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ABSTRACT: Beta regression is the standard approach to model a limited dependent
variable with range in the unit interval. The model requires two systems of equations,
for the mean and the precision parameter, that can be based on the same set of co-
variates. Nevertheless, the simple linear model for the precision parameter could not
be good enough to capture all the heterogeneity in the data. We extend the approach
of cluster weighted linear and generalized linear models to beta regression in order to
obtain a more flexible model.
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1 Introduction

The analysis of the effect of a set of covariates on the conditional expectation
of variables assuming values in the open unit interval (0, 1) is a common issue
in quantitative research, as limited dependent variables arise in several cases,
such as when we look at relative frequencies of an event, (eg proportion of
votes gained by a candidate at an election), fractions of a continuous variable
(eg the amount of GDP due to a particular economic sector), performance rat-
ings (eg student performances), or limited-valued indeces (eg the Gini index).
Various alternative methods for limited value responses have been proposed
(see e.g. Papke & Wooldridge, 1996 and Kieschnick & McCullough, 2003),
and a naive solution is to transform the dependent variable using an appropri-
ate probit link and then model the transformed response using linear regression
(Demsetz & Lehn, 1985). This approach however does not allow for straight-
forward interpretation of the parameter estimates, and typical OLS regression
assumptions are often not met by the transformed data.

A viable alternative is to use a regression model based on the assump-
tion that the response variable follows a conditional Beta distribution Y | x ~
B(p,q). For modeling purposes, Ferrari & Cribari-Neto, 2004 have proposed



an alternative parameterization:
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where E(Y) = u= £, Var(Y) = ”(11;;') and ¢ = p + q represents a previ-
sion parameter. The variance of a Beta r.v. is a scaled version of the bino-
mial variance and the precision parameter offers flexibility allowing the Beta
distribution to assume different shapes. Model parameter estimates can be
obtained using a maximum likelihood (ML) approach (see Ferrari & Cribari-
Neto, 2004; Cribari-Neto & Zeileis, 2010). A further parameterization, which
can be useful especially in the context we are interested in, has been proposed
by Chen, 1999, see also Bagnato & Punzo, 2013.

The aim of this paper is to extend homogeneous beta regression models in
the cluster weighted modeling context introduced by Gershenfeld, 1997 and
suggest a methodology to capture individual specific unobserved heterogene-
ity. In this sense, it extends the cluster-weighted GLM framework described
by Ingrassia et al., 2015 and Punzo & Ingrassia, 2016.

The structure of the manuscript is as follows. In the next Section the pro-
posed model will be introduced and the EM algorithm for ML estimation of
the model parameters will be sketched. In Section 3 the model will be applied
to a real dataset. Some conclusions will be drawn in Section 4.

2 The model

Let (¥,X) be a set of random variables (a random response variable Y and a
random covariates vector X) with joint density f(y,x), and let us assume that
corresponding population can be partitioned into K subpopulations, which in
the present context will be referred to as components. Let T, (x;) be the prior
probability that unit i belongs to component k = 1,...,K, and the component
indicator z; = 1 if unit i belongs to subset k. The usual assumption is that
T (x;) = 7 Vk (assignment independence).

A more flexible family of mixture models can be obtained releasing the
assumption of assignment independence. This approach has been introduced
by Gershenfeld, 1997 and is known as cluster-weighted models (CWM), i.e.:
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Here, f(y; | Xi,zit = 1) is the density of the response variable conditional on the
set of covariates and the component the unit belongs to, while g(x; | zix = 1) is
the distribution of the covariates in the specific componentk =1,... K.

Cluster weighted regression models constitute a flexible family of models
to fit the joint density of a set of covariates and a response variable coming
from a heterogeneous population, see Ingrassia et al., 2015 and Punzo & In-
grassia, 2016 for cluster-weighted generalized linear models. When the covari-
ates are continuous, it is customary to adopt a multivariate Gaussian density
in each component, that is X | zx = 1 ~ MV N(v, X ), while for the response
a component-specific eta distribution holds Y | X,z = 1 ~ B(u,0x). The lo-
cation and the dispersion parameter can be linked to the linear predictors as
follows:
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The link functions 4;(-) and h,(-) for the expected values and the disper-
sion parameter of the conditional distribution of the response are monotonic
and twice differentiable. Suitable candidates for 4 (-) are logit, probit or com-
plementary log-log while for A,(-) the log or the square root function are usu-
ally employed.

The observed data likelihood function for the proposed model is defined
by
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where 0, = (Bx, k) is the vector of regression parameters, 0y = (Vg,X¢), k =
1,...,K, represents the set of parameters for the conditional covariates distri-
bution and y = (0y,...,0k,®,...,0k) denotes the global set of parameters.
Let /.(y) denote the loglikelihood function for the complete data (y,X,z);
for fixed K at each iteration, the E step of the EM algorithm is based on the
expected value of the loglikelihood function for complete data, based on the
observed data and the current parameters estimates, referred to as Q(y | ¢").
In the M step of the algorithm, this function is maximized with respect to y.
The general scheme of the algorithm is given below:

E-step Q(\V | \Vr) = E\v(r),n(') (éc(w | va))
M-step maximize Q(y | y*) w.r.t. (¥, T) conditional on the weights ob-
tained at the E-step
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In the E-step the z;; will be replaced by their conditional expectation wy i =
.,nk=1,...,K. ML equations for the parameters of the Beta model and
the Gaussian density are given by the following expressions
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Both expressions are weighted score equations with weights given by the
posterior probabilities wj, that unit i belongs to component & which is common
to both the response (conditional) and the covariate distribution.

This leads to standard results for the estimates of parameters v; and Xy in
the Gaussian density:
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while the prior probability estimates can be obtained by solving the following
constrained ML problem:
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leading to fty = Y7 ; wix/n which is a well known result in finite mixtures.

3 Illustrative example

To give a flavor of the proposed model, acceptance rates in American col-
leges have been chosen as response variable using instate tuition fees and stu-
dent/faculty ratio as covariates. The dataset comes from the 1995 U.S. News &
World Report’s Guide to America’s Best Colleges (http://lib.stat.cmu.edu/datasets/colleges/).
Out of 1300 colleges, only those records with complete responses and covari-
ates were retained. A binary variable on the legal nature of the institution
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Table 1. MLE for cluster weighted Beta regression model with K=5 compo-
nents.(location model and precision model)

Location Model Precision Model
Group Intercept X1 X2 | Intercept X1 X2
1 0.4944  0.0001 ns. | -1.8959 0.0005 n.s.
2 0.8280 n.s. n.s. 3.5407 -0.0001 -0.0557
3 n.s. ns. 0.1212 n.s. n.s. n.s.
4 0.9844 n.s. n.s ns. 0.0003 n.s
5 n.s -0.0001 0.1031 n.s n.s n.s

(private/public) and units identification did not contribute to the analysis but
gave support in the interpretation. The EM algorithm has been run by m = 50
different starting values for each value of K = 1,...,10. For each value of X,
the model with the best likelihood has been retained and the BIC Schwarz,
1978 was used to determine the optimal number of components, resulting in
the choice of K = 5. In table 1 the parameter estimates for the location and
dispersion models are reported.

“Instate tuition” (X1) affects the response only in components 1 and 5
while X2 (“student/faculty ratio”) has some role in components 3 and 5. Com-
ponent 1 and 5 mainly include private schools with component 5 associated to
very expensive institutions. This last component shows a negative coefficient,
probably due to a self selection of the applicants. This is not the case for com-
ponent 1, where increasing fees correspond to higher acceptance rates. The
effect of variable X2 results significant only in components 3 and 5. This vari-
able can considered the structural capacity of the institution to enroll students.
A comparison with the standard finite mixture of Beta regressions, see Ferrari
& Cribari-Neto, 2004, via the bet areg package, Griin ef al., 2012, will also
be discussed.

4 Conclusions

We have proposed a cluster weighted beta regression approach modeling both
the location and the precision parameter for a response with a conditional beta
distribution and a multivariate Gaussian set of observed covariates. Our pro-
posal embeds the finite-mixture of Beta regressions as a particular case, when
the distribution of the observed covariates does not depend on the component
membership indicator.
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