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Abstract

In this paper, we show that the Lipschitz-Killing Curvatures for the excursion sets of Arith-
metic Random Waves (toral Gaussian eigenfunctions) are dominated, in the high-frequency
regime, by a single chaotic component. The latter can be written as a simple explicit function
of the threshold parameter times the centered norm of these random fields; as a consequence,
these geometric functionals are fully correlated in the high-energy limit. The derived formulae
show a clear analogy with related results on the round unit sphere and suggest the existence of a
general formula for geometric functionals of random eigenfunctions on Riemannian manifolds.
KEYWORDS AND PHRASES: Lipschitz-Killing Curvatures, Arithmetic Random Waves, Wiener
chaos, Gaussian Kinematic Formula, Limit Theorems.

AMS CLASSIFICATION: 60G60; 60D05, 60F05, 58J50, 35P20.

1 Introduction and general framework

1.1 Toral eigenfunctions and Arithmetic Random Waves

Arithmetic Random Waves (i.e., toral Gaussian eigenfunctions) were introduced nearly a decade
ago in [ORWO0S8, RW08] and have been investigated very widely ever since, see for instance [GW1§],
KKW13, MPRW16] and more recently [BMW17, BW16, [Cam19, DNPRI19, RW16, RWY16]; see
also [ADP19, [APP18, [BCP19] for related results on random trigonometric polynomials. Interest
in their investigation is motivated both by mathematical physics applications, and by the rich
interplay of probability, geometry and even number theory that characterizes the behaviour of
geometric functionals of their excursion sets.

Let us start recalling their definition; for an integer d > 2, let f : T¢ := R?/Z? — R be the
real-valued functions satisfying the eigenvalue equation

Af+Ef =0, (1.1)

where F > 0 and A is the Laplace-Beltrami operator on T¢; the spectrum of A is totally discrete.
(For d = 2 we will often write T in place of T2.) Indeed, the eigenspaces of the Laplacian on the
torus are related to the theory of lattice points on (d — 1)-dimensional spheres: let

S;:{nEZ:n:n%%—---%—nfl, for some ny,...,ng € Z}
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be the collection of all numbers expressible as a sum of d squares. The sequence of eigenvalues,
or energy levels, are all numbers of the form E, = 4x?n, n € S. In order to describe the Laplace
eigenspace corresponding to F,, we introduce the set of frequencies A, ; for n € S,, let

Ay ={reZl: [N =n).

A,, is the frequency set corresponding to E,,. Using the notation e(t) := exp(2mit) for t € R, the C-
eigenspace &, corresponding to F,, is spanned by the L?-orthonormal set of functions {e((}, -)) }aea, -
We denote the dimension of &,

N, =dimé&, = |A,],

that is equal to the number of different ways n may be expressed as a sum of d squares. In particular,
for d = 2, NV, is subject to large and erratic fluctuations; it grows on average [La0§| as /logn, but
could be as small as 8 for an infinite sequence of prime numbers p = 1 (mod 4), or as large as a
power of logn.

The frequency set A,, can be identified with the set of lattice points lying on a (d — 1)-dimensional
sphere with radius y/n, the sequence of spectral multiplicities {N,, },es is unbounded. It is natural
to consider properties of generic or random eigenfunctions f, € &,, in the high-energy asymptotics
regime. More precisely, let f, : TY — R be the Gaussian random field of (real valued) &,-functions
with eigenvalue F,, i.e. the random linear combination

T ':L a)e T X d
flo) = 7 3 mel(a)), e (1:2)

where the coefficients {a)}rea, nes are complex-Gaussian random Variable verifying the following
properties:

1. every ay has the form ay = Re(ay) + iIlm(ay) where Re(ay) and Im(a,) are two independent
real-valued, centred, Gaussian random variables with variance 1/2,

2. the ay)’s are stochastically independent, save for the relations a_, = @, in particular making
fn real-valued.

By definition, f,, is stationary, i.e. the law of f,, is invariant under all translations
fO) = fly+-),  yeTs

in fact f, is a centred Gaussian random field with covariance function

Bl fu)] = 37 3 elho—y),  myeT

n AEA,

Note that the normalizing factor in (I.2) is chosen so that f, has unit-variance.

2defined on some probability space (€2, F,P)



1.2 Notation

We will use A\, A\, A2 ... and in general \;, 7 = 1,2,... to denote elements of A,,, while Ay and A; ()
with £ = 1,...,d, will denote the ¢-th component of the vectors X\ and \; € A, respectively. The
indices j, ¢ always run from 1 to d.

For ¢ =1,...d, we denote with 0,f,(x) the derivative of f,(z) with respect to z,. A straightfor-
ward differentiation of (I.2)) gives

Oufalm) = 223 apdpel(h ), (1.3)

in view of [RW16, Lemma 2.3], see formula (C.105) below, the random field d;f, has variance
2272 (—1)

Var(9uf, (@) = T D= Elonan] A Ao (O, ) e, 2))
n A, A€,
Z Ny = ”2” _Ln
Na AEA, d’

we introduce then the normalized derivative f, o(x) defined by

Dfu(r) . | d
Fual) = 5 222 — gA:nA paxe((h, ).

Note that f, ¢(x) is real-valued since f2 ,(x) = fn¢(2) fne(z). Analogously, we denote with 0%, f, the
second derivative of f, with respect to x, and :Ej

W S adoAge((h ). (1.4)
AEA,

We note that conditions [[l) and ) in (I2]) immediately imply that
Ela3] = E[(Re(ax))’] — E[(Im(ax))?] =0,

Oiofn() =

and that 2|ay|? has a chi-squared distribution with 2 degrees of freedom:
Elax) =1,  E[(laa]* = 1)"] = Var(laa[) =1,  Efla|"] =2.

For some of the arguments to follow, we shall make a heavy use of results and notation recently
introduced in the number theory literature by [KKW13]. In particular, let u, be the probability
measure on the circle S := {2 € C: ||z]| = 1} defined by

Z YN

)\EAn

that is to say, the empirical measure for the distribution of integers corresponding to the eigenvalue
47%n; an important role is going to be played by the fourth Fourier coefficient of this distribution,
ie.

i (4) 1= /S A (2) = W 3 (O +id)" (1.5)

This coefficient will not appear in our statements, but inspection of the proof reveals its important
role.



2 Main results

The purpose of this paper is to provide a full characterization for the asymptotic behaviour in the
high-energy limit of Lipschitz-Killing Curvatures computed on the excursion sets of two-dimensional
Arithmetic Random Waves defined in (I.2)) for d = 2, and to compare the results with those recently
derived in the case of random spherical eigenfunctions in [CMI18]; see also [AT07, [AW09, [CX16],
EL16, [FA17, MRW20, NPR19, [PV20] and the references therein for background material and a
number of recent results on Lipschitz-Killing Curvatures in Euclidean settings or on the unit round
sphere.

It is well-known (see e.g., [KKW13]) that there exists a density-1 subsequence {n;}; C S such
that for every x,y € T?

Elfu(a/v/m5) fuly//m5)] = Jo@2rlle —yl)),  n; — +o0, (2.6)

where Jy denotes the Bessel function of the first kind of order zero. To fix notation, let us recall
first that the excursion sets of f,, are defined by

A(fu;T) :={z € T: fu(z) > u}, ueR.

In the two-dimensional case, it is well-known that the three Lipschitz-Killing Curvatures L, k =
0,1,2 correspond to the area functional £ = 2, half the boundary length £ = 1 and the Euler-
Poincaré Characteristic £k = 0, i.e., the number of connected components minus the number of
“holes”. We are interested in these geometric functionals evaluated at excursion sets of Arithmetic
Random Waves: for u € R,

Lr(n;u) := Lp(Au(fn;T)), k=0,1,2; (2.7)

in particular in their asymptotic behavior as n — +oo such that N,y — +o0o. To the best of our
knowledge, all results concerning Ly(n;u), i.e. the Euler-Poincaré characteristic, are new.

The expected values of (2.7)) are given in the following lemma (see Appendix [C]). As usual, we
use ¢, ® to denote the standard Gaussian density and distribution function, respectively.

Lemma 2.1. The expected values for the Lipschitz-Killing Curvatures on excursion sets of Arith-
metic Random Waves are given by

E[L4(n: )] = m(u) ( %) k=012 (2.8)
forn €S and u € R, where
mo(u) :=1—®(u), my(u):= \/§¢(u), mo(u) == %Wb(u) (2.9)

The next Theorem, which is the main result of this paper, provides a full characterization of
asymptotic fluctuations (in the high-energy limit) around these expected values. Let us introduce
the following notation for centred functionals: for n € S and u € R

Li(n;u) :== L(n;u) — E[Ly(n;u)], k=0,1,2;
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we will need also the following subset of the set of frequencies: if n is not a square we set
A:L_ = {)\ €N, : )\(2) > 0},

otherwise A := {A € A, : Ay > 0} U {(v/n,0)}. Note that, for every n € S, {ar}ycp+ are iid.
random variables, and |A}| = N, /2.

In order to state our main results, we will need some more notation. Let Qq,, := [0,1/y/E,)?, and
denote by Lo(u; Qo) the Euler-Poincaré characteristic of the intersection between the excursion
set {f, > u} and the square Q.

Condition 2.2. Forn € S
E[Lo(u; Qon)(Lo(u; Qon) — 1)) = O(1), (2.10)
where the constant involved in the O-notation is absolute.
Note that Condition only concerns the zero-th Lipschitz-Killing curvature.

Remark 2.3. The estimate (2.10) holds for a density-1 subsequence of eigenvalues in the high-
energy limit (thanks to (2.6) and [CMW16]), and we do believe (2.I0) to be true for every n € S.

Theorem 2.4. For k=0,1,2, n € S it holds that

To(ns ) = —2) ( E—> L 37 (Jaal? = 1) + Ri(ns w), (2.11)

N, /2 2 VN2 et
where . . X .
co(u) := §ugb(u), ca(u) = 5\/§u2¢(u), co(u) := §(u2 - l)ugb(u)%, (2.12)
and under Condition [2.2
E2—k
BiRa(ni 0] =0 (5 ) (213

the constant involved in the O-notation only depending on k.

In particular, Theorem 2.4] (whose proof will be given in §l) shows that the “first order approxi-
mation” of Ly(n;u) for any k can be written as a simple explicit function (depending on k) of the
threshold parameter u times the centered norm of f,,. Indeed,

1 1
Iollioe = [Inlfaen] = 57 3 (oal =1 = 55 3 (=1, (214

" NeAn AEAS

cf. (2I1)). This has several important consequences, as discussed just below and in §3l Moreover,
forany u € R, k =0,1,2, as n — +oo such that N,, — +oo0,

cr(u)® Ep* Bt
Var(Li(n;u)) = ST +0 A ) (2.15)
where the constant involved in the O-notation only depends on v and k. Let us now define U}, := {0}
for k =1,2 and Uy := {—1,0, 1}; note that cx(u) defined in (ZI2) vanishes if and only if u € Uy. An
easy by-product of Theorem 2.4is the following quantitative Central Limit Theorem in Wasserstein
distance (written dy).

Given X, Y integrable random variables, dw (X,Y) := supyerip1) [E[A(X)] — E[A(Y)]|, where Lip(1) denotes
the space of Lipschitz functions h : R — R whose Lipschitz constant is < 1.
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Corollary 2.5. As n — oo such that N,, — +oco, for k =0,1,2, u ¢ Uy under Condition[2.2
~ 1
duy (ﬁk(n, u),Z) —0 (\//_V,)

Zk(”% u)
Var(Ly(n;u))’
Z ~ N(0,1), and the constant involved in the O-notation only depends on k.
The proof of Corollary will be given in §4 Theorem 2.4] also allows to deduce Moderate

Deviation estimates |[DZ98, §1.2] for Lipschitz-Killing curvatures evaluated at excursion sets of
Arithmetic Random Waves, see also [MRT20, Remark 1.9].

where

Li(n;u) =

Corollary 2.6. For k=0,1,2, n € S, u & Uy, let {sgfi}nes be any sequence of positive numbers
such that as N,, — 400

St

— 400, — — 0. (2.16)
Under Condition[2.3 the sequence of random variables

{Extnsw)/s8)

nes

satisfies a Moderate Deviation principle with speed (snkq)L)2 and rate function I(z) = 2°/2, v € R,
i.e. for any Borelian set B C R

1 ~ .
—inf Z(z) < liminf i log P (M € B)
) :

1 Ly,(n;
< lim sup Wlogl@ (% € B) < —inf Z(z),
Sn;u

No=t00 (Spu)

where B (resp. B) denotes the interior (resp. the closure) of B.

Corollary 2.6]is a refinement of the Central Limit Theorem in Corollary .5l its proof will be given
in §41 A further obvious consequence of Theorem [2.4] is the following asymptotic full correlation
result.

Corollary 2.7. Let ki, ko € {0,1,2} and ui,us ¢ Uy. As n — oo such that N,, — +oo, under
Condition [2.2,

1

T ; ; =1
Corr (Ly, (n;uy), Li,(n;us)) +0 (\/M) :
where the constant involved in the O-notation only depends on ki and ks.

In words, Corollary 2.7 (whose proof will be given in §4]) entails that in the “nondegenerate”
points where the leading term in the asymptotic variance (2.I5) does not vanish knowledge of one
of the three Lipschitz-Killing curvatures at some level allows the derivation of the other two at any
level, up to a term which is lower order in the L?(IP)-sense.

See §3] for further comments on our main result, its consequences and the comparison with the
spherical case.



Remark 2.8 (Nodal case). The geometry of Arithmetic Random Waves was initially investigated in
[ORWO08|, RW08] and subsequently in several works with a focus on the nodal case which corresponds
to the level u = 0. Concerning the (half) nodal length, the asymptotic variance was addressed and
fully solved in [KKWT13]: as N,, — +o0,

114 jia(4)® By
4 512 N2
where [i,(4) has been defined in (LH). It is well-known that for any p € [—1,1], there exists
a sequence of energy levels such that the corresponding sequence of fourth Fourier coefficients

converges to u. The second order fluctuations of the nodal length were investigated in [MPRW16]:
as N,, — +oo and fi,(4) — u

~ . L 21(7%0) d 1
Lalmi 0) = Var(L;(n; 0)) eV 112

where Zy,Zs are i.i.d. standard Gaussian random variables. A quantitative Limit Theorem in
Wasserstein distance is given in [PR1§].

The “signed area” of Arithmetic Random Waves restricted to shrinking balls of radius above the
Planck scale has been recently investigated in [KWY20], the Euler-Poincaré characteristic of the
excursion set at level zero is currently under investigation.

Var(L1(n;0)) = (1+o0(1)), (2.17)

2= +pwzi+ (1 —p)Z3), (2.18)

3 Outline of the paper

3.1 On the proofs

Our approach to proving the results of this paper stated in §2]is broadly analogous to what was used
earlier to evaluate the Lipschitz-Killing Curvatures of excursion sets for random eigenfunctions on
the sphere or in Euclidean settings, see e.g. [KLO1, MW11, MW14 MR15| [EL16, [CM18| NPR19,
DNPR19, [PV20] and the references therein. The starting point is to derive the so-called chaotic
decomposition of our geometric functionals, that is, for £ = 0,1,2, n € S and u € R, a series
expansion in L?(P) of the form

Li(n;u) = Proj[Li(n;u)]q], (3.19)

q=0

where Proj[Ly(n; u)|q] denotes the orthogonal projection of Li(n;u) on the space spanned by mul-
tivariate Hermite polynomials of order ¢ to be computed on f,, in (L2) and their derivatives up to
order two, and the random variables Proj[Ls(n; u)|q] and Proj[Ly(n;u)|¢'] are orthogonal whenever
q # ¢'. Recall that Hermite polynomials {H,},en are defined as

Hy =1, H,(t) = (—1)"(;5_1(15)%(?(15), teR, ¢g>1, (3.20)

where ¢ still denotes the standard Gaussian probability function. A more complete discussion on
Wiener chaos is given in §4.11 see also [NP12, §2] for background and details.

The zero-th order term just amounts to the expected value of Lipschitz-Killing curvatures given
in Lemma 2.1 whereas the first order projection is easily seen to vanish identically due to the
oscillating properties of these random waves f,,.



Lemma 3.1. For k=0,1,2,n€ S andu € R

Proj[ﬁk(n;u)\O]:mk(u)< @> | (3.21)

where my(u) are as in (2.9), moreover for n > 1
Proj[Ly(n;u)|1] = 0. (3.22)
It becomes then crucial to investigate the behaviour of Proj[Ly(n;u)|2].

Proposition 3.2. For k=0,1,2, n € S and u € R it holds that
= 2—k
Proj[Ly(n;u)[2] = o ( —")

where, as in (212),

(|ax]* — 1), (3.23)
ol

1 7, 1, 1
3 5o, ) = 50— Dustu)-

From (B.23)) it is clear that whenever ¢, (u) # 0 the variance of the second order chaotic projection
of Li(n;u) is of order E27%/N,,, otherwise Proj[Ly(n;u)|2] = 0. A careful investigation of higher
order chaotic components yields the following.

co(u) = %W(U), cr(u) =

Proposition 3.3. For k = 0,1,2, n € S, u € R, as n — +oo such that N,, — +oo, under

Condition [2.2
2—k
(ZPTOJ LolAu(fo >>|q]) =0<EN2 ) (3.24)

where the constant involved in the O-notation only depends on k.

Proposition together with (3.23]) proves Theorem [2.4] see §4] once setting

= ZPIOJEk u(fn; T))lg]-

The proofs of Corollary 2.5, Corollary and Corollary 2.7 (postponed to §]) heavily rely on
(2.10)), i.e. on the fact that, at least at “non-degenerate” levels, all Lipschitz-Killing Curvatures for
Arithmetic Random Waves behave (in the high-energy limit) as an element of a fixed order Wiener
chaos, in particular as a sum of i.i.d. random variables. Equation (2I3]) quantifies the error made
when replacing L£;(n; u) with the empirical mean of centered squared Fourier coefficients {ay }aea, ,
allowing to get the quantitative estimates stated in these corollaries.



3.2 Discussion
The first few Hermite polynomials (3.20)
Ho(u) =1, Hi(u)=u, Hy(u)=1u>-1, ueR
will play a crucial role in the arguments to follow. For the sake of notational simplicity, let us set
H_i(u):=1—®(u), ueR.

For the moment, let us observe that we can rewrite the empirical mean on the right hand side of

B23) as 1
i S =1 = [ (g de (3.25)

™ xeA,

Of course,
1= / Hy(fn(x)) dz. (3.26)
T
From (B3.26)), bearing in mind Lemma 31 we can rewrite (Z.8) as

Proj[Ly.(n; u)|0] = my(u) (\/?) AHo(fn(x))dx,

(3.27)
ma) = oo, () =[5 B, mou) = oo Hi (o),
for every n € S, k=0,1,2 and u € R. Analogously, from (B3.23]), we can rewrite (3.23) as
2k
Proj{Lx(n;w)|2] = () <\/%) [ gt s
T (3.28)

1

ealu) = S0, ) = 34 [F P60, alw) = 3 Hr () Halwhola

for every k = 0,1,2, n € S and u € R. In the next subsection, we will show that ([B.27) and
B2]) are in perfect analogy with the spherical case, suggesting the existence of a “second order”
Gaussian Kinematic formula a la Adler and Taylor [AT07]. The generalization of these expressions
to arbitrary dimensions are currently under investigation.

3.2.1 Random Spherical Harmonics: previous work

Random Spherical Harmonics are Gaussian eigenfunctions of the spherical Laplacian operator, that
is, the sequence {f;}sen of zero mean, unit variance isotropic Gaussian fields on the unit round
sphere S? which satisfies the Helmholtz equation

Angg = —A\ofo, Ao = f(f + 1), ¢ e N.
Here, Ag2 is the spherical Laplacian operator. For the excursion sets of these fields

A(f6S?) ={r € §*: filx) > u},  uweR,
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the following results hold (see |[CM18] and the references therein):

Y,

Proj[Li(Au(fe; $))10] = my(u) ( 5) . Ho(fe(x)) do + 2H_1(u) - 0},

where the coefficients my,(u) are as in ([8.27)), and

2—k

Proj[Ly,(Au(fe: $%))12] = ci(u) (\/%) Hy(fi(w)) dz + Orae)(1) - 6, (3.29)

SQ

where c;(u) are as in ([3.28). Here, 07 is the Kronecker delta, and Oz (1) stands for a sequence of
random variables bounded in L?(P).

3.2.2 Some more remarks

Remark 3.4 (On Berry’s Cancellation). It should be noted that for all three Lipschitz-Killing
Curvatures the second-order chaos term disappears in the nodal case u = 0, see (3.28) and (3:29).
As a result, the asymptotic variance of these geometric functionals is of smaller order for this
value, thus providing an interpretation of the Berry’s cancellation phenomenon first noted (for

the case of boundary lengths of planar random eigenfunctions) in [Ber(2] and then discussed by
[Wig10, MPRW16|, [CM18] and others.

