The investigation is carried out in
terms of the mechanical and thermal modi�cation of the �uid observables. The particle transport
of the dispersed phase is studied as well. The turbophoresis and the statistic of the particle velocity
are addressed, and their role to turbulence modulation explored.

4.2.1 Short overview of the annular pipe �ow and simulation setup

Given the cylindrical coordinate system (A, \, I) of basis (Â , \̂, 4̂3) the domain consists of the annulus
between two concentric cylinders, through which a particle-laden suspension �ows. In the annular
pipe the pressure gradient in the stream-wise direction provides the energy transfer to the turbulent
�eld. The mechanism allows that the system reaches a stochastic steady state. The generated
incompressible turbulence is homogeneous in the stream-wise and azimuthal directions, in both the
thermal and velocity �eld. The heat �uxes is provided by two uniform temperature at the internal
and external wall.

The �ow in the annular pipe is more complex than in simple connected topologies, such as round
pipe or channel �ows. In fact, due to the opposite curvature of the inner and outer wall, the spatial
and temporal scales changes substantially close the near wall regions. The asymmetry is observed
in the velocity and temperature pro�les, and in the turbulence intensities as well.

The dynamic of the system is described by six dimensionless parameters
{ '4∗,%A,(C+,Φ?,d?/d 5 ,'8/'>}. The friction Reynolds number is '4∗ = ('> − '8)/ℓ∗, where '> and
'8 are the external and internal wall radius, respectively, ℓ∗ is the viscous length-scale. The viscous
length-scale ℓ∗ is de�ned by the friction velocity D∗ and the �uid kinematic viscosity a, namely
ℓ∗ = a/D∗. The friction velocity is D∗ =

√
gF/d 5 , where gF is the mean viscous wall stress and d 5

the �uid density. The Prandtl number %A = a/U is the ratio between the momentum ( a ) and the
thermal ( U ) di�usivity . The particle time response g?, that is a measure of the particle inertia,
is expressed through the Stokes number (C+ = g?D∗/ℓ∗. The Stokes number deeply in�uences the
particle transport, since it determines how the discrete phase experiences the turbulent �uctuations
[55]. The particle mass loading Φ? is the ratio between the mass of dispersed phase and of the
�uid, while d?/d 5 is the particle to �uid density ratio. Both Φ? and d?/d 5 are very important
in the 2-way coupling regime. In fact, Φ? a�ects the global momentum exchange between the
dispersed phase and the turbulence [57, 38]. The density ratio d?/d 5 , on the other hand, in�uences
the local contribution of the momentum exchange with the single particle. In addition to this,
the density ratio in�uences the dynamic of the particle, as dictated by the Maxey-Riley-Gatignol
equation (2.34) [61, 82]. The equation is in general very complex, and describes the evolution of the
particle momentum. However when the density ratio is high, the momentum equation is recast into
a simple formulation ( reported in chapter 2 by the equation (2.43) ), where the control parameter
is only the Stokes number (C+.

Finally the radial aspect ratio '8/'>, where '8 and '> are the inner and outer wall radius, is
very important to determine the �ow asymmetry [77, 105, 78]. In fact, the peak of the turbulence
intensities in the bu�er layer is stronger close to the external wall than to the internal one [79, 73, 72].
The phenomenon entails the increase of the viscous stress at the internal wall, and the corresponding
reduction to the outer wall. This asymmetry depends on wall radius ratio, and decreases while '8/'>
is close to 1.

The set of control parameters is presented in the table 4.1. In the cylindrical coordinate system
the domain is the annulus of size ℎ × 2c × !I , with resolution #A × #\ × #I . The height of the
annulus is ℎ = '> − '8, while the length in the stream-wise direction is !I = 2c. The Reynolds
friction and Prandtl number '4∗ = 180 and %A = 0.79 are �xed in the whole simulation setup.
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Case #A × #\ × #I #? Φ? '8/'> ℓ∗ g∗ '4#

�0 148 × 512 × 512 300000 1-way 0.125 0.0048 0.0700 3010
�1 148 × 512 × 512 368004 0.2 0.125 0.0048 0.0700 3010
�2 148 × 592 × 592 552006 0.3 0.125 0.0048 0.0700 3010
�0 128 × 512 × 512 800000 1-way 0.25 0.0041 0.0603 3510
�1 128 × 512 × 512 556542 0.2 0.25 0.0041 0.0603 3510
�2 148 × 592 × 592 834813 0.3 0.25 0.0041 0.0603 3510
�0 128 × 512 × 512 800000 1-way 0.5 0.0028 0.0404 5300
�1 128 × 512 × 512 1502689 0.2 0.5 0.0028 0.0404 5300
�2 148 × 592 × 592 2254034 0.3 0.5 0.0028 0.0404 5300
�0 112 × 512 × 512 150000 1-way 0.75 0.0014 0.0209 10960
�1 112 × 512 × 512 7012560 0.2 0.75 0.0014 0.0209 10960
�2 112 × 512 × 512 10518840 0.3 0.75 0.0014 0.0209 10960

Table 4.1: Simulation matrix. Given the cylindrical coordinate system (A, \, I), the Navier-Stokes
equations are integrated in the ℎ× 2c × 2c annular pipe with a resolution of #A × #\ × #I . For each
case the friction Reynolds number is '4∗ = Dgℎ/a = 180, the Prantl number is %A = U/a = 0.79.
The nominal Reynolds number '4# is di�erent in the four geometry in order to have the same bulk
velocity in the one-way coupling regime. The regularisation length-scale of the ERPP approach
is set to f'/ΔI = 1.5, being ΔI = !I/#I = 0.0123 the stream-wise grid spacing. The particle-
to-�uid density ratio is d?/d 5 = 180. #? denote the number of particles, Φ? the mass fraction.
(C+ = g?/g∗ = 10, where g? and g+ are the particle and the viscous time-scale. The particle diameter
measured in comparison to the viscous length-scale is 3?/ℓ∗ = 1. The nominal Reynolds number
is '4# = DA4 5 ;A4 5 /a, being DA4 5 and ;A4 5 the reference velocity and length-scale. The one-way
coupled simulations (no back-reaction on the �uid) have been carried out for comparison.

The nominal Reynolds number '4# is changed with the ratio '8/'> to maintain the unitary bulk
velocity D1 = 1 in the one way coupling regime. The bulk velocity is de�ned by the �ow rate &
crossing the surface ( = c('2

>−'2
8
), i.e D1 = &/(. Following a dimensional analysis, the bulk velocity

depends on the wall stress gF , the height of the channel ℎ and the nominal Reyolds number '4# .
Hence, while conducting a preliminary only-�uid simulation which guarantee the prescribed bulk
velocity, by means of a �rst guess value of '4# it is determined the wall stress that provides the
required Reynolds friction number '4∗. The rationale behind this choice is that we want to exclude

the in�uence of the geometry to the �ow rate. The friction Stokes number is (C+ = 1
18
d?
d 5

(
3?
ℓ∗

)2
= 10

and the density ratio d?/d 5 = 180. The particle diameter 3? correspondingly equals the viscous
length scale. In the two-way coupling regime the selected mass ratio Φ? are 0.2 and 0.3. The
resolution is increased when the mass ratio is Φ? = 0.3, due the extra particle-induced turbulence.
The simulations with larger mass ratios ( Φ? > 0.3) are unstable due to a lack of resolution of the
grid. The increased computational cost cannot be a�ord with the current numerical techniques and
HPC resources. We postpone the analysis of heavier suspension to successive works.

In �gures 4.2, 4.3 and 4.4 we provide the contours of the instantaneous near-wall turbulent axial
velocity �uctuations, for the annular pipe of wall radii '8/'> = 0.25. The contours report the axial
velocity streaks ( blue color ) in the plane (\, I), where \ is the azimuth and I the axial coordinate
in the cylindrical coordinate system. The plane corresponds, in Cartesian coordinates, to the lateral
surface of a cylinder concentric with the walls. The radius of the selected cylinders is A/'> = 0.3 (
internal side, left panels in �gures ) and A/'> = 0.93 ( external side, right panels in �gures ). The
lateral surfaces of the two cylinders are distant H+ ≈ 12 from the internal wall and H+ ≈ 17 from
the external wall. From top to bottom, the contours correspond to the one-way coupled ( case �0,
�gure 4.2 ) , two-way coupled Φ? = 0.2 ( case �1, �gure 4.3 ) and Φ? = 0.3 ( case �2, �gure 4.4
). simulations. Snapshots of particles in the vicinity of the velocity streaks are overlapped over the
contours.
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a) b)

Figure 4.2: Contours of the axial �uid velocity �uctuations in the planes (\, I) located at distance
H+ ≈ 12 ( internal ) and H+ ≈ 17 ( external ) from the walls. Particles in the vicinity of the planes are
depicted in white colour. The contours refer to the annular pipe of radial wall radii '8/'> = 0.25.
The contours correspond to the one-way coupled simulation. The left panel depict the internal
near-wall streaks ( panels 'a' ), while the right panel the external near-wall streaks ( panels 'b' ).

c) d)

Figure 4.3: Contours of the axial �uid velocity �uctuations in the planes (\, I) located at distance
H+ ≈ 12 ( internal ) and H+ ≈ 17 ( external ) from the walls. Particles in the vicinity of the planes are
depicted in white colour. The contours refer to the annular pipe of radial wall radii '8/'> = 0.25.
The contours correspond to the two-way coupled simulation, with particle mass loading Φ? = 0.2
The left panel depict the internal near-wall streaks ( panels 'a' ), while the right panel the external
near-wall streaks ( panels 'b' ).
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e) f)

Figure 4.4: Contours of the axial �uid velocity �uctuations in the planes (\, I) located at distance
H+ ≈ 12 ( internal ) and H+ ≈ 17 ( external ) from the walls. Particles in the vicinity of the planes are
depicted in white colour. The contours refer to the annular pipe of radial wall radii '8/'> = 0.25.
The contours correspond to the two-way coupled simulation, with particle mass loading Φ? = 0.3
The left panel depict the internal near-wall streaks ( panels 'a' ), while the right panel the external
near-wall streaks ( panels 'b' ).

The modulation of the near wall streaks is evident. The e�ect is to disrupt the stream-wise
coherent structures close the external wall, in particular for the case �2. The streaks contribute to
the production of the turbulence energy and ultimately to the wall drag [106, 107]. Therefore their
modi�cation is very important to assess how the wall resistance is modulated. The streaks near the
internal wall are not modi�ed as well. The reason is probably the low number of particles located
at the internal side. In fact, the dispersed phase massively accumulates close the external wall. In
this region, particles form elongated column-like clusters, that seem being correlated to the �uid
streaks. In fact the clusters are noticeable in the uncoupled ( panel 'b' ) and two-way coupled low
particle loaded ( Φ? = 0.2 , panel 'd' ) suspensions, where the streaks are clearly present. On the
other hand when the particle mass loading is Φ? = 0.3 ( panel 'f' ), the stream-wise �uid coherent
structures are disrupted by the particles, which in turn lose their ordered structure.

In the forthcoming section the turbulence modi�cation and the particle transport will be quan-
titatively measured following a rigorous statistical approach. The dynamics in the one-way coupling
regime will be �rstly addressed. The study in the two-way coupling regime will follow next.

4.2.2 The Reynolds stresses and the mean velocity in the one-way coupling

regime

Owing to the non trivial behaviour of the turbulence structures in the annular pipe, we �rstly re-
port the study conducted in the one-way coupling regime. The standard notation of the Reynolds
decomposition is employed. The instantaneous velocity �eld is u. The ensemble average of the ve-
locity is denoted with capital letter, U = 〈u〉. The single quote mark labels the turbulent �uctuation
u′ = u −U.

In this section we report the turbulent Reynolds stress 〈D′AD′I〉 and the averaged velocity *I in
the one-way coupling regime. The Reynolds stress is expressed in wall unit, while the velocity *I
in computational unit. The dimensionless radial position is b = (A − '8)/('> − '8).
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The mean velocity and Reynolds stress pro�les for the four geometries are shown in �gure 4.5.
The maximum of the velocity *I is moved toward the inner side, compared with round pipes or
channels. The slope 3*I

3b
is consequently higher at the internal side than the external one. This

asymmetry is reduced when the distance between the walls decreases. Similarly, the zero of the
Reynolds stress is moved toward the internal wall, in comparison to channels and round pipes. The
external peak is in absolute value higher than the internal one, and besides, it is closer to the wall.
As the mean velocity pro�le, the symmetry is recovered when wall distance is reduced. The results
are in agreement with the literature [74, 73, 79, 76].
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Figure 4.5: The axial averaged velocity *I = 〈DI〉 ( �gure 'a' ) and Reynolds turbulent stress 〈D′ID′A 〉
( �gure 'b'). The mean velocity is expressed in computational unit, with respect to the reference
velocity DA4 5 . The Reynolds stress is in wall unit. The peak of the mean axial velocity is closer the
internal wall, in contrast to round pipes and channels. The wall stress is higher on the internal side
than on the external one. Similarly, the Reynolds stress exhibits an asymmetric behaviour, where
the external peak is higher than the internal one. However the position of the external maxima is
independent on the ratio '8/'>. Conversely the minimum, as well as the zero, of the Reynolds stress
is moved to the left, while its value is increased, when the annular pipe is larger. The asymmetry
of the annular pipe grows with the distance between the two walls.

The literature, in particular, agrees that the maximum of the mean axial velocity *I occurs
where Reynolds stress 〈D′AD′I〉 is zero. In �gure 4.6 we show that this feature properly captured

by our simulations. The mean viscous stress g+` =
1
'4∗

3*+I
3b

and the Reynolds stress 〈D′AD′I〉+ are
reported in wall unit versus the radial position b = (A − '8)/('> − '8). The zero of g+` locates the
maximum of *I . Clearly the zero of 〈D′AD′I〉+ and g+` are at same position, in all the four geometries.
Moreover the more the ratio '8/'> is small the more the viscous wall stress is larger at the internal
side, as compared with the external one. The largest di�erence occurs when '8/'> = 0.125, where��� g+` ( b=0)g+` ( b=1)

��� u 1.5. Owing to the area di�erence, the overall wall drag is applied for the most part on

the external wall, namely
��� g+` ( b=0)g+` ( b=1)

��� '8'> u 0.19. The asymmetry is substantially reduced when the

distance between the walls decreases. In particular, when '8/'> = 0.75 the viscous wall stress and

drag ratios are
��� g+` ( b=0)g+` ( b=1)

��� u 1 and
��� g+` ( b=0)g+` ( b=1)

��� '8'> u 0.75, respectively. The skewness of the stress pro�les

is additionally reported by the shape of the total stress g+
)
= g+`− 〈D′AD′I〉+, which is quasi-linear when

'8/'> = 0.75.

4.2.3 The velocity variance in the one-way coupling regime

This section reports the stream-wise 〈D′2I 〉, radial 〈D′2A 〉 and azimuthal 〈D′2\ 〉 velocity variances, shown
in �gure 4.7. Data are plotted in wall unit, labelled by the symbol '+', with respect to the friction
velocity D2g = g, /d 5 . The radial position is expressed in dimensionless unit as b = (A−'8)/('>−'8).

The �ow is more turbulent at the external side than the internal one, in all the cases. In fact, the
velocity variances have two local maxima close to the two walls. However, the peak at the external
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Figure 4.6: The Reynolds 〈D′AD′I〉+, viscous g+` = 1
'4∗

3*+I
3b

and total g+
)
= g+` − 〈D′AD′I〉+ stresses in wall

unit, where b = (A − '8)/('> − '8). The plots refer to the four geometries '8/'> = 0.125 ( case �0,
panel 'a'), '8/'> = 0.25 ( case �0, panel 'b'), '8/'> = 0.5 ( case �0, panel 'c') and '8/'> = 0.75 (
case �0, panel 'd'). The zero of the viscous and Reynolds stress are at same position. Hence, the
maximum of the velocity *I and the zero of Reynolds stress share the same location. The viscous
wall stress is larger at the internal side than at the external one. The di�erence is reduced when
the height of the annular pipe is smaller.

side is always higher than at the internal one. The turbulent kinetic energy K =
〈D′2I 〉+〈D′2A 〉+〈D′2\ 〉

2
is dominated by the stream-wise �uctuation. In fact, the stream-wise velocity variance is about
10 times higher than the other components. This is common is wall-bounded turbulence . The
turbulent energy inlet is indeed provided to the stream-wise velocity �uctuation, by means of the
transferring term 〈D′AD′I〉 3*3A . The energy is later redistributed by the turbulent pressure to the
transverse components.

All the root mean square velocity �uctuations 〈D′2I 〉, 〈D′2A 〉 and 〈D′2\ 〉 are asymmetric with respect
to the centre of the annular pipe. However, the more the distance between the walls ℎ = '> − '8
decreases, the more the asymmetry reduces. In fact, in the limit of vanishing ℎ the annular pipe
becomes a channel of width 2c'> + '82. The results are in analogy with the literature [74, 73, 79, 76].

4.2.4 The thermal �eld and the Reynolds density heat �ux in the one-way

coupling regime

The present section reports the statistics of the thermal �eld of the annular pipe in the one-way
coupling regime. The instantaneous temperature ) follows the Reynolds decomposition ) = T +) ′,
where T = 〈)〉 is the averaged temperature and ) ′ is the turbulent �uctuation. The temperature can
be expressed in wall unit, with standard notation, as )+ = ) −)8

)>−)8 , where )> and )8 are the temperature
at the internal and external wall, respectively. The instantaneous temperature is bounded between
the two wall values, )+> = 0 and )+

8
= 1, since there are no source or sink of heat. In �gure 4.8 the

averaged temperature T + and the variance 〈) ′2〉+ are reported for the four geometries of the annular
pipe ( i.e. four value of '8/'> ). The radial position is expressed in dimensionless unit as b = A−'8

'>−'8 .
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Figure 4.7: The root mean square of the stream-wise ( �gure 'a' ), radial ( �gure 'b') and azimuthal
( �gure 'c') turbulent �uctuation, in wall unit. All the curves refer to a one-way coupling simulation.
Among the three components, the dominant intensity is the stream-wise turbulent �uctuation. The
asymmetry of the annular pipe is evident. The internal peaks of the turbulence intensities are
smaller than the external ones. The asymmetry is reduced when the height of the annular pipe
decreases.

The larger pipes are progressively colder than the smaller ones. The curves T + are steeper close to
the external wall, for hotter pipes, and conversely is less steep to the internal side. The ratio between
the two slopes is exactly '>/'8, from the de�nition (4.6). The higher values of the temperature
variance at the internal side suggest that here the instantaneous temperature is subjected to wide
oscillations around its average T +. The highest peak of the variance is achieved by the case �0, at
b u 0.1. The reason could be the large radial gradient of the mean temperature close the internal
wall. In fact the slope is so steep that the mean temperature at b = 0.1 is T +(b = 0.1) u 0.5, far
from the threshold values imposed by the Dirichlet boundary conditions. On the other hand, close
the external wall, at b = 0.9 the mean temperature is T +(b = 0.9) u 0.1, very close to the low
threshold value )+> = 0. Owing to the physical constraint, the temperature can never fall below 0.
Therefore the temperature �uctuations can oscillate less freely.

In similarity with what seen for the velocity pro�les, the symmetry is recovered when the walls
are nearer, where the temperature pro�les of the annular pipe resemble the channel's ones.

Imposing two di�erent temperatures at the walls gives rise to the heat exchange @, . The
averaged heat �ux, per unit of stream-wise length, at steady state is de�ned, in dimensional unit,
as

Q, = −2c'8^
3T
3A

����
'8

= −2c'>^
3T
3A

����
'>

(4.5)

The heat �ux is expressed in wall unit, with respect to the dimensional quantity d 5 2?)A4 5 Dgℎ,
where Dg is the friction velocity, namely
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Figure 4.8: The average temperature 〈)〉+ ( �gure 'a' ) and the variance 〈) ′2〉+ ( �gure 'b' ) in wall
unit.

'8/'> Q+
,

X+n
0.125 0.0615 +/−0, 0007(1, 13%)
0.25 0.0980 +/−0.0009(0.97%)
0.5 0.2025 +/−0.0012(0.58%)
0.75 0.4526 +/−0.0014(0.30%)

Table 4.2: The heat �ux Q+
,

and the asymptotic standard error X+n in the one-way coupling regime.
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Figure 4.9: The heat �ux Q+
,

( points ) and the thermal di�usion contribution Q`+
,

( dashed line ) in
wall unit. The heat �ux follows a logarithmic law, and is always 3 times the laminar heat Q`+

,
. The

errorbar n+n is included for Q+
,

but is negligible under the present scale. Q`+
,
= − 2c

'4∗%A
Δ) +

;=('>/'8) is
the heat exchange occurring at laminar condition under the present setup. The turbulence enhances
the heat �uxes proportionally to the ratio '8/'>.

Q+, = −2c'8/ℎ
%A'4∗

3T +
3b

����
'8

= −2c'>/ℎ
%A'4∗

3T +
3b

����
'>

(4.6)

The heat exchange Q+
,

is reported in �gure 4.9 and table 4.2.4. The asymptotic standard error
is shown with error bars, in �gure 4.2.4 below the observable scale, computed as X+n = 3f+/

√
#B,

where f+ is the standard deviation of the single measurement, and #B the number of samples. The
error bar X+n is close or below 1%, and it is negligible with respect to the di�erence of the results.

The heat exchange is inversely proportional to the height of the channel. In particular, the heat
exchange in the smaller con�guration, when '8/'> = 0.75, is eight times higher than in the larger
con�guration, when '8/'> = 0.125. Therefore, since the temperature di�erence between the walls
is �xed, namely Δ)+ = )+> −)+8 = −1, reducing the thermal resistance increases the heat exchange. A
better understanding can be provided by the analysis of the heat equation of the annular pipe. In
fact, the exact equation of the heat Q+

,
can be derived from the Reynolds averaged Fourier equation,
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whose detailed calculation is provided in section D.2. The equation relates the heat exchange to
the temperature di�erence at the walls ΔT + = −1, the radial aspect ratio '8/'> and the turbulent
convection 〈D′A) ′〉+, namely

Q+, = − 2c

'4∗%A

ΔT +
;=('>/'8)

+ 2c

;=('>/'8)

∫ 1

0
〈) ′D′A 〉+3b, b = (A − '8)/('> − '8) (4.7)

The heat exchange in a turbulent annular pipe is caused by a thermal di�usion Q`+
,
= − 2c

'4∗%A
ΔT+

;=('>/'8)

and a turbulent convection Q'+
,

= 2c
;=('>/'8)

∫ 1

0
〈) ′D′A 〉+3b contribution. In a laminar annular pipe

�ow the heat exchange is Q`+
,
. In a wall bounded turbulent �ow the heat exchange is usually higher

than in the laminar condition with identical setup. The increase is due to the Reynolds heat �ux
< DA)

′ >+, which measures the turbulent mixing of the �uid, and it is represented by the term
Q'+
,
. In �gure 4.9 the turbulent contribution of the heat is represented by the vertical distance

between the points ( the heat Q+
,

) and the black dashed line ( the laminar contribution Q`+
,

)
. The increase of e�ciency due to the turbulent mixing grows similar to the black dashed curve,
proportional to 1/;=('>/'8). In fact, the heat exchange is roughly 3 times the laminar contribution
Q`+
,

( blue dashed line ), in all the four con�gurations. This suggests that the heat QW+, with along
the thermal di�usion and turbulent contributions, follow a 1/;=('>/'8) scaling law. Therefore, the
integral of the Reynolds �ux 〈D′A) ′〉 is approximately constant, as shown in �gure 4.10. In fact, the
area under the curves 〈D′A) ′〉 represents the integral. The area appears to be roughly constant, by
visual inspection. The Reynolds heat �ux 〈D′A) ′〉+ has a maximum close to the internal wall, that is
more pronounced for the largest annular pipe. When the height of the pipe decreases, the reduction
of the peak at the internal side is compensated by the increase of the curve at external side. The
increase of heat therefore follows the scaling law ;=('>/'8).
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Figure 4.10: The Reynolds 〈D′A) ′〉+ and radial @+
:
= − 1

%A'4∗
3) +

3b
heat density in wall unit, where

b = (A−'8)/('>−'8). The radial heat density in a laminar equivalent annular pipe @!+
:
= − 1

'4∗%A
3) +
!

3b

is also plotted ( black dashed line ) , where )! is temperature pro�le if the �ow was laminar. The
plots refer to the four geometries '8/'> = 0.125 ( �gure 'a'), '8/'> = 0.25 ( �gure 'b'), '8/'> = 0.5
( �gure 'c') and '8/'> = 0.75 ( �gure 'd').
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The radial heat �ux @+
:
= − 1

'4∗%A
3T+
3b

, per unit of surface, is shown in �gure 4.10 versus the
radial distance b = (A − '8)/('> − '8). When evaluated at the internal and external wall, @+

:
is the

heat exchange but the wall circumference 2c'8/ℎ and 2c'>/ℎ, respectively. Owing to the di�erent
size of the walls, the heat density @+

:
is higher at the internal side than the external one. The radial

heat density @!+
:
= − 1

'4∗%A
3) +
!

3b
in the laminar equivalent annular pipe is also reported, where )+

!
is

the temperature if the �ow was laminar. The wall radial heat density in the laminar condition is
smaller than when the �ow is turbulent, i.e. @!+

:
|, < @+

:
|, . This is because of the increased heat

exchange due to the turbulent mixing, as previously discussed. The thermal di�usion, i.e. @+
:
, is

therefore higher close to the walls, where the turbulent convection 〈D′A) ′〉 is negligible, than in the
laminar �ow. At the centre of the pipe however the thermal di�usion is more pronounced in the
laminar �ow, because in this region the heat in the turbulent �ow is mainly due to the turbulent
convection 〈D′A) ′〉.

4.2.5 The two-point correlations in the one-way coupling regime

In this section we report the two-point correlation of the velocity u and thermal �eld ) in the
one-way coupling regime. The two-point correlations are de�ned as

'II (A, I) =
〈D′I (A, \, [)D′I (A, \, [ + I)〉
〈D′I (A, \, [)D′I (A, \, [)〉

'AA (A, I) =
〈D′A (A, \, [)D′A (A, \, [ + I)〉
〈D′A (A, \, [)D′A (A, \, [)〉

'\ \ (A, I) =
〈D′
\
(A, \, [)D′

\
(A, \, [ + I)〉

〈D′
\
(A, \, [)D′

\
(A, \, [)〉

')) (A, I) =
〈) ′(A, \, [)) ′(A, \, [ + I)〉
〈) ′(A, \, [)) ′(A, \, [)〉

(4.8)

for the axial, radial and azimuthal velocity component and thermal �eld respectively.
The two point correlation functions '(A, I) provide informations on the optimal size of the

domain and on the characteristic length-scales of the coherent structures. The �gures 4.11, 4.12,
4.13 and 4.14 provide the two-point correlation of the axial, radial, azimuthal velocity component
and the temperature, respectively. The abscissa is the stream-wise separation coordinate I that
spans between 0 and the semi-length !I/2 = c of the domain. The functions are computed at
the local maximum/minimum of the Reynolds stresses 〈D′AD′I〉 >+. The �gures 4.6 and 4.5 show
the position b of such peaks. All the correlations are below 0.2, in absolute value, of the related
turbulent intensity. Among the three velocity components, the coherent structures labelled by 'II
are the most correlated. In particular the cases �0 and �0 show 'II u 0.18 at the external side.
The case �0 also reports non perfect convergence to zero of the internal axial velocity structures (
panel 'a', 'II u −0.15 ), as well as the internal temperature correlation, which fails to go below 0.1.
All the remaining functions properly converge to zero at the separation scale !I/2.

