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Abstract

Fractional relaxation equations, as well as relaxation functions time-
changed by independent stochastic processes have been widely studied (see,
for example, [21], [33] and [11]). We start here by proving that the upper-
incomplete Gamma function satisfies the tempered-relaxation equation (of
index p € (0,1)); thanks to this explicit form of the solution, we can then
derive its spectral distribution, which extends the stable law. Accordingly,
we define a new class of selfsimilar processes (by means of the n-times
Laplace transform of its density) which is indexed by the parameter p: in
the special case where p = 1, it reduces to the stable subordinator.

Therefore the parameter p can be seen as a measure of the local de-
viation from the temporal dependence structure displayed in the standard
stable case.

MSC 2010: Primary 26A33; Secondary 34A08, 33B20, 60G52, 60G18

Key Words and Phrases: incomplete gamma function; tempered de-
rivative; stable laws; relaxation function; G- and H-functions; self-similar
processes

1. Introduction

The Cole-Cole law, i.e. o(t) = e~*, which satisfies the ordinary first-
order differential equation

Loty =2elt),  @l0)=1, (1)
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(for \,t € RT), is suited to model relaxation phenomena with an expo-
nential decay for large values of t. In many real situations, such as, for
example, when considering the electromagnetic properties of some materi-
als, as well as the rheological models for viscoelastic materials, fractional
relaxation functions, with long-memory, instead of exponential, decay, have
been preferred. In particular, by replacing in (LI]) the first derivative with
the fractional Caputo derivative of order o € (0, 1), the fractional relaxation
equation

“Dip(t) = —A%(t),  »(0) =1, (1.2)

has been studied. Its solution is proved in [2I] to coincide with ¢(t) =
Eq1(—A%t") (see the definitions of Mittag-LefHler function and Caputo de-
rivative below): compared to the standard relaxation function, the frac-
tional relaxation exhibits, for small values of ¢, a much faster decay (the
derivative tends to —oo instead of —1), while, for large values of t, it shows
a much slower decay (an algebraic decay instead of an exponential decay).
In view of its slow decay, the phenomenon of fractional relaxation is usually
referred to as a super-slow process (see [21]). For further generalizations of
fractional relaxation equations, see [11].

Relaxation driven by the inverse of a tempered-stable subordinator has
been considered in [33]. The frequency-domain expression of the tempered
relaxation function is given there, together with its asymptotic estimates:
this is proved to be an intermediate case between the superslow relaxation
and the exponential one.

We recall that tempered fractional derivatives are defined and studied
in [24], while a different definition, in terms of shifted derivative, is given
in [I]. For some details on tempered and inverse tempered subordinators
see also [36], [37], [10].

We start by considering here the tempered relaxation equation

DM p(t) = —No(t),  ¢(0) =1, (1.3)

for A > 0,t >0 and p € (0,1], where Dt)‘ * is defined as particular case of
the so-called convolution-type derivatives (see definitions (LI5) and (1)
below). We prove that it is satisfied by the following relaxation function

Pap(t) = F(#p);t), (1.4)

where I' (p; x) = f;oo e~ “wP~1dw is the so-called upper-incomplete gamma
function with parameter p € (0, 1]. Note that I" (p; x) is well-defined for any
p € R and it is real-valued when z € RT.
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In the special case where p = 1, equation (L3)) reduces to the standard
relaxation equation (LI]). The asymptotic behavior of the solution coin-
cides with that of the model in [33], but thanks to the explicit form of the
solution, we can obtain here further results: we can prove the completely
monotonicity and integrability of ¢y , and obtain its spectral distribution,
which, as we will explain below, can be considered a generalization of stable
laws.

We recall that the Laplace transform of the a-stable subordinator, i.e.
®(n) := Ee 5 = ¢=n"t t > 0, satisfies equation (), with A = n®. We
then generalize this result and define a new class of stochastic processes by
means of the n-times Laplace transform of its density, as follows

r (p; S = (- tk_o)
Ee_ 22:1 nan,p(tk) e k=1 s 7]1, nn > 0, n e N,
I'(p) B
(1.5)

where 2 = (300, m)%, for 0 < t1 < ... < 1y, for @ € (0,1) and p €
(0,1] . In the one-dimensional case (for n = 1), the Laplace transform in
(CEH) coincides with (4] for A = n%, i.e.