Remark 3.5 (On Universality). It was shown in [KKW13] and later in [MPRW16], see also Remark
2.8 that some geometric features for the excursion sets of Arithmetic Random Waves are not uni-
versal, in the sense that they do not share a unique limit as the eigenvalues n diverge. In particular,
for the case of nodal length it turns out that both the variance (2.I7)) and the limiting distributions
(ZI8) can vary quite substantially along subsequences characterized by different limiting values for
the coefficients i,,(4),n € S introduced in ([LH]). This is not the case for Lipschitz-Killing Curvatures
computed on excursion sets corresponding to a non-vanishing second-order chaotic component, see
§2t their expected values, their asymptotic variances and their (Gaussian) limiting distributions are
universal (in other words, they are invariant under subsequences of energy levels). The sequence of
parameters [i,(4),n € S appears ubiquitously in the proofs that will be presented in the following
section.

Remark 3.6 (On Correlation). Corollary 2.7 is, heuristically, a consequence of the fact that the
fluctuations of all three Lipschitz Killing Curvatures are actually dominated by their centered norm,

see Theorem 2.4, (Z14) and (B3.28),
1FullZacey — E [I7ulae / () dr = 5 3 (Jasf? ~ 1)

)\EAn

Again, an analogous phenomenon occurs for random eigenfunctions on the sphere, see §3.2.1¢ in the
case of Arithmetic Random Waves, however, this is slightly more surprising, because isotropy does
not hold and hence one could expect the magnitude of the single random coefficients {|ax|*},c, to
play a more relevant role.

*Note that [, Ho(fe(z))dz = 4.
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3.3 Plan

In §4.1] we will recall basic facts on Wiener chaos, the chaotic expansion (B.19) for Lispchitz-
Killing Curvatures will be stated in §4.2] while the proofs of our main results will be given in
§4.3l In particular, in §5 we will establish the chaotic expansion for Euler-Poincaré characteristic
of Arithmetic Random Waves. The second chaotic components of these geometric functionals will
be analyzed in §6l leading to the proof of Proposition 3.2l We will investigate higher order chaotic
components in §7] proving Proposition B.3] along the way. Some technicalities and several tedious
computations will be collected in the four Appendixes [AHDI
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4 Proofs of the main results

4.1 Wiener chaos

Let us recall some basic facts on Wiener chaos, restricting ourselves to the toral setting. Bear in
mind the definition of Hermite polynomials in ([320). The family H := {H;/vk!}ren is a complete
orthonormal system in L?(R, Z(R), ¢(t)dt) =: L?(¢), where ¢ still denotes the standard Gaussian
density on the real line.

The Arithmetic Random Waves (L2)) considered in this work are a by-product of a family of
complex-valued Gaussian random variables {ay } \ezz2, defined on (€2, %, P) and satisfying properties
@) and @) in (L2). Let us define the space A to be the closure in L*(P) of all real finite linear
combinations of random variables £ of the form

f =zaytzZa_y,
where A\ € Z? and 2 € C. The space A is a real centered Gaussian Hilbert subspace of L*(P).

Definition 4.1. For g € N, the g-th Wiener chaos associated with A, written Cy, is the closure in
L2(P) of all real finite linear combinations of random variables of the form

le (51) ’ sz (52) o 'Hpk (gk)

for k € Nxy, where py, ...,pr. € N satisfy py+---+pr = q, and (&1, ..., &) is a standard real Gaussian
vector extracted from A (in particular, Co = R).

Using the orthonormality and completeness of H in L?(¢), together with a standard monotone
class argument (see e.g. [NP12| Theorem 2.2.4]), it is easy to show that C, and C,, are orthogonal
in the sense of L*(P) for every ¢ # m, and moreover

L2(B) = (2, 0(A),P) = @D C,:

q=0
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that is, every real-valued functional F' of A can be (uniquely) represented in the form
F = Proj[F|q] (4.30)
q=0

where Proj[Flq] stands for the projection of F onto C,, and the series converges in L?(PP). Plainly,
Proj[F|0] = E[F].

From (L3), for j,£ =1,...,d the random fields f,,0; fn, 832'@ fn viewed as collections of Gaussian
random variables indexed by x € T¢ are all lying in A, i.e. for every z € T we have

fn(z)a a]fn(x), a?gfn(l') e A

4.2 Chaotic expansions of Lipschitz-Killing curvatures

The three geometric functionals of our interest are finite-variance functionals of A, hence applying
(4.30)) we get the series expansion in (3.19). Let us be more precise.

4.2.1 Excursion area

For the second Lipschitz-Killing curvature we have the following integral representation

Eg(n;u) = / ]-{fn(x)ZU} dx (4.31)
T

entailing that Lo(n;u) € L% (P). The proof of the following result is simple (see also §3 in [MWTI])
and hence omitted.

Lemma 4.2. For everyn € S and u € R, the chaotic decomposition of Lo(n;u) is

Lo(n;u) = 7‘1('“) /T H,(fa(2)) da, (4.32)

— ¢

where v,(u) :== H,_1(u)p(u), and the convergence of the series is in L*(P).

4.2.2 Boundary length
For the first Lipschitz-Killing curvature we have the following formal integral representation

1

Lifmi) = 5 [ 8|V Aol do (4.33)

where 9, is the Dirac mass in u, and Vf, is the gradient of f,. For ¢ > 0, let us consider the
e-approximating random variable

1 1

£ i= 5 [ ool ua) IV fo(o)] d
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Lemma 4.3. For everyn € S and u € R it holds that, as € — 0,
L{(n;u) = Lq(n;u), (4.34)
where the convergence holds both a.s. and in L (P).

The proof of Lemma [£.3]is analogous to the proof of the L?(IP)-approximation result for the nodal
length of Random Spherical Harmonics in [MRW20, Appendix B] and hence omitted. In order to
state the next result we need to introduce two collections of coefficients {o, 21, @ n,m > 1} and

{Bi(u) : I > 0}, that are related to the Hermite expansion of the norm || - || in R? and the (formal)
Hermite expansion of the Dirac mass §,(-) respectively, cf. (£33]). These are given by
Bi(u) == Hi(u)g(u), (4.35)

where H; still denotes the [-th Hermite polynomial (3.20), and

T (2n)i(2m)! 1 1
Qop om = \/g n'm! 2n+mpn+m Z 9 (436)

where for N € Nand z € R

=0

the ratio ((]JJ,F) being the so-called swinging factorial restricted to odd indices. The proof of the

following lemma is analogous to the proof of Proposition 3.2 in [MPRW16] and hence omitted for
the sake of brevity.

Lemma 4.4. For everyn € S and u € R the chaotic expansion of L(n;u) is

' B ok 2u—2k By 2u (W)
ﬁl(mu) = \/7222 2]{; ku—;l{;),(q—Qu)! %

q=0 u=0 k=

/ () Hon(Fon (2)) Hon o f o () dir,

where the convergence of the series is in L*(P), and f,, denotes normalized first derivatives defined

in (T4).
4.2.3 Euler-Poincaré characteristic

The zero-th Lipschitz-Killing curvature has the following formal representation
Lo(n;u) = /det(szn(at))1{fn(m)2u}5o(an(x)) dz, (4.37)
T

where V2, is the Hessian matrix of f,, and abusing notation ¢, denotes the Dirac mass in (0,0).
For € > 0, let us consider the e-approximating random variable

Eg(m u) = /Tdet(vzfn(x))l{fn(m)ZH}ﬁl[_e’e]z(an(x)) dz. (4.38)

13



Lemma 4.5. For everyn € S, ¢ >0 and u € R
|L5(us n)| < 4E,. (4.39)
The proof of Lemma is postponed to the Appendix [Al
Lemma 4.6. Forn € S and u € R it holds that, as € — 0,
Li(n;u) = Lo(n;u),
where the convergence is a.s. and in L*(P).

Equation (4.37) is justified by Lemma whose proof is postponed to the Appendix [Al In view
of Lemma [£.6] by letting € tend to zero in (£.39) we find

|Lo(n;u)| < 4E,

for every n € S e u € R, in particular Lo(n;u) belongs to L (P). Obviously once the a.s. conver-
gence is proven, it suffices to apply Lemma to get the convergence in L?(P).

The next result (whose proof will be given in §5]) concerns the chaotic expansion of Ly(n;u): we
will not need explicit expressions for chaotic coefficients but those corresponding to the zero-th and
second Wiener chaoses, see 4.3 and §6.2] respectively.

Lemma 4.7. Forn € S and u € R, the chaotic expansion of Lo(n;u) is

& Moo (1) Bogfae 11 ful(2)
Lolmu) =2E,) ) e (2;;(22@)! /TH< 11]{53 )

q=0 a+b+c+2d+2e=q

o (%549 o,

(n)

for some coefficients n, ;.

(u) € R,a,b,c € N, where the series converges in L*(P),
Bq = B4(0) = ¢(0) Hy(0) (4.41)
as defined in ([{.39), and ki, ..., ks are defined in (2.53).

4.3 Proofs
Proof of Lemma [3.1. From Lemma [1.2] we have

Proj[Ly(n;u)|0] = ))dr =1~ ®(u),

that coincides with E[Ly(n;u)] in Lemma 2.1l From Lemma [£.4] (£35) and (4.36])

proflCu o) = 3/ER 08D [y ) o) Mol

g2



that is E[L;(n;u)] given in Lemma 21l Let us now focus on Ly(n;u). Exploiting the proof of
Lemma 2.1 in Appendix [C] we have that for every n € S and v € R

Wgo(u) = Jud(u) (1.2
hence from Lemma 7]
ProjlCo(m ol = 26,05}
— udl)

that is equal to E[Ly(n;w)] in Lemma 211 From Lemma and n € S, n > 1, the first order
chaotic component of Lo(n;u) is

Proj[La(n; u)|1] = 71(“)/ (ful) /fn

1!

_ o) (0 1)) di = (4.43)
WAGZA/T ((\,x)) dz = 0.

=89

The proof of (3:22) for £ = 0, 1 is analogous to (£.43), hence we omit the details.
U
The proofs of Proposition and Proposition are long and technical, hence postponed to §6l
and 7 respectively.
Proof of Theorem 2.4 assuming Proposition and Proposition B.3l From Lemma

B and ([3.I9) we can write

Ly(n;u) = Proj[Li(n; u)]q], (4.44)

q=2

where the convergence of the (orthogonal) series is in L?*(P). Proposition B.2] ensures that we can

rewrite (£.44) as

2k
= c(u) E,
Lelmiu) = an/2< 7)

where ¢ (u) are given in (ZI2). In order to conclude the proof it suffices to set

-1 —|—ZP1"OJ (L (n;u)|ql,

,\A+

Ri(nsu) = > Proj[Le(n; u)lg) (4.45)

q=3

and recall Proposition [3.3]
[
Proof of Corollary 2.5l Let us bear in mind Theorem 24 and (2ZI5). For n € S, k =0,1,2

and u ¢ Uy, by triangle inequality,

dy <£~k(n;u),Z> < dw (gk(n; W), Proj[Ly(n; u)|2]> L dy (Proj[ﬁk(n;u)|2]

, Z) . (4.46)
Var(Ly(n;u)) Var(Ly(n;u))

15



For the first term on the right-hand side of (4.46]) it suffices to note that, by definition of Wasserstein
distance and (3.19)),

dw | Li(n;w) Projifumu)i2l} _ | R (n;u) ?
w | Le(n;u), Var(Li(n;u)) ) — Var(Ly(n; u))

(/%)

where the last estimate follows from (2.I3) in Theorem 2.4 and (2.I5). The second term on the
right hand side of (£48]) can be controlled by Berry-Esseen’s bounds (see e.g. [Ess42]), indeed the
second order chaotic projection is a sum of i.i.d. random variables, see Proposition B.2] recall also

215):
Proj[£a(n; w)[2] Proj[£i(n; u)[2]
d Z) < d 7
v < Var (Ly(n;u)) ) = v <\/Var(Proj[£k(n; W2 )
s ( Proj[Cy(n; w)[2) Proj[ckm-u)m)
\/Var (Proj[Lx(n; u)|2]) \/Var(Li(n; u))

(4.47)

IA

(|ax|* — 1), (4.48)

dw
+‘\/Var (Ly(n;u)) — /Var (Proj[ﬁk(n;u)m])‘
Var (Li(n;u))

1
-0 ( ) |
V : ;n
Plugging (£4T) and (£4]) into (L46) we conclude the proof.
]

Proof of Corollary 2.6. The proof is analogous to the proof of Theorem 1.7 in [MRT20].
Applying standard Large Deviation results [DZ98] for sums of i.i.d. random variables we have that
under (2.16]) the sequence

{PrOJ[ﬁk(n u)|2]/s N es
satisfies a Moderate Deviation principle as N,, — +o0o with speed (s%k%)Q and rate function Z, where

Proj[Lk(n; u)|2]

ProjlLu(n; u)[2] := /Var(Proj Ly (m; 0)]2))

Moreover, for every ¢ > 0, under (2.10)),

limsup ———
Np—400 (S

n; n;u

log P (‘ck n;u)/s®) — Proj[Lx(n;u)[2]/s®)

—

i.e. the two sequence of random variables {Igfo/j[ﬁk(n;u)|2]/sg%}nes and {Zk(mu)/sg%}nes are
exponentially equivalent [DZ98, Definition 4.2.10] along subsequences of energy levels such that

1
(k) \2 )
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N,,, = +00. Theorem 4.2.13 in [DZ98] then ensures that {£(n; u)/sn u}nes satisfies a Moderate De-

viation principle with the same speed and rate function as the sequence {Proj[Ly(n;u)|2]/s%h }nes.
]
Proof of Corollary 2.7. From Theorem 2.4 and (4.45]) we can write

Cov (L, (n;u1), Li,(n;us))
Corr (L, (n;uqy), Ly, (n;ug)) =
(L ( ) Lk ) \/Var(ﬁkl(n;ul))\/ar(ﬁkg (n;uz))
_ Cov (Proj[Ly, (n; u1)|2] + R, (125 ua), Proj[Ly, (n; u2)|2] + Ri, (15 u2))
V/ Var(Ly, (n; uy))Var(Ly, (n; us))
_ Cov (Proj[Ly, (n; u1)|2]), Proj[Ly, (n; us)|2])
\/Var(ﬁkl (n;uy))Var(Lg, (n; us))
Cov (R, (n;ur), Ry, (n;us))
V/ Var(Ly, (n; up))Var(Ly, (n; us))
_ Cov (Proj[L, (n;u1)|2]), Proj[Li, (n; uz)|2]) +0 (i)
\/Var(Proj[ Ly, (n; uy)|2]) Var(Proj[Ly, (n; usz)|2]) N
Cov (R, (n;ur), Ry, (n;us))
V/Var(Ly, (n; uy))Var (L, (n; ug))’

(4.49)

where for the last equality we used (2.15)). From Proposition 3.2 we get

Cov (Proj[Ly, (n; us)|2]), Proj[Le, (n; uz)|2])
v/ Var(Proj[Ly, (n; u1)[2]) Var(Proj[Ly, (n; u2) |2])

=1 (4.50)

and still from Theorem 2.4 and (2.15)), and Cauchy-Schwatz inequality, we get

|Cov (R, (n3w1), Ry (s ua))|_ /E[Ray (15 u1)*TE[Rys, (15 u2)’]
V/ Var(Ly, (n;uy))Var(Ly, (n;us)) — v/ Var(Ly, (n;uy)) Var(Ly, (n; ug))

o)

Plugging (£50) and (£5]1) into (Z49) we conclude the proof.

(4.51)

5 EPC: chaotic expansion

5.1 Cholesky decomposition

Recall the definition of the e-approximating random variable (£38) and Lemma In order to
prove Lemma [A.7 we first derive the chaotic expansion of £§(n;u) and then let € go to zero. The
integrand function

1
(2¢)?

defining the e-approximating random variable (4.38)) is a functional of 0 f,,, 02 fn, O11fn, O12fn, O fn
which are not point-wise independent random fields. For the sake of simplicity we first express ()

Fi() = det(V2 fu(0) Liagu e g Lo (Val@)), 2 €T, (5.52)
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in terms of independent random variables. Let us write o,, = 0,,(z) for the 5 X 5 covariance matrix
(see of the Gaussian random vector

(O1fn(@), 02 fr (), O11 fr (), Ora fu (), Doz fr()).

We write it in the partitioned form
On = 0n(T)5x5 = an by
n n X bz Cn )

where the superscript ¢ denotes transposition, and (see Appendix [B.TI)

472 ' 9
ap = ap(z) = WZ)\)\ =27°n I,
LY

000
b":b"(x):(o 0 0)’

since for stationarity for random fields second derivatives and first derivatives at every fixed point
are uncorrelated [see [AT(T], page 114], and (recall (L))

3+ fin(4) 0 1 — fin(4)
cn = Cn() = 27*n? 0 1 — fin(4) 0
=) 0 34 ()

Via Cholesky decomposition we can write the Hermitian positive-definite matrix o, in the form
o, = K,K! where K, is a lower triangular matrix with real and positive diagonal entries, and K
denotes the conjugate transpose of K,. By an explicit computation, it is possible to show that the
Cholesky decomposition of o, takes the form o,, = K, K}, where

vanm 0 0 0 0
0 Vanm 0 0 0
K, = 0 0 V213 + 1,(4) 0 0
0 0 0 V2124 /1 — fi,,(4) 0
2 1—fin(4) 9 1+fn(4)
0 0 V2 nirm(ﬁt) 0 4 n73+,1n(4)
VEn,
= \/(;_ 0 0 0
0 o 0 0 0
| 0o 0 BBt ) 0 0
0 0 0 2@3 1 — fi,(4) 0
By 1-jin(4) L+in (4)
0 0 2V2 /34 (4) 0 En 3+iin (4)
kk 0 0 0 0
0 kit 0 0 0
=1 0 0 ks 0 0 (5.53)
0 0 0 ky O
0 0 ky 0 ks



We can hence introduce a 5-dimensional standard Gaussian vector
Y(z) = (Yi(z), Ya(x), Y3(), Ya(), Y5(2))
with independent components such that

(O1fn(), Oz fu (), 011 fu (), Orafu(T), Ona fu()) = K, Y ()
= (k1 Y1(x), k1Ya (), k3Yz(x), k Ya(x), ksYs(x) + ko Ya(x)).

Hence the expression (0.52)) can be rewritten as

Fo(x) = [ksYs(2)(ksY5() + kaYs(x)) — (kaYa(2))?] 1

{%yg(x)+g—iY5(m)+%Y3(m)S—u}
1
X @1[—675}2 (kll/l (I)’ ]{,‘1}/2(!13'))

= [ksY3(2)(ksY5(2) + kaY3(@)) — (kaYi(2))’] 1

1 1
B

()

k k k
{2 Ys(2)+ 52 Y5(2)+ 52> Ya(z)<—u}

]Z(H(x),Yz(éL“))- (5.54)

_€

_€
k1 ky

Let us now set

.....

(5.54) we can rewrite (E38) as

Lo(nsu) = / Fé(a) dz

= 2 [ (R EYie) + Baa(o) - V(o))

{(ks+k2)Ys(2)+ksYs(x)<—u}

€ €

U oo (@) Yal@) de. (5.55)

-

5.2 Proof of Lemma 4.7

We will need the following preliminary results.

Lemma 5.1. For everye >0, n € S and x € T, the chaotic expansion of

5 (Y (), Ya(z)) := %H_L;]z()ﬁ(z),}é(‘r))
™ 17k1
1s the following series
+oo g Bé/kl ﬁﬁ/kl )
5 (Yi(x), Ya(x) = D> A2 oy (Yi () Hagag (Ya(2)), (5.56)

= o= (20)H(2g - 2¢')!

where the convergence is in the L*(P)-sense, and for q € N>,

ki 1 [k /i 1 [k
)= o(t) dt, Boy = 5o Hy,(t)o(t) dt. (5.57)
k J—e/ka T e/l
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Lemma 5.2. For everyn € S, x € T and u € R, the chaotic expansion of
pa(Ys(2), Ya(z), YB(?C))1{(ES+E2)Y3(x)+25y5(x)§_u}7

where p, (Y (1), Yi(x), Y5(2)) := ksYa(@) (kY3 (@) + kaYa(x)) — k3Ya(a)?, is
pn(Ys( ), Ya(z), Y5( )1 {(k3+k2)Ys(z)+ks Vs (z)<—u}

>y ";i’g,, (Yo () Ha (V3(2) (Y5 (), (5.55)

q=0 a+b+c=q
where the series converges in L*(IP).

We omit the proofs of Lemma [5.1] and Lemma We are now in a position to establish Lemma

47
Proof of Lemma 4.7l Let us first find the chaotic decomposition of F¢(z) in (5.52). Lemma
E.1 together with Lemma [5.2] gives

(n) (u) E/kl E/kl

e Nab,c 2d 2e
= 2E, E E
alblel (2d)! (2e)!

q=0 a+b+c+2d+2e=q

X Haa (Y1 (2)) Hae (Ya(2)) Ha(Ys(2)) Hy(Ya(2)) He(Y5 (1))

entailing that the chaotic expansion of Lo(n;u) in (B.53) is

(TL) ( ) E/kl E/kl

—+00
. na b,c 2d 2e
‘) = 2F,
Lo(n;u) E , Z alble! (2d)! (2¢)!

q=0 a+b+c+2d+2e=q

< / Hoa(Vi (@) Hoo (Ya()) Ho (Y (2)) Hy(Ya(2) Ho(Ya(a)) da. (5.50)

Now note that, as e — 0, for every ¢ € N

B/M — B,

as defined in (£41]). Hence, bearing in mind the Cholesky decomposition in §5.0] Lemma
together with (5.59)) allows to get (£40) thus concluding the proof.
]

6 Second chaotic components

6.1 EPC: preliminary results

We compute now the projection coefficients of Ly(n;u) on second Wiener chaos. From (£40) in
Lemma [£.7] we can write more compactly

Profitomanl - 25, S ael? [, (el

1ble! ! !
a+b+c+2d+2e=2 alblel (2d)!(2e ks
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<t (812531@) e (822Z( . k:5k:3811f"( >) Mz (aljl?l(x))
% Ho. (82f"(x)) dz (6.60)

:Z' hij(u;n)/TYi( )Y;(x )da:+ (u;n /H2

where for 4,5 =1,...5, 1 %# j

hij(in) = B B kg Ya(ksYs + kaYs) = (kaY2)*) Lpsatnsy, gy oy O(k1Ya, bnY2) Vi)
on the other hand, fort=1,...5,
hi(u; n) = B [kgVa(ksYs + kaY3) = (kaY)*) Dgiziay, s igy, oy O (k1Y bnYa) Ha(Y))

The following proposition provides analytic expressions for the coefficients h;; and h,;.