The results suggest that the stream-wise size of the domain !I should be increased to to fully
represent the near-wall coherent structures of the cases �0, �0 and �0. In spite of that, the �st and
second moment statistic of the �ow are in good agreement with the literature. In addition to this
we have to consider that the objective of this study is the turbulence modulation by the dispersed
phase, i.e. the study of the two-way coupling regime. As we have previously mentioned, when
the particle forcing is enabled, the elongated near-wall vortical structures are disrupted. Therefore
in the two-way coupling regime, the correlations converge must faster to zero. In consideration of
the available computational resources, this will be enough to justify the use of periodic boundary
conditions.
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Figure 4.11: The two-point correlation of the axial velocity �uctuation, internal side ( panel 'a' ),
external side ( panel 'b' ). The correlations are computed where the peaks of the Reynolds stress
occur.
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Figure 4.12: The two-point correlation of the radial velocity �uctuation , internal side ( panel 'a' ),
external side ( panel 'b' ). The correlations are computed where the peaks of the Reynolds stress
occur.
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Figure 4.13: The two-point correlation of the azimuthal velocity �uctuation, internal side ( panel
'a' ), external side ( panel 'b' ). The correlations are computed where the peaks of the Reynolds
stress occur.

4.2.6 Spectral analysis of the turbulence intensities in the one-way coupling

regime

The energy spectra are another usuful tool to examine the turbulence coherent structures. The
spectra describe how the energy of di�erent turbulent signals distributes among the spatial length-
scale, or wavenumbers. The spectrum over the homogeneous directions of the signal q(A, \, G, C),
expressed in cylindrical coordinates, is de�ned as the Fourier transform of the autocorrelation func-
tion, namely Ê

q

2� (A, k\ , kI) = F [〈q(A, W, G, C)q(A, W + \, G + I, C)〉]. kI and k\ are the wavenumbers
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Figure 4.14: The two-point correlation of the thermal �uctuation ) ′ = ) − 〈)〉, internal side ( panel
'a' ), external side ( panel 'b' ). The correlations are computed where the peaks of the Reynolds
stress occur.

in the axial and azimuthal periodic directions. Due to the anisotropy of wall-bounded turbulence,
the 2-D spectrum is not invariant under rotations on the plane (kI ,k\ ). Since we aim at studying
the axial elongation of the streaks, we are interested in extracting the modes of the 2-D spectrum
denoting the energy content of the �uctuations in the axial direction. The modes of such 1-D spec-
trum are in the spectral plane of equation k\ = 0. In order words the 1-D spectrum is computed
as �̂ q (A, kI) = Ê2� (A, k\ = 0, kI). The axial wavenumber belongs to the real line, namely kI ∈ R,
and in general is both positive and negative. However when the function q(A, \, G, C) is real, the
spectrum �̂ q (A, kI) is symmetric around the mode kI = 0, and can be represented with respect to
the absolute wavenumber : = |kI |. The relative one-dimensional spectrum, with respect to :, is
therefore computed as

�
q

1� (:) =
{
�̂ q (−:) + �̂ q (:) , : ≠ 0

�̂ q (:) , : = 0
(4.9)

To be consistent with the literature, we will study the axial coherent structures by means of the
premultiplied 1D energy spectrum :�

q

1� (:). The premultiplied energy spectrum denotes the spectral
energy content in the logarithmic scale of the signal q, and is de�ned as 〈q′2〉 =

∫ ∞
−∞ �

q

1�:3;=(:),
where ;=(:) is the natural logarithm of :.

The �gures 4.15 and 4.16 report the premultiplied axial spectrum of the stream-wise velocity
:+�DI+1� (A, :

+) and of the temperature :+�) +1� (A, :+) �uctuations. The contour is represented over
the plane (b, :+), where as usual b = (A − '8)/('> − '8) while :+ = :ℓ+. The premultiplied spectra

are nondimensionalised by the friction velocity :+�DI+1� (A, :
+) = :�

DI
1� (A ,:

+)
D2g

and by the reference

temperature :+�) +1� (A, :+) =
:�)1� (A ,:

+)
) 2
A4 5

,

In �gure 4.15 we report the premultiplied spectrum of the axial velocity component for the cases
'8/'> = 0.125 and '8/'> = 0.75. In the larger con�guration there is a clear asymmetry in the
near wall peaks of the spectrum. The amplitude of the internal peak is higher than the external
one, and is placed at a smaller lengthscale. Hence the stream-wise characteristic lengthscale is
smaller for the internal coherent structures than the external ones. This was also con�rmed by the
two-point correlation function in �gure 4.11, where for the geometry '8/'> = 0.125 the curves tend
to zero faster at the internal side than at the external one. However, the radial extension of the
peaks is wider at the external side than the internal one. The reader must note that the physical
signal 〈D′ID′I〉 is in fact higher close to the external wall. Therefore, the spectrum of the stream-wise
�uctuation, although being higher at the internal wall, decays faster at large wavenumber. The
results are consistent to the spectra of Bagheri [73]. The more narrow con�guration '8/'> = 0.75
recovers a partial symmetry. The intensity and position of the peaks are closer to each other. A
zone of minimum values appears roughly at the centre of the pipe, at wavenumber :+ = 10−2.5.
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a) b)

Figure 4.15: The one dimensional pre-multiplied ( I-direction ) spectrum of the streamwise �uctua-

tion :+�DI+1� =
:�

DI
1�

*2
g

versus the radial position b = A−'8
'>−'8 and the axial wavenumber :+ = 2c8

#Iℓ
∗ , where

8 = [0, #I/2 + 1] and ℓ∗ is the viscous length-scale. Data refer to the cases �0 ( panel 'a') and �0

( panel 'b' ). The vertical axis is !>6(:+) = ;>610(:+), that is the logarithm in base 10 of :+. The
spectrum is de�ned as 〈D′ID′I〉(b) =

∫ ∞
−∞ :

+�DI1� (b, :
+)3;=(:+)

a) b)

Figure 4.16: The one dimensional pre-multiplied ( I-direction ) spectrum of the temperature �uc-

tuations :+�) +1� =
:�)1�
) 2
A4 5

versus the radial position b = A−'8
'>−'8 and the axial wavenumber :+ = 2c8

#Iℓ
∗ ,

where 8 = [0, #I/2+ 1] and ℓ∗ is the viscous length-scale. Data refer to the cases �0 ( panel 'a') and
�0 ( panel 'b' ). The vertical axis is !>6(:+) = ;>610(:+), that is the logarithm in base 10 of :+.
The spectra are de�ned as 〈) ′2〉(b) =

∫ ∞
−∞ :

+�)1� (b, :+)3;=(:+).

In �gure 4.16 we report the premultiplied spectrum of the temperature of the cases �0 and �0.
The con�guration �0, the largest one, exhibits a clear asymmetric spectrum with respect to b. A
peak occurs in the internal side, while the spectrum is monotonically decreasing in the central and
external regions.
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The spectrum is consistent to the informations provided by the energy 〈) ′2〉 in �gure 4.8 ( right
panel ). In fact, the energy peak of 〈) ′2〉, when the wall radius ratio is '8/'> = 0.125, occurs close
to the internal wall. On the right side of the peak, the energy decreases monotonically till the zero
boundary condition. In other words, when the energy, i.e. the integral of the spectrum :+�) +1� in
;=(:), is larger, the energy containing modes of the spectrum are larger as well.

The smallest annular pipe, of wall radius ratio '8/'> = 0.75, is also shown in the same �gure
( right panel ). The shape of the spectrum is very di�erent as compared with the larger pipe.
The peak reduces its amplitude and is moved toward the centre of the annular pipe, at higher
wavenumber ( :+ = 10−2, '8/'> = 0.125, to :+ = 10−1.75, '8/'> = 0.75 ). The symmetry of the
spectrum is partially recovered in this narrow con�guration.

The trend of the spectrum is consistent to the variance of the temperature depicted in �gure
4.8, whose related maxima are in the region b ∈ [0.2, 0.4].

The results are not comparable with the spectra of the temperature of of Bagheri [72]. In fact,
Bagheri et al. impose the heat �ux rather than the temperature. This leads to a very di�erent
evolution of the temperature �uctuations in the annular pipe, whose energy content is qualitatively
similar to the axial velocity �uctuation's one.

4.2.7 The particle concentration and velocity in the one-way coupling regime

In this section we report the analysis of the turbophoresis in the one-way coupling regime of the
annular pipe. The turbophoresis consists in the preferential accumulation of the particles in the
low-velocity regions of the �ow, i.e. close the walls. Before to report the results, we wish to describe
the complex �uid dynamic mechanisms leading to the turbuphoresis. In a �ow with Cartesian
topology, such as a channel �ow, the migration of the dispersed phase is dictated by the normal to
the wall velocity component of the �uid. When a particle is in the logarithmic and bu�er layer, it
experiences high levels of turbulent velocity �uctuations. On the other hand, close to the wall the
turbulent intensity vanishes, due to the no-slip boundary conditions. Hence, the probability that
the particle is thrust toward the wall could be higher than to be later pushed away. This mechanism
is regulated by the inertia of the particle, that is measured the time response g?. When the inertia
is the right one, the normal velocity gained by the particle in the external regions is neither too
high or too small. In fact, If the velocity is too high the particle appraching the wall would bounce
away. If it is is too small the particle would fail to reach the wall. Once the particle enters the
sub-viscous layer, due to its �nite mass, it is very di�cult that escapes. In fact the quasi-laminar
�ow is insu�cient to push a �nite-mass particle away from the wall. Therefore the intensity of
the turbophoresis is modulated by the particle time response g?. g? is expressed by the viscous
time-scale based Stokes number (C+ = g?/g∗, where g∗ viscous time-scale.

In a channel �ow the transverse �uctuations have no in�uence on the turbophoresis. On the
other hand in the annular pipe this may be very di�erent. In fact in the presence of concave curve
walls, the turbophoresis is emphasised by the azimuthal turbulent �uctuations. The azimuthal
�uid velocity, either positive or negative, accelerates the particle in the direction of the wall, since
increases the particle centrifugal force. Conversely if the wall is convex the azimuthal turbulent
�uctuations accelerates the particle away from the wall. The phenomenon is controlled by the
Stokes coe�cients (C+, and by the curvatures of the wall, that is by '8/'>. Owing to the opposite
curvatures of the walls it is expected that the turbophoresis does not occurs symmetrically in the
annular pipe.

In order to explore the e�ect of wall curvature and of the particle mass, in the one-way coupling
regime a population of particles, characterised by eleven di�erent Stokes number (C+, is transported

by the �uid. The Stokes number in wall unit is de�ned as (C+ = 1
18
d?
d 5

(
3?
ℓ∗

)2
. With usual notation

d?/d 5 is the particle to �uid density ratio and ℓ∗ is the viscous length-scale. The aim is to �nd the
particle inertia, labelled by (C+, leading to the most intense turbophoresis. The particle data set is
shown in table 4.3.
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'8/'> = 0.125 '8/'> = 0.25 '8/'> = 0.5 '8/'> = 0.75

(C+ 3?/'> (C+ 3?/'> (C+ 3?/'> (C+ 3?/'>
2 0.021 2 0.018 2 0.012 2 0.006
5 0.034 5 0.029 5 0.02 5 0.01
10 0.048 10 0.041 10 0.028 10 0.014
20 0.068 20 0.058 20 0.040 20 0.02
40 0.096 40 0.082 40 0.056 40 0.028
80 0.136 80 0.116 80 0.079 80 0.0396
160 0.192 160 0.164 160 0.112 160 0.056
320 0.271 320 0.232 320 0.158 320 0.079

Table 4.3: The particle data set in the one-way coupling regime.

The concentration of the dispersed phase � (A) is de�ned as

� (A) =
3〈=? (A, \, I, C)〉

3+
/�0 (4.10)

where =? (A, \, I, C) is the number of particles inside the cell located by the cylindrical coordinate
system, of volume 3+ = A3\3I3A and at time C. The concentration is normalised by the averaged
particle concentration �0 = #?/+�, where the domain volume is +� = c!I ('2

> − '2
8
).

In �gure 4.17 the concentration � (b) is reported with respect to the dimensionless radial position
b = (A − '8)/('> − '8). The plot shows how the particle inertia, labelled bu (C+, in�uences the
turbophoresis for the geometry '8/'> = 0.5, when particle-to-�uid feedback is disabled. The near
wall particle concentration is higher when (C+ = 10/20. In the other cases the inertia is either too
high or too small, and the concentration is more uniform. At the centre of the annular pipe the
curves are �at, far below the averaged concentration ( i.e. below 1). This is the sign that particles
have migrated to the near-wall regions. In fact, the more the concentration peaks are high, the
fewer particles are found at the central region.

In contrast to the channel where the concentration is symmetric, in the annular pipe the peak
close the concave side is about ten times higher than it is at the convex side. The opposite curvature
of the two walls is the origin of this phenomenon. In fact, at the external side the azimuthal
�uctuations always push the particle closer to the wall, while at the internal side it is the opposite.

The strong turbophoresis of the particles with (C+ = 10 or (C+ = 20, suggests that these popula-
tions could lead to the most signi�cant turbulence modi�cation. For the simulations in the two-way
coupling regime, between the two choices, we selected the particles with (C+ = 10, owing to the
restriction on the particle size of the point-particle approach.

Although the results are omitted, the analysis of the turbophoresis in the other three geometries
of the annular pipe ( i.e. cases �0, �0 and �0 ) is carried out as well. The conclusions are the same
just reported. The turbophoresis, in the uncoupled simulations, is strongest in an interval of the
Stokes number (C+ = 10.

The particle concentration � (b) of the population (C+ = 10 is shown in �gure 4.18 for the four
geometries of the annular pipe ( panel 'a') . The radial position is b = (A − '8)/('> − '8). In the
central and external regions the concentration is more or less the same in the four geometries. In
particular the turbophoresis on the concave side is not a�ected by the internal wall curvature. On
the other hand, the internal peak grows when the internal wall curvature is increased. In the largest
and smallest con�gurations of the annular pipe the di�erence is very clear. When the wall radius
ratio is '8/'> = 0.75 the internal maximum of the concentration is 5 times higher that it is when
'8/'> = 0.125.

The symmetrisation process of the �ow �eld, observed to the �uid, also occurs to the discrete
phase. However, although the di�erence between the intensity of the internal and external tur-
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Figure 4.17: The concentration of dispersed phase � (b) versus the radial position b =
A−'8
'>−'8 in

the one-way coupling regime for the case '8/'> = 0.5 ( panel 'a' ). The particle data set includes
(C+ = 2/5/10/20/40/80/160/320. Enlargements of the plot at the internal ( panel 'b') and external (
panel 'c') side are reported. Two peaks of the concentration are reported close to the walls. At the
concave side the concentration is ten times higher than it is at the convex side. The turbophoresis
is more pronounced when (C+ = 10.

bophoresis is reduced, it is still large when '8/'> = 0.75.
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Figure 4.18: The concentration of dispersed phase � (b) versus the radial position b = A−'8
'>−'8 in the

one-way coupling regime for the four geometries: '8/'> = 0.125 ( pink line ), '8/'> = 0.25 ( green
line ), '8/'> = 0.5 ( blue line ), '8/'> = 0.75 ( orange line ). Enlargement of the plot at the external
( panel 'b') side is provided. Two peaks of the concentration are reported close to the walls. At the
concave side the concentration is between 10 to 100 times higher it is at the convex side.

In �gure 4.19 the particle ++? , �uid *
+ and �uid particle-conditioned *+? averaged velocities are

provided for the four con�gurations, when (C+ = 10. All the averaged velocities are aligned to the
axial direction, and only this component is reported. The radial distance is b = (A − '8)/('> − '8)
while the velocity is in wall unit. The averaged velocity *+? is the unperturbed �uid velocity eval-
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uated at bubble position G? (C). This velocity �eld is necessary to evaluate the particle momentum
equation, as the Maxey-Riley-Gatignol equation dictates. In the one-way coupling regime the un-
perturbed �eld, that was denoted by the subscript ”(0)” in section 2.6, coincides with the actual
velocity �eld. For this reason, the subscript ”(0)” is safely removed in the present discussion. The
reader must notice that this will be very di�erent when the particle feedback is activated.

The �eld *+? is asymmetric as well as *+. However, the conditioned �uid velocity *+? di�ers
from the �uid velocity *+ at the concave side. In this region the particles sample lower than average
�uid velocity values. In contrast, in the other �ow regions *+ and *+? are roughly the same. The
discrepancy reduces when the distance between the walls decreases.

The averaged particle velocity ++? and �eld *+? are equal. In fact, at the stochastic steady state,
the averaged particle drag force is zero, namely

〈� ?〉+ =
3c

'4∗
3?

ℎ
(*+? −++?) = 0 (4.11)
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Figure 4.19: The averaged particle velocity ++? , the �uid velocity *+ and the �uid velocity experi-
enced by the particle *+?, in wall unit. The radial position is b = A−'8

'>−'8 . The plots refer to (C
+ = 10

and to the the four con�gurations of the annular pipe ( uncoupled-cases) : '8/'> = 0.125 ( panel
'a' ), '8/'> = 0.25 ( panel 'b' ), '8/'> = 0.5 ( panel 'c' ), '8/'> = 0.75 ( panel 'd' ).

The mean is a useful tool that provides the central tendency of the distribution. In order to
understand how the observables oscillate around the expected value, it is necessary to evaluate the
second moment of the distribution. In �gure 4.20 we report the velocity variances 〈E′2?I 〉

+, 〈E′2?A 〉
+,

〈D′2A 〉+ of the dispersed phase and of the �uid 〈D′2I 〉+, 〈D′2A 〉+, 〈D′2\ 〉+ , in wall unit. The curves refer
to (C+ = 10. In the one-way coupling regime, the particle velocity variance of the stream-wise
component increases, while the radial and azimuthal components reduce, independently on the
distance between the walls. Although the intensity of the particle velocity �uctuations is di�erently
modulated in the three physical directions, the asymmetry of the �uid energy pro�les is reproduced
by the particles as well.

The interpretation of the observations is as follows. Owing to the damping e�ect of the particle
Stokes force, the amplitude of the homogeneous velocity components ( i.e. the radial and azimuthal
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components ) is attenuated. On the other hand, while the particle moves radially, its �nite inertia
conserves its stream-wise velocity for a longer time than a �uid particle does. Hence, while entering
or leaving the near-wall regions, the particles move with a wider ( with respect to the average )
stream-wise velocity distribution.
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Figure 4.20: The velocity variance of the dispersed phase ( solid lines with points ) 〈E′2?I 〉
+ ( panel

'a'), 〈E′2?A 〉
+ ( panel 'b'), 〈E′2?\ 〉

+ (panel 'c') and of the �uid ( solid lines ) 〈D′2I 〉+, 〈D′2A 〉+, 〈D′2\ 〉+ ,
in wall unit. The radial position is b = A−'8

'>−'8 and the curves refer to (C+ = 10, and the the four
con�gurations of the annular pipe ( uncoupled-cases) : '8/'> = 0.125 ( pink line ), '8/'> = 0.25 (
green line ), '8/'> = 0.5 ( blue line ), '8/'> = 0.75 ( orange line ).

4.2.8 The velocity variance in the two-way coupling regime

We will now present the turbulence modulation induced by the dispersed phase. The particle
feedback is considered for the present simulations, under the ERPP methodology.

Simulations are carried out under constant Reynolds friction '4∗ = ℎDg
a
. The kinematic viscosity

( the nominal Reynolds number in computational unit '4# ) and the height of the pipe ℎ = '> − '8
are obviously unchanged when the particle feedback is activated. Consequently the friction velocity
Dg =

√
gF/d 5 , and the viscous length-scale ℓ∗, of the one-way and two-way coupled cases are the

same. In other words, each con�guration of the annular pipe, labelled by the ratio '8/'>, is studied
under constant mean viscous stress gF ( or constant pressure gradient 3%

3I
).

Owing to the large particle mass loading Φ?, we can expect both local and bulk modi�cations of
the �ow �eld. When the �ow rate is constant, the expected bulk modi�cation is the increase of the
mean viscous stress gF . However, owing to the overmentioned simulation setup, the increased wall
resistance will be measured with the �ow rate reduction. An increased �ow rate will be interpreted as
a resistance reduction, and vice versa. We remark that to observe the modi�cation of the wall drag
( instead of the �ow rate ), it would be su�cient to rewrite the velocity �eld in a new dimensionless
form, with respect to its bulk velocity D1 = Q

c ('2
>−'2

8
) . However, in this research this passage is

omitted.
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Before to present how the particles globally a�ect the background �ow, we will focus on the local
modi�cation of the �ow �eld. In this section we report the velocity variances of the stream-wise
〈D′ID′I〉+, azimuthal 〈D′\D′\ 〉+ and radial 〈D′AD′A 〉+ components, expressed in wall unit in �gures 4.21
4.22 4.23. The one-way coupled related quantity is reported as well ( pink lines ). The alteration
of the turbulent kinetic energy ( TKE ) is �nally provided.

In the two-way coupling regime, two particle mass loading ratios are considered: Φ? = 0.2 (
green lines ) and Φ? = 0.3 ( blue lines). When Φ? = 0.2 there is a small, though observable, e�ect on
the root mean squares of the velocity. The stream wise turbulent velocity �uctuations 〈D′ID′I〉+ are
attenuated by the particle back reaction. The most relevant e�ects are observed when '8/'> = 0.25
and '8/'> = 0.5. In these two con�gurations, both the internal and external peaks are attenuated,
even if, as we will see later, particles mainly concentrate on the external wall. When '8/'> = 0.125
there is no modi�cation at the internal side. In fact, the reduction is concentrated at the external
side. When '8/'> = 0.75 the stream-wise turbulent �uctuation is preserved in the near-wall regions
structure, even if there is a small reduction at the centre of the annular pipe. The radial 〈D′AD′A 〉+ and
azimuthal 〈D′

\
D′
\
〉+ velocity variances are slightly modi�ed, as compared with the axial contribution,

when Φ? = 0.2. The near-wall energy peaks are subjected to very small increase, barely noticeable
under the present scale.
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Figure 4.21: The root mean square of the stream-wise turbulent �uctuation 〈D′ID′I〉, in wall unit.
The green and blue curves refer to the two-way coupled simulation. The pink curve refers to the
uncoupled simulation.

Very important modi�cations of the turbulence intensities occur when the particle mass loading
is Φ? = 0.3. The stream-wise velocity variances report very large attenuations of the peaks, in
particular for the case '8/'> = 0.125. The external peaks are shifted outward, closer the near
wall massive particle clusters. Moreover, in the centre of the annular pipes, small increments of
the stream-wise energy content are detected. The radial and, in particular, the azimuthal velocity
variances report drastic modi�cations as well. A very large peak appears in the radial energy
component 〈D′AD′A 〉+, close the external wall. At the internal side, in contrast, the energy pro�les are
only slightly attenuated. The azimuthal velocity variances 〈D′

\
D′
\
〉+ show even higher peaks, close

the external wall. The external peaks are about 10 times higher than they are in the uncoupled
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Figure 4.22: The root mean square of the radial turbulent �uctuation 〈D′AD′A 〉, in wall unit. The green
and blue curves refer to the two-way coupled simulation. The pink curve refers to the uncoupled
simulation.
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Figure 4.23: The root mean square of the azimuthal turbulent �uctuation 〈D′
\
D′
\
〉, in wall unit.

The green and blue curves refer to the two-way coupled simulation. The pink curve refers to the
uncoupled simulation.

case. They modi�cation is so large, that the azimuthal and axial velocity variances are comparable
in the external region. However, as the radial velocity �uctuations, the azimuthal pro�les are only
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Figure 4.24: The turbulent kinetic energy 2 + = 〈u′ ·u′〉+, in wall unit. The dashed lines refer to the
one-way coupled simulations. The full lines with points refer to the two-way coupled simulations.

slightly reduced at the internal side.
The annular pipe with radial aspect ratio '8/'> = 0.75 is the only of the present con�gurations

where the overmentioned radical change of the turbulence intensities are not observed. In fact,
owing the strong �uid con�nement, the turbulent intensities, when Φ? = 0.3, retain the shape of
the lighter suspensions ( i.e. Φ? = 0.2 ).

The reported results suggest that the near wall coherent structured are drastically modi�ed when
Φ? = 0.3, except when the �ow con�nement is too large ( i.e. when '8/'> = 0.75 ). In particular, the
strongest modi�cation occurs at the external side, where the massive particle clusters are located.
In this region, the reduction of the stream-wise turbulence intensities is partially compensated by
the increase in the transverse components. In contrast, at the internal side, where the turbophoresis
occurs with minor intensity, the e�ect on the �uid is considerably reduced.

The turbulent kinetic energy ( TKE ) K is the mean energy, per unit of mass, associated to
the turbulent signal u′. The TKE describes the energy of the turbulent eddies, and it is computed
as the half sum of the variances of the three velocity components ( axial, radial and azimuthal ),

namely K+ =
〈D′ID′I 〉++〈D′AD′A 〉++〈D′\D

′
\
〉+

2 . In �gure 4.24 the turbulent kinetic energy  + is reported, in
wall unit, versus the radial position b = (A − '8)/('> − '8).

As previously discussed, in the smallest annular pipe, i.e. when '8/'> = 0.75, there is only a
very small attenuation of turbulent energy content. No in�uence of the particle mass loading Φ? is
found for this case. The results, of course, are in analogy with the negligible e�ects observed in the
velocity variances.

In the other three geometries ( the cases �, � and � ) the energy of the turbulent velocity
�uctuation is considerably increased at the external side, while attenuated at the internal one,
when Φ? = 0.3. The largest modi�cation occurs when the internal wall radius is '8/'> = 0.25. On
the other hand, when Φ? = 0.2, the particle in�uence on the KTE is small, barely noticeable, as
suggested by the analysis of the velocity variances.

The results show that there is a threshold value of the particle mass loading Φ? beyond which a
radical alteration of the coherent structures is somehow activated. The strong modi�cation mainly
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occurs at the external side of the annular pipe, close to the massive particle clusters. Although
to a lesser extent, the particle e�ects are observable in the other regions of the �ow �eld, in both
the velocity variances and the TKE. The threshold value is between 0.2 and 0.3 in the geometries
'8/'> = 0.125 '8/'> = 0.25 and '8/'> = 0.5, but it is beyond 0.3 when '8/'> = 0.75. This suggests
that increasing the con�nement of the �uid, the particle-induced turbulence is somehow reduced.

4.2.9 The viscous, Reynolds and extra stress in the two-way coupling regime

The Reynolds averaged momentum equation in the streamwise component describes how the stresses,
the pressure and the volume forces are related each other. The presence of the dispersed phase calls
for an additional stress in the momentum equation, called extra-stress g4. The extra-stress is ex-
pressed by the integral g4 = 1

A

∫ A
'8
[�?I3[, where �?I = 〈 5?I 〉 is the averaged particle back reaction

in the axial direction. The sum of the extra-stress g4, the Reynolds shear stress g' = −d 5 〈D′AD′I〉
and the viscous stress g` = `

3*I
3A

is the total stress g) = g4 + g' + g`. Following the proof provided
by Fukagata [108], applied to the annular pipe, the equation of the total stress, that is equation
(4.12), is derived. Additional details are provided in the appendix, in section D.1.