Eeer(®) — M, n > 0. (1.6)
'(p)

Moreover, in the special case p = 1, we obtain from (5] the Laplace
transform of the a-stable subordinator. As we will see in the next section,
both (LE) and (L6]) are completely monotone functions (with respect to
M,..., M and 1, respectively ), under the conditions that a, p < 1 and ap < 1,
respectively. Thus we will assume hereafter p € (0,1/a] when treating the
one-dimensional distribution, whereas we will restrict to the case p € (0, 1]
in the n-dimensional case.

Moment generating functions expressed as power series of incomplete
gamma functions can be also found in [32], where they are used to generalize
the gamma distribution.

The process X, , = {Xa,(t),t > 0} defined in (L) displays a self-
similar property of order 1/a, for any p. On the other hand, it is a Lévy
process only in the stable case (i.e. for p = 1), since its distribution is not,
in general, infinitely divisible. The main feature of self-similar processes
is the invariance in distribution under suitable scaling of time and space.
Self-similarity is usually associated with long-range dependence (see, for
example, [28]). The main tools used to describe the dependence structure
of a stochastic processes are both the autocorrelation coefficient and the
spectral analysis. However, in the case of heavy-tailed distributions, where
the moments are not finite, we must resort to other tools, such as the auto-
codifference function. In particular, referring to the definition given in [29]
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and [38], we are able to interpret p as a a measure of the local deviation
from the temporal dependence structure displayed in the standard a-stable
case.

In order to derive the differential equation satisfied by the transition
function hq ,(z,t) of X, ,, we distinguish the two cases 0 < p < 1 and
1 < p < 1/a: indeed, in the first one, we prove that hq ,(x,t) satisfies
an integro-differential equation where a space-dependent time-fractional
derivative (of convolution-type) and a Caputo space-fractional derivative
appear. In the case where p > 1, the differential equation satisfied by the
transition density is obtained only in the special case p = 2 and it involves
the so-called logarithmic differential operator introduced in [2] and defined
in (39) below.

We are able to write the explicit expression of hq ,(x,t), in terms of
H-functions, which for p = 1 and ¢t = 1, reduces to the stable law formula
given in (2.28) of [23]. Finally we present some properties of the generalized
stable r.v. X, ,, such as the tails’ behavior and the moments. In particular,
we prove that it possesses finite moments of order § < ap, which can be
written as

s 5
ce Llp—7)

B ) = T Ta 9

We now recall some well-known definitions and results which will be
used throughout the paper.
Let Hy" denote the Fox H-function defined as (see [23] p.13):

mn a ,A ) (a ,A )
. [z‘ (b, B)) . (b By } (17)
ﬁ P + B 8)} { [T -q —AjS)}z‘Sds
bt 2
2772 7
{ [T Ty —BS)}{ 1 p(aj+AjS)}
j=m+l1 j=n-+1

with z # 0, m,n,p,q € Np, for 1 < m < ¢, 0 < n < p, aj,b; € R,
A;,B;j e Rt fori =1,..,p, j = 1,...,q and L is a contour such that the
following condition is satisfied

A(bj+a) # Bj(ag—k—-1), j=1,..m, I=1,...,n, a,k=0,1,... (1.8)

Let us recall the following particular case of the H-function which we
will use later, i.e. the Mittag-Leffler function, defined as

“+oo

- G (0.1)
Eo3(2) .—;m—ﬂié 2l 0 a-pa | (09
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for v > 0 (see formula (1.136) in [23]). Moreover, we recall the other special
case of (7)) given by the Meijer G-function, which is obtained for A; =1,
for any i = 1,...,p and for B; =1, for any j = 1,...,¢:

mon (a1,...ap) | _ ymn (a1,1) ... (ap,1)
Gr [z| (brs ) ] = Hyj [z| 1) o ey |- (110

In particular, we will use (I.1I0) in the case where n = 0 and p = ¢ = m,
for which the following result holds (see properties 3 and 9 in [14]):

p,0 (al, ...ap) _
Gop [m| (b, .oy by) } 0, |z| > 1, (1.11)
while, under the assumption that 21;:1 (tbf - t“]’) >0, it is
D, (al,...ap)
Gho [az\ (b1 by ] >0, 0< |z <1. (1.12)

More details on the properties of the function (II0]), together with its
applications in fractional calculus, can be found in [I7]. In particular, for
p = q = 1, the function Gi(l) is proved to be the kernel of the Erdélyi-Kober
fractional integral (see also [15]).

We will use the definition and properties of completely monotone func-
tions, both in the univariate and multivariate cases; thus we recall that, for
Theorem 4.2.1 p.87 in [5], a function f(z,...,2,) in an octant 0 < z; < oo,
j =1,...,n can be represented as

+oo +o0o
flz1y ey 2) :/ / e ATLTEIn g (2, . ) (1.13)
0 0

for a measure p such that p(A) > 0, for any A, if and only if it is C°° and

(_1)k1+...+kn
8zf1 ...0zp"

F(21, ) > 0, (1.14)

for all combinations k; > 0, ..., k, > 0 (the representation being unique).
The measure p is called spectral distribution of f and the function satisfying
(LI4) is said to be completely monotone (hereafter CM). By the way, we
note that the function (LI3]) is linked to the kernel of a particular case of
the Obrechkoff transform (see, for example, [7]).

We also recall the definition of the convolution-type derivative on the
positive half-axes, in the sense of Caputo (see [34], Def.2.4, for b = 0):
let 7(ds) be a non-negative Lévy measure (i.e. satisfying the condition

0+O°(z A1)T(dz) < oo) and let v(s) = f+oo 7(dz) be its tail, under the

S
assumption that it is absolutely continuous. Let, moreover, g : Rt — R™,
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be a Bernstein function, i.e. with the following representation g(z) = a +
bx + f0+oo(1 e **)v(ds), for a,b > 0, then

/ —u(t — s)v(s)ds, t>0, (1.15)

for an absolutely continuous function such that |u(t)] < Me*, for some
M, X > 0 and for any t.

Convolution-type derivatives (or derivatives defined as integrals with
memory kernels) have been treated recently by many authors: see, among
the others, [18], [19], [33], [9], [34].

The Laplace transform of Df is given by

/+oo e~ DIu(t)dt = g(0)7u(h) — @u(O), R(6) > 6o, (1.16)
0

(see [34], Lemma 2.5). It is easy to check that, in the trivial case where
g(0) = 0, the convolution-type derivative coincides with the standard first-
order derivative. When g(0) = 0%, for & € (0, 1), this Bernstein function
coincides with the Laplace exponent of the a-stable subordinator S, (t) (dis-
tributed, for any ¢, as a stable r.v. Sy (0, 3, p), with o = (cos (ra/2) )1/,
B =1 and p=0), since

Ee 05 — exp {—0°t}, ¢, 6> 0. (1.17)

In this case, the Lévy measure reduces to 7(ds) = as~* 1 /I'(1 — ) and
thus (LI5]) coincides with the fractional Caputo derivative of order a, i.e.

CDXu(t) = ﬁ/o %u(s)(t —s) %s, t>0, aec(0,1). (1.18)

Finally, we will use the Riesz-Feller (RF) fractional derivative, which is
defined, by means of its Fourier transform. Let L¢(Z) of functions for which
the Riemann improper integral on any open interval Z absolutely converges
(see [22]). For any f € L°(Z), the RF fractional derivative is defined as

FiDzof(@):6} = g (O F {f(x);€}, a€(0,2], 0] <min{e,2—al,
1.19
with the symbol ( )

Yg(€) = || oet s n@f/2 ¢ eR (1.20)

(see [16], p.131). Since we are interested in the special case where the
support of the density is the positive half-line, we can take & > 0 and
6 = —a (which corresponds to the stable law totally skewed to the right).
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2. Tempered relaxation function

Under the assumption that p < 1, we prove that the (normalized)
upper-incomplete Gamma function given in (L.4]) is the solution of a tem-
pered relaxation equation, which extends the standard one, i.e. (L), by
means of the tempered fractional derivative, in the Caputo sense. The lat-
ter can be obtained from the definition given in (LI5]), by choosing the
Bernstein function g(x) = (A + z)? — N, for A,z € R and the Lévy mea-

—As . —p—
sure 7(ds) = per(lis_p;lds. Thus the tail Lévy measure is taken equal to

v(ds) = %ds (see [34] and [33], for details). For p = 1, we have
that g(z) = x and thus the tempered derivative reduces to the first-order

derivative.

LEMMA 2.1. Let Dt)‘”o be defined, for any absolutely continuous func-
tion u : Rt — RY, such that |u(t)| < ce*, for some ¢,k > 0 and for any
t >0, as

AP td
DM u(t) = pip)/ —u(t — $)I'(—p; Xs)ds, A>0, pe(0,1],
0

1 - dt
(2.1)
then the solution of the following tempered relaxation equation
DPu(t) = —Nult), (2.2)
with initial condition u(0) = 1, is given by
L(p; At)
Paplt) = 2.3

P r o o f. The Laplace transform of the Lh.s. of (2.:2]) can be obtained
from (ILI6l), by choosing g(x) = (A + x)? — A\? and considering the initial
condition:

A+ )P — N

+o0
/ e~ DM u(t)dt = [(A+ )P — M) u(6) — ( (2.4)
0
Then, by taking into account the r.h.s. of (2.2]), we get
P _\P
(g = A9 =N (2.5)

o0\ + 0)



TEMPERED RELAXATION EQUATION ... 1255

which coincides with the Laplace transform of (23], since

1 /+oo e T (p; M) dt = 1 /+OO e 0 /+oo e~ YwP L dwdt
L'(p) Jo ’ L'(p) Jo At

2P +o0 w
= —/ e_)‘wwp_l/ e~ dtdw
L(p) Jo 0

AP /+°° Y —wy, p—1
= — e (1 — e ") dw.
0T (p) Jo ( )

a

We now derive some properties of ¢y ,(-), which are usually required
to a relaxation function, and obtain its spectral distribution in terms of
H-function. The latter will be proved to coincide with the density of the
process X, , defined in the next section (in the special case o = 1).

THEOREM 2.1.  The tempered relaxation function ¢y ,(-), defined in
(Z3) is C*°, completely monotone and locally integrable. The spectral
distribution of ¢y ,(-) is given by

>\1z>)\ 1,0 A
= GOl 2

L(p) M=z

where Gp3"[-] is the Meijer G-function defined in (LI0).

2

} ) p€(0,1), (2.6)

P r oo f. It is well-known that the upper incomplete gamma function
is C*° and thus the same holds true for ¢ ,(-). Moreover, we can derive
complete monotonicity by repeatedly differentiating (2.3]) and showing that

(_1)k$_190)\,p(t) >0, for any k € Nand t > 0:

d

—Paelt) = Ne A=l >

d2

gEPre(t) = NPT (- ve N > 0
d3

Bt = APFZem APl 9(p — 1)APTe M2 4

+ (p—1D(p—2)N\e M3 >0,

and so on. The sign of the k-derivative depends only on p — j + 1, for
j = 2,...,k, which is non-positive, for any k£ € N and for p < 1. As far as
the integrability, we first derive an alternative expression of (2.3]) in terms
of Mittag-Leffler function: recalling formula (3.7) p.316 in [25] and formula
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(4.2.8) in [12], we can write
fo)‘t e WP Ldw
I'(p)
= 1-eMNE(p,N) =1 — e M\)PEy 1 (M),
where &, (v, \) = % Jo w’™te " dw is the so-called Miller-Ross function.

By applying formula (6.5.31) in [36], we easily obtain the following
limiting behavior of (Z.3))

SOA,p(t) = 1- (2.7)

—Atyp—1lpp—1
e~ MAPTHP
QO)\,p(t) ~ T, t— —+00. (28)

Since ¢y ,(0) = 1 and the function ¢y ,(-). is bounded by one on any
compact set, (28] is enough to prove its integrability. Finally, we check
that

+oo
Oap(t) = /0 e " K)\(2)dz, (2.9)

for K(z) given in (2.86). Indeed we can write (2.6), by (LI0), in terms of
H-functions, as

_ A oA (2,1)
Ky\(z) = WH%? [; (1% pi1) ]
— [by(1.60) in [23]]:ﬁ N f:?]

so that we can apply formula (2.19) in [23] and get
1 TR —tz 170,1 [ (—=p,1) }
— e “Hy ‘ ’ dz
)‘F(p) / L1 (_17 1)
Y 1 H02 |: 1 (07 1) _p71) :|

T T 2 [ x| (-1,1)
= [by (1.58) and (1.60) in [23]] = ﬁHig [)\ﬂ (07(11),(2 ) ]

1 1 _L(s)L'(p+s)
T'(p) 2mi /ﬁ( ) I'(1+s) s =¢explt),
by means of the Mellin-Barnes integral form of the incomplete gamