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Chapter 1

Introduction

Since its introduction in the first years of XX century, the theory of Quantum
Mechanics (QM) not only paved the way for a complete reinterpretation of several
physical phenomena, but has been also able to predict many other ones, most of the
time completely counterintuitive in the sense of a classical-physics-guided approach
to the nature. Examples of this can be found in the quantum tunneling effect, in
the Pauli exclusion principle linked to the indistinguishability of the (fermionic)
particles, in the superposition of different states of a system and, as a prime example,
in the entanglement between two subsystems [1].
The ability of QM to clearly explain an increasingly amount of physical phenomena,
makes it one of the most accurate theories ever created. Such an accuracy allows
to perform an extremely important step: QM ceases to be a theory only useful to
explain phenomena and it starts to be used in a practical way. In such sense, among
other possible applications of QM to practical problems, its use in information and
communication tasks, in the field known as Quantum Information (QI), has became
ever and ever more relevant and it is turning out to be one of the most intriguing
utilizations of QM.
QI deals with codification, manipulation, transport and communication of informa-
tion by means of a quantum system. The uncertainty principle lying at the base
of QM could put a stop to the idea of using this theory for information purposes;
indeed, the probabilistic nature of QM governing, among other things, the output
of a measure performed on a quantum system, could be seen like a clue of the
impossibility to use a quantum system to encode a well defined information. It
turns out that it holds the opposite: such peculiarities of QM lie at the base of
innovative ways to manipulate information. Moreover, it also allows to reach tasks
otherwise unattainable when working with classical physics as, for instance, 100%
secure communication.
Despite QM is mature enough to be used in a practical sense, many questions remain
open. For instance, the link with other theories, as general relativity, is nowadays
hindered despite many efforts have been done in this direction. Also, when focusing
solely on the QM theory, many questions remain without answer. For instance, the
measurement procedure is still not completely understood, as well as the collapse of
the wavefunction. For this reason, QM still remains a active field for fundamental
research. Besides, its study is increasingly relevant to understand the ever new
phenomena arising thanks to technology improvements. In this sense, it is absolutely
imperative to explore new paths branching out from QM theory.
The present thesis work tries to follow this path, reporting on the last findings
about a particular topic of QM and QI, i.e. Quantum Walks, a particular model
which is able to describe the movement of quantum particles among the sites of
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a discretized space. Its relevance is straightforward: the miniaturization process,
which is basically ever present during the improvement of each technology, will bring
to deal with the nano-scale of the matter, in which quantum mechanical effects are
dominant over classical ones. The capability to understand how quantum particles
move or how they spread, for instance, inside a material, or how they exchange
information between them is of relevant importance in this sense. In particular,
when facing real systems, most of the times very far from being ideal, the difficulty
to describe exactly the system itself could bring to hypercomplex problems. In this
perspective, Quantum Walks could furnish an easy framework to model such systems,
overcoming the difficulties arising from a direct application of QM to them. Of
course, the present thesis work doesn’t aim to be complete in this sense. Such a goal,
which comprises a non trivial mapping between the real system and the Quantum
Walk model, is far to be reached. Nonetheless, each finding in this direction is a step
ahead to its achievement. With this thesis work, such a step wants to be performed,
not aiming to report a complete model or to say a final word on such topic.
After all, it is impossible to pose a concluding point on the research itself.
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Chapter 2

Quantum Walks

This chapter reports on the theoretical and experimental background necessary
to understand this thesis work.
In section 2.1, we briefly describe the relevant elements of the second quantization
formalism, which is used later in the text. It is worth noting that this section does
not aim to provide a complete and exhaustive description of quantum theory, for
the comprehension of which we suggest the following books [2, 3, 4, 5].
In section 2.2 the basic idea of Quantum Walk is introduced, together with an
overview of the latest results achieved so far.
Subsection 2.2.1 addresses the motivations behind this thesis work, showing the
usefulness of the Quantum Walk in describing and modelling some energy transport
phenomena.
Section 2.3 describes the model of the Quantum Walk, highlighting differences and
analogies with the the classical random walk model.
In section 2.4 we describe different types of disorder that can be introduced along the
Quantum Walk evolution, such as static or dynamic, as well as the new disordering
technique adopted in the present work to reproduce particular types of evolution.
Finally, in section 2.5 we deal with the description of the experimental implementa-
tions of Quantum Walk that have been used to experimentally test the theoretically
predicted behaviors that we set out to study.

2.1 Second quantization formalism
We briefly recall here the results of the second quantization formalism relative to

the electromagnetic field. Such a formalism is based on the notion of the Fock states,
or number states, which are the basis kets describing the system under investigation.
A Fock state |ψ〉F describes a system S composed by quantum particles in terms of
the number ni of particles characterized by a given set i of features. Fock states live
in the Fock space, which is mathematically described as the direct sum of the tensor
product of single particle Hilbert spaces

Fν(H) =
∞⊕
n=0
ŜνH⊗n

where Ŝν is the operator which symmetrizes or antisymmetrizes the state de-
pending on the fermionic (ν = −) or bosonic (ν = +) nature of the particles.
Let’s consider the orthonormal basis states {|ψi〉}i=1,2,... of the single particle Hilbert
space. The state of a system composed by k indistinguishable particles, which for



4 2. Quantum Walks

simplicity we consider to be in a single product state, can be written as the tensor
product of k states, symmetrized through the action of the symmetrization operator

|ψ〉 = Ŝν |ψi〉 ⊗ |ψj〉 ⊗ · · · |ψl〉 = Ŝν |ψi, ψj , · · · , ψl〉 (2.1)
which represents the state of k particles in which the first particle is in the state

|ψi〉, the second one in the state |ψj〉, the k−th one in the state |ψl〉. The order
in the writing identifies the particle number, i.e. the state in the n−th position
corresponds to the state of the n−th particle. The states of the particles are not
necessarily different one with respect to the others. In the last equality we omitted
the tensor product symbol for the sake of semplicity.
A convenient way to rewrite the state (2.1) is through a Fock state expressed by
means of the occupation number, namely the number ni of particles in the same
state |ψi〉

|n1, n2, · · ·〉F ≡ Ŝν |ψ1〉n1 |ψ2〉n2 · · · . (2.2)
where the ordering is no more relevant. The occupation number state automati-

cally takes care of the symmetrization of the wavefunction. Such states are a useful
basis of the Fock space and, of course, linear superposition of different Fock states
can exist. For each different value of the generic occupation number ni a basis state
is obtained. In the following, we will add a subscript F to a ket each time it will be
necessary to indicate that we are working with states belonging to the Fock space.
In the case of a system composed by photons, the general state |ψi〉 represents a
wavefunction characterized by the set i of features which comprises, for instance,
the momentum ~k of the particle, the wavelength λ, the value of its orbital angular
momentum (OAM), the polarization state ~π and the temporal delay of one particle
with respect to the others (as we will see later, this is a fundamental property in
the description of the Hong-Ou-Mandel effect [6]). Because of the fact that in the
present work we deal with photons, in the following we will use the term particles to
refer to photons.
Consider a pair of Fock states |ni〉 , |mj〉. It holds

〈ni|mj〉 = δijδn,m

i.e. the occupancy number states form an orthonormal basis. Such states are
modified by means of the creation and destruction operators â†i and âi, defined
through their action on a generic Fock state vector

â†i |ni〉 =
√
ni + 1 |ni + 1〉

âi |ni〉 =
√
ni |ni − 1〉 .

Due to this rules, a normalized state of N indistinguishable particles, namely N
particles of the same nature featured by the very same features set i, can be written
as

(â†i )
N |0〉F = 1√

N !
|Ni〉 .

Note that, in the second quantization formalism, the operator Ŝν is no more
needed. Indeed, when the creation and destruction operators act on a second
quantized state, expressed through the occupation number, the simmetrization or
antisimmetrization of the wavefunction is automatically retrieved because of Eq.
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(2.2). For this reason, the second quantization formalism shows its extreme useful
applicability when two or more indistinguishable photons are present in the system.
If one has to account for only one photon, or more than one distinguishable photons,
then the second quantization formalism is equivalent to the first quantization one.
In the following, when dealing with the evolution of a single particle, we will explicit
the mapping between the second and first quantization kets.
The evolution of a generic quantum state |ψ〉, in both first or second quantization,
can be described by a unitary operator Û , which contains all the information about
the evolution. Of course, in the second quantization formalism, the operator has to
be expressed by means of creation and destruction operators. The evolution of a
state |ψ〉 from a certain time t0 to an other t1 can be written as

|ψ〉t1 = e−
i
~ Ĥ(t1−t0) |ψ〉t0 = Û |ψ〉t0

with Û = e−
i
~ Ĥ(t1−t0) where Ĥ is the hamiltionian governing the evolution.

2.2 Basic idea and applications
The very first idea of a Quantum Walk (QW) was developed by Aharonov,

Davidovich, and N. Zagury in their paper Quantum Random Walk in 1993 [7]. In
their description, the characterizing elements of QWs were the indetermination and
superposition principles, typical of quantum mechanics, which allow the walker to be
in more than one site per time, which of course is not possible for a classical walker.
To explain how the QW actually works, it is convenient to compare it with its
classical counterpart, the Classical Random Walk (CRW).
In the simplest CRW model, a classical walker moves between the sites of a dis-
cretized line starting its walk in a given site x0. In a QW the same happens, but
the quantum walker is represented by a wave function 〈x|ψ(x0)〉 centered around x0
with a finite width.
In CRW, the walker is furnished with a coin, which he tosses to determine where
to move, for instance to the left if the output is head or to the right if it is tail.
In QW, the quantum walker is provided with a quantum coin, represented by a
quantum system of dimension two, for example the spin if the walker is a quantum
particle. The quantum coin can not only be in one of the two states head or tail, as
the classical one, but in principle in any linear combination of them. At each step of
the walk, both in CRW and QW, the coin is tossed, namely its state is changed. In
the classical case, it will change its state in head or tail in a mutually exclusive way.
In the quantum framework, in the easiest case, it will change in a balanced linear
superposition of them.
The walkers then look at the coin. The classical one moves right or left accordingly.
The quantum one, instead, has to make a choice, and here quantumness really starts
playing a role. Indeed, a measurement over the state of the coin has to be performed.
If a head-tail basis is chosen for the measurement, the evolution will be exactly the
same as in the classical case, because the walker will move right or left in a mutually
exclusive way. Conversely, by measuring the state of the coin in a rotated basis,
with basis states represented by a linear superposition of head and tail, interference
effects change the probability to go left or right and, eventually, the whole proba-
bility distribution at each step of the evolution. Another way to understand such
a behaviour is that the walker, when the coin state is measured in a rotated basis,
actually goes in a linear superposition of right and left movements which, of course,
would be impossible for a classical walker. Such a superposition creates interference
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effects along the evolution, thus greatly changing the final probability distribution.
It has been shown by Einstein in [8] that, in CRW, the probability to find the
walker, for instance a particle, at a given distance x from the initial position after
a time t of the evolution is represented by a gaussian probability distribution cen-
tered in the starting site x0. Moreover, the square of the width of the distribution
grows linearly with time, a behavior usually referred to as diffusive. As we will
show later, in a QW, quantum effects give birth to several different spreading regimes.

From its first introduction, several changes have been introduced on top of the
CRW and QW models. For instance, it is possible to insert a probability distribution
for the length of the step performed by the the walker, such that it can perform
longer or shorter steps than the usual one, eventually resulting in the movement in
a continuous site space instead of a discrete one. Such kind of conditions brings to
the so called (Quantum) Lévy Flights or (Quantum) Lévy Walks, which have been
extensively studied [9, 10].
One of the most important change that can be imposed on both models is probably
the introduction of two different approaches to the walker evolution, resulting in the
discrete and continuous time models [11]. Let’s focus on the first one. It basically
consists on the model presented above which, in the quantum case, is called Discrete
Time QW (DTQW) because of the fact that the time parameter, corresponding to
the step number t, is discretized and the walker can only moves instantaneously
from a site to another one, with no dynamics happening during the movement. In
this framework, the equation governing the whole evolution is

|ψ〉t+1 = Û |ψ〉t

where Û is the unitary evolution operator acting on both the coin and walker
states encoded in |ψ〉. This approach is extremely useful to model, for instance,
coherent excitation and energy transport in photosynthetic and solid state systems
[12, 13, 14, 15, 16]. The evolution of the walker can also be studied by introducing
a degree of classicality, namely an amount of decoherence [17]. This reduces the
interference effects, which is the main difference between CRW and QW. Moreover,
disordering techniques can be used to modify the evolution of the walker without
loosing its coherence during the walk [18, 19].
Let’s now focus on the second approach. In the case of CRW, the continuous time
version of it is achieved by inserting a continuous probability distribution over the
waiting times of the walker. This means that the walker waits for a random time
before taking a step, resulting in a continuum of the times in which it can move.
For the quantum case, the model of Continuous Time QW (CTQW) has been
introduced for the first time in [20] by Farhi, trying to introduce the solution of a
continuous time Markov chain, of which the CTQW is a particular realization. In
this approach, a continuous time application of the evolution operator, which in this
case is represented by a Hamiltonian operator, characterizes the evolution. This
means that the walker can move at any time by following the equation [21, 22]

i
∂ψ(x, t)
∂t

= −γ [ψ(x+ 1, t)− 2ψ(x, t)− ψ(x− 1, t)]

where γ is the jumping rate from one site to its neighbour.
Despite the differences in the two formulations, i.e. discrete and continuous walks,
many efforts have been done to link one to the other. In the classical case, discrete
CRW are linked to continuous time ones by a limit process. On the contrary, in the
quantum case, a relevant difference between DTQW and CTQW holds, making it
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difficult to directly link the two approaches: in the discrete version a coin is needed,
in the continuous one it is not. This difficulty has been overcame only in 2006
by Strauch, who showed that the two models are linked under a limit operation,
considering particular working conditions [21]. A later work by Childs showed
that it is possible for a DTQW to simulate a CTQW, working with the so called
ε-approximation. We will not go more deeply in this topic, as it is not the main task
of this work. Despite this, it is important to be aware of the link between DTQW
and CTQW because of the fact that, under some approximations, the findings in
one of the model can be translated in the other one.
Beyond this main separation, many other modifications can be superimposed to
both models. For instance, one can study the effect of different coin operators acting
during the evolution [23, 24], or how a multidimensional coin affects the evolution
of the walker [25, 26]. Moreover, modifications can be performed on top of the
line along which the particle moves. For instance, one can impose same boundary
conditions on the sides of the line, turning it into a circle, or can impose absorbing
or reflecting barriers [27], which corresponds, respectively to a finite line in presence
or absence of losses. Moreover, one can enlarge the space in which the walker moves,
and think about several graph structures in two, three or even higher dimensions
[28].
Despite all these modifications, the most studied model of QW remains the one in
which the walker moves on a discretized and infinite line. The reason for this is
the relevance of such a simple model for quantum information tasks as well as the
possible experimental implementation [29, 30, 31, 32, 33]. First of all, it is useful to
build quantum walks on more sophisticated graphs, thus acting as a building block
for all the studies about QWs. Secondly, it is useful to understand applicability
of QW to algorithm developments and third, it is a suitable platform to test the
effective quantumness of quantum computers [11]. For all these reasons, several
efforts have been done in order to deeply understand the features of the evolution
as, for instance, the infinite time limit shape of the probability distribution. In
this sense, DTQW has been analytically solved by means of different techniques.
For instance, a Schrodinger approach considering Fourier transform has been used
by Nayak [34], followed by Ambainis et al. [27, 35] to compute the probability
distribution as the number of the step approaches infinity, demonstrating some
relevant theorems. A different approach, based on a combinatorial computation, has
been used by Carteret et al. [36, 37] . This approach considers the number of paths
leading to a given site x∗ starting from an initial site x0. In this sense, it can be
seen as a discretized version of path integral method. It has been shown that these
two approaches are equivalent [37].

Many authors studied the link between CRW and QW, aiming to understand
the computational properties of both type of random walks. This has been usually
done by means of decoherence, which allows to reduce a QW into a CRW. For a
long time decoherence has been thought as a limiting effect, because it was linked
to the loss of quantum information. In recent years, Mohseni et al. showed that
decoherence can be useful in some natural processes, which have their rate increased
thanks to interaction with environment, which generally decreases the coherence of a
quantum system [14]. Moreover, the effect of decoherence has been studied in both
cases of DTQW and CTQW [38, 39] and it has been shown that it can be useful in
quantum algorithm development. Decoherence is not the only tool that has been
used to study the quantum to classical transition. Indeed, the insertion of completely
random disorder along the QW evolution showed that, after avearaging over many
realization of the disorder, the evolution resembles the classical one, characterized
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by a diffusive spread [40, 41].

A question naturally arise: why QW, after all the studies that has been performed
on them, are still a so extensively studied research field? One answer can be found in
their possible algorithmic employment. CRWs have been proved to be useful in many
stochastic algorithms used, for instance, in optimization problems. For this reason, a
huge interest borned in the study of algorithmic properties of QWs. The development
of quantum algorithms as well as the proof that QWs are a computationally universal
model, has increased the efforts in QW studies. By an algorithmic point of view,
DTQWs have been used for the oracle determination in research problems. For
instance, a QW based algorithm to search elements among a set of them has been
developed [42]. After this, several algorithms aimed to solve searching problems
in more than one dimension have been developed [43, 44]. Also CTQW have a
huge relevance in quantum algorithms. As an example, Farhi and Gutmann in [20]
described a CTQW based algorithm to traverse a graph in polynomial time instead
of an exponential time. Recently, Caruso and Dalla Pozza showed that QWs can be
useful in the solution of the open problem of quantum state discrimination [45].
A huge speedup in QW studies has been given by the paper from Childs [46] and
Lovett [47]. In the first one, the universality of CTQW computation model has been
proved. This implied that any algorithm implementable on a quantum computer
can be also implementable by quantum gates in the model under investigation. In
the second one, the universality of DTQW has been proved.
For all these reasons, it is clear that the study of QW, along with all its possible
modification, is of fundamental relevance. Its wide applicability makes it a powerful
tool not only for quantum information theory but also for quantum computation
and simulation tasks.

2.2.1 Natural phenomena simulation

Simulations of classical and quantum systems has ever been relevant to understand
their properties. In his 1982 paper, Feynman observed that only a quantum computer
could simulate, or better, imitate, the nature, because of the fact that nature is
quantum and resources needed to compute and store information about probability
distribution increases exponentially with the size of the physical portion of nature
we aim to simulate. In this sense, quantum simulation become more and more
relevant, and many studies, both experimental and theoretical, have been performed
to deepen the knowledge on this topic. For instance, complex phenomena have been
simulated by means of CTQW, as fermion statistics [48], Rabi model [49], dynamics
in topological insulators [50], relativistic Majorana equation [51], Fano interference
[52] and NOON states bloch oscillations [53]. Moreover, QWs have been used to
study transport phenomena in biomolecules [54], evolution in solid-state systems
[55], formation of molecular states [56], topological invariants [57, 58] and edge states
[59, 60]. Following this path, a novel use of CTQW has been used by Mohseni et al.
to model the energy transport phenomena in photosynthetic processes, considering
the effect of the environment on the interference effects [14]. Their findings show
that QWs are a suitable model to describe energy transport phenomena. The present
thesis covers findings within this particular field of study. In fact, as explained later,
in the present work we explore the possibility to reproduce the spread of an energy
packet resembling the ones which can be found in several natural energy transport
phenomena, which in many cases present some particular characteristics, i.e. a non
linear dependence of the spread of the energy excitation over time.
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2.3 Classical and Quantum Random Walk
In this section, we will describe in detail the model of the CRW and QW, focusing

on the case in which the classical or quantum particle moves among the sites of a
discretized line. Sometimes, we will refer to the particle as walker.
The basic idea of a QW is the very same as CRW, modified according to quantum
mechanics. Let us briefly recall the model of CRW. In this model, a (classical) walker
moves among the sites of a 1D space and, at each step of the walk, it randomly
jumps to its left or right, respectively with a probability p and q = 1− p, as shown
in Fig. 2.1, with no dynamics happening during the movement.

. . .. . .

Figure 2.1. Sites of a discretized line represented as black circles. In CRW, the walker,
which without loss of generality starts from site 0, jumps to its left or right at each step
with probability p and q = 1− p, respectively.

It is easy to generalize the model to higher dimensions. For instance, the walker
can move in a 2D discretized space as a grid, according to four values of probability
p→, p←, p↑, p↓ where the subscript denotes the direction of the movement.
The decision to go left or right can be modelled as the toss of a (rigged) coin and can
then be described as a Bernoulli process. Because of the fact that the walker moves
by shifting its position of the same fixed amount at each step, i.e. ±1 and that,
without loss of generality, it starts the walk in site 0, at even (odd) step numbers it
can be only found in even (odd) sites. The movement of the walker can be expressed
by means of a random variable Xt = ±1, representing the direction taken by the
particle at each step, or time interval, t, each of them independent and identically
distributed. The position reached by the walker after T steps when it starts in
x0 = 0 is

xT = X1 +X2 + · · ·+XT .

We can define the Bernoulli variable Yt as

Yt =
{

1, Xt = 1
0, Xt = −1

which can be expressed as

Yt = 1
2(Xt + 1).

The variable Yt models the toss of the coin at each step t.
Because Yt is a Bernoulli variable, we can define the variable ZT =

∑T
t=1 Yt =
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1
2(xT + T ) which is distributed according to the binomial distribution. We can then
compute the probability to find the particle in site x after T steps as

P (xT = x, t = T |x0 = 0) = P (ZT = 1
2(xT + T ) = 1

2(x+ T )) =

=


( T
T+x

2

)
p
T+x

2 q
T−x

2 , 1
2(x+ T ) ∈ N ∪ 0

0, otherwise.

Basically, the distribution can be easily derived by counting the number of paths
bringing to each site x after T steps. In Fig. 2.2 we report the simulation of a CRW
with p = q = 1

2 for 30 steps and 105 trials.
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Figure 2.2. Left: walker probability distribution at step 30 considering 105 repetitions of
the walk. Right: variance behaviour as a function of the step (dots) superimposed to a
perfectly linear behaviour (black dashed line).

For a high number of steps, the Binomial probability distribution approaches a
Gaussian one. The bell shaped distribution is typical of classical mass and energy
transport phenomena, as, for instance, the Brownian motion of a particle. When
computing the variance of the probability distribution as a function of the step
number, namely

σ2
1(t) =

t∑
x=−t

x2 · P (x, t)−
(

t∑
x=−t

x · P (x, t)
)2

(2.3)

it is easy to see that it grows linearly with the time t (see right image in Fig.
2.2), namely

σ2
1(t) ∝ t.

This can be derived considering that ZT follows the binomial distribution, thus
the expected value E[ZT ] = Tp and the variance is V [ZT ] = Tpq. Thus, the
variance of xT , which corresponds to σ2

1, reads V [xT ] = 4Tpq, which is linear in
the number of the step T . This behaviour is known as diffusive and it features
several natural phenomena. One can add several modification to the basic model
of CRW, for example by giving the walker the chance to perform jumps of differ-
ent length at each step, or to wait for some time before deciding to move again,
or by furnishing it with some memory of the past walk, as in the elephant walk
[61], and so on. Several studies have been performed on this topic, see for instance [9].
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When focusing on the quantum counterpart of CRW, namely the QW, the walker
and coin became quantum, but the basic idea remains untouched. Indeed, the walker
again moves between the sites of an infinite discretized line, but in general he will
be found in a linear superposition of all the possible site states [11, 62]. The walker
state is written as a linear combination of the position, or site, kets |x〉p, with x ∈ Z,
which form an orthonormal basis of an infinite-dimensional Hilbert space Hp. In the
following we will omit the subscript p unless it is necessary. Because of the fact that
at each step the walker can move only to adjacent sites, for a given time t of the
evolution, which we recall corresponds to the step number, it is possible to restrict
the dimension of the Hilbert space to 2t+ 1 by considering only the possible states
in which the walker can be found, i.e. {−t,−t+ 2, . . . , t− 2, t}.
As in the classical case, the movement of the walker is conditioned to the state of an
other system, in this case a quantum coin. In the present work, we will restrict our
attention to coins living in a two dimensional Hilbert space Hc, but more general
treatments can be done, exploiting dimensionality larger than 2 [11]. The usual
basis states of the coin is represented by the kets |0〉c , |1〉c, playing the role of head
and tail.
With this elements, it is possible to write the state of the whole system composed
by the walker and the coin at a given step t as

|ψ〉t =
t∑

x=−t
αx,0 |x〉 |0〉c + αx,1 |x〉 |1〉c

with αx,0, αx,1 ∈ C provided that
∑t
x=−t |αx,0|2 + |αx,1|2 = 1.

The evolution of the complete system walker ⊗ coin is described by two operators:
a coin operator Ĉ, which changes the state of the coin, and a shift operator Ŝ, which
moves the walker depending on the state of the coin.

Let’s consider the state of both coin and walker |ψ〉t at a certain evolution time
t. One step of the evolution in terms of Ĉ and Ŝ can be written as

|ψ〉t+1 = Ŝ · Ĉ |ψ〉t = Û |ψ〉t . (2.4)

The shift operator Ŝ is usually written as

Ŝ =
∑
x

|x− 1〉 〈x| ⊗ |0〉c 〈0|c + |x+ 1〉 〈x| ⊗ |1〉c 〈1|c

which represents a conditional shift depending on the state of the coin, while the
Ĉ operator is usually written as an Hadamard operator acting on the coin state and
an identity operator acting on the walker

Ĉ = Î⊗ 1√
2

(|0〉c 〈0|c + |0〉c 〈1|c + |1〉c 〈0|c − |1〉c 〈1|c)

which, applied to a coin state |0〉c or |1〉c, generates a balanced superposition of
both basis states.
A typical representation of a QW is reported in Fig. 2.3. Here, each vertical line
represents a site of the line that the walker can reach. The walker moves from top
to bottom, such that different rows correspond to different steps.

The diagonal lines represent paths that the walker can travel, linking adjacent
sites. The coin operator, embedded in each vertical line, changes the state of the
coin whenever the walker reaches a new position. In this representation, the two
different paths bringing at the same site represent the two basis states of the coin.
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Figure 2.3. Typical representation of a QW up to the 6th step. Different rows correspond
to different steps of the evolution, different black vertical lines on a row correspond to
different sites. The two lines arriving at the same site represent the two different coin
states. The vertical lines encode the effect of the coin and shift operators Ĉ and Ŝ.
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Figure 2.4. Left: walker probability distribution at step 30 for an ordered QW. Right:
variance behaviour as a function of the step (dots) superimposed to a behavior propor-
tional to x2 (black dashed line). The actual quadratic behavior is only reached for a
very large number of steps.

Regardless of the particular degree of freedom employed in the realization of the
QW, each global state |x〉 ⊗ |0〉c (or |x〉 ⊗ |1〉c) of the global Hilbert space Hp ⊗Hc
can be written in a second quantization formalism as |x〉 ⊗ |0〉c ≡ â†i |0〉F = |1i〉F ,
where the subscript i indicates the set of values of the degrees of freedom of the
particle in which the site and the coin are encoded. Let us clarify this point by
considering a single photon as the quantum walker. If the sites of the line correspond
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to the arrival spatial points of the photon, while the coin states correspond to the
arrival direction of the photon to the same spatial point, then i ≡ {x,~k} (this is the
case of the all-optical quantum walk described in section 2.5.1). This is exactly the
situation depicted in Fig. 2.3. Other choices of coin and sites encoding can be made.
For instance, one can choose the polarization ~π as the coin degree of freedom and
the arrival time τ of the photon to the detector as the sites of the line. In this case,
i ≡ {~π, τ} (this is the case of the split-time QW described in section 2.5.2).
Despite the second quantization formalism is the best one to describe evolution
of photons, when dealing with only a single walker it is convenient to work with
the proper formalism of QW, in which it is better enlightened the role of the coin
during the evolution. When dealing with two particles, it is much better to work in
the second quantization picture, such that typical effects such as Hong-Ou-Mandel
interference are naturally retrieved.
Let’s return to the evolution of the quantum walker. The evolution for T steps is
obtained by applying T times the unitary operator Û to the input state

|ψ〉T = ÛT |ψ〉t=0 .

This framework is useful to describe the ordered QW, in which the evolution
operator Û , and then the coin operator Ĉ, is exactly the same at each step of the
QW.
The resulting behaviour for this kind of QW is called ballistic, which is characterized
by a variance which grows quadratically with the number of the steps, namely

σ2
1(t) ∝ t2

in contrast with the CRW in which the spread is linear in time (see Fig. 2.4).
The spatial probability distribution is very different from the Gaussian one obtained
in the CRW case. In the QW scenario, the probability distribution depends on
the initial state of the walker. For instance, the double picked distribution shown
in Fig. 2.4 has been obtained by furnishing the walker with an initial coin state
corresponding to |ψ〉c = 1√

2(|0〉c + i |1〉c). When the walker is initially furnished
with a coin state |ψ〉c = |0〉c (|ψ〉c = |1〉c) the resulting probability distribution
present a maximum in site −20 (+20), with the maximum in site +20 (−20) strongly
suppressed. This happens due to the interferences effects which are sensible to the
initial coin state. Nevertheless, in every case the variance grows quadratically with
the step number.

2.4 Disordered Quantum Walks
A more general description of the quantum walker evolution implies the possi-

bility to insert some kind of disorder along the QW. Quantum walks are subjected
to localization phenomena just like condensed matter systems [63] and a lot of
efforts have been made in the study of connection between localization and various
type of disorder in quantum walks. Many theoretical and experimental studies,
performed on various kinds of platforms and with different definitions of disorder,
have been performed (see for example [64, 65, 18, 66, 30, 67, 68]). In particular,
the localization effects hinder the spreading of the walk and the quantum walk
seems to get more and more similar to a classical random walk, as the quantity of
disorder increases. Several ways have been used to introduce disorder in the walk,
for instance by means of decoherence (which is an explicit destruction of coherence,
thus an explicit transiton to classicality); decoherence is a physical phenomenon that
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typically arises from the interaction between quantum systems and their surrounding
environment. Decoherence has been usually seen as an annoyance as it has been
linked to loss of quantum information. Recent studies showed that can be useful
for quantum algorithm building [38]. Decoherence occurring through measurement
or free interaction with a classical environment is a typical framework for studying
transitions of quantum walks into classical random walks [67, 17]. Other kinds of
disorder, not implying destruction of coherence, can be adopted. The disorder we
focus on in the following is coherent disorder. It doesn’t destroy coherence, since it
only consists of changing the shape of the coin operator, preserving coherence and
then interference effects. This can be done by allowing a time and space dependence
of the coin operator, such that the jumping probability amplitude from a site to the
adiacent one, or the phases acquired by the walker during the step, are no more
constant in time or space. In the following, we will examine three different disorder
situations, which provide three distinct spreading behaviours.

