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Sharp LP estimates for Schrodinger groups
on spaces of homogeneous type

The Anh Bui, Piero D’Ancona and Fabio Nicola

Abstract. We prove an L? estimate

e (D fllp S L+ )Wl R a=n|5 ==

for the Schrédinger group generated by a semibounded, self-adjoint oper-
ator L on a metric measure space X of homogeneous type (where n is the
doubling dimension of X). The assumptions on L are a mild LP° — LP0
smoothing estimate and a mild L? — L? off-diagonal estimate for the cor-
responding heat kernel e **. The estimate is uniform for ¢ varying in
bounded sets of . (R), or more generally of a suitable weighted Sobolev
space.

We also prove, under slightly stronger assumptions on L, that the
estimate extends to

le™ " OL) fllp < A+ 6 ) | fllp, 6>0, teR,

with uniformity also for § varying in bounded subsets of (0,+o00). For
nonnegative operators uniformity holds for all 8 > 0.

1. Introduction

Bounds in LP? for the Schrédinger group e have applications in harmonic analysis
and to nonlinear dispersive equations. The group itself is not bounded in L? for
p # 2, but (1 — A)~%e¢®® is LP bounded for s sufficiently large. A sharp estimate
can be written if one introduces a frequency cutoff ¢ € C°(R™): forall 1 < p < oo,
keZ,t €R, we have
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(L.1) le* 2@ (=2 flle S (1 + 22t f e, 5 =n|5 - p

b

see [4], [30], [21].
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This result can be regarded as an elementary example of LP estimates with
loss of derivatives for FIOs, in the spirit of [28]. However, our goal here is to
extend (1.1) in a different direction, namely, to Schrodinger groups e generated
by a semibounded, self-adjoint operator L on a metric measure space X endowed
with a doubling measure. This framework covers a large variety of situations which
go far beyond the classical FIO setting.

Many properties of L and functions of L can be deduced from suitable estimates
on the corresponding heat kernel e~ *“. A common assumption in the Euclidean
case (see [17], [15]) is the Gaussian upper estimate

le (@, y)| St exp (= b(E ™z —y)™ YY), £>0, @,y e RY,

for some b > 0, m > 1. This includes Schrodinger operators perturbed with an
electromagnetic potential (in this case m = 2: see [6], [7] for some applications),
and fractional Laplacians (—A)™/? with m even. Note that these operators are
already outside the reach of the classical theory of singular operators.

In order to include more general operators, one can weaken the assumptions
on the heat kernel. In [13] we proposed, in the Euclidean case, to replace the
Gaussian upper estimate with a weak LP° — LP0 smoothing estimate on dyadic
cubes, and an even weaker off-diagonal L? — L? algebraic decay (see (1.4), (1.5)
below). These conditions are much more inclusive, as discussed in Remark 1.1
below, but they still allow to recover the estimate (1.1) at least in the restricted
range p € [po, pp)-

Here we study the more general situation of metric measure spaces of homo-
geneous type. More precisely, in the following we shall assume that (X,d, p) is a
metric space with distance d, equipped with a nonnegative Borel measure p which
satisfies the doubling property: there exists a constant ¢; > 0 such that

(1.2) n(B(x,2r)) < &1 p(Blx,7)

for all z € XX and r > 0, where B(z,r) is the open ball of radius r and center x. We
recall that the doubling property (1.2) implies the existence of C' > 0 and n > 0
such that

w(B(z, Ar)) < CXN'u(B(z,r)), YA>0.

We shall also assume that X satisfies a reverse doubling condition: there exist
k € [0,n] and C > 0 such that for all z € X, 0 < r < diam(X)/2 and 1 < X\ <
diam(X)/(2r), one has

(L3) CNp(B(x,r)) < u(Blx, M)

where diam(X) = sup, ,ey d(7,y). Note that the reverse doubling condition is
always satisfied with x = 0, thus (1.3) is restrictive only when x € (0, n].

It was proved in [10] that it is always possible, for each v € Z, to define an
almost covering D, of open sets, with diameter ~ 27", which are called dyadic
cubes and enjoy properties very similar to the standard dyadic cubes in R"; see
Lemma 2.1 below for precise definitions and more details.

In this setting, we consider an operator L on L?(X) satisfying the following
assumption, where 1¢ denotes the characteristic function of the cube Q:
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Assumption (Lo): L is a self-adjoint operator on L?(X) with L + Mgy > 0 for
some constant My > 0, satisfying the following estimate. There exist py € [1,2),
m1,me > 0 and C > 0 such that for all ¢ > 0 and v € Z with either 277 < ¢1/™1 <
27Vl 0 <t <lor2 ¥ <t/m <277+l ¢ >1 we have

14 D lge P lgllpsa+ D llge Flgllany,
QeD, QeD,

< C Mot (ti/lml + t";/lm2)1/271/p0
for all Q" € D, where ts1 =1 - 1(1 yo0)(t) and t<y =1t - 1o 1)(t), and
(15) sup ST (14+27dist(@, @)V [lge g llae < CeM, N = [n/2] +1,
Q' eD, QeD,

Remark 1.1. The previous assumptions include of course the typical Gaussian
upper estimates for Schrodinger operators on R™. Indeed, in the particular case
my = mg = m, conditions (1.4) and (1.5) are a direct consequence of the following
estimate:

(16) H1B(;c,t1/7”)67tL1B(y,t1/7”) Po—p),

d(z,y)™/ "D )

Mot 1/m\\—1/po+1/p( —
< CeMot u(B(a, t1™)) °eXP( ctt/m=1)

for all t > 0, and all 2,y € X. Note that the presence of an exponentially growing
factor eMo? allows to include some interesting cases like non-positive Schrédinger
operators —A + V (x), see [29].

However, the converse implication may be false. An example is given by the
fractional fractional Laplacian (—A)*,a > 0 on R™. It is well known that the
kernel e H=2)% (z,y) of e=*=*)" has a upper bound

EPRUNY 1 |z — y|\ —(nt+2e)
t(—A)
e (z,9) S T2 (1+ T3 )

for all z,y € R™ and ¢ > 0. As a consequence, that for 2« > |n/2] + 1, (—A)®
satisfies (1.4) and (1.5) for py = 1 and m = 2a, but not (1.6). See for example [13].

Moreover, the estimate (1.6) does not imply the condition (1.4). However, if
we assume in addition that (X, d, u) satisfies the non-collapsing condition

(L.7) (B 1) 21, Vrex,
then (1.4) is a consequence of (1.6).
Then we can prove:

Theorem 1.2. Assume L satisfies (Lo). Let p € [po,py] and s = n|1/2 —1/p|.
Then the estimate

le™ (L) fllpy S L+ D Ifllp,  tER,

holds uniformly for ¢ in bounded subsets of Z(R).
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Remark 1.3. The previous result is still valid for functions ¢ of Sobolev regularity.
More precisely, the estimate is true and uniform in ¢ provided the following norm:

(1.8) > eIt G0 (V)] .
j<n+1

remains bounded. This condition is not sharp; see Remark 2.13 for further details.

We now examine a few directions in which one can relax the assumptions of
Theorem 1.2. In order to do this we introduce some definitions. The amalgam
space X 1P, with 1 < p < oo and v € Z, is the space of measurable functions on X
such that the following norm is finite:

(1.9) fllxze = > Ifleeo)-

QeD,
Moreover, we say that w: X x X — R is a weight function if it is equivalent to the
distance function, in the sense that

(1.10) Ky td(z,y) < |w(z,y)| < Kod(z,y)

for some constant Kqy > 0.
Let w be a weight function and let Z(w) be any topological vector space asso-
ciated to w satisfying the following conditions:

(i) 2(w) is dense in L?(X) (w.r.t. the L?(X) norm);

(i) w(z, )N f € Z(w) for all f € P(w), z € X and N € N.
Denote by 2'(w) the dual space of Z(w).
Remark 1.4. In applications, in Subsections 3.1-3.10, we will choose w(z,y) =
d(z,y) and Z2(w) = L%(X) which is a space of all functions in L? with compact

support. In Subsection 3.13, as X = R" we will choose Z(w) = C§°(R™). We will
not recall this in Section 3.

Denoting by w, the multiplication operator by the function w(z,-), the com-
mutators Ad¥™H(T): 2(w) — 2'(w) of order k of an L?(X)-bounded linear oper-
ator T' with the weight w are defined as follows:

AQUT) =1, Ady(T) = [w,, T), AdZTH(T) = [we, AdG(T)].

In view of the applications, we shall also consider a more general kind of vector

valued weight functions w = (w1, ...,we): X x X — R, defined again by condi-
tion (1.10) (where now |w| = (w}+---+w?)/?). In the vector valued case Ad% (T
will denote the /-tuple of commutators with wi,...,wy, that is to say we define,
forj=1,...,¢,

Adj,(T) =1, Adj,(T) = [wje,T), AdSEHT) = [w)e, Ad5(T)].

(where w;,, is multiplication by w;(z,-)) and Ad¥(T) := (Ad]fx(T), cee Adzx(T)).
Note that the simplest choice of a weight satisfying (1.10) is given by the distance
function itself, with ¢ = 1.
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We can now state our second set of assumptions on L.

Assumption (L): L is a self-adjoint operator on L?(X) with L + My > 0 for
some constant My > 0, satisfying the following estimates. There exist py € [1,2),
my, mg > 0 and C' > 0 such that for all ¢ > 0 and v € Z with either 27" < t/m <
27 vt 0<t<lor2 ¥ <tl/m <277+l ¢ >1 we have

(1.11) ”eitLHXi*pO_)X,}v? + ”eitLHX,},zHXivPE) < CeMot(tg/lml +t/;/1WL2)1/271/P0

where t51 =1t 1(1 1o0)(t) and <y =t - 1(_oo 1)(t). Moreover, there exists a weight
function w(z, y) and a constant My > My such that the resolvent R(z) = (L+2)1
satisfies, for all x € X,

(L12) IAd (R(M )bz < C, 0 <K < [0/2) +1.

Remark 1.5. The reason why condition (1.12) is interesting, besides being much
weaker than (1.5), is that it is very easy to check directly for differential operators,
and even some pseudodifferential ones, in the Euclidean setting. See Section 3.13.

Then we can prove:

Theorem 1.6. Assume L satisfies (L). Let p € [po,py) and let s =n|1/2 —1/p|.
Then the estimate

le™ (L) fllp S L+ [E)° I fllp, tER,
holds uniformly for ¢ in bounded subsets of .7 (R).
Remark 1.7. Comparing the two sets of assumptions we see that

Assumption (Lp) = Assumption (L).
Indeed, the implication

condition (1.4) = condition (1.11)
is obviously true. On the other hand, one has
condition (1.5) == condition (1.12), with w(z,y) = d(x,y),

but this is more delicate and will be proved in Propositions 2.5 and 2.6 below.

One notices that estimate (1.1) for the standard Laplacian is uniform also for
rescaling in frequency ~ 2%, k € Z. This is a direct consequence of the scaling
properties of R™ and its Lebesgue measure, which are not available on a general
metric measure space X. Uniformity in frequency is an important property, espe-
cially useful when doing dyadic analysis on Sobolev or Besov spaces generated by
the operator L. We can recover uniformity under slightly stronger assumptions on
the operator L.
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Assumption (L;): L is a self-adjoint operator on L?(X), with L + My > 0
for some constant My > 0, satisfying condition (1.11) with m; = ma = m > 0.
Moreover, there exists a weight function w(x,y) such that the resolvent R(z) =
(L + z)~! satisfies, for all 0 < j < |n/2] + 1,

(1.13) |Ad (R(M)) |22 < C(M — Mo)™179/™ VM > My, = € X.
Remark 1.8. Note that when m; = mo, the following implication holds:
Assumption (Lg) = Assumption (L;) (with w(z,y) = d(z,y))

(compare with Remark 1.7). This is proved in Propositions 2.5 and 2.6 below.
Under this assumption we can prove:

Theorem 1.9. Assume L satisfies Assumption (Ly). Let p € [po,p})] and let
s=mn|1/2—1/p|. Then we have

e~ o(OL)flly < (1 +01)° |l t € R,

and the estimate is uniform for ¢ in bounded subsets of .Z(R) and 0 in bounded
subsets of (0,+00). In the special case when k = n and My = 0 the estimate is
uniform for all 6 > 0.

Remark 1.10. Like for Theorems 1.2 and 1.6, the previous estimate is valid and
uniform in the more general case of functions ¢ varying in any bounded subset for
the weighted Sobolev norm (1.8).

As an intermediate step in the proof of the previous theorems, we obtain uni-
form LP estimates for operators of the form (L) which are of independent interest,
see Theorem 2.14. (This result can be recovered from the statement of Theorem 1.9
choosing t = 0).

Our results are based on a commutator argument and a reduction to amalgam
spaces, following the methods of Jensen-Nakamura [19]. The adaptation of the
argument from [19] to a multi-scale setting was introduced in [13] and was inspired
by the ideas of [32]. Moreover, our approach can be adapted to study the LP-
boundedness for Schrodinger group on an open subset of the space of homogeneous
type X.

We finally consider a self-adjoint operator L on L?(f2), where € is an open
subset of X. This case can not be reduced to the previous results since 2 may
not satisfy the doubling condition. However, if we assume that L + My > 0 for
some My > 0 and the kernel p;(x,y) of heat semigroup e~* satisfies the following
estimate: 3C > 0, m > 1 such that

C Mot d(z, y)™/(m=1) )

(1.14) Ipe(z,y)| < w(B(x, 1/m)) exp ( T otl/m—1)

for all ¢ > 0 and z,y € Q, then we can prove:
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Theorem 1.11. Let L be a nonnegative self-adjoint operator on L*(SY), where Q
is an open subset of X. Assume that L satisfies (1.14). Let p € [1,00] and let
s=nl|l/2 —1/p|. Then we have

e~ oL fllzni@) S (L+ 01" /oy tER,

and the estimate is uniform for ¢ in bounded subsets of #(R) and 0 in bounded
subsets of (0,+00). In the special case k =n and My = 0 the estimate is uniform
for all 6 > 0.

The proofs of the theorems, and some additional estimates, are given in the
next section. The third, and final, section of the paper is devoted to an exten-
sive list of applications: we consider Laplace—Beltrami operators on Riemannian
manifolds with or without Gaussian heat kernel bounds; the operator associated
to the Sierpinski gasket; Hormander type operators generated by vector fields
on homogeneous groups; Bessel operators; Schrodinger operators with potentials
on manifolds; Euclidean Schrodinger operators with singular potentials of inverse
square type; the sub-Laplacian on Heisenberg groups; and Dirichlet Laplacian on
open connected domains. The list is not exhaustive and is intended to show the
variety of possible applications and the generality of Assumption (L).

2. Proof of the theorems

With the notation V(z,r) = u(B(x,r)), the doubling property (1.2) implies the
existence of C' > 0 and n > 0 such that

(2.1) V(z,Ar) < CAN'V(z,r), YA>0, z€X,
and
(2.2) V(z,r) < C’(l + M)HV(y,T), Vr >0, x,y € X.

As a consequence of (2.2), we have V(z,r) ~ V(y,r) when d(x,y) <r.
We recall the fundamental covering lemma from [10].
Lemma 2.1. There exists a collection of open sets {QF € X : k € Z,7 € I},

where Ij, denotes certain (possibly finite) index sets depending on k, and constants
p €(0,1) ¢ € (0,1] and Cy, Cy € (0,00) such that
(i) u(X\U, Q%) =0 for all k € Z;
(ii) if £ > k and 7 € Iy, B € Iy, then either QY C Q’E or Q¢ ﬂQ’E =0;
(ii) for k € Z, 7 € I} and each € < k, there exists a unique 7" € I; such that
QF C QL
(iv) the diameters of the sets satisfy diam (QF¥) < C1p";
(v) for k € Z, T € Iy, there exists xqr € X such that

B(mQﬁ,copk) cQtc B(IQi,Copk).
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Remark 2.2. (a) The constants p, ¢p and Cy are inessential for our purposes, thus,
without loss of generality, we may assume that p = ag = 1/2 and Cy = 1. We then
fix a collection of open sets in Lemma 2.1 and denote this collection by D. We call
these open sets the dyadic cubes in X and zqr the center of the cube Q¥. We also
write D, := {QY : 7 € I, } for each v € Z. We have then (g := diam @ ~ 27" for
all@Q € D,.

(b) From the doubling property (2.1), there exists a constant C' such that for
any = € X and k € N there are at most C2*" dyadic cubes in Dy which cover the
ball B(z,2%).

2.1. Amalgam spaces

For 1 < p,q < oo and v € Z, we define the space XP-? as the vector space of all
measurable functions f: X — C such that the following norm is finite:

(2.3) 1fllxpe = (> Hf”wcz)) ’
QeD,

with the usual modification when p = co. We also write X?7 = X9,
The following embedding holds.

Proposition 2.3. For 1 <p<q <00 and v € Z we have
| £llxpa < C (1427 WP7VD) | f pa
where C' depends only on the constant ¢y in the doubling property (1.2).
Proof. The proof of this proposition is elementary and we leave it to the reader. O

Recall that Adgc(T) denotes the j-th order commutator of an operator 7" with
the weight function w,(-) = w(z,-), w: X x X — R, satisfying (1.10).

Theorem 2.4. Let T be a bounded operator on L*(X). Assume that Ad® can be
extended to be a bounded operator on L?(X) and there exists some constant By > 1
so that

IAdX(T) |22 < Bg

for all0 <k <|n/2]+1 and all z € X.
Then for 1 < p < 2 we have

T xtr2s xcp2 < CBg(l/Pflﬂ) )
where C' is a constant depending only on n, | T||2—2 and Ko (from (1.10)).
Proof. We first note that the L2-boundedness of T" implies
||THX362—>X362 <C
Hence, by interpolation it suffices to prove that

1T x12x12 < CY.Bn/2
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To prove this, let w = (wy,...,w¢) be the weight function and recall that
Adf,z (T') denotes the commutator of order k with multiplication by w; . := w;(z, -).
We use a combinatorial identity from Lemma 3.1 in [19] and we write

m
w;??zT: Zcm,k Ad?Z(T)w;?Z_k’ ji=1,...,¢,
k=0

where ¢, ; are appropriate constants. Denote also by d, the multiplication op-
erator by d(z,-). Then, we have for every zq with Q € Dy and N,m € N with
0<m<N<|n/2]|+1,

m
lw)aa " T + dug) N2z < Y cmn A} 4 (T) 2552 ([0 [1+ dig )™ [lose
k=0
< CBy',
since |w;| is dominated by d. Summing over j = 1,...,¢ and recalling (1.10) we
obtain, for 0 < N < |n/2] +1,
H[l + de]N T[l + de]_N||2—>2 < CB(J)V'
This implies
(2.4) |dY,T1q|, ,, <CBy, VYQ e Dy.
Let f € 2(w). For each cube Q, write fg = f1lg. Then we have
ITflxe= > IeTflla< Y. > leTlell.
Q'€Dg QEDo Q' €Dy

Let now a be a constant which will be precised later; for the moment we assume
only @ > 2 supgep, diam Q. For each @ € Dy we can write

(2.5) > e Tllls =1+11,
Q'€Do
where
I= > d(zq,zq) Nd(zq, o)V 10T folle,
Qd(zq,zg)>a
Il = > 110/ T folla.
Q'd(rq,xq)la
On the other hand, by Remark 2.2 we get
(2.6) H{Q € Do :d(zq,zq) < a} S a™
This, in combination with Hoélder’s inequality, implies that
1/2 1/2
m<( Y (X IeThl})
Q/:d(:cQ,:cQ/)Sa Q/:d(a:Q,a:Q/)Sa

< a"2|Tfqll S @™2IT 22 fallz
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On the other hand, for 2’ € Q' we have d(zq, ') > d(zg, zqg ) —diam(Q’), thus
if d(zg,x¢) > « we have d(zq, ') 2 d(zq,zq) by the assumption on a. Then
we can write

/
r<( Y diwg.g) ) Y dlag.re) Ve Tiall)

Qd(zq.,xgr)>a Qd(zq.,xgr)>a

B 1/2
s(XY  dagae)™) Tldt,5e) Thal,
Qd(zq,xgr)>a

1/2

which along with (2.4) and (2.6) yields
IS a2 B follz

provided that N > n/2.
Inserting the estimates of I and IT into (2.5) and taking a = CBy for a suit-
able C' (depending only on supgcqp, diam @), we obtain

n/2
3 e Tioll S (L+ [ Tlas) - By [ falle.
Q'€Dyg

Therefore,
ITfllx12 S A+ Tlaw2) - By I fllxrz,  f € P(w),
Since X2 — L?(X), 2(w) is dense in X12. Tt follows

ITfllxr2 S (L4 1T l252) - By | fllxrz,  f € X712

On the other hand, since T is bounded on L?, we have

1T fllx22 S T l2-2 [1f ]| x22-
Interpolating between the two estimates, we get the claim. O

We conclude this section by proving that assumption (1.5) implies (1.12) and
(1.13), as stated in the Introduction.

Proposition 2.5. Let the weight function be w(z,y) = d(z,y). Assume that L
is a self-adjoint operator in L?(X) with L + My > 0 for some My € R, satisfying
the following condition: there exist po € [1,2), mi,ma > 0 and C > 0 such
that for all t > 0 and v € Z with either 277 < tt/m < 27vtL o <t <1 or
2V < t/m2 < 2=+ ¢ > 1 we have

(27) s Y (14+27dist(Q, Q)Y [lge gl < CeMf, N = [n/2]+1.
Q' eD, QeD,

Then there exist C; > 0 such that for all t and v as above we have

(2.8) |AdE (et ||laye < CreMot 27k 0 <k <|n/2]+1, zeX.
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Proof. By considering the nonnegative operator L = L + M instead of L, we see
that we can assume My = 0. If ps(z,y) is the kernel of the heat semigroup e~*"
we obtain the representation

AdE () f(x) = / (d.(2) — d.(9)* pia ) F ) dpy)

X

and our goal is to prove that the operator

Af(x) = 2 / (d:(@) — da () pole, ) F () duy)

X

for 0 <t <1and 2% < tt/m™m <277+l orfort > 1 and 277 < tt/m2 < 2—v+1
satisfies ||Al|22 < C with C independent of v.
We shall now prove the estimate

(2.9) sup 3 lgALg flzse < O
QED, Ge,

with constants independent of v. This implies the dual estimate

sup Y |[lgrAlgllase <G
QeD, o7

and by the Schur test for sequences the two estimates together imply that A is
bounded on X?? with norm not larger than Cj, for all p € [1,00] and all v € Z.
Since L? = X 22 for all v € Z, this concludes the proof.

It remains to prove (2.9). We write the kernel of 19A1¢: as
loAlg(z,y) = 2" (da () — d=(y))" 1o(x) pe(,y) Lo (y),
and we use the estimate
|d=(2) — d=(y)| < d(zq, 2q) + d(z,2q) +d(y,2q), ©€Q, yeQ

where @) C B(zg,27") and Q' C B(zq/,27") according to Remark 2.2. We now
expand

1@Alg (z,y)]

< ¥ a,g, (2 d(wq, 7)) (2 d(z, 70)) (@)pi (2, 1) 1o ()2 d(y, 2/))
a+B+y=k

We have trivially
12 d(@, 20)) 1gllze < € and  [[(2¥d(y,2¢:)) Lollzme < C
and recalling assumption (2.7) we see that the proof is concluded. O

From condition (2.8) it is fairly easy to deduce (1.12), thus concluding the proof
of the implication (1.5) = (1.12), (1.13).
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Proposition 2.6. Let the weight function be w(x,y) = d(z,y). Assume L sat-
isfies (2.8) and L + My > 0. Then for all M > My we have, for all z € X and
0<k<|n/2]+1,

IAAE((L + M)~ llomz S (M — M) ™M™ 4 (M — My) = —H/m=,
with a constant independent of z and M.
Proof. By spectral calculus we can represent R = (M + L)™' in the form
R=(M+L)' = [Te Metldt
which implies
Ad%(R) = /0 T et Ad¥(e=thyat.
1/mq

By assumption (2.8), since 277 ~ £/ fort < 1and 27V ~ ¢
obtain

for t > 1, we

1 “+o00
||Adk(R)H2ﬁ2 g e(Mofl\/I)t tk/mz dt + 6(]\/107]\/[)15 tk/ml dt,
z
0 1
and the claim follows easily. O

2.2. Estimates for the heat semigroup

tL

The following result gives an estimate for the semigroups e~ ** on almagam spaces

which plays an important role in the sequel.

Proposition 2.7. For every t > 0 we have

e lzromsxron < CeMot (175 (/M2 g i /ro=1/2),

where C' depends only on the constants C in assumption (1.11) and c¢1 in (1.2).

Proof. By redefining L =1+ My, we see that it is not restrictive to assume
My = 0. Now fix v € Z and ¢ > 0 such that either 2% < ¢1/™1 < 27vtlo<t<1
or 27V < tt/m2 < 27v+1 ¢ > 1. By assumption (1.11), using duality we have

||€_tLHXooyP0_>X0012 <C (21/,»;(1/100—1/2) + 2’/"(1/?0—1/2))

and interpolating with (1.11) we have, for all 1 < p < oo,
||e_tLHX”"’0—>X7’*2 <C (21//@(1/100—1/2) + 2un(1/po—1/2))

We choose p = pp and notice that X?0-P0 = LPo; thus we have proved
He_tL”Lpo*)XPOz < C(va(l/po—l/Q) + 2un(1/p0—1/2))

By the embedding in Proposition 2.3 this implies

HeitL||LP0_>XPO,2 <C (21/&(1/17071/2) + 21/n(1/p071/2)) (1 + 271/71(1/]7071/2))
~ ov(s=n)(1/po=1/2) 4 gun(1/po=1/2)

and recalling the conditions on ¢, we obtain the claim. O
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As a consequence we obtain the following result.

Proposition 2.8. Let M > My and v = ;-(1/po —1/2) + ¢, with € > 0. Then

n—~k

(M + L)~ f |l xv02 < C(e7 4+ (M — M)z W/P0=2/2y ¢y -

where C' depends only on the constants C in assumption (1.11) and ¢1 in (1.2).

Proof. 1t is sufficient to apply Minkowski’s inequality and Proposition 2.7 to the
standard representation

1 e dt
(M_f_L)*’Y: _/ t’Ye*MteftL = 0
L'(v) Jo t

2.3. Estimate of ¢ (L)

We shall now prove that if ¢ is in a suitable weighted Sobolev space then ¢(L) is
bounded on LP. The proof will be achieved through a series of Lemmas, some of
which are of independent interest.
In the following, L is an operator satisfying Assumption (L), and we can take R
as the resolvent operator
R= (M, +L)!

with My > My as in (L)
Lemma 2.9. We have the estimate

le™ "7 fllxro2 < e(n) C (14 [¢])"H/Pe= 20| 7] §ER,

xP0:27

where C' is the constant in assumption (1.12) and c(n) depends only on n.

Proof. From
) . S . .
e—zEsz(.) iR _ wz() — / as(e—zstz(.)ezsR) ds
0
we obtain the formula

A & A
Ad,(e7*F) = —i/ e R Ad(R)e " E)E s
0

and by (1.12) we get A
1Az (e™ ) |22 < C'le].

Using repeatedly this identity and proceeding by induction we obtain
[AdS (e ® ) 22 S C(L+ED*, k=0,...,[n/2] + 1,
uniformly in z € X, and by Theorem 2.4 we obtain the claim. O
Lemma 2.10. For any sufficiently smooth function v on R we have the estimate
1O (R) fllxcro2 < () Cll(1+ [€)" VP2 (&) o || Fllxcmo-2

with ¢(n) and C as in Lemma 2.9.
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Proof. 1t is sufficient to use the identity

wlR) = (2n)" [ i) de
and apply the previous result. O

We introduce a seminorm for functions ¢: R — C, depending on the constant
M; > 0 and on the integer N > 0:

Iy = 1Yl L2- i ,00) + ij:o (A + Ml)j+N8jw()‘)HL2(7]\/f1,oo)'
Lemma 2.11. Let N = |n/po] + 1 and let ¢p: R — C. Then we have
1L + My2Y(L) fll o < ) C bl - 1l xoo
with ¢(n) and C as in Lemma 2.9.
Proof. Define p(€§) := 0 for £ <0, and
p(€) = €2 Y(1/6 = My) for € >0

and note that (A + M7)%(\) = p((M1 + \)~1) for X in the spectrum of L, so that
(L + M) (L) = p(R). By the previous result we get

(L + M) G(L) fll xroz < e(n) O+ [€)" VP2 BE o1 |1 ]| xv0-2-
It remains to estimate the norm of p. We proceed as follows:
(L4 (€D Po= 2 B pr S NA+IENY Bz = llpll v -
We note the elementary identity for & > 0, k > 0,
OFp(€) = g e - P(1/€ = My) - ¢~ UHHT2)
(for suitable constants c; ). This gives
k: . .
19¢ Il £2(0,00) < (1) 3270 (A + Ma) AT (N) || L2 (- ay 00) -
Using the last estimate for £ = 0 and £ = N we obtain
ol ey < )W) L2 (- a1 00) + €(n) Xjlg X+ Ma)TN 039 (V) L2~ a1y 00)
and we obtain the claim. O

Lemma 2.12. Let N = |n/po] +1, B > 0 with 8 +2 > -(1/po — 1/2) and
: R — C. Then for p € [po,p}] we have the estimate

(L) flle S Il e
The norm of ¢(L): LP — LP can be estimated by

n—kx

C(1+ (My — Mo)? T2+ 5 /P12 () 4 My )Pp(M) | v

where C' depends on c1 in the doubling property (1.2), on supgeq, #(Q) and on
the constants in Assumption (L), but is independent of My, M, 9.
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Proof. We apply the previous lemma to the function 1;(/\) = (A + M)PT2h(N):

1LY f |02 = I(L + M)*(L)(L 4+ M) fl|xcm0.2
< e(n) CIA+ M) ln [1f ]l xro2

Since ¢(L) = J(L)Rﬁ“, we can write, using Proposition 2.8,

[9(L) fllxroz < 9L xp02 5 x00.2 | B2 fll xm0.2 S [9(L) || x00.2 5 x002[Lf || 20

where the implicit constant has the form
C(l + (Ml _ Mo)ﬁ+2+%(1/p0*1/2)))

with C' depending on ¢ in the doubling property (1.2) and on the constants in As-
sumption (L), but independent of My, M;. Since X702 is continuously embedded
in LPo with embedding norm < supgecq, w(Q)Y/Po=1/2 we have proved that (L)
is bounded on LP° with the same norm. By duality and interpolation, we conclude
the proof. O

Remark 2.13. The dependence on 1 of the norm of (L) is particularly inter-
esting. The quantity ||(A + M;)?()\)|n is uniformly bounded if ¢ varies in a
bounded subset of C°(R) or of .(R), and M; is bounded. More generally, we
can write

IO+20) (N In S IV YO=M)l|2@ey+ 3500 IN NPT P(A= M)Al 2+

and we see that the quantity is uniform for v varying in any bounded subset of
a suitable weighted Sobolev space, provided M; is bounded (which is always the
case in our applications). For instance, we can take the weighted Sobolev space
with norm

(2.10) > A D ()| o
j<n+1

Theorem 2.14. Under Assumption (L), the following estimate holds: for all
p S [p07p6];
(L) fllze < CllflLe,

and the estimate is uniform for ¢ in bounded subsets of ./ (R) (or, more generally,
in bounded subsets for the norm (2.10)).
If the stronger Assumption (L1) holds, then for all @ > 0 we have

le(OL) flle < C|| |z,

and the estimate is uniform for ¢ in bounded subsets of 7 (R) (or, more generally,
in bounded subsets for the norm (2.10)) and 0 in bounded subsets of (0,+00). If in
addition we assume k =n and My = 0, then the estimate is uniform for all 6 > 0.
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Proof. The first claim is just a special case of the previous lemma. Thus we assume
that (L1) holds and we focus on the second claim. Clearly it is sufficient to prove
the result for all § > 0 of the form

0 =2""7 for some vy € Z.

Thus we fix a § = 27™7 > 0 and define a new metric measure space (X, d, 1) by
multiplying d and p by fixed constants, as follows:

X=X, d=2"d, u=2""u

Note the relation
lull 2o am) = 22 |u o (o, g -
Writing
D, = Dyysy
we see that the D, form a collection of dyadic cubes for the space X, and with
respect to the new distance d we have diam @ ~ 27 for all Q € D,.. Then if we

define the amalgam spaces X7 as in (2.3) but with D, instead of D, and with
the L(Q) norms computed in the measure i, we get

| Fllre = 277 | FlL

vty

Next, we denote by L the operator 6L, which is self-adjoint on L?(X) and
satisfies L + My > 0 with My = @My. To prove the claim, it will be sufficient
to prove that the operator L satisfies the conditions of Assumption (L), with
constants independent of § in the prescribed range. By the first part of the theorem,
the claim will follow.

Fix at >0 and v € Z as in condition (1.11) with m; = mge = m, i.e.,

9—Vv < tl/m < 271/4’1.
Consider the first term in (1.11) (the second one is handled in a similar way):

HeitLHYi’I’OHYi’Q _ ”ef(et)L”Xifs_)Xifv . 2n’Y(1/271/P0);
using assumption (1.11) (with m; = mg = m), since 2=+ < (91)V/™ = 277t <
2~ N)+ we get

< CeMo(Gt)((gt)n/m A (gt)m/m)lﬂ—l/po . 9ny(1/2—1/po)

— C«eﬁot(tn/m A tn/m . 2(n71{)7)1/271/p0.

Thus we see that the operator L also satisfies condition (1.11) with m; = mga = m.
Note that the estimate is uniform in + provided v > = for some fixed g, or
equivalently, provided 6 is bounded from above; moreover, M is also uniformly
bounded from above. It is also clear that if x = n and My = 0 the condition is
uniform for all v € Z, i.e., for all § > 0.
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It remains to check condition (1.12); we choose as weight function and the space
of “test functions”

w(r,y) =2"w(z,y), and Z(W)= Z(w).
Writing mi for the commutators with the new weight function w, we have
AL (T + M)~Y) = 2m7 297 AdJ (L + 2™ M)~ 1)).
By (1.13) we have then
[AT(T + M) 2z < €277 27 (27IM = My) ™I/

provided 2™YM > M,. Now, if v > ¢ is bounded from below, we can choose
M =My =27"™°(My+ 1) and we get

< 2™ 297 (Qm(vao))*lfj/m <’

for some constant independent of v. Note that if My = 0 we have

IATL((T + M) ™Yoo < C 277297 (21 M) ~13/m = g~ 1=3/m
for all M > 0, thus we can pick simply M; = 1 without restrictions on v € Z. The
proof is concluded. O
2.4. Proof of Theorems 1.6, 1.9 and 1.11
We keep using the notation

Ady(A) = [we, 4], Adg(4) = [w, Ady™' (4)]

for a generic operator A and a R’ valued weight function w,(-) = w(x, ).

Lemma 2.15. For any k > 1 and z € X, the following identities hold:

k k
Adz (R2k67itL) _ Z RaAdZ (R)efitLRchafl + Z R2k7a7167itLAdZ (R)Ra

a=0 a=0

t
+Z/ e—isLRk—lAdz(R)Rk—le’i(s—t)LdS’
0

k k+1
Adz (R2k+167itL) _ Z RaAdZ (R)efitLRcha + Z R2k7a67itLAdZ (R)Ra
a=0 a=0

t
+Z/ e_iSLRk_lAdz(R)Rkei(s_t)LdS.
0

Proof. The first identity is proved by induction on k.
It can be verified that

t
Ad,(Re ™ R) = Ad.(R)e "F R+ e "FRAd,(R) + i / e *LAd,(R)e!*~ L ds
0
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which is the first formula for £k = 1. To prove the step k — k + 1 we write
Ad.(R- (R*e7 ). R) = Ad,(R)e "L R?*+1 4 RPH1e-MEA]_(R) + 1,

where .
I =R-Ad.(R*e ). R,

and using the inductive assumption for the case k we easily obtain the claim. The
second formula is deduced from the first one writing

Ad.((R%*e~L) . R) = Ad.(R**¢ )R + R*e "L Ad,(R). O
Lemma 2.16. For 0 </{ <k and 1<k <|n/2]+ 1 we have
JAdL (R e E) |00 < C(1+ 1)),
with C' independent of z € X and t € R.

Proof. We proceed by induction on k = 1,...,|n/2| + 1. When k = 1, recalling
the formulas from the previous Lemma and assumption (1.12), we obtain the claim
immediately. Assume now the result is true for a certain k£ and let us prove it for
k+ 1. If £ = 1 the estimate follows again from the first identity in the previous
Lemma. If the estimate is true for some ¢ < k, we prove it for £ + 1 writing

Ad£+1(R2k67itL) _ Adi (Adz (R2k67itL))7

expanding the term Ad,(R?*e¢~"L) via the first identity of the previous lemma,
and distributing the adjoint via the formula

| . .
Adf(Ar. Ay = > % Ad? (Ay) ... AdI"(A,).

trgn=e IR

It is easy to check that all the terms obtained are bounded operators on L2, either
using the inductive assumption or (1.12). The proof is concluded. a

Lemma 2.17. Let k = |n/2| + 1. Then we have the estimates
B ey < O(1+ |t Vo1
and, for all p € [po,py] and B> =(1/po — 1/2),
||R2k+ﬁ€7itL||Lp_>Lp < C(l + |t|)n|1/p71/2\.

Proof. The first result is a direct application of Lemma 2.16 and Theorem 2.4.
Moreover, by Proposition 2.8 we have

||R2k+6€_itL||XP012aLPo S |‘R2k€_itLHXp0*2~>Xp0’2 HR,@HXPO'2~>LT’0
< (14 |t|)n(1/pofl/2)
and by the embedding X702 C LP° we obtain
|RZ*HBe=L | Loo 1o < (1 + |t])2(L/Po=1/2)

Finally, by duality and interpolation, we obtain the second claim. O
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We can now conclude the proof of our main results (Theorems 1.6 and 1.9).

Theorem 2.18. Assume that L satisfies (L). Let p € [po, py] and s =n|1/2—1/p|.
Then we have the following estimate:

e~ (L) fllp S (L4 [H)* s tER,

uniformly for ¢ in bounded subsets of /' (R) (or, more generally, in bounded subsets
for the norm (2.10)).
If Assumption (Ly) holds, we have

le™ ™ (0L) fllp < A+ 07 ) I fll,, €>0, teR,

and the estimate is uniform for 0 in bounded subsets of (0,+00) and ¢ in bounded
subsets of 7 (R) (or, more generally, in bounded subsets for the norm (2.10)). If in
addition we assume Kk =n and My = 0, the estimate is uniform also for all 6 > 0.

Proof. For the first claim it is sufficient to write
eiitLgO(L) _ (I + L)2k+ﬁ67itL . (I + L)72k7ﬁ<p(L)

and use the previous lemma and Lemma 2.12. The second claim is proved by a
rescaling argument exactly as in the proof of Theorem 2.14. O

Proof of Theorem 1.11. Since the proof is quite similar to that of Theorem 1.9, we
just sketch the main steps.

Denote by pfc (x,7) the kernel of 1ge~*F1q, regarded as an operator on func-
tions defined on the entire space X. Then it is easy to see that

pe(z,y), ifzye,
P (z,y) = (@5) .
0, otherwise.

This, along with (1.14), implies

C Mot . ( B d(m)y)m/(m—l))

X 7=
P (@)l < w(B(z, t/m)) ox ctl/(m=1)

forallt > 0 and =,y € X.

As a consequence, the assumption (1.4) and (1.5) hold true with m; = mg =m
and 1ge *F1q taking place of e~ *&.

Arguing similarly to the proof of Proposition 2.5, v € Z with 277 < t}/™ <
27v*1 there exist C' > 0 such that for all ¢ and v as above we have

|AdE (1ge ™ E1q)||ame < CeMot2™?  0<k < |n/2]4+1, zeX.

We then argue as in the proof of Proposition 2.6 to find that for all M > M, we
have, for all z € X and 0 < k < [n/2] + 1,

[AdY (1o(L + M) 1g)|la—2 S (M — Mg) = F/m

with a constant independent of z, M, where w(z,y) = d(z,y).
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The argument used in the proof of Proposition 2.8 allows us to obtain that for
M > My and v = n/(2m) + €, with € > 0. Then

Ite(M + L) 1o f|x12 < C (e 4+ (M = Mo)™ =" || f]r-
Fix My > My and set R = (M; + L)~!. Then we can verify that

. 3 . .
Ad.(1ge %F1q) = —i/ loe R Ad,(1gR1q) e "¢~ 14 ds.
0

Hence, similarly to Lemma 2.9, we obtain
[toe™ 1o flxie < CA+[EN"21flar EER

This, along with the identity
Law(R)1n = (2n)" [ 10em 10 5(0) de

implies that
Nod(R)1afllxe < ClI1+ €)™)L || fllx 2

for any sufficiently smooth function v on R.
Arguing similarly as in Theorem 2.14, for all § > 0 we have

Mee(@L)lofllr < C|f| L

and the estimate is uniform for ¢ in bounded subsets of ./(R). Moreover, if kK = n,
then the estimate is uniform for all 6 > 0.

As this stage, arguing, mutatis mutandis, as in the proof of Theorem 1.9 we
obtain that for any p € [1,00] and s = n|1/2 —1/p|,

Nee™Fo@L)1afl, S A+ 01D Ifll,, tER,

and the estimate is uniform for ¢ in bounded subsets of .”(R) and 0 < 6 < 6, for
any fixed 0y > 0. If, in addition, kK = n and M, then the estimate is uniform for
all # > 0. This completes our proof. O

3. Applications

Our framework is sufficiently general to include a large variety of applications; in
this section we survey a few of the most interesting cases.

3.1. Laplace—Beltrami operators with a Gaussian heat kernel bound

Let X be a complete connected non-compact n-dimensional Riemannian manifold.
The geodesic distance and the Riemannian measure are denoted by d and u, re-
spectively. The Laplace—Beltrami operator L = —A on X is nonnegative and
self-adjoint.
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We assume that the Riemannian measure p satisfies the volume doubling prop-
erty (1.2) and the non-collapsing condition

w(B(z,1)) = ¢

for all x € X and for some fixed constant ¢ > 0.
It is well-known (see [23]) that if the Ricci curvature of X is non-negative, then
the heat kernel of the heat semigroup et satisfies the estimate
- 1 d(z,y)?
(3.1) e (z,y) S ——F—exp ( — 7>
u(B(z, V1)) ct

It can be verified that the Gaussian upper bound (3.1) implies (1.5). Moreover,
the upper bound (3.1) also yields that for v € Z and 27% < t'/2 < 27¥*+1 we have

Z [lge 1|10 < Cu(@Q)™Y, forall Q €D,.
QeD,

This, in combination with the non-collapsing condition and (2.1), implies that

> ge P lgime < CA+2"), forall Q' €D,
QeD,

and this proves (1.4) and (1.5).
Hence, Assumption (Lg) is satisfied with m; = ma = 2 and pg = 1.

3.2. Laplace—Beltrami operators without Gaussian heat kernel bound

Let X be a complete connected non-compact Riemannian manifold. The geodesic
distance and the Riemannian measure are denoted by d and u, respectively. We
assume that the Riemannian measure p satisfies the volume doubling property (1.2)
and the non-collapsing condition (1.7).

Let L = —A be the non-negative Laplace—Beltrami operator on X. We assume
that the kernel e "t (z, y) of the semigroup e~** satisfies the following sub-Gaussian
heat kernel upper estimate with exponent m > 0:

c d(z,y)*
exp (122,
(3.2) e 't (z,y) < M(B(w(’;/z)) dc(tx gy (m=1)
MMan»“p(¢@mwn ) t=>1,

0<t<l1,

for all z,y € X.

Typical examples that satisfy (1.2), (1.7) and (3.2) include certain fractal man-
ifolds and infinite connected locally finite graphs. For further details, we refer
to [3], [8].

By a similar argument as in Subsection 3.1 one can prove that L satisfies
Assumption (Lg) with m; =2, mo = m and py = 1.
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3.3. Sierpinski gasket SG in R™

Let X be the unbounded Sierpinski gasket SG in R™. Let d be the induces metric
on SG and p be the Hausdorff measure on SG of dimension o = logy(n + 1). It is
well-known that the Hausdorff measure p satisfies the doubling property (1.2);
moreover,

(3-3) w(B(z,r)) S,

for all x € X and r > 0.

It was also proved in [2] that SG admits a local Dirichlet form € which gener-
ates a nonnegative self-adjoint operator L; moreover, the kernel e~ % (x, %) of e=*F
satisfies the sub-Gaussian estimate

—tL(

m/(m—1)
e y) < d(z, y) )

~ fafm P ( )

where m = logy(n + 3) is called the walk dimension.

Note that the assumption (1.5) is a direct consequence of the kernel upper
bound above whereas the assumption (1.4) is a consequence of the same kernel
upper bound, the doubling property (1.2) and (3.3). Theorefore, L satisfies As-
sumption (Lg) with my; = mg = m and pg = 1.

3.4. Homogeneous groups

Let G be a Lie group of polynomial growth and let Xi,..., X} be a system of
left-invariant vector fields on G satisfying the Hormander condition. We define
the Laplace operator L on L?(G) by

k
(3.4) L=-) X7
i=1

Denote by d the distance associated with the system Xi,..., X, and let B(z,7r)
be the corresponding balls. Then (see [34]) there exist positive numbers d, D > 0
such that

rd r<1,

(3.5) w(B(z,r)) ~ { D

r~, r>1.

Hence (G, d, p) satisfies the doubling property (1.2).

The group G is called a homogeneous group (see [16]) if there exists a family
of dilations (6;)t~0 on G, that is to say, a one-parameter group (d; o 0y = d¢s) of
automorphisms of G determined by

5 Y; =t1Y;,

where Y1,...,Y; is a linear basis of the Lie algebra of G and d; > 1 for 1 < 5 < /.
We say that the operator L defined by (3.4) is homogeneous if 6; X; = tY; for



SHARP LP ESTIMATES FOR SCHRODINGER GROUPS 23

t

1 < i < k. It well known that the heat kernel of the heat semigroup e~ *” satisfies

the estimate

eftL(

z,y)?
(_d( y) )

<
z,y) S o

1
— X
W(Ba VD)
This upper bound together with (3.5) implies that L satisfies (1.4) and (1.5)
with m; = mo = 2 and po = 1, and hence L satisfies Assumption (Lg) with
myp = me = 2 and pg = 1.

3.5. Bessel operators

Let X = ((0,00)™, du(x)) where du(z) = dpi(x1) - - dpn (2,) and duy = x3* day,,
ar > —1,for k=1,...,m (dz; being the one dimensional Lebesgue measure). We
endow X with the distance d defined for z = (z1,...,2y) and y = (Y1,...,ym) € X

as
m
dy) = e =yl = (Y lan — uel?)
k=1

Then it is clear that

1/2

u(B(e,m) ~ ™ [ (@ + ™.
k=1

Note that this estimate implies the doubling property (1.2) with n = m + a1 +
-++ + a, and the non-collapsing condition (1.7).
For an element z € R™, unless specified otherwise, we shall write x;, for the k-th
component of z, k = 1,...,m. Moreover, for A € R™, we write A2 = (A\2,...,A2)).
We consider the second order Bessel differential operator

U (692 c’?
L=-A-Y 2%t _—|
;Ikaxk

whose system of eigenvectors is defined by
E,\(x) = H E)\k (xk), E)\k (xk) = (xk)\k)i(akil)/{](ak_1)/2($k)\k), ANz eX,
k=1

where J(,, _1)/2 is the Bessel function of the first kind of order (ax —1)/2 (see [22]).
It is known that L(E\) = |\|*E\. Moreover, the functions E), are eigenfunctions
of the one-dimension Bessel operators

82 (692 0

Ly =

8l‘k 2 Tk 8l‘k

and indeed Ly (Ey,) = A2E), for k=1,...,m.
It is well known that L is nonnegative and self-adjoint; moreover, the kernel
et (x,y) of e 'F satisfies the Gaussian estimate

e—tL T 1 ex _ d(l‘,y)2
o e Sl
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Hence, the Gaussian upper bound (3.6), along with the doubling and the non-
collapsing properties imply Assumption (Lg) with my = mgo = m and pg = 1.

3.6. Schrodinger operators with real potentials on manifolds

Let X be a complete connected non-compact Riemannian manifold. The geodesic
distance and the Riemannian measure are denoted by d and u, respectively. We
assume that the Riemannian measure p satisfies the doubling property (1.2) and
the non-collapsing condition (1.7). We also assume that the heat kernel p;(z,y) of
the Laplace—Beltrami operator —A satisfies the standard Gaussian upper bound

exp ( — L(m,y))

(37) pilay) < -

¢
u(B(z, V1))

We now consider the Schrodinger operator L = —A+V, V € L _(X). If the
potential V' is nonnegative, then the kernel of the semigroup {e~**};~( generated
by L satisfies the same Gaussian bound (3.7); in the general case, we must impose
some conditions on the negative part of V. Denote by V1 and V~ the positive

and negative parts of V', respectively. We define

Q(u,v)z/Vqudu—i—/V"‘uvdu—/V‘uvdu
X X X

with domain

D(Q) = {u e Wh3(X) : / Vtu?du < oo}.

X

Then we assume that the positive part V™ € L1 and the negative part V— satisfy

loc
the following condition:

/vvﬂduga[/ |Vu|2du+/ Vﬂﬂdu}, Vu € D(Q),
X e X

for some « € (0,1).
It was proved in [1], Theorem 3.4, that for any (17\/2ﬁ)/ < po < 2 there exist
C,c> 0 and > 0 such that

” 1B(x,r)e_SL1B(y,r) ||po—>p6

< Cpu(B(w, )18 (max (\7 é))ﬁ exp (- dist(B(xvgv B<y7r>>2>

for all ;s > 0 and x,y € X.
This, in combination with the volume doubling property (1.2) and the non-
collapsing condition (1.7), implies that Assumption (Lg) is satisfied with m; =

my = 2 and any (17\/2ﬁ)/ < po < 2.
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3.7. Schrodinger operators with inverse-square potentials

Consider the following Schrodinger operators with inverse square potential on R,
n > 3:

. n—2\2
Set 5 1
U::n2 —5 (n —2)2 + 4a.

The Schrodinger operator £, is understood as the Friedrichs extension of —A+ #

defined initially on C%°(R™\{0}). The condition a > —((n — 2)/2)? guarantees
that £, is nonnegative. It is well known that £, is self-adjoint and the extension
may not be unique as —((n —2)/2)?2 < a <1 — ((n —2)/2)2. For further details,
we refer the readers to [20], [27], [33]. For the corresponding heat kernel, we have
the following result.

Theorem 3.1 ([26], [24]). Assumen >3 and a > —((n—2)/2)2. Then there exist
two positive constants C' and ¢ such that for all t > 0 and =,y € R™\{0},

Y () e

e @yl <c(1+) (1+ 2
|| ly|
Set ny, = n/o if 0 > 0 and n, = oo if ¢ < 0. From Theorem 3.1 and

Theorem 3.1 in [5], for any n, < p < g < n, there exist C,c¢ > 0 such that for
every t > 0, any measurable subsets E, F C R", and all f € LP(E), we have:

d(E F)

le™"%e fll agry < Ct~20/P=1/0) 1l ce)-

Hence, with the standard dyadic systems in R™, this implies that Assumption (Lg)
is satisfied with m; = mg = 2 and any n), < pp < 2. Moreover, in this situation
the reverse doubling condition (1.3) is valid with k = n.

3.8. Fourth-order Schrédinger operators with singular potentials

Consider the following Schrodinger operator with singular potentials on R™ with

n > 5:
c

L=(-A)?- —
(=4) PE
where ¢ < (N(N —4)/4)2.
It was proved in [18] that for any 2n/(n+4) < p < q < 2n/(n —4), there
exist C, ¢ > 0 such that for every ¢ > 0, any measurable subsets F, FF C R"™, and
all f € LP(E), we have

He_thHLq(F)SCt §(/p=1/q) . Ltl/& HfHLP

Hence, with the standard dyadic systems in R™, this implies that Assumption (Lo)
is satisfied with m; = mgo = 4 and py = 2n/(n + 4). Moreover, in this situation
the reverse doubling condition (1.3) is valid with k = n.
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3.9. Schrédinger operators with singular potentials on L?((0,00),7™~1dr)

Let (X,d, ) = ((0,00),]| - |, 7" 'dr) with n > 2. We now consider the following
operator on L?(X):

d? n—1

Lf=——f—
! dr?

where a > —(n — 2)?/4. It was proved in [25] that for any p/, < p < ¢ < p, there
exist C,c¢ > 0 such that for every ¢t > 0, any measurable subsets F, F' C X :=
(0,00), and all f € LP(E), we have

d a
%f-f'r—Qf

_d(B,F)?

le™ fl oy < Ct73VP7YD =5 | £l 1y

where p, =n/oand o = (n—2)/2—+/(n—2)2/4+casa <0andp, =1ifa > 0.
Hence, with the standard dyadic systems in (0, 00), this implies that Assump-
tion (Lg) is satisfied with my = mg = 2 and any a/, < py < 2.

3.10. Sub-Laplacian operators on Heisenberg groups

Let H? be a (2d + 1)-dimensional Heisenberg group. Recall that a (2d + 1)-
dimensional Heisenberg group is a connected and simply connected nilpotent Lie
group with the underlying manifold R?¢ x R. The group structure is defined by

d
(2,5)(y, 1) = (l‘ +y s +t+2) (Tarjy;— yd+j)>
j=1

The homogeneous norm on H¢ is defined by
|(z,t)] = (lz* + |t|*)/*  for all (z,t) € HY.

See for example [31].

This norm satisfies the the triangle inequality and hence induces a left-invariant
metric d((z,t), (y,s)) = |(—z,—t)(y,s)|. Moreover, there exists a positive con-
stant C' such that |B((x,t),r)] = Cr", where n = 2d + 2 is the homogeneous
dimension of H? and |B((z,t),7)| is the Lebesgue measure of the ball B((z,t),7).
Obviously, the triplet (H¢,d, dz) satisfies the doubling condition (1.2), the reverse
doubling condition (1.3) with x = n, and the non-collapsing condition (1.7).

A Dbasis for the Lie algebra of left-invariant vector fields on H? is given by

0 0 0 0 0

Xogi1 = =, X;= L 4200, 2 Xgo=—2 —92. 2 io1..4
2d+1 at) J a$j + Ld+j ata d+j axd+j Ty at) J ) )

The sub-Laplacian Apa is defined by

2d
j=1
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Furthermore, it is well known that the sub-Laplacian Ay« satisfies the Gaussian
upper bound

(e, 0, (5.5)

C
7tA]Hd _
e ((@,0),(y,9)) < 5775 eXp( ”

In H?, we consider the standard dyadic system consists of the cubes
27F((0,12 + 5) x 47%((0,1] +0), keZ, jeZ*, (.

Hence, the Gaussian upper bound yields the assumption (Lg) with m; = mg =2
and po = 1.

3.11. Dirichlet Laplacians on open domains

Let X = (R™,]|-|,dz). Then X is a space of homogeneous type satisfying (1.3) with
k = n and the non-collapsing condition (1.7).

Let 2 be a connected open subset of R™. Note that 2 may not satisfy the
doubling condition. Let Ap be Dirichlet Laplacian on the domain . It is well
known that the semigroup kernel e 7*2? (z,y) of e *AP satisfies the Gaussian upper
bound

e—tAD(

x,y) < ——— exp(— |I_y|2)
TN (Amt)n/? 4t '
for all t > 0 and all z,y € Q.
Hence, all assumptions in Theorem 1.11 are satisfied with X = (R™,]| - |, dx),

L=Apand kK =n.

3.12. Schroédinger operators with singular potentials

For our last example, we recall the definition of the Kato class K, of potentials.
The measurable function V': R® — R belongs to K, if the following conditions are
satisfied:

1. If n >3, limsup/ |z — y|>* "V (x) dx = 0.
0w Jp—y|<a

2. Ifn=2, limsup/ log(|x — y| ™)V (x)dx = 0.
b0z Jjz—y|<a

3. If n=1, sup/ V(z)de < oo.
le—y[<1

x
Moreover, we say that V € K, 1o if 15V € K, for all balls B.
We consider a Schrédinger operator of the form L = —A+ V(x) on R”, n > 1.
We assume that the positive part V of V' is in K, 1o while the negative part V_ is
in K,,. Then the results of [29] (see in particular Proposition B.6.7) imply that L

can be realized as a semibounded self-adjoint operator in L?(R™), and that the
heat kernel e ~*F satisfies

lz—y|?
5

(3.8) le ™ (z,y)| < Ct2eMot =" with C,c > 0.
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Thus Assumption (Ly) is satisfied, with My > 0. If in addition we assume that
the negative part satisfies

n/2
2—n T
. - _(y)d 22—
(39) sup, [l =y Vo) dy <2 s
in dimension n > 3 (or V_ = 0 in dimensions 1, 2) then in [14] it is proved that

one can take My = 0, so that the uniform estimates of Theorem 1.9 apply.

Moreover, one can consider the same operator L with Dirichlet boundary con-
ditions on L2(Q), for an open subset Q of R". If we assume for simplicity V > 0,
then by the maximum principle we obtain that the heat kernel is nonnegative
and satisfies again the upper Gaussian estimate (3.8), with My = 0 i.e., all the
assumptions of the second part of Theorem 1.11 are satisfied.

Similar results can be proved for the magnetic Schrédinger operators of the
form (iV + A(z))? + V(z), using the heat kernel estimates proved in [12], and
for elliptic operators with fully variable coefficients on exterior domains, via the
results of [7]. We omit the details.

3.13. Magnetic Schrédinger operator
Consider the magnetic Schrodinger operator on R™ defined by
L= (iV+ A(z))* + V(x),

with magnetic potential A = (Ay,..., A,) and electric potential V(x).
If we choose as weight function w(z,y) = z — y: R?® — R" and Z(w) =
C§°(R™), then we have

AdL(L) =2V 4+ 2iA, Ad%(L)=(2,...,2) and Ad.(L)=0 forj>2.

The vector of operators Ad?(L)R is obviously bounded on L2; since R is also
bounded from L?(R™) to H(R"), if the magnetic potential satisfies

[Afllz> S (1|

then also Ad;(L)R is bounded on L?. Moreover, by elementary computations one
can write Ad¥(R) as a linear combination of terms

RAd* (L) RAd™(L) ...RAd*™(L) R

with &k > k;, N > 1 and k; + --- + ky = k. For instance, in dimension n > 3 it is
sufficient to assume that |A| < C' + C|z|~1, thanks to Hardy’s inequality.
As a consequence, it follows the condition (L).
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