1

A

∫ '>

'8

g4 + g'3A −
1

A

(
'2
> − '2

8

4;=('>/'8)
− A

2

2

)
3%

3I
= `

3*I

3A
+ g4 + g' (4.12)

The Reynolds shear stress is g' = −d 5 〈D′AD′I〉, *I = 〈DI〉 is the streamwise averaged velocity
component and ;=('>/'8) is the natural logarithm of '>/'8. In contrast to channel and round
pipes [38, 108], the total stress is a non linear function with respect to A. In fact, g) is the sum
of a straight line and a hyperbole. However, when the internal and external wall radii are very
close the equation (4.12) equivalently reproduces the dynamic of a channel of width 2c '8+'>2 . In
the limit '>/'8 → 1, the extra-stress and Reynolds stress become odd functions in A with respect
the centre of annular pipe, that is '8+'>

2 . Therefore, the integral in the left-hand side is zero.
Moreover, the multiplier factor of the pressure gradient can be expanded into a linear function
in the neighbourhood of the mean radius '>+'8

2 . Therefore, when the distance between the walls
decreases, the total stress approximates a linear odd function. The feature was shown and discussed
for the one-way coupled simulations, in �gure 4.6. The same aspect will be now addressed when
the particle-back reaction is active, and the additional extra-stress is taken into account.

In �gure 4.25 we report the Reynolds stress ( with negative sign ) 〈D′AD′I〉+, the viscous stress

g+` =
1
'4∗

3*+I
3b

, the extra stress g+4 =
1

d 5 D
2
g

1
A

∫ '>
'8

[�?I3[ and the total stress g+
)
= g+4 + g+` − 〈D′AD′I〉+ in

wall unit. The radial position is expressed in dimensionless unit by b = (A − '8)/('> − '8). The
two-way coupled simulations ( lines with points ) are compared with the unladen case ( dashed line
). From top to bottom, the �gures show the e�ect of the radial aspect ratio '8/'>, in ascending
order. The left panels report the �ndings when the particle mass loading is Φ? = 0.2, while the
right panels are referred to suspensions with Φ? = 0.3

The �rst important result is that the extra-stress g+4 is always negligible as compared with
the other stresses, in particular to the Reynolds stress 〈D′AD′I〉. The total stress is therefore solely
determined by the resultant of the Reynolds shear and viscous stress, as in the unladen case. The
results are not in total agreement to the particle-laden round-pipe two-way coupled DNSs conducted
by Battista et al. [38]. In fact, they found that close to the wall the extra-stress is up to 10% of
the total stress, for particle density ratio d?/d 5 = 180 and Stokes number (C+ = 10. Although the
discrepancy could be motivated by the di�erent topology of the domain, we highlight that their
�ndings refer to a particle mass loading Φ? = 0.4, which is higher than in the present research. In
our annular pipes, suspensions with particle mass loading Φ? = 0.4 were unsuccessfully simulated,
owing to numerical instabilities. Since the instabilities were caused by locally very high particle
feedback, we can't exclude that similar e�ects, of those observed by Battista et al, could be present
in the annular pipes, when heavier suspensions are considered.
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Figure 4.25: The turbulent shear convection 〈D′AA ′I〉+ ( red lines ), viscous stress g+` =
1
'4∗

3*+I
3b

( blue

lines ), extra stress g+4 =
1
D2gA

∫ '>
'8

[�?I3[ ( green lines ) and total stress g+
)
= g+` − 〈D′AA ′I〉+ + g+4 ( black

lines ) in wall unit, versus the radial distance b = (A − '8)/('> − '8). Lines with points are referred
to the two-way coupled simulations. The dashed lines report the results of respective unladen cases.
In the left axis the scale of the extra-stress and of the turbulent shear convection is provided. The
right axis reports the scale of the viscous ans total stresses.

The modi�cationos of the stresses in the annular pipe with radial aspect ratio '8/'> = 0.75
are consistent with the velocity variance observed in the previous section. In fact, the modi�cation
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appears negligible, when the particle feedback is active, for any particle mass loading considered.
Conversely, the �uid stresses are highly modulated by the particles when the mass loading is

Φ? = 0.3, in the three smaller annular pipes ( '8/'> = 0.125, '8/'> = 0.25 and '8/'> = 0.5 ). The
total stress g+

)
is shifted downward, as compared with the unladen cases. In the central regions,

where the viscous stress g+` is negligible, the reduction is caused by the increased turbulent shear
convection 〈D′AD′I〉+. On the other hand, in the near-wall regions the turbulent �uctuations vanish,
and the reduction of the viscous stress g+` controls the modulation of the total stress. Therefore, the
viscous wall stress increases at the external wall, but decreases at the internal wall, in absolute value.
In fact, owing to the simulation setup ( constant '4∗ ), the mean viscous wall stress gF =

gF8'8+gF>'>
'8+'>

is constant.
When the particle mass loading is Φ? = 0.2 ( left panels ) we do not observe any signi�cant

alteration in the stress pro�les.
The �ow rate depends on a integral, suitably weighted, of the Reynolds stress and the extra

stress. The equation that regulates such dependency is derived in the appendix, in section D.1,
and follows the proof of Fukagata [108], extended to the particle-laden annular pipe. Clearly the
reduction of the �ow rate will be solely dependent on the modi�cation of the turbulent shear
convection. In fact, the extra-stress is always negligible as compared with the Reynolds shear
stress. This very important aspect will be addressed in more details in the forthcoming section.

4.2.10 The �ow rate reduction due to the dispersed phase

The �ow rate depends on a integral, suitably weighted, of the Reynolds stress, the extra stress and
on the pressure gradient ( or equivalently the mean viscous stress ). The equation is derived in the
appendix, in section D.1, and generalises the Fukagata's proof [108] to the particle-laden annular
pipe turbulent �ows. The equation is reported below

c

4('> − '8)

{
'4
> − '4

8 −
('2
> − '2

8
)2

;=('>/'8)

}
gF = �` + �' + �4 (4.13)

The mean viscous wall stress gF =
gF'8

'8+gF'> '>
'>+'8 is given by three contributions: the viscous �`,

the turbulent �' and particle ( or extra-stress ) contributions �4.
�` = `&

�' = c
∫ '>
'8

{
'2
>−'2

8

2;=('>/'8) − A
2
}
g'3A

�4 = c
∫ '>
'8

{
'2
>−'2

8

2;=('>/'8) − A
2
}
g43A

(4.14)

�` is the contribution of the wall viscous stress due to the averaged viscous di�usion. In a
laminar unladen �ow �` is entirely responsible of the wall viscous stress, since �' = �4 = 0.

Under constant viscous wall drag gF , in a single-phase turbulent wall-bounded �ow the �ow
rate is usually lower than in the equivalent laminar case. The reduced �ow rate is associated to the
existence of near wall coherent motions. These coherent structures are characterised by ejection and
sweep events [109]. The ejections are �uid with low stream-wise speed moving away from the wall.
The sweeps are inrushes of high stream-wise speed �uid toward the wall. The e�ect of such near
wall motions on the averaged momentum balance is captured by the Reynolds stress g'. Similarly,
the dispersed phase a�ects the �uid momentum by means of the extra-stress g4, as explained in
the previous section. In the former section we have shown that the extra-stress is negligible, as
compared with g'.i Therefore, according to the equations (4.13) (4.14), the alteration of the �ow
rate will be driven by the Reynolds shear stress. In the annular pipe the Reynolds shear stress
increases on the external side, while decreases on the internal one. While the increment of the
Reynolds shear stress is associated to the intensi�cation of the near-wall sweep and ejection events,
and therefore to the �ow rate reduction, the decrease of the Reynolds shear stress is symptom of a
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�ow rate increase. Hence, the modi�cation of the shear stress contributes to increase the �ow rate
at the internal side, while to reduce it at the external one. However, the Reynolds shear stress g',

as well as the extra-stress g4, a�ects the �ow rate by means of the geometric factor
'2
>−'2

8

2;=('>/'8) − A
2.

Physically, this means that the stresses do not provide a uniform contribution, but the �ow rate
will depend on where, along the radial position, the stresses are modi�ed. In the annular pipe, the
modi�cations on the external side have greater weight than those occurring on the internal one.
This is in particular true when the distance between the walls is large, i.e. when '8/'> is small.
Therefore, basing on n the observations given in �gure 4.25, we could expect that the overall e�ect
of g' is to increase the viscous resistance.

All the considerations just given are captured by the �ow rate equation equation (4.13) (4.14).
The modi�cation of the �ow rate will depend on the integrals �' and �4, which are related to the
Reynolds shear stress and the extra-stress, respectively. The turbulent and particle contributions
of the �ow rate will be now measured and reported for the two-way coupled data set.
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Figure 4.26: The viscous �` ( green rectangles ), turbulent �' ( blue rectangles ) and extra stress �4 (
orange rectangles ) contributions of the mean viscous wall stress gF . Data are reported with respect
to the viscous contribution of the unladen referred case �1−F0H` . The sum of the three contributions
is constant for each '8/'>. The reduced �ow rate is observable when Φ? = 0.3. The reduction is
accompanied by the increase of the turbulent contribution �'. The extra stress contribution �' is
negligible.

In �gure 4.26 the viscous �` ( green rectangles ), turbulent �' ( blue rectangles ) and extra stress
�4 ( orange rectangles ) contributions of the mean viscous wall stress gF are provided. Data are
reported with respect to the viscous contribution of the unladen reference case �1−F0H` . The sum
of the three contributions is constant for each '8/'>, whereas it may di�er when the internal wall
radius is changed.

The extra stress contribution �4 is always negligible. The result is consistent with the �ndings
presented in the previous section, where the extra-stress g4 is shown to be insigni�cant as compared
with the shear stress g'.

When the particle mass loading ratio is Φ? = 0.2 the �ow rate does not decrease ( �`/�1−F0H` ≈ 1

). Since �4/�1−F0H` ≈ 0, the turbulent wall stress contribution in the 1-way �1−F0H
'

and 2-way �'
coupled cases coincide under the presented scale.

The reduced �ow rate is observable when Φ? = 0.3. The exception is the case � ( i.e. '8/'> =
0.75 ), where the con�nement of the �uid is enough strong to absorb the particle-induced turbulent
�uctuations ( see the behaviour of g' and g4 in �gure 4.25 ).

If we compare the two histograms ( panel 'a' and panel 'b') , we observe that when & decreases
the turbulent contribution �' increases. Therefore, since �4 is negligible, the reduced �ow rate is
entirely attributed to the modi�ed turbulent shear convection generated by the particles. The direct
in�uence of the particle feedback on the �ow rate is negligible.

We stress the crucial �ndings of this analysis. The mechanism through which the particles a�ect
the �ow rate ( or the viscous wall stress ) involves the modi�cation of the turbulent shear convection
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〈D′AD′I〉 ( or g' ). The results suggest that, owing to the asymmetric weight of g' in the integral �',
the increased viscous resistance provided by the Reynolds shear stress at the external side dominates
the opposite contribution at the internal one. In addition to this, the extra-stress contribution �4 is
negligible. Hence, the particle feedback signi�cantly in�uences the Reynolds shear stress, but the
direct e�ect on the �ow rate, through �4, is insigni�cant.

4.2.11 The two-point correlation function in the two-way coupling regime

In this section we report the two-point correlation functions of the velocity u and of the thermal �eld
) , in the two-way coupling regime. The two-point correlation functions of the axial 'II , radial 'AA ,
azimuthal '\ \ velocity and temperature ')) �uctuations are de�ned in equation (4.8). The two
point correlation functions '(A, I) provide informations on the optimal size of the domain as well
as the length-scales of the coherent structures. In �gure 4.27 are reported the two-point correlation
functions for annular pipe of wall radius ratio '8/'> = 0.25. The correlations are computed where
the peaks of Reynolds stress occur in the one-way coupling regime. In particular, we report the
correlation of the internal ( left panels ) and external ( right panels ) near-wall coherent structures.

As observed in the instantaneous snapshot in �gures 4.2 4.3 4.4, the particle forcing disrupts
the axially-elongated coherent structures of the wall turbulence. The phenomenon is detected by
the correlations and involve both the turbulent velocity and the temperature �uctuations. In fact
the convergence to zero of the correlations is accelerated. In fact, where the �ow was still correlated
in the one-way coupling regime, the activation of the particle feedback considerably reduces the
minimum reached at the largest separation I = !I/2. The e�ect is more pronounced when the
particle mass loading is Φ? = 0.3, but is still present when Φ? = 0.2. Hence, the axial characteristic
length-scale of the near-wall coherent structures decreases both at the internal and external side.

These observations are reported in all the four annular pipes ( cases �, �, �, and �). However
the results of the cases �, � and � are omitted, being verbosely redundant.

In conclusion, the stream-wise domain size !I = 2c of the domain may be unsuitable to treat
the single-phase turbulent �ow, as also discussed by Bagheri et al. [74]. However in the presence
of a dispersed phase, the reduction of the stream-wise characteristic length-scale of the near-wall
coherent structures justi�es the use of periodic boundary conditions.

4.2.12 The Reynolds heat density and the heat �ux in the two-way coupling

regime

In the present simulations the inter-phase momentum coupling is enforced. However, the dispersed
phase and the �uid can't exchange heat, since the particles are considered thermally inert. The
modi�cation of the thermal �uid �eld can still occur, if the turbulent mixing is altered. The
turbulent thermal convection is represented by the Reynolds heat density 〈D′A) ′〉. The Reynolds
heat density a�ects the heat exchange in the annular pipe according to the heat equation (4.7).
According to the equation, the area under the curves 〈D′A) ′〉 provide the turbulent contribution of
the heat exchange.

In �gure 4.28 the Reynolds heat density 〈D′A) ′〉+ is reported in wall unit. The radial distance is
b = (A−'8)/('>−'8). The one-way coupled reference ( pink lines ) cases are provided in comparison.

The annular pipe '8/'> = 0.75 reports no modi�cations of the Reynolds heat density, for any
particle mass loading Φ? considered. The other three con�gurations '8/'> = 0.125, '8/'> = 0.25,
'8/'> = 0.5 show negligible alterations when Φ? = 0.2. When Φ? = 0.3 the curves increase on the
right-hand of the annular pipe, while the position and value of the internal peak is more or less
unchanged. Due to the increased area under the Reynolds heat density, we expect to �nd a small
increase of the heat exchange when Φ? = 0.3, in the three smallest con�gurations ( '8/'> = 0.125,
'8/'> = 0.25 and '8/'> = 0.5 ).

The heat exchange Q, in the two-way coupling regime is reported in �gure 4.29. Data are
compared with the unladen value Q1−F0H

,
. The error bar XB = 3f/

√
(#B), is reported, where f is
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Figure 4.27: The two-point correlation functions of the axial velocity �uctuation 'II ( panels 'a'
and 'b'), radial velocity �uctuation 'AA ( panels 'c' and 'd' ), azimuthal velocity �uctuation '\ \
( panels 'e' and 'f' ) and temperature �uctuation ')) ( panels 'g' and 'h' ) for the annular pipe
of wall radius ratio '8/'> = 0.25. The axial distance I ranges between 0 to the half-length of the
annular pipe !I/2 = c. The correlation is computed where the peaks of the Reynolds stress occur.
The left panels refer to the correlation computed at the internal side. The right panels refer to the
correlation computer at the external side.

the standard deviation of the single measurement, and #B the number of samples.
When Φ? = 0.3 the heat exchange increases in all the four con�gurations. The largest increment
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Figure 4.28: The Reynolds heat density 〈D′A) ′〉+, wall unit, in the two-way coupling regime. The
radial position is b = (A − '8)/('> − '8).
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Figure 4.29: The heat exchange Q, in the two coupling regime compared with the unladen value
Q1−F0H
,

. The error bar XB = 3f/
√
(#B), is reported, where f is the standard deviation of the single

measurement, and #B the number of samples.

is achieved when '8/'> = 0.25, but does not go beyond 5%. When Φ? = 0.2 the ratio Q,
Q1−F0H
,

oscillates very close 1. Therefore there is no speci�c trend with respect to the curvature of the
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internal wall. The modi�cation in this case is very small, order of 1-2%.
The small increment ( few percentage points ) of the heat exchange, found when Φ? = 0.3,

is much lower than the reduction of the �ow rate ( order of 20-30%). Therefore, the two-way
momentum inter-phase coupling is little e�ective in in�uencing the heat exchange, if the particles
are thermally inert.

The heat exchange modi�cation is consistent with the behaviour of the Reynolds heat density
in the two-way coupling regime observed in �gure 4.28.

4.2.13 The turbophoresis in the two-way coupling regime

a) b)

c) d)

Figure 4.30: The normalised particle concentration � (b) versus the radial position b = (A−'8)/('>−
'8). The concentration in the one-way coupled simulations are provided as well ( pink lines ). The
enlargements of the plots close to the external wall are reported.

Owing to the modi�cation of the turbulence structures observed in the previous sections, the
particle transport can be strongly a�ected by the two-coupled momentum transfer. Therefore the
transport of the dispersed phase, when the particle feedback is disabled, is likely far from reality.

At this aim in this section we report the analysis of the turbophoresis in the two-way coupling
regime. The turbophoresis is measured by means of the normalised concentration � (A), de�ned by
the equation (4.10).

We remind to the reader that in the two-way coupled simulations, the Stokes number (C+ = 10 is
constant. The selected Stokes number (C+ = 10 corresponds to the most intense turbophoresis in the
one-way coupling regime. In this regime is probable to �nd the strongest �uid-particle interactions,
once the two-way coupled momentum transfer is enabled. The in�uence on the particle transport,
when the particle back-reaction is active, of the particle diameter ( i.e. the Stokes number ) is out
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of the scope of the present research.
In the present simulations, the initial particle concentration is homogeneous. The turbulence

activates the migration processes that lead to the turbophoresis. The characteristic time of these
�uid dynamic phenomena is very long. The concentration reaches the stochastic steady state in
between 800 to 1200 computational instants, depending on the speci�c case. If we consider a
particle of axial velocity equals to the bulk velocity in the unladen case ( i.e. E?I = D1 = 1 ),
the particle crosses the whole length of the annular pipe between 127 to 190 times before the
transient is complete. Owing to this very slow transient, it is very important that the simulations
are evolved over a prolonged temporal interval. The steadiness is �nally veri�ed through the analysis
of consecutive temporal chunks of the whole statistic, omitted in the present work. We now report
the results at steady state.

In �gure 4.30 we report the particle concentration � (b) versus the radial dimensionless position
b. The plots refer to the four annular pipe geometries: '8/'> = 0.125 ( panel 'a' ), '8/'> = 0.25 (
panel 'b' ), '8/'> = 0.5 ( panel 'c' ), '8/'> = 0.75 ( panel 'd' ). The �ndings of the one-way coupled
simulations are reported ( pink lines ) as well.

The turbophoresis is strongly modi�ed when the internal wall radius is '8/'> = 0.125, '8/'> =
0.25 and '8/'> = 0.75. In these three annular pipes the concentration drops in the central and
internal regions, while the external peak increases. Therefore when the particle feedback is active,
the particles tend to be attracted more easily to the external wall. Consequently the turbophoresis at
the internal wall reduces, while at the external wall increases. The e�ect is greater when the particle
mass loading is Φ? = 0.2. Strangely, this corresponds to the minimal turbulence modi�cations, in
terms of velocity variances and �ow rate. This tiny e�ects are however capable to produce large
alterations in the particle transport. When the particle loading is Φ? = 0.3, a compensatory
mechanism occurs. In fact, although the turbulent structures and the �ow rate vary substantially,
the particle concentration recovers the structure of the one-way coupled simulations.

The annular pipe with internal wall radius '8/'> = 0.75 has a complete di�erent behaviour. In
this case the increment of the turbophoresis is proportional to the particle mass loading. Moreover
The e�ect is very small, as compared with the other three geometries.

The very important result is the enhanced turbophoresis at the external wall, occurring at
particle mass loading Φ? = 0.2. In fact, standard theoretical models suggest that the largest
accumulation depends on the wall-normal �uid velocity variance [102]. However, as shown in �gure
4.22, this doesn not happen since we would expect a larger concentration when Φ? = 0.3. The
results suggest that the mechanism of wall-accumulation is driven by some extra phenomena when
the back-reaction is active. Further analyses are required in order to address the phenomena, and
results are not conclusive.

4.2.14 The particle velocity in the two-way coupling regime

We will now present the particle averaged velocity Vp = 〈vp〉, in comparison with the �uid U = 〈u〉,
observed in the two-way coupling regime. As discussed in section 4.2.7, we remind that the particle
and �uid velocity may di�er at steady state. In fact, the unperturbed �uid velocity sampled by the
particle itself, on which the particle drag depends, may di�er from the �uid velocity, i.e. Up(0) ≠ U.
This is in general true even in the one-way coupling regime, where the unperturbed �eld coincides
with the actual �eld, since the particle disturbance is absent ( for additional details see section 2.6
). In the two-way coupling regime the di�erence between the two �elds is more pronounced, since
the particle self-disturbance must be removed from the conditioned �eld Up.

In �gure 4.31 we report the axial particle +?I and �uid velocity *I in wall unit, versus the radial
position b = (A − '8)/('> − '8). The radial and azimuthal component of the velocity are omitted,
since they are statistically zero.

The large �ow rate reduction is observable when Φ? = 0.3 ( blue curves ) in all the annular
pipes, except when '8/'> = 0.75. The asymmetry of the velocity pro�les is conserved when the
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Figure 4.31: The particle averaged velocity ++? ( circles ), in wall unit, versus the radial position
b = (A − '8)/('> − '8). The �uid velocity *+I is depicted with �lled lines.

back-reaction term is activated, and the pro�les are evenly attenuated in all the annular pipe. When
Φ? = 0.2 ( green curves ) the �ow rate is slightly attenuated, for any '8/'>.

The particle and �uid velocity pro�les are in analogy with the one-way coupled cases, reported
in �gure 4.19. In fact, the particle velocity roughly equals the �uid one everywhere, but in the
vicinity of the walls, where the particle velocity is lower. This phenomenon is more emphasised at
the external side, espetially for low '8/'>. In particular, when '8/'> = 0.125 and '8/'> = 0.25
the particle velocity matches pretty well �uid velocity internally, while it is not externally. This
suggests that the particles oversample the external low-speed �uid streaks much more frequently
than internally. This behaviour is independent on Φ?, under the range of control parameters
considered in this research.

4.2.15 The particle velocity variances in the two-way coupling regime

In the two-way coupling regime the particle velocity �uctuations can be a�ected by the particle
feedback as well as the turbophoresis. The energy of the velocity �uctuations is represented by the
velocity variances. The di�erence between the particle and �uid velocity variances describes how
the dispersed phase is able to follows the �uid �ow.

The particle velocity variances is reported in the present section, in the two-way coupling regime.
The axial 〈E′2?I 〉

+, radial 〈E′2?A 〉
+ and azimuthal 〈E′2?\ 〉

+ particle velocity variances are reported ( circles
with line ) in wall unit in �gures 4.32, 4.33 and 4.34. The �ndings of the uncoupled case are reported
as well ( pink curves ). The corresponding �uid velocity variances ( �lled lines ) are provided as
comparison.

When the particle mass loading is Φ? = 0.2 the turbulence intensities are preserved, except
small alterations close the walls. The �ndings show that the particle velocity �uctuations are
modi�ed accordingly. In fact, the energy of the particle axial velocity �uctuations are still larger
than the �uid's one close to the external wall, as it is in the unladen case, although the peak value
reduces. Moreover, the intensities of the particle radial and azimuthal �uctuations are attenuated
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Figure 4.32: The variance of the axial component of the particle ( circles with lines ) and �uid (
�lled lines ) velocity. he radial position is b = (A − '8)/('> − '8). The �ndings in the one-way
coupling regime are reported ( pink curves ).
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Figure 4.33: The variance of the radial component of the particle ( circles with lines ) and �uid (
�lled lines ) velocity. The radial position is b = (A − '8)/('> − '8). The �ndings in the one-way
coupling regime are reported ( pink curves ).
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Figure 4.34: The variance of the azimuthal component of the particle ( circles with lines ) and �uid
( �lled lines ) velocity. The radial position is b = (A − '8)/('> − '8). The �ndings in the one-way
coupling regime are reported ( pink curves ).

as compared with the �uid. The phenomena can be attributed to the damping e�ect of the Stokes
force, which makes the dispersed phase unable to perfectly track the �uid unsteady motions.

When the particle mass loading is Φ? = 0.3 the turbulence structures are subjected to radical
transformations. In particular, a large modi�cation of the turbulent intensity is observable close
to the external wall, where the massive particle clusters are located. The alteration involves the
variances of the three �uid velocity components together. The turbulence modi�cation is in turn
transmitted to the dispersed phase. In fact, the particle velocity variances show large di�erences as
compared with particle mass loading Φ? = 0.2. In particular the greatest changes occur when the
large �ow rate reduction is observed, i.e. when the wall radius ratios are '8/'> = 0.125, '8/'> = 0.25
and '>/'8 = 0.5. The inclination of the particles to track the axial �uid �uctuations is improved
at the external side ( see panels 'a)' ,'b)' and 'c)' ). In fact, the particle and �uid axial velocity
variances are very close in the vicinity of the external peak. The reduction of the peaks of the
�uid axial energy, which is transferred to the transverse directions, can be an explanation of such
behaviour. The radial and azimuthal particle velocity variances are smaller than the �uid ones, as
in the one-way coupling regime. However, in the two-way coupling regime the peaks of the energy
of the transverse velocity components are signi�cantly higher. Hence, the corresponding particle
energy is similarly increased ( see the blue curves in �gures 4.32, 4.33 and 4.34 ).

When the wall radius ratio is '8/'> = 0.75 the strong �uid con�nement prevents the formation of
the strong particle-induced turbulence, which leads to the �ow rate reduction. In fact, the turbulence
intensities, as discussed in previous sections, are more or less unchanged when the distance between
the walls is so short. The particle velocity variances, which are correlated to the vortical structures,
are consistent to this observation. Their modi�cation is indeed negligible when both the two particle
mass loading Φ? = 0.2 and Φ? = 0.3 are considered.

Similar particle velocity variances are found in the experiments of Kulick et al. [34], who
investigated a particle-laden down-�ow fully developed channel �ow via LDA measurements. As in
our simulations, they have found that particle �uctuation intensities are larger than the unladen-
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�uid velocity �uctuation in the streamwise direction but are smaller in the transverse directions.
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Chapter 5

Final remarks

5.1 The bubble-laden homogeneous shear �ow

The Exact Regularised Point Particle (ERPP) method has been exploited in a Direct Numeri-
cal Simulation of turbulent homogeneous shear �ow laden with millions of Kolmogorov-sized rigid
bubbles in the two-way coupling regime. By means of the Eulerian-Lagrangian approach, the simu-
lations provide a study of turbulence modulation of bubble-laden shear �ow exploiting a physically
consistent inter-phase momentum coupling, namely the ERPP method.

The results show that bubbles are able to reduce the turbulent kinetic energy content  and
dissipation rate n . The modi�cation is almost irrespective of the void fraction, but increases with (C[.
Velocity variances in the three coordinate directions are equally attenuated by two-way coupling
e�ects. Turbulent energy depletion is caused by the change of the turbulent energy production
spectrum %(:). In fact, the spectral distribution of the bubble-to-�uid coupling term Φ(:) is
negligible. Therefore the turbulence modulation occurs through change in the spectrum of the
Reynolds shear stress 〈h1h3〉. The attenuation of the energy content is small but occurs throughout
the spectral scales. Signi�cant alteration of the spectral distribution of either the turbulent kinetic
energy � (:) and the dissipation spectrum � (:) are not observed. The results agree with those
discussed in Ref.[47, 65], where gravity is considered, except for those pertaining the small scale
turbulence statistics. In fact, the ERPP method predicts a small, though measurable, depletion
of the energy content in the dissipative range. The e�ect of buoyancy, which is not considered in
our simulations, on the back reaction term could a�ect the energy content across the spatial scales.
Therefore the higher level of energy found at the smallest scales found by Mazzitelli et al. could
be ascribed to the widely discussed numerical drawbacks of the PIC approach or to gravitational
e�ects. Further investigations are required to address the phenomena described by Ref. [47, 65].

The bubble clustering, accordingly to literature, manifests in the form of thin elongated struc-
tures. The exponential behaviour of the Radial Distribution Function proves that bubbles exten-
sively agglomerate toward smallest scales. Despite that, the clusters retain the alignment of the
largest turbulence vortical structures, as documented by the SO(3) decomposition of the Angular
Distribution Function. Namely, the mode 621(A) which samples the principal directions of the mean
�ow, is the most energetic revealing a preferential orientation of the clusters along the latter spatial
directions. The bubble spatial distribution recovers homogeneity at increasing separation. The clus-
tering intensity increases with (C[ and is subjected to a small depletion when the back-reaction is
active. This modi�cation occurs also in the very dilute case iE = 0.25%, though irrespectively of the
void fraction, suggesting that the turbulence modi�cation is more e�ective to the clustering process
controlled by the Stokes number rather than the void fraction. This trend is well documented by
cases � and � where bubbles concentrate into small scale clusters.
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5.2 The particle-laden annular pipe �ow

The Exact Regularised Point Particle (ERPP) method, corrected for wall-bounded �ows, has been
employed in Direct Numerical Simulations of turbulent annular pipe �ows laden with millions of
small heavy particles in the one-way and two-way coupling regime. By means of the Eulerian-
Lagrangian approach, the simulations provide a study of turbulence modulation of particle-laden
annular pipe �ow exploiting a physically consistent inter-phase momentum coupling, namely the
ERPP method.

The analysis the particle-laden annular pipe is �rstly provided in the one-way coupling regime.
Four di�erent con�gurations, with wall radius ratio '8/'> = 0.125/0.25/0.5/0.75, are studied.

The analysis of the averaged �uid velocity shows that the pro�les are asymmetric and their
peaks are located into the inner half of the annular pipe. The asymmetry is inversely proportional
to '8/'>. When '8/'> = 0.75 the solution partially recovers the structure of a turbulent channel
�ows.

The �uid velocity variances are asymmetric as well, and have the same trend with respect to
'8/'>. The peaks at the internal side are smaller than they are at the external one. The dominant
intensity is the stream-wise component, where the energy transfer from the mean �eld is provided.

The viscous g` = `
m〈DI 〉
mA

and Reynolds shear stresses 〈D′AD′I〉 are reported. The zero of the
stresses occurs at the same position, into the inner half of the annular pipe. Therefore, the peak of
the �uid mean velocity occurs where the Reynolds shear stress is zero, for all the four geometries.
In absolute values, the peak of the Reynolds stress is higher at the external side than it is internally.
The viscous wall stress is larger at the convex wall, although the hydrodynamic force is larger at
the concave wall.

The temperature is evolved as a passive scalar by means of the Fourier equation. The internal and
external wall temperature are constant, equal to )8 = 1 and )> = 0, respectively. The temperature is
periodic along the stream-wise direction. The heat exchange is modulated by the thermal resistance
of the whole system.

Owing to physical constraints, the temperature is bounded inside the boundary values, i.e.
) ∈ [0, 1]. The thermal �uctuations are very close to the average at the external side, where the
mean temperature is near the lower bound 0. In contrast, at the internal side the mean temperature
falls rapidly down from the wall boundary value, the �uctuations are more intense.

The heat equation of the annular pipe is provided, and the heat exchange is studied as function
of the radial ratio '8/'>. The heat exchange, with along both the thermal di�usion and turbulent
contributions, shows a 1/;=('>/'8) scaling law. In fact, the area under the Reynolds heat density
is roughly constant, in the four geometry. Moreover, the heat exchange in the turbulent annular
pipes is always 3 times higher than in the equivalent laminar �ow.

The two point correlation functions and the one dimensional spectra show that at the external
side the near wall coherent structures are longer, in the stream-wise direction, than they are inter-
nally. The spectral energy of the temperature is largest where the peak of temperature variance
is observed. The spectra and the variance of a quantity are indeed strictly correlated, since the
integral of the spectra is the variance itself. The asymmetry is, again, recovered when the distance
between the walls decreases.

The turbophoresis is explored in the four geometries, when the particle back reaction is disabled.
Eight di�erent particle populations, each one labelled by a viscous time-scale based Stokes number
(C+, are considered. The particle agglomeration close to the walls is largest when (C+ = 10. Moreover
the peak at the external wall is between 10 to 100 times the internal value. The in�uence of the
wall curvature is addressed. There is small in�uence on the turbophoresis due to the wall radii. In
fact, we �nd only a small increment of the particle concentration close to the internal wall, when
'8/'> increases. Although the di�erence between the internal and external peak is still large ( 1 to
10 ) the particle di�usion follows a similar symmetrisation process that occurs to the �uid.

The particle +?I , �uid *I and �uid particle-conditioned *?I averaged velocities are reported.
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The velocity *?I is the averaged �uid velocity experienced by the p-th particle, i.e. the velocity of
the �uid constantly evaluated at particle position G? (C). At the stochastic steady state, the velocities
+? and *?I are equal, since the mean axial drag force is zero. The particle velocity variances are
compared with the �uid ones. Owing to damping processes, the azimuthal and radial components
of the particle kinetic energy are smaller that the �uid ones. On the contrary, the stream-wise
particle velocity variance is larger than the stream-wise turbulent intensity. This phenomenon is
attributed to the particle inertia. Particles can conserve the stream-wise velocity better than �uid
does, while moving radially through the annular pipe. Therefore the deviation from the mean,
which is conserved, increases.

The two-way coupled simulation are carried out for the particle population characterised by the
Stokes number (C+ = 10. The turbulence modulation is explored in combination of the particle
mass loading ratios Φ? = 0.2/0.3 in the four geometries presented ( '8/'> = 0.125, '8/'> = 0.25 ,
'8/'> = 0.5 and '8/'> = 0.75 ). The simulations are conducted under constant Reynolds friction
number '4∗ = 180 and Prandtl number %A = 0.79. The nominal Reynolds number '4# di�ers in
the four geometries. This allows to compare the �ow �elds, ensuring that the bulk velocity is always
D1 = 1 in the unladen case.

When Φ? = 0.2 there is a very small e�ect on the �uid velocity variances, measured in a
tiny reduction of the peaks of the turbulent kinetic energy. On the contrary, when the particle
mass loading is Φ? = 0.3 we observe important modi�cations of the turbulence intensities. In this
case the stream-wise velocity variances show a large attenuation of the peaks, in particular for
the case '8/'> = 0.125. The external peaks are shifted outward, close to the near wall massive
particle clusters. The radial and, in particular, the azimuthal velocity variances report intense
modi�cations as well. A large peak appears in the radial component 〈D′AD′A 〉+, very close the external
wall. At the internal side, in contrast, the energy pro�les are only slightly attenuated. The azimuthal
velocity variances 〈D′

\
D′
\
〉+ show even higher peaks, close the external wall. The peaks are about 10

times higher than in the uncoupled case, and they are comparable to the maxima of stream-wise
component 〈D′ID′I〉+. As for the radial �uctuations, the azimuthal pro�les slightly reduce at the
internal side.

Up to 30% reductions of the �ow rate is observed, when Φ? = 0.3, in the three smallest annular
pipes ( i.e. '8/'> = 0.125, '8/'> = 0.25,'8/'> = 0.5 ). On the other hand when '8/'> = 0.75 and
when Φ? = 0.2 very small or no reduction of the �ow rate is observed.

The mechanism of the �ow rate modi�cation is explored by studying the Reynolds shear and
extra stresses. In fact, the phenomenon can be studied by means of the equation of the �ow rate of
the annular pipe. The equation relates the �ow rate with the mean viscous wall stress, the Reynolds
stress and the extra stress. The di�erent contributions of viscous wall stress, which in the present
simulation setup is constant, are studied. When the �ow rate reduces, the turbulent contribution
increases. On the other hand the extra-stress contribution is always negligible. The �ow rate
reduction is therefore solely attributed to the modi�cation of the turbulent shear convection. This
is con�rmed by the pro�les of the Reynolds and extra stress. The extra stress is indeed always
negligible as compared with the Reynolds stress.

The modi�cation of the heat-exchange due to inter-phase momentum exchange is explored. The
Reynolds heat density slightly increases when the �ow rate occurs ( i.e. Φ? = 0.3 and '8/'> < 0.75
). However the increase is small, not beyond 5%. In all the other cases the heat-exchange is either
attenuated or increased by the particles, but the modi�cation is negligible, below 2%. Therefore,
although the thermally-inert dispersed phase can considerably a�ect the �uid mechanical energy,
the in�uence on the thermal �eld is small.

The analysis of the turbophoresis in the two-way coupling regime is provided. The concentra-
tion drops in the central and internal regions of the annular pipe, while the external peak increases.
Therefore the turbophoresis is more intense at the external wall, when the particle feedback is
active. The e�ect is more noticeable when Φ? = 0.2, that is when the turbulence modi�cation
is minimal. On the other hand, when Φ? = 0.3 a compensatory mechanism occurs, and the con-
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centration partially recovers the behaviour of the one-way coupling regime. The important result
is the enhanced turbophoresis at the external wall, occurring at particle mass loading Φ? = 0.2.
Standard theoretical models suggest that the largest accumulation depends on the wall-normal �uid
velocity variance [102]. However in the annular pipe this does not occur, since we would expect a
larger concentration when Φ? = 0.3. The results suggest that the mechanism of wall-accumulation
is driven by some extra phenomena, when the back-reaction is active. Further analyses are required
in order to address these phenomena, and results are not conclusive.

The particle and �uid velocity decreases in the two-way coupling regime, owing to the �ow
rate reduction. However, the relation between the �uid and particle velocity is very similar to the
uncoupled case. The asymmetry of the pro�les is in particular preserved. While the �rst moment of
the velocity is unchanged, the second moment is noticeably modi�ed by the particle feedback. When
the particle mass loading is Φ? = 0.2 the particle velocity �uctuations are slightly altered, in the
same way as the �uid. In fact, the intensity of the particle axial �uctuations is larger than the �uid
one close the walls, although the external peak is reduced. In addition, the intensities of the particle
radial and azimuthal �uctuations are attenuated as compared with the �uid. When the particle mass
loading is Φ? = 0.3 the particle velocity variances are subjected to radical transformations. In fact,
the particle velocity variances are very di�erent from the suspensions with Φ? = 0.2. The greatest
change occurs when the large �ow rate reduction is observed. The inclination of the particles to
track the axial �uid �uctuations is improved at the external side. The reduction of the peaks of
the �uid axial energy, which is transferred to the transverse directions, is an explanation of such
behaviour. The radial and azimuthal particle velocity variances are smaller than the �uid ones, as
in the one-way coupling regime. However, in the two-way coupling regime the peaks of the energy
of the transverse velocity components are signi�cantly higher. The particle velocity variances are
in analogy with the experiments of Kulick et al. [34], who investigated a particle-laden down-�ow
fully developed channel �ow via LDA measurements. As in the present simulations, they have
found that particle �uctuation intensities are larger than the unladen-�uid velocity �uctuation in
the streamwise direction but are smaller in the transverse directions.

5.3 Future perspectives

The behaviour of microbubble-laden homogeneous shear �ow has been studied in detail in the present
research. However few aspects were not considered and should be addressed in future investigations.
In particular, the buoyancy introduces further level of anisotropy and may a�ect the back-reaction
term and turbulent energy spectra. It could be relevant to study the in�uence of the direction of
gravity with respect to the mean �eld. The results could suggest if the modi�cation of the spectra
found in Ref. [47] is an e�ect of the PIC shortcomings or of the buoyancy. Moreover, the fact
that bubbles are preferentially located at the centre of the vortical structures has not statistically
measured. The ADF provides informations on the bubble cluster shape. Although, it was proved
that the bubble �laments are aligned as the smallest vortical structures of the shear �ow, further
analysis might be provided.

It is well-known that bubbles must be large and deformable in order to produce drag reduction in
wall-bounded turbulence. In the point-particle model it still must be proved that such phenomenon
occurs. Although it is impossible to study suspensions in the large-bubble regime , i.e. (C+ � 1,
with the present methodology, an e�ect of the bubble deformability can be recovered. In fact, the
deformation of spherical microbubbles can be explored including the Rayleigh-Plesset equation in
the numerical code. The oscillations of the bubble diameter due the pressure di�erence at the bubble
interface can be addressed, and in particular their role on the drag modi�cation investigated. It is
important to remark that, even if the bubble interface can oscillate, the bubbles are still enough
small to remain spherical. In other words, the simulations will be carried out always in the small-
bubble regime, i.e. when (C+ � 1. This is important since this is not the regime where the drag
reduction is experimentally measured. Therefore, it is not sure which e�ect on the turbulence could
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be observed. Moreover, the microbubble deformation involve few theoretical issues that must be
properly considered. The oscillation of the interface leads to a singular source or sink of �ow rate at
the bubble position. This singular term must be properly considered in the inter-phase momentum
exchange model, i.e. ERPP. Therefore ERPP must be corrected in order to take into account the
in�ow/out�ow at bubble position.

The results presented in the second part of the research, dealing with particle-laden annular
pipe �ows, are not conclusive. The mechanism of the turbophoresis still must be addressed. In fact,
it is not clear why at Φ? = 0.2 we observe the largest particle accumulation at the external wall. In
fact, according to the �uid velocity variances, the standard models of turbophoresis suggest that the
largest accumulation is achieved when Φ? = 0.3. Moreover, the role of the particle mass loading on
the large �ow reduction requires further investigations. The �uid con�nement has a clear in�uence
on this phenomenon, as observed in the smallest con�guration of the annular pipe. However, the
important aspect is that the modi�cation of the �ow rate seems to be suddenly triggered, when a
su�cient large number of particles are considered. The reasons of this fast transition are not clear,
and suspensions with intermediate particle mass loading should be studied.

Finally the in�uence of the heat exchange can be studied for non-inert particle. The particle
energy equation can be derived, similar to the Maxey-Riley-Gatignol equation, in the point-particle
limit, and evolved along the particle trajectory. The temperature di�erence between the particle
and the surrounding �uid gives rise to a singular heat �ux. This 2-way coupling energy transfer
can be enforced on the Fourier equation, where the singular heat must be treated with ERPP.
Metal nanoparticles are sometimes injected in liquid solutions, the nano�uids, to enhance the heat
transfer [110]. However, the size of nanoparticles is typically below 100nm, 1000 times smaller than
the inertial particles considered in the present research ( the size of small inertial particles is usually
above 10`< ). An interesting scienti�c question could be to check if inertial particles with high
conductivity could lead to the increased heat exchange observed with nono�uids. The in�uence
on the heat exchange could be explored by considering di�erent combinations of particle thermal
conductivity. In particular, it could be investigated if the altered heat transfer is induced by the
increased conductivity of the suspension or by the di�erent thermal convection of the underlying
�ow.

Finally, owing to the intense bubble and particle concentration in the subjects of study, to
consider a model for the four-way coupling interactions seems very important. In particular, in the
annular pipe, the void fraction at the external wall is larger than 1, which is obviously unphysical.
Therefore, the interparticle collision in the near-wall region will reduce the turbophoresis. The role
of the attenuated particle accumulation on turbulence could be �nally addressed.
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Appendix A

The dealiasing procedure of the

non-linear terms in the spectral

Navier-Stokes equations

In this section we shall discuss how to perform the dealiasing of the non-linear terms in the spectral
Navier-Stokes equations (B.7). For the sake of simplicity let's consider for now a one-dimensional
problem. The turbulence �uctuation h(G) is periodic of period !, piecewise di�erentiable and
summable over the interval [0, !). The function h(G) can be expanded into the uniformly convergent
Fourier series of modes ĥ8, namely

h(G) =
"/2∑

8=−"/2
ĥ84

z:=G , ĥ8 =
1

!

∫ !

0
h(G)4− z:=G3G (A.1)

The spectral domain of the modes := is bounded by �uid dynamic constraints. In this example
only < = " + 1 modes are needed to reconstruct all the spatial scales of h(G). If :[ = 2c

[
is the

largest relevant wavenumber of the spectrum of the turbulent kinetic energy, the number of modes
required are

:"�- =
c"

!
≥ :[ =

2c

[
=⇒ < ≥ !

[/2 + 1 (A.2)

Therefore the minimum number of nodes are < = !
[/2 + 1. The modes are computed through

the integral in (A.1), over the periodic interval. The function h(G) is represented under a discrete
framework, over the computational grid immersed in the physical space. Hence, the integral in (A.1)
is computed through the sum of discrete terms, rather than continuous ones. This operation may
lead to a discrepancy between the exact ĥ8 and the numerical h̄ modes. In fact, the interval [0, !) is
divided into # elements of grid spacing ΔG = !/#, namely G; = (;−1)ΔG, with ; = 1, #. The velocity
is exactly computed only at the N physical nodes, while approximated with the trapezoidal rule in
the region between two neighbouring elements G8. Hence, the modes h̄8 are computed through the
sum of �nite elements

h̄8 =
1

#

#∑
;=0

h(G;)4− z:=G8 (A.3)

In order to understand the discretising error, we derive the relation between ĥ8 and h̄8. We
substitute the expression of h(G) in the (A.1) into the equation (A.3), and we obtain
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Figure A.1: The discretisation over the interval G ∈ [0, !) of the function h(G). The domain is split
into the grid of # elements and spacing ΔG = !/#. The function is linearly interpolated in the
points within two grid elements.

h̄8 =
1

#

#∑
;=0

"/2∑
?=−"/2

ĥ?4
zG; (:?−:8) =

=

"/2∑
?=−"/2

ĥ?X?,8+U# = U ∈ Z

= . . . + ĥ8−2# + ĥ8−# + ĥ8 + ĥ8+# + ĥ8+2# + . . .

(A.4)

Clearly the modes ĥ8+U# , with U ≠ 0, mustn't contaminate the solution h̄8. Therefore all the
modes ĥ8+U# that di�er from the one that is actually computed must fall outside the spectral
domain. The strictest conditions are at the boundary of the spectral domain, where the following
inequalities must be satis�ed {

−"/2 + # > "/2
"/2 − # < −"/2

=⇒ # > " (A.5)

Consequently, there exists a constraint in the discretisation of the physical space. In fact, in
order to represent the " + 1 exact Fourier modes at least " + 1 physical nodes are required. The
reasoning can be also reversed. That is, we can compute only # exact Fourier modes, through the
N-discretisation of the periodic interval of h(G). In conclusion, :[ determines the number of " + 1
modes of h(G) necessary to the computation. The number of physical nodes to represent h(G) must
consequently be " + 1, in order not to have errors in h̄8.

In the Navier-Stokes equation the convective term represents a non-linearity. This quantity, on
the one-dimensional ground, is expressed as the product of two functions, namely ℎ(G) = 0(G)1(G).
The functions 0(G),1(G) and ℎ(G) are all periodic of period !, piecewise-di�erentiable and summable
over the interval G ∈ [0, !). Therefore the three functions are amenable to the Fourier decomposition,
in particular 0(G) and 1(G) can be written as

0(G) =
"/2∑

8=−"/2
0̂84

z:=G , 0̂8 =
1

!

∫ !

0
0(G)4− z:=G3G

1(G) =
"/2∑

8=−"/2
1̂84

z:=G , 1̂8 =
1

!

∫ !

0
1(G)4− z:=G3G

(A.6)

The function ℎ(G) can be expanded into the Fourier series as well. We can �nd the relation
between the modes ℎ̂8, 0̂=, and 1̂? through the de�nition of the Fourier expansion, namely
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ℎ(G) =
"̃/2∑

8=−"̃/2

ℎ̂84
z:=G =

"/2∑
==−"/2

"/2∑
?=−"/2

0̂= 1̂?4
z (:=+:?)G (A.7)

Hence, the product between 0(G) and 1(G) is not a conservative operation with respect to the
number of modes. In other words the product operator introduces additional spatial lengthscales
of those included in the operands. Therefore, the number of modes <̃ = "̃ + 1 of ℎ(G) di�ers from
the " + 1 modes of the original functions 0(G) and 1(G). The equation (A.7) provides the spectral
domain of ℎ(G), which is the interval = ∈ [−"̃/2, "̃/2], namely{

"̃/2 = "/2 + "/2
−"̃/2 = −"/2 − "/2

=⇒ "̃ = 2" (A.8)

The 2" + 1 modes are required to describe all the spatial scales of the non-linear function ℎ(G).
However, on the numerical ground, it is unfeasible to compute the entire spectrum of ℎ(G). In fact,
at run time, new additional modes, resulting from the non-linear term, are supposed to be added and
evolved by the Navier-Stokes equations. This path is, of course, impassable since requires in�nite
amount of memory. A dealiasing procedure is required, to discard some of the modes of ℎ(G). We
made the choice of representing in the exact form only the modes ℎ̂8 falling inside the spectra of
0(G) and 1(G). The modes 0̂8 and 1̂8 must satisfy the condition (A.5). With this in mind, according
to equation (A.4), the number of physical nodes #̃ required to correctly evaluate the computational
modes ℎ̄8 are prescribed by following the inequality{

−"/2 + #̃ > "

"/2 − #̃ = −"
=⇒ #̃ > 3/2" = 3/2# − 3/2 (A.9)

The result is better explained by a graphic analysis, provided in �gure A.2, where the domain
of 0̂= and 1̂= is the interval = ∈ [−"/2, "/2], while the domain of ℎ̂= is = ∈ [−", "].

Figure A.2: Sketch of the spectra of the modes ℎ̂=, 1̂= and 0̂=. The domain of 0̂= and 1̂= is interval
= ∈ [−"/2, "/2]. The domain of ℎ̂= ranges between = ∈ [−", "].

In conclusion, ℎ(G) must be resolved over the grid of #̃ = 3/2#−1/2 elements to exactly describe
the # modes ℎ̂= over the interval = ∈ [−"/2, "/2]. The procedure is generally referred to as the
3/2 dealiasing rule, in which only the �rst 1/2 of the low frequency modes are exactly computed,
whereas the remaining 1/2 are discarded.
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The numerical treatment was discussed for the one-dimensional case, but can be extended for
functions of more variables. Let's de�ne the function h(G1, G2, G3), where G8 are the coordinates
corresponding to the normal 3-D basis 4̂8. The function is periodic of periods !1,!2,!3, piecewise-
di�erentiable and summable over the domain B. Then, h can be expanded into the Fourier series
of modes ĥ=,?,@

h(G1, G2, G3) =
"1/2∑

==−"1/2

"2/2∑
?=−"2/2

"3/2∑
@=−"3/2

ĥ=,?,@4
z:=,?,@ ·G

ĥ=,?,@ =

∫
B
h(G1, G2, G3)4− z:=,?,@ ·G33G

(A.10)

G = G14̂1 + G24̂2 + G34̂3 is the displacement vector while :=,?,@ = :1= 4̂1 + :2? 4̂2 + :3@ 4̂3 is the wave
vector. :1=, :

2
?, :

3
@ are the wavenumbers of the respective physical directions 4̂1,4̂2,4̂3. Along each

direction the function h(G1, G2, G3) is independently expanded into its one-dimensional Fourier series.
The number of modes necessary to cover all the spectral space of ĥ=,?,@ is ("1 + 1) ("2 + 1) ("3 + 1).
For each direction, the number of modes "8 + 1 is prescribed by �uid dynamic conditions. In the
case of homogeneous turbulence :[ = 2c

[
, where [ is the Kolmogorov lengthscale, is the largest

wavenumber of the turbulent kinetic energy spectrum. Therefore the spectral domain is derived by
the following inequalities

:1"�- , :
2
"�- , :

3
"�- > :[

:1"�- =
c"1

!1
, :2"�- =

c"2

!2
, :3"�- =

c"3

!3

(A.11)

The function h(G1, G2, G3) is discretised over the computational grid of #1 × #2 × #3 elements
and grid spacing ΔG8 = !8/#8. If we denote G8,;,A = (8 − 1)ΔG14̂1 + (; − 1)ΔG24̂2 + (A − 1)ΔG34̂3 as the
displacement vector, in analogy to the one-dimensional case, we can derive a relation between the
exact modes ĥ=,?,@ and the ones that are actually computed h̄=,?,@ through sum of �nite elements
(A.12).

h̄=,?,@ =
1

#1#2#3

#1∑
8=1

#2∑
;=1

#3∑
A=1

h(G1, G2, G3)4− zG8,;,A ·:=,?,@ (A.12)

The equation (A.4) can be derived in the generalised form

h̄=,?,@ =
1

#1#2#3

"1/2∑
C=−"1/2

"2/2∑
I=−"2/2

"3/2∑
<=−"3/2

ĥC ,I,<XC ,=+U1#1XI, ?+U2#2X<,@+U3#3 , U1, U2, U3 ∈ Z

(A.13)
It follows at once that the grid nodes #8 and the number of modes "8 are related as

#1 > "1 , #2 > "2 , #3 > "3 , (A.14)

The coarsest computational grid that satis�es the requirement (A.14) has size ("1 + 1) × ("2 +
1) × ("3 + 1).

The non-linear term ℎ(G1, G2, G3) = 0(G1, G2, G3)1(G1, G2, G3) is treated with the 3/2 dealiasing pro-
cedure. The functions 0(G1, G2, G3), 1(G1, G2, G3), ℎ(G1, G2, G3) satisfy the assumptions of derivability,
integrability and periodicity made about h(G1, G2, G3). The treatment is then extended from the
one-dimensional problem. The principle is always the same: to represent the exact Fourier modes
ĥ=,?,@ only within the domain of 0̂=,?,@ and 1̂=,?,@. The function ℎ(G1, G2, G3) has to be resolved
over the grid of size #̃1 × #̃2 × #̃3, where the smallest number of nodes #̃8 necessary to meet the
requirement, by condition (A.13), are
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#̃1 = 3/2#1 − 1/2 , #̃2 = 3/2#2 − 1/2 , #̃3 = 3/2#3 − 1/2 , (A.15)

Therefore, for each direction, only the �rst 1/2 modes of the Fourier series of the non-linear
term are actually computed, while the remaining 1/2 are discarded.
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Appendix B

The Rogallo procedure

The Rogallo procedure is employed to compute the spectral Navier-Stokes equations in the homo-
geneous shear �ow. The technique is necessary since the mean shear introduces a non-periodic term
in the equations of the turbulent �uctuation h(G, C). In order to understand this, we consider the
turbulent shear �ow, that is the object of our research. We de�ne the �rst inertial reference, whose
space is measured by the �xed basis 4̂1, 4̂2, 4̂3. The domainA over such space is the box in �gure B.1.
Through the classical Reynolds decomposition, the instantaneous �eld D(G, C) is decomposed into
the averaged velocity * (G3) and the turbulence �uctuation h(G, C), namely D(G, C) = * (G3) + h(G, C).
The mean velocity is * (G3) = (G34̂1, where ( is the mean shear. Due to the averaged shear, the
turbulent �eld is steadily supplied with energy. This energy comes from the work of the averaged
viscous and Reynolds stresses performed by the mean �eld over the boundary of A, and allows that
turbulence does not decays in time.

Figure B.1: The domain of the shear �ow A.

The Navier-Stokes equation of the turbulence �uctuation h(G, C) are

{
d 5

mh
mC
(G(C), C)

��
G=2>BC

+ d 5 h3(G(C), C)(4̂1 + d 5 (G3 mhmG1 (G(C), C) = −∇?(G(C), C) + `∇
2h(G(C), C) + 5? (G(C), C)

∇ · h(G(C), C) = 0 G ∈ A
(B.1)

The equations cannot undergo the Fourier expansion over the domainA. The problem originates
from the mean �eld, that is non periodic under the current reference. In particular, the equation
must be somehow manipulated in order that the term d 5 (G3

mh
mG1

disappears.
To deal with the problem, Rogallo proposed the following change of the parametrisation of the

turbulence �uctuation
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
h̃1 = h1 − (G3
h̃2 = h2

h̃3 = h3

C̃ = C


G̃1 = G1 − (G3C
G̃2 = G2

G̃3 = G3

C̃ = C

(B.2)

We refer to G as the coordinates of the �xed reference and to G̃ as the coordinates in the moving
reference. In this new reference the �uid is mapped over the space that is moving as the mean �eld.
Hence, even if the velocities are still measured under the inertial observer, the �uid particles are
tracked with respect to the moving reference. In this frame the new domain B, that starts from the
undeformed con�guration A, is progressively subjected to shear deformation, see �gure B.2.

Figure B.2: The skewed B(C) (solid line) and �xed domain A (dash line) of the shear �ow. Sight
of the plane 4̂3, 4̂1.

The complexity of this new time-dependent topology allows to reduce the equations to a periodic
problem. In fact, through the change of coordinates (B.2), there exists the following transformation
of the time partial derivative of the velocity h, computed under the �xed space.

mh

mC

����
G=2>BC

(G(C), C) = mh

mC

����
G̃=2>BC

(G̃(C), C) − mh

mG1
(G3 (B.3)

With such manipulation the Navier-Stokes equations (B.1) are recast into the periodic form

{
d 5

mh
mC
(G̃(C), C)

��
G̃=2>BC

+ d 5 h3(G̃(C), C)(4̂1 = −∇?(G̃(C), C) + `∇2h(G̃(C), C) + 5? (G̃(C), C)
∇ · h(G̃(C), C) = 0 G ∈ B

(B.4)

The velocity and the pressure �eld are mapped in the moving reference, namely h(G̃(C), C) and
?(G̃(C), C) . Therefore the spatial derivatives in equations (B.4), that refer to the �xed space, must
be converted into the skewing con�guration as well. It easily proved that the nabla operator in the
skewing space ∇̃ is related to ∇ as

∇ = ∇̃ + (C4̂3
m

mG̃1
(B.5)

The �elds h(G̃(C), C) and ?(G̃(C), C) are periodic and continuous over the domain B(C), and can be
expanded into the Fuorier series, with respect to the complex bases 4 z:8,<,; ·G̃
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h(G̃, C) =
∑
8,<,;

ĥ8,<,;4
z:8,<,; ·G̃ , ĥ8,<,; =

1

+

∫
B(C)

h(G̃, C)4− z:8,<,; ·G̃33G̃

?(G̃, C) =
∑
8,<,;

?̂8,<,;4
z:8,<,; ·G̃ , ?̂8,<,; =

1

+

∫
B(C)

?(G̃, C)4− z:8,<,; ·G̃33G̃

:8,<,; =
2c8

!1
4̂1 +

2c<

!2
4̂2 +

2c;

!3
4̂3

8 ∈ [−"1/2, "1/2] , < ∈ [−"2/2, "2/2] , ; ∈ [−"3/2, "3/2] ,

(B.6)

The modes ĥ8,<,; and ?̂8,<,; measure the intensity of the �uctuation related to the scale
:8,<,; = :

1
8
4̂1 + :2<4̂2 + :3; 4̂3. Since the turbulent signals are band-limited, the integer indeces 8, <, ;

span between a negative minumun to a positive maximum, as we have discussed in A. Hence, the
spectral domain is chosen to describe all the turbulent lengthscale. The direction of periodicity
are 4̂1, 4̂2, 4̂3, of periods !1, !2, !3, which are also the sides of the domain A. + is the volume of
the domain B(C), that corresponds to A's, since the change of coordinates (B.2) is isochoric. From
the relation (B.5), we de�ne the modi�ed wave vector :"8,<,; = :8,<,; + (C:18 4̂3 and we compute the
spectral Navier-Stokes equations


d 5

m̂h
mC 8,<,;

+ d 5 ĥ38,<,;(4̂1 + z d 5 :"8,<,; · ˆ(h ⊗ h) = − z :"8,<,; ?̂8,<,; − `:2"8,<,; ĥ8,<,; + 5̂?8,<,;
?̂8,<,; = z

2d 5 (:
1
8
ĥ38,<,;−:"8,<,; ·{ 5̂?8,<,;− zd 5 :"8,<,; · ˆ(h⊗h) }

:2
"8,<,;

(B.7)

The divergence constraint is replaced by the analytic expression of the pressure ?̂, that is derived
by taking the divergence of the momentum equation. The modes can be advanced in time, once
known the initial conditions. The physical quantities are reconstructed over the space B, through
the Fourier decomposition (B.6).

Figure B.3: Sketch of the deformation of B(C) (solid line). The �xed domain A is in dash line. View
from the plane 4̂3, 4̂1. The domain B starts its motion at time C = 0, when coincides to A. B is
skewed by the mean shear, being deformed into a parallelogram. At time C', B can be reassembled
into the original undeformed domain A, due the periodicity.

In �gure B.3 the evolution of the deformation of the computational domain B is presented. The
temporal integration of the equations (B.7) is possible under a mathematical framework. However,
while advancing in time, we would require increasing number of the modi�ed wavenumbers, due
to the relation :"8,<,; = :8,<,; − C:18 (4̂3. Due the limited computational resources, in�nite amount
of memory cannot be allocated. The solution is to remesh the computational domain B into the
physical one A, exploiting the periodic property of the �eld. In fact, the original physical space,
depicted in �gure B.3 ( C = 0 ), is distorted into the parallelogram of increasing skewness ( the
domain B ). At time C = C', the top-left corner of the parallelogram intercepts the top-right corner
of the original rectangular, and the �eld can be remeshed with no harm into the domain A. The
procedure is repeated at future time steps.

The frequency of the remeshing is controlled by the averaged shear and aspect ratio !1/!3
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C' =
!1

!3(
(B.8)

To describe the remeshing procedure we have to distinguish between the computational ĥ and
the physical h̃ modes.

h(G̃, C) =
∑
8,<,;

ĥ8,<,;4
9:8,<,; ·G̃ , ĥ8,<,; =

1

+

∫
B(C)

h(G̃, C)4− 9:8,<,; ·G̃33G̃

h(G, C) =
∑
8,<,;

h̃8,<,;4
9:8,<,; ·G , h̃8,<,; =

1

+

∫
A(C)

h(G, C)4− 9:8,<,; ·G33G
(B.9)

The computational modes ĥ are computed according to (B.6) and evolved in time with the
spectral Navier-Stokes equations (B.7). The domcomposition is performed over the domain B,
where the periodic conditions are enforced at run time. At remesh time, and only at remesh time,
the �eld is periodic over bothA and B, as shown in �gure B.3. Therefore we can compute the Fourier
series od the �eld over the domain A, of modes h̃. During the remeshing the computational modes
ĥ must be converted back to the physical ones h̃. Therefore we have to derive the relation between
the two spectral variables. With this purpose we expand the wave vector :8,<,; = :18 4̂1 + :2<4̂2 + :3; 4̂3
and the displacement vector G̃ = G̃14̂1 + G̃24̂2 + G̃34̂3 along their directions. For the sake of clarity
the dependency in the spetral modes on three wavenumbers is highlighted, namely h̃(:1

8
, :2<, :

3
;
)

and ĥ(:1?, :2@, :34). By using the de�nitions (B.9) and exploiting the change of coordinates (B.2), we
obtain

h̃(:18 , :2<, :3; ) =
1

+

∫
A(C)

h(G, C)4− z:8,<,; ·G33G =

=
1

+

∑
?,@,A

ĥ(:1?, :2@, :3A )
∫
B(C)

4 z:?,@,A ·G̃4− 9 {:8,<,; ·G̃+C'(G̃3:
1
8
}33G̃ =

=
∑
?,@,A

ĥ(:1?, :2@, :3A )
1

+

∫
B(C)

4 z (:
1
?−:18 ) G̃14 z (:

2
@−:2<) G̃24 z (:

3
A −:3; −:

1
8
(C') G̃33G̃13G̃23G̃3 =

=
∑
?,@,A

ĥ(:1?, :2@, :3A )X:1? ,:18 X:2@ ,:2<X:3A ,:3; +:18 (C' =

= ĥ(:18 , :2<, :3; + :
1
8 (C') = h̃(:18 , :2<, :3; )

(B.10)

The equation (B.10) provides the relation between the physical h̃ and computational ĥ modes.
The spectral domain of ĥ is �xed during the computation and it is represented by :1 ∈ [−:1

"�-
, :1
"�-
],

:2 ∈ [−:2
"�-

, :2
"�-
], :3 + :1

8
(C' ∈ [−:3"�-

, :3
"�-
]. The modes ĥ(:1

8
, :2<, :

3
;
+ :1

8
(C') that are rel-

evant for the turbulence are prescribed by �uidynamic contraints, in particular for homogeneous
turbulence we have

:1"�- , :
2
"�- , :

3
"�- ≥ :[ =

2c

[
(B.11)

where :[ denotes the Kolmogorov spatial scale. The domain of h̃(:1
8
, :2<, :

3
;
) on the other hand

is function of the remeshing time C', and requires less wavenumbers than ĥ. Since on the numerical
ground the same memory is allocated for both the computational and physical modes, a dealiasing
procedure is required. In particular, at remeshing time C', only the modes ĥ(:1

8
, :2<, :

3
;
+ :1

8
(C') such

that |:3
;
+ :1

8
(C' | ≤ :3"�-

can be used to compute h̃(:1
8
, :2<, :

3
;
). The remaing modes h̃ inevitably

come from the external region of the boundary of ĥ, and are set to zero.
The inequality |:3 + :1(C' | < :3

"�-
can be represented on the plane (:1, :3) to depict the

modes h̃ that are actually computed during the remeshing, see �gure B.4. The e�ect of truncating
such �uidynamic scales on h̃ introduces an unphysical dissipation. This drag of energy is spectrally
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Figure B.4: Modes ĥ(:1, :2, :3+ :1(C'), depicted over the plane (:1, :3), that satis�es the condition
|:3+:1(C' | < :3"�-

and are available for the remeshing procedure. The remaing modes h̃(:1, :2, :3)
are set to zero, since derived from the external region of the boundary of ĥ. The external rectangular
of sides 2:1

"�-
, 2:3

"�-
is the numerical domain of h̃, while the dashed zone corresponds to the

truncated h̃ modes. :A is the smallest truncated wave vector of the physical modes.

located at the smallest discarded wavenumber :A . The expression of :A can be easly derived from
the sketch B.4, and reads

:A =
:3
"�-√

1 +
(
!3
!1

)2 (B.12)

In order not to introduce a dealiasing bias, this unphysical forcing must fall outside the resolved
spectral domain. In other words the smallest truncated scale must be placed over the dissipative
range, namely :A > :[. Therefore the quality of the dealiasing procedure is controlled by the aspect
ratio !3/!1 and the largest wavenumber along the shear direction :3<0G = c(#3 − 1)/!3. This
explains why in our simulations the streamwise size of the domain is !1 = 2!3, while the number
of nodes along the shear direction is #3 = 2#1. The reason is of course to maximise :A in order to
satisfy the constraint

:A =

c (#3−1)
!3√

1 +
(
!3
!1

)2 > 2c

[
(B.13)
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Appendix C

The numerical techniques of the annular

pipe

In this section we report the numerical techinques that we employed to solve the partial di�erential
equation of the annular pipe �ow. The standard low-Mach Navier-Stokes equations for the annular
pipe, in cilindrical coordinates (A, \, I) are presented below



mDA
mC
+ 1
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mADADA
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m\
+ mDID\
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m\2
+ m2)
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(C.1)

In descending order, from top to bottom, the equations are A,\ and I components of the mo-
mentum equation, the continuity equation and the Fourier equation. For simplicity, the subscript
' denoting the ERPP regularised �eld is omitted. Hence the particle forcing 5? is here considered
as a gaussian-shaped function, as prescribed by the regularising procedure. The reader is referred
to section 2.8 for additional details.

The stream-wise average pressure 3%
3I

is a parameter prescribed by the boundary conditions at
inlet and outlet. On the other hand, the �uctuating pressure ?, periodic in the stream-wise direction,
must be solved through the continuity equation. At the walls, the system (C.1) is endowed with
Neumann boundary conditions for the velocity u and the temperature ) , and Dirichlet boundary
condition for the pressure ?, namely 

u('8 , \, I, C) = 0

u('>, \, I, C) = 0

) ('8 , \, I, C) = 1

) ('>, \, I, C) = 0
m?

mA
('8 , \, I, C) = 0

m?

mA
('>, \, I, C) = 0

(C.2)

At the inlet and outlet the periodicity of the �elds u, ) and ? is enforced, namely
u(A, \, 0, C) = u(A, \, !I , C)
) (A, \, 0, C) = ) (A, \, !I , C)
?(A, \, 0, C) = ?(A, \, !I , C)

(C.3)
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The discretision of the time derivative is performed through a low-storage four-stage Runge-
Kutta algorithm. For further details the reader is referred to section E.

The spatial derivatives of the Navier-Stokes must be discretised as well, by resolving the displaced
variables over the computational grid. The present section reports the algorithm used to achieve
such discretisation.

C.1 The spatial discretisation of the annular-pipe Navier-Stokes

equations

Figure C.1: The staggered arrangement in the cylindrical coordinate system (A, \, I). The scalar
variables are collocated at the center of the computational cell. The radial ( red ), azimuthal ( green
) and axial ( blue ) components of the vector �elds are stored at cell faces.

The system of partial di�erential equations is resolved over a staggered mesh, by means of
an energy-conserving second-order di�erence scheme developed by Fukagata and Kasagi [103] for
incompressible �ows. In the staggered mesh, see �gure C.1, the scalar variables (i.e. pressure,
temperature, divergence, etc...) are collocated in the centre of the computational cell, while the
vectors ( i.e. the velocity, momentum, forces) lie at the faces. The grid is parametrised with the
vector index 8, 9 , :, referring to the radial, azimuthal and the axial position. The integer indices
correspond to the cell centres, while the fractional ones ( e.g. 8+1/2, 9 , : ) to the faces . The standard
second-order approximation of the arithmetic mid-sum is employed to interpolate variables that
are stored in di�erent points of the mesh. Exceptions are present in the momentum and thermal
convection terms, and will be discussed later. However, many terms that require interpolation in the
collocated arrangement can be computed, to this second-order approximation, without interpolation.
In fact, both the pressure gradient, the viscous di�usion and the divergence of the �ow are naturally
computed with a central di�erencing scheme, with no need of interpolation. The biggest advantaged
of a staggered con�guration is the strong coupling between the velocity and pressure. This is helpful
to avoids the formation of spurious oscillation in the pressure and velocity �elds. These wiggles are
typical of collocated mesh, and are generated by the inability of such numerical schemes to capture
the grid-scale spatial derivatives in the projection step. In order to provide a better understanding
of the problem, we would brie�y focus on collocated meshes.
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C.1.1 The high frequency instability in collocated arrangements

The collocated arrangement is probably the most simple con�guration, since all the quantities are
stored at the centre of the computational cells. The accuracy of the spatial derivatives achieved
with these di�erence schemes is crucial to establishment of the high-frequency instability. In order
to understand this concept, let's consider an one-dimensional periodic incompressible problem,
over the #-discretised domain of length ! and grid spacing ΔG = !/#. The precision of the spatial
derivatives can be determined through the Fourier, or Von Neumann, analysis. In the Von Neumann
analysis the modes of the discrete spatial derivative are computed and compared with the exact ones.
Hence, we should distinguish between the modes of the derivatives exactly evolved through spectral
methods and their discrete formulation in di�erence schemes. In spectral methods the resolution of
the grid is dictated by the dealiasing procedure, which allows the modes not to contaminate each
other. With the N-grid resolution, #/2 �uid dynamic scales are captured (i.e. the Fourier modes),
that we assume are the relevant ones. Accordingly, the smallest �uid dynamic scale that is detected
is _"�# = 2ΔG. While the spectral equations are evolved in time, the spatial derivatives are exactly
computed, except for the error of the inverse Fourier transform. On the contrary, in a di�erence
scheme, with identical resolution, there is always a discretisation error in the spatial derivatives. In
order to increase the accuracy of the spatial derivatives, one could either increase the their order of
approximation, increase the grid resolution or change the di�erence scheme. A �ner resolution is
of course possible, but the price is a greater computational e�ort. A higher order of approximation
of the derivatives leads to the same issue, since even more nodes are required for the computation.
Due to the limited computational resources, it is clear how much is important to choose the most
suitable numerical scheme for the problem that must be solved.

In the present example, the central di�erencing second-order scheme is used over a grid with
the minimum number of nodes, according to the dealiasing constraint, to resolve the smallest �uid
dynamic scale _"�# . In the classical projection method, see section C.4, the velocity D is decom-
posed into the compressible �eld ¯̄D and the potential correction mk

mG
. The Poission problem and the

projection step are described by the following discrete equations

k8+1 + k8−1 − 2k8
ΔG2

= − D̄8+1 − D̄8−1
2ΔG

, D8 = D̄8 +
k8+1 − k8−1

2ΔG
(C.4)

Due to periodicity, the signals k8 and D̄8 can be expanded into the Fourier series (C.5).

k8 =

# /2∑
==−# /2

k̂=4
zG8:=

D̄8 =

# /2∑
==−# /2

ˆ̄D=4
zG8:=

:= =
2c=

!
(C.5)

The wavenumber := describes the spatial scales of the signals k and D̄, and ranges between
−:"�- and :"�- , where :"�- = c/ΔG. Through the Fourier expansion, the equations (C.4) can
be expressed into the following spectral problem

−(:2)"= k̂= = − z :"= ˆ̄D= , D̂= = ˆ̄D= + z :"= k̂= (C.6)

:"= and (:2)"= are the modi�ed wavenumbers of the �rst and second derivatives captured by the
di�erence scheme, respectively. Owing to the discretising error, the modi�ed wavenumbers di�er
from their own analytical expressions := and :2=. The error depends on the di�erence scheme itself,
as well as on the grid resolution and the order of approximation of the derivatives. The accuracy
usually decreases at the highest frequencies, since the small-scale �uctuations are resolved with
fewer nodes.
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In the example, :"= and (:2)"= are computed from the Fourier transformation of the discrete
derivatives. Therefore, combining equations (C.5) and (C.4), where G8+1 = G8 +ΔG and G8−1 = G8 −ΔG,
we obtain

:"= =
B8=(:=ΔG)

ΔG
, (:2)"= =

2(1 − 2>B(:=ΔG))
ΔG2

(C.7)
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Figure C.2: The modi�ed wavenumbers :" and (:2)" in a second order central ( red lines ) and
staggered ( green circles ) di�erence scheme. Comparison with the analytical expressions ( black
lines ) are reported.

The modi�ed wavenumbers of the present central di�erencing scheme are represented in Figure
C.2 ( red lines ) , where they are compared with the analytical expressions ( black lines ). While the
second derivative is monotone, the �rst derivative has a maximum at :/:"�- = 0.5 and then goes
back to zero at the largest supported frequency :<0G. Hence, it is clear that the numerical scheme
fails to capture the spatial derivatives of the grid-scale �uctuations. This is better understood in
�gure C.3, where the bases 2>B(:"�-G) and B8=(:"�-G) are depicted around the 8 − Cℎ node. The
sine function, and its derivative as well, is zero at each cell centre . The cosine function is measured
with alternating values instead. Its derivative is zero since it is computed with the two outermost
points of the interval of periodicity _"�# .

Thus, at the largest supported frequency of the grid, the pressure ( i.e. the potential �eld mk

mG
)

decouples from the velocity �eld. The Poission equation is recast into a Laplace problem and the
projection step becomes independent on the potential �eld, namely

−(:2)"= k̂= = 0 , D̂= = ˆ̄D= (C.8)

The pressure �uctuation on grid scale aren't detected and any compressible modi�cation D̄ of
the original solenoidal �eld cannot be corrected by the potential �eld. The problem is common
to any numerical scheme with :"

"�-
= 0, since shares equation (C.8). Increasing the order of

approximation of the derivatives wouldn't solve the problem [111, 112]. In fact, this would increase
the accuracy of the modi�ed wavenumbers at any scale but at :"�- , where still :""�-

= 0.
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Figure C.3: The grid-scale �uctuations represented with the second-order central di�erencing and
staggered scheme. The empty circles are the centre of the nodes while the crosses are the faces. The
second-order collocated schemes are unable to detect the grid scale �rst derivative at the i-th node,
since they require the values of 58+1 and 58−1. The function B8=(:"�-G) cannot be represented at
all, being zero at each cell centre. The derivative of 2>B(:"�-G) is zero as well, being computed
over the periodic interval. On the contrary, in the staggered arrangement the derivatives at the
8 − Cℎ node are computed with the two neighbouring cell-face values, with no need of interpolation.
Therefore the cosine basis has non-zero derivative, while the sine is still zero.

The solution of the problem is switching to a staggered grid. In the staggered con�guration the
Poisson problem is still computed at cell centres ( k is a scalar ), but the velocity is stored at cell
faces. Hence no interpolation is required to compute the divergence of D̄. Similarly, the potential
�eld is naturally computed in the projection step. Therefore, the system (C.4), while represented
over a staggered grid, becomes

k8+1 + k8−1 − 2k8
ΔG2

= −
D̄8+1/2 − D̄8−1/2

ΔG
, D8+1/2 = D̄8+1/2 +

k8+1 − k8
ΔG

(C.9)

Following the Von Neumann analysis, the spectral equation is the same of the system (C.6),
with the modi�ed wavenumbers

:"= =
2B8=(:=ΔG/2)

ΔG
, (:2)"= =

2(1 − 2>B(:=ΔG))
ΔG2

(C.10)

The wavenumber (:2)" is still the same of the central scheme, but :" is now monotone, with
the maximum located at the highest supported frequency. The modi�ed wavenumbers are reported
in �gures C.3 ( green circles ).

Figure C.2 shows the same concept from a di�erent point of view. The �uctuations acting on
grid-scale have non zero derivative. In fact, when the derivative is computed at the cell centre (
position 8 ), the values at two adjacent cell faces are used, with no need of interpolation. When
the derivative lies at the cell face ( position 8 + 1/2 ), the values at the two neighbouring cell centre
are used instead. The staggered arrangements essentially doubles the range of frequencies of the
�rst derivatives that are resolved by central schemes. While in the collocated scheme the smallest
length-scale of :" is _��

:"
= 2ΔG, in the staggered arrangement is _(�

:"
= ΔG. This can be clearly

seen in �gure C.2, or comparing equation (C.7) with (C.10).
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Owing two this two-fold resolution, the behaviour in the range of supported frequency [−:"�- , :"�- ]
in the staggered grid is the same of the collocated grid in the range [−:"�-/2, :"�-/2]. Moreover
the accuracy of such derivative (i.e. the maximum of :" ) is increased.

In conclusion, the �rst discrete spatial derivative is never zero at each scale, with the additional
advantage of the increased accuracy. Therefore, the potential ( pressure ) and the velocity �eld
never decouples and the incompressible constraint is always satis�ed at each scale.

C.2 The energy conservation of the �nite di�erence scheme for the

cylindrical coordinate system

One of the most important requirements of DNS incompressible �ows is the energy conservation
of the advection terms in the Navier-Stokes equations. If the conservation of mass and energy
�uxes is not achieved within a su�cient level of accuracy, the simulation can become unstable and
�nally diverge. The conservation is achieved if the advection term satis�es the condition (C.11) on
a discrete ground.

∇ · {d 5 u ⊗ u} · u = ∇ ·
{
d 5 u

u2

2

}
+ u2

2
∇ · {d 5 u} (C.11)

In the present incompressible case the divergence of the velocity �eld is zero. The �uid density
d 5 is a constant and can be factored out in equation (C.11). The conservation is not trivial
when the grid is non-uniform, as in the cylindrical coordinates. The interpolation of the advected
and advecting velocity must take into account the change of area of the cell faces, or the condition
(C.11) won't be not achieved. In this section we present the technique adopted to achieve the energy
conservation, that was developed by Fukagata and Kasagi [103]. Fukagata and Kasagi showed that
the convection of the radial momentum ℎA , which is stored in (8 + 1/2, 9 , :) as the radial velocity,
needs a special treatment. In order to ensure the energy conservation, the advecting velocity in ℎA
must be interpolated with the volume-�ux average, while the advected velocity with the arithmetic

average. The volume-�ux average is denoted by (̂·)
8
( 8-direction ) while the arithmetic average by

(·); ( ;-direction ). The expression of (ℎA )8+1/2, 9 ,: in the discrete form consequently reads

(ℎA )8+1/2, 9 ,: =
1

A8+1/2ΔA8+1/2

[
ADA

8
8+1, 9 ,:DA

8
8+1, 9 ,: − ADA

8
8, 9 ,:DA

8
8, 9 ,:

]
+ 1

A8+1/2Δ\

[
D̂\
8
8+1/2, 9+1/2,:DA

9

8+1/2, 9+1/2,: − D̂\
8
8+1/2, 9−1/2,:DA

9

8+1/2, 9−1/2,:

]
+ 1

ΔI

[
D̂I
8
8+1/2, 9 ,:+1/2DA

:
8+1/2, 9 ,:+1/2 − D̂I

8
8+1/2, 9 ,:−1/2DA

:
8+1/2, 9 ,:−1/2

] (C.12)

The volume �ux averages are de�ned by

D̂\
8
8+1/2, 9+1/2,: =

ΔA8+1D\8+1, 9+1/2,: + ΔA8D\8, 9+1/2,:
2Δ8+1/2

D̂I
8
8+1/2,:,:+1/2 =

A8+1ΔA8+1DI8+1, 9,:+1/2 + A8ΔA8DI8, 9,:+1/2
2A8+1/2ΔA8+1/2j8+1/2

(C.13)

while the arithmetic averages are

ADA
8
8+1, 9 ,: =

A8+1/2DA8+1/2, 9,: + A8+3/2DA8+3/2, 9,:
2

DA
9

8+1/2, 9+1/2,: =
DA8+1/2, 9+1,: + DA8+1/2, 9,:

2

(C.14)

j8+1/2 is a normalisation parameter, being unity if the radial spacing is uniform.
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j8+1/2 =
A8+1ΔA8+1 + A8ΔA8

2A8+1/2ΔA8+1/2
= 1 + ΔA8+1 − ΔA8

2A8+1/2
(C.15)

Fukagata and Kasagi approximate j8+1/2 as unity in general. However the author of the present
work remarks that this could not be true in the vicinity of the longitudinal axis, as suggested by
equation (C.15). Hence, in this thin region of space the scheme could not be energy conserving.
However, the present research deals with annular pipes, where the longitudinal axis is far outside the
computational domain. Therefore, for what concerning our research, the parameter can be safely
considered unity.

The advection of the squared value, D2A , that is the radial component of the kinetic energy, is
represented by the following discrete equation

(�A )8+1/2, 9 ,: =
1

A8+1/2ΔA8+1/2

ADA 88+1, 9 ,:
D̃2A
8

8+1, 9 ,:

2
− ADA 88, 9 ,:

D̃2A
8

8, 9 ,:

2


+ 1

A8+1/2Δ\

[
D̂\
8
8+1/2, 9+1/2,: D̃

2
A

9

8+1/2, 9+1/2,: − D̂\
8
8+1/2, 9−1/2,: D̃

2
A

9

8+1/2, 9−1/2,:

]
+ 1

ΔI

[
D̂I
8
8+1/2, 9 ,:+1/2D̃

2
A

:

8+1/2, 9 ,:+1/2 − D̂I
8
8+1/2, 9 ,:−1/2D̃

2
A

:

8+1/2, 9 ,:−1/2

] (C.16)

The average of the squared value of DA , denoted by (̃·), are computed according to Piacsek and
Williams [113], that is

D̃2A 8, 9 ,: = DA8+1/2, 9,:DA8−1/2, 9,:

D̃2A 8+1/2, 9+1/2,: = DA8+1/2, 9+1,:DA8+1/2, 9,:

D̃2A 8+1/2, 9 ,:+1/2 = DA8+1/2, 9,:+1DA8+1/2, 9,:

(C.17)

With the present averaging the conservation of the radial component of the kinetic energy is
satis�ed. In other words it can be proved the following relation

ℎA8+1/2, 9,:DA8+1/2, 9,: = �A8+1/2, 9,: +
A8+1ΔA8+1D2A8+1/2, 9,:

2A8+1/2ΔA8+1/2
(D · u)8+1, 9 ,: +

A8ΔA8D
2
A8+1/2, 9,:

2A8+1/2ΔA8+1/2
(D · u)8, 9 ,: (C.18)

where D · u represents the discrete divergence operator applied to the velocity �eld, namely

(D · u)8, 9 ,: =
1

A8

A8+1/2DA8+1/2, 9,: − A8−1/2DA8−1/2, 9,:
ΔA8

+ 1

A8

D\8, 9+1/2,: − D\8, 9−1/2,:
Δ\

+
DI8, 9,:+1/2 − DI8, 9,:−1/2

ΔI
(C.19)

The equation (C.18) is the discretised form of the radial component of the balance (C.11),
namely

∇ · {uDA }DA = ∇ ·
{
u
D2A

2

}
+ D

2
A

2
∇ · u (C.20)

The divergence of u in equation (C.18) is evaluated at position 8 + 1/2, 9 , : through the averaging
of (D · u)8+1, 9 ,: and (D · u)8, 9 ,: . The �uid density d 5 , that is present in equation (C.11), is omitted
being constant. The treatment is valid only for incompressible �ows. However it can be extended
to a more general case, by including the density in the arithmetic averaging of the advected velocity
[112].
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The axial and azimuthal momentum convection ℎI and ℎ\ , such as the as the other momentum
terms, can be discretised, without harm, with the standard second order arithmetic average. Hence
their discrete expressions are not presented in this section.

Finally, the metric terms of the cylindrical coordinates are discretised as proposed by Fukagata
and Kasagi. Their expressions are presented below(DAD\

A

)
8, 9+1/2,:

=
1

A8
DA
8
9

8, 9+1/2,:D\8, 9+1/2,:(
D2
\

A

)
8+1/2, 9 ,:

=
1

A8+1/2

ΔA8+1D2\
9

8+1, 9 ,: + ΔA8D
2
\

9

8, 9 ,:

2ΔA8+1/2

(C.21)

C.3 The spatial discretisation of the scalar equations

The Fourier equation is a scalar equation for the temperature. In the present model the temperature
is a passive scalar that is transported and di�used across the turbulent �eld. This section reports the
numerical techniques adopted to discretise the domain of temperature �eld. The method employed
is a total variation diminishing scheme, or TVD. The scheme combines two di�erent discretisation
approaches of scalar equations on a staggered grid: central and upwind di�erencing schemes. Before
entering into details of the TVD scheme, we prefer to give a brief description of these two methods.

Both upwind and central di�erencing have advantages and disadvantages. In the central di�er-
encing scheme, the transported variables is subjected to false numerical oscillations, owing to the
inability to detect the high frequency spatial variations [114, 115, 111]. The reason is that, although
central second order schemes are accurate, they are not monotonicity preserving. Hence they can
cause instability, and eventually the simulation can diverge. The simplest monotone di�erence
scheme is the �rst order upwind scheme. However, the standard upwind scheme is less accurate (
only �rst order ) and introduces more numerical di�usion due to its complex modi�ed wave number.
In order to explain the feature brie�y discussed, in the next sections we will provide the semi-discrete
analysis of a one-dimensional problem. The temporal evolution of the error of the schemes will be
helpful to understand the numerical di�usion and the accuracy of the two approaches.

C.3.1 Accuracy and stability of upwind and central di�erencing schemes

In this section we address the main features of the �rst order upwind and second order central
di�erencing schemes. In order to provide a deep insight of the di�erence between the two schemes,
we introduce the one-dimensional periodic problem, over the domain D = [0, !), of the scalar q(G, C)
transported by the advecting velocity D:

mq

mC
+ D mq

mG
= 0 , G ∈ [0, !)

q(G, 0) = q0(G)
(C.22)

In the equation q0(G) is the initial condition, while D is a constant in a one-dimensional problem.
The semi-discrete analysis provides the evaluation of the error n (G, C) = q� (G, C) − q(G, C), due to
the spatial discretisation. To this end, we will distinguish between the exact solution q(G, C) of
the partial di�erential equation (C.22) and the approximated solution q� (G, C) of the related N-
discretised equation. In the spectral space of # + 1 modes, the di�erence between the two solutions
is in the modi�ed wavenumber :"= , namely

{
mq̂=
mC
+ D z:=q̂= = 0, = ∈ [−#/2, #/2]

q̂= (0) = q̂0=

{
mq̂�=
mC
+ D z:"= q̂�= = 0, = ∈ [−#/2, #/2]

q̂= (0) = q̂0=
(C.23)
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The solution of the systems (C.23) can be found integrating by part, and the error n̂=, in the
spectral space, is readily computed

n̂= (C) = q̂0={4− zD:
"
= C − 4− zD:=C } (C.24)

The amplitude of the error n= (C) is computed from equation (C.24), and reads

|n̂= | (C) = |q̂0= |{1 + 42D=(:
"
= )C − 24D=(:

"
= )2>B[(<(:"= ) − :=)DC]} (C.25)

The modi�ed wavenumber :"= depends on the scheme that is adopted, and in general may be
a complex number. In equation (C.25) <(:"= ) denotes the real part of the modi�ed wavenumber,
whereas =(:"= ) the imaginary part. As clear from equations (C.24) and (C.25) , while the real part
<(:"= ) is a source of error for the phase of q̂�=, the imaginary part =(:"= ) generates errors in its
amplitude. The modi�ed wavenumbers of the �rst order upwind and second order central scheme
[112, 114, 115] are reported below{

:"=

��
*%(

=
B8=(ΔG:=)

ΔG
− z{ 1−2>B (ΔG:=)

ΔG
} , D > 0

:"=

��
*%(

=
B8=(ΔG:=)

ΔG
+ z{ 1−2>B (ΔG:=)

ΔG
} , D < 0

:"=

��
�(

=
B8=(ΔG:=)

ΔG
(C.26)

The modi�ed wavenumber of central schemes has no imaginary, hence there is no error in the
amplitude of the solution. The error (C.25) is doomed to perpetually oscillate, due to the phase
error. The frequency of the oscillation is largest for the smallest supported spatial scale, where the
modi�ed wavenumber :"= = 0. The example illustrates the wiggles occurring in central di�erencing
schemes, that make the code unstable. In order to reduce the oscillations one could either to
increase the accuracy of the scheme or to increase the resolution. This would reduce both the
discrepancy between the modi�ed and exact wavenumber. Note that in the proposed example, this
does not a�ect the maximum of the error |n̂= (C) |, that still is 2q̂0=. This is because the di�usion is
not included in the problem. In a real problem to increase the resolution of the spatial derivatives
would eventually increase the di�usion ( i.e. the modi�ed wavenumber (:"= )2 ) captured by the
scheme, damping the peaks of the error |n̂= |.

On the contrary in the upwind scheme :"= is a complex number. Its imaginary part introduces
a false numerical dissipation ( D=(:"= ) is always negative ). The �ctitious di�usion damps the
oscillations, making the solution more stable, in particular for the smallest scales. However the
error converges to a non-zero value. Therefore the numerical di�usion introduced by the imaginary
part of the modi�ed wavenumber damps the wiggles, but makes the scheme less accurate. Figure
C.4 reports the di�erences between the central and upwind scheme in the amplitude of the error
|n̂= (C) |, for three di�erent spatial scales :# /2 = c

Δ
, :# /4 = c

2Δ and :# /8 = c
4Δ .

In conclusion, the second order central schemes are very accurate, but can give undershoots
and overshoots when the Peclet number is high ( i.e. strong convection ). When this high order
scheme is used to solve turbulent transported quantities, this could lead to false negative values and
instability. Conversely, the upwind di�erencing scheme is the most stable, and avoids the formation
of unphysical wiggles. However the scheme introduces much di�usion due to both the low accuracy
and its complex modi�ed wavenumber.

C.3.2 The total variation diminishing schemes

The class of TVD ( total variation diminishing ) schemes aim at achieving oscillation-free solutions
with still a high level of accuracy. Early schemes of this kind were called �ux corrected transport
(FCT) schemes [116, 117], and their development has led to the modern TVD schemes [118, 119,
120, 121, 122, 123].

A stable, non oscillatory scheme should be monotonicity preserving. In order to satisfy the
monotonicity the scheme must not create local maxima or minima, and the value of existing local
extrema must not be ampli�ed. In other words the scheme must not create new undershoots
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= = #/2

= = #/4

= = #/8

Figure C.4: The error |n̂=/k̂0
= | versus the dimensionless time CD/ΔG for the upwind ( purple ) and

central ( green ) di�erencing scheme. In the central schemes the error in�nitely oscillates. The
modes of the scales :# /2 ( top panel ), :# /4 ( mid panel ) and :# /8 ( bottom panel ) are reported.
The frequency of the oscillations in the central scheme is largest for the smallest lenght-scale :# /2.
The numerical damping from the upwind scheme causes the oscillations to reduce, although the
error converges to a non-zero value.

or overshoots and must not accentuate existing extrema. The e�ect is that the total variation
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)+ (q) = ∑#
8=1 |q8+1 − q8 | of the discretised solution q8 should diminish with time. Therefore, the

scheme is said to be total variation diminishing, or TVD, if the total variation at two consecutive
time steps = + 1 and = is always decreasing, namely

)+ (q=+1) ≤ )+ (q=) (C.27)

The reader must notice that the proof of the monotonicity preserving is always given in the
one-dimensional case, while it is not for the multi-dimensional problems.

To describe the TVD scheme we consider the one-dimensional form of the convection di�usion
equation (C.1). The discretisation of the di�usion equation can be done with the standard central
di�erencing arrangement and does not require further explanation. The advection term, on the
other hand, requires special care, to avoid the formation of false extrema. TVD schemes is designed
to treat the convection term with the �rst order upwind scheme in the presence of steep gradients,
while recovering the high accuracy of second order central schemes where the solution is smooth.

To illustrate the TVD scheme we consider the convection term Δ{qD }
ΔG

���
8
in a one-dimensional

problem

Δ{qD}
ΔG

����
8

=
D8+1/2q8+1/2 − D8−1/2q8−1/2

ΔG
(C.28)

In this example the velocity D is assumed positive. The advection term requires no interpolation
for the velocity, since it is collocated in staggered points 8 + 1/2 ( cell face value ). On the other
hand the scalar quantity q is collocated in the integer index points 8 ( cell centre value ). The cell
face values of q must be somehow computed from the neighbouring cell centre values. In the second
order central di�erencing the interpolation is computed according to the linear equation

q8+1/2 = q8 +
q8+1 − q8

2
(C.29)

In the �rst order upwind di�erencing the cell face quantity is obtain through the equation

q8+1/2 = q8 (C.30)

The TVD scheme is constructed by means of the �ux limiter function Ψ(A), that is a non-linear
function of the local variation, denoted by A, of the scalar gradient.{

q8+1/2 = q8 + 1
2Ψ(A8+1/2) (q8 − q8−1)

A8+1/2 =
q8+1−q8
q8−q8−1

(C.31)

The interpolation is the sum of the di�usive �rst order upwind term and the anti-di�usive high-
order quantity. The operatation is regulated by the �ux limiter Ψ(A). The upwind �rst order scheme
is obtain when the �ux limiter is Ψ(A) = 0, while the standard second order central di�erencing when
Ψ(A) = A. The monotonicity preserving condition is achieved by the scheme if:

0 ≤ Ψ(A) ≤ 2 (C.32)

Basing on the condition (C.32) the �rst order upwind scheme is clearly monotone, while the
second order central di�erencing is not in the case of large gradient variation. By specifying a
proper �ux limiter function Ψ(A) it is possible to achieve the monotonicity preserving property
[122]. In the present research we have adopted the Chakravarthy-Osher limiter [124], reported in
equation (C.33), where the constant is set to  1 = 2.

Ψ(A) = <0G [0, <8=(A,  1)] (C.33)
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Figure C.5: Sketch of the annular domain D. '8 and '> are the inner and outer wall radius. The
�uid �ows in the gap between the cylinders.

C.4 The Chorin's projection method

The �uidynamic of the annular pipe is described by the standard-incompressible Navier-Stokes
equations in the domain D

∇ · u = 0

d 5

(
mu

mC
+ u · ∇u

)
= −∇? − 3%

3G3
4̂3 + `∇2u + f?

u(x, C) |mD, = u1 (x, C)
u(x, C) |(8= = u(x, C) |(>DC
u(x, 0) = u0(x) G ∈ D

(C.34)

In the equation fp is the forcing from the dispersed phase and 3%
3G3

is the averaged pressure
gradient in the streamwise direction. The boundary conditions are periodic at the inlet (8= and
outlet (>DC surface, and no-splip at the walls mD, . The initial condition, at the reference time
C = 0, is u0(x, C). The problem of solving this equation is that the hyrodynamic pressure ∇? is
uncoupled from the state equation, that in the present incompressible �ow simply reads

d 5 = 2>=BC0=C (C.35)

In fact, in the low-Mach limit of Navier-Stokes equation, the hydrodynamic pressure is solely
determined by the �ow �eld u. Physically, the hydrodynamic pressure represents the constraint
required to satis�es the zero-divergence condition prescribed by the continuity equation. Mathe-
matically speaking, ∇? can be computed by the elliptic equation derived by taking the divergence of
the momentum equation. This equation can replace the continuity condition in the system (C.34).
By means of a backward Euler method, the over-mentioned system can be discretised in time,
yielding {

u=+1−u=

ΔC
+ u= · ∇u= = −∇?=+1 + `∇2u=+1

∇2?=+1 = ∇ ⊗ ∇ : {u=+1 ⊗ u=+1}
(C.36)

The present scheme is highly ine�cient since requires, at each time step, the solution u=+1. More
speci�cally, the problem is that in the present algorithm the continuity and the momentum equation
must be solved simultaneously.
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To tackle the issue, Chorin [104, 125, 126] proposed a numerical technique aimed at decoupling
the computation of u=+1 and ?=+1. The method consists in ignoring the pressure gradient and
advancing an auxiliary solution ū, which does not satisfy the divergence constraint. In a later step,
the intermediate velocity �eld ū is projected back to the incompressible vector �eld, by mean of
a potential �eld ∇k. The method is repeatedly applied at each time step and ensures that the
solutions u=+1 and ?=+1 satisfy the momentum and continuity equations.

We shall discuss the procedure for a generic time-step ΔC = C=+1 − C=, where C= and C=+1 denote
the initial and advanced instant, respectively. Hence, the algorithm evolves the solution between
time C= to C=+1. The reiteration of the method allows the long-term integration.

The approach consists in additively splitting the velocity �eld u(x, C) into the �elds ū(x, C) and
∇k(x, C), namely

u(x, C) = ū(x, C) + ∇k(x, C) (C.37)

The velocity �eld ū(x, C) satis�es the Navier-Stokes equation C.34 when the pressure �eld ∇? is
ignored, namely


d 5

(
mū

mC
+ u · ∇u

)
= − 3%

3G3
4̂3 + `∇2ū + f?

ū(x, C) |mD = u1 (x, C)
ū(x, C) |(8= = ū(x, C) |(>DC
ū(x, C=) = u0(x) G ∈ D , C ∈ [C=, C=+1]

(C.38)

ū(x, C) is an auxiliary solution of the Navier-Stokes equation that does not satisfy the continuity
equation. After being advanced through equation (C.38), ū(x, C) must be projected back to the
divergence-free vector �eld. The procedure is achieved through the potential �eld ∇k, that recovers
the informations that are missing in the �eld ū.



∇ · (ū + ∇k) = 0

d 5
m∇k
mC

= −∇? + `∇2∇q
mk

m=
(x, C)

���
mD,

= 0

k(x, C) |(8= = k(x, C) |(>DC
∇k(x, C=) = 0 G ∈ D , C ∈ [C=, C=+1]

(C.39)

Starting from the reference time C=, and evolving the solution to time C=+1 = ΔC, the Chorin's
algorithm proceeds as follows

1. to �nd the solution ū(G, C=+1), by integrating over the time-step ΔC the equation (C.38) with
initial and boundary conditions u0 and u1

2. to use the auxiliary solution ū8 9 (A, C=+1) to solve the Laplace problem ( �rst equation in (C.39)

) with the boundary condition mk

m=

���
mD,

= 0

3. to use the resulting potential �eld ∇k(x, C=+1) to project ū(x, C=+1) back to the space of incom-
pressible vector �elds through the relation (C.37)

4. �nally the adhesion boundary condition is reapplied by hand to the resulting �eld u(x, C=+1)

The method ensures that the solution satis�es both the continuity and momentum equation of
the incompressible �ows. However, decomposing the solenoidal �eld by means of a potential �ow
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leads to a numerical error that is better to be addressed. In fact, the reader should notice that the
system (C.39) is a second order partial di�erential equation for the scalar function k. Therefore we
can apply only one boundary condition at the walls and we have to choose between impermeability
and adhesion. The most common choice in the literature is to enforce the impermeability condition,

that is mk

m=

���
mD

= 0. The condition is equivalent to enforce, but an error of order ΔC, the pressure

boundary condition of a solenoidal �eld, namely

m?

m=

����
mD,

= 0 (C.40)

The tangential component on the wall of the potential �eld is ∇ck |mD, , where c is the local
tangent plane relative to the point x ∈ mDW. Owing to the nature of the partial di�erential
equation (C.39), the adhesion can't be enforced as well to the �eld ∇k. Hence the velocity ∇ck
should appear in the boundary condition of ū, in the system (C.38). This would ensure that the
decomposition in the two system of equations, induced by the relation (C.37), is formally correct.
In other words, the sum of the split systems must return the original di�erential equation. To this
end, the wall boundary condition of the auxiliary solution should be ū(x, C) |mD = u1 (x, C) − ∇ck |mD,
Unfortunately, the boundary conditions of ū are the same of u. This means that the no-slip condition
is enforced on the auxiliary solution instead of u. The resulting numerical error, at the wall, is
exactly the potential �eld ∇ck |mD, . Fortunately, the �eld k evolves at each time step from the
homogeneous con�guration. Hence, the error introduced by the false adhesion is in�nitesimal, and,
equally important, it is not accumulated over time.

In conclusion, the resulting �eld ū does not satisfy the adhesion boundary condition, even if
for an in�nitesimal error. Therefore the no-splip condition of the �eld ū is reintroduced by the
Navier-Stokes solver at the end of each time-step. This results in a concentrated numerical vorticity
at the wall, that is later di�used by the Navier-Stokes solver [127]. If the algorithm is convergent
this numerical boundary layer is bounded, with no-harm for the rest of the computation, close to
the wall. A di�erent choice of the wall boundary condition of the potential �eld is in principle
possible, but this gives rise to di�erent numerical boundary layers [128, 129].

C.5 The Laplace problem of the potential �eld

We shall now present how the Laplace equation of the potential �eld k is solved. The above-
mentioned Laplace problem is derived by taking the divergence of equation (C.37), embedded with
the boundary conditions in (C.39)

∇2k = −∇ · ū(x, C=+1) ,
mk

m=

����
mD,

= 0 , k(x, C) |(8= = k(x, C) |(>DC (C.41)

The velocity �eld ū(x, C=+1) is the auxiliary solution, i.e. the solution of equation (C.38). At
this stage of the computation, when we have to compute the potential �eld, ū(x, C=+1) is a known
function.

In cylindrical coordinates, the potential �eld k(A, \, I, C) is periodic in both \ and I. The �eld
is reasonably smooth and bounded, then we can expand k into the uniformly convergent Fourier
series of modes k̂;@ (A, C).

k̂;@ (A, C) =
1

2c!I

∫ 2c

0

∫ !I

0
k(A, \, I, C)4− zk;@ ·[3I3\ , k(A, \, I, C) =

#\/2∑
;=−#\/2

#I/2∑
@=−#I/2

k̂;@ (A, C)4 zk;@ ·[

k;@ = :
\
; \̂ + :

I
@ 4̂3 , [ = \\̂ + I4̂3

(C.42)
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The wave vector k;@ is decomposed into the wavenumbers : \
;
= ; and : I@ =

2c@
!I

, of directions

\̂ and 4̂3 respectively. [ is the displacement vector of the periodic domain, that in the present
con�guration is the portion of the cartesian space {\, I}, such that \ ∈ [0, 2c) and I ∈ [0, !I).
The laplacian operator can be expressed in cylindrical coordinates and by means of the Fourier
transformation (C.42), the Laplace problem (C.41) is recast into the following spectral form

1

A

m

mA

(
A
mk̂;@

mA

)
−

(
: \2
;

A2
+ : I2@

)
k̂;@ = −k;@ · ˆ̄u;@ ,

mk̂;@

m=
('8 , C=+1) = 0 ,

mk̂;@

m=
('>, C=+1) = 0 (C.43)

The equation, once discretised along the #A -resolved height of the annular pipe, is expressed
into an algebraic equation of known term 1;@

A · k̂;@ = 1;@ (C.44)

The A is a banded matrix, expressed as

A = A1 +A2 +A3 (C.45)

where A1 is a diagonal matrix, while all entries outside the superdiagonal of A3 and the subdi-
agonal of A2 are zero

A1 =

©­­­­­­­­­­«

01,1 0 0 · · · 0 0 0
0 01,2 0 · · · 0 0 0
0 0 � · · · 0 0 0
...

...
... �

...
...

...

0 0 0 · · · � 0 0
0 0 0 · · · 0 01,#A−1 0
0 0 0 · · · 0 0 01,#A

ª®®®®®®®®®®¬
A2 =

©­­­­­­­­­­«

0 0 0 · · · 0 0 0
02,1 0 0 · · · 0 0 0
0 02,2 0 · · · 0 0 0
...

... �
. . .

...
...

...

0 0 0 � 0 0 0
0 0 0 · · · 02,#A−2 0 0
0 0 0 · · · 0 02,#A−1 0

ª®®®®®®®®®®¬
A3 =

©­­­­­­­­­­«

0 03,1 0 · · · 0 0 0
0 0 03,2 · · · 0 0 0
0 0 0 � 0 0 0
...

...
...

. . . �
...

...

0 0 0 · · · 0 03,#A−1 0
0 0 0 · · · 0 0 03,#A
0 0 0 · · · 0 0 0

ª®®®®®®®®®®¬

(C.46)

The algebraic equations is solved by the tridiagonal matrix algorithm, also known as the standard
Thomas algorithm.

Once known the potential k̂;@ (A, C=+1), its gradient, in the Fourier space, can be derived as it
follows

∇̂k;@ (A, C=+1) = Â
mk̂;@

mA
(A, C=+1) + z k;@k̂;@ (A, C=+1) (C.47)

The signal ∇k(x, C=+1) can be now �nally reconstructed, and used to project the velocity �eld
ū(x, C=+1) back to the solenoidal vector �eld.
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Appendix D

The annular pipe averaged Navier-Stokes

equations

D.1 The viscous wall drag equation of the annular pipe

In this section we report the analysis of the averaged Navier-Stokes equations of the annular pipe
in presence of a discrete phase. The analysis results in a simple expression of the mean viscous wall
stress gF . At the stochastic steady state, given the no-slip boundary conditions, the frictional drag
can be decomposed into three contributions: the laminar, the turbulent and the dispersed phase
contributions. The study follows the work of Fukagata et al. [108] , where a relation of the skin
friction coe�cient was derived for the single-phase channel, pipe and plane boundary layer �ows.
By adding the dispersed phase feedback to �uid averaged momentum equation we aim at addressing
the contribution due to particles to the viscous wall stress.

Owing to symmetry, the Reynolds averaged Navier-Stokes equation in the streamwise direction
for an incompressible annular pipe �ow [130] is given by

3%

3I
=

1

A

3

3A

{
A

(
`
3*I

3A
+ g'

)}
+ �?I (D.1)

We denote with capital symbols the average quantities. �?I = 〈 5?I 〉 is the average axial particle
back-reaction, 3%

3I
is the averaged pressure gradient and U = *I 4̂3 is the averaged �uid velocity.

g' = −d 5 〈D′AD′I〉 is the turbulent viscous stress, where the single quote marks denote the turbulent
�uctuations.

The equation (D.1), once multiplied by A, can be integrated in the radial spatial direction,
between '8 and A. Following the integration, the particle feedback contribution is expressed by the
extra-stress g4 = 1

A

∫ A
'8
�?I[3[. The extra-stress g

4, similar to the turbulent stress g', is responsible
of the increase or reduction of the viscous wall stress due to the back-reaction term. The overall
stress g>, that is the sum of g4 and g', reads

g> = g' + g4 (D.2)

After de�ning the wall stress over the inner wall as g'8F = `
3*I
3I

���
'8
, the resulting equation reads

A2 − '2
8

2

3%

3I
= A

{
`
3*I

3A
+ g>

}
− '8g'8F (D.3)

After two consecutive integrations, the �rst one between '8 and A, and the second one between
'8 and '>, followed by appropriate manipulations, we get an equation that relates the average
pressure gradient to the average �ow rate & = 2c

∫ '>
'8

*IA3A, namely
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Figure D.1: The viscous contribution !`, normalised by '3
>/`, of the wall stress gF versus the

height of the annular pipe ℎ
'>
=
'>−'8
'>

. At large '>, compared with ℎ, the viscous contribution of

the annular pipe correctly approximates the channel solution !`
2ℎ0==4;

, where 2c'>!
`

2ℎ0==4;
=

6`
ℎ2
.

−c
8

{
'4
> − '4

8 −
('2
> − '2

8
)2

;=('>/'8)

}
3%

3I
= `& + c

∫ '>

'8

{
'2
> − '2

8

2;=('>/'8)
− A2

}
g>3A (D.4)

The mean viscous wall stress can be de�ned through the mechanical balance of the averaged
forces on the annular pipe. Therefore the mean viscous wall stress is gF = − 3%

3I

'>−'8
2 . This infor-

mation can be included into the equation (D.4) to obtain a relation of the mean viscous wall stress,
namely

c

4('> − '8)

{
'4
> − '4

8 −
('2
> − '2

8
)2

;=('>/'8)

}
gF = `& + c

∫ '>

'8

{
'2
> − '2

8

2;=('>/'8)
− A2

}
(g' + g4)3A (D.5)

Following equation (D.5), the viscous wall stress gF is given, by three contributions: the viscous
!`, the turbulent !' and the back-reaction contributions !4.

gF = &!
` + !' + !4 (D.6)



!` =
4('>−'8)`

c

{
'4
>−'4

8
−
('2>−'28 )

2

;=('>/'8 )

}
!' =

4('>−'8)
∫ '>
'8

{
'2>−'28

2;=('>/'8 )
−A2

}
g'3A{

'4
>−'4

8
−
('2>−'28 )

2

;=('>/'8 )

}
!4 =

4('>−'8)
∫ '>
'8

{
'2>−'28

2;=('>/'8 )
−A2

}
g43A{

'4
>−'4

8
−
('2>−'28 )

2

;=('>/'8 )

}
(D.7)

!` solely depends on the geometry of the annular pipe, i.e. on the radial aspect ratio '8/'>,
and on the dynamic viscosity. In a laminar �ow !` is exactly the viscous wall stress per unit �ow
rate &. When the radius of the cylindrical shells are very large, the curvatures of the walls are
negligible. Hence the �ow �eld of the annular pipe approximates a channel �ow of width ! = 2c'>.
Figure D.1 shows how !` approximates the related channel solution, i.e. 2c'>!

`

2ℎ0==4;
=

6`
ℎ2
, when

the height of annular pipe ℎ = '> − '8 is small as compared with '>.
The viscous wall drag in a single-phase turbulent wall-bounded �ow is usually much higher

than that of a laminar one under the same �ow rate. The large frictional drag is associated to the
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Figure D.2: The annular pipe geometric coe�cient � =

√
'2
>−'2

8

2;=('>/'8) versus the height of the channel

ℎ/'> = '>−'8
'>

. The coe�cient � approximates the channel solution �2ℎ0==4; =
'>+'8

2 when the
curvature of the walls is reduced.

existence of near-wall vortical structures [109]. The e�ect of such near-wall motions on the averaged
momentum balance is captured by the Reynolds stress g'. The back-reaction term similarly a�ects
the �uid momentum by means of the extra-stress g4. According to the equations (D.6) (D.7), the
related increase of wall friction is represented by !' and !4, owing to turbulence �uctuation and
particle feedback, respectively. The overall e�ect of the Reynolds stress g' and the extra-stress g4

is averaged by means of the weight �2 − A2, where �2 =
'2
>−'2

8

2;=('>/'8) . When the distance from the
wall is small, i.e. '8/'> → 1, the weight of the integrals is recast into the channel expression, i.e.
�2 − A2 ∼ '>+'8

2 − A. Hence, when increasing the size of the cylinders, the geometric coe�cient �
approaches the channel solution, where �2ℎ0==4; =

'>+'8
2 . Figure D.2 shows this behaviour, where

the weight �/'> is plotted against the height of the annular pipe ℎ/'>.
The equations (D.6) (D.7) can be used to addressed the increase of wall friction in particle-laden

�ow. The viscous, turbulent and particle-feedback contributions must be computed and compared
at constant �ow rate &. The dispersed phase can a�ect the wall friction via the direct e�ect
of its averaged feedback �?I . Such modi�cation is described by the extra-stress g4 and by the
related wall-friction contribution !4. Owing to turbophoresis, particles can change the near-wall
vortical structures as well. The related alteration of the Reynolds stress g' modi�es the turbulent
dissipation, and therefore the viscous wall drag, in the annular pipe. Such e�ect is captured by the
turbulent contribution of the wall friction, i.e. by !'.

D.2 The heat equation of the annular pipe

A similar analysis can be conducted in the averaged Fourier equation. Due to the axial symmetry
of the problem, at steady state the Reyolds averaged Fourier equation reads

0 =
1

A

3

3A

{
A

(
^
3T
3A
− d 5 2? 〈) ′D′A 〉

)}
(D.8)

The averaged temperature is T = 〈)〉, and the turbulent �uctuations is ) ′ = ) − T . The
Reynolds heat density is @' = −d 5 2? 〈) ′D′A 〉. The Reynolds stress g' is responsible for the wall
drag due to the turbulent shear transport . Likewise, the Reynolds heat density a�ects the heat
exchange owing to the turbulent thermal convection. The heat transfer Q, will be decomposed
into two contributions: the di�usive and turbulent contributions. In presence of inter-phase heat
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transfer, which in the present research is discarded, an additional contribution would appear, similar
to the particle feedback �?I in the momentum equation.

The heat transfer is positive when it is added to the system through the internal cylinder, or
removed from the system through the external cylinder. The de�nition is reported below

Q, =

∫
(8

(−^∇T) · Â3A =
∫
(>

(−^∇T) · Â3A (D.9)

By means of two consecutive integration of equation (D.8), the �rst one between '8 and A and
second one between '8 and '>, and after appropriate manipulations, we get the equation for the
heat transfer Q, .

Q, = −2c^
)> − )8

;=('>/'8)
− 2c

;=('>/'8)

∫ '>

'8

@'3A (D.10)

The heat exchange is generated by a di�usive e�ect, proportional to the thermal di�usivity ^
and the di�erence between the external and internal temperature, and by the turbulent thermal
convection, proportional by the integral of the Reynolds heat density.{

Q`
,
= −2c^ )>−)8

;=('>/'8)
Q'
,
= − 2c

;=('>/'8)
∫ '>
'8

@'3A
(D.11)

Q`
,

is the heat transfer occurring in a laminar �ow, due to solely thermal di�usion. Given the
temperature di�erence, the heat exchange is in general higher in presence of turbulence, than it is
in laminar �ows. In fact, the turbulent thermal convection 〈D′A) ′〉 is usually aligned to the di�usive
contribution Q`

,
. The measure of such increase is given by the turbulent thermal convection, i.e.

by Q'
,
.

The alteration of the turbulence mixing due to the dispersed phase changes the turbulent thermal
convection and the heat exchange as well. The measure of such modi�cation is given the turbulent
contribution Q'

,
.

It is easily shown that, when the wall curvature is small ( i.e. ℎ/'> → 0), the equation of the
heat �ux returns the solution of a channel of width 2c'>, which reads

Q,2ℎ0==4; = 2c'>

{
−^)> − )8

ℎ
− 1

ℎ

∫ '>

'8

@'3A

}
(D.12)
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Appendix E

The low-storage Runge-Kutta method

In this section we aim at providing to the reader a detailed description of the low-storage four-stage
Runge-Kutta algorithm ( RK4 ) used to advance in time the set of partial di�erential equations.
We will present the analysis of the stability and accuracy of RK4.

E.1 The accuracy of RK4

Let's consider the following di�erential equation:

mD

mC
= # (D) (E.1)

where D(:, C) is the variable to be integrated and # (D) is in general a non linear operator.
In the four-stage Runge-Kutta method the computation of D=+1 at the next physical time step is
performed through four successive sub-steps. Each sub-step is computed through an Euler-like
algorithm, whose inputs are the solutions of the two previous sub-steps. The scheme is presented
in equation (E.2).

D= = D0

D1 = D0 + 01# (D0)ΔC
D2 = D1 + (02# (D1) + 12# (D0))ΔC
D3 = D1 + (03# (D2) + 13# (D1))ΔC
D4 = D1 + (04# (D3) + 14# (D2))ΔC

D=+1 = D4

(E.2)

where ΔC is the physical time step, chosen by convergence criteria, see the next section E.2.
The coe�cients 08 and 18 are determined with accuracy criteria. In fact, the scheme must

approximate the Taylor expansion of D, up to the desired level of accuracy. For RK4 the largest
accuracy that can be obtained is the fourth order. However, in the present algorithm it has been
preferred to truncate the accuracy up to the third order. We will show that not all the conditions
imposed by the fourth order terms of the Taylor expansion of D are satis�ed, but only the one needed
by the stability analysis.

The Taylor expansion of D is presented in equation (E.3).

D=+1 = D= + mD
mC

����= ΔC + + 1

2

m2D

mC2

����= ΔC2 + 1

6

m3D

mC3

����= ΔC3 + 1

24

m4D

mC4

����= ΔC4 + >(ΔC4) (E.3)

Considering the following relations
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mD

mC
= #

m2D

mC2
= #

m#

mD

m3D

mC3
= #2 m

2#

mD2
+ #

(
m#

mD

)2
m4D

mC4
= #

(
m#

mD

)3
+ #3 m

3#

mD3
+ 4#2 m#

mD

m2#

mD2

(E.4)

equation (E.3) is recast into the following expression:

D=+1 = D= + # |= ΔC + 1

2

(
#
m#

mD

)����= ΔC2 + 1

6

(
#2 m

2#

mD2
+ #

(
m#

mD

)2)�����= ΔC3+
+ 1

24

(
#

(
m#

mD

)3
+ #3 m

3#

mD3
+ 4#2 m#

mD

m2#

mD2

)�����= ΔC4 + >(ΔC4)
(E.5)

For the sake of simplicity we will omit hereafter the n (or 0) superscript for variables belonging
to the initial step. From the scheme represented in equations (E.2) we obtain the values of the
increments ΔD:

ΔD = D1 − D = ΔC01#
Δ̂D = D2 − D = ΔC (01# + 02#1 + 12#)
Δ̃D = D3 − D = ΔC (01# + 02#1 + 12# + 03#2 + 13#1)
ΔD = D4 − D = ΔC (01# + 02#1 + 12# + 03#2 + 13#1 + 14#2 + 04#3)

(E.6)

The last equation in (E.6) is the discretised Taylor expansion of D. The equation requires to
express # 8 as functions of the time step, to be represented in the form of (E.5), which reads

#1 = # + m#
mD
ΔD + 1

2

m2#

mD2
ΔD

2 + 1

6

m3#

mD3
ΔD

3 + >(ΔD3)

#2 = # + m#
mD
Δ̂D + 1

2

m2#

mD2
Δ̂D

2 + 1

6

m3#

mD3
Δ̂D

3 + >(Δ̂D3)

#3 = # + m#
mD
Δ̃D + 1

2

m2#

mD2
Δ̃D

2 + 1

6

m3#

mD3
Δ̃D

3 + >(Δ̃D3)

(E.7)

By putting the (E.6) into the (E.7) we obtain:
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#1 = # + # m#
mD

01ΔC + #2 m
2#

mD2
021
ΔC2

2
+ #3 m

3#

mD3
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ΔC3

6
+ >(ΔC3)
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0201#
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#3 = # + # m#
mD
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#

(
m#
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(E.8)

Therefore ΔD can be computed and after some algebra we get:

ΔD = ΔD1ΔC + ΔD2ΔC2 + ΔD3ΔC3 + ΔD4ΔC4 + >(ΔC4) (E.9)

where the increments ΔD8 are de�ned as:

ΔD1 = # (01 + 02 + 12 + 03 + 13 + 04 + 14)

ΔD2 = #
m#

mD
(01(02 + 13) + (01 + 12 + 02) (03 + 13) + 04(01 + 12 + 02 + 13 + 03))

ΔD3 = #
2 m

2#

mD2

[
021

2
(02 + 13) + (01 + 12 + 02)2(03 + 14)/2 +

04

2
(01 + 02 + 12 + 03 + 13)

]
+

+ #
(
m#

mD

)2
[(03 + 14)0201 + 04(01(13 + 02) + 03(01 + 12 + 02))]

ΔD4 =
#3

6

m3#

mD3

[
(031(02 + 13) + (03 + 14) (01 + 12 + 02)3 + 04(01 + 12 + 02 + 13 + 03)3

]
+

+ #
(
m#

mD

)3
01020304 + #2 m#

mD

m2#

mD2

{
(03 + 14) [0201(01 + 12 + 02) +

02102

2
] +

+ 04

[
021

2
(02 + 13) +

03

2
(01 + 12 + 02)2 + (01 + 12 + 02 + 13 + 03) (01(02 + 13) + 03(01 + 12 + 02)

]}
(E.10)

The discrete Taylor expansion of the algorithm must approximate the real Taylor expansion of
the solution D(:, C). Therefore, the equation (E.9) must approximate (E.5) up to the desired level
of accuracy. Since N(u) is arbitrary, the comparison lead to conditions for the coe�cients 08 and 18,
shown in (E.11). The conditions are expressed as a set of seven non-linear equations, one equation
for each term of the Taylor expansion (E.5). In particular, we have one condition for the �rst-order
term, one for the second-order term, two for the third-order term and three for the fourth-order
term.
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01 8/17 11 0
02 17/60 12 -15/68
03 5/12 13 -17/60
04 3/4 14 -5/12

Table E.1: Coe�cients 08 and 18 of RK4



01 + 12 + 02 + 03 + 13 + 04 + 14 = 1

01(02 + 13) + (01 + 12 + 02) (03 + 13) + 04(01 + 12 + 02 + 13 + 03 = 1
2

021
2 (02 + 13) +

03+14
2 (01 + 12 + 02)2 + 042 (01 + 12 + 02 + 13 + 04)

2 = 1
6

0201(03 + 14) + 04(01(13 + 02) + 03(01 + 12 + 02)) = 1
6

01020304 =
1
24

02+13
6 031 +

03+14
6 (01 + 12 + 02)3 + 046 (01 + 12 + 02 + 13 + 03)

3 = 1
24

(03 + 14) [0201(01 + 12 + 02) + 02102/2] + 04{
021
2 (13 + 02) +

03
2 (01 + 12 + 02)

2+
+(01 + 12 + 02 + 13 + 03) [01(13 + 02) + 03(01 + 12 + 02)]} = 4

24

(E.11)

From this set of equations we can derive the values of the coe�cients that satis�es the prescribed
level of accuracy. Since we have 7 independent equations and 7 unknowns, the system is closed and
a unique solution exists. The number of solutions, in the complex �eld, is the order of the system,
namely 1152. It is worth noticing that if one of these solutions belonged to the real �eld, in order not
to have complex sub-step solutions, it would be possible to have a 4th order algorithm. However,
the last two equations in (E.11) are replaced by the relations 14 = −03 and 13 = −02. The selected
set of parameters 08 and 18 is reported in table E.1.

In general, for a non-linear function # (D), the numerical scheme is only 3th-order accurate, since
the conditions coming from the 4th-order terms of the Taylor expansion are only partially satis�ed.
However, in the speci�c case where # (D) is linear function, all the higher-order dervatives with

respect to u are zero. In this case all fourth-order terms in equation (E.5), except for #
(
m#
mD

)3
, are

zero. The surviving term is well-approximated by the set of coe�cients in E.1, which in fact satis�es
the �fth equation of the set (E.11) Therefore, when # (D) is a linear function, RK4 approximates
the Taylor expansion up to the fourth order of accuracy.

E.2 The stability of RK4

Let us consider the equation (E.1), with # (D) a non-linear function. RK4 provides a a 3th-order
approximate solution, where the fourth-order term of the Taylor expansion of # (D) is only partially
approximated. By referring to D as the exact solution and to @ as the approximated one, we can
write:


D0 = D̄

D=+1 = D= + # |=DΔC + # m#
mD

��=
D
ΔC2

2 +
(
#2 m2#

mD2
+ #

(
m#
mD

)2)����=
D

ΔC3

6 +
(
#

(
m#
mD

)3)����=
D

ΔC4

24 + >(ΔC
3)

@0 = D̄

@=+1 = @= + # |=@ΔC + # m#
mD

��=
@
ΔC2

2 +
(
#2 m2#

mD2
+ #

(
m#
mD

)2)����=
@

ΔC3

6 +
(
#

(
m#
mD

)3)����=
@

ΔC4

24

(E.12)
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If we de�ne the error of the algorithm as n = D − @, ) is the temporal integration interval and
= = )/ΔC the number of time steps from the initial condition, the comparison of the exact and
numerical equations (E.12) determines the order of magnitude of n , namely

n= ∼ = >(ΔC3) = ) >(ΔC2) (E.13)

The error goes to zero as ΔC3, as prescribed by the choice of the coe�cients 08 and 18.We can
derive the equation for n=+1, truncated at the second order, by subtracting the second equation of
(E.12) from the �rst one. Thus, we write

n=+1 = n= + (# |=D − #=@ )ΔC +
ΔC2

2

[(
#
m#

mD

)����=
D

−
(
#
m#

mD

)����=
@

]
+

+ ΔC
3

6


(
#2 m

2#

mD2
+ #

(
m#

mD

)2)�����=
D

−
(
#2 m

2#

mD2
+ #

(
m#

mD

)2)�����=
@

 +
+ ΔC

4

24


(
#

(
m#

mD

)3)�����=
D

−
(
#

(
m#

mD

)3)�����=
@

 + >(ΔC3)
(E.14)

Now we can use the expansion of a generic function 5 (D) centred at q, truncated at the second
order, which omitting the superscript n reads

5 (D) = 5 (n + @) = 5 (@) + m 5
mD

����
@

n + >(n2) (E.15)

The expansion (E.15) allows, after some algebra, to rewrite the equation (E.14) as

n=+1 =

[
1 + m#

mD
ΔC + m

mD

(
#
m#

mD

)
ΔC2

2
+ m

mD

(
#2 m

2#

mD2
+ #

(
m#

mD

)2)
ΔC3

6
+ m

mD

(
#

(
m#

mD

)3)
ΔC4

24

] �����=
@

n=+>(ΔC3)

(E.16)
The algorithm is stable only if, for every value of =

�����1 + m#mD ΔC + m

mD

(
#
m#

mD

)
ΔC2

2
+ m

mD

(
#2 m

2#

mD2
+ #

(
m#

mD

)2)
ΔC3

6
+ m

mD

(
#

(
m#

mD

)3)
ΔC4

24

����� < 1 (E.17)

By solving the above inequality, once known the function N, it is possible to �nd the values of
ΔC which guarantee the stable operation of the numerical alogorithm. Since when using spectral
methods N can be in general a complex function, the solution will be bounded in a region of the
complex plane, referred to as the stability region.

The inequality (E.17) has a strightforward solution when # (D) is a linear di�erential system. In
fact, under the hypothesis that # (D) is expressed through a diagonalizable matrix of eigenvalues _8,
the equation (E.17) is recast into����� + _8ΔC + _28 ΔC22

+ _38
ΔC3

6
+ _48

ΔC4

24

���� < 1 ∀ 8 = 1, 2, ..., " (E.18)

where M is the number of equations of the linear system # (D).
The solutions _ΔC of the problem (E.18) provide the stability region of RK4. For the third-stage

Runge-Kutta ( RK3 ) we can obtain a similar relation. In this case, however, the coe�cients 08 and

18 can't satisfy the approximation of the fourth-order term #

(
m#
mD

)3
. The stability region of RK3

is therefore derived by the inequality (E.18) in the absence of the fourth-order term _4
8
ΔC4

24 .
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The stability regions of RK4 and RK3 are found using the Newton-Rapson algorithm, while
considering complex eigenvalues in (E.18). In �gure E.2 the stability regions of RK4 and RK3 are
displayed, where _� is the imaginary part and _' the real part of _. For each eigenvalues _8, which
are �xed by the physical problem, the code is stable when the time step is small enough that ΔC_8
falls inside the stability region. In the linear analysis, RK4 has a wide stability region than RK3.
In particular, for pure imaginary eigenvalues, the ��!<0G of RK4 is

√
8, as compared with

√
3 for

RK3.

Figure E.1: The stability regions of RK3 and RK4
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Appendix F

Main di�erential equations in ERPP

derivation

F.1 Fundamental solution of the di�usion equation

The fundamental solution of the di�usion equation g(x-k,t-g) in the free-space is found by solving
the following singularly forced di�usion problem, coupled with the proper initial condition:

m6

mC
= a∇26 + X(G − k)X(C − g)

lim
C→g−

6(G − k, C − g) = 6(G − k, 0−) = 0
(F.1)

By integrating the �rst one of (F.1) from g − n to g + n , with n going to zero, and exploiting the
delta function properties and the regularity of 6, equations (F.1) can be recast into an initial-value
problem:

m6

mC
= a∇26 C > g,

lim
C→g+

6(G − k, C − g) = 6(G − k, 0+) = X(G − k)
(F.2)

and by transforming the above set of equations into the Fourier space, denoting with 6̂ the
Fourier transform of 6 and with : the wavenumber, one immediately gets:

m6̂

mC
= −a | |: | |26̂ C > g,

lim
C→g+

6̂(:, C − g) = 6̂(:, 0+) = 1

(2c)3
(F.3)

Equation (F.3) can be easily integrated in C from C = g+ to C, obtaining:

6̂(:, C − g) = 6̂(:, 0+)4G? [−a | |: | |2(C − g+)] (F.4)

where by considering the initial condition and omitting for the sake of simplicity the superscript
+ in g, being a formalism not relevant here, one �nally gets the solution:

6̂(:, C − g) = 1

(2c)3 4G? [−a | |: | |
2(C − g)] (F.5)

We now recognise equation (F.5) as the Gaussian distribution in the wavenumber space, with
time-dependent variance f(C − g) =

√
2a(C − g), that back to the physical space becomes:

6(G − k, C − g) = 1

[4ca(C − g)]3/2
4G?

[
− ||G − k | |

2

4a(C − g)

]
(F.6)

122



F.2 Fundamental solution of the free di�usion vorticity equation

forced by the impulse Z (G, g)X(C − g)
The fundamental solution of the free di�usion vorticity equation forced by the impulse Z (G, g)X(C−g)
is identi�ed by the following di�erential equation

d 5
mZ'

mC
(G, C) = `∇2Z' (G, C) + Z (G, g)X(C − g) , Z' (G, g−) = 0 (F.7)

By applying the same procedure of F.1, one integrates equation (F.7) from time C = g− to time
C = g+ and gets

Z' (G, g+) = Z (G, g) (F.8)

We now compute the Fourier transform of equation (F.7) and we obtain

C > g+

{
d 5

mẐ'
mC
(:, C) = −`:2Z' (:, C)

Ẑ' (:, g+) = Ẑ (:, g)
(F.9)

that can be integrated from C = g+ to C obtaining

Ẑ' (:, C) = (2c)3 Ẑ (:, g)
1

(2c)3 4
− :

22(C−g)a
2 = (2c)3 Ẑ (:, g)6̂f (:, C − g) (F.10)

By recognising the convolution product between the Gaussian 6̂f (:, C − g) with variance f =√
2a(C − g) and the function Ẑ (:, g) in the (F.10), one can apply the inverse Fourier transform and

�nd the �nal solution, that reads:

ZA (G, C) =
∫
R3
Z (k, g)6(G − k, C − g)33k (F.11)

F.3 Fundamental solution of the unsteady singularly forced Stokes

equations

The fundamental solution of the unsteady singularly forced Stokes problem in the free-space can be
found by solving the following set of equations:

d
mF

mC
= ∇ · ) + 4̂X(G − k)X(C − g)

∇ · F = 0

lim
C→g−

F(G − k, C − g) = F(G − k, 0−) = 0

(F.12)

where T is the stress tensor for incompressible Newtonian and Stokesian �uids and the singular
force is applied at time g and position k along the direction 4̂. By taking the curl of the �rst
equation in (F.12) one gets the dynamic equation for the vorticity Z = ∇ × F, shown in equation
(F.13).

d
mZ

mC
= `∇2Z − 4̂ × ∇X(G − k)X(C − g)

k(G − k), 0−) = 0
(F.13)

Introducing the ansatz Z = − 1
d
4̂ × ∇6, equation (F.13) returns:

∇ ×
[
m6

mC

]
= ∇ × [a∇26 + 4̂ X(G − k)X(C − g)] (F.14)
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that, being valid for every point of the domain, it is immediately recast into the scalar di�usion
equation (F.1), and its solution 6(G−k, C−g) is the Gaussian function with variance f =

√
2a(C − g).

By substituting the expression of 6(G − k, C − g) into the ansatz one �nds the solution for Z . In
order to derive the solution of the velocity �eld the free-divergence vector potential � is introduced
for F, and it follows:

Z = ∇ × F = ∇ × ∇ × � = −∇2� (F.15)

We then de�ne the operator � in such a way to have ∇2� = 6, allowing us to write an equation
for �:

� =
1

d
4̂ × ∇� (F.16)

By taking the laplacian of (F.16) and considering the de�nition of � it is possible to verify
that the equation returns the ansatz for the vorticity. The problem is now transposed into the
computation of the function � (A, Ag), where A and Ag are the module | |G −k | | and C − g, respectively.
By exploiting the isotropy of the function �, we write its de�nition in spherical coordinates:

∇2� =
1

A2
m

mA

[
A2
m�

mA

]
= 6(A, Ag) =

1

(2cf(Ag)2)3/2
4G?

[
− A2

2f(Ag)2

]
(F.17)

After a successive double integration by parts, the solution of (F.17) can be found, reading:

� (A, Ag) =
1

(2c)3/2f

[
−1

A

∫ A

0
4G?

[
− A2

2f2

]
3A

]
+ � (F.18)

By de�ning now the function 4A 5 ( d̂) as

4A 5 ( d̂) = 2
√
c

∫ d̂

0
4−W3W , F8Cℎ d̂ =

A
√

2f
(F.19)

one can rewrite the (F.18) in its �nal expression, where B is chosen zero

� (A, Ag) = −
1

4cA
4A 5

(
A
√

2f

)
= − 1

4cA
4A 5

(
A

√
4aAg

)
, (F.20)

where we have considered the dependence on time of the variance f.
The velocity �eld F can now be determined by substituting equation (F.20) and (F.16) into

F = ∇ × �, being:

F = ∇ × � = 1

d
∇ × (4̂ × ∇�) =

=
1

d
(∇2�4̂ − ∇ ⊗ ∇� · 4̂) =

=
1

d
[(6� − ∇ ⊗ ∇�) · 4̂] =

= G · 4̂

(F.21)

The expression of the Green tensor G(G − k, C − g) is given below.

G(G − k, C − g) = 1

d

[(
1 + f

2

A2

)
6 + �

A2

]
� − 1

d

[(
1 + 3f2

A2

)
6 + 3�

A2

]
A ⊗ A
A2

(F.22)

The pressure �eld associated to the problem can be found by taking the divergence of the
singularly forced Stokes equation and solving the associated Laplace equation in the free-space,
that reads:
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∇2? = 4̂ · ∇X(G − k)X(C − g) (F.23)

The solution for (F.23) is readily found through the aim of the Green function @ = − 1
4c | |G−H | | ,

indeed we have

? = −
∫
<3
4̂ · ∇X(H − k)X(C − g) 1

4c | |G − H | | 3
3H

= X(C − g)4̂ · ∇k
∫
<3

X(H − k)
4c | |G − H | | 3

3H =

= −X(C − g)4̂ · ∇
[

1

4c | |G − k | |

]
=

=
4̂ · A
4cA3

X(C − g)

(F.24)

The stress tensor ) associated to the problem can be written as:

) = −?� + `(∇F + ∇>F) (F.25)

where the pressure ? is given by the (F.24) and the velocity F by the (F.21). The stress tensor
can be rewritten via a third-rank tensor T

) = T · 4̂ (F.26)

being T the Green stress tensor de�ned in index notation as

T8 9: = −
1

4cA3
X(C − g)X8 9 A: + `(

mG8:

mG 9
+
mG 9:

mG8
) (F.27)

By substituting the formula of G8 9 into the (F.27) one can get the �nal expression for T8 9: , that
reads:

T8 9: = −
A:

4cA3
X(C − g)X8 9

+ a
[
−2

�

A2
X8 9A: +

(
1

A

3�

3A
− �

A2

)
(X 9:A8 + X8:A 9) − 2

(
2

A
� + 3�

3A

)
A8A 9A:

A3

] (F.28)

where �(A) and �(A) are de�ned as

�(A) =
(
1 + f

2

A2

)
+ �
A2

�(A) =
(
1 + 3f2

A2

)
6 + 3

A2
�

(F.29)

F.4 Fundamental solution of the unsteady Stokes equations forced

by a singular time-dependent forcing

The fundamental solution of the unsteady Stokes free-space problem forced by the singular time-
dependent forcing � (C) X(G − k), can be found by solving the following set of equations:

d
mF∗

mC
= ∇ · )∗ + � (C) X(G − k)

∇ · F∗ = 0

lim
C→g−

F∗(G − k, C − g) = F∗(G − k, 0−) = 0

(F.30)
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with the usual notation for the symbols used. A solution for (F.30) can be found by exploiting

the linearity of the di�erential operator
[

m
mC
−∇·

∇· 0

]
applied to the unknowns

[
F

)

]
.

Indeed, through the delta Dirac de�nition we can write the (F.30) as:[
m
mC
−∇·

∇· 0

] [
F∗

)∗

]
=

[ ∫ g+
0

X(G − k)X(C − g)� (g)3C
0

]
lim
C→g−

F∗(G − k, C − g) = F∗(G − k, 0−) = 0

(F.31)

and because of the linearity of this operator the solution will be a linear function of the known
term. Thus, it follows:

F∗(G − k, C − g) = 5

(∫ C+

0

� (g)
d

X(G − k)X(C − g)3g
)
=

=

∫ C+

0

�B (g)
d

5 (4̂ X(G − k)X(C − g))3g =

=

∫ C+

0

�B (g)
d

F(G − k, C − g)3g =

=

∫ C+

0

�B (g)
d

� · 4̂3g =

=

∫ C+

0
� · � (g)

d
3g

(F.32)

where �B is the scalar part of the vector � (C) = �B 4̂, 4̂ is as usual the direction of the forcing,
and F(G − k, C − g) is the solution of (F.12), shown in (F.21). By taking the curl of F∗(G − k, C − g)
one can get the expression of the vorticity, that reads, after some algebra:

Z (G − k, C − g) = −
∫ C+

0

� (g)
d
× ∇6(G − k, C − g)3g (F.33)

One can repeat the same steps for pressure and viscous stresses, obtaining in index notation:

)∗8 9 =

∫ C+

0
T8 9:

�: (g)
d

3g (F.34)

being T8 9: the third-rank Green stress tensor expressed in (F.28).

F.5 Fundamental solution of the unsteady Stokes equation

We consider the equations for the motion of a Stokes incompressible �ow resolved within the domain
Ω and properly endowed with initial and boundary conditions. We write

d mD
mC
= ∇ · ) + 5

∇ · D = 0

D(G, 0) = D0(G)
D(G, C) |mΩ = D1 (G1, C)

(F.35)

where f is the resultant mass force, ) the stress tensor for incompressible Newtonian �uids and
� (C)X(G−k) is the singular forcing exerted by the particle on the �uid. We want to look for solutions
of equations (F.35) by means of the impulse forced unsteady Stokes problem, previously discussed
in F.3, with the forcing applied at time g and position k, whose equations read:
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
d mF
mC
= ∇ · )F + X(G − k)X(C − g)4̂

∇ · F = 0

F(G − k, 0−) = 0

(F.36)

The solution of equations (F.36), derived previously, are shown in the (F.21) and (F.26), for the
velocity �eld F(G − k, C − g) and the tensor stress )F (G − k, C − g), respectively. We consider the
following change of coordinates for D(G, C) and F(G − k, C − g):{

mD
mC
= mD
mg

; mD
mG8

= mD
mk8

mF
mC
= −mF

mg
; mF

mG8
= − mF

mk8

(F.37)

and we project equation (F.35) along F(G − k, C − g)

d
mD · F
mg

− dD · mF
mg

= ∇k · (F · )) − ) : ∇kF + 5 · F (F.38)

By substituting the value of mF
mg

from the (F.36), after the above mentioned change of coordinates,
one obtains:

d
mD · F
mg

+ D · 4̂ X(G − k)X(C − g) = ∇k · (F · )) − ∇k · (D · )F ) − ) : ∇kF + )F : ∇kD + 5 · F (F.39)

It is important to notice that in order to be able to say that ∇ = ∇k for )F one must change
the sign of ?F , that is, then, taken negative.

Because of the incompressibility, the terms responsible of the deformation work cancel out each
other, indeed we can write:{

) : ∇kF = −?∇k · F + 2` 4 : 4F = 2` 4 : 4F

)F : ∇kD = ?F∇k · D + 2` 4F : 4 = 2` 4F : 4
(F.40)

where 4 and 4F are the symmetric part of the velocity gradient of D(k, g) and F(G − k, C − g),
respectively, always spatially derived with respect to ∇k. Equation (F.39) is simpli�ed as:

d
mD · F
mg

+ D(k, g) · 4̂ X(G − k)X(C − g) = ∇k · (F · )) − ∇k · (D · )F ) + 5 · F (F.41)

and can be integrated in k and g.

∫
Ω

∫ C+

0
d
mD · F
mg

3g33k + D(G, C) · 4̂ =
∮
mΩ

∫ C+

0
(F · ) − D · )F ) · =k3(k3g +

∫
Ω

∫ C+

0
5 · F33k3g (F.42)

The �rst term in the last equation can be integrated in time and, just recalling the initial
condition of the impulse problem F(G − k, C − C+) = F(G − k, 0−) = 0, one obtains:

D(G, C) · 4̂ = −
∫
Ω

d (D ·F) (G, k, C, 0) 33k+
∮
mΩ

∫ C+

0
(F ·)−D ·)F ) ·=k3(k3g+

∫
Ω

∫ C+

0
5 ·F33k3g (F.43)

Now by recalling the expression of F and )F for the solution of the impulse Stokes equations,
the (F.43) is recast into:

D 9 (G, C)4̂ 9 = −
∫
Ω

d (D8�8 9 4̂ 9) (G, k, C, 0) 33k +
∮
mΩ

∫ C+

0
�8 9 4̂ 9 C

B
8 − D8TF8: 9 4̂ 9=:3(k3g+

+
∫
Ω

∫ C+

0
58�8 9 4̂ 93

3k3g

(F.44)
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where CB are the stresses exerted on the �uid, related to the stress tensor with the usual repre-
sentation CB = ) · =. Since the direction of the impulse forcing is arbitrary, from the last equation
one can �nally get the expression for the velocity �eld D 9 (G, C), that reads:

D 9 (G, C) = −
∫
Ω

d (D8�8 9) (G, k, C, 0) 33k+
∮
mΩ

∫ C+

0
�8 9 C

B
8 −D8TF8: 9=:3(k3g+

∫
Ω

∫ C+

0
58�8 93

3k3g (F.45)

The three terms on the right hand side represent the perturbation to the �uid due to the initial
condition, the boundary conditions and the mass forcing term, respectively. If we now set the initial
condition to zero and we turn o� the mass forces, we obtain the following simpli�ed expression for
the velocity �eld:

D 9 (G, C) =
∮
mΩ

∫ C+

0
�8 9 C

B
8 − D8TF8: 9=:3(k3g (F.46)

F.6 The background �eld and its derivation through ERPP

In this section we will describe how the background �eld is derived, in order to compute the equations
(2.41) (2.43) in the 2-way coupling regime. The Maxey-Riley-Gatignol equation deals with di�erent
unperturbed �elds. In the most general case, i.e. the bubbles (2.41) , these �elds are the velocity
D (0) , the laplacian ∇2D (0) the material derivative

�D(0)
�C

, and the vorticity Z (0) . Each of these terms
must be computed at the current bubble position G? (C), through the de�nition (2.33), namely

D (0) (G? (C), C) = D(G? (C), C) − D (1) (G? (C), C)
∇2D (0) (G? (C), C) = ∇2D(G? (C), C) − ∇2D (1) (G? (C), C)
Z (0) (G? (C), C) = Z (G? (C), C) − Z (1) (G? (C), C)
�D (0)
�C
(G? (C), C) =

�D

�C
(G? (C), C) −

�D (1)
�C
(G? (C), C)

(F.47)

The complete �elds D and Z are the regularised �elds, as prescribed by ERRP, and they obey
the equations (2.32). For the sake of simplicity we have omitted the subscript ' denoting the
regularised condition. At run time the �elds are known and resolved over the computational grid.
On the contrary the self-induced �elds have to be somehow calculated, for each bubble. Such
computation is allowed in the context of ERPP, since the equation of the regularised disturbance
�eld is recast into a linear Stokes equation.

The following discussion shall refer to the computation of the bubble momentum equation. Solid
particles undergo the same treatment, but less terms must be computed, due to the simpler structure
of their momentum equation (2.43).

If we omitted the computation of the self-disturbance, imposing the unperturbed �eld as the
complete one, in the 2-way coupling regime we would obtain a computational error. In fact, Gualtieri
et al. [64] showed that this would overestimate the terminal velocity of settling particles.

F.6.1 The velocity and vorticity self-induced �eld

The �rst terms that we are going to derive are the self-induced velocity D (1) and vorticity Z (1) . The
�elds are analytically computed by solving the regularised Navier-Stokes equation

mD(1)
mC

= − 1
d 5
∇? (1) + a∇2D (1) −

�? (C−n')
d 5

6(G − G? (C − n'), n')
∇ · D (1) = 0

D (1) (G, C=) = 0 , G ∈ R3

(F.48)
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At run time C= the equations are integrated over the time step 3C, to the new con�guration at
time C=+1.

The particle is, for this moment, considered enough far from a wall, such that the self-induced
�eld isotropically decays in space. The integration of the equations (F.48) is split into three steps:
the integration of the forcing term, the di�usive step and the projection step.

In the �rst stage the equation (F.48) are integrated using the homogeneous initial condition,
omitting the pressure gradient and the di�usive term.

D̃ (1) (G, C + 3C) = −
� ? (C − n')

d 5
6(G − G? (C − n'), n') (F.49)

For sake of simplicity we have consider the Euler-like integration algorithm. Conceptually noth-
ing changes if we employed di�erent numerical schemes to advance the solution.

In the second stage the purely di�usive equation (F.50) is solved, where the initial condition is
the �rst-step solution (F.49). {

mD̂(1)
mC

= ∇2D̂ (1)
D̂ (1) (G, C + 3C) = D̃ (1) (G, C + 3C)

(F.50)

The solution of the equation is the convolution of the initial condition with the gaussian function
6(G − [, 3C), namely

D̂ (1) (G, C + 3C) =
∫
R3
D̃ (1) ([, C + 3C)6(G − [, 3C)33[ =

= −
� ? (C − n')3C

d 5

∫
R3
6([ − G? (C − n'), n')6(G − [, 3C)33[ =

= −
� ? (C − n')3C

d 5
6(G − G? (C − n'), n' + 3C)

(F.51)

The �eld D̂ (1) corresponds to the pseudo-velocity related to D (1) . In fact, it is derived by integrat-
ing the Navier-Stokes equation in the absence of the pressure gradient. Hence, the self-disturbed
vorticity, that is required by the lift force, is Z (1) = ∇ × D̂ (1)

Z (1) = 3C
� ? (C − n')

d 5
× ∇6(G − G? (C − n'), n' + 3C) (F.52)

The pseudo-velocity D̂ (1) must be projected back to the solenoidal vector �eld by means of the
divergence constraint of the (F.48). The incompressible condition is achieved by introducing the
divergence-free potential �, such that D (1) (G, C + 3C) = ∇ × �(G, C + 3C). The potential � depends on
the vorticity Z (1) through the di�erential equation

Z (1) = ∇ × ∇ × � = −∇2� = 3C
� ? (C − n')

d 5
× ∇6(G − G? (C − n'), n' + 3C) (F.53)

Due to linearity, the solution is in the form � = −3C �? (C−n')
d 5

× ∇� (G − G? (C − n'), n' + 3C). � is,

again, the solution of the Laplace free-space problem ∇2� = 6(G − G? (C − n'), n' + 3C). The resulting
�eld D (1) = ∇ × �, expressed in terms of the function � (G − G? (C − n'), n'), reads

D (1) (G, C + 3C) = 3C
� ? (C − n')

d 5
· {∇ ⊗ ∇� (G − G? (C − n'), n' + 3C) − �6(G − G? (C − n'), n' + 3C)} (F.54)

where the solution of � is

� (A, n' + 3C) = −
1

4cA
4A 5

(
A

√
2f(n' + 3C)

)
(F.55)
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with A =
√
(G − G? (C − n')) · (G − G? (C − n')), f(n' + 3C) =

√
2a(n' + 3C) and 4A 5 ([)the Gauss

error function. By adding the solution of � into the (F.54) we compute the �nal expression

D (1) (G, C + 3C) = 3C
� ? (C − n')

d 5
· {�8B> (A, C + 3C)� − �C4=B (A, C + 3C)Â ⊗ Â}

�8B> (A, C + 3C) = −6(A, 3C + n')
{
1 +

(
f (3C+n')

A

)2}
+ 1

4cA3
4A 5

(
A√

2f (n'+3C)

)
�C4=B (A, C + 3C) = −6(A, 3C + n')

{
1 + 3

(
f (3C+n')

A

)2}
+ 3

4cA3
4A 5

(
A√

2f (n'+3C)

) (F.56)

At the end of this single time step integration the �elds D (1) (G, C=+1) and Z (1) (G, C=+1) are known,
and can be used to compute D (0) (G, C=+1) and Z (0) (G, C=+1). This concludes the �rst part of our
calculation.

At the beginning of the next time set, the evolved disturbance D (1) (G, C=+1) is discharged into
the unperturbed velocity D (0) (G, C=+1). Therefore, the initial condition, at time C=+1, of the self-
disturbance is again the homogeneous condition, and the procedure can be reiterated.

F.6.2 The laplacian of the self-induced velocity �eld

The Faxen correction and the �uid material derivative require the evaluation of the self-disturbed
laplacian ∇2D (1) , whose expression follows at once by taking the laplacian of equation (F.54).

∇2D (1) (G, C+3C) = 3C
� ? (C − n')

d 5
· {∇⊗∇6(G−G? (C−n'), n' +3C) − �∇26(G−G? (C−n'), n' +3C)} (F.57)

6(G − G? (C − n'), n' + 3C) is the solution of ∇2� (G − G? (C − n'), n' + 3C), that is by de�nition the
Gaussian function of variance f(n' + 3C) =

√
2a(n' + 3C). Owing to the symmetry of the Gaussian

function, we can write ∇ ⊗ ∇6 =
{
m26

mA2
− 1
A

m6

mA

}
Â ⊗ Â + � 1

A

m6

mA

∇26 = m26

mA2
+ 2
A

m6

mA

(F.58)

The partial derivatives with respect to A of the Gaussian function are easily computed. Then,
adding the (F.58) into the (F.57), we derive the �nal expression we were looking for

∇2D (1) (G, C+3C) = 3C
� ? (C − n')

d 5 f
2(n' + 3C)

·
{

A2

f2(n' + 3C)
� + Â ⊗ Â

(
A2

f2(n' + 3C)
− 2

)}
6(G−G? (C−n'), n' +3C)

(F.59)

F.6.3 The material derivative of the self-induced velocity �eld

The material velocity
�D(0)
�C

is computed as it follows

�D (0)
�C

=
�D

�C
−
�D (1)
�C

(F.60)

�D
�C

and
�D(1)
�C

are the material derivatives of the complete and self-induced �elds, respectively.
Their expressions follow from the Navier-Stokes equations (2.32) and (G.3), namely{

�D
�C

= − 1
d 5
∇? + a∇2D − 1

d 5

∑#?

==1 �= (C − n')6(G − G= (C − n', n'))
�D(1)
�C

= − 1
d 5
∇? (1) + a∇2D (1) − 1

d 5
� ? (C − n')6(G − G? (C − n', n'))

(F.61)
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The expression of
�D(0)
�C

, that is equivalent to the multipole expansion of the (G.2) for the p-th
particle, reads 

�D(0)
�C

= − 1
d 5
∇? (0) + a∇2D (0) + 5 − 5(1)

5 (G, C) = − 1
d 5

∑#?

==1 �= (C − n')6(G − G= (C − n', n'))
5(1) (G, C) = 1

d 5
� ? (C − n')6(G − G? (C − n', n'))

(F.62)

The material derivative requires the computation of the unperturbed pressure gradient ∇? (0) ,
the laplacian ∇2D (0) and the unpertubed forcing term 5(0) (G, C) = 5 (G, C) − 5(1) (G, C). The latter is
derived at once since the forcing from both the whole discrete phase 5 (G, C) and the p-th particle
5(1) (G, C) = − 1

d 5
� ? (C − n')6(G− G? (C − n'), n') are already resolved over the computational grid. The

laplacian ∇2D (0) was presented in the previous section and the computation will not be repeated.
The self-induced pressure gradient will be computed from the elliptic equation obtained by taking
the divergence of the momentum equation in the (F.48). The problem is recast into the following
Laplace problem

∇2? (1) = −
� ? (C − n')

d 5
· ∇6(G − G? (C − n'), n') , G ∈ R3 (F.63)

Due to the linearity of the equation (F.63) the solution, with usual notation, is in the form

? (1) = −
� ? (C − n')

d 5
· ∇� (G − G? (C − n', n')) (F.64)

Following the expression of ∇ ⊗ ∇�, the self-induced pressure gradient is �nally obtained

∇? (1) = −
� ? (C − n')

d 5
· ∇ ⊗ ∇� (G − G? (C − n', n')) =

=
� ? (C − n')

d 5

{
6(A, n')

f2(n')
A2

− 1

4cA3
4A 5

(
A

√
2f(n')

)}
−

� ? (C − n') · Â
Â

d 5

{
6(A, n')

(
1 + 3

f2(n')
A2

)
− 3

4cA3
4A 5

(
A

√
2f(n')

)} (F.65)
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Appendix G

The Maxey-Riley-Gatignol equation

In section 2.6 we have introduced the momentum equation of a pointwise particle immersed in a
turbulent �eld, namely the Maxey-Riley-Gatignol equation. In this section we will discuss the phys-
ical and mathematical procedures employed to derive the equation. The procedure was originally
introduced by Maxey & Riley and Gatignol in the papers [61][82].

Given a reference system and an orthonormal base, let's consider the dilute two-phase �ow
within the domain R3. In the low-'4? regime the dispersed phase can be seen as the set of small
spherical rigid bodies. The p-th particle of diameter 3?, positioned at G? (C), moves across a �ow �eld
whose velocity in the absence of the particle itself is D (0) (G, C). We remark that the �eld D (0) (G, C)
is di�erent from the �eld F(G, C) introduced in the (2.2). In fact, D (0) (G, C) takes into account not
only the background �ow F, but also the perturbation induced by all the remaining particles. That
is, the velocity D (0) (G, C) is the actual �uid velocity D(G, C) experienced by the particle, after its self-
disturbance D (1) (G, C) is removed. Therefore, when the p-th particle is considered, the �eld D(G, C),
obeying the system (2.1), is additively decomposed into D (0) (G, C) and D (1) (G, C), namely

D(G, C) = D (0) (G, C) + D (1) (G, C) (G.1)

The unperturbed �eld D (0) �lls the domain R3/Ω̃?, where Ω̃? = Ω/Ω?, and obeys the Navier
Stokes equations in (G.2). The control parameters of the system are the Froud number �A and
the Reynolds number '4Δ = |D − E? |A4 5 Δ/a. The �eld D (0) is observed from its smallest relevant
scale Δ >> 3?. For the homogeneous turbulence Δ is exactly the Kolmogorov lengthscale [. The
di�erential equations are embedded with the neighbouring particle boundary conditions and the
initial condition of the complete �eld D(G, C). The �eld D (0) is prolonged inside the particle domain
Ω?, by means of the Taylor expansion. If Δ >> 3? the variation of D (0) into the p-th particle volume
is indeed negligible.

mD(0)
mC
+ D (0) · ∇D (0) = 1

�A2
6 + 1

'4Δ
∇ · )(0) G ∈ R3/Ω̃?

∇ · D (0) = 0

lim |G |→+∞ D (0) (G, C) = 0

D (0) (G, C) |mΩ= = E= (G, C) − D (1) (G, C) |mΩ= , ∀= ≠ ?
D (0) (G, 0) = D0

(G.2)

The self-disturbance �eld D1 belongs to the domain R3/Ω?, and its evolution is dictated by
the Navier-Stokes equations G.3, with initial homogeneous condition. The p-th particle boundary
is introduced in the domain of the self-disturbance, while all the other particles disappear. The
particle velocity E? (G, C) = Ê? (C) + l? × (G(C) − G? (C)) is prescribed by the kinematic law of rigid
bodies, with usual notation.

The spatial derivatives of D (1) and D (0) are computed over the scales 3? and Δ, respectively. The
control parameters are the particle Reynolds number '4? and 3?/Δ.
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

mD(1)
mC
+ D (1) · ∇D (1) + D (0) · ∇D (1) +

3?
Δ
D (1) · ∇D (0) = + 1

'4?
∇ · )(1) G ∈ R3/Ω?

∇ · D (1) = 0

lim |G |→+∞ D (1) (G, C) = 0

D (1) (G, C) |mΩ? = E? (G, C) − D (0) (G, C) |mΩ?
D (1) (G, 0) = 0

(G.3)

In the low-'4? regime 3?/Δ is negligible, and the system (G.3) is recast into an unsteady Stokes
equation with initial homogeneous condition. We remark that the systems (G.3) and (2.4) di�er
only for the domain where they are de�ned. In fact, in the (G.3) we include only the disturbance
of the p-th particle itself, of which we are evaluating the hydrodynamic force. Therefore, after the
�eld D (1) undergoes the ERPP treatment, the system (G.3) becomes exactly equal to the (2.19),
where the known term is the forcing term from the p-th particle.

The particle momentum equation comes from the Cauchy equation, integrated over the domain
Ω?, namely {

d?+?
3E?
3C

= d?6+? + � ? (C)
� ? (C) =

∮
mΩ?

) · =̂3( (G.4)

We denoted with +? the particle volume, enclosed within the surface mΩ? of outward normal
unit =̂, and with d? the particle density. The only mass force considered in this formulation is the
gravity force. The hydrodynamic force is derived through the surface integral over Ω? of the stress
) · =̂. The result of the integral strictly depends on the particle motion and, in particular, on the
Reynolds particle number '4?. In the low-'4? regime it is possible to �nd an analytical expression
of the force � ? (C) as function of the �eld D (0) , exploiting the analytical solution of the equations
(G.3).

) = −?� + `(∇D + ∇) D) (G.5)

The stress tensor ) is related to the �eld D through the standard constitutive relation (G.5).
Due to linearity of (G.5), the stress tensor ) follows the same additively splitting of the �eld D, that
is ) = )(0) + )(1) . The hydrodynamic force is therefore decomposed as well, into the components
� ? (0) and � ?(1)

� ? (C) = � ?(0) (C) + � ?(1) (C) (G.6)

� (0) is the contribution of the hydrodynamic force due to the unperturbed �eld D (0) , while � (1)
derives from the particle self-disturbance D (1)� ?(0) =

∮
mΩ?

)(0) · =̂3( =
∮
mΩ?

{
−? (0) � + `

(
∇D (0) + ∇) D (0)

)}
· =̂3(

� ?(1) =
∮
mΩ?

)(1) · =̂3( =
∮
mΩ?

{
−? (1) � + `

(
∇D (1) + ∇) D (1)

)}
· =̂3(

(G.7)

In the assumption that the particle is small, the �eld D (0) is subjected to negligible variations
over the sphere. This means that we can expand the �eld in the neighbourhood of of the particle
centroid G? (C). In particular we can think that the material derivative �D

�C
(G, C) varies linearly in the

vicinity of G? (C)

�D

�C
(G, C) = �D

�C
(G? (C), C) + (G − G? (C)) · ∇

(
�D

�C

)
(G? (C), C) + >(3?/Δ) (G.8)

Since Δ >> 3?, � ?(0) can be computed with no further assumptions from equation (G.2).
Rescaling into dimensional form, the expression of � ?(0) comes down to the volume integral that is
evaluated through the condition (G.8)
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� ?(0) =

∮
mΩ?

)(0) · =3( =
∫
+?

(d 5
�D (0)
�C

− d 5 6)3+? = +?d?
�D (0)
�C

−+?d?6; (G.9)

Similarly the self-disturbance force contribution � (1) is evaluated from the system (G.3), when
'4? and 3?/Δ are very small. In this the case non-linear convective terms are negligible with respect
to the viscous forces, and the dimensional equations are recast into the following unsteady stokes
equations 

d 5
mD(1)
mC

= −∇? (1) + `∇2D (1) G ∈ R3/Ω?
∇ · D (1) = 0

lim |G |→+∞ D (1) (G, C) = 0

D (1) (G, C) |mΩ? = E? (G, C) − D (0) (G, C) |mΩ?
D (1) (G, 0) = 0

(G.10)

whose solution is given by the (2.5). Avoiding the detailed computation of the �eld D (1) , the
solution � (1) is evaluated in conjunction with the fundamental point force �ow of Burgers [131].
The lengthy but rigorous detailed computation is out of the purpose of the present work, but the
reader is referred to the work of Maxey & Riley for additional details [61]. What is important to
stress is that the self-disturbance �eld is controlled by only the unperturbed �eld D (0) , through the
no-slip condition in (G.10). The resulting force � (1) (G.11) is restricted to the same dependency,
as well as � (0) . This might seem controversial, since the force � ? is formally derived through
the surface integral of the complete �elds D(G, C) and ?(G, C). In particular the largest contribution
of the self-disturbance �elds is achieved at the particle surface, where the force is computed. To
understand this crucial concept it is better to provide a physical interpretation of the mathematical
procedure. In the hypothesis of low-'4? the particle disturbance obeys the Stokes equations that
we have presented. The scale of the motion of such �ow �eld will be of the order of the particle
size 3?. Hence, in the assumption that the diameter 3? is small, the particle disturbance will
decays very fast in space. On the other hand the scale of motion of the unperturbed �eld D (0) is
locked by the background hydrodynamic conditions to the scale Δ. The scale Δ does not depends
on the particle Reynolds number, and in particular on the particle size. If the particle is small as
compared with the ( smallest ) background scale Δ, the scale separation between the unperturbed
and disturbance �elds is achieved. When observing the motion from the particle scale 3?, the far
�eld is dominated by only the unperturbed �eld. It is now clear, by analysis of the �uid integral
momentum equation, how the force � ? (C) is connected to only the �eld D (0) , if the particle Reynold
number is vanishing. However, when zooming out to the hydrodynamic scale Δ the e�ect of the
disturbance and the background �eld about the particle will be concentrated in a single point.
The disturbance D (1) is now controlled by a singular equation, and can be �nite at the observed
from the distance particle position G? (C). Therefore, to recover the near-�eld information, such
self-disturbance must be removed from the complete �eld, when computing the hydrodynamic force
� ? (C).

� ?(1) =
1

2
d 5 +?

3

3C

{
D (0) [G? (C), C] − E? (C) +

1

40
32?∇2D (0) |G? (C)

}
+ 3c`3?

{
D (0) [G? (C), C] − E? (C) +

1

24
32?∇2D (0) |G? (C)

}
+ 3/2c`32?

∫ C

0

(
3/3g

{
D (0) [G? (g), g] − E(g) + 1

243
2
?∇2D (0) |G? (g)

}
[ca(C − g)]1/2

)
3g

(G.11)

After reassembling the two contribution of the drag force, the particle momentum equation
�nally reads
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(G.12)

The equation is better known as the Maxey-Riley-Gatignol equation, and describes the evolution
of the momentum of a tiny rigid sphere in the presence of an unsteady background �ow. The
notation

�D(0)
�C

and
3D(0)
3C

denotes the material derivative of the velocity D (0) measured following the
�uid G(C) and the particle G? (C), respectively. These physical quantities represent very di�erent
physical concepts and generally they can di�er considerably. However the di�erence between the
material derivatives, when compared with the drag force, is negligible if the particle is small

�D (0)
�C

−
3D (0)
3C

= (D (0) − E?) · ∇D (0) ∼ >('4Δ32?/Δ2) (G.13)

Therefore, the added mass force is approximated with the �uid material derivative with no harm,
namely

1

2
+?d 5 (

3D (0)
3C
−
3E?

3C
) = 1

2
+?d 5 (

�D (0)
�C

−
3E?

3C
) (G.14)
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