2.4.1 Static disorder

Anderson localization

In 1958 P. W. Anderson theoretically showed that the wavefunction of a quantum
particle can suffer an exponential localization in the presence of a statically disordered
potential, namely a potential fixed in time but varying over space [63]. As a
consequence, it is expected that particle and energy transport, governed by quantum
mechanical laws, through a disordered medium should be strongly suppressed and
that an initially localized wave packet should not spread out with time. Before
Anderson’s discovery, a Brownian motion model was used to describe the movement
of electrons in such media (and in general transport phenomena), because of the
fact that they were treated as point-like objects. However, in his paper, Anderson
changed point of view revisiting the effect of disorder on the evolution of an electron’s
wavefunction in an otherwise periodic crystal. Anderson analysed the problem in the
quantum regime and, by accounting for the wavefunction of the electron, he found
that the classical diffusive motion of the electron breaks down and the electronic
wavefunction becomes exponentially localized, under a broad range of conditions.
Consequently, when the electron is initially localized on one atom, its wavefunction
will no longer expand to cover the whole crystal with time, according to Bloch
theory, but it will rather remain localized around its initial position. The material
will cease to conduct charge, and eventually become an insulator. The interference
between different paths, arising from multiple scattering of the electron by lattice
defects, is responsible for this localization effect. The basic assumptions at the heart
of Anderson’s model is that the potential is time-invariant. In general, localization
effects are lowered by the presence of temporal variations in the potential, which
can arise from both lattice itself and external disorder. Moreover, the reduction
of the coherence of the scattering, happening due to the presence of temporal
fluctuations (such as phonons), destroys the interference effects and eventually
leads to the recovery of Ohm’s law. Even more importantly, Anderson’s model
describes a single particle, or an ensemble of non-interacting particles. For this
reason, this model was hardly appliable to electrons, which are fundamentally
interacting fermionic particles (they interact, for instance, through Coulomb’s law or
spin exchange). When interactions are included, the scenario changes dramatically
and localization generally does not occur. These two preconditions underlying
Anderson’s model — time-invariance of the potential and the absence of interactions
— made experimental observation of Anderson localization in crystals very hard to
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perform. These conditions are, indeed, easily achievable in photonic systems.

Localization in photonic systems

Localization is essentially a wave mechanics phenomenon, thus it can be extended
to every wave-like system [69, 70]. Optics is a suitable framework to study localization:
in optics, coherence is easily preserved and photons are non-interacting bosons. The
adaptation of the localization model to optical systems consists of the "transverse
localization scheme", proposed separately by Abdullaev [71] and De Raedt and al.
[72]. In this scheme, the evolution of a light beam is treated like the wave packet
of a quantum particle, replacing time with the propagation direction z. So, the
description passes through the Schrödinger-like paraxial equation:

i
∂ψ

∂t
=
[
− 1

2k

(
∂2

∂x2 + ∂2

∂y2 −
k

n0
∆n(x, y, z)

)
ψ

]
≡ Ĥψ

where z is the propagation direction, which acts like time, x and y are transverse
dimensions. ψ is the slow-varying envelope (we assume paraxial approximation) of
the field E(r, t) = Re

[
ψ(x, y, z)ei(kz−ωt)

]
of frequency ω and wavenumber k = ωn0

c ,
where n0 is the average refraction index. ∆n is the local change in refraction index,
such that |∆n| << n0; it replaces the potential V of the Schrödinger equation, so,
to have proper Anderson localization, it has to be independent of time, n(x, y, z) =
n(x, y). The first experimental evidence of this phenomenon was given by Schwartz
and al. [73], highlighting the importance of ensemble-averaging in this scheme
because of the shortness of the typical propagation distance, which does not allow
self-averaging, making it necessary to average on multiple realizations of disorder.
In this scheme, the most important observable is the intensity of the beam after a
certain propagation length and averaged over many experiment with different spatial
realizations of fixed-in-time disorder. This particular observable allows a quite direct
appreciation of the localization of the wave packet: indeed, it is possible to "see" the
wave packet expanding for a short time and then halting. The direct observation of
the wave packet makes the transverse localization scheme one of the most convenient
and direct ones for observing localization phenomenon. The main drawback is that
it can be only applied to transport phenomena in one or two dimensions, making it
impossible to observe the phase transition associated with Anderson localization in
three dimensions. Schwartz et al. observed Anderson localization in disordered 2D
photonic lattices; they studied the framework of increasing disorder, observing three
different regimes:

• in absence of disorder the beam diffracts in the periodic structure, showing
ballistic transport;

• the introduction of weak disorder generates a loss of symmetry and the light
intensity tunnels randomly between sites, raising diffusive transport (like a
classical random walk);

• by increasing the disorder level, the intensity pattern narrows and the beam
localizes (after a short diffusive propagation).

A similar experiment was carried out by Lahini et al. [74], showing that in
a 1D photonic lattice, transport changes from ballistic to localized without the
intermediate diffusive regime.
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Anderson localization in a Quantum Walk

A photon wandering in a QW, by definition, propagates. Therefore, many reasons
make QWs a suitable framework for studying localization in optical systems, for
instance:

• the propagation process is determined by unitary operations (except when
decoherence is introduced) and it can be easily generalized (it is a good frame-
work for simulations [75]);

• it is theoretically simple to introduce disorder and to control it;

• it is usually possible to extract information at any step, except for integrated
quantum walks, which, on the other hand, provide extremly high phase-stability
and minimum losses.

A very good example is provided by Schreiber et al. [67], who were able to
implement many regimes of disorder on their QW, by means of a simple EOM,
suitably tuned with respect to the laser’s pulses repetition rate (see section 2.5.2 for
an insight of such an implementation). An integrated quantum walk was used by
Crespi et al. [66] to experimentally study Anderson localization for two particles
(see next paragraph).

Colocalization

The experiments mentioned in the previous section used classical light, i.e. lasers,
to explore the propagation in the presence of disorder. The behaviour of a single
photon does not show any deviations from classical wave propagation, because only
first order interference plays a role in the propagation dynamics. Something more
arises when two or more indistinguishable particles propagate at the same time
in the system. In fact, even without direct interaction, second order interference
and quantum correlations affect the outcome. Correlations of two indistinguishable
particles travelling in a periodic lattice were first described by Bromberg et al.[76];
his studies focused on true single-photon systems and in particular in the context of
QWs [77, 31, 32], showing that the results for bosons and fermions were different
(as expected, due to the respective bunching and anti-bunching properties) and that
they could be simulated by suitable entangled photons states [31]. In a theoretical
study, it has been shown by Lahini et al. [78] that the localization of one particle
should influence the other one’s localization, while, for long time scales, when both
the particles have localized, the correlations between the two particles show some
kind of oscillatory behaviour: the separation between localized bosons tends to an
even number of sites, while the one between fermions favours an odd number of sites
between the localization positions [79]. This phenomenon has been experimentally
implemented in an integrated Quantum Walk by Crespi et al.[66].

2.4.2 Dynamic disorder
Anderson localization requires the potential to be stationary in time. If the

disorder evolves dynamically, transport is resumed. There are many ways to introduce
dynamical disorder, and different disordering approaches generate different outcomes.
If the disorder is homogeneous in space, but not in time (like a refraction index
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homogeneous in the medium, but varying during the propagation) the propagation
of light comes back to diffusive regime [65]. Schreiber et al. [67] used a QW to
show this phenomenon: they inserted disorder in the process by applying a random
phase (spatially uniform) at each step. As a result, the photon undergoes a classical
random walk, revealing a binomial probability distribution. The maximum phase
applicable to the walker is stepwisely increased, showing a transition from ballistic
to diffusive behaviour. In a system with dynamic disorder, decoherence reduces
the expansion of the wave packet to the level of a diffusive classical particle. In
contrast, static disorder leads to a stagnation of the spread and hence an even smaller
variance. On the other hand, a spatially random potential which also fluctuates in
time can give rise to hyper-transport, namely a super-ballistic behaviour [73]. Some
earlier theoretical works [80, 81, 82, 83] showed that hyper-transport was possible,
in presence of such a potential; the first experimental proof was provided by Levi et
al. [84]. The fluctuating potential causes stochastic acceleration, which makes the
original wave packets expand at a faster rate than ballistic, while its momentum
spectrum expands, too. The latter does not happen in ballistic regime, namely
ordered paths.

2.4.3 The p-diluted disordering model
In the present work we will focus on a particular kind of disorder, so called

p-diluted, introduced for the first time in [18].
The basic idea of the model is to introduce a disorder parameter p which characterizes
a particular class of evolutions. Suppose that the coin operator is no more constant
over time and space. Thus, in principle, at each site and step of the evolution, the
coin operator can be different from the Hadamard one, for example in the amplitudes
of the mixing coefficients or in the phases introduced between the basis states. If
this is the case, one can explicitly write the space and time dependence of the coin
as Ĉ(x, t), where x is the site index and t the step number. The evolution (2.4) can
then be modified as

|ψ〉t+1 = Ŝ ·
t∑

x=−t
Ĉ(x, t) |ψ〉t .

In the p-diluted model, an initial setting of the coin operators Ĉ(x, t), which
defines the action of the coin at each step and site of the evolution, is given.
For instance, the initial setting could be the one typical of an ordered QW, with
Ĉ(x, t) = Ĉ, namely the same coin for each site and step, or the one typical
of the static disorder, in which Ĉ(x, t) = Ĉ(x), i.e. the coin is time independent.
Subsequently, the initial setting is modified with a given probability p in the following
way:

Ĉ(x, t) =
{
Ĉ ′(x, t) with probability p
Ĉ(x, t) with probability 1− p

namely, the coin operator at site x and at step t remains unchanged with a
probability 1− p or changes with a probability p.
The p-diluted model can be seen as a perturbation of an initial coin setting. This
leads to a very broad applicability of the model, because it can be used to study
in a controlled way the transition from a particular QW configuration, obtained
when p = 0, to the completely disordered one, corresponding to the case p = 1. For
instance, in the present work, the model has been experimentally implemented to
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study the transition between the ordered and disordered QW, and the one between
the Anderson localization and the diffusive spread. We show that this transitions
are featured by (transient) superdiffusive and subdiffusive spread of the walker,
respectively. Within this framework, the parameter p corresponds to the degree of
disorder, namely the percentage of randomly changed coin operators with respect to
the starting condition.
It is important to note that, for a given value of p, many different QW configurations
can be obtained. Indeed, changes in the coin operators can happen in random
sites at random steps according to the probability p, generating many different
configurations. In the following we will call them phase maps or coin maps.

2.5 Experimental implementation
In this section, we will describe the experimental setups used to perform the

experiments lying at the heart of this thesis work.
Firstly, we focus on the all-optical QW, a novel setup built in the Quantum Optics labs
of the University of Rome "La Sapienza". The setup has been used to demonstrate
the superdiffusive spread of a quantum walker subjected to a p-diluted model applied
to an initially ordered QW [29, 18].
We will then focus on the time-split QW, a well established apparatus based to the
Integrated Quantum Optics labs of the University of Paderborn. This setup has
been used to reproduce the subdiffusive spread of the walker when the p-diluted
technique is applied to a initially statically disordered QW [19].

2.5.1 All optical quantum walk
The movement of a quantum particle among the discretized sites of a one

dimensional line can be realized by means of a beam splitters (BSs) network, each
of them representing a particular site of the line, as depicted in Fig. 2.5. In this
representation, each BS acts both as Ĉ and Ŝ operators.

Several implementations of such optical QWs have been realized, based on bulk
optics schemes or femtosecond laser written photonic circuits [85, 86, 87, 31]. The
bulk optics setup used in the present work is a completely free space realization of a
BSs network, based on two displaced multi-pass Sagnac Interferometers (SIs) linked
by a single central common BS, as depicted in Fig. 2.6 [88, 29].

To explain the functioning of the setup, let’s focus on the input 1 beam. The
input radiation, which can be a continuous wave (CW) laser as well as single photons,
is injected in the setup through a single mode fiber followed by a 10X objective. It
is directed to the BS by means of a small square mirror of 5mm long side. The
action of the BS can be described as follows. The BS is a glass cube formed by two
halves, kept together with a cement glue. When an electromagnetic wave arrives at
the separation surface between the two halves, part of it is reflected, the remaining
part is transmitted. Then, the BS can be described by considering it as a 2-input
2-output modes device, as depicted in Fig. 2.7.

In a second quantization formalism, we can associate a creation operator to each
of the four modes, considering â†, b̂† as the operators of the input modes and ĉ†, d̂†
as the operators of the output modes. The BS transformation can then be written as

â† −→ tĉ† + ird̂†

b̂† −→ td̂† + irĉ†
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Figure 2.5. Typical representation of a QW using a BSs network. Each square represents
a BS, with two input and two output modes. The two different arriving directions on
the BS correspond to the two different coin states.
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Figure 2.6. Sketch of free space QW scheme. BS: beam splitter, BD: beam displacer, RP:
rotating glass plates, MM: moving mirror, SMF: single mode fiber. Blue and red beams
circulate in opposite directions and impinge on the BS1 in the same horizontal point but
at different heights along the z direction, due to the effect of BD.

where t and r are the transmission and reflection coefficients, linked by the
condition t2 + r2 = 1. By means of the identification
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Figure 2.7. Sketch of a BS. Each mode is described by the respective creation operator.

â† |0〉F ≡
(

1
0

)
b̂† |0〉F ≡

(
0
1

)
we can write the BS transformation in a matrix form as

B̂S =
(
t ir
ir t

)
.

In the case t = r = 1√
2 we obtain a transformation equivalent to the Hadamard

gate between the input and the output states, apart for a phase factor on the
reflection coefficients. The BS is then able to implement the coin operator needed
to perform a QW.
At the first interaction with the BS, which happens in the horizontal point x0, the
radiation is split into two different paths, the reflected (clockwise, red path) and
the transmitted one (counterclockwise, blue path), travelling in the first squared
Sagnac interferometer SI1. If all mirrors of SI1 are placed at the angles of a rectangle
(ideally a square), then the radiation will propagate along the same paths but
in opposite directions, closing the loop in the same point of the BS where they
started. By translating the farthest mirror M1 of the SI1 along the x axis of
a quantity ∆xM ∼ 3.54mm, the clockwise and counterclockwise directions will
propagate along different paths, displaced of a quantity δ =

√
2∆xM ∼ 5.00mm,

and will recombine on the BS in the point x1, shifted along the x axis of a quantity
δBS = 2∆xM ∼ 7.07mm with respect to x0. This new point acts as a starting one
for the second Sagnac interferometer. Here, all the mirrors are placed at the angles
of the rectangle. Eventually, the paths recombine again on the BS in a third point,
x2, different from the previous ones, shifted along the x axis of a quantity −δBS
with respect to x0. At each interaction with the BS, a new point on the x axis is
involved.
This geometric configuration generates in the x − y horizontal plane of Fig. 2.6
a (quasi) infinite loop, equivalent to a chain of phase-stable and independently
tunable Mach-Zehnder interferometers [88], as shown in Fig. 2.8. Despite the actual
geometry gives birth to Mach-Zehnder interferometers, we will refer to them as SI
instead, to resemble the starting geometry of the setup.

The maximum number T of passages, or steps, that can be performed is limited
by the size of the optical elements, namely the mirrors and the BS, and in particular
by the smallest of them. In our case this corresponds to the BS, then T =

√
2L

2∆xM =
L√

2∆xM
∼ 5.00cm

5.00mm ∼ 10 where L ∼ 5.00cm is the length of the BS side.
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SI1 SI2

input 1

SI1

Figure 2.8. (Quasi) infinte chain of Mach-Zehnder interferometers which arises from the
(quasi) infinite loop.

A QW network can be reproduced by exploiting the z axis of the BS as well as the
x one. This can be done by means of a vertical beam displacer (BD), whose aim is
to increase the height of the beam passing through it of a fixed quantity δh.
In the setup, BDs consist of a thick inclined glass prism. Its operation is represented
in Fig. 2.9.

Planes

3
2
1
0

Figure 2.9. Sketch of the functioning of the BD used in the actual setup.

When a beam passes through it, it is vertically shifted by an amount δh, depending
on the inclination, the thickness and the refractive index of the BD glass, following
the relation

δh = D
sin(θ1 − asin(nang sin(θ1)))

cos(asin(nang sin(θ1)))

in which θ1 is the incidence angle of the beam with respect to the normal to the
surface of the BD, na = 1 is the refractive index of the air, ng = 1.55 is the refractive
index of the glass and D = 30mm is the thickness of the prism. In order to have an
increase of ∼ 5.00mm (such that the vertical and horizontal separation of the beams
result to be equal), the BD has to be inclined of an angle θ1 ∼ 25° with respect to
the beam.
The parallelism between the BD’s faces is a critical parameter. Indeed, if they are not
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sufficiently parallel, the geometry of the setup could be compromised. A parallelism
better than 1µrad is requested, which guarantees an interference visibility V > 95%
up to the seventh step, mostly limited by unavoidable experimental errors in the
setup alignment.
Two BDs are used in the setup, one of them intercepting only the clockwise paths in
SI1, the other one intercepting the counterclockwise paths in SI2 (see Fig. 2.6). BDs
actually act as the shift operator Ŝ. Indeed, the path not passing through them
are considered to be shifted to site x− 1, while the ones passing through them are
shifted to the site x+ 1.
After the action of the BD, the two paths in SI1 will impinge on the BS in the
same horizontal point x1 but at different heights, the transmitted path travelling on
the plane at height 0, the reflected one at height δh. This reproduces the second
step of the QW network because two different interaction points of the BS can be
seen as two different BSs, one in site −1 acting on the transmitted path and one
in site +1 acting on the reflected path. As a result, four paths are generated. The
ones travelling counterclockwise in the second SI pass through the second BD, such
that their height is increased, while the clockwise paths travel at the same height
as before impinging on the BS. When the loop closes again on the BS (third step
of the evolution), the beams that increased once their height will impinge on it at
the same x and z coordinates but from opposite faces of the BS, interfering. They
actually represent the two coin states of site 0, which undergo interference due to
the action of the coin operator. The other beams increased their height 0 or 2 times,
corresponding respectively to sites −2 and 2 of the network. By extending such
tracing to higher step, it is easy to prove that the setup geometry is capable to
reproduce the whole network needed for a QW evolution.
Because of the fact that the same optical elements are involved in all the steps, and
because of the Sagnac geometry, the setup is intrinsically stable in phase. A small
phase instability is present only due to convective air modes, easily mitigated by
means of a shielding box surrounding the whole setup.
A scheme of the beams pattern arising from the setup geometry is sketched in Fig.
2.10, as they appear when looking at the BS with blue modes travelling towards the
observer (see Fig. 2.6, the eye symbols denote the points where one observes the
represented patterns).

Beams corresponding to odd (even) steps circulate in SI1 (SI2); for each image in
Fig. 2.10, the number of steps increases along the horizontal axis, going from inside
to outside with respect to the central dashed line. Different sites of a given step are
found to travel at different heights. The cyan-shaded region represents the active
area of the BD while yellow circles represent different rotating glass plates (see later).
Dots correspond to beams travelling towards the observer, then exiting from the
plane of the figure, crosses to beams entering the plane of the figure. For a given
step t of the evolution, the walker can be found on t+ 1 possible sites, corresponding
to 2t output optical modes, half of them representing the state |0〉c of the coin (the
ones circulating in the counterclockwise direction in SI1 and in the clockwise one in
SI2, corresponding to dots in Fig. 2.10) while the remaining ones correspond to the
|1〉c state of the coin (the ones circulating in the clockwise direction in SI1 and in
the counterclockwise one in SI2, represented as crosses).
In this setup, the presence of a single fixed BS does not allow to change the trans-
mission and reflection coefficients from site to site or from step to step. For this
reason, the mixing coefficients of coin operator can not be tuned during the evo-
lution. In order to act on the evolution of the walker we can instead change the
phases introduced by the coin operator between the coin states. This can be done
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X-YX+Y

Z Z

Figure 2.10. Beams pattern arising from the setup geometry. The cyan region denotes the
BD while the yellow squares correspond to the rotating glass plates. Left: pattern of
beams travelling in SI1, corresponding to odd steps. Right: pattern of beams circulating
in SI2, corresponding to even steps. Dots correspond to beams that are exiting from the
plane of the figure, crosses denotes beams that are entering in the plane of the figure.

Figure 2.11. Sketch of the rotating glass plates used in the actual setup. Values of relevant
geometrical parameters are reported.

independently in each site and step of the evolution by means of phase shifters,
realized through rotating glass plates (RP). Because in an interferometric setup it
is only accessible the phase difference between modes suffering interfercence, it is
sufficient to insert the phase shifters such that they intercept modes corresponding
to |0〉c states (yellow squares in Fig. 2.10). By varying their inclination with respect
to the direction of propagation of the beam, the optical path is changed and a phase
difference with respect to the other beam is generated. A sketch of a RP is shown in
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Fig. 2.11, along with its dimensions. The particular shape of the RPs is necessary
to intercept only a single beam without disturb the propagation of the other ones.
A set of moving mirrors (MMs) is used to extract radiation at a given step for mea-
surement. MMs consist of square mirrors on top of a micrometric stage, placed in
such a way that they can intercept modes corresponding to step t∗ leaving untouched
the beams belonging to steps t < t∗. The extracted radiation is then coupled to
a single mode fiber which is engineered to shift from a beam to the other ones by
means of a horizontal and vertical stages system. The setup then can reproduce a
tunable, phase stable, QW network allowing to measure every step and mode of the
evolution.
A slight modification allows to inject two photons through the two different input
ports of BS1 (input 1 and input 2 in Fig. 2.6). The functioning of the setup is
exactly the same as in the single input case but, after the extraction of the modes, a
further BS (BS2) is placed to intercept the modes, in order to split photons travelling
along the same mode, allowing us to measure them in two different detectors. By
adding a further coupler intercepting the extracted modes, coincidences between all
possible modes at a given step can be measured and the whole two photon probability
distribution can be experimentally reconstructed.
The setup allows to start the QW with any two-photon input state by injecting
photons in a linear superposition of the two coin states, corresponding to the input
ports of BS1.
The closed loop geometry of the system allows in principle a very large number of
steps which, as said, are limited by the dimension of the optical elements. However,
another limitation is present in the system, consisting in the beam divergence. By
reducing both the total length of the optical setup and the transverse distance of
the travelling beams, we expect to double the maximum achievable number of steps.
At the time of writing, each arm of the SIs is ∼ 40cm long. Thus, after each step,
the walker propagates for ∼ 160cm.
The measured reflectivity value of both BS1 and BS2 used in the experiment was
|r|2 = R = 0.45. This asymmetry determines, together with other effects, mainly
caused by the transmission losses of the optical elements of the setup, a behaviour of
the actual QW which is sligthly discordant from the ideal one. This has been taken
into account in simulations and experimental data analysis described in the following.

Two photon source

The whole potentiality of the all-optical bulk optics QW setup described in
sec. 2.5.1 is exploited when it is paired with a two photon source. Indeed, the
capability of the setup to accept as input any kind of two photon states, makes it a
suitable platform to study multiparticle QWs, which can exhibit completely different
phenomena with respect to the single photon case.
The source used in the present work consists of a phase-stable bulk optics triangular
Sagnac interferometer, realized with two broadband dielectric mirrors on its vertices
and a dual wavelength polarizing beam splitter (PBS) as the input/output vertex
(see Fig. 2.12) [89].

A single-mode continuous wave laser at a wavelength of 405nm, coherence time
∼ 0.33µs, enters the Sagnac after being reflected by an external dichroic mirror (DM).
The DM reflects light at wavelength lower than a treshold value, transmitting higher
wavelengths than it. The pump is then reflected and redirected toward the dual
wavelength PBS. The polarization of the laser can be tuned by means of the quarter
wave plate QWPλp and the half wave plate HWPλp encountered by the pump laser
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Figure 2.12. 3D drawing of the two photon source. Attached to each optical element is
the name of the element itself.

before entering the Sagnac interferometer. For instance, the pump can be initialized
in a diagonal polarization state |ψ〉 = 1√

2(|H〉 + |V 〉). When impinging on the
dual wavelength PBS, the projection |H〉 is transmitted along the counter-clockwise
trajectory, while the |V 〉 one is reflected along the clockwise one.
At the center of the Sagnac interferometer a non-linear, uniaxial negative, periodically
poled potassium titanyl phosphate (PPKTP) crystal is placed. When the pump
laser interacts with the PPKTP, the type II quasi-phase matching (QPM) condition
has to be fulfilled in order to generate photon pairs from the spontaneous parametric
down conversion (SPDC) process

ne(ωp)ωp = (ne(
ωp
2 ) + no(

ωp
2 ))ωp2

where ne(ωp) is the extraordinary refractive index and no(ωp) is the ordinary
one, both depending on the pump laser frequency ωp.
The crystal is placed inside an oven, which keeps it at the right constant temperature
in order to avoid thermal dilations due to temperature changes and, consequently,
changes in the QPM condition.
Due to the linear superposition of the polarization state of the pump, two SPDC
processes take place in superposition. The H polarized part of the pump can generate
two photons both at 810nm in a |H,V 〉 state. The V polarized part of the pump,
circulating clockwise, has to be rotated into |H〉 in order to fulfill the QPM relation
and to produce photon pairs. This is accomplished by means of a broadband HWP
placed just before the crystal. Also in this case, the photons generated are in a state
|H,V 〉. Note that the photons generated from the interaction of the H part of pump
also travel through the HWP, such that their polarization is rotated. This does not
influences the state generation.
The photons are then separated and spatially distributed by the central PBS to the
two output modes, which we will call signal and idler modes. The photons travelling
along the DM are transmitted because their wavelength is higher than the treshold
wavelength of the DM. An interferential filter cenetered around 810nm is placed
along both signal and idler modes, such that the residual pump laser exiting from
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the Sagnac interferometer is completely absorbed by it The resulting state is then
1√
2(|Hi, Vs〉 + eiφ |Vi, Hs〉), the first part of the state deriving from the clockwise

interaction and the second part from the counter-clockwise interaction. The phase
factor φ can be tuned by means of a QWP placed along the pump path before it
enters the interferometer and also by using a liquid crystal (LC) placed along the
idler (or signal) mode. The LC provides a refraction index different for horizontal
and vertical polarization, tunable by the application of a electric field [90].
The balance between the first and the second part of the state, thus between
the populations of the two states, can be achieved by rotating an external HWP
intercepting the pump beam before it enters in the Sagnac.
The state generated by this setup is an entangled one, where the two photons are
always found to be in opposite polarization states (for a insight over entanglement,
see sec. 5.2). The source is also able to produce pairs of completely indistinguishable
photons. On this purpose, the pump polarization is rotated such that it has only
H (or V ) component, so that a single possible generation event is produced. The
resulting state then reads |Hs, Vi〉. After that, a polarization rotation can be imposed
on one of the photons to have both of them identically polarized.

Indistinguishable photon pairs generation and HOM effect

In order to study the evolution of two indistinguishable photons travelling along
the same QW network, one has to prepare them such that, when impinging on the
interaction surface of the BS, the two particles are completely identical under every
possible degree of freedom (DOF). If this is the case, the HOM effect takes place
and the particles act as indistinguishable bosonic particles. Before entering in the
experimental details, it is convenient to recall here the derivation and explanation of
the HOM effect.
The HOM effect consists of the coalescence of two indistinguishable photons entering
a BS from its two different input ports. If the photons are completely indistinguish-
able in all their degrees of freedom, for instance polarization, angular momentum,
frequency, propagation mode, arrival time on the BS, etc..., then the probability
for them to separately travel along the two output modes of the BS drops to zero,
meaning that they are always found to travel coupled along the same mode, which
one being completely random.
Of course, experimental imperfections can affect this ideal behaviour; for instance,
non perfect indistinguishability of the two photons, as well as non ideal optical ele-
ments, generally decreases the intensity of the HOM effect, resulting in a probability
different from 0 for the photons to travel along different modes. Experimentally,
a direct way to characterize the degree of indistinguishability between a pair of
photons consists of creating many copies of the pair and make interfere the two
photons of each pair in a BS with a varying relative time delay between the particles:
the higher the relative time delay, the higher the distinguishability of the particles,
the lower the intensity of the HOM effect.

When the wavefunctions of the two photons completely overlap at the BS
interaction surface, a minimum (ideally 0) in the probability for them to travel
along different modes is reached. Thus, the behaviour of the coincidences between
two detectors placed along the two output modes as a function of the time delay
is represented by a dip-shaped function (for a qualitative representation of the
HOM dip see Fig. 2.13; for a sketch of the experimental setup see Fig. 2.14). The
particular shape of the dip depends on the shape of the wavefunction of the photons,
on their indistinguishability, and in general on the process lying at the base of their
generation. Nevertheless, the gaussian shape is typically adopted as a representation
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Figure 2.13. Theoretical behaviour of the coincidences as a function of the delay between
two indistinguishable photons.

Figure 2.14. Sketch of the BS and the output detectors for the measurement of the HOM
dip.

of the HOM dip.
One of the most important parameters which can be derived by the HOM dip is its
visibility, defined as
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V = MAX −min
MAX

(2.5)

with MAX corresponding to the number of photon pairs travelling along two
different modes when no HOM effect occurs (i.e. when photons are distinguishable,
for instance when the time delay is sufficiently large) and min corresponding to the
same quantity obtained in the presence of HOM effect. The visibility quantifies the
degree of indistinguishability of the photon pairs.
Let’s formalize the above phenomenon in terms of second quantization formalism.
Consider two photon travelling along modes a and b, corresponding to the input
modes of the BS, associated with creation operators â† and b̂†. We add the symbol
"’" to the creation operator b̂† to denote the fact that the two photons differ in the
properties of some degree of freedom, for instance the arrival time on the BS. The
input state then reads

|ψ〉in = â†b̂′† |0〉F .

We can write the BS transformation as

â† −→ tĉ† + ird̂†

b̂′† −→ td̂′† + irĉ′†.
(2.6)

The coefficient r (t) ∈ R is the coefficient of reflectivity (transmissivity) of the
BS, for which it holds r2 + t2 = 1. If the photons are indistinguishable in each degree
of freedom, we can eliminate the symbol "’" such that the creation operators simply
reduces to their expressions without the superscript.
After the BS, the input state modifies as

|ψ〉out = (t2ĉ†d̂′† + irtĉ†ĉ′† + irtd̂†d̂′† − r2d̂†ĉ′†) |0〉F .

By tracing over all the degrees of freedom except the propagation mode, the
probability for a pair of distinguishable photons to travel one along mode c and the
other one along d is

Pcd,dist = T 2 +R2 (2.7)

where R ≡ r2 (T ≡ t2) is the reflectivity (transmissivity) of the BS.
The probability for the photons to travel both along mode c or d is

Pcc,dist = Pdd,dist = RT.

The number of photons travelling along modes c and d is given by

Mtheo = NPcd,dist = N(T 2 +R2) (2.8)

N being the total number of photon pairs impinging on the BS.Mtheo corresponds
to the MAX value which should be inserted in expression (2.5). Experimentally,
the corresponding number of photon pairs measured by the detectors is given by

M = MtheoηCηD = Coinc(C,D)∆t>τ

where ηI is the overall detection efficiency of the detector I placed along mode
i = c, d. The quantity Coinc(I, J)∆t>τ indicates the number of coincidence measured
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by two detectors I and J placed respectively along modes i and j when photons
impinge on the BS with a given temporal delay ∆t greater than their coherence time
τ , such that they behave as distinguishable particles.
When the photons share exactly the same features and reach the BS interaction
surface at the same time, a number of coincidences equal to 0 is expected due to
the HOM effect. Eventually, a larger value is measured, denoting the presence of
non ideal experimental conditions. We can think about two different reasons at the
base of such a behaviour: a) the non ideality of the BS, namely R 6= T , affecting the
interference between indistinguishable photons, and b) the presence of a percentage
of distinguishable photon pairs among the copies of the system impinging on the
(non ideal) BS. Let’s face the two problems independently.
In the case a) we deal with indistinguishable photons impinging on a non ideal BS;
the evolution of an input state (note the absence of the symbol "’" because of the
indistinguishability)

|ψin〉 = â†b̂† |0〉F
after having interacted with the BS reads (relations (2.6) without "’")

|ψ〉out = ((t2 − r2)ĉ†d̂† + irt(ĉ†ĉ† + d̂†d̂†)) |0〉 (2.9)
and the probability for two indistinguishable photons to travel along modes c

and d is

Pcd,ind = |T −R|2.
In the ideal case T = R, which implies Pcd,ind = 0, corresponding to the HOM

effect. The probability for two photons to travel both along c or d is

Pcc,ind = Pdd,ind = 2RT.
The number of indistinguishable photon pairs travelling along two different modes

then reads

Ncd,ind = NGPcd,ind = NG|T −R|2

where we introduced the quantity G which is the percentage of photons pairs
composed by indistinguishable particles. If G = 0, all photons are distinguishable.
On the contrary, if G = 1 all photons are indistinguishable.
In case b) we have to deal with the presence of distinguishable photons impinging
on the BS. We can use the very same relations already derived in (2.6), such that
the probability for two distinguishable photons to travel along two different modes
corresponds to (2.7). As a consequence, the number of distinguishable photon pairs
travelling along modes c and d reads

Ncd,dist = N(1− G)Pcd,dist = N(1− G)(T 2 +R2).
The total number of photon pairs travelling along mode c and d in the 0 time

delay condition then can be written as

mtheo = Ncd,ind +Ncd,dist = NGPcd,ind +N(1− G)Pcd,dist

= NG|T −R|2 +N(1− G)(T 2 +R2).
(2.10)

Experimentally, the total number of coincidences measured by the detectors is
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m = mtheoηCηD = Coinc(C,D)∆t=0

corresponding to the number of coincidences measured when photons impinge
on the BS with 0 temporal delay.
By computing the visibility V we obtain

V = Mtheo −mtheo
Mtheo

= 2GRT
R2 + T 2 . (2.11)

Because of the fact that

Mtheo −mtheo
Mtheo

= M −m
M

the value of the visibility can be experimentally obtained by computing

V = Coinc(C,D)∆t>τ − Coinc(C,D)∆t=0
Coinc(C,D)∆t>τ

. (2.12)

In the limit case in which G = 1 (i.e. completely indistinguishable photons) and
R = T = 1

2 a value of V = 1 is obtained, as expected in the completely ideal case.
By inverting relation (2.11) we can derive the expression for the percentage of
indistinguishable photons G as

G = V (R2 + T 2)
2RT .

The value of G is the relevant quantity because it quantifies the real amount of
indistinguishability of the photons. Nonetheless, the multiplicative factor (R2+T 2)

2RT
can be considered ∼ 1. Indeed, also in the case R = 0.45 and T = 0.55, its value is
∼ 1.02. For this reason, the value of V can be considered a good indistinguishability
quantifier.

We want now demonstrate that it is also possible to measure the visibility of
the HOM dip without performing measurements with different time delays. This is
convenient since that the change in the time delay implies different experimental
conditions, such as coupling to the fibers, divergence of the photon beam, etc... This
aim can be accomplished by inserting a BS along each of the two output modes c
and d of the interaction BS and by using 4 detectors instead of 2.
Suppose to insert BSc and BSd respectively along modes c and d, such that we end
up with 4 different modes, say c1, c2, d1 and d2, and along each of them we place a
detector, respectively detectors C1, C2, D1 and D2. The situation is sketched in Fig.
2.15.

The detectors are linked in such a way that each of them is able to measure
coincidences with all the others (i.e. are registered coincidence between C1 and C2,
C1 and D1, C1 and D2, and so on).
If photons arrive synchronized on the BS, there will be a number mtheo of photon
pairs which will not undergo HOM effect for the very same reasons explained above.
They will travel along mode c and d up to BSc and BSd where they are split into the
last 4 output modes. The total number of photon pairs, one travelling along mode c
and the other one along d, is given by relation (2.10). This quantity is linked to the
experimental measurements through the following relation
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Figure 2.15. Sketch of the BSs sequence needed to measure the visibility of the HOM dip
without changing the optical delay between the photons.

m = mtheoTcTdηC1ηD1 +mtheoTcRdηC1ηD2 +mtheoRcTdηC2ηD1 +mtheoRcRdηC2ηD2

= Coinc(C1, D1) + Coinc(C1, D2) + Coinc(C2, D1) + Coinc(C2, D2) (2.13)

where Tc(Td), Rc(Rd) are the transmissivity and reflectivity of BSc (BSd) and ηI
with I = C1, C2, C3, C4 is the overall efficiency of the detector I. By inverting this
relation we can obtain the value of mtheo starting from experimental values of the
coincidences.
To compute Mtheo, needed to determine the visibility, we recall that it corresponds
to the total number N of photon pairs impinging on the BS multiplied by a factor
Pcd,dist = R2 + T 2. This value can be computed by summing the number of photon
pairs travelling along different modes, i.e. mtheo, and the ones travelling along the
same mode (i.e. both along c or d). By considering the same experimental imperfec-
tions as above and relation (2.9) we can compute the number of indistinguishable
photon pairs travelling along c or d

Ncc,ind = Ndd,ind = NGPcc,ind = NG2RT.

On the other hand, the number of distinguishable photon pairs which travel
along the same mode c or d reads

Ncc,dist = Ndd,dist = N(1− G)Pcc,dist = N(1− G)RT.

The number of photon pairs travelling along the same mode can then be written
as
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Ncc = Ncc,ind +Ncc,dist = NG2RT +N(1− G)RT
and the same for mode d.

The total number of photon pairs can then be written as

N = Ncc +Ndd +mtheo. (2.14)
Experimentally, we can reconstruct Ncc and Ndd with the following relations

Ncc = Coinc(C1, C2)
2RcTcηC1ηC2

Ndd = Coinc(D1, D2)
2RdTdηD1ηD2

.

(2.15)

By considering relation (2.8), (2.14) and (2.10) we obtain

V = Mtheo −mtheo
Mtheo

= (Ncc +Ndd +mtheo)(R2 + T 2)−mtheo
(Ncc +Ndd +mtheo)(R2 + T 2) = 2GRT

R2 + T 2

which is identical to relation (2.11).
This demonstrates that the two different approaches bring to exactly the same
expression of the visibility.
By inverting relation (2.13) and using (2.15) to compute Ncc, Ndd and mtheo from
experimental coincidences, we obtain

mtheo = Coinc(C1, D1) + Coinc(C1, D2) + Coinc(C2, D1) + Coinc(C2, D2)
TcTdηC1ηD1 + TcRdηC1ηD2 +RcTdηC2ηD1 +RcRdηC2ηD2

Ncc = Coinc(C1, C2)
2RcTcηC1ηC2

Ndd = Coinc(D1, D2)
2RdTdηD1ηD2

(2.16)
from which it is possible to write the expression for the visibility as a function

of experimental determined values of reflectivities, efficiencies and coincidences
measured in the condition of temporal delay of photons equal to 0.
The efficiencies ηI can be written as

ηI = QIFI

where QI is the quantum efficiency of detector I and FI the coupling factor
linked to the detector I, which takes into account coupling efficiencies to the fibers
as well as losses.
If BSc and BSd consist of bulk optical elements, four different fibers are needed to
couple the output modes. In this case, the factors FI can be independently measured
for each of them by measuring the power of a laser radiation, following the same
path of the photons and coupling to the fiber, just after the fiber and dividing it by
the value measured just before it. If, instead, the photons are coupled to a fiber and
then split by a fiber BS (one placed along c and one along d), FI can be measured
by dividing the sum of the laser power at the two outputs of the fiber BS by its



2.5 Experimental implementation 33

input power. In this case, FC1 = FC2 and FD1 = FD2 .
Because of the fact that it is much easier to measure relative quantum efficiencies
instead of absolute ones, it is convenient to rewrite the above expressions in terms
of relative efficiencies with respect to a given chosen efficiency (say ηC1) as

η′I = QIFI
QC1FC1

= Q′I
FI
FC1

where we defined Q′I = QI
QC1

as the relative quantum efficiencies of detector I.
Expressions (2.16) can then be rewritten as

mtheo = FC1

η2
C1

·

Coinc(C1, D1) + Coinc(C1, D2) + Coinc(C2, D1) + Coinc(C2, D2)
TcTdQ

′
D1
FD1 + TcRdQ

′
D2
FD2 +RcTdQ

′
C2
FC2Q

′
D1

FD1
FC1

+RcRdQ
′
C2
FC2Q

′
D2

FD2
FC1

Ncc = FC1

η2
C1

· Coinc(C1, C2)
2RcTcQ′C2

FC2

Ndd = FC1

η2
C1

· Coinc(D1, D2)
2RdTdQ′D1

FD1Q
′
D2

FD2
FC1

The common prefactor FC1
η2
C1

simplifies in the computation of the visibility, making
it necessary to measure only relatives quantum efficiencies and coupling factors.
Despite the much more complicated expressions needed to compute the visibility
with respect to expression (2.12), the above quantities have the important property
that can be estimated simultaneously, i.e. in the very same experimental conditions.

As already said, in order to observe the HOM effect, pairs of photons indistin-
guishable in every possible degree of freedom have to be generated. In Fig. 2.16 we
report a scheme of the optical setup used to find the HOM dip.

We briefly explain here how all possible DOFs can be made identical for both
photons.
The easiest DOF to face is the polarization. When the photons travel inside the single
mode fibers (SMFs) placed along both idler and signal modes, their polarization
undergoes a unitary transformation due to a Berry phase collected by the particles.
In order to obtain the desired polarization state at the output of the fibers, a
polarization controller (PC) can be used. A PC allows to change the path travelled
by the light inside the fibers such that it is possible to modify the Berry phase and
obtain every kind of polarization state at their output. By placing a PBS in front of
the detector which measures the photons exiting from the fiber under consideration
and using the PC, one can rotate the polarization state of the photons, for instance,
on the V polarization. Such condition is reached when the number of photons
measured by the detector is minimum, ideally 0. By doing this for both photons,
the same polarization can be reached.
The orbital angular momentum of the photons is assured to be the same because
of the fact that they exit from two identical SMF. This implies that the electric
fields is described by the fundamental transverse electromagnetic mode, i.e. TEM00.
The direction of propagation is a critical parameter. Indeed, a slight angular
misalignement between the propagation direction of the photons can rapidly decrease
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Figure 2.16. Sketch of the setup used to reproduce the HOM effect. The source is the
one reported in Fig. 2.12. PC: polarization controller; TS: translational stage; AM:
adjusting mirrors; PBS: polarizing beam splitter. Note that, after having generated the
same polarization state for both the idler and signal photons, the PBS is removed from
the setup.

the visibility of the HOM effect. To perfectly match the direction of propagation,
the beam paths are modified such that, when they reach the BS, the transmitted
part of the idler beam travels exactly along the same direction of the reflected part
of the signal beam, and viceversa.
A crucial parameter in the HOM effect is the time synchronization of the photons
at the interaction surface of the BS. Because of the finite coherence time τC and
length Lc of the photons, if they impinge on the BS with a relative time delay
τ > τc (or, equivalently, a relative spatial delay ∆x > Lc) they will behave as
two distinguishable photons, not undergoing the HOM effect. For this reason, an
automated translation stage has been inserted along one of the beam path (in our
case the signal). By changing the optical path travelled by the signal, it is possible
to synchronize the arrival time of both photons. The typical experimental signature
indicating the right time synchronization is showed in the left image of Fig. 2.17,
in which the number of coincidences is shown as a function of the spatial delay ∆x
between the two photons.

When the photons are not synchronized, a plateau in the coincidences count
is measured. When their wavefunctions begin to overlap on the BS, the HOM
effect appears and the number of coincidences decreases, reaching a minimum when
∆x = 0. After that, when the spatial delay increases again, the distinguishable case
is retrieved. In order to work with indistinguishable photons, one has to impose
the time difference between the two particle to be 0, keeping it fixed for all the
duration of the experiment. In the left image of Fig. 2.17 an experimental artifact
can be observed. When ∆x ∼ 1000µm the coincidence counts start to drop, despite
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Figure 2.17. Left: Typical shape of the experimental trend of the coincidence of an HOM
dip (red) and corresponding singles (orange). Right: same experimental data after
correction (red) fitted with a gaussian curve (blue line).

the photons are completely distinguishable. This is due to the losses along one of
the two paths, in particular the one with the translation stage. The translation
stage is composed by two SMF: the light exits from one of them, travels a part of
free space, and couples into the second fiber. By changing the path travelled in
free space, which can be done by moving the first fiber with respect to the second
one, the delay can be modified. During the movement some misalignement can
arise, diminishing the coupling between the fibers. For this reason, the number of
single photons measured by the detectors decreases and consequently the number
of coincidences. One can mitigate this effect by normalizing the coincidences with
respect to the single photon counts. The red dots in both left and right images
of Fig. 2.17 show the same experimental data before (left) and after (right) the
normalization. It is evident that the effect is strongly suppressed revealing a neat
nearly gaussian shape (blue line corresponds to a gaussian function fitted to the
data).
An other crucial degree of freedom consists of the wavelength of the photon pairs.
The SPDC process at the base of the photons generation is based on two conservation
laws: energy and momentum. The first one only implies that the sum of the energies
of the generated photons must equal the energy of the pump photon. The second
one is more restrictive and allows to generate only photons with a particular pair of
wavelengths among the ones allowed by the energy conservation. The momentum
conservation depends on the characteristics of the non linear crystal, such as the
cutting edge, the period of the poling, and the temperature. The last one can be
tuned by changing the temperature of the oven inside which the crystal is placed.
In order to find the right temperature, namely the one at which two photons with
identical wavelengths are generated, we performed a visibility study as a function
of the temperature. Starting from T = 109.0deg, we increased the temperature by
∆T = 0.1deg, the minimum possible for the oven used in the experiment, up to
T = 110.4deg. For each value of the temperature a scan has been performed and the
visibility measured. In Fig. 2.18 we report the scans for all the temperature under
investigation in a heatmap plot. We can see three main effects as the temperature
changes: the shape of the HOM dip changes, the visibility decreases out of the
optimal temperature and the position of the minimum shifts.

All this effects can be explained by considering that the HOM effects is linked
to the spatial and temporal shapes of the wavefunction of the two photons, which
changes according to the phase matching condition. The exact description of the
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Figure 2.18. Experimental heatmap of the HOM dip for different values of the oven
temperature. The best shape and visibility is obtained for T = 109.8deg.

shape of the HOM dip as a function of the temperature is behind the scope of this
thesis, for more information see [89].
In order to choose the best temperature, each scan has been fitted with a gaussian
relation from which we can derive the minimum and its exact position. In the right
image of Fig. 2.17 we report the experimental data with a gaussian shaped function
fitted to them. The best temperature resulted to be Topt = 109.8deg, corresponding
to a visibility of V ∼ 85%. Note that this is not the visibility of the HOM dip
which will be used in the experiment. Indeed, a much accurate alignment has been
performed before the experiment, in order to reach the higher possible value of V.

2.5.2 Split time quantum walk

A QW network can be realized relying on other degrees of freedom than the
spatial one. Indeed, time and polarization can be used to reproduce the movement
of a quantum particle [30, 67, 91].

The time-multiplexing scheme furnishes high resource efficiency, long-lasting
stability, and homogeneity, which we exploit for the realization of QWs for a large
number of steps. As we will see, this is mandatory for clearly distinguishing the
signatures of the subdiffusive behaviour.
In the present scheme, the position degree of freedom is encoded in the arrival time
bin of a coherent laser pulse that acts as the walker while the coin information is
embedded in the polarization, |H〉 = |0〉c and |V 〉 = |1〉c. The walker pulse is derived
from a laser with central wavelength of 1550 nm, pulse width of 1 ps, and repetition
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Figure 2.19. Schematics of the experimental layout, using the following elements: polarizing
beam splitter (PBS), electro-optical modulator (EOM), quarter wave plates (λ/4) and
half wave plates (λ/2). The sequence λ/4− λ/2− λ/4 allows to precisely compensate
the polarization rotation caused by the propagation through the fibers. Note that the
detection is, in fact, polarization resolving. This is achieved by splitting the output of
the loop with PBSdet followed by one detector for each polarization.

rate of ∼ 4 kHz. The walk starts when the pulse impinges from the top port of
PBS1 (see Fig. 2.19) for the first time. The walk is then initialized at position x = 0
with horizontally polarized light, |ψ〉t=0 = |0〉 ⊗ |0〉c. The unbalanced Mach-Zehnder
interferometer implements the step operation Ŝ, which includes polarization depen-
dent splitting at PBS1, propagation of horizontal and vertical polarization through
long (∼ 473 m) and short (∼ 453 m) fibers, respectively, to introduce a well-defined
delay between the two polarizations, and finally coherent recombination of the two
paths at PBS2. By convention, we consider that the polarization travelling the
longer (shorter) arm of the interferometer performs a unit step towards negative
(positive) sites. The interferometer is closed with a free-space feedback loop, which
redirects the light back to PBS1 for the next step. The coin operator acts along the
feedback path, modifying the polarization of the walker. In totality, this leads to
the encoding of walker’s position degree of freedom in the pulse arrival time to the
detectors. The sets of waveplates placed along the two arms allow to compensate
the polarization rotation caused by the passage of the pulses through the SMFs.
The capability of dynamical polarization rotation by the two fast-switching electro
optical modulators (EOMs), EOMH and EOMV, enables routing the pulses either
back to the feedback loop or to the detection unit. This high-quality active polariza-
tion control facilitates deterministic in- and out-coupling, rendering it possible to
implement sufficiently large number of steps by enhancing the roundtrip efficiency.
The current setup is designed to have a step separation of ∼ 2.3 µs and position
separation of ∼ 105 ns and has been utilized to demonstrate walks up to 36 steps by
allowing time-bin interlacing for successive steps [91]. However, we restrict ourselves
here to 20 steps which, as we will see, is sufficient to reach our goals, avoiding
the problems deriving from interlacing. The detection unit allows for polarization-
resolved photon counting at individual time bins, using PBSdet and high-efficiency
(> 90%) superconducting nanowire single-photon detectors with a dead time of
∼ 100 ns, from which we deduce the evolution of walker’s probability distributions.
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Our investigation of particular spread behaviours mainly relies on the implemen-
tation of position and step dependent coin operation, Ĉ(x, t). This is achieved by
extending the capability of the just explained setup via the introduction of another
fast-switching EOM (EOMcoin) followed by a QWP in the feedback path. The action
of a QWP aligned at an angle 45◦ with respect to the polarization basis {|H〉, |V 〉}
reads

ĈQWP = 1√
2

(
1 −i
−i 1

)
.

The EOM operation can be written as

ĈEOM(φ) =
(

cosφ −i sinφ
−i sinφ cosφ

)
,

where the phase φ can be tuned by varying the voltage applied to the EOM. The
presence of the λ/4 with the fast axis at 45deg with respect to the horizontal axis
right before the EOM, generates the following operator

ĈEOM(φ) · ĈQWP =
(

cos(φ) −i · sin(φ)
−i · sin(φ) cos(φ)

)
e−i·

π
4

1 + i

2

(
1 −i
−i 1

)
=

1√
2

(
cos(φ)− sin(φ) −i · cos(φ)− i · sin(φ)

−i · cos(φ)− i · sin(φ) cos(φ)− sin(φ)

)
.

It is possible to write the expression of the latter matrix in terms of an "effective"
EOM matrix. By operating the change of variable θ = φ+ π/4 and considering that

1√
2

(cos(φ)− sinφ) = cos(φ+ π/4) = cos(θ)

1√
2

(cos(φ) + sinφ) = sin(φ+ π/4) = sin(θ)

it is possible to write

ĈEOM(φ) · ĈQWP =
(

cos(θ) −i · sin(θ)
−i · sin(θ) cos(θ)

)
= ˆEOM(θ) (2.17)

with θ ∈ [0, π/2]. The constraint over the values of θ arises because φ ranges in
[−π/4, π/4].
With these elements we can write the general expression of the coin operator as

Ĉ(x, t) = |x〉p 〈x|p ⊗ (cos(θ(x, t)) |0〉c 〈0|c − i · sin(θ(x, t)) |0〉c 〈1|c
− i · sin(θ(x, t)) |1〉c 〈0|c + cos(θ(x, t)) |1〉c 〈1|c).

It is worth emphasizing that the present scheme utilizes free-space EOMs, which
introduce very low losses (< 1%). The combination of active in- and out-coupling
and free-space EOMs leads to a significantly improved roundtrip efficiency (> 80%)
in comparison to the previous disordered time-multiplexing QW setup that used
integrated EOM [67]. However, relatively high-voltage requirements for free-space
EOMs comes with the hardware limitations that allow only three different voltage
settings, v ∈ {−v1, 0,+v1}, during a single experimental run. In particular, v = 0
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corresponds to φ = 0, leading to a coin operation that equally mixes |H〉 and |V 〉.
We chose v = ±v1 such that φ = ∓π/4. This yields to an identity coin that leaves the
polarization states unchanged and a reflection coin that switches the polarizations.
Notably, we find that these three accessible coin operations are sufficient for the
exploration of the complete subdiffusive QW regime, thanks to the p-diluted disorder
scheme.
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Chapter 3

Anomalous diffusion in a QW
framework

The present chapter deals with the main topic of this thesis, namely the anomalous
diffusion in a QW framework.
In section 3.1 we describe the superdiffusion arising when applying the p-diluted
disordering technique to an initially ordered QW. This section is based on [18].
In section 3.2 we study the subdiffusive regime, obtained when an initially statically
disordered QW is perturbed by means of the p-diluted technique. This part will be
based on [19]. The basic idea of the experiment came in my mind during the study
of the superdiffusive behaviour, in an attempt to find a way to reproduce any kind of
anomalous diffusion, without limiting to the superdiffusive case. The experiment has
been performed during a 4-months period spent by me in the Integrated Quantum
Optics of university of Paderborn, Germany, lead by Prof. Christine Silberhorn.
During that time, I also orally presented my previous research work and my relevant
scientific results.
In section 3.3 we report on our last findings in the field of quantum metrology by
linking it to the disordered QW dynamics [92].

3.1 Superdiffusion
Quantum coherence is a fundamental feature in several energy transport phe-

nomena in heterogeneous systems, like synthethic or biological media, ranging from
tissues to computation nodes [12, 13]. The rate of these processes is believed to be
enhanced by this kind of quantumness, enabling higher efficiencies [14, 93]. As a
consequence of such conditions, it is not rare that a superdiffusive dynamic settles
in the transport or propagation processes. This is the case, for instance, of heat
excitation transport in peculiar condensed matter systems such as one dimensional
(1D) metal lattices, described by the Luttinger liquids theory [16]. Several studies
about this kind of transport phenomena, have shown a violation in the dichotomy
between the ballistic transport, typically arising from quantum effects, and the
diffusive one, typical of classical energy spread. There are several cases in which
superdiffusion occurs, for instance in classical one-dimensional systems [94], when
both disorder and non linear effects are present [95], and even in quantum systems
experiencing many-body localization phase transitions [96].
Since QWs have long been found to efficiently describe coherent energy transport
[14, 15], we asked ourself if, by suitably introducing disorder in a QW, would it be
possible to modify the spreading behaviour of a quantum walker. In this sense, a



42 3. Anomalous diffusion in a QW framework

paradigmatic example is given by Anderson localization [63], originally formulated
for condensed matter systems, and extensively demonstrated in the case of all-optical
systems [97, 73, 86]. Many theoretical and experimental studies have been carried
out on this topic, covering a wide range of phenomena, including hyper-transport
of light [84, 98], and disordered QWs preserving the time dependence of spreading
[23], as well as decoherence effects determining the transition from QWs to CRWs
[98, 17]. In these studies the role of disorder source was played by decoherence or
various types of unitary evolutions.
In our study, we dealt with the description of the transition between quantum and
classical regimes, while the coherence of the evolution is preserved. By properly
implementing disorder configurations through the p-diluted technique, we show that
a different spread regime, as the superdiffusive one, intermediate between ballistic
and diffusive spreads, establishes during the evolution. The capability to explore
such a behaviour, by means of a coherent disordered QW dynamics, is of funda-
mental relevance in order to investigate the role of coherence in propagation processes.

3.1.1 p-diluted model for superdiffusion investigation
The disorder model used in this experiment is the p-diluted one, presented in

sec. 2.4.3, which we report here from a slight different point of view.
In this particular realization, we realize a disordered QW by modifying the phases
superimposed on the coin state of the walker by the coin operator, leaving untouched
the jumping probability amplitudes. If the phases acquired by the states |0〉c and
|1〉c are the same for each step and site, then the ordered QW is retrieved. By
randomly shifting them, a controlled and quantifiable amount of disorder can be
inserted during the evolution.
The starting point for the study is the ordered QW. At each step and site of the
evolution we modified the phases acquired by the two basis states of the coin such
that their value is independently and randomly changed with a given probability
r. The parameter r, corresponding to the degree of disorder, also represents the
ratio, or percentage, of randomly shifted phases with respect to the ordered case.
In the case r = 0 the ordered QW is reproduced while for r = 1 a completely
disordered QW is realized. Intermediate values are plenty of interest because of
their capability to reproduce different behaviours than the ballistic or diffusive ones,
as we show later in the text. It is important to note that, for a given value of r,
many different configurations of phases, usually called phase maps, arise. Indeed,
each mode connecting a site to its adjacent can undergo a phase shifts operation
and, because of the randomness of the process, several different phase maps can be
generated.
When focusing on the walker evolution for a given phase map, the evolution (2.4)
changes to

|ψ〉t+1 = Ŝ · Ĉ ·
t∑

x=−t
P̂ (x, t) |ψ〉t

where P̂ (x, t) corresponds to the phase shift operator, which depends on the site
and on the step of the evolution and can be written as

P̂ (x, t) = |x〉 〈x| ⊗ (eiφ|0〉(x,t) |0〉c 〈0|c + eiφ|1〉(x,t) |1〉c 〈1|c)
where φ|0〉(x, t) (φ|1〉(x, t)) is the phase applied on the coin state |0〉c (|1〉c) in

site x at step t. It is worth noting that, in a ordered QW it holds φ|0〉(x, t) = 0
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(φ|1〉(x, t) = 0) ∀x, t. In practice, the phase shift operator adds a phase independently
to both the basis states of the coin, depending on the site and on the step.
The operator Ĉ ·

∑t
x=−t P̂ (x, t) can be interpreted as an effective coin operator

Ĉ(x, t) which now depends on the site and on the step of the evolution.
Because of the superposition principle, the effect of the interference, and ultimately
of the phases, on the evolution of the walker is of fundamental relevance. By shifting
the phases, the final probability distribution can be heavily modified, preserving the
most important feature which distinguishes the QW from the CRW, namely the
coherence. In this sense, the current model differs from the ones in which some kind
of decoherence is applied during the evolution of the walker [99]. This allows to
retain the main difference of the QW from the CRW while studying the transition
between the two limit cases of random walk.
The insertion of disorder is a Bernoulli process, consisting of changing each phase
acquired by the walker with a given probability r. The probabilistic nature of the
process makes it possible that two different values of r bring to the same number of
random phases or even to identical phase maps configuration. This can be understood
by looking at the image in Fig. 3.1, in which we report the probability distribution
of the number of random phases at step 30 for different values of the parameter r.
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Figure 3.1. Probability distributions of the number of random phases for different values
of the disorder r.

The peaks of the gaussian-shaped distributions are very far from each other,
nevertheless some region with non-zero overlap still exists (see for instance the
intersection between distributions for r = 0.05 and r = 0.10). Because of this, to
study the transition from ordered to disordered spread behaviours, we chose values
of the disorder for which the overlapping between the probability distributions is
minimum, having always in mind that, as reported later, a clear superdiffusive
regime can be observed for disorder values r between 0 and ∼ 0.20. The selected
values then resulted to be r = 0.00, 0.05, 0.10, 0.20, 1.00.
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The presented realization of the p-diluted model can be easily mapped to the original
one presented in 2.4.3. This can be done by noting that, at each step and site of
the evolution, the probability for the ordered QW coin to be applied is (1 − r)2,
corresponding to the probability for both phases not to be changed, i.e. to be both
equal to 0; on the contrary, the probability to apply a different coin is r2 + 2r(1− r),
corresponding to the cases in which one or both phases are different from 0. Thus,
considering that

p = r2 + 2r(1− r)
q = 1− p = (1− r)2

the p-diluted model is retrieved. The coin operator can then be written as

Ĉ(x, t) =
{
|x〉 〈x| ⊗ (eiφ|0〉(x,t) |0〉c 〈0|c + eiφ|1〉(x,t) |1〉c 〈1|c) with probability p
|x〉 〈x| ⊗ (|0〉c 〈0|c + |1〉c 〈1|c) with probability 1− p

where, in the first case, the phases are independently and randomly extracted.
In this particular case, we are more interested in the parameter r than p. Indeed, the
very first idea of the p-diluted model has come from the intuition that a completely
random choice of the phases, parametrized by the parameter r, could bring to the
superdiffusive behaviour. Obviously, in order to go from the parameter r to p, only
a simple transformation on the values of r has to be done, which leaves completely
unchanged all the results.

3.1.2 Simulations - Single walker
Several simplifications can be superimposed to the p-diluted model, depending

on the quantities one is interested in. In the present work, we limit our analysis
to the case in which the phases φ|0〉(x, t) and φ|1〉(x, t) can only be 0 or π, despite
different choices of disorder in the p-diluted model can be done. For instance, one
could consider a uniform phase distribution in some finite range of values.
The choice to restrict ourself to only two values finds its reason in two motivations.
The first is that we are interested in studying how the quantum to classical transition,
i.e. the transition between the ballistic QW to the diffusive one depends on the
parameter r, without considering possible effects deriving from more complicated
choices of the phases. The second one is experimental. In fact, as already said,
despite the all optical QW described in sec 2.5.1 allows in principle to set every
possible value of the phases, it is much easier to impose the 0 and π values.
We recall here that, for a given value of r, a very high number of different phase
maps can be realized, due to the randomness in the choice of the phases for each
state of the coin at every step and site. Different phase configurations, in principle,
correspond to different evolutions of the probability distribution. Thus, the values of
the relevant parameters belonging to evolution for a given value of disorder r have
been computed by averaging over the ones obtained for many different phase map
configurations, characterized by the same degree of disorder.

Variance analysis

The first quantity we focus on to study the single particle evolution behaviour is
the variance of the position probability distribution (2.3), which we recall here
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σ2
1(t) =

t∑
x=−t

x2 · P (x, t)− (
t∑

x=−t
x · P (x, t))2

where P (x, t) is the probability to find the walker on site x at step t, regardless
of the coin state.
It is well known that an ordered QW has a quadratic spread while a CRW has a
linear spread. In general, we can write the dependence of σ2

1 from t by means of a
power law, expressed in our case by

σ2
1(t) = αtβ (3.1)

with t corresponding to the number of steps. Values of 1 < β < 2 unambiguously
determine a superdiffusive spread [100], while the case β = 2 (β = 1) is typical of a
ballistic QW (diffusive CRW).
We simulated the behaviour of the variance for different values of r up to 30 steps,
in the range from p = 0.00 to 1.00, with a progressive increment of 0.01. For each of
them, we reproduced the evolution of 1000 different phase maps, then we computed
the mean value of the variance as a function of the step number t. For the sake of
clarity, in the following we will report only the simulated data for the selected values
r = 0.00, 0.05, 0.10, 0.20, 1.00. Results of the simulations are reported in Fig. 3.2.
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Figure 3.2. Simulated variance for different values of disorder up to 30 steps of evolution.
Each point is obtained by averaging over 1000 different evolutions.

We found that, in the presence of disorder, the walker is characterized by a
superdiffusive behaviour. This is clearly shown in Fig. 3.2, where the bending of the
variance curves are less then quadratic (yellow, red and violet dotted curves). As
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the disorder increases, the evolution became ever and ever more diffusive (brown
dots, linear behavior).
It is worth noting that, if one simulates the behaviour for an higher number of
steps, the superdiffusive behaviour became diffusive instead. This means that the
superlinear dependence of the variance from the time is a transient behaviour and
that the findings of the present work only apply to the initial part of the walk.
Because of the experimental nature of this thesis, and because of the limited step
number experimentally reproducible, we focused on such transient behaviour instead
of the infinite time one. Nevertheless, one should note that the study of such
a behaviour which, as shown in the simulations, holds for at least 30 steps, is
still relevant for the comprehension of the QW evolution. Indeed, nowadays, 30
steps represent an high percentage of the walk itself as the maximum step number
reproducible so far is O(50− 60) steps. For simplicity, from now on we will omit the
adjective transient when talking about the transient superdiffusive behaviour.
In order to quantify the superdiffusivity, we need to estimate the diffusion coefficient
β. Hence, it is better to work with a modified version of (3.1). By computing the
logarithm on both sides of the equation we get (the base of the logarithm is not
relevant)

ln(σ2
1) = α′ + β · ln(n) (3.2)

where α = eα′ .
We can than fit this relation to the simulated data in order to obtain the theoretical
values for the parameters α′ (and eventually α) and β. In a log-log scale we expect
to obtain linear behaviours with different angular coefficients as the disorder value
varies. It is worth noting that the disorder doesn’t act before the third step. Indeed,
a change in the phase value affects the evolution of the walker only when at least one
interference effect occurs. For this reason, a real difference between the behaviours
for different disorder values can be appreciated by looking and fitting the variance
behaviour from step 4.

In Fig. 3.3 we report the logarithm of the simulated data along with the linear
curves fitted to them. Data are nearly perfectly linear, confirming the superdiffusive
spread of the walker during the evolution.

r α′ α β
0.00 −1.211 0.298 1.898
0.05 −0.855 0.425 1.650
0.10 −0.610 0.543 1.467
0.20 −0.388 0.679 1.259
1.00 −0.168 0.845 1.010

Table 3.1. Values of the parameters α′, α and β obtained by fitting relation (3.2) to the
simulated data

In Tab. 3.1 we report the numerical values of the parameters obtained through
the fit. We can see that the β values lie in the range 1 ≤ β ≤ 2, decreasing as
the disorder strength increases. This trend unambiguously denotes the presence of
superdiffusion when 0 < r < 1. In the case of r = 1 a value ∼ 1 is obtained for β,
indicating that the diffusive regime can be reproduced by completely disordering
the QW network. For r = 0 a value of 2 is expected. The obtained values is less
than 2, but this is can be explained considering that the quadratic behaviour is only
a limit case, valid for an infinite number of steps.
Of course, the obtained values are only indicative of the general behaviour and are
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Figure 3.3. Logarithm of the simulated variance for different values of disorder up to 30
steps of the evolution as a function of the logarithm of the step number. Dashed lines
corresponds to relation (3.2) fitted to the data. Each point is obtained by averaging
over 1000 different evolutions.

susceptible to the number of the step under consideration, especially for a low t.
In order to show how good this model of disorder is to study the superdiffusive
regime, we computed the standard deviation of the variance distribution for each
value of r.

This gives us an insight on the limits and capabilities of such a model. Results
of simulation for 7 and 20 steps are shown in Fig. 3.4. In both cases the mean value
of variance decreases when r increases, since a constant value around p ∼ 0.40 is
approached for both 7 and 20 steps. This indicates that the output distribution
rapidly merges into a classical one for r > 0.40, while a genuine superdiffusive
behaviour occurs between 0 < r ≤ 0.20. Focusing on this region we observe that,
for a given value of σ2

1(r), the uncertainty on the corresponding value of r decreases
with increasing of t. The analysis indicates that the model is much more accurate
when the number of steps increases. This is directly linked to Fig. 3.1. Indeed, the
overlap region between distributions of different disorder values increases when the
number of step decreases, making it more and more difficult to distinguish between
different values of disorder.

Distribution analysis

The superdiffusive behaviour of the walker can be analysed also by looking at
the averaged probability distribution.

For a given value of disorder r, the mean probability distribution can be recon-
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Figure 3.4. Simulation of the variance behaviour for 7 and 20 steps as a function of r.
The average values of the variance have been calculated on a sample of 1000 different
phase maps for each value of r. In the vertical axes σ2

1 for 7 and 20 steps have been
normalized to their maximum values. Error bands correspond to the standard deviation
of the variance distributions.

structed by averaging it over a high number of phase maps configurations. In Fig.
3.5 we report the mean probability distribution for different values of the disorder r
at step T = 30. In the case r = 0, the distribution is the typical one of an ordered
QW, characterized by a symmetric shape with two specular peaks centered in sites
∼ ± 30√

2 . If the initial coin state is |0〉c (|1〉c), only a single maximum in site − T√
2

(+ T√
2) will be present, the other one being highly suppressed. When increasing the

disorder level, the probability distribution became more and more localized around
the starting site 0, the lateral peaks vanish and a central peak arises. Even with
a very low value of disorder, i.e. r = 0.05, the typical shape of the ordered QW is
completely suppressed, and a nearly constant behaviour is obtained in the range
− T√

2 ,+
T√
2 . When the disorder reaches values around 0.20, the distribution is already

similar to the gaussian shaped one, typical of CRW, and for r ∼ 0.40 it is no more
distinguishable from it. In order to quantify these considerations and to deeply
analyse the behaviour of the probability distribution, we rely on the similarity, which
is a measure of how much two distributions G and G′ are similar

S(G,G′) =
(
∑
i

√
GiG′i)2∑

iGi
∑
j Gj

.

In the graph of Fig. 3.6, for several step number, we show the behaviour of the
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Figure 3.5. Probability distribution at step 30 for a initial coin state |+〉 for different
values of the disorder r. Different colors stand for different values of the disorder r.

similarity between the average distribution for a given value of disorder r and the
ordered or disordered distribution at varying of r (respectively, solid and dashed
lines). The similarity with the disordered (ordered) distribution increases (decreases)
with r since, the higher the disorder, the more destructive interference tends to
reproduce the diffusive evolution. In the inset, the crossing points between the two
quantities are highlighted. We identify these points as the one defining the transition
value of r between quantum and classical regimes, identified in the ballistic and
diffusive probability distribution, for a given number of step t. It is worth noting
that the transition point decreases with t. This continuous transition occurs without
loosing completely the quantum features of the evolution and can be interpreted
as an evidence of the fact that the QW modifies its behaviour because of the total
amount of disorder experienced along its spreading.

3.1.3 Experimental results - Single walker

In order to study the effect of the disorder on the walker evolution, we experimen-
tally implemented five different values of r, namely 0.00, 0.05, 0.10, 0.20 and 1.00. As
already said, a clear superdiffusive behaviour characterizes the evolution for values
of disorder ≤ 0.20. For higher disorder values, a rapid merging of the evolution in
a CRW like one occurs. For each value of r > 0 we selected three different phase
maps and experimentally reconstructed the output probability distribution for each
step of the evolution.
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Figure 3.6. Computational simulations for similarity between disordered (dashed line) and
ordered (solid line) distributions (respectively G(r = 1) ≡ G(1) and G(r = 0) ≡ G(0))
and the average distribution for a given value r as a function of r and step number t.
Here S(0, r) (S(1, r)) stands for S(G(0), G(r)) (S(G(1), G(r))). In the inset, a zoom on
the intersection region is reported. The crossing point shifts towards lower values of r
when the step number increases.

The setup used in the experiment is the one reported in 2.5.1 and the evolution has
been obtained up to the 7th step. The experimental setup allows to start the QW
from the central position of the 1D-lattice and to use any of the two coin modes
(input ports of BS1). Accordingly, we studied the evolution for the input state
|ψ〉 = |0〉 ⊗ |0〉c.

Variance

In Fig. 3.7 the average variance of the walker is reported as a function of the step
number t. Experimental data (dots) are in excellent agreement with the theoretical
prediction for the three chosen phase maps (dashed lines). The whole superdiffusive
region, namely the one between the diffusive (red lines) and the ballistic (blue lines)
behaviours, can be exploited by varying the values of r. A small amount of phase
instability was present due to the large size of the apparatus. This effect has been
included in the computation of errors bars. We also show in Fig. 3.7 the expected
behaviours simulated by considering ideal optical elements for the two limit cases of
ordered and completely disordered QW (respectively blue and red dotted lines).
Ideal trends differ from the experimental data and, in particular, for each step they
take lower values. The reason of this can be found in the non perfectly symmetric
BS1 used in the experiment, which presents a measured reflectivity R = 0.45± 0.01
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Figure 3.7. Average experimental values of the variance as a function of the step number t
for disorder values 0.00, 0.05, 0.10, 0.20, 1.00. Dots correspond to experimental data. For
a given value of r, dashed line shows the expected average behaviour (Exp) of variance
for the three selected phase maps. The expected trends were computed by taking into
account the actual optical parameters of the setup, such as non ideality of BS1 and lossy
optical elements. Dotted lines show the ideal behaviour (I) of a perfectly symmetric BS1
in the two limit cases, namely the ordered and disordered QWs. Note that, up to the
third step, the variance is not affected by the phase, thus the red and blue dotted lines
are coincident; the same effect occurs for all the dashed lines.

Figure 3.8. Expected variance behaviours corresponding to different values of R: the
considered values are 0.46, 0.5 (ideal case) and 0.54. The theoretical simulations for
disordered QW are computed by averaging over 1000 different phase settings.

[29]. The larger probability of photons to be transmitted at each passage through
the BS introduces preferential paths travelled by the walker. Such trajectories are
those characterized by a lower number of reflections, while the path with the largest
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probability is the one transmitted at each passage through the BS. As one can see
from Fig. 3.8, the disordered QW is more sensitive to this effect than the ordered
one. Indeed, in the first case the disorder tends to localize the walker around a
single position, namely the starting one, while the non ideal BS brings the walker
into a wide range of positions due to the preferential directions, thus increasing
the variance. On the contrary, in the ordered case preferential directions concur
to the ballistic behaviour of the walker resulting in a smaller discrepancy between
experimental data and ideal theoretical predictions. By taking into account the
real parameter of the BS in the simulation of the evolution, the difference between
simulated behaviors and experimental data are strongly reduced. An opposite effect
is expected in the case of R≥ 0.5. Indeed, in this case the preferential directions
are those characterized by an high number of reflections, such that the walker tends
to be confined around a small range of positions This results in a smaller variance
with respect to the ideal case for both ordered and disordered QW. Such effects are
shown in Fig. 3.8, where we compare the different variance behaviours expected
for R = 0.46, 0.5, 0.54. As said, when R < 0.5 the variance is larger than the one
calculated for the ideal case (R = 0.5) and the disordered QW is more affected if
compared with the ordered one; when R > 0.5 the variance is smaller with respect
to the ideal case for both ordered and disordered QW, however in this case the
disordered QW is less affected by this effect when compared with the ordered one.
The actual superdiffusive behaviour of the experimental evolutions is confirmed by
the values of the parameter β obtained by fitting relation (3.2) to the experimental
data.
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Figure 3.9. Data and relation (3.2) fitted to them in a log-log scale. The nearly perfectly
linear behaviours confirm the actual superdiffusive spread of the quantum walker.

In Fig. 3.9 we report the data and relation (3.2) fitted to them. We recall
here that the disorder doesn’t act before the third step of the evolution and a real
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r βTheo βFit
0.00 1.898 1.839 ± 0.052
0.05 1.650 1.569 ± 0.058
0.10 1.467 1.333 ± 0.060
0.20 1.259 1.173 ± 0.051
1.00 1.010 0.938 ± 0.050

Table 3.2. Expected (βTheo) and experimental (βFit) values of the diffusion parameter β
for different values of r. The values between 1 and 2 for r > 0 clearly demonstrate the
superdiffusive feature of the evolution.

difference between the behaviours for different disorder values can be appreciated by
looking at the evolution starting from step 4. For this reason, only data from step
4 to 7 have been considered for fitting. Results are shown in Tab. 3.2, where we
report both theoretical and experimental values of β. The observed discrepancies
can be explained as follows:

• The βTheo values have been obtained without considering the experimental
components imperfections, e. g., BS asymmetry and losses.

• Numerical simulations for r > 0 have been obtained, as said, by averaging
over 1000 disorder configurations, while three phase maps were used in the
experiment. Thus, we expect the simulation results to be far more accurate,
while the experimental ones are more sensitive to stochastic deviations.

It is worth noting that, for the ordered case, the values of βTheo and βFit are
lower than the expected value of 2. Indeed the quadratic growth is an asymptotic
behaviour, expected to be achieved for long evolution times.
We can conclude that a superdiffusive behaviour, uniquely identified by the condition
1 < β < 2, can be simulated using p-diluted QWs, making them a useful tool for
further investigations on diffusion processes.
As a final remark, it is worth noting that the values of the parameters reported in
Tab 3.2 are slightly different from the ones reported in [18]. Indeed, here we based
our analysis on the linearized version of (3.1) (i.e. relation (3.2)), which has been
fitted to data starting from step 4. In contrast, in [18], relation (3.1) has been fitted
to simulated data from step 0, thus explaining the slightly different values of the
anomalous exponent. Despite this, the values of β reported in [18] and the ones
reported in Tab 3.2 are compatible, thus showing the robustness of the results to
different analysis approaches.

Probability distribution

In Fig. 3.10 we report on the average density plots of the evolutions of the
single photon QW in the cases r = 0.00, 0.05, 0.10, 0.20 and 1.00. On the horizontal
axis the sites of the discretized line that the walker can reach up to the 7th step
of the evolution are reported, while the vertical one represents the step number,
increasing from top to bottom. For a better visual representation, data for each step
are normalized to the maximum measured value. For each disorder strength r > 0,
the probability distributions of three experimental realizations with different phase
maps have been averaged. Both experimental data and theoretical predictions are
reported by taking into account the real parameters of the optical setup. In Tab.
3.3 we report the values of the similarity between the theoretical prediction and the
experimental distributions. The very high values show the capability of the setup to
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reproduce QW evolution with high precision.
By looking at the distribution for r = 0.00, one can note that the maximum of the
probability distribution is localized around site −5, which is typical for a walker
propagating in an ordered QW [11]. When the disorder increases, (r = 0.05, 0.10)
the maximum shifts towards higher site numbers (−3). For r = 0.20 the mean
position of the distribution approaches the starting position 0 and, in the limit case
of complete disorder, the walker tends to reproduce the CRW distribution. The
bar plots allow to better appreciate this behavior. The probability distribution
corresponding to the 7th step is reported. Black-contoured bars represent theoretical
predictions by taking into account real parameters of the optical setup while gray
bars correspond to the experimental data.

r Similarity
0.00 0.999 ± 0.001
0.05 0.999 ± 0.001
0.10 0.998 ± 0.002
0.20 0.998 ± 0.002
1.00 0.993 ± 0.001

Table 3.3. Similarities between expected probability distributions and experimental ones
for the single photon QW for different values of r. Errors computation takes into account
a small amount of phase instability due to large dimensions of the optical setup.
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Figure 3.10. Density plots: time evolution of the probability distributions for r =
0.00, 0.05, 0.10, 0.20, 1.00 in the single photon case. Experimental data and simulations
taking into account real parameters of the optical setup are reported, respectively referred
to as Experimental and Expected. Bar plots: 7th step probability distributions for the
implemented values of r. Black-contoured bars represent expected values taking into
account real parameters of the setup, gray bars represent experimental data. Data for
r > 0 are the result of the average over three different phase maps.

3.1.4 Simulations - Two walkers

A natural question arises, namely whether the superdiffusive regime also holds
in the multiple photon case or if it is only present in the single photon evolution. In
order to answer the question, we studied both cases of two indistinguishable and
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distinguishable photons entering the QW in two opposite coin states. In the first
case, the evolution will be the result of the combined effect of classical interferences
and pure quantum ones, namely HOM effects. In the second case, only classical
interferences will play a role.
We mainly focused our attention on the dependence of the variance from the step
number, which in this case can be written as

σ2
2(t) =

t∑
x,y=−t

(x+ y

2 )2 · P (x, y, t)− (
t∑

x,y=−t

x+ y

2 · P (x, y, t))2

which represents the variance of the mean position of the two walkers. Here,
P (x, y, t) is the probability to find a photon in the site x and the other one in the
site y at step t, regardless of whom is where.
In Fig. 3.11 we report the simulated variance behaviours for different values of the
disorder r up to step 30.
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Figure 3.11. Left: variance behaviour for indistinghuishable photons. Right: same for
distinguishable ones.
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Figure 3.12. Left: variance behaviour for indistinghuishable photons in the log-log scale.
Right: same for distinguishable ones.

Because of the much higher amount of time needed to simulate the evolution
of two photons, data have been extracted from 400 phase maps for each value of
disorder r instead of 1000 as in the single photon case up to step 30. Nevertheless,
relevant properties of the evolution, as the superdiffusive behaviour, are still clearly
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observable. In both cases of indistinguishable and distinguishable photons, the
superdiffusive regime is achievable as showed in Fig. 3.12. This is indeed confirmed
by the values of the parameter β, which is between 1 and 2, as shown in Tab. 3.4.

r α′ind αind βind α′dist αdist βdist
0.00 -1.43335 0.23851 1.86303 -1.90410 0.14896 1.89797
0.05 -1.11813 0.32689 1.63963 -1.66455 0.18928 1.74303
0.10 -0.82150 0.43977 1.42316 -1.32876 0.26481 1.54274
0.20 -0.52498 0.59156 1.17274 -0.99749 0.36880 1.28421
1.00 -0.39828 0.67147 0.94184 -0.75639 0.46936 1.01011

Table 3.4. Expected values of the diffusion parameter β and proportionality parameter
α for different values of r for both indistinguishable and distinguishable photons cases.
The values between 1 and 2 for r > 0 clearly demonstrate the superdiffusive feature of
the evolution.

A main difference between the two cases can be observed: indistinguishable
photons spread more than the distinguishable ones. Indeed, the values of σ2

2 is
greater in the first case than in the second one for all disorder strength r under
study. This can be explained by considering the HOM effects having place during
the evolution.
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Figure 3.13. Left: probability distribution in the indistinguishable photons case. Right:
same for distinguishable ones. When the photons are indistinguishable, the low proba-
bility to find them travelling separated along two different modes increases the value of
the variance, which is indeed lowered in the distinguishable photon case.

Two indistinguishable photons tend to travel along the same mode with a higher
probability with respect to distinguishable ones, leading to lower values of probability
to find them in opposite sites, which gives 0 contribution to the computation of σ2

2.
In the distinguishable case, HOM effect doesn’t take place and a higher probability
to find the particles in opposite sites lowers the values of σ2

2.
This effect can be appreciated in the Fig. 3.13, in which we report the position
probability distribution for two indistinguishable and distinguishable photons after
one step of the QW. Each square corresponds to the probability to find a photon
travelling along the mode identified by the row and the other one along the mode
identified by the column, regardless of which photon is found on which mode. As
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a consequence we end up with a symmetric matrix whose superior triangular part
(including the diagonal) sums up to 1 for normalization condition. It is clear from the
image that the probability to find two photons travelling along the modes x, y = −x
in the first case is strongly suppressed with respect to the same probability in the
second case. This is a consequence of the pure quantum two-photon coalescence,
which has not classical counterpart. It is also worth noting that the higher spread
in the indistinguishable photons case is not due to an higher value of β, which is
smaller than in the distinguishable case, but due to the higher values of α.

3.1.5 Experimental results - Two walkers
We experimentally investigated the case of indistinguishable photons entering

the QW through the two BS1’s input ports (see Fig. 2.6). In order to do that,
synchronization of their arrival time on the BS1 was necessary. To this aim, a
Hong-Ou-Mandel dip has been measured (see Fig. 3.14).

Figure 3.14. Left: normalized coincidences vs photons optical delay. Red dots represent
experimental data with error bars computed considering poissonian distributed coinci-
dences. Black line corresponds to a gaussian function fitted to the experimental data.
Photon indistinguishability is confirmed by the high dip visibility V ∼ 93%. Right:
normalized experimental coincidences matrix for the first step of the QW. Index i (j)
represents sites of the first (second) detector.

After correction for accidental coincidence, the measured visibility was V ∼ 93%.
The non perfect indistinguishability of the photons can be due to finite precision
in the experimental alignement procedure as well as to imperfections in setting
polarization and frequencies of the photons. Nevertheless, the above 90% value is
still very good to perform the experiment. The value of the visibility has been taken
into account in the simulated data, in order to predict with the highest possible
accuracy the expected value of the variance.
The condition of equal arrival time on the interaction surface of BS1 corresponds to
the first step of the QW with indistinguishable photons, whose coincidences matrix
is reported in the right image of Fig. 3.14. In order to measure the probability to
find two photons travelling along the same output mode, a further BS (BS2) was
used to split them with a given probability, as shown in Fig. 2.6. By means of the
BS2 it has been possible to collect coincidences between all possible pairs of modes.
In Fig. 3.15 we report the simulated and experimental behavior of σ2

2 as a function
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of the step number t. Green dots represent the measured evolution for r = 0.10,
the blue and red dotted lines correspond respectively to the simulated behaviour
for r = 0.00 and r = 1.00. In this case the number of steps is limited to T = 5
mostly for two reasons: the losses present in the apparatus and the growth of the
number of modes on which the photons can travel, both of them limiting the number
of detectable coincidences. Experimental data are in very good agreement with
theoretical simulation taking into account the real setup parameters. Error bars
are larger than the ones in the single photon case due to the fact that here a little
variation of the phase must be considered twice, because it is experienced by both
photons. Moreover, a Poissonian error on the coincidences count has been taken
into account.
By fitting relation (3.2) to the experimental data starting from step 3 we obtained
β = 1.41± 0.2. The result indicates that a superdiffusive spread characterizes the
evolution of the two photons, despite an high uncertainty over the value of the
diffusion coefficient.

Figure 3.15. Experimental values of σ2
2 for the two indistinguishable photon QW. Green

dots represent experimental data, dashed line corresponds to the expected behaviour
obtained by taking into account the real parameters of the setup (Exp). Blue and red
dotted lines correspond respectively to the limit cases of ideal ordered and disordered
two photon QW (I). Note that, up to the third step, the variance is not affected by the
phases, thus the red and blue dotted lines are coincident.

t Similarity
1 0.999 ± 0.001
2 0.999 ± 0.001
3 0.99 ± 0.02
4 0.99 ± 0.05
5 0.97 ± 0.05

Table 3.5. Similarities between expected coincidence matrices and experimental ones for
the two photons QW up to the fifth step. Error values take into account a small amount
of phase instability due to large dimensions of the optical setup.
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Figure 3.16. Experimental (top) and simulated (bottom) probability distributions up to
the fifth step when two indistinguishable photons enter the QW. For the sake of clarity,
each matrix is normalized to its own maximum value. Similarities between expected
and experimental matrices are reported in Tab.3.5.

We reconstructed the coincidence matrices up to the step 5 in the case of r = 0.10.
Experimental data, together with the respective theoretical predictions taking into
account the real parameter of the setup are shown in Fig. 3.16. Similarities between
experimental and expected results are quite high, demonstrating the feasibility of
the apparatus even for two photon measurements (see Tab. 3.5).

3.1.6 Conclusions

In the last paragraphs, we have reported on the experimental investigation of the
superdiffusion process, intermediate between the quantum and classical transport
regimes, performed by introducing tunable disorder, through suitable phase map
configurations, in a discrete time QW. The intrinsically stable bulk optic system
used in the experiment allows to operate with any kind of phase map.
In the single photon case, the results, both simulated and experimental, have shown
that a clear superdiffusive regime arises when a completely random disorder over
space and time is introduced along the evolution of the quantum particle. For all the
disorder values under investigation, superdiffusion has been experimentally obtained,
despite the relatively low number of steps, i.e. 7, experimentally reproducible. This
is confirmed by the values of the diffusion coefficient β, resulted to be between 1 and
2 for all values of disorder strength.
The two photon case has also been computationally and experimentally investigated.
In the first case, both dynamics of indistinguishable and distinguishable photons
have been studied. Results show that, in both cases, the superdiffusive regime can be
achieved, with the indistinguishable particle spreading more than the distinguishable
ones. From an experimental point of view, we reported the case of the evolution
for r = 0.10 up to 5th step of the evolution for identical particles. The value of the
parameter β confirms the superdiffusive regime, despite the relative high uncertainty.
In order to increase the accuracy on the estimation of β, two main improvements
can be done: the first one consists of increasing the number of coincidences revealed
by the detector, in order to decrease the relative error on the measured coincidences;
the second one, of course, is to follow the evolution of the photons for more than
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5 steps. Both this improvements are not straightforward to realize: the first one
implies having at disposal a source with higher photon flux as well as decreasing
the losses of the setup; the second one implies an alignement such that the two
photons remain indistinguishable during the whole evolution. This means that their
direction of propagation have to be identical for more than O(10)m (considering the
actual setup dimensions). Both problems could be partially solved by diminishing
the dimension of the setup. In this way, losses due to beam divergence would be
suppressed and the requirements of alignement would be less demanding. This is
actually an improvement measure which we adopted during the realization of the
experiment reported in section 4.
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3.2 Subdiffusion
As previously said, transport phenomena are extremely common in the description

of physical processes. It is quite common that the dynamics of a natural processes
does not spread linearly with time. Indeed, rather, the system is characterized by a
distribution which broadens according to a nonlinear power law [9, 101]. In particular,
the case of a sublinear relation between variance and time, i.e., subdiffusion, can be
frequently observed in nature, for instance in biological processes [102, 103, 104, 105],
wave propagation and scattering [106, 107], the movement of charge carriers in
amorphous semiconductors [108], disordered media [100], and many-body localization
transitions [109]. Subdiffusion even applies to certain economic models [110]. Because
of this vast range of applications and its fundamental relevance, many attempts
have been made in the last years to uncover the underlying physical mechanisms
which can lead to anomalous diffusion. Such theoretical models rely on a variety of
physically motivated or more abstract approaches, such as fractal theory [111, 112],
fractional Brownian motion [113], and continuous-time random walks. [114, 115]. As
a consequence, the possibility to simulate all kinds of anomalous diffusive spreading
in a tunable manner, can not only lead to significant understandings about complex
mathematical models but also allows us to study a plethora of processes in nature. In
this section, we continue such a simulation task, exceeding the results presented in the
previous ones, which focused on the superdiffusive regime. As we showed in section
3.1, by actively influencing the evolution of the walker, the functional dependency of
the broadening can be altered, e.g., for reproducing the classical normal diffusion
of incoherent processes, after exploring an intermediate spread regime, featured by
superdiffusive behaviour. This approach fundamentally proves that superdiffusion is
accessible by introducing inhomogeneities in the QW’s evolution, being based on the
so-called p-diluted model. If, from one hand, the superlinear regime has been studied
because of the natural superdiffusive nature of the QW, on the other hand, the less
accessible entirety of the subdiffusive domain remains largely unexplored. Among
other reasons, a lack of a fitting experimental platform hindered such a realization to
date. The need of a scalable, dynamically reconfigurable, and compatible platform,
supporting the introduction of controlled disorder in spatial and temporal domain
in order to realize advanced disorder models is unavoidable.
In the present section, we experimentally demonstrate that the conceptual idea of p-
diluted disorder can be extended to subdiffusive regime as well as to the superdiffusive
one. The need of an higher number of steps with respect to the previous investigation,
obliged us to use the highly flexible time-multiplexing scheme presented in section
2.5.2. By controlling disorder in the spatial degree of freedom (here, time bins) and
in time (here, number of steps), we demonstrate that it is possible to realize any
sublinear propagation regime—starting from statically disordered QWs, giving birth
to Anderson localization, up to completely disordered QWs, corresponding to normal
diffusion—which is achieved by implementing different disorder levels.

3.2.1 p-diluted model for subdiffusion investigation
To investigate the evolution of a quantum walker along a disordered QW, the

p-diluted model described in 2.4.3 was implemented. By properly inserting random
dynamic disorder in an already statically disordered QW, we show that a subdiffusive
evolution can be reproduced.
The starting point for the study of the subdiffusive regime, is the the static disorder.
It is characterized by a space-dependent disorder, which can be represented as a
space varying coin, i.e. Ĉ(x, t) = Ĉ(x). This kind of disorder leads to the Anderson
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localization, which is a purely quantum and static effect, consisting in the exponential
localization of the walker around the starting position x = 0 [63]. In Fig. 3.17 we
show a QW network characterized by a static disorder.

Figure 3.17. Example of a statically disordered QW. The coin at a given site x is the same
at each time of the evolution.

As one can see, the coin in a given site x is constant over time, despite it changes
from site to site.
The basic idea which allows to reproduce the subdiffusive spread consists of perturbing
the staticity of the disorder by means of a random, time-dependent one. This can be
done by using the p-diluted model, allowing to independently and randomly change
the coin operator at each site and step of the QW network according to a probability
p

Ĉ(x, t) =
{
Ĉ ′(x, t) with probability p,
Ĉ(x, t) with probability 1− p.

i.e., the coin operator at site x and at step t remains unchanged with a probability
1 − p or changes with a probability p. Specifically, p = 0 corresponds to the case
of static disorder, yielding to the Anderson localization, while p = 1 results in a
completely disordered QW, for which a diffusive spread is expected. As in the
previous case of superdiffusion, also in this realization of the p-diluted model, a
high number of different configurations, which we will refer to as coin maps, can be
obtained due to the randomness in the choice of the site and time of coin modification.
The present implementation of the p-diluted model is exactly the one described in
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2.4.3, as the probability p to randomly pick a new coin operator directly corresponds
to the ratio of coins different from the initial static disorder configuration.
The disorder interval 0 < p < 1 should theoretically enable us to control our QW in
such a way that it explores the full intermediate range of exponential spatial decays
between the diffusive spread and Anderson localization.

3.2.2 Theoretical description of subdiffusion
It is useful to recap and reformulate the theory of diffusion in randomized media

to have a coherent treatment of the subdiffussive spread. The model will be based on
the description given in Ref. [116]. There, the approach was based on the Laplace
transform in the temporal domain, but it is more convenient to discuss that method
in terms of the Fourier transform in the spatial domain. Eventually, we relate this
approach to p-diluted models.
It is worth noting that we used this model in a heuristic way, in order to give an
insight on the possible physical mechanism at the base of the subdiffusive spread of
the walker.
We start the description from the equation

0 = ∂P (x, t)
∂t

+ L(− ∂2

∂x2 , t)P (x, t), (3.3)

where P (x, t) represents a space-time dependent probability distribution and L
is a potentially time-dependent differential operator in the spatial degree of freedom
x. For example, L ∝ − ∂2

∂x2 describes the heat equation that results normal diffusion.
More generally, the operator L is a potentially time-dependent differential operator.
Eq. (3.3) describes a general model of diffusion in a one-dimensional system. In the
continuous limit, this equation also models the asymptotic behavior of a discrete
system, such as our QW. Furthermore, the differential operator depends on ∂2

∂x2

for a positive (i.e., dispersive) behavior because of −∂2eixk

∂x2 = k2eixk and k2 ≥ 0. It
is much more convenient to work in the Fourier space by computing the Fourier
transform, defined as

Φ(k, t) =
∫ +∞

−∞
dx e−ikxP (x, t)

We can then rewrite Eq. (3.3) as

0 = ∂Φ(k, t)
∂t

+ L(k2, t)Φ(k, t). (3.4)

whose solution can be formally expressed in form of the Green’s function as

G̃(k, t) = exp
(
−
∫ t

0
dt′ L(k2, t′)

)
. (3.5)

This solves Eq. (3.4) as Φ(k, t) = G̃(k, t)Φ(k, 0), where Φ(k, 0) represents the
initial distribution. In our case, this is modeled by a singular input at the center
position, thus Φ(k, 0) = 1 in the Fourier domain. Ref. [116] shows that, for large
times (t� 1), solutions follow the functional form

P (x, t) = ab

2σ(t)Γ(1/b) exp
(
−
∣∣∣∣ axσ(t)

∣∣∣∣b
)
, (3.6)
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with Γ being the Gamma function and σ(t) denoting a time-dependent standard
deviation. In addition, we define a =

√
Γ(3/b)/Γ(1/b) while b relates to the type of

exponential decay; e.g., b = 1 and b = 2 define a linear and quadratic (i.e. Gaussian)
spatial shape, respectively.
The moments of this distribution can be evaluated as well; odd moments vanish and
even moments read

E(x2n) =
Γ
(

2n+1
b

)
Γ
(

1
b

) [
σ(t)
a

]2n
.

These expression enables us to expand the characteristic function in a Taylor
series as

Φ(k, t) =
∞∑
n=0

E(xn) [ik]n

n!

=1 + σ(t)2−k2

2 +
Γ
(

5
b

)
Γ
(

1
b

)
Γ
(

3
b

)2 σ(t)4 k
4

24 + · · · .
(3.7)
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Figure 3.18. Function ϕ = f(b) = Γ
( 5
b

)
Γ
( 1
b

)
/Γ
( 3
b

)2 − 3 is shown in the relevant interval
1 ≤ b ≤ 2. In this region, f is strictly monotonously decreasing, allowing for defining its
inverse for determining b from ϕ.

Similarly, we can expand the generator of the evolution, L(k2, t) =
∑∞
n=0 λ2n(t) k2n

(2n)! .
This further allows us to expand the Green’s function from Eq. (3.5)
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G̃(k, t)

=G̃(0, t) +
[
−
∫ t

0
dt′ λ2(t′)

]
G̃(0, t)k

2

2

+
[
−
∫ t

0
dt′ λ4(t′) + 3

[∫ t

0
dt′ λ2(t′)

]2]
G̃(0, t)k

4

24
+ · · · ,

(3.8)

where G̃(0, t) = exp
(∫ t

0 dt
′ λ0(t′)

)
.

Because of our initial conditions, resulting in Φ(k, t) = G̃(k, t), we can now equate
the coefficients for G̃ in Eq. (3.8) and Φ in Eq. (3.7). Since this identification has
to be satisfied for all times t > 0, we find

λ0(t) = 0,
∫ t

0
dt′ λ2(t′) = σ(t)2, and

−
∫ t

0
dt′ λ4(t′) =

Γ
(

5
b

)
Γ
(

1
b

)
Γ
(

3
b

)2 − 3


︸ ︷︷ ︸

def.= ϕ=f(b)

σ(t)4.

Importantly, b = f−1(ϕ) determines the exponent in Eq. (3.6). See Fig. 3.18 for
the graph of f .
A first consequence of the aforementioned relations is that the spread σ(t) is given
by the time dependency of the first nonzero Taylor coefficient λ2(t), resulting in the
corresponding power law, such as

σ(t) = ctd

with constants c, d > 0 [116]. The quantity 2d, which corresponds to the
parameter β in (3.1), determines the spread of the variance over time and c is
another scaling factor. In the following, we will use equally 2d or β to refer to the
spread coefficient. For example, for b = 2 and 2d = 1, we get a Gaussian distribution
in space with a linear increase of the variance. In addition, the parameters b = 1
and 2d = 0 result in Anderson localization as a result of static disorder. Thus, the
introduction of dynamic disorder, changing the time-dependence of the generator L,
generally results in an increment of the power coefficient d.
As a second observation, we have a look at the relation that includes λ4(t). This
coefficient is typically negative which allows one to substitute it by −λ4(t) =
ρ(t)λ2(t)2. With this, we can rewrite the above relation as

ϕ =
∫ t

0 dt
′ ρ(t′)λ2(t′)2 −

(∫ t
0 dt
′ ρ(t′)λ2(t′)

)2

(∫ t
0 dt
′ λ2(t′)

)2

+
(∫ t

0 dt
′ ρ(t′)λ2(t′)∫ t

0 dt
′ λ2(t′)

)2

.

Herein, the numerator of the first term plays a role a variance, quantifying the
fluctuation in λ2(t), that influences b = f−1(ϕ).
With these considerations, we can conclude that our p-diluted model dynamically
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changes the generator L by altering the coin operations. As discussed above, this
broadens the spread in time (increasing d via λ2). Secondly, it changes the spatial
exponential decay. That is, if only a few coins are changed per time step (low p),
those are unlikely the same coins, leading to a high fluctuation in λ4, thus high ϕ,
thus low b (Fig. 3.18). The other way around, a high p results in low ϕ and a high b.
In the present study, we aim at exploring the theoretically predicted intermediate
regime, 1 < b < 2, with a subdiffusive behavior, 0 < d < 1/2. As established in
section 3.1, discrete QWs have been shown their ability to simulate certain diffusion
regimes, such as superdiffusive power laws [18].

3.2.3 Simulations - Single walker
In analogy with the superdiffusive investigation, also in this case it is convenient

to work with a limited range of possible coins. In this case, the limitation is more
demanding than in the superdiffusive investigation. Indeed, in the previous study
the starting point for the investigation was the ordered QW, which presents only a
single configuration, i.e. the one with all the phases equal to each others. On the
contrary, in this case, we start from a static disordered QW which can be realized by
several different coin configurations. Besides this, we introduce a random dynamic
disorder, which then increases the number of possible coin maps. It is worth noting
that, for a given value of the disorder p, for each coin map we decided to start from
a different initial statically disordered QW, to avoid the final results to depend
from a particular choice of the starting disorder configuration. Because of the large
size of the configurations space, we decided to limit the possible choices of the coin
operators to three possible values. By considering the expression of the coin operator
(2.17), the three chosen expression of the coin are

Ĉ =
(

1 0
0 1

)
,

which leaves untouched the state of the coin

Ĉ =
(

0 −i
−i 0

)
,

which exchanges each other the amplitudes of the two basis states of the coin
and multiply them for a factor −i, and

Ĉ = 1√
2

(
1 −i
−i 1

)
,

which mixes the amplitudes of the two basis states of the coin.
We recall that, in this realization of the p-diluted model, p = 0.00 corresponds to
the case in which only static disorder is present in the network.

Variance analysis

As in the superdiffusive case, to observe the spread of the walker during its
evolution, the variance of the probability distribution as a function of the step has
to be computed. As usual, for a given value of p, many coin maps can be generated.
Because of this, average values of the interesting quantities should be computed in
order to gain information about the evolution. Two different approaches can be used
for the variance computation:
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• in the first one, for a given value of p, the whole spatial probability distribution
for each step and for each coin map is independently retrieved. From them,
the variance for each coin map as a function of the step number is obtained.
Finally, the average value of the variance at each step is computed;

• in the second one, for a given value of p, the average probability distribution
over different coin maps is obtained and variance is computed over it.

The two approaches differ in the fact that, in the first one, the average of different
values of the variance is computed while in the second one we compute the variance
over the average probability distribution. Due to the non linear dependence of σ2

1
from the probability distribution (see relation (2.3)), the two quantities are generally
different. Despite this, simulations show that a clear subdiffusive behaviour is
obtained in both cases. In the following, we will report only the simulations for the
second case, which is the one we implemented experimentally.
It is worth noting that, in the superdiffusive case, the first approach was used. For
subdiffusion study, although the same approach is theoretically implementable, it is
no more suitable from an experimental point of view. Indeed, the setup used in the
experiment, i.e. the split time QW described in section 2.5.2, allows to implement a
high number of different coin maps (O(400)) for each value of the disorder p. The
implementation of the first approach within the split time QW is very demanding
from a time and resource point of view. For this reason, the second one has bee used,
which is much more efficient than the first one. Indeed, for a given value of disorder
p and for each step of the evolution, instead of measuring a very high number of
probability distributions we only measured the average one resulting from all the
implemented coin maps.
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Figure 3.19. Simulated data for a |0〉c input state of the coin. Left: variance of the average
probability distribution vs the number of step for different values of the parameter p.
For each value of the disorder, 10000 phase maps have been simulated and the value of
the variance over the average probability distribution has been calculated (dots). Right:
linearized data (dots) and relation (3.2) fitted to them (dashed curve).

Simulated data for an input state |0〉 ⊗ |0〉c are reported in Fig. 3.19. In the left
image, data on a linear scale are reported. For all the values of p under study it is
clear that the spread is less then diffusive, condition which is reached only in the
case of p = 1.00. Black dots correspond to the case p = 0.00, which reproduces the
Anderson localization effect. As said, the expected behaviour of the variance is
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p α β
0.00 3.562 0.097
0.10 1.879 0.504
0.20 1.440 0.686
0.30 1.376 0.776
0.50 1.232 0.894
1.00 0.967 1.043

Table 3.6. α and β values obtained by fitting relation (3.2) to the simulated data when the
initial coin state is |0〉c.

σ2
1(t) = αtβ (3.9)

with β < 1 which can be linearized as

ln(σ2
1(t)) = α′ + βln(t). (3.10)

In the right image of Fig. 3.19, the same simulated data in a log-log scale are
reported. The image clearly shows that, for each value of p, data are very well
described by a linear dependence of ln(σ2

1) from ln(t). Dashed lines correspond
to relation (3.10) fitted to simulated data starting from step 4. This choice finds
its motivation in the fact that the walker needs some step of the evolution before
starting to behave subdiffusively. This is in fact confirmed by the case p = 0.00,
in which the walker reaches a constant trend in the variance, as expected when
Anderson localization holds, only from step ∼ 4, 5. For this reason, relation (3.10)
has been fitted to data starting from step 4. Fit parameters are reported in Tab.
3.6.

Distribution analysis

As described in the previous section, one can analyse the subdiffusive evolution
of the walker also by looking at the spatial probability distribution, which should
follow Eq. (3.6). In Fig. 3.20 we report the probability distribution at step 20 for
different values of the disorder p. For the sake of clarity we report the behaviours in
multiple images. In the top-left image of Fig. 3.20 we report the simulated data for
step 20 for values of the disorder p = 0.00, 0.20, 0.50, while in the top-right image
we report data for p = 0.10, 0.30, 1.00.

The exponential localization is extremely clear in the case of p = 0.00, while the
spread increases when the disorder increases. In the limit case p = 1.00, a gaussian
shaped function is obtained. As in the case of the variance, it is convenient to work
with a modified version of (3.6). As first thing, we rewrite it in more suitable form
for analysis such that it depends on two parameters

P (x) =
√

Γ(3/b)Γ(1/b) · b
σΓ(1/b) e

−
∣∣∣√Γ(3/b)Γ(1/b)·x

σ

∣∣∣b
where two parameters have to be found, namely b, and σ. By computing the

logarithm of both sides of the equation we get

ln(P (x)) = ln
(√

Γ(3/b)Γ(1/b) · b
σΓ(1/b)

)
−
∣∣∣∣∣
√

Γ(3/b)Γ(1/b) · x
σ

∣∣∣∣∣
b

(3.11)
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Figure 3.20. Top: simulated probability distributions in a linear scale. Bottom: same
quantities in a log scale. Left: simulated data corresponding to p = 0.00, 0.20, 0.50.
Right: same for p = 0.10, 0.30, 1.00.

We are interested in the value of parameter b, which gives the functional form
of the distribution. From expression (3.11) we can see that, in the case of b = 2, a
quadratic dependence from the space variable x is expected, which corresponds to a
gaussian shape typical of diffusive phenomena. On the contrary, when b = 1, a linear
dependence of P from x is expected, which characterizes an exponentially localized
distribution. From the images we can follow the transition of the spatial probability
distribution from an exponentially localized one to a diffusive one, passing through
an intermediate regime.

p b
0.00 0.800
0.10 1.126
0.20 1.378
0.30 1.568
0.50 1.863
1.00 2.138

Table 3.7. Values of the exponent b obtained by fitting relation (3.11) to the simulated
data.

Bottom left and right images of Fig. 3.20 show the same simulated data in a x-log
scale. From them one can appreciate the change in the bending of the probability
distribution. Fit parameters are reported in Tab. 3.7. The values of 1 < b < 2
for disorder values p 6= 0.00, 1.00 univoquely witnesses a subdiffusive spread of the
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walker.

A comment about the long time evolution

As already stated in the superdiffusion section 3.1, the non linear dependence of
the variance vs time only holds for a finite evolution time. Indeed, if one performs
simulations for an higher number of steps, it is easy to see that the sublinear
behaviour eventually ceases to hold and a linear regime is retrieved. This is clearly
shown in Fig. 3.21, in which simulations up to 100 step for 10000 different coin
maps for the values of p under investigation are reported.

0 20 40 60 80 100

t

0

20

40

60

80

100

σ
2 1

p=0.00

p=0.10

p=0.20

p=0.30

p=0.50

p=1.00

1.5 2.0 2.5 3.0 3.5 4.0 4.5

ln(t)

1.5

2.0

2.5

3.0

3.5

4.0

4.5

ln
(σ

2 1
)

p=0.00

p=0.00 Fit

p=0.10

p=0.10 Fit

p=0.20

p=0.20 Fit

p=0.30

p=0.30 Fit

p=0.50

p=0.50 Fit

p=1.00

p=1.00 Fit

Figure 3.21. Left: linear scale behaviour of the variance up to 100 steps. Right: same
data in a double logarithmic scale.
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Figure 3.22. Time behaviour of the exponent β for different values of the disorder.

It is clear that the higher the step the more diffusive (i.e. linear) the evolution
is. Indeed, in the log-log scale graph, the simulated data do not perfectly follow a
linear behaviour. Nevertheless, a more accurate analysis, relying on the numeric
derivative ∂log(σ2

1)
∂log(t) , allows us to study further details of the dynamics. We compute

the numeric derivative by considering intervals of 10 time steps to mitigate the step
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to step statistical oscillations due to the finite number of coin maps; in particular,
the quantity log(σ2

1(t+10))−log(σ2(t))
log(t+10)−log(t) has been computed and plotted as function of the

logarithm of the evolution step t (see Fig. 3.22,) The temporal behaviour of the
anomalous exponent β, for each value p of the disorder, decreases up to step ∼ 10,
then increases. On one hand, from the graph it is clear that, for an infinite evolution
time, a unit value is reached; on the other hand, for a given finite evolution time
T it is possible to find a value of p for which the walker never spreads diffusively,
i.e. with β = 1. This means that, even a very small amount of disorder is actually
relevant when considering the long term evolution of a quantum walker. In this
perspective, our results, despite confined in a finite time evolution, could be useful
for a deeper comprehension of the dynamic of a particle subjected to a disordered
QW dynamics also for a longer evolution time.

3.2.4 Experimental results - Single walker
As showed in the simulations section, a clear subdiffusive regime can be achieved

by varying the level of the dynamic disorder in the QW network. The theoretical
approach described in section 3.2.2 holds when the continuous limit applies to the
probability distribution. For this reason, in theory, for a sufficiently large number of
steps, our measured data for a discrete time QW should approach the continuous
model of subdiffusion.
We experimentally implemented 400 coin maps for each disorder scenario under
study,

p ∈ {0.00, 0.10, 0.20, 0.30, 0.50, 1.00}, (3.12)
and the average probability distribution has been measured for step numbers

t ∈ {5, 8, 11, 14, 17, 20}.
For each of the resulting 2 400 coin maps, a different statically disordered coin

configuration was created, which was then perturbed according to the chosen level p
of disorder. The random choice of the starting static disorder assures that the final
results are not biased by a particular static configuration but only depend on the
disorder level p.
Our measured data allows us to analyse both the temporal evolution of σ2

1, for
which it is expected to obtain 0 < β < 1, and the spatial probability distribution
P , characterized by an exponential behavior with 1 < b < 2. Let us begin with the
former and then proceed with the latter.

Variance analysis

To clearly show the subdiffusive spread with our data, we fitted relation (3.10)
to experimental values of the variance of the probability distribution.

Results are reported in Fig. 3.23 in both linear and double logarithmic scales.
Dashed lines correspond to the curve in Eq. (3.10) which is fitted to the experimental
data (dots) for different values of the disorder p. The nearly perfect linear behaviour
with slopes 0 . β . 1 (see Table 3.8 for numerical values) confirms the actual
subdiffusive spread of the QW evolution. A discrepancy between the data and the
fit can be observed for p = 0.00 because of the extreme sensitivity of Anderson
localization with respect to unavoidable experimental imperfections. Here, one would
also expect a constant variance, which, however, is only approached in the limit
t→∞, even in theory. Error bars on the experimental data have been computed
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Figure 3.23. Right: Experimental data (dots) of the variance as a function of the step
number t in a double logarithmic scale for disorder values p in Eq. (3.12). Dashed lines
correspond to relation (3.10). The linear behaviour with slopes between zero and one in
this doubly logarithmic graph for each value of p demonstrates an excellent agreement
with the predicted subdiffusive nature of the evolution. Left: same experimental data
on a linear scale. Dots correspond to experimental data; dashed lines show the behaviour
according to Eq. (3.9) with parameters computed from the fit on a double logarithmic
scale.

p βnum βexp
0.00 0.097 0.346± 0.040
0.10 0.504 0.551± 0.030
0.20 0.686 0.723± 0.032
0.30 0.776 0.812± 0.028
0.50 0.894 0.947± 0.027
1.00 1.043 1.070± 0.032

Table 3.8. Values of the temporal exponent β = 2d for the implemented values of disorder.
The values have been estimated by means of a least square fit to theoretical predictions.
Quantities with the subscript ”num” have been extracted from our numerical model,
considering 10 000 coin maps. The subscript ”exp” indicates quantities obtained from
our data, realizing 400 coin maps.

considering a Poissonian statistic of counting as well as experimental imperfections
of the setup.

Distribution analysis

For a fixed step number t, and for p = 0.00, an exponentially localized distribution
is expected, corresponding to Anderson localization. With increasing disorder level
p, we expect a broadening of the distribution. Eventually, for p = 1.00, a Gaussian
shape should be obtained, typical for the diffusive behaviour.

Experimental probability distributions as a function of x and t are reported
in Fig. 3.24 for all selected p values. Because of the fact that the greater part of
the probability distributions is localized around the central position, for the sake
of clarity, images show only positions −11 < x < 11 for all selected time steps t.
For a enhanced data visualization, each row is normalized to the maximum of the
corresponding probability distribution. From the image it is clear that the spread
of the distribution increases with p, starting from a condition in which the walker
remains strongly localized for all the steps of the evolution (p = 0.00) up to the
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Figure 3.24. Experimentally measured normalized intensity distributions P (x, t). Each
panel corresponds to one parameter p, increasing from top to bottom. Data are reported
for x ∈ [−11, 11] (horizontal axis) and for several selected times t ∈ [5, 20] (vertical axis).

behaviour typical of a completely disordered QW (p = 1.00).
In order to witness the subdiffusive spread of the walker, the parameters that

best describe the measured probability distribution have to be found. To this aim
we fit relation (3.11) to experimental data, focusing on the last step of the evolution,
i.e. t = 20. Experimental data for different amounts of disorder are reported in
Fig. 3.25. In the left plot, dots correspond to experimentally obtained probability
distributions. Dotted lines represent values of the theoretical probability distribution
expected considering the 400 coin maps experimentally implemented, obtained from a
numerical simulations. Similarities between experimental and theoretical probability
distributions for each step and p values are above 99%, indicating a very good
agreement even without considering many unavoidable experimental imperfections
in our simulations. The right panel of Fig. 3.25 is more conclusive when it comes to
determining the characteristic exponent b. The plot shows the same experimental
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Figure 3.25. Left: Probability distribution P for various values p of the disorder, Eq.
(3.12). Experimental data (dots) agree within the uncertainties with the theoretical
simulated results (dotted lines). Error bars take into account Poissonian statistics
and experimental imperfections of the setup. Right: Logarithm of the experimental
probability distribution (dots) together with Eq. (3.11) fitted to them (dashed lines)
according to . For the sake of clarity, only selected p values are depicted.

p bnum bexp
0.0 0.800 0.953± 0.044
0.1 1.126 1.199± 0.048
0.2 1.378 1.489± 0.046
0.3 1.568 1.639± 0.066
0.5 1.863 2.071± 0.077
1.0 2.138 2.422± 0.083

Table 3.9. Values of the spatial exponent b for the implemented values of disorder. The
values have been estimated by means of a least square fit to theoretical predictions.
Quantities with the subscript “num” have been extracted from our numerical model,
considering 10 000 coin maps. The subscript “exp” indicates quantities obtained from
our data, realizing 400 coin maps.

data as the left image in a log scale. Experimental data (dots) along with the fitted
curves (dashed lines) according to Eq. (3.11) are shown, covering the range from a
linear (b ≈ 1) to a parabolic (b ≈ 2) decay in this logarithmic depiction. It is clear
from the graph that, by increasing the value of disorder p, the probability to find
the walker in the starting site 0 decrease. Consequently, the probability to find it in
more distant positions increases, resulting in a broadened distribution. This effect
arises due to the breaking of the staticity of the disorder. The subdiffusivity of the
evolution of the walker is confirmed by the values of the parameter b, reported in
Table 3.9.

Full space-time-coin analysis

Our actual setup allows one to study the polarization-resolved evolution of the
walker, without limiting to the analysis of the site-resolved distribution. Such a
potentiality allows one to follow the average behaviour of the particle by decoupling
the two coin states. In Fig. 3.26 measurements corresponding to the evolution of
the |0〉 = |H〉 (center) and |1〉 = |V 〉 (right) coin states are reported . The left
plot shows the total space-time-dependent characterization of the QW after tracing
over the coin degree of freedom, as already reported in Fig. 3.24. Each column
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Figure 3.26. Time evolution of the walkers position-dependent distribution by indepen-
dently considering the two coin states, for all disorder values p under investigation
[see eq.(3.12)). Left: overall space-time behavior after tracing over the coin degree of
freedom. Center: time evolution corresponding to the coin state |0〉. Right: same for
|1〉 state. For an enhanced visualization, each row of the total distribution is normalized
to its maximum while each row of the H and V plots are normalized to the maximum
of the corresponding row of the left plot.

represents the time behaviour of the probability distribution as a function of the
site (from site −11 to +11) for different values p of the disorder. At step t = 0,
the coin state has 0 probability to be found in the |1〉c state. Indeed, the walker is
initially furnished with |0〉c coin state. It is worth noting that the distribution for
|0〉 is centered in site −1. On the contrary, the one for |1〉 is centered in site +1.
This is due to the effect of the step operator Ŝ, which shifts the walker with coin |0〉
and |1〉 to the left and right, respectively, thus steering the coin distribution towards
different sites of the line. A compensation of the effect is obtained when tracing
over the polarization degree of freedom. A under diffusive spread for both coin
states is observed, with very similar characteristics with respect to the one obtained
when tracing over the coin degree of freedom. Indeed, Anderson-like localization
is retrieved in the case of p = 0.0, while a diffusive (i.e. a Gaussian distribution)
spread is obtained in the case of complete disorder. For all values of p < 1.0, a more
confined spread with respect to p = 1.0 is obtained. Thus, in addition to the usual
and relevant characterization of spatial and temporal features of various QWs, we
can also investigate the coin-dependent transient behavior with our setup. In this
particular case, such a fine-grained analysis resembles the overall properties of the
system but, however, in other scenarios, this additional degree of resolution can be
a helpful asset to separate the distinct caracteristics of the system when conditioned
to a given coin state.
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Comments over experimental results

As presented in sec. 3.2.3, we performed simulations of the evolutions aimed to
compare our experimental results with expected ones. We implemented a numerical
simulation that produces 10 000 different coin maps for a given level p of disorder.
Recall, a coin map is a set of coin configurations which are obtained by starting
from static disorder Ĉ(x) and randomly changing a percentage p of coins. Thus, the
distribution that is obtained by averaging over all numerically implemented coin
maps, models our experiment. However, theoretical values have been computed in
the completely ideal case, i.e., without considering unavoidable setup imperfections.
Despite this, this approach was already sufficient to match the results of the experi-
ment sufficiently well.
In addition to the space-time dependent depiction of our data in Fig. 3.24, the
comparison between relevant values obtained experimentally and numerically are
given in Tabs. 3.9 and 3.8. These values follow the expected trend: the higher
the disorder, the higher the exponential decay in space and temporal dispersion,
quantified by b and β, respectively. In particular, the reported values confirm that
we mostly operate in the subdiffusive regime of the QW, 1 ≤ b ≤ 2 and 0 ≤ β ≤ 1.
Small discrepancies can be observed between theoretical predictions and experimental
values. These can be caused by imperfect randomization since the former parameters
have been extracted by averaging the probability distributions over 10 000 coin maps
while only 400 have been implemented in the latter case. Nevertheless, estimates
for parameters from numerics and data mostly agree with each other within the
confidence interval.
One can see that experimental values of both β and b are higher than the respective
simulated values. This can be generally explained by considering experimental im-
perfections, such as a nonideal operation of the EOMs as well as the QWP, less than
100% visibility of interference, and slight setup misalignment, all of which contribute
to increase the spread of the walker. The highest discrepancies to the theory can
be observed for the extremal cases of disorder, p = 0.00 and p = 1.00, affecting
both numerics and experiment. On one hand, for p = 0.00, the discrepancy can be
understood by considering that Anderson localization arises from a strict periodicity
in the disorder pattern. Because of this, it is much more sensitive to small imper-
fections compared to other disorder values, resulting in an higher deviation from
the theory. Moreover, a nonspreading regime is only feasible for t→∞. Secondly,
the discrepancy for p → 1.00 amplifies some of the effects previously mentioned
even further. For instance, p-diluted models describe a convolution of the initial
(Anderson-like) behavior with another distribution for dynamic disorder, causing
imperfections of all initial realizations to add up. Also, imperfections propagate
along with the spreading of the walker over time.
Within this work, we analyzed both the spatial and temporal impact of the amount
of disorder p, which is beyond earlier experimental studies on this fields. With
our results, we can confirm that our approach enables us to simulate almost any
subdiffusive behavior. Thus, the sublinear spread of the walker over time and the
characteristic shapes of the measured spatial distributions indicates that the interplay
between a static disorder and completely random disorder, freely controlled and
interpolated via p, is a viable way to reproduce complex subdiffusion phenomena
through discrete QWs.
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Figure 3.27. Variance behaviour in the two walker case. Top: simulated data represented
on a linear scale. Bottom: same data in a log-log scale. Left: data corresponding to
indistiguishable photons. Right: data corresponding to distininguishable photons.

3.2.5 Simulations - Two walkers

As in the superdiffusive case, which was investigated from point of views of both
one- and two-walker, one can ask whether also subdiffusion still holds in the two
photon case. To this aim, we applied the same p-diluted model to the evolution of
two photon, for both distinguishable and indistinguishable cases. Due to the fact
that the time needed for simulations increases exponentially with the number of the
photons inside the QW, for each value of disorder we numerically implemented 400
coin maps instead of 10000 as in the single walker case. By computing the average
probability distribution and then its variance as a function of the step, we obtained
a clear subdiffusive behaviour. Results are shown in the top images of Fig. 3.27, in
which we report the variance behaviour of the mean position as a function of the
step number t for p = 0.00, 0.10, 0.20, 0.30, 0.50, 1.00.

From linear scale plots it is clear that the spread of the walkers for all p values is
less with respect to the limit case p = 1.00, which is a clear sign of a less then diffusive
spread. In the bottom figures, same data in a double logarithmic scale are reported.
A nearly perfect linear behaviour for all values of p under investigation witnessess the
presence of subdiffusivity during the evolution. To analyse the subdiffusive spread,
we fitted relation (3.10) to the data. Results are reported in Tab. 3.10. As one can
see from the numerical values of β, a subdiffusive spread can be reproduced in both
cases of distinguishable and indistinguishable photons. To obtain an higher precision
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p βind βdist
0.00 0.18359 0.23908
0.10 0.47227 0.57356
0.20 0.62744 0.67503
0.30 0.67102 0.78768
0.50 0.83995 0.95710
1.00 0.93850 1.06609

Table 3.10. β values obtained by fitting relation (3.2) to the simulated data when the
initial coin state in both cases of indistinguishable and distinguishable photon cases.

on the values of the diffusion coefficient we are currently running simulations with
a higher number of steps and coin maps. We are also currently working on the
experimental realization of the two photon evolution to reproduce such a behaviours
in a real QW network.

3.2.6 Conclusions
In this chapter we have demonstrated the ability to experimentally simulate

subdiffusive transport phenomena, having a wide range of applications, via disordered
QWs. By analyzing our data regarding the spatial and temporal features of the
evolution, we have been able to map the landscape of characteristic properties
of subdiffusion. Firstly, we controlled our system such that it leads to position
distributions of the walker ranging from Anderson localization to a normal Gaussian
distribution, passing through an intermediate regime. Secondly, anomalous diffusion
in the sublinear regime was explored to characterize the spread of the walker over
time. This complements earlier findings that have been restricted to superdiffusion,
in which a starting starting ordered QW was perturbed by means of the p-diluted
model. Because of our unique control over the coin operator at each position (time
bin) and for each step of the QW, the demanding goal of realizing subdiffusion was
achieved with our setup. By starting from an initial statically disorderd QW, which
is at the base of the realization of the Anderson localizaion effect, we perturbed it by
realizing a p-diluted QW. We added dynamic noise in a controlled manner to steer
our system towards the subdiffusive regime. Specifically, this method introduces
additional fluctuations, with probabilities p and 1− p for the static and the dynamic
disorder contributions, respectively. The very good agreement between the measured
data and the theoretical predictions for both the quantities under study, namely the
shape of the position distribution and the change of the variance in time, clearly
demonstrates that the evolution of the coherent walker is featured by a subdiffusive
spread.
Pursuing the ultimate goal of implementing a universal quantum simulator and
exceeding our proof-of-concept realization reported here, our results provide a
promising starting point for future studies as well. Furthermore, we are currently
working on the implementation of two photon QW, in both cases of distinguishable
and indistinguishable photon cases, which is an achievable task with the present
split time QW [117]. This could further foster other simulations of sophisticated
correlated diffusion phenomena. For instance, it is known that Anderson localization
holds in the case of entangled photons [66], but more extended study on exotic
states can be performed. However, the general impact of correlated (p1, p2)-diluted
dynamical noise for the walkers 1 and 2 is entirely unknown but could potentially
be studied in our system.
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3.3 Quantum metrology approach to anomalous diffu-
sion

The high number of studies about transport features in a QW, as far as we
know, is not properly balanced by the same amount of investigations in a quantum
metrology fashion. The idea behind the following part of the thesis is to infer how
much information about the features of the QW network can be extracted from the
characteristics of the quantum walker evolution. In order to do that, tools from
quantum metrology will be used, first of all the quantum Fisher information (QFI),
which quantifies the extractable information about an unknown parameter, such
as a phase φ. As it will be explained in the following section, QFI is also linked
to the measurement accuracy of the estimation strategy. We will exploit quantum
Fisher information to describe the different transport regimes of information due to
the properties of the quantum network. We found that the disorder pattern plays
a significant role in the spreading behaviour of quantum information. The growth
trend of QFI allows one to characterize the anomalous and normal spreading pattern,
as well as Anderson localization of the walker.

3.3.1 Fundamentals of quantum metrology

In this section we will provide some basic notions about Quantum Metrology
(QM), without the aim of completeness. For a complete review of the field and the
description of the state of the art from both a theoretical and experimental point of
view see [118].
Metrology is one of the most important task in physical science. The ability to
precisely measure a physical quantity is of fundamental relevance, for instance in
order to precisely test predictions of a theory. Along with the measurement of a
quantity, an uncertainty has to be provided, summarizing both the technical and
fundamental errors. The first type of error mostly consists in accidental errors, due
to imperfect control in the measurement process. The second type of error is of a
different nature: they are imposed by physical laws. Quantum mechanics is useful
in this sense, as nowadays it provides a limit over the maximum achievable precision
in the estimation of a physical quantity.
Aim of metrology is to measure an unknown physical parameter φ, characterizing a
physical system, by means of an interaction between a probe and the system itself,
after which the information is encoded in the probe state. The general scheme of a
measurement process can then be outlined as

• preparation of a probe ρ̂0 sensitive to variations of the parameter φ;

• interaction between the probe and the system through the evolution Ûφ as
ρ̂φ = Ûφρ̂0Û

†
φ;

• extraction of the information by means of suitable operators acting on the
probe;

• application of a suitable estimator which provides an estimation Φ(x) of the
unknown parameter φ based on the measurement result x.
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Such a protocol has to be repeated ν times in order to obtain a more and more
precise estimation of the value of φ. An estimator Φ can have different properties.
It is called consistent when it asymptotically converges to the real value of the
parameter. It is called unbiased if its mean value corresponds to the unknown
parameter, i.e.

Φ̄ =
∑
x

P (x|φ)Φ(x) = φ

where P (x|φ) is the output probability of obtaining a certain measurement result
x, conditioned to a certain value of the parameter φ.
The quantification of the accuracy of the measurement is usually given in terms of
the mean square error (MSE), defined as

MSE(φ) =
∑
x

(Φ(x)− φ)2P (x|φ)

which, for an unbiased estimator, gives us an estimate of the variance of the
parameter

∆φ2 =
∑
x

(Φ(x)− Φ̄)2P (x|φ).

The measurement protocol can be optimized by different points of view, in order
to increase the precision in the parameter estimation: one can optimize the choice
of the estimator, the measurements performed over the probe and the probe state
itself. Suppose the probe state and the measurement performed over it are fixed
and that an optimization over the estimator is performed. We can define a quantity
called Fisher information (FI) as

F (φ) =
∑
x

P (x|φ)
(
∂log(P (x|φ))

∂φ

)2
=
∑
x

1
P (x|φ)

(
∂P (x|φ)
∂φ

)2

which quantifies the amount of information encoded in the output probabilities
of the estimation protocol. By introducing the symmetric logarithm derivative (SLD)
L̂φ defined by the relation

F (φ) = ∂ρ̂φ
∂φ

= ρ̂φL̂φ + L̂φρ̂φ
2

we can rewrite the FI as

F (φ) =
∑
x

Re[Tr[ρ̂φÊxL̂φ]]
Tr[ρ̂φÊx]

where Êx are the chosen measurements.
The sensitiveness of F (φ) to variations of the parameter φ is based on the dependence
of F (φ) on the derivative with respect to φ. To formalize such dependence, the
Cramer Rao bound (CRB) is introduced, which links F to the ultimate bound
on precision achievable by the variance of any estimator, with fixed probes and
measurements

∆Φ2 =
∑
x

(Φ(x)− Φ̄)2P (x|φ) ≥ ∂Φ̄/∂φ
νF (φ)
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which, in the case of local unbiased estimator (∂Φ̄/∂φ = 1) becomes

∆φ2 ≥ 1
νF (φ) .

Such limit, which we recall has been found after an optimization over the
estimator, can be overcame by maximizing the Fisher information over the possible
measurements performed on the probe after the interaction with the system. In
fact, the quantum Fisher information (QFI) is defined as the maximum value of the
Fisher information over the possible measurements Êx which can be performed on
the probe

FQ(φ) = max{Êx}F (φ).

By definition it holds FQ(ρ̂φ) ≥ F (φ) and the CRB can be extended to the
quantum CRB. The bound over the maximum achievable precision then becomes

∆φ2 ≥ 1
νF (φ) ≥

1
νFQ(φ) .

The right hand side of this equation represents the ultimate limit on the achievable
precision value regardless of the measurement, while it still depends on the particular
choice of the probe state ρ̂φ.
It can be shown that the QFI is related to the symmetric logarithmic derivative L̂φ
by the following relation

FQ(φ) = Tr[ρ̂φL̂2
φ].

The ultimate fundamental bound of the maximum achievable precision can be
obtained by maximizing the QFI over all the possible input states which, up to
now, have been kept fixed. By considering m independent and at most classically
correlated states, we obtain the so called standard quantum limit:

∆φ ≥ 1√
νmFmax

Q

where Fmax
Q is the maximum FQ over the m states. By inserting quantum

correlations in the input states, such as entanglement, this limit can be overcame
and the Heisenberg limit can be reached, which corresponds to a linear inverse
dependence of ∆φ on m, i.e. ∆φ ∝ 1

m .

3.3.2 Theoretical proposal
We aim at designing a quantum probing protocol to investigate the spreading

behavior of the information in a QW framework, by studying the extractable
information that the quantum walker can assess, examining the problem by quantum
estimation strategy.
The main aim of quantum estimation strategy is to furnish an estimate on the
maximum extractable information about an unknown parameter, which we call
φ, from repeated measurements on a probe state which interacts with a system.
Typically, the unknown parameter φ is encoded in a unitary operator. Here, we
consider the case in which the parameter φ is encoded in the QW process through
the unitary operator Û(φ) = Ŝ(Î ⊗ Ĉ)P̂ , where P̂ (t) is a phase-shift operator given
by:
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Figure 3.28. Representation of a quantum probing protocol using disordered quantum
walk representation.

P̂ (t) =
∑
x

|x〉 〈x| ⊗
(
|1〉c 〈1|c + ei(φ+∆φ′(t,x)) |0〉c 〈0|c

)
.

As shown in Fig. 3.28, the phase-shift operator P̂ is responsible for the presence
of a phase difference φ between the two coin states |1〉c and |0〉c after each position.
However, here we analyse the condition in which the application of φ might come
with unwanted time-position-dependent fluctuations ∆φ′(t, x) that coherently affect
the coding process. In this way, the static and dynamic disorder can affect the QW
process.
In a quantum metrology scenario, the measurement sensitivity of the parameter
is given by the Cramér-Rao inequality ∆φ ≥ ∆φmin = 1/

√
νFQ(φ) where ∆φ is

the mean square error in the measure of parameter φ and ν is the number of the
measurements [119, 120, 121, 122, 123]. The QFI is given by FQ(φ) = Tr[L̂2ρ̂],
where ρ̂ is the density operator and L̂ is the Symmetric Logarithmic Derivative
(SLD) operator satisfying the equation dρ̂/dφ = {L̂, ρ̂}/2 where {., .} denotes the
anticommutator. For a pure state it holds ρ̂2 = ρ̂ and the SLD operator reduces to
L̂ = 2dρ̂/dφ. One can numerically obtain the QFI using the walker state at step t
|Ψt〉 = Û(φ) |Ψt−1〉, and its derivative with respect to parameter φ given by:

|∂ψt
∂φ
〉
t

= ∂Û(φ)
∂φ

|ψ〉t−1 + Û(φ) |∂ψt−1
∂φ
〉 .

We limit our analysis to the case in which the random fluctuations ∆φ′(t, x) can
only be 0 or π. Thus, the degree of disorder p is defined as the percentage of random
phases that the walker experiences during the evolution. This simply means that a
p percentage of the random fluctuation ∆φ′(t, x) are selected to have π or 0 value
and to be randomly distributed in time and position.
For this particular study, it is useful to slightly modify the way the static disorder
is inserted with respect to its original implementation, adopted for instance in the
subdiffusion study (see 3.2). Here, instead of starting from a statically disordered
QW and perturbing it with the typical p-diluted technique, as done in the previous



84 3. Anomalous diffusion in a QW framework

Figure 3.29. Quantum Fisher information: average QFI FQ of a quantum walker (blue
dots) as a function of the number of steps t for different values of disorder. a) p = 0,
b) p = 0.1 and c) p = 1 for both static (top) and dynamic disorder (bottom). For
each graph the initial input is |ψ0〉 = |0〉p ⊗ |0〉. Red lines correspond to the fitted curve
F ∝ tα

sections, we start from an ordered QW and we perturb it in a static way, according
to the given percentage p of disorder. This means that, if the phase acquired by
the walker when it travels, for instance, for the first time from site x to x − 1 is
modified by the random fluctuation ∆φ′, it stays so for each subsequent step. In
such a way, when p = 0 an ordered QW is obtained while when p = 1 a completely
statically disordered QW is retrieved. Despite the two different approaches to the
the p-diluted technique, also in this case a clear subdiffusive regime is obtained. The
main difference between the two approaches consists in the fact that, while in the
first one we observe a transition from the Anderson localization to a diffusive regime
when increasing the values of p, passing through the subdiffusive spread, in the
present case we start from a ballistic behaviour (p = 0), we explore the superdiffusive
case, the diffusive and the subdiffusive ones up to the Anderson localization (p = 1).
It is worth noting that, in the case of dynamic disorder, the usual p-diluted technique
is implemented.
By iterating over enough random phase samples, it is possible to numerically calculate
the QFI in the presence of a given percentage of randomness p.

3.3.3 Results
Let us first focus on the simplest case in which a particle starts the QW in site

x = 0 with the |0〉c coin state, given by the state |ψ0〉 = |0〉⊗|0〉c. For both static and
dynamic disorder, we simulated the behavior of the average QFI for different values
of disorder p. For each of them, the simulation has been performed by averaging
over 10000 different phase maps. The average QFI is reported in Fig. 3.29 as a
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Figure 3.30. a) Logarithmic scale of average QFI FQ of a quantum walker (blue dots)
and fitted curve F ∝ tα (red line) in terms of number of steps t for complete static
disordered, corresponding to p = 1. b) Step-dependent coefficient α(t) (blue dots) and
its fitted curve (red line) in terms of number of steps.

Figure 3.31. Quantum fisher information: average QFI FQ of a quantum walker as a
function of the number of steps t for a) the ordered case p = 0, b) complete static
disordered case p = 1, and c) p = 1 complete dynamic disordered case. In all plot,
the blue circles and red squares correspond to indistinguishable and distinguishable
two-particle inputs respectively.

function of the step number t. By fitting a power law function to the numerical data,
we found that the average QFI is FQ ∝ tα where the range of α is 0 ≤ α ≤ 2 for
the static disorder and 1 ≤ α ≤ 2 for the dynamic disorder. Without any disorder
(p = 0), the QFI of the QW grows quadratically in time F ∝ t2, analogously with a
ballistic transport pattern, as displayed in Fig. 3.29 a). Also, this means that the
phase variance upper-bound is proportional to the inverse of the number of steps,
i.e ∆φ ∝ t−1.
In the static disorder case (Fig. 3.29 top), the super-diffusive α > 1 to sub-diffusive
α < 1 transition is achieved by increasing the value of disorder p out of 50 steps.
These result show how the information spread along the quantum network can be
determined as a result of the disorder strength: the higher the disorder, the lower
the extractable information about the unknown parameter φ.
In the case of dynamic disorder, we plot the average QFI (Fig. 3.29 bottom). Here,
we use the QFI to probe the transition from the ballistic regime with p = 0 (Fig. 3.29
a)), through the super-diffusive one with p = 0.1 (Fig. 3.29 b)) down to the diffusive
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spread with maximum degree of disorder p = 1 (Fig. 3.29 c)), analogous to the case
of a classical probe. The presented results indicate that the output information,
which is inferred trough measurements performed exclusively on the probe, show a
super-diffusive to classical transition in transport pattern. The observed fluctuations
in the QFI values are due to the unavoidably limited number of iterations which
have been realized for each step number. Similarly to the variance of the position
operator of the quantum walker [67, 18, 19], QFI provides a simple measure to
quantify the transport pattern of the walker.
It is worth mentioning that the probing pattern depends on the number of steps that
a walker takes. In the static disorder case, we found out that the QFI decreases with
respect to the step number. This is a clear signature of Anderson localization given
by average upper-bound of QFI. In Fig. 3.30 a), the logarithmic scale of the average
QFI is reported versus the number of steps. Fig. 3.30 a) shows that the growth
trend declines until it reaches a maximum value. As an additional clarification, the
QFI is fitted with the power function F ∝ tα(t), where α(t) is the step-dependent
coefficient in a nonlinear fitting process. In Fig. 3.30 b), the α(t) is obtained by
increasing the step number of the QW process. It is clear that the growth trend
depends on the step number t, and that significantly declines by considering an
higher t. This testifies that information stops spreading in the quantum network as
an indicator of particle localization.
Besides the single walker analysis, to enrich the physics of phenomenon, one might
consider two quantum walkers either distinguishable or indistinguishable with ini-
tial opposite coin states. In the first case, the state can be written in a sepa-
rable form in the first quantization formalism as |ψs0〉 = |0〉1p |↑〉1c ⊗ |0〉2p |↓〉2c,
while in the latter case, the state is entangled in coin state |ψ±0 〉 = |0〉1p |0〉2p ⊗(

1√
2(|↑〉1c |↓〉2c ± |↓〉1c |↑〉2c)

)
. The evolution can be studied by applying the two-

particle unitary operator Û(φ) ⊗ Û(φ) to the states above. We plot the average
QFI in terms of the step number t in Fig. 3.31 for the ordered case p = 0 and the
completely disordered one p = 1, for both the cases of b) static and c) dynamic
disorder. In general, the state of two indistinguishable particles would exhibits a
higher value of QFI compared to the distinguishable one. This property is explained
by the fact that particle indistinguishability is an enriching resource for quantum
information distribution within a composite system of identical particles. It is also
interesting to note that both input states follow the same spreading pattern. In the
case of ordered case p = 0, the growth pattern is ballistic, while for the completely
disordered one p = 1, the QFI follows a sub-diffusive pattern (Fig. 3.31 b)) and a
classical one (Fig. 3.31 c)), due to static and dynamic disorder, respectively.

3.3.4 Conclusions
In this study, we have proposed and analysed a quantum probing protocol using

the quantum walk process to infer information about a parameter φ encoded in the
QW evolution, subjected to defects and perturbations. This goal can be achieved
by applying quantum metrology techniques to the QW process. The QFI has been
used to derive the amount of extractable information concerning the unknown phase
acquired by a quantum walker at each step plus random fluctuations in the QW
itself. Even though the framework is general, we focused on coherent static and
dynamic disorder in the QW to describe the transport pattern of information about
the unknown parameter φ. We found that different disorder regimes, corresponding
to a disorder percentage p in the QW process, lead to different spreading patterns,
including ballistic, super-diffusive, classical, sub-diffusive regimes, and Anderson
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localization. Quantum Fisher information, as a spreading pattern indicator, is
independent of the number of quantum walkers, while the variance dimension grows
accordingly to the number of particles.
Such a study intimately links QW dynamics with quantum metrology theory, ex-
ploiting the usefulness of quantities as QFI in the analysis of QW dynamics. The
presented results could pave the way for the integration between two main branches
of quantum information theory which, as far as we know, up to now basically remain
independent from each other. Moreover, due to the increasing interest in studying
the spread of information in complex networks, the present work represents a basis
to deepen such investigations, for instance by enlarging the space over which the
walker can moves, as well as the number of walkers.
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Chapter 4

Two photon correlations in a
Quantum Walk

In this chapter, which is based on [124], we present our latest result about the
topic of quantum correlations in a QW. We show that, on the one hand, an ordered
QW dynamics tends to decrease the quantum correlations initially present between
two indistinguishable photons. On the other hand, the insertion of disorder can
be useful in this sense, as it allows to retrieve the initial value of non classical
correlation. We experimentally prove the theoretically predicted results by allowing
two indistinguishable photons to propagate through a p-diluted disordered QW
network.

4.1 Introduction
The effect of quantumness in a QW’s evolution as well as the effective quantum-

ness of QWs have been questioned on many sides [125, 126]; a genuine quantum
behaviour in a QW evolution is observed only if authentic quantum correlations in
the QW input are present. [127, 128]. Among the most important non-classical fea-
tures, entanglement has been quantified in a quantum information theory framework
[129, 130], both from a thermodynamical perspective [131, 132] and a geometrical
one [133], revealing unique features, useful for many applications. Entanglement
is not the only resource that can be exploited to reproduce pure genuine quantum
walker evolution. Indeed, particle statistics also highlights the presence of non-
classicality: the bosonic-fermionic dualism has no classical analog and it relies on
the quantum feature of indistinguishability. The treatment of indistinguishability
as a quantum resource has been mainly developed in the framework of quantum
metrology and quantum information, through the connection with other non-classical
features [134, 135, 136, 137, 138]; besides, the high complexity exploited by Boson
Sampling algorithms relies on particles indistinguishability, too [139, 140, 141]. In
this sense, Hong-Ou-Mandel (HOM) is a paradigmatic effect, just because of the
fact that it has no classical analogue. For this reason, its presence certifies the pure
quantumness of photons [6].
In this context, it is interesting to understand how non-classicality quantifiers based
on indistinguishability behave in a dynamical framework, specifically in the case of
bosons propagating through a non-homogeneous system. From this perspective, the
presence of noise and disorder has been largely demonstrated to provide speed-ups
and beneficial effects in various quantum processes, such as in biological systems [14],
and quantum algorithms [38]. These effects commonly appear due to the interaction
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with an external environment, either quantum or not [142, 143]. A suitable frame-
work to perform such a study is represented by QWs. The way quantum correlated
photon pairs evolve in an optical lattice, or a QW, has been studied from both
theoretical and experimental point of views [76, 32, 144, 31, 145] and the effect of
static disorder in a QW network has been observed for photon pairs, too [78, 86]. In
particular, photons in a separable state show a different behaviour whether they are
distinguishable or indistinguishable [145]. As we will see in a greater detail later,
this difference can be quantified by the violation of the disequation:

Vi,j = 2
3

√
Pi,iPj,j − Pi,j < 0 (4.1)

where Pi,j is the probability of finding a photon travelling along mode i and the
other one along j, thus corresponding to the probability of measuring a coincidence
between modes i and j.
Our aim is to find out whether the presence of disorder (referring in particular to
the so-called p-diluted model) might have a significant role in how the correlations
existing between the output modes of a photonic QW change. We experimentally
show that non-classical correlations based on indistinguishability are sensitive to the
presence of disorder, as a consequence of the propagation through a one dimensional
inhomogeneous QW. We also demonstrate that, by merely imposing some specific
disorder configurations while keeping the system isolated, it is possible to significantly
retrieve the initial non-classicality of the system, after a certain number of evolutions
steps. Our findings unambiguously show that the presence of disorder can be helpful
in the dynamical enhancement of quantum correlations, paving the way for its
possible employment in quantum information scenarios.

4.2 Theoretical model

Eq. (4.1) links three experimentally measurable quantities, i.e. Pi,i, Pj,j , and Pi,j
to the quantumness of the correlations between modes i and j or, more precisely, to
the degree of indistinguishability of the photons travelling along those modes. This
disequation, in fact, stands for classically correlated light and its violation is assumed
at the same time as a witness and as a quantifier[145] of quantum correlations
[76, 32].
To clarify the meaning of Eq. (4.1) lets focus on the HOM effect. As showed in
section 2.5.1, when two indistinguishable photons (i. e. photons with exactly the
same features and with same arrival time on the BS) impinge on a BS from the two
input ports, in the completely ideal case the output state reads

|ψ〉ind = i

2(â†2 + b̂†
2) |0〉F = i√

2
(|2, 0〉F + |0, 2〉F )

where the ket states are written as |â†, b̂†〉F . It comes out that the probability
to find the particles travelling along two different modes, i.e. Pa,b drops to 0, while
the probability to find them travelling along the same mode, namely Pa,a and Pb,b is
0.5. From these values we obtain Va,b = 1

3 > 0.
In the case of distinguishable photons, the output state after the interaction with
the BS reads
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|ψ〉dist =1
2(i · â†â′† + â†b̂′

† − b̂†â′† + i · b̂†b̂′†) |0〉 =
1
2(i · |1, 1, 0, 0〉F + |1, 0, 0, 1〉F − |0, 1, 1, 0〉F + i · |0, 0, 1, 1〉F )

where the ket states are written as |â†, â′†, b̂†, b̂′†〉. When computing the probabil-
ities by tracing over the different degrees of freedom of the photons, the probability
Pa,b = Pa,b′ + Pb,a′ results to be 1

2 while, for Pa,a′ and Pb,b′ we get 1
4 . Thus, the

resulting value of Va,b is −1
3 < 0. In the indistinguishable photons case, a positive

value witnesses the presence of non classical correlation between the two modes
under study, namely they are correlated in a way that can not be justified with any
type of classical input state. On the contrary, in the distinguishible case, we obtain
a value < 0 which implies that the very same correlations can be obtained with a
classical input.
Being interested in studying if and how the quantumness in the modes correlation
depends on the phase disorder, introduced through the p-diluted model, we can
perform some easy calculation to have an insight on how V changes with phase noise.
To simplify the calculation, consider the Mach-Zehnder interferometer in Fig. 4.1.

BS

BS

MM
Φ

Figure 4.1. Sketch of a Mach-Zehnder interferometer. The yellow rectangle denotes the
insertion of a phase along one of the two arm.

Its output is related to the one of the central modes of the QW at the third step.
When inserting a phase shift along one of the two modes, for instance the b mode,
in the case of indistinguishable photons we obtain the following analytic expression
for the value of Va,b as a function of the phase φ

Va,b = −1
3 −

2
3cos(2φ)
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whose plot is reported in Fig. 4.2.
In the distinguishable photons case, we obtain the following relation

Va,b = −2
3 −

1
3cos(2φ)

whose plot is also reported in Fig. 4.2
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Figure 4.2. Values of V as a function of the phase φ for indistinguishable (blue) and
distinguishable photons (orange). Dashed black line indicates the 0 value, separating
the quantum and classical regions.

It is clear that, while in the distinguishable photon case the curve never overcame
the 0 value, in the indistinguishable case it is possible to obtain values larger than 0
that univoquely witness the presence of a quantum input travelling the network.
At this point, we can try to establish a link between the value of the violation
and the state corresponding to it, by investigating the case in which two partially
indistinguishable photons enter the QW. The initial state can be written as:

ρ̂0 = (1− q)â†b̂† |0〉 〈0| âb̂+ qâ†b̂′
† |0〉 〈0| âb̂′ =

(1− q) |1, 1〉ind 〈1, 1|ind + q |1, 1〉dist 〈1, 1|dist
where q can represent the probability of "bad" generation of the input state or

rather the actual overlap of the two photons wave functions, such that the photons
are distinguishable with classical probability q. The resulting state after the action
of a supposedly balanced BS shall be:

ρ̂1 = (1− q)
(
i · |2, 0〉+ |0, 2〉√

2

)(
...

)T
+

+ q

(
i · |1, 1, 0, 0〉+ |1, 0, 0, 1〉 − |0, 1, 1, 0〉+ i · |0, 0, 1, 1〉

2

)(
...

)T
.
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The inequality (4.1) can be evaluated with the output probabilities of the process,
so that Pa,a = Pb,b = 1−q

2 + q
4 and Pa,b = q

2 . The inequality then has the form:

2
3(1

2 −
q

4)− q

2 < 0

which, in order to be violated, requires a value q > 1
2 , corresponding to photons

which are more likely to be indistinguishable than distinguishable. Hence, the
inequality (4.1) provides a straightforward quantifier of the effective indistinguisha-
bility of photons, in the operative context of boson bunching occurrence.
In the general case of a BSs network, a value of Vij > 0 can be subject to multiple
interpretations. For a pure initial state, after t steps of propagation, the system will
be in a superposition state which can be written highlighting the modes of interest,
denoted with the subscript 1, 2:

|Φ〉 =
√

1−Π(...)+
+
√

Π(α11 |2〉1 |0〉2 + α12 |1〉1 |1〉2 + α22 |0〉1 |2〉2)

where Π is the overall probability of having both photons in the selected modes,
which normalizes the αij coefficients. It is possible, obviously, also to have single
photon states of the two modes, but they would be invisible to coincidence-like
measurements. In this case, the violation between modes 1 and 2 can be computed
as:

V12 = Π ∗ (2
3

√
|α11|2|α22|2 − |α12|2). (4.2)

Therefore, the violation value depends on two factors:

• the actual non-classicality of the correlation determining a positive or negative
value;

• the global probability of the selected output modes (given by Π).

The first factor is the one pointing out the form of a hypothetically post-selected
state of the two photons emerging from the considered modes. The higher this
factor, the cleaner is the distillation of NOON states by post-selection, since it
necessarily corresponds to a low |α12|2. The second factor is an amplification
parameter, which gives the probability of actually finding two photons in the two-
modes selected subsystem, hence it gives the efficiency of the NOON states distillation.
In conclusion, the violation value gives an indication over the composite effect of the
two parameters, hence its maximization can be related to either one or the other.
Thus, in a hypothetical application of this protocols, that needs to be taken into
account. For instance, the most external output modes of the QW will provide the
most pure NOON states, since they are the mere propagation of the first HOM
resulting state, but with a very low probability. On the other hand, by means of
disorder, it is possible to manipulate the probability for central modes, in order to
get an higher efficiency, at the cost of a non-zero chance of extracting a useless state.
The question underlying the investigation reported in the following sections then is:
how this violations can be tuned and controlled by means of the p-diluted QW? Or,
in other words, is there a particular condition in which the p-diluted disorder on
phases allows to maximize the value of Vi,j? These questions are ultimately linked
to the possible applications: because of the fact that the value of V is linked to the
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amount of the indistinguishability of the photons and that this has been shown to
be a full quantum resource, the ability to control its values along a QW evolution
could be a starting point for a new class of algorithms based on the manipulation of
the information through QW and indistinguishability of the photons.

4.3 Simulation results: violation properties for average
distributions

The first analysis we carried on was the study of the average behaviour of
violation of the system by considering the probability distribution obtained by the
average over many different evolution realizations, characterized by the same amount
of disorder p.

4.3.1 Distributions

Figure 4.3. Step 15 output distributions of indistinguishable photons in the ordered and
completely disordered case.

Figure 4.4. Step 15 output distributions of distinguishable photons in the ordered and
completely disordered case.
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The first aspect we focus on is the probability distribution in both cases of
distinguishable and indistinguishable photons, at varying of the disorder value p.
The average output probability distributions of coincidences for indistinguishable
and distinguishable photons (Fig. 4.3 and 4.4) appear more similar when the disorder
level is high. According to the variance results shown in section 3.1 this is expected:
indeed, for increasing values of disorder, the spread of the walkers is more and
more diffusive for both cases and increasingly similar probability distribution are
expected. This is also highlighted by the trend of the similarity between the output
distributions of distinguishable and indistinguishable distributions as the value of p
grows (Fig. 4.5). We point out that, in the present notation, the QW modes are
denoted by the position basis states combined with the coin basis states (Left (L)
and Right (R)).
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Figure 4.5. Similarity between average output distributions at step 15 of indistinguishable
and distinguishable photons as a function of the disorder value p.

It is quite clear that the observation of the output distributions of coincidences
can not provide information about the nature of correlations between the photons,
while it could be deduced by the violation of Eq. (4.1).

4.3.2 V-matrices
When dealing with the values of Vi,j between each pair of modes, for each proba-

bility distribution a corresponding V-matrix can be derived, showing the correlations
between the modes. The distributions of the values of Vi,j for indistinguishable
photons are shown in Fig. 4.6. The violations are present either in the ordered and
in the disordered case, though there is an evident migration of the violating values
towards the distribution tails.

It is worth comparing the distribution of violation with the coincidences one (Fig.
4.3). By a qualitative analysis, non-classical correlations tend to appear between
modes which have low coincidences (and less population); in some way, it can be a
witness of the fact that correlations generated specifically by the QW evolution are
classical and, in an intuitive way, smother the underlying non-classical correlations,
which are free to show up where the evolution tends to provide low populations.
As expected, in the case of distinguishable photons, violations are not present at
any disorder rate (see Fig. 4.7).

The dynamical average behavior of non-classicality has been studied through
Total Violation, defined as the sum of all the Vi,j of the violating coincidences. It
has been considered as a measure of the total non-classicality present in the system.
In Fig. 4.8 the normalized trend as a function of the disorder increase is reported,
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Figure 4.6. Step 15 distribution of the value of relation (4.1) for indistinguishable photons
in the ordered and completely disordered case.

Figure 4.7. Step 15 distribution of the value of relation (4.1) for distinguishable photons
in the ordered and completely disordered case.

for different evolution time lengths. Total Violation has a decreasing trend as p
increases, which can be seen as a consequence of the migration picture described above.
Since violations are bound to appear only between scarcely populated modes, the
global non-classicality in correlations diminishes. Nevertheless, this non-classicality
degradation can be challenged by specific single realizations of disorder.

4.4 Simulation results: violation properties for single
phase map

When dealing with single disorder realizations, the disorder level p looses its
meaning. Indeed, despite it is possible to compute the exact value of p from a single
disorder realization, the very same phase map can be obtained from different values
of p, because of the randomness in generation method of the map itself. For this
reason, in the following we will focus on the time evolution of the relevant quantities,
disregarding their behaviour as a function of the disorder value.
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Figure 4.8. Step 15, step 10 and step 6 plot of the average Total Violation, computed
over 10000 disorder configurations, as a function of the disorder level p. The average
detrimental effect of disorder has a lower bound, independent of the time step. Besides,
the evolution appears naturally featured by a decrease of global non-classicality in time.

4.4.1 Maximum achievable violation (MAV)
As already stated, the bosonic correlation quantifier holds only in the case of

indistinguishable photons. For this reason, simulations were carried on in a specific
experimentally-oriented framework: two indistinguishable photons travelling a bulk-
optics 1D DTQW, provided with space-time disorder.
The analysis pursued a well defined direction: the search for single disorder con-
figurations able to increase the violation values between a generic pair of mode.
As we will show, the analysis demonstrates that disorder may not only modify the
distribution of non-classicality in the output correlations of the system, but also that
specific phase maps can produce non-classicality enhancements in the output state.
We simulated the evolution with 104 different phase maps for each step number t
up to 30 steps, for a total amount of explored configurations equal to 3 · 105. We
computed the Vij between each pair of output modes for each simulated probability
distribution, obtaining the corresponding violation matrices, in which the entire set
of Vij elements corresponding to any combination of i and j modes are reported. We
then compared the values for any pair (i, j) and each phase map at a given step, in
order to find the Maximum Achievable Violation (MAV), i.e. the maximum positive
value of Vij which could be achieved at that given step.
Simulation results are shown in Fig. 4.9, in which we report the MAV as a function of
the step number and the step-wise trend of the maximum achievable Total Violation,
defined as the sum of all the positive Vij values of the considered violation matrix.
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The analysis over the MAV highlights that disorder may help retrieving non-
classicality after a specific step of QW; hence, the MAV starts growing with respect
to the standard ordered case, reaching a peak at the 9th step in our framework.
Similar, but not identical, results were obtained for the system’s maximum Total
Violation, suggesting that the two quantities are related, but not bound to be
maximized together. Indeed, both reach a minimum at step 5, but present maxima
for different steps. Moreover, in the ordered case, a relevant maximum is obtained
for the total violation at sixth step, not corresponding to a maximum in the MAV
plot. This can be explained by considering that, in the ordered case, many different
pairs of modes at step 6 present a positive value of Vi,j , but none of them overcomes
the maximum achievable value at step 7, which corresponds to a local maximum
for the MAV. From the numerical results, we can conclude that disorder, acting
through mere interference, shall heavily modify the evolution of the walker, not only
reshaping the probability distribution, but also affecting the amount of quantum
correlations. As a consequence, disorder may allow to enhance non-classicality in
the correlations of a multipartite system.
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Figure 4.9. Comparison between the theoretical step-wise trend in the ordered case and
in the disordered optimal one for MAV (top) and global violation (bottom). In the
present framework, a clear enhancement due to disorder is achievable after the 5th
evolution step, while in the standard homogeneous evolution non-classicality would reach
a plateau for both quantities: this corresponds to a dispersion of non-classicality in the
distribution.
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4.4.2 Analysis of local maxima for optimal step number

Since our main interest is currently devoted to the interpretation of the violation
(4.2) as a resource for certain tasks, the most interesting quantity is Vi,j value itself,
since that is closely related to the shape of the output state which is extractable
from the corresponding modes.
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Figure 4.10. Maximum achievable values of Vi,j for each mode pair i, j at step 9, planar
representation (left) and 3D landscape (right). The values have been obtained by
comparing 1.2 million disorder realizations. The maximum can be achieved in the central
region, since the photons detected in those modes have interfered the most.

The step for which the MAV of local violation is maximum appears to be the
9th. Therefore, we accurately analyzed the output violation distribution, seeking
the MAV of Vi,j for each fixed pair of modes (i, j); the values reported in Fig. 4.10
have been calculated from a total of 1.2 million disorder realizations.
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Figure 4.11. Schematic representation of a Quantum Walk at step 9: for instance, if we
take into account the two blue circled output modes, the corresponding common MZIs
will be the ones highlighted in red.

By the resulting picture of the aforementioned analysis we can conclude that
the MAVs can be obtained in several ways: considering many different mode pairs
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and many different disorder configurations. Nevertheless, it is possible to outline
some constraint: there is a minimum of mutual interference that the photons have to
experience in order to achieve the maximum; this can be represented by the number
of common Mach Zender Interferometers (MZIs) they travel along their evolution,
as highlighted in Fig. 4.11. This constraint is not sufficient to reach the maximum,
since, as mentioned before, there are leaks along the propagation; furthermore, other
effects arise from the limited range of phase values which can be set according to
the model. We can conclude that the step-wise maximum of local violation (not
considering the first step, corresponding to a perfect HOM effect) is achieved at
the 9th step, with a value Vi,j ≈ 0.24. We are currently studying how the various
optimal phase maps are related between them.

4.5 Experimental results
The experimental setup used to test and verify theoretical and simulated results

is the all-optical QW described in sec. 2.5.1, in the two photon input configuration.
We reproduced the evolution of the two walkers up to the sixth step of the evolution,
which is sufficient to prove the violation enhancement due to disorder. Indeed, in the
present case of study, the first clear appearence of non-classicality enhancement due
to disorder shall occur in the output of the QW 6th step; in order to demonstrate
this effect, the output violation matrices for optimal phase maps were measured up
to the 6th step.

Figure 4.12. Comparison between the theoretical (left) and experimental (right) violation
matrices at the 6th step for an enhancing disorder configuration. Theoretical results are
obtained by numerical simulations performed accounting for experimental parameters.
The expected peak in the value of V is experimentally found, while the measured output
coincidence distributions reach globally a similarity value of 97.5(±0.2)%. Deviations
with respect to the expected matrix are due to the relative significance of experimental
errors for close-to-zero values, which can produce non-classical signatures where they
are not expected and vice versa.

Since there is no enhancement until the 5th step, the corresponding optimal
phase maps can be considered equivalent to the ordered one, while for the 6th step
it is possible to find a specific disorder configuration enhancing the non-classicality
in the correlation between two chosen output modes. In our case of study, the same
configuration also features an enhancement in the total amount of non-classicality
of the system.
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The ordered QW output distributions were measured up to the 5th step; in particular,
the 5th step distribution was also measured for a random disordered configuration,
in order to experimentally confirm disorder-induced changes in the violation matrix,
despite the absence of any unambiguous increase in the amount of violation. Experi-
mental violation matrices for the fifth step of the evolution, along with the expected
matrices, are reported in Fig. 4.13, from which it is clear that the introduction of
disorder alters the distribution of the violations.

Figure 4.13. Comparison between theoretical (left) and experimental (right) violation
matrices at the 5th step for ordered evolution (top) and disordered evolution (bottom).
The disorder configuration has been chosen randomly, in order to demonstrate how inho-
mogeneities along the evolution can modify the non-classicality pattern in correlations.
The experimental results appears to be not in perfect agreement with the expected ones,
since, in this case, the error on Vi,j values is big with respect to the measured absolute
values of violation.

For the 6th step, a phase map which could realize the MAV was chosen and
experimentally implemented; the corresponding experimental output violation matrix
is shown in Fig. 4.12, compared with the expected one. A strong non-classicality
peak appears, confirming the expectations and the non-classicality enhancement
effect. Besides, it suggests that non-classicality maxima can be induced by disorder
only in correlations between "central" output mode pairs: in fact, photons emerging
from these modes will have the most interfering paths, getting to be more affected by
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inhomogeneities along the evolution. This phenomenon is quite understandable by
considering the underlying network structure of the evolution. Indeed, central modes
are subjected to more complex interference phenomena with respect to the ones close
to the boundaries, even more complex when their correlations are considered. This
can be directly linked to the amount of MZIs jointly travelled by photons emerging
from the two selected modes, i.e. the amount of phase shiftings which are imposed
over both photons. In these cases, the manipulation of non-classicality results more
powerful and effective.

Figure 4.14. Experimental step number trends up to the 6th step of local MAV (left)
and global violation (right) computed over the same output distributions aimed to
maximize the local violation. The trends are compared with the simulated ones and the
ones expected for ordered evolution: an enhancement of MAV due to the presence of
non-homogenities is unambiguously achieved, in comparison with the ordered expected
results. The expected results are obtained by numerical simulations performed accounting
for experimental parameters, so that the theoretical trends show some discrepancies with
respect to the ones in Fig. 4.9. Experimental errors are derived from the Poissonian
statistics of the measured coincidences. Deviations from the expected results are mainly
due to small drops in photons indistinguishability along the evolution, which slightly
affect the exact violation values, while not changing the overall trend.

As a further relevant result, the experimental step-wise trend for MAV is ex-
hibited in comparison with the expected optimal one, also computed accounting
for experimental parameters (Fig. 4.14 left). They are plotted together with the
ordered case trend, in order to provide a clear display of the beneficial effect of the
non-homogeneous evolution. Theoretical patterns are shown up to the 10th step, as
a reference. The corresponding trends for the Total Violation computed over the
same output distributions are also reported in Fig. 4.14 right. Simulations of the
MAV values in the ordered case show that non-classicality delocalizes travelling a
homogeneous network, so that the values of Vij are going to vanish as the propagation
proceeds. On the other hand, also the Total Violation shall not experience in the
ordered case a revival comparable to the disordered one, as the evolution carries on.
Asymmetries in the experimental setup, specifically the exploitation of an unbalanced
BS (R = 45/T = 55), are responsible for discrepancies between theoretical trends
shown in Fig. 4.9 and the ones in Fig. 4.14. While the Total Violation trend for the
ordered case is strongly modified by such asymmetries, the MAV mantains its rapidly
flattening pattern, which can be clearly challenged by specific disorder configurations,
as shown by our experimental results. In this case, the very same configuration is
also helpful in the enhancement of global non-classicality of the system.
The insertion of inhomogeneities enriches the interference patterns imposed on the
particles, leading to the possibility of manipulating and focusing non-classicality
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over a range of opportunities which broadens as the network broadens.

4.6 Conclusions
The presented numerical and experimental analysis demonstrates that non-

classicality based on indistinguishability, which disperds through the lattice and
rapidly decays in an ordered evolution, can actually be retrieved by inserting suitable
inhomogeneity patterns in the system, after a minimum evolution time. This local
(and global) enhancement of non-classicality can be tuned in position and intensity by
changing the disorder configuration; this corresponds to having an adaptive network
whose parameters evaluation determines the focusing of non-classical resources in
a selected position, or rather the homogeneous distribution of them. In particular,
since the violation of Eq. (4.1) is connected to the presence of a NOON state, this
method could be useful in Quantum Metrology issues, accounting for the caveats we
reported along the text on the state shape linked to the violation value.
It is yet to understand whether this enhancement procedure can be generalized to
systems with N > 2 photons or not; that could result in a benchmarking outcome
in the context of Quantum Resource Theories.
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Chapter 5

Open Quantum System
dynamics

In this chapter, which is based on [88], we will describe an experimental imple-
mentation of a collisional model for the study of Markovian and non Markovian
dynamics. This field has been widely studied in recent years since the study of the
interaction between a system and an environment lies at the heart of the capability
to precisely control the evolution of a system. One of the aims of such research
activity consists in exploiting in our favour such kind of interaction, for instance
trying to preserve information encoded in a quantum state subjected to external
actions.
The experimental realization presented in this chapter is built on a quasi-infinite
chain of Mach Zehnder interferometers, each of them stable and independently
tunable in phase. This experimental investigation has been performed earlier than
the study of the QW dynamics presented in the previous chapters. Indeed, the exper-
imental scheme reproducing the QW (presented in 2.5.1) has been obtained by the
one used in this study, slightly modified by means of the introduction of the vertical
beam displacers. Thus, the main point of contact between this investigation and the
other studies reported in this thesis is the sharing of nearly the same experimental
setup. Nonetheless, a stronger connection could be found between QWs and open
quantum system dynamics. Indeed, it could be interesting to interpret the evolution
of a quantum walker from the point of view of the theory of open quantum systems,
despite it is not the aim of the following chapter.

5.1 Introduction
Future quantum technologies require precise control of quantum states [146, 147].

The processing protocols of quantum information should be aimed to preserve
and distribute microscopic quantum correlations in macroscopic scenarios, where
quantum systems are subjected to the unavoidable environmental noise. To this
scope, it is essential to understand the robustness of quantum dynamical process in
order to implement the best way to control the information transport between the
systems and the surrounding environment [148, 149, 150, 151, 152, 153]. Because
of the interplay between the system under study and the environment with which
the system is in contact, a quantum dynamical process usually acts on a Hilbert
space which is larger than the one in which the system and the environment belong
[154, 155]. Let’s consider a non-isolated sample system s, which we will refer to
as open quantum system (OQS), characterized by a state ρ̂s ∈ Hs as well as the



106 5. Open Quantum System dynamics

environment e, which is described by a state ρ̂e ∈ He. By considering both the
system and the environment, we can assume that the extended system s− e, living
in H = Hs ⊗ He, is closed and then no information can be lost; it can only flow
inside H [156, 157]. By considering the temporal evolution of an OQS, its dynamics
is called Markovian if each continuous or discrete section of the total evolution does
not depend on the previous ones. In the opposite case, it is called non Markovian
[158]. CRW is an example of classical Markovian process, while a QW can be seen
as a combination of a Markov process and interference effects [159].

5.2 Theoretical background notions
In this section we will briefly give a description of the basic elements of quantum

information (QI) theory, in the measure of which they will be used in the following.
We have no claim to be exhaustive in the description of the theory of QI, we only
aim at giving the useful elements to understand the work presented later in the text.
For a complete description of QI, please refer to [2, 3, 4].

5.2.1 Qubit, pure and mixed states
A quantum bit, usually called qubit, is the basis resource of QI, which is used to

store quantum information consisting of a two dimensional quantum system. As a
classical bit, it can be found in two mutually exclusive logical states, namely 0 and
1, which we will refer to as |0〉 and |1〉, represented by

|0〉 ≡
(

1
0

)
, |1〉 ≡

(
0
1

)
and which are usually called computational basis states. At a variance with a

classical bit, a qubit can be also found in a linear superposition of both basis states.
This peculiar feature is highlighted by the fact that, in writing the qubit state, it is
possible to change representation from one basis to another one. Two relevant basis
are the diagonal one,

|+〉 ≡ |0〉+ |1〉√
2

= 1√
2

(
1
1

)
, |−〉 ≡ |0〉 − |1〉√

2
= 1√

2

(
1
−1

)
and the circular one

|R〉 ≡ |0〉+ i |1〉√
2

= 1√
2

(
1
i

)
, |L〉 ≡ |0〉 − i |1〉√

2
= 1√

2

(
1
−i

)
.

The generic state of a qubit in the computational basis can be written as

|ψ〉 = α |0〉+ β |1〉
where α and β are complex numbers subjected to the condition |α|2 + |β|2 = 1,

which is necessary to interpret |α|2 (|β|2) as the probability to find the qubit in the
state |0〉 (|1〉).
In order to extract information from a qubit, it has to be measured, namely we have
to acquire information about the state of the system. Measurement process of an
observable A can be represented by an operator Â acting on the quantum state |ψ〉
of the qubit. The action of Â is defined by means of the eigenvalues equation

Â |n〉 = an |n〉
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where |n〉 are the eigenvalues of the operator itself associated to the corresponding
eigenvalue an. We consider the eigenstates to be orthonormal, namely 〈n|m〉 = δnm
where δ is the Kronecker delta. The operator can then be written as

Â =
∑
n

an |n〉 〈n|

where we defined the bra of a generic state |ψ〉 as 〈ψ| ≡ |ψ〉∗, namely the
conjugate transpose of a ket. When a measurement of the observable A is made on
a generic state |ψ〉, the quantity | 〈n|ψ〉 |2 ≡ pn represents the probability to obtain
the eigenvalue an. The state |ψ〉 can then be written as a linear superposition of the
the Â’s eigenstates

|ψ〉 =
∑
n

cn |n〉

where |cn|2 = pn. The expectation value of the observable A over the state |ψ〉
is then given by

〈Â〉 = 〈ψ|Â|ψ〉 =
∑
m

c∗m 〈m|
∑
n

cnan |n〉 =
∑
n

an · pn.

Such a description of a qubit is not sufficient to explore the whole potentiality
of QI theory. The states described so far are called pure, but the introduction of a
mixed states is required to describe the whole kinds of states that can be encountered.
A mixed state differs from a pure one in the presence of classical probabilities pi,
which determine the probability of occurence of the corresponding pure state |ψi〉,
deriving from the ensamble {|ψi〉}. A mixed state can be written by means of a
density matrix, or density operator, ρ̂ as

ρ̂ =
∑
i

pi |ψi〉 〈ψi| .

It is always true that
∑
i pi = 1. If only a pure state is present in the ensamble,

then the density matrix reduces to

ρ̂ = |ψ〉 〈ψ|
whose elements are computable as

ρij = 〈i|ρ̂|j〉
where |i〉 are the basis ket of a generic orthonormal basis of a n-dimensional

HIlbert space (in the case of qubit n = 2). When dealing with mixed states, the
expectation value of the operator Â linked to the observable A can be written as

〈Â〉 = Tr(ρ̂Â)
where Tr is the trace operation which is given by

Tr(Ô) =
∑
i

〈i|Ô|i〉 .

The elements ρij of a density matrix, for i = j, can be interpreted as the
population and represent the occupation of the basis states while for i 6= j they
represent the coherences and are the manifestation of quantum coherence, giving
rise to interference effects. The density matrix must respect three fundamental
properties:
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• ρ̂ is self-adjoin, namely ρij = ρ∗ij

• Tr(ρ̂) = 1

• ρ̂ is a positive operator, i.e. its set of eigenvalues consists of non-negative real
numbers.

Moreover, the shape of the density matrix depends on the particular choice of
the basis states used to represent it.
A useful quantity in the analysis of a quantum state is the purity

γ = Tr(ρ̂2)
which is a measure of how much a state is pure. For γ = 1 the state is completely

pure, otherwise it is partially mixed, and for γ = 0 it is completely mixed.
An other relevant quantity is the fidelity, defined as

F (ρ̂1, ρ̂2) =
(
Tr{

√√
ρ̂1ρ̂2

√
ρ̂1}

)2

which measure how much two states are similar. It can take values from 0 to 1,
respectively in the cases of orthogonal states and coincident ones.

5.2.2 Two qubit states, separability and entanglement
Up to now, we introduced a quantum system as composed by only a single qubit.

In general, more than one qubit is present in the system. When dealing with N
qubits, the generic wavefunction of a pure state can be written as

|ψ〉 =
2N∑
i=1

ci |i〉 =
2N∑
i=1

ci |i1〉 ⊗ |i2〉 ⊗ · · · ⊗ |iN 〉

in which |i〉 corresponds to the tensor product of the |in〉 state of the n-th
qubit. The state |i〉 lives in a Hilbert space resulting from the tensor product of N
2-dimensional Hilbert spaces.
Lets consider the Hilbert space in the case N = 2, namely in the case of two qubits.
In the computational basis, the most general pure state of is

|ψ〉 = α |00〉+ β |01〉+ γ |10〉+ δ |11〉
where the basis states of the four dimensional Hilbert space H = HA⊗HB, with

HA (HB) the Hilbert space of qubit A (B), are

|00〉 ≡


1
0
0
0

 , |01〉 ≡


0
1
0
0

 |10〉 ≡


0
0
1
0

 |11〉 ≡


0
0
0
1


while it holds |α|2 + |β|2 + |γ|2 + |δ|2 = 1.

In the case in which the generic state of a two qubit system can be written as
a tensor product of two states belonging to the two different Hilbert spaces, i.e.
|ψ〉 = |i〉A ⊗ |j〉B, then the state is called separable. If this is not the case, i.e. if
it is not possible to assign a individual state vectors to the two subsystems, then
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the state is called entangled. The most famous entangled states are the Bell states,
which also act as basis states of a two qubit system

|φ+〉 ≡ |00〉+ |11〉√
2

, |φ−〉 ≡ |00〉 − |11〉√
2

|ψ+〉 ≡ |01〉+ |10〉√
2

, |ψ−〉 ≡ |01〉 − |10〉√
2

.

An entangled state presents quantum correlations, which do not depend on the
basis states used to write the state: an entangled state stays so in the computational
basis, the diagonal and the circular ones, as well as in every other basis representation.
This corresponds to a pure quantum effect, which is not reproducible in the classical
world.
When dealing with observables in two qubit case, the partial trace starts playing a
role. To properly introduce it, suppose we want to compute the mean value of an
observable OA, namely an observable linked to the subsystem A

〈OA〉 = 〈ψ|ÔA ⊗ ÎB|ψ〉 =
∑
mn

∑
ij

c∗mncij 〈mn|ÔA ⊗ ÎB|ij〉 =
∑
mij

c∗mjcij 〈m|ÔA|i〉

where ÎB is the identity operator acting on the subsystem B and where we used
the fact that 〈n|j〉 = δnj . This relation can also be written as

〈OA〉 = Tr(ÔAρ̂A)
where ρ̂A is the reduced density matrix relative to the subsystem A

ρ̂A = TrB(ρ̂) ≡
∑
mij

c∗mj 〈i|m〉

were we defined the partial trace over the system B.
Various criteria have been developed to determine whether a state is entangled or not,
such as the Schmidt decomposition method for pure states or the Peres-Horodeckis
criterion, which applies to mixed states. However, these criteria can not be used as
entanglement quantifiers, but only as entanglement witnesses. One of the most used
entanglement quantifiers for pure states is the concurrence

C(|ψ〉) = | 〈ψ|ψ̃〉 |
where

|ψ̃〉 = (σ̂y ⊗ σ̂y) |ψ〉 .
The operator σ̂y is the spin flip operator, whose expression is

σ̂y =
(

0 −i
i 0

)
.

When the spin flip operator is applied to to a pure product state, it takes the
state of each qubit and transforms it to the orthogonal one. Then, a projection on
the initial state is performed. The concurrence of a product state is then 0. On the
other hand, a completely entangled state is left invariant by the qubit flip, except
for a possible phase factor difference, so that the value of C is 1. For mixed states
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of two qubits, the average concurrence of the ensamble of pure state must be found
by the minimization over all decompositions of the density matrix ρ̂

C(ρ̂) = inf
∑
i

piC(|ψi〉).

It is possible to write an explicit formula of the concurrence

C(ρ̂) = max{0, λ1 − λ2 − λ3 − λ4}

where λ1,2,3,4 are the square roots of the eigenvalues, ordered from the highest
to the lowest, of the operator ˆ̃ρ · ρ̂, with

ˆ̃ρ = (σ̂y ⊗ σ̂y)ρ̂†(σ̂y ⊗ σ̂y).

5.2.3 Tomography
Tomography is the task of reconstructing the state of a quantum system by

performing measurements on it. The basic idea is to "look" at the state from different
points of views, i.e. to perform measurements in different basis states, in order to
join the information and have a global view of the state under investigation.

Single qubit tomography

We will describe here the tomography technique for the single qubit case, and
then we will extend it to multiple qubit case. The density matrix ρ̂ of a qubit can
be represented as a linear combination of the four Pauli matrices

σ̂0 ≡ Î =
(

1 0
0 1

)
, σ̂1 ≡ σ̂x =

(
0 1
1 0

)
σ̂2 ≡ σ̂y =

(
0 −i
i 0

)
, σ̂3 ≡ σ̂z =

(
1 0
0 −1

)
with coefficients {S0, S1, S2, S3} as

ρ̂ = 1
2

3∑
i=0

Siσ̂i.

The parameters Si correspond to the average value of the Pauli operators on the
state to be examined, namely

S0 = P|0〉 + P|1〉, S1 = P|+〉 − P|−〉
S2 = P|R〉 − P|L〉, S3 = P|0〉 − P|1〉

where P|φ〉 is the probability to measure the state |φ〉. The number of measure-
ments needed to compute the four parameters is then 6. For pure states it holds that∑3
i=1 S

2
i = 1, for partially mixed states < 1 and for completely mixed states = 0.

Parameter S0 is 1 for the normalization condition. In the case of the polarization,
the four parameters are called Stokes parameters.
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Multiple qubit tomography

Given a n-qubit state, it can be written in terms of a tensor product of the Pauli
matrices as

ρ̂ = 1
2n

3∑
i1,i2,...,in=0

Si1,i2,...,in σ̂i1 ⊗ σ̂i2 ⊗ · · · σ̂in = 1
2n

4n−1∑
ν=0

SνΓ̂ν

where the term S0 = 1 for the normalization condition. The parameters Sν
correspond to the average values of the tensor product of the Pauli operators on the
state to be examined. Their determination requires 6n measurements.
In the two qubit case, 36 measurements are required to reconstruct the 16 needed
parameters Sν . From the measured concidences counts nν = N 〈ψν |ρ̂|ψν〉 one can
reconstruct the parameters Sν and consequently the density matrix ρ̂ representing
the state.
In both cases of single and multiple qubit tomographies, the density matrix which
is obtained by means of the above described technique usually doesn’t represent
the state of the system. Indeed, in general it will not respect the constraints of
a matrix representing a physical system, such as unitary trace and hermitianicity.
For this reason, a numerical approach is used in order to obtain the real physical
matrix representing the state. It consists in looking for the density matrix which
has the minimum distance with respect to the measured one, under the constraints
of unitary trace and hermitianicity.

5.2.4 Dynamical maps
Consider a system state ρ̂AB composed by two subsystems, living in the joint

Hilbert space HA ⊗HB. The two subsystems are initially not entangled and their
state can be written, without loss of generality, as

ρ̂AB = ρ̂A ⊗ |0〉B B〈0|.

The subsystem B is in a pure state but, if this is not the case, it is always possible
to enlarge the Hilbert space and purify it. The time evolution of the global system
is given by

ρ̂′AB = Û ρ̂ABÛ
† = Û(ρ̂A ⊗ |0〉B B〈0|)Û

†

where the symbol ′ denotes the density matrix at time t. In order to study only
the evolution of the subsystem A, the partial trace over the subsystem B has to be
performed:

ρ̂′A = TrB(ρ̂′AB) = TrB(Û ρ̂ABÛ †) =
∑
k

B〈k|Û |0〉B ρ̂A B〈0|Û
†|k〉B

from which we can define the Kraus operator Êk

Êk ≡ B〈k|Û |0〉B

which is an operator acting on the Hilbert space HA. Since the operator Û is
unitary, the Kraus operator satisfies the following relation∑

k

Ê†kÊk =
∑
k

B〈0|Û
†|k〉B B〈k|Û |0〉B = B〈0|Û

†Û |0〉B = ÎB
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where the completeness relation
∑
k |k〉B B〈k| = ÎB has been used. We can then

write the Kraus representation of the evolution of ρ̂A as

ρ̂′A =
∑
k

Êkρ̂AÊ
†
k

which defines a linear map from linear operators to linear operators

E : ρ̂A → ρ̂′A.

E is known as quantum operator or superoperator and satisfies the following
properties

• E is linear:
E(λρ̂1 + (1− λ)ρ̂2) = λE(ρ̂1) + (1− λ)E(ρ̂2)

• it preserves hermiticity

• it preserves trace

• it is completely positive.

A map EP is said to be positive (P-map) if its action on a given Hilbert space H
preserves the positivity of its eigenvalues. Thus, a positive map transforms physical
states into physical states, and in the process the trace is preserved. If any extension
E ′ = ECP ⊗ Î of the map ECP is also positive, then it is called completely positive map
(CP-map) [160, 161]. Unlike ECP , when EP ⊗ Î acts on an entangled state, it looses
the eigenstates positivity. This difference can be used to distinguish separable states
from entangled ones. A map E is also known as quantum channel and corresponds
to the mathematical representation of an open quantum system, characterized by
a non isolated Hilbert space H which can exchange information, energy or matter
with the surrounding environment.

5.3 Markovian and non-Markovian evolutions
5.3.1 The master equation

The derivation of the coherent evolution of a quantum system is performed by
means of the associated Hamiltionian, describing the evolution of the system over
an infinitesimal time interval. Likewise, it is possible to describe the evolution of a
density operator (not necessarily coherent) by means of a differential equation which
is called master equation (ME). The existence of a differential equation describing
the decoherence of an open system is not obvious. Indeed, such a description exists
only if the evolution of the system is Markovian, that is, local in time. For the
evolution of the density operator ρ̂(t) to be governed by a differential equation in t,
ρ̂(t+ dt) must be completely determined by ρ̂(t).
Consider a system S interacting with a surrounding environment E. The evolution
of an isolated closed system corresponding to the extended system S⊗E is governed
by its Hamiltonian as
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|ψ(t+ dt)〉 = e−iĤdt/~ |ψ(t)〉
and in the density matrix form as

ρ̂(t+ dt) = ρ̂(t)− i

~
[Ĥ, ρ̂(t)]

where dt is an infinitesimal time interval. This relation does not guarantee that
the evolution of S is Markovian, since the information can flow from S to E and
vice versa. In that case it is necessary to know the density matrix ρ̂S at any time,
because ρ̂S(t+ dt) is not completely determined by ρ̂S(t).
The Markovian evolution for the infinitesimal time interval dt of an open quantum
system can be represented by means of the Kraus operator

ρ̂(t+ dt) = Edt(ρ̂(t)) =
∑
k

Êk(dt) ˆρ(t)Ê†k(dt) (5.1)

Edt is a superoperator mapping ρ̂(t) into ρ̂(t + dt) while the operators Êk(dt)
refer to infinitesimal transformation.
By adopting such a Markovian description, we consider that, after each infinitesimal
transformation of the joint state of the system and the environment, the state of the
environment is traced out and replaced by a new state, which is not entangled with
the system. We can write the Kraus operator as

Ê0 = Î + 1
~

(−iĤ + K̂)dt

Êk = L̂k
√
dt

where K̂ is an hermitian operator while L̂k are known as Lindblad operators,
which are related to each other by the Kraus normalization condition[

Î + 1
~

(iĤ + K̂dt)
] [

Î + 1
~

(−iĤ + K̂)dt
]

+
∑
k

L̂†kL̂kdt = Î

which can be simplified as

2
~
K̂dt+

∑
k

L̂†L̂k +O(dt2) = 0

which, by neglecting the second order term in dt, implies

K̂ = −~
2
∑
k

L̂†kL̂k.

By substituting K̂ in (5.1) we obtain

dρ̂

dt
= L(ρ̂) = − i

~

[
Ĥ, ρ̂(t)

]
+
∑
k

(
L̂kρ̂(t)L̂†k −

1
2 L̂
†
kL̂kρ̂(t)− ρ̂(t)L̂†kL̂k

)
where the operator L̂ is called Lindbladian of the evolution. The first term of the

second part of the equation is the usual Schrodinger term which generates unitary
evolutions while other terms describe the possible transitions which can happen
after the interaction with the external environment. This equation is the general
one for a Markovian evolution of quantum states.



114 5. Open Quantum System dynamics

5.3.2 Non-Markovian evolutions

When dealing with the dynamics of an open quantum system, it can happen that
the flow of information, energy and mass can happen in both senses, from system to
environment but also in the opposite direction. This can result in a non-Markovian
evolution of the system. For any open quantum system, non-Markovian fluctuation
are unavoidable and an exact Markovian description of the system is impossible.
The definition of non-Markovianity requires the introduction of the concept of P
and C divisible maps [162]. Let’s consider the evolution of an open quantum system
ρ̂ through the map E(t, t0)

ρ̂(t) = E(t, t0)[ρ̂(t0)] =
∑
k

(t, t0)Êk(t, t0)ρ̂(t0)Ê†k(t, t0)

where the Kraus operators create a family of dynamical maps {E(t, t0)|t0 ≤ t}.
The dynamical map E(t, t0) must satisfy the properties of trace preservation, linearity
and complete positivity (CP map) and the semi-group property of the family can be
written as

E(t2, t0) = E(t2, t1) · E(t1, t0) for t ≥ t2 ≥ t1 ≥ t0. (5.2)

A family of dynamical maps E(t2, t0) is called P-divisible if, for all t2 ≥ t1 ≥ t0
there exist a P-map E(t2, t1) such that (5.2) holds. Moreover, if E(t2, t1) is a CP-map
then it is named CP-divisible. If a dynamical map E(t2, t0) describing the evolution of
an open quantum system is not CP-divisible it is defined as non-Markovian, otherwise
it is defined as Markovian [163]. The impossibility to separate the evolution in
two or more parts, namely the fact that the dynamical map is not CP-divisible,
can be interpreted in terms of memory effects: if the final state of the system only
depends on its present state, then the map can be decomposed and the evolution
is Markovian. On the contrary, if the final state depends on its history then the
dynamical map can not be decomposed and the evolution is non-Markovian [164].

5.3.3 Measurements of non-Markovianity

In the quantum scenario, three different approaches are usually used to quantify
the degree of non-Markovianity of a process [165, 166]. The first one consists of the
measurement of information back-flow from the environment, acting in this case as
a reservoir of information, towards the system [167, 168, 169]. Indeed, in the OQS
framework, a communication link between Hs and He, being them part of the total
system-environment state ρ̂s,e ∈ H, is established. In this condition, the strength
of the information flow between the system and the environment as a consequence
of their interaction can be used to evaluate the level of non-Markovianity of the
process. The second approach focuses on the divisibility of the process in Completely
Positive (CP) maps, defining the evolution as non-Markovian if the decomposition
can not be performed, at some time of the evolution [165, 170]. In cases were such
CP divisibility holds, a master equations can be defined [171]. In this work we
used the third method, focused on the study of the behaviour of the entanglement
between the system and an isolated ancilla. This method is strictly related to the
two approaches mentioned above. In order to clarify it, we refer to the next section
and to [165, 172].
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5.4 Theoretical Model
The theoretical model used to study the evolution of an open quantum system

is based on the fact that the environment can be represented by an ensemble of
independent Hilbert spaces He = He1 ⊗ ... ⊗ Hek , and that the system space Hs
interacts sequentially with each of them at discrete times. Such kind of framework
defines the so called collisional model (CM) [173, 174, 175, 176, 177], which is an
extremely powerful tool in the approximation of continuous-time quantum dynam-
ics through discrete sequential interactions and in the analysis of non-Markovian
dynamics of OQSs [178, 179, 180, 181, 182, 183]. Linear optics platforms have
been thoroughly exploited for the implementation of CMs [184, 185]. A simple and
effective implementation has been proposed, for instance, in [186]. There, the spatial
modes of an initial photon state ρ̂s(t0) ∈ Hs collide sequentially with the modes of
an environment ensemble. The environment can be considered as a double space
one, i.e. He = He1 ⊗He2 , with the subspace e2 always prepared in a certain generic
state ρ̂e2 ∈ He2 at any step of the process. The interaction between the Hilbert
spaces Hs and He1 then controls the evolution of ρ̂s(tk). The memory effects are
tuned by the inter-environment collisions between He1 and He2 , which also produces
an effective evolution in ρ̂e1(tk) ∈ He1 .

Figure 5.1. Linear optics scheme for the CM: each step k starts with the s− e1 collision
in BS1 (in blue) and it ends with the e1 − e2 interaction in BS2 (in green). The phase
factor θk mediates the collision of the step (k+1) by optical interference.

The optical implementation of the CM reported in [186] is realized by means of
a sequence of Mach-Zehnder interferometers (MZIs), as shown in Fig. 5.1. There,
the continuous trajectories are associated to ρ̂s, while the segmented ones to ρ̂e1 and
the the dotted ones to ρ̂e2 . At the k-th step of the evolution, ρ̂s(tk−1) interferes with
ρ̂e1(tk−1) in the BS1, while the inter-environment collision between ρ̂e1 and ρ̂e2 occurs
in BS2, featured by a variable reflectivity R2 ∈ [0, 1] to control the environment
memory.
In our proposal (shown in Fig. 5.2 a), we consider that all BS2 have reflectivity
R2 = 1, such that they can be replaced with perfectly reflective mirrors M. In
Fig. 5.2, the continuous red trajectories correspond to the system modes (s-modes),
while the segmented black ones correspond to the first environment subspace (e1-
mode), as in Fig. 5.1. In this implementation, the interaction between the first
environment subspace e1 and the second one is performed by means of an absorption
interaction and, consequently, it has not defined path (not present in Fig. 5.2). The
absorption is realized through the action of a polarization independent neutral filter



116 5. Open Quantum System dynamics

Fk placed along the e1-mode. The super-operator representing the process, which
acts on both system and environment, E(tk, tk−1) is composed by a quarter wave
plate (QWP) acting on the s-mode and a half wave plate (HWP) on the e1-mode,
both at fixed rotation angle φ = 0, as shown in Fig. 5.2 b). The actual degree
of Markovianity is controlled by the environment memory, which is tuned by the
transmissivity factor Tk ∈ [0, 1] of Fk. The filter links the e1 modes to the vacuum
states stored by ρ̂e2 = |0〉 〈0|, thus effectively mimicking the interaction with the
dotted-lines of Fig. 5.1. The phase factor θk, tuned by means of rotating glass
plates, mediates the collision mechanism by controlling the optical interference. By
considering this implementation, a purely Markovian dynamics corresponds to the
minimum information backflow from He1 to Hs. This condition is achieved when the
maximum loss of information from He1 to He2 is reached, corresponding to Tk = 0.
Non-Markovian dynamics instead can arise whenever Tk 6= 0.

Figure 5.2. Proposed optical scheme, alternative to the one of Fig. 5.1: a) when R2 = 1
each BS2 can be replaced by a perfectly reflecting mirror M. The system-environment
collision occurs whenever ρ̂s(tk−1) interferes with ρ̂e1(tk−1). The interaction process
is represented by the green box associated to E(tk, tk−1). b) A zoom over the generic
k-th step. The green boxes include a BS, a QWP and a rotating glass plate inserting a
phase factor θk in the s-mode, a HWP and a filter Fk in the e1-mode. The environment
memory is controlled by the transmission coefficient Tk of Fk, while θk mediates the
collision of the step (k+1) as in the original CM. Two-qubit polarization tomographies
can be performed between a-s modes or a-e1-modes [187] by registering the photon
coincidences between two avalanche photo-detectors (APDs) after a series of polarization
projections through a polarizing beam splitter (PBS).

Suppose that the s-mode is initially maximally entangled with an external
ancillary system (a-mode) such that the joint state can be written as |Ψ±a,s〉 =

1√
2 (|H〉a |V 〉s ± |V 〉a |H〉s), where |H〉 (|V 〉) represents the horizontal (vertical)

polarization of the photon. Both the environmental modes are initialized in a
vacuum Fock state |0〉, such that the complete initial state of both the system and
the environment corresponds to ρ̂a,s,e1,e2(t0) = |Ψ±〉 〈Ψ±|, with

|Ψ±〉 = 1√
2

(â†a,H â
†
s,V ± â

†
a,V â

†
s,H) |0〉a,s,e1,e2

≡ 1√
2

(|1h〉a |1v〉s ± |1v〉a |1h〉s)⊗ |0〉e1 ⊗ |0〉e2

where â†x is the photon creation operator associated with the x-mode. Note
that the probability to loose the s-photon during the propagation, for instance after
its interaction with the e2-mode, is in general 6= 0. For this reason, our scheme
actually describes the evolution of a qutrit system, with canonical basis given by the
states |1h〉s, |1v〉s and |0〉s, where the information is only stored in the bidimensional
subspace associated with one-photon states. In our scenario the system-environment
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interactions are controlled by a series of operations, such as the BS one, acting on
both the system and the e1 spaces as

B̂Ss,e1 ·
[
|1〉s ⊗ |0〉e1

]
−→ ir |1〉s ⊗ |0〉e1 +

√
1− r2 |0〉s ⊗ |1〉e1 ,

B̂Ss,e1 ·
[
|0〉s ⊗ |1〉e1

]
−→ ir |0〉s ⊗ |1〉e1 +

√
1− r2 |1〉s ⊗ |0〉e1 ,

B̂Ss,e1 ·
[
|0〉s ⊗ |0〉e1

]
−→ |0〉s ⊗ |0〉e1 ,

where we defined |1〉 ≡ (α |1h〉+ β |1v〉) /
√
|α|2 + |β|2 and r =

√
R as the reflec-

tivity factor of the BS.
The wave plates act according to

ˆHWP s,e1 = Îs ⊗ σ̂ze1 and ˆQWP s,e1 = σ̂z/2s ⊗ Îe1 ,

with σ̂z = |1h〉 〈1h| − |1v〉 〈1v|+ |0〉 〈0|, σ̂z/2 = |1h〉 〈1h|+ i |1v〉 〈1v|+ |0〉 〈0| and
Î = |1h〉 〈1h|+ |1v〉 〈1v|+ |0〉 〈0|.

The absorption operation applied by the filter F links the environment space of
the remaining light (He1) with the space of the absorbed light (He2) according to

F̂e1,e2 ·
[
|1〉e1 ⊗ |0〉e2

]
−→

√
T |1〉e1 ⊗ |0〉e2 +

√
1− T |0〉e1 ⊗ |1〉e2 ,

F̂e1,e2 ·
[
|0〉e1 ⊗ |1〉e2

]
−→ |0〉e1 ⊗ |1〉e2 ,

F̂e1,e2 ·
[
|0〉e1 ⊗ |0〉e2

]
−→ |0〉e1 ⊗ |0〉e2 .

The action of Fk generates the effective inter-environment collisions that reset
the e1-mode to the vacuum state depending on the absorption factor 1− T . Finally,
the phase control acts as

θ̂s,e1 = |0〉s 〈0|s ⊗ |0〉e1 〈0|e1 + |0〉s 〈0|s ⊗ |1〉e1 〈1|e1 + eiθ |1〉s 〈1|s ⊗ |0〉e1 〈0|e1 .

By considering all the previous relations, we can write the expression of the
super-operator as

E(tk, tk−1) = Îs ⊗ F̂e1,e2 ·
((
θ̂s,e1 · ˆHWP s,e1 · ˆQWP s,e1 · B̂Ss,e1

)
⊗ Îe2

)
.

Consequently, according to our CM, represented in Fig. 5.2, the input state
ρ̂a,s,e1,e2(t0) evolves as

ρ̂a,s,e1,e2(t1, t0) =
(
Îa ⊗ E(t1, t0)

)
· ρ̂a,s,e1,e2(t0) ·

(
Îa ⊗ E(t1, t0)

)†
,

at the first step of the evolution. Subsequent steps can be performed by ap-
plying the same superoperator E(tk, tk−1) or by changing it. At the end of the
evolution, one can extract the system and measure the ancilla-system state by per-
forming the trace over the environmental spaces ρ̂a,s(tk) = Tre1,e2 [ρ̂a,s,e1,e2(tk)]
or the ancilla-environment state by tracing out the system degree of freedom
ρ̂a,e1(tk) = Trs,e2 [ρ̂a,s,e1,e2(tk)]. The measurements are performed by recording
the coincidences needed to reconstruct the density matrix of the subsystems we are
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focusing on after the action of the kth single step process.
A characterization of the non-Markovianity of the process can be obtained by study-
ing the evolution of the concurrence Ca,s between the ancilla a and the system s at
varying of the steps of the evolution. From the results of [165, 188] we know that
when the relation Ca,s(tk) > Ca,s(tk−1) holds for some k > 1, a back-flow of infor-
mation from e1 to s has occurred, resulting in a clear indication of a non-Markovian
character of the system dynamics. On the contrary a null increase of Ca,s(tk) cannot
be used as an indication of Markovianity. The magnitude of all information backflows
between two steps of the evolution witnesses the degree of non-Markovianity, which
can be estimated by considering the integral of the concurrence variation [189, 190],
over the time intervals in which it increases, i.e. the quantity

N =
∫
Ċa,s>0

Ċa,s(t)dt. (5.3)

As already mentioned, our system s is intrinsically 3-dimensional. For this reason,
the Ca,s appearing in Eq. (5.3) should be the qutrits concurrence [190] instead of the
standard qubit one [189]. However, for the sake of simplicity, in the experimental
implementation which we present in the following sections, we shall restrict the
analysis only to the entanglement between the single-photon sectors of s and a, by
property post-selecting our data. Accordingly, our measurements do not complete
capture the full non-Markovian character implicit in Eq. (5.3).

5.5 Experimental Implementation
The experimental implementation of the CM is based on two concatenated bulk

optics squared Sagnac interferometers (SIs) as depicted in Fig. 5.3. The two SI
are initially prepared in a collinear configuration. By displacing the mirror M in
SI1, the collinear scheme is transformed in a displaced multipass one that replicates
the CM of Fig. 5.2. The displaced Sagnac geometry is exactly the same as the one
presented in the previous chapters for the realization of the all optical QW. In fact,
the QW scheme is based on the one of the CM, which has been realized before the
QW, modified by the introduction of the two vertical BDs. In the present realization
of the collisional model, we exploit a geometry endowed with high intrinsic phase
stability, where different BSs (present in the scheme of Fig. 5.1) are realized by
means of different transversal points on a single BS. In the setup, odd steps circulate
in SI1, while even ones circulate in SI2. The Sagnac configuration is equivalent to the
model presented in Fig. 5.2, since we can associate the s-modes and the e1-modes
respectively with the clockwise and counter-clockwise trajectories inside each SI. For
the sake of simplicity, from now on we will use the label "e-environment" only for
the non absorbed space of the environment, because its complementary part cannot
be accessed in our configuration.

The relative phase factors θk are realized by inserting a fixed glass plate along
all the e-modes inside each SI and different glass plates in every s-mode which are
tilted independently (see Fig. 5.3). The presence of FG is mandatory to compensate
for the difference in optical path due to the insertion of the TGs, which is greater
than the coherence time of the photons. A slight tilt of TG changes the phase of the
s-mode with respect to the e-mode through the insertion of a difference in optical
paths which is much less than the coherence time of the photon.
The transmissivity factors Tk = Tek

Tsk
are implemented by means of a single neutral

density filter Fe with transmissivity Te for each Sagnac interferometer, intersecting
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Figure 5.3. a) Scheme of the concatenated multipass SI configuration. The s-modes
and e-modes circulate in the clockwise and counter-clockwise trajectories inside each
SI, respectively. b) Complete setup for the collisional model in a 3D view. Different
colors of the beams correspond to different steps of the evolution. Here, the blue beams
correspond to the first step, red beams to second step, the green ones to the third step
and yellow ones to the fourth step. One can extract ρ̂a,s(tk) or ρ̂a,e(tk) by selecting the
trajectories direction, the odd or even steps by choosing the SI, and the step number by
using the external moving mirrors (MM) with translational stages. A single filter Fs and
a single filter Fe for all odd and even steps are used such that the evolution is the same
at each step k. The phase factor θk is tuned by tilting glass plate (TG) with respect to
the fixed glass (FG) placed along the environmental modes. Any output qubit can be
measured in the tomography stage together with the external ancillary qubit.

all the e-modes, while another filter Fs with transmissivity Ts intersects all the
s-modes for time-compensation between both optical paths, as in the glass plates case.
Both filters introduce only a controlled absorption, that represents an intrinsic degree
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of Markovianity. The s-e absorptions can be mapped by the relative absorption
factor Tk. In the same fashion, a single QWP intersects all s-modes of each SI, while
a single HWP intersects all the e-modes, such that the evolution is the same at each
step of the evolution. Since s- and e-modes contain the same kind of optical elements,
the trajectories are temporally compensated with an uncertainty of < 30µm per
step. The superposition of the 2k trajectories at step k is collected by a single-mode
optical fiber (SMF) after the tomography stage of s-e modes. Analogously, another
SMF collects the external a-mode. In the present work, we focused our attention on
the case in which all the steps are identical, meaning that a unique filtering factor
Tk =F and phase factor θk = θ are used. Such a regime can be described by

E(tk, t0) = (E(t1, t0))k

which corresponds to the case of a stroboscopic evolution (SE) [186].

Figure 5.4. Simulated non-Markovian SE of an ideal Bell input state |Ψ±〉 and ideal optical
elements. In these simulations, all the steps are prepared with environment memory
parameter T= 1 (full non-Markovian regime) and phase difference θ. a) Concurrence
for system-ancilla state ρ̂a,s(tk). b) Concurrence for environment-ancilla state ρ̂a,e(tk).

The entangled state ρ̂a,s(t0) = |Ψ±a,s〉 〈Ψ±a,s| is prepared by means of the entangled
photon source described in sec. 2.5.1. One of the two photons generated through
the SPDC process is injected in the s-mode of the setup, while the other travels
along the external a-mode. Finally, the post-selected state associated to the single-
photon sectors of the density matrices ρ̂a,s(tk) or ρ̂a,e(tk) is recontructed by means of
bipartite hyper-complete tomographies between their associated modes (see Fig. 5.2
b).

In Fig. 5.4 we report the simulated behaviour of the possible non-Markovian
dynamics under the SE with maximum environment memory (T= 1) and variable
phase factors θ. Simulations were performed by considering ideal Bell input state
|Ψ±〉 as well as ideal optical elements, e.g. symmetric BS and no-losses elements.
They are useful in the understanding and identification of the flows and back-flows
of information, which can be used to engineer s-e couplings and its permeability or
temporally localized communications for noise avoidance. Besides the s-e collision,
the e-mode also suffers inter-environment collisions with the absorption space of the
environment, mediated by the absorptive filters. Thus, there is a complex information
exchange where it is difficult to identify particular correlations exclusively between
both a-s and a-e concurrence behaviours.
In Fig. 5.5 we report a comparison between three different SEs considering ideal
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Figure 5.5. Simulated non-Markovian SE for the experimental input state |Ψ±〉exp in
the case of ideal optical elements and θ = π/4. The area of the grey shaded regions
correspond to the integral contributions in the quantifier N . For finite number of steps,
the entanglement revival is lower at lower values of T .

optical elements, the actual experimental input state |Ψ〉exp, a phase factor θ = π/2
and different degrees of memory T. In the case T= 1 it results a fast entanglement
fluctuation with a clear non-Markovian degree, quantified by N = 0.475 up to the
sixth step. In the case T= 1/4 one obtains a slower entanglement revival, associated
with N = 0.185, while in the case T= 1/16, it emerges an even slower fluctuation and
a value N = 0.005 (all values of N reported here are computed on the post-selected
single-photon sectors).

5.6 Experimental Results
The experimental test was restricted to the case of a SE with θ = 0, corresponding

to the light-blue lines of Fig. 5.4 a) and Fig. 5.4 b), but considering real optical
elements. Before sending the system photon in the setup for the evolution, a two qubit
tomography of the s-a state has been performed, whose results are reported in Fig. 5.6.
The prepared entangled state Ωa,s showed a purity of 0.956±0.001 and a concurrence
C = 0.954± 0.001, denoting a very good but not perfect realization of a maximally
entangled state. Indeed, the measured fidelity was F = | 〈Ψ±a,s|Ωa,s |Ψ±a,s〉 | =
0.9712± 0.0004.

We then simulated data considering the imperfect realization of the entan-
gled state, described with a Werner input mixed state [191, 192, 193] Ωa,s =
4F−1

3 |Ψ±a,s〉 〈Ψ±a,s|+ 1−F
3 Îa ⊗ Îs.

In order to study the concurrence behavior, two qubit tomographies had to be
performed between a and s modes at each step of the evolution. This has been done
by selectively extracting the system modes at each step of the evolution and sending
them to the tomography stage, measuring coincidences with the ancilla photons. In
Fig. 5.7 we present the concurrence trend of the single-photon sectors expressed in the
post-selected density matrices ρ̂a,s(tk) and ρ̂a,e(tk) during the SE. These states are
reconstructed by normalizing the remaining non absorbed coincident photons, and by
consequence the associated concurrence values become invariant under losses. Both
dynamics behave according to the simulation for the Werner-like input state Ωa,s.



122 5. Open Quantum System dynamics

Figure 5.6. Left: real part of the density matrix of the state Ωa,sat the 0-th step. Right:
imaginary part of the same density matrix.

Figure 5.7. Non-Markovian dynamics with maximum memory (T= 1). a) Concurrence of
ρ̂a,s(tk). b) Concurrence of ρ̂a,e(tk). All error bars were calculated from the propagation
of 100 Monte-Carlo simulations with Poisson statistics, while theoretical data were
simulated by considering the actual optical elements of the interferometric setup and
the real measured state Ωa,s.

In the case of complete environment memory, i.e. T= 1 of Fig. 5.7 a) we obtained
the highest possible non-Markovianity, where the large concurrence fluctuations
give us N = 0.3232 ± 0.0001. As expected from Fig. 5.8, in a reduced memory
condition, in this case T= 0.209, we obtained reduced concurrence revivals and a
non-Markovianity value of N = 0.1442± 0.0001, while in the complete memoryless
case T= 0 we confirmed the lowest possible non-Markovianity by obtaining a near to
zero value on N = 0.0044±0.0001. For our particular CM, these results confirm that
entanglement revivals are strictly connected to the environment memory. Indeed,
they show with high precision that decreasing values on T correspond to reduced
information back-flows to the s-mode from the e-mode. The slight deviation from
the expected theoretical simulations originates from the not perfect superposition of
all possible photon trajectories. Even so, this error is strongly minimized by the use
of SMFs as final spatial filters.
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Experimental Data at T=0.209

Theoretical Data at T=0.209
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Figure 5.8. Evolution of Polarization Entanglement with reduced memory (T= 0 and
T= 0.209). Concurrence of the single-photon sectors, post-select density matrix ρ̂a,s(tk).
All error bars were calculated from the propagation of 100 Monte-Carlo simulations
with Poisson statistics, while theoretical data were simulated by considering the actual
optical elements of the interferometric setup.

5.7 Conclusions
In this chapter we presented a linear optics setup able to simulate several

open quantum systems dynamics, based on a novel interferometric structure that
guarantees high phase stability and a multipass evolution in a compact setup, making
it possible to study the dynamics up to 6 steps at least. The dynamics studied
here represents the very first implementation of the so-called collisional model for
open quantum systems [186], and our results correspond to a particular case of
it. The ability of the setup in simulating a wide variety of stroboscopic evolutions,
from strictly Markovian all the way up to strongly non-Markovian dynamics, where
quantum memory effects show their contribution, is extremely useful in the study
of such dynamics. With the present setup, we can experimentally track the role
of system-environment and intra-environment interactions in the arising of non-
Markovian features and characterize the transition between the two regimes. Because
of the fact that the field of quantum technologies spreads, more and more attention
has being addressed to the study of non-Markovian dynamics. It can, in principle,
be used for efficient information processing [194, 195, 196, 197, 198], as well as for
engineering novel interesting quantum states [199, 200, 201]. In this perspective, the
present setup can be of great interest, thanks to its stability, modular nature and
direct access to both system and environmental degrees of freedom.
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Chapter 6

Conclusions

This thesis work mainly dealt with the experimental study of the evolution of
quantum particles subjected to a 1D QW dynamics. The approach that has been
used throughout the study consisted of the introduction of a particular kind of
disorder, named p-diluted, on top of a pre-existing one, characterizing the QW
network. Aim of the study was to investigate the behaviour of (more than) one
quantum walker subjected to move in a discretized space, subjected to random noise.
The principal effects which have been theoretically predicted and experimentally
confirmed, directly arising from the presence of disorder, were: superdiffusion, when
an ordered quantum walk is perturbed with the p-diluted disorder; subdiffusion,
when the same disordering technique is applied to a starting statically disordered
QW; anomalous diffusion, in both meanings of super- and subdiffusion, of the infor-
mation flow through the network; enhancement of quantum bosonic correlation due
to the presence of some particular disorder configuration.
In the first case, we have reported on the experimental investigation of the superdif-
fusion process, intermediate between the quantum and classical transport regimes,
arising from the introduction of space and time uncorrelated disorder. We studied
both cases of single and two indistinguishable photon travelling the line. In the
first case, simulated results have shown an unmistakable superdiffusive behaviour
and, for all the disorder values under investigation, superdiffusion has been experi-
mentally obtained, despite the relatively low number of steps, i.e. 7 for the single
photon evolution and 5 for the two walker case, experimentally reproducible. This is
confirmed by the values of the diffusion coefficient β, resulted to be between 1 and 2
for all values of disorder strength.
By means of the very same technique, used to perturb an initial statically disordered
QW, the subdiffusive regime has been explored. By analyzing our data regarding
the spatial and temporal features of the evolution, we have been able to map the
landscape of characteristic properties of subdiffusion, complementing the findings
regarding superdiffusion. The very good agreement between the measured data and
the theoretical predictions for both the quantities under study, namely the shape of
the position distribution and the change of the variance in time, clearly demonstrates
that the evolution of the coherent walker is featured by a subdiffusive spread.
The presented experimental results are the first ones confirming the anomalous
diffusion properties of the movement of a particle along a discretized line, when
it is subjected to completely uncorrelated disorder. Moreover, these findings have
been obtained in a completely different way with respect to other earlier studies, in
which disorder usually presented some kind of correlation, being it present in time or
space degree of freedom. Both studies about superdiffusion and subdiffusion pursued
the ultimate goal of implementing a universal quantum simulator. Exceeding our
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proof-of-concept realization reported here, our results provide a promising starting
point for future studies as well. For instance, a relevant achievement could be the
mapping between a simple model, as the QW is, with real systems undergoing the
presence of noise.
As a natural prosecution of these studies, we focused on the two walker evolution,
considering the correlation between them as the relevant point of interest. The
presented numerical and experimental analysis demonstrates that non-classicality
based on indistinguishability disperds through the lattice and rapidly decays in an
ordered evolution. This behaviour can be challenged by inserting suitable inhomo-
geneity patterns in the system, which allow to partially retrieve the initial amount
of quantum correlations, after a minimum evolution time. This local (and global)
enhancement of non-classicality can be tuned in position and intensity by changing
the disorder configuration; this corresponds to having an adaptive network whose
parameters evaluation determines the focusing of non-classical resources in a selected
position, or rather the homogeneous distribution of them. In particular, since the
amount of violation is connected to the presence of a NOON state, this method could
be useful in Quantum Metrology issues. A step forward in such study could be the
possibility to apply similar enhancement procedure to systems with N > 2 photons
or not; that could result in a benchmarking outcome in the context of Quantum
Resource Theories.
Finally, in tight connection with this study, we established a link between the
two branches of QW and QI, by analyzing the spread of the information about a
parameter encoded in the QW dynamics, when some noise is present during the
evolution of the walker. This goal can be achieved by applying quantum metrology
techniques to the QW process; in particular, QFI has been used to derive the amount
of extractable information concerning the unknown phase acquired by a quantum
walker at each step plus random fluctuation in the QW itself. By following the very
same path explored in the anomalous diffusion study, we focused on coherent static
and dynamic disorder in the QW to describe the transport pattern of information
about the unknown parameter φ. Surprisingly, we found that the very same disorder
regimes leading to anomalous spread of the walker, also lead to the same behaviour
for the QFI evolution. Such a study intimately links QW dynamics with quantum
metrology theory, exploiting the usefulness of quantities as QFI in the analysis
of QW dynamics. The presented results could pave the way for the integration
between two main branches of quantum information theory which, as far as we know,
up to now basically remain independent from each other. Moreover, due to the
increasing interest in studying the spread of information in complex networks, this
study represents a basis to deepen such investigations, for instance by enlarging the
space over which the walker can move, as well as the number of walkers.
In conclusion, the results obtained during this thesis work can be useful in future
investigations, as a starting point for a more deep study about anomalous diffusion
and its control as well as about the connection between the QW and QI, which will
be more and more relevant with the increasing fields of application of Quantum
Mechanics.
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