Proposition 6.1. It holds that h;j(u;n) = 0 for all (i,7) # (3,5) and

i) = L AT ) G @))

Moreover

Mlun) = ho(un) = 220 o()

() = 2|2 Sji@;>+w—wu—mu»,
hawn) = =21 = f()®(-u),

ey~ Bl w1+ ()6

o Arr 34 fin(4) ‘

The proof of Proposition is postponed to the Appendix [D.Il From equation (6.60) and
Proposition it is then immediate to obtain the following expression:

5

Proj[Lo(n;u)|2] = hgs(u;n)Ass(n) + % Z hi(u;n)B;(n); (6.61)
where
Aij(n) = /TY,-(x)Yj(x)d:)s, Bi(n) = /THQ(YZ-(x))d:)s. (6.62)

Our next step is then to investigate the behaviour of the integrals of stochastic processes in (6.62)).

Proposition 6.2. We have that

A - 22 5 —jn(4) o, 1—j,(4) 2V2
35 = E |a>\| [ A — = =
N n/1 + [in(4) 3 + fin(4) 34 fin(4) /T4 f1n(4)
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and

] ) 16
Bs(n) = A—/n;““' [n2(1+ﬂn(4))(3+ﬂn(4))
- 1 — f1,(4)
(3 + in (D) (1 + f1n(4))

The proof of Proposition [6.2 is technical hence postponed to the Appendix [D.2

(1—n(4))?

2t B @) (1t (D)

8N3| — 1.

6.2 Proof of Proposition [3.2]
Proof. From Lemma [4.2 and ([3.20) for ¢ = 2 we have

2!
1 2
= §U¢(U)AT/2 > (Jaal* = 1)

AEAY

Projicaminf2 = 24 [ (s, (w)) da
1

which is (3.2 for ¥ = 2. Proposition B.2] for & = 1 has been proved in the spherical case in
[Ros15, §7.3] via an application of Green’s formula, the proof for Arithmetic Random Waves is
analogous hence omitted for the sake of brevity. Let us now focus on the Euler-Poincaré character-
istic: plugging the results of Proposition and Proposition into ([6.61]) some straightforward

computations give Proposition for £ = 0.
U

7 Higher order chaotic components

In this section we investigate higher order chaotic components of Li(n;u), k =0,1,2. Let us start
studying the variance of the projection onto the third Wiener chaos.

Lemma 7.1. For k=0,1,2, as N,, — +oo,

Var (Ly(n: w)[3]) = O (Ej\zf;k) , (7.63)

where the constant involved in the 'O’-notation does not depend on n.
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Proof. From Lemma and properties of Hermite polynomials (see e.g. [NP12, Proposition
2.2.1]) we have

Var(Lo(msu)f3]) = 22 /T ro(2)® do

3!
2 1
_ %éz:) S / exinin (z) do
) " ,\,\1 A2€A,

2

Ya(u S

where
S5(n) :={(A A1, Ae) € AP A+ Ay + Ay = 0} (7.65)

is the length—3 spectral correlation set. Reasoning as in [KKWI13, p.31] it is immediate to check
that
|193(n)| = O(NL), (7.66)

hence from (7.64]) we deduce that
1
Var(L2(n;u)[3]) = O (—) (7.67)
which is (T.63) for k£ = 2. From Lemma .4 we have

Var(Li(n;u)[3]) =

1& Z ﬁa(u)azbgc Ba’(“)a%',ch
2 s al(2b)!(2¢)! (a")!(20)!(2¢)!
a/+20'+2¢'=3

x /T E[Ha(fu(2)) Haol(fur (2)) Hocl fo ()
Ha’ (fn(y))H%’(fn71(y))H2c’(fn72(y))} dxdy (768)

From Lemma 4.7 we have

Z Nape()  Boabre Ny ()  Boa Boer (7.69)

. _ 2
Var(Lo(ms w)l3]) = 4E, albtld (2d)!(2e)! Wi (2d)1(2¢')!

a+b+c+2d+2e=3
a’+b' +c'+2d' +2e'=3

//T T ) Hy(Ys(2)) He(Ya(2)) Haa (Y1 (2)) Hae (Y2 (2)) (7.70)
X Ho (Ya(y)) Hy (Ys(y ))Hcf(n(y))Hgd/(n(y))ng,(n(y))] drdy. (7.71)

Consider the term fora =ad' =3, b=0 =c=d =d=d =e =¢ = 0. We have

Erzlﬂ?,oo?; 50// E[V(x)Ys( )] dady
TxT

(u)
(31
_ Eg”?’“gg g [ s Tkﬁ E (001 ()91 fu(y))* dudy
(u)
(31

_ EZU?)OO?; 60// k <167T Z)\zl i2m(\,x— y)) dxdy
TxT ™3 n

AEA,
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16 4 3 ! "
_ EELUESOO(?; ﬁo //]1: Tkﬁ A7/’T3) Z >\4 >\/ >\// 4 z27r AN+ Jz—y) dl’dy
X

(31 nAN N EA,
n U 167 , y
— A2 3(0052> 6%6( N3) PEEHC RO
(AN N)ESs(n)
4E277300(U) 8t ( ) (16m)° Z (£)4<)‘_/1)4(>‘_/1/)4
"o(31)2 ig;_/ NI ot SV \Vi) \vin)
<1 <1
137,008y 5 [S5(n)]
< A(16m!) e B (7.72)

Plugging (7.60) into (7.72]) and repeating a similar argument for the other summands on the right
hand side of (7.69)) we get (7.63]) for &k = 0. The proof for (7.63) for k£ = 1 is similar. hence we omit
the details.
U
Lemma [TI] ensures that Lx(n;u)[3] is asymptotically negligible with respect to L(n;u)[2] for
any k € {0,1,2} (see Proposition B.2]), as happens for the remaining chaotic projections. All the
results to follow hold for every n when & = 1,2, and for n € S’ for K = 0. For brevity’s sake we
avoid to repeat these conditions in the statements below.

Lemma 7.2. As N,, — +oo under Condition[2.2

ar (2 Ly(n; u)[q]) -0 (Ejﬂk) , (7.73)

where the constant involved in the 'O’-notation does not depend on n.

The proof of Proposition for k = 2 is simple, the proof for £k = 1 can be treated analogously
as the proof of Lemma 2 in [PR18] hence we will omit both of them.

The proof of Proposition for k = 0 is inspired by the proofs of Proposition 2.3 in [DNPR19,
§5] and Lemma 2 in [PRI8]. Let us first decompose T as a disjoint union of squares Qy,, k € Z2,
each of side length 1/M, where

= [d\/E,|, d € R-( to be chosen later, (7.74)
obtained by translating along directions k/M, k € Z?*, the square
Qo :=[0,1/M) x [0,1/M). (7.75)

In what follows we will often drop the dependence of £k from Q).

7.1 Singular squares

This part is inspired by [ORWO0S, §6.1] and [RW16l §4.3]. Let us fix 0 < ¢ < 1 and choose d in

((C74) such that d > c/e; write rp(x —y) = r(z — y) = E[fu(x) fu(¥)], Thalz —y) = ri(z —y) =
E[01fn(2)01 fu(y)]; Tno(z —y) = ra(x —y) = E[02fn(2)02fn(y)], and analogously for second-order
derivatives. A pair of points (z,y) € T x T is said to be singular if either |r(x — y)| > € or

|ri(z—y)| > ey/nor|r(z—y)| >ey/nor|r(x—y)| >enor|rig(z—y)| > enor |ru(z—y)| > en.
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Definition 7.3. A pair of squares (Q, Q') is said to be singular if there exists a singular pair of
points (z,y) € Q x Q.

For instance, (Qo, Qo) is a singular pair of squares. The following is Lemma 5.2 in [DNPR19].
Lemma 7.4. Let (Q, Q') be a singular pair of squares, then for every (x,y) € (Q, Q') either |r(x —
Y)| > te or |ri(z —y)| > 3ev/n or [ra(z — y)| > se/n or [riu(z — y)| > sen or [riz(z — y)| > sen
or [ras(z — y)| > 1en.

Let us now denote by Sg the union of all squares @' such that (Q,Q’) is a singular pair of

squares. The number of such squares Q' is M? - area(Sg), indeed the area of each square is 1/M?.
The following result is similar to Lemma 5.3 in [DNPR19] hence we omit the proof.

Lemma 7.5. We have

area(Sg) < /r(x)4 dx. (7.76)
T
Recall that 1S,(0)
4 5 _ 04N
/Tr(x) dex = NT (7.77)

where Sy(n) := {(A, N, NV N) € AL X+ XN+ X + X = 0} is the length—4 spectral correlation
set, and [MPRW16, Lemma 5.1] (see also [KKW13| p. 31])

|S4(n)] = 3NN, = 1). (7.78)
From Lemma [7.5 and (7.78) we immediately have

area(Sg) < (7.79)

1
N2’

n

thus the number of squares @’ such that (Q, Q') is singular is < E,, /N2

7.2 Variance and squares

Let us denote by Ly(n; u, Q) the Euler-Poincaré characteristic restricted to ). Since the squares
are disjoint we can write

Lo(niu) =Y Lo(n;u, Q) (7.80)
yielding ¢
proj(Lo(n; u)|Ca) = > proj(Lo(n; u, Q)[Csa). (7.81)
From (Z81) we deduce ’
Var(proj(Lo(n; u)|Csa) = Z Cov(proj(Lo(n; u, Q)|Cs4), proj(Lo(n; u, Q')|C4)) (7.82)
= (QQZ) Cov(proj(Lo(n; u, Q)|Cx4), proj(Lo(n; u, Q)| C4))
Q,Q’) sing.

+ Z Cov(proj(Lo(n; u, Q)|Csa), proj(Lo(n; u, Q")|Cs4));
(Q,Q") non-sing.
we are going to separately study the contribution of the singular part and the contribution of the
non-singular part, i.e. the two summands on the right-hand-side of (7.82)).
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7.3 The contribution of the singular part

By Cauchy-Schwartz inequality and stationarity of the model we have

Z Cov(proj(Lo(n; u, Q)|Cs4), proj(Lo(n; u, Q")|Cs4))

(Q.Q) sing.
< ) Var(proj(Lo(u; Qo)|Ca)) (7.83)
(Q,Q) sing.
2 En : E? .
<M mvaf(proj(ﬁo(u; Q0)|C>4)) < Aﬁvar(ProJ(ﬁo(“? Q0)|C>4)),

where for the last two estimates we used (Z.79) and (Z.74)) respectively. Now write

Var(proj(Lo(u; Qo)[Cs4)) < E [Lo(u; Qo)?]
= E [Lo(u; Qo)(Lo(u; Qo) — 1)] + E [Lo(u; Qo)] -

Lemma 7.6. For everyn € S and u € R

E [ﬁo(u; Qo)] = O(1),

(7.84)

where the constant involved in the O-notation is absolute.

The proof of Lemma follows from the stationarity of the model and the fact that Lo(n;u)
is bounded from above by E,. Lemma together with (2.I0]) entail that the right hand side of

((C84)) is O(1) hence
Var(proj(Lo(u; Qo)|C>4)) = O(1), (7.85)

where the constant involved in the O-notation is absolute, that together with (Z.83) proves the
following.

Lemma 7.7. As N,, — +o0o under Condition[2.2

> Covlproi(Calun @ICs) proi(Catus )Icsi)| =0 (). (70

(Q,Q’) sing.

where the constant involved in the O-notation is absolute.

7.4 The contribution of the non-singular part

In this part we prove the following.

Lemma 7.8. As N,, — +o0

2
S Covlproi(€a(usQICs o Calu IC) =0 (£5) . (180
(Q,Q’) non-sing.

where the constant involved in the O-notation is absolute.
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Proof. As in the proof of Lemma 3.5 in [DNPR19] we can write

Z Cov(proj(Lo(u; Q)|Cx4), proj(Lo(u; Q)|C>4))
(Q,Q’) non-sing.

SEODY

q>4  a+b+ct+2d+2e=q
a' +b' 4’ +2d' +2e'=¢q

x |V(a,b,c,d,e,a b, c,d,e)l,

nabc( )5§ék156/k1 na’ o, ’( ) ;[/ifﬁ ;é/kl
alble! (2d)!(2e)! W1t (2d')!(2¢)!

where V(a,b,c,d,e,a',b',c,d €') is the sum of no more than ¢! terms of the type

v = Ry, k. (z —vy) dzdy,
> LI

non- smg

with [, k, € {0,1,2} and where for [,k =0,1,2 and z,y € T we set
Rip(x —y) = E[Yi(2)Yi(y)]-

For every integer ¢ > 4

o] < / / rale — )| dady
Z QxQ’

non- Sll’lg

< eq_4 Z / / n(z — da:dy
QXQ’

non- Sll’lg

< eq_4/rn(z)4 dzx.
T
From (7.91)) we deduce that

r)td
\V(a,b,¢,d,e,d b, d e )\<q'fT74$eq
e

q!fT Tn :L’ dx (\/E)a+b+c+2d+2e(\/E)a’+b’+c’+2d’+2e’.

Plugging (7.92)) into (T.88) we get

Y. Cov(proj(Lo(u; Q)|Cx4), proj(Lo(u; Q')|C4))
(Q,Q’) non-sing.

<4E2fT LA SIS M) G5 Bl miry o () Bt G5l

q>4 a+b+c+2d+2e=q
a’+b' +c'+2d' +2e'=¢q

% (\/E)a+b+c+2d+2e(\/E)a’+b’+c’+2d’+2e’_

I
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(7.91)
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reasoning as in the proof of Lemma 3.5 in [DNPR19], for 5,/¢ < 1 we obtain

(n) e/k1 pe/k e/k1 Helk
Z——qu Z N (W) Bsh™ 65! 177“, o(u) B g
o ' ble] 12V a1
q=4 a+btct+2d+2e=q alplc! (Qd)'@e)' a'lb'le't (Qd,)~( )
a'+b'+c+2d +2¢'=¢q
X (\ﬁ)“+b+0+2d+2e ( \/_>0«'+b’+c’+2d’+2e’

i) gy e |
a,o,c d e |
< > TR (a+b+c+d+e)
a,b,c,d,e,a’ b’ ,c,d e’
> (\/E)a+b+c+d+e+a’+b’+c’+d’+e’ (7'94>
77(n) (u) /k e/l 2
a,b,c d e
a+b+ctd+e a+bt+ctdt+eta’ +b' +c'+d' +e’
= Z alblcldle! g (Ve) )
a,b,c,d,e,a’ b’ ,c,d e’
Let us now prove that
2
k k
nye(w) 3y g™
(a,b,c,d,e) — (7.95)

alblcldle!
is uniformly bounded over € and n. From (5.57), recalling that there exists C' > 0 such that for
every ¢ € N and u € R

|H,(u)|¢(u) < C/4q,

we have for every € >0, n € S and d € N,

e/k1
d 2
vl < 2 (7.96)
Moreover from Lemma we have
2
ey (u )} )
Z Z alblc! = E [p"(y?’(x)’ Yi(x), ¥5(2) L g o) Vi (2) s Yo () <—u

S < E[pa(Va(), Ya(a), Yo(@)?] = O(1),
(7.97)

where the constant involved in the O-notation is absolute. Equation [7.95] together with (7.93)),
(794)) and ([7.78) allows to conclude the proof of Lemma [7.8

U
Proof of Lemma [T.2l. The proof follows from Lemma [[.7, Lemma [T.8 and (7.82).

U
7.5 Proof of Proposition
Proof. It suffices to combine Lemma [7.1] and Lemma [7.2] to get

Var(proj(Lo(n;u)|Cs4) = O(1), (7.98)

where the constant involved in the O-notation is absolute.

U
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A EPC: technical lemmas

By stationarity of the model the law of V f,(z) is independent of z € T, it is centered Gaussian
with covariance matrix given by a, in (B.I03). Since det(a,) # 0, Proposition 6.5 in [AW09] (with
Z =V f,) ensures that for every z € R,

P(3z € T : Vf,(x) = z,det(V2f,(x)) = 0) = 0. (A.99)

In particular for z = 0, via a standard application of the inverse function theorem [AT07, p.136],
we have that the set of critical points of f,, a.s. consists of a finite number of isolated points. By
Bézout Theorem we deduce that the number of critical points of f,, is bounded from above by 4F,,,
and the Euler-Poincaré characteristic of any excursion set of f, so (see the Morse representation
formula below).

Now, in order to apply area formula as in [AW09), Proposition 6.1] (with f = V f,,) we need to
be sure that the set of critical values of Vf, a.s. has zero Lebeasgue measure. This follows from
Sard’s Lemma applied to V f,,.

Proof of Lemma From (4.38)) we have

il < [ 1et(T 4, () e (Vo) do

where the random variable on the right hand side approximates the number of critical points of f,.
Thanks to the previous discussion, we can apply the area formula [AW09], Proposition 6.1] obtaining

/|det (V2 fo(2) |( )

By Bézout Theorem we have for every z
#{x eT: :Vf,(x) =2} <AE,. (A.101)
Substituting (A.101]) into (A.100) we obtain the desired result.

e (Vh (@) do = oo (@) = hdz (A100)

0
By the Morse representation fomula [ATO7, §9.3, §9.4] we obtain

(n;u) :i ( (fa; T), fn‘Au(fn;’]T))7 (A.102)

7=0
where
127 (Au(fmT)a fn|Au(fn;T)> = #{SL’ eT: fn(x) > U,an(l’) = Ovlnd(_vzfn(x>) = j}
=#{x cT:Af,(2) < —E,u, V() =0,Ind(-V%f,(2)) = j},

(note that in the last equality we used the fact that Af, = —E, f,) Ind(M) denoting the number
of negative eigenvalues of a square matrix M. More specifically, pg is the number of maxima, pu,
the number of saddles, and ps the number of minima in the excursion region A,(f,;T). Hence we
can formally write

2
Lo(n;u) =Y (~1) /T |det(V2 (@) [1(a £ (@) <~ B w} L{tnd(—v2 pu =300 (V fu(2)) d

=0
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which is (4.37).
Proof of Lemma [4.6l. Thanks to Morse representation formula and then Theorem 11.2.3 in
[ATO7] (whose assumptions are satisfied in particular thanks to ([A.99) for z = 0) we have a.s.

2

e : —1)/
115)% Eo(n; u) = llmz ((26))2 /T|det(V2fn(x))|1{Afn(x)<—En u}]-{lnd(—Van(x)):j}1[—5,6]2(v.fn(x)) dx
j=0

= Z(_Uj:uj <Au(fn;T), fn|Au(fn;qr)> = Lo(n;u).

The latter together with Lemma immediately establish the L?(IP)-convergence thus concluding
the proof.
O

B Computation of covariance matrices

Let xz,y € T, and consider the Gaussian vector

(O1fu(), 02 fu(2), 01 fu(Y), O fu(y), Or1 fu(), Orafu(T), Ona fr (), Or1 fu(y), Or2fu(y), Do fu(y)).

It is convenient to write its covariance matrix in block-diagonal form, i.e.

B An(x’y) Bn(x,y)
Sz, y) = ( Bt (z,y) Chu(z,y) ) '

In particular the A,, component collects the variances of the gradient terms, and it is given by

Ay(ny) = ( an(T,2)  an(z,y) ) ) = ( ria(z,y) Ta(r,y) ) |

an(yax) an(y>y) 7"172(1','3/) 7’272(1','3/)
It is easy to check that (cf. [KKW13| MPRW16]), for i = 1,2,

4 9
’f’m’(l’,y) = W ZA(2)6(<A>$_y>)>
LD

while for ¢ #£ j, 4,7 = 1,2

rij(2,y) = B0 f(2)0; fa(y)] = jlvin D ApApelhz —y) =rjiz,y).

The matrix B,, collects the covariances between first and second order derivatives, and is given by
_ 0 bu(z,y)
Bn(xv y) - ( bn(y7 ,’L’) 0 )

where

ria(T,y) rie(e,y) riee(r,y) )
by, ’ = 7 7 7 = —by, )
() ( ro11(z,y) r212(z,y) r222(T,Y) v,2)
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and

raas(e.) = SO0 o)) = B2 3 anel ) x A 3 el

™ AeA, ™ XeA,
8”%1@[2 ()N x Y ane({A,
= — a
N, A 2 Y)) ax )
AEA, AEA,
87T ! ZE aAaX )\,2 /
No AN
_ iy A A Am)2 A
=N > Elaraa] e({A,2) e((=A 1)) (=Aw)* A
A
873
= _Tn Z A:()H)e(()vif — ),
A
so that for i = 1,2
8 3
riai(,y) = Bl0; fu(2)0ii fu(y)] = — N Z )\(i)e(<)\a T —y)),
oA
and we notice that
22 2 2
rii (Y, ) = E[0; fu(y) O fu(2)] = Z axe((A, ) all Z axe({A, y))
AEA )\eA
8m3i 9
=N B[ ane((A2)A%) x Y axe((\9)Aw)]
" XeAn AEA,
_ 871-37; ]E )\12 /
=~ 2 Elaax] e((a)) e((
AN
873
= e((A,2)) e((=A, 1) Ay (=)

LD
8134
= N Z)\?l)e(<)‘7x_y>)v
LY

and in general for 7, j,k = 1,2

Z )\,ZL’ - y>) = _Ti7jk(y,l'),

Na A

r; ]k(z y

so that
riq(r — r110(T — Y
bo(2,y) = ( (T —y) rie(r—y) raa(r—y) ) .

7”1,12(56 —v) 7“1,22($ — ) 7”2,22($ —v)

Finally, for the matrix C,(z,y), we have

Gl y) = ( eale, @) anx,yg ) |



where of course ¢, (z,z) = ¢,(y, y),

7”11,11(% y) 7”11,12(% y) 7”11,22(% y)
Cn(ﬂf, ?/) = 7”12,11(% y) 7”12,12(% y) 7”12,22(% y)
7“22,11(55, y) 7“22,12(55, y) 7“22,22(55, y)

and

27T2 7T
raa(5,9) = B0 5100 o(0)] = B2 3 a0 )Ny % =2 5 anel(0 )%
™ XeAn AeA

= 2T S M e — )
N, - (1) ' '

or, more generally
24 4

HAGABADe((N T —y)),

Tij, kl x y
so that
7‘11,11($ - y) 7‘11,12(33 - y) 7‘11,22(33 - y)
cn(2,y) = 7’11,12($ - y) 7“11,22(36 - y) 7“12,22(35 - y) = cn(y, 7).
7‘11,22($ - y) 7‘12,22(33 - y) 7‘22,22(33 - y)

To sum up, we have:

n - BTL
h
where ) - “ an(z — y)
n(I—y) = an(x_y) a, )
with
CE. (10 oy [l —y) me(z—y)
Ay = 5 ( 0 1 ) , CLn(SL’ y) = < Tl,z(f—y) 7“171(:)3—y) ) (B.103>
4 2
rig(z,y) = Ni Y Aprpe(hz—y)).
LY
Similarly
Bu(r —y) = ( bz —y) 0 ) g
where
N 7“1711(1',?/) 7’1,12(55,.@) 7“1,12(55,9)
b"(x y) o ( 81 12(1' y) T 12(55 y) 1 11(17,9) ) ’
8
k(7. ) i A Ame((A, z —y)).
Likewise

Culr —y) = ( Cn(C" (@ =) )

l’-y) Cn



where R X
ey =2 01— 0

, (B.104)
1 _'ﬂn(4) 0 3'+’ﬂn<4>

7’11,11(517 - y) 7’11,12(517 - ) 11 22( y)
Cn(l’ - y) = 7’11,12(517 - y) 7’11,22(517 - ) 11 12( y) )
7‘11,22($ - y) 7‘11,12($ - ) 11 11( y)
and
24
il (T:Y) = 7 D A0rAmAne((\ T — 1)),
LY

B.1 The special case z =y

The previous expressions are greatly simplified for x = y; we apply here the following lemma from
[IMPRW16), §4.1].

Lemma B.1. For every n € S, we have

1 4 4 2 1
nz—ML)\eZA)\(l) n2j\/' > Ay = 3+Mn ) 2]\/' > NG =5 (L= f1a(4)).

AEA, AEA,

OO

It is then immediate to check that, by symmetry (see [RW08], Lemma 2.3)

_ An®
[0, () 0 (x)] = Ay A=
similarly we have

B[O, fo(x) 01 fo(z ZA2—47T——27T7L

On the other hand, for second order derivatives we have:

E[011 fn(2) 011 fa(2)] = Z Ay = 247 8(3+un<4>>
" AEA,
- Eié(s + i),
E[01 fo(x) Ora fu(2)] = Z wa
Na AEAR
E[O11 fn(@) O2 fu(@)] = Z AA = 247 8(1—Mn(4))
" AEA,
—Eﬁé(l—ﬂnm».
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E[01 £u(x) o ()] = S 3 ANy = E2E (L~ (1))

N ford "8
24 4
E[O12 fn(x) Os2 fn(x Z AN
N AeAn
B[22 fu(x) Oo2 fu(@)] = Z A) 3+,un(4))
N AEA,

We have hence shown that the 5 x 5 covariance matrix of the vector of gradient and second
derivatives is

where

C Proof of Lemmma 2.7

Throughout this paper, we will exploited some results in the number theory literature (see [KKW13])
that we report here for completeness. Recall once again that

1
fin(4) = / g (2) = — / 20 (2)dz = Z = Z A1+ iAg)!
st N A%\: s n2/\/ AEA, n2/\/ A

D (AT 4idA] — 6ATAT — 4iM AS + AD)
n?Af AEA,

Now, since A,, is invariant under the group W5 of signed permutations, consisting of coordinate
permutations and sign—change of any coordinate we have

~ 4 242 4
fin(4) = nw D (AT = 6ATA; 4 AY)

AEAR
(A2 4 \2)? DM =1- > AN
2 Z n2 n2 2
o N AeAn N AeAn N AEAn

so that ] ]

N > NN = 3 (1= fin(4)).

)\EAn

Moreover

n2NZ - 2./\/ Z)‘

AEA, AEA,
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and therefore

1
”Q—NMGZM 22N DT+ = W > AT+ - 22N PR

AEA, A€EA, AEAR
1 1 1
=——=—(1—j,(4) = =3+ 1,(4)).
5~ g (= an(4) = 2B+ /n(4)
For i,7 =1,2 with i # j, and n,m = 0,1,2, ..., since A,, is invariant under the sign-change of any
coordinate, we have
Z )\2n+1)\m — Z ( \ )2n+1)\m =0.
AEA, AEA,

Using invariance under Wy in [RW16, Lemma 2.3] the following lemma is proved :

Lemma C.1. For any subset O C A,, which is invariant under the group Wy, we have

n
D AAw = O]9k (C.105)

€O

We note that using the invariance of A,, under the group Wy, we also immediately obtain that

d
> IT1x =0

)\EA'rL =1

if at least one of the exponents «; is odd.

It is now possible to focus on the derivation of the expected values. Actually the result for the
excursion area is immediate and the result for the boundary length was given already, for instance,
in [ORWO0S], [MPRW16]. We can then focus on the EPC.

In general, a very powerful tool for the derivation of expected values of Lipschitz-Killing Curva-
tures is provided by the Gaussian Kinematic Formula (see [AT07], Chapter 11), which was indeed
exploited to derive the analogous result in the case of random spherical harmonics. However arith-
metic random waves are not isotropic processes, which makes the application of the GKF possible
but more complicated; because of this, we prefer to give here a proof from first principles.

Proof of Lemma 2.1l By Kac-Rice formula we can write

E[Lo(Au(fn; T /lel

where
Ki(z; 1) = Kijn(@; 1) = ¢vy,()(0) E[detHy, (z) - i (fu(2)) | Vfu(z) = 0] ;
here we have

1 2
(0) = 5,
DY fu(2)(0) B

EldetHy, (x) - Li(fu(x)) | V fu(z) = 0] = E[detHy, () - Lr(fu(2))]
= %’%E (Z125 — Z2) -1

Z1+Z
{ 1\/{336[}
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where (Z1, Zo, Z3) is a Gaussian vector with covariance matrix (see Section

3+ fin(4) 0 1 — fin(4)

1 — fin(4) 0 3+ fin(4)
Now consider the transformation W, = Z;, Wy, = Z,, W3 = Z; 4+ Z3, so that the vector W is given
by

with covariance matrix

o O =
O = O
—_ O =

Under the obvious notation we write

3+ ji,(4 0

so that the conditional distribution of (W;, W5)|W3 = /8t is Gaussian with covariance matrix
(34 0\ (4! (1) 0
H e = ( 01— i) 0 )s(H0O)=0 0" i )

and expectation
4\ 1 2t
E[(Wy, Wy)|Ws = V/8t] = < . ) VBt = < \g ) .

We have that
E {(ZIZ?) - Z22) ’ H{Zlf/gZBe]}} =E {(WI(WS‘) - Wl) - W22> ’ H{V\%e[}} :

After the change of variable % =

E [(WI(W3 — W) — W2) ~H{%€,}]

= Ew,,wy) E[(wl(Ws —wp) — w3) Ty (W1, W) = (wlawz)H

1 3
= Ewy,wa) /R(w1(w3 —wy) —w3) - H{”—Jgef}\/?—ge 78 dws |(Wh, W2) = (w17w2)}

[ 1 @w®?

=t V8dt |(Wy, Ws) = (wl,wg)}

= By wa) /(wl (t\/é — wy) —w3) - Litery
L/R
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1 (tv8)?
_ _ — w2yl . T2
=V [ B[WavE = W) W3] e e
i ) 1 _wv®?
= VB [E[WvE—wy) - w3)] e
L s

— i T

= VB [ E[W1(vE — W)~ W) w, (1B
= VB [ E[(Wi(W; — W) — W3)W; = tVE] o, (tVE)di
Now note that 5
o (VBE) = =S

and
E[(W (W, — W) - Wg))Wg ~ V|
[(Wlft—wl — w2y w \/_t]
((le—i—\/_t VBt — (X114 in(4) + V21)° — X3 (1 — fin(4)))
(
(

22 — (X2 + X2) + fun(4) (X2 — X2))]

E
E
E
E [(26 — X2(1+ jn(4)) = X2(1 — f1a(4)))] .

|
|
|

for X, X, standard independent Gaussian. Hence

1 E?
7TE8

E[Lo(A;(f,;T)))] = / IV / e SR — (X4 X3) 4 n(4)(X3 — XD)] e

87r4\/_/d$/6_2E [262 — (XF + X3) + jun(4) (X5 = X})] dt .
_ B, 8
87r4\/_

where we have exploited the fact that Area(T) = 1. Writing = = X2 + X2 and © := X? — X2 we
observe that E[Z] = 2, E[©] =0, so

——E[2t2 (X7 + X3) + fin(4)(X3 — X7)] dt.

ElLo(Ar(fm D)) = fﬂ 4\9 TE[2 =+ 1,(4)0)] dt
E, \/é 2 )
“8rayz ), © 7 [2t* — 2] dt.
For I = (u, 00)
Bl = s [T e o= 2,

which completes the proof.
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D EPC: second chaotic component

D.1 Proof of Proposition

Let
o :k‘2+k‘3: V2 3 :@:\/1+ﬂn(4)
"TTE Stm@) B /B ()
note that o = 3 +ﬂ2n( 7 and o7 + 37 = 1. Now let
Vg = lir%E[Ha(Y)éa()\l Y], a=0,1,2.
e—
eab(u) =K [n%ﬂ{aan—kﬁang—u}} ) a, b= 3a 47 5a
wabcd(u) =E [Y;%Y;Yd]l{an)/g—l—Ban,g—u}] 3 a, ba C, d= 37 4a D.
Note first that, as in [CM18§]
\/%kl, a=0,
Pa(l) = 40, a=1, (D.106)
1 —
~ 4= 2.

We hence immediately have hq;(u;n) = 0 for all j > 1 and hg;(u;n) = 0 for all j > 2 since ¢ = 0.
Moreover, by some straightforward but tedious manipulations we obtain

h34(u; n) = [k3]f5 Y3345 (u) + koks ¢3334(U) - ki ¢3444(U)]903 =0,

hss (U; n) = []f3k5 3355 (U) + koks 13335 (U) - ki ¢3445(U)]<P(2)

_ V21 + fin(4) [ug(u) (1 +u?) + (3 + fin(4)) P(—u))]
3+ fin(4) ’

and moreover

s (U; n) = [k?,]fs Y3455 (U) + koks 13345 (U) - ki Y4445 (U)]wﬁ =0,

hl (U, n) = hg(u, n) = [1{33]{35 935(U) + ]fgl{ig egg(u) — ]{72 944(U)]()00Q02

hs(u; n) = []f3k5 ¢3335(U) + Kok 13333 (U) - ki 1P3344(U)]<P(2)
— [k’gk‘g, 935('&) + k’gk’g 6’33(u) — k’i 944(’&)](,0(2)

2u(1 + u?)p(u) .
) () - a0
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h4(u; n) = [k‘sks ¢3445(U) + kaks ¢3344(U) - ki ¢4444(U)]S03
— [1{53]{75 935([6) -+ ]{?2]{33 933(U) — ]{72 ‘944(1,6)]@3
= —nm(1 = fin(4))P(—u),

hs (U; n) = [k?,]fs Y3555 (U) + koks 13355 (U) - ki Yasss (U)]SOS
— [ksks O35(u) + koks O33(u) — k3 0aa(u)] g
_ nru(l 4 u?) (1 + f1n(4))p(w)
a 3+ fin(4) ’

In the previous steps, we have used a number of auxiliary functions ¥gpq(u), for a,b,c,d = 3,4,5,
whose exact expressions and derivations are given in Lemmas [D.1] and [D.2] below.

Lemma D.1. We have that

V2y/1+ i (4)
3+ f1n(4)

Os3(u) = ®(—u) + ud(u) , O35(u) = uo(u) , and Oy(u) = O(—u).

3+ fin(4)

Proof. Let X, Y and Z be three independent standard Gaussian random variables; with the
same arguments as in [CM18|, Lemma 12, Lemma 13 and Lemma 14, we have

O33(u) = E [Y? 0, v 45, x<—u}] = /_OO Vo (y) D (w) a
= O(~u) + apug(—u)

Bus () = E [XY Loy, x ] = / yo(y)dy / " 2o()da
= - / yo(y)o (%) dy = Bu d(—u)
—U— Yy

bua) =B [P, vsxe]) = [ ot )i = w0

Bn

O
The next computations involve moments of four random variables and are hence a bit more
involved.

Lemma D.2. We have that

6+ u® + 3, (4)

Wazga(u) = 3@(—u) + 4ud(u) (B4 f1n(4))* 7

Y444 (U) = 3®(—U)7
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3+ fin(4)? + 2u%(1 + 1,(4))

(1) = D) + o) L B,
Vasss(u) = u G(u)V2 m W1+ fin(4)),
Uass(u) = u(u )‘/_&(I?ifégg_ 3+ 2u” + 3/in(4)),
and moreover
Yisaa() = (=) + ud(u >3+27«4>’ ) = (1) + w o),

\/—\/1+Mn

V3a45(u) = u d(u) V2 3+ fin(4) .

The following remaining terms are identically zero:

¢3334(U) = Y3345 (U) = Qﬂ3444(u) = ¢3455(U) = Yyas5 (U) = 0.

Proof. In the sequel we shall use X, Y and Z to denote three independent standard Gaussian
random variables. The computations to follow are then just standard evaluations of Gaussian
integrals. In particular, applying [CM18] Lemma 12, Lemma 13 and Lemma 14, we have

Vgas (1) = B [V o, v48,x<-u] = / y‘*aﬁ(y)q’(Ty)dy
= 3P(—u) + ud(—u) [3aj + 3a,fr + 38man + apu’] .
¢4444(u) =E [Z4]l{anY+BnXS—u}] = 3K [ﬂ{anY+BnX§—u}] — 3@(_u)

Now we observe that

/_ " o) = 3(q) — g6(q),

and we obtain

—u—any

o0

V33s5(u) = E [Y2 X L0, v 48, x<—u}) :/_ yoly )dy/ B 2 ¢(x)dx

[e.e]

_ [T Uy g (U Y U= oy
- e (o= (Z52) [ oo (S50 a
= ®(—u) + ap ud(—u) + B u p(—u) (=2, + B, — anfi + apu?).

Likewise

—u—any

¢3555(U) =K [YX?’]l{anY—l—ﬁnX}g—u} :/ ygb(y)dy/ . $3¢(I)d55

=~ [ oo (Z5) { (%)2 " 2} dy = o §(—u)(3a2 + B2u2),
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V335(u) = E [YSX]l{anY—ianXS—u}} = apBpu d(—u) (362 + aiuz).

Moreover
Qﬂ?,g44(u) =E [Z2Y2]l{anY+ﬁnX§—u}} =K [YZ]I{anYJrBsz—u}] = 933(U),
104455 (U) =E [Z2X2]1{anY+BnX§—u}:| =EK [Xz]l{anYJrﬁsz—u}} = 955(”)
= ®(—u) + 52 u(—u),
and finally

103445(”) =E [ZzXY]l{anY—l—ﬁnXS—u}} =K [XY]l{anY+ﬁeXS—u}:| = 935(”)-

The fact that 13334(u), ¥3345(w), V3444(1), Y3455(u) and yy5(u) are identically equal to zero, it is
enough to note that they are all of the form

E [ZP XY Lo, v4p,x<u)]

where p = 1, 3 is odd. O

D.2 Proof of Proposition

We have to deal with the following integrals of squares:

Too(n / fA(z)dx, I1(n / {e? fo(2) Y dz, Ln(n / {e2 fo(2)}? du; (D.107)

we shall also study the cross-product integral

[022 /fn €2€§fn )

and finally we shall consider

]12,12 /{6 6§fn } dz, ]2222 /{6 6§fn }2d$€

We have
K, ks E2k, 1 ky
Azs = — 142241, _ Ll _ Lo ke
35 ek { + kg} 0,22(n) k§k5 00(n) ks { + s 22.22(n),
1 E; 1 2E,
By = 2[11( ) 1 ) By = —2[22(72,) - 1, B3 2 [00( ) —2[22’22(71,) + _2[0722(,“) . 17

1
B, = ﬁ[m,m(n) -1,

1 ks E2k2 E, ks ks
Bs = k2(1+k)12222( )+k2k2’2 ksk? ks

Our next step is then to investigate the behaviour of these integrals of stochastic processes; this
task is accomplished in the following Lemma.

[0()( )+2 (1—|— )[0722(71) —1.
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Lemma D.3. The following identities hold:

47r 47r
Ioo(n Z|GA| Li(n Z|&A| M, In(n Z|ax| 23,

42 167T 1674
10,22(71) = _F Z |aA| )\27 112 12 )\27 I 22( ) N Z ‘CL,\P)\%-
LY oA
Proof. By Parseval’s identity it follows that
Too(n) = € Z |ax]?
A, 2100
and similarly
W) = S [ (O ae(, o = FE SIMET
11 ) ) Nn

No AN

In(n) = / {6§fn(x)}2dx=%;laxlzki-

Likewise
S\ 7N\2 / 4r? 242
To 2 Z 2)) (2miNy) (N, 2))de = == > |ax’A3
AN N A
and finally
1674 1674
Faa(n) = 1 3ty A XA, / (O, 2))e((N, 2))dz = 2\2)2
AN T

Iop92(n) = 167 Zaxax)\ Ay /6(()\,x>)e(()\’,x>)dx = 1-2;;

Na AN T

We are now in the position to complete the proof.
Proof of Proposition [6.2. Note that
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E, k E2k 1
A35(n) = {1 + 2—2} [0’22(77,) - n—zlo()(’n,) —— 1 + —

sk ks k2ks

1 5 — ji,(4 1—[,(4
= 'lf()fozz(n)— fin(4)

VoLt (@) 3+ fin(d)
1

1

- ~ I n
*v§ﬂ4n2\/1%—ﬂn 1) 3+—un(4)2222(>

4r? 5—fin(4) ;1 ()

N Z|a)\‘2

1674 1 4]

— _ A
\/571’4712\/1—'—,&” 4) 34 fin(4) ?

V212001 + i, (4) 3+ fin(4) 2_3+ﬂn(4)

2 \/_ 5 — ﬂn(4) 2 11— ﬂn(4>
E |a,\\ A — ~
N n/1 + fin(4) 3 + fin(4) 3+ fin(4)

B 8\/_ Y
n2\/1+ fin(4) 3+ ftn(4) 2|

On the other hand

1 4x? 2
)\2—1_— 22N -1
B = 2n7r2N Z‘ al N, Z|a)\| n !

A
1 2
= A_/Z\angg —1
oA

E? 1 2F,
k2 —Ioo(n) + k—gfzzm(n)ﬂL l{:§

By = (n)—1

8

A
8 s 16

2 8 2
w2 e !

1
B, = ﬁ[m,m(n) —1
4

1 16
— WZ|A|)\2>\2—1

2min? (1

- ° Z|a,\| AN 1

(l_lun
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1+ fin(4)

47
> e A3 -1
LY

1 , 1 167 - 4
. ° - A
T N, 2 Ty Ny 2N m s



1 ]{j E2k2 EnkZ k2
B5 ]{75 (1 —+ ]{73) [22 22( ) + ]{72]{722 ]00( ) 2@(1 -+ —3)[0722(72,) -1
1 167r (1= in(4))2 1
— >\4 T 2
AT A ) N 2 G A 2

21— n(4)) 2
2M3+ﬂA®X1+un EZM'A !

16 A (1 — fin(4))
Z‘ | 1+,un(4))(3+ﬂn(4))>\2+ B+ () (1 + fin())

_ 2(1 — fin(4))
(3 + fin(4)) (1 + fin(4))

which concludes the proof.

4A§] -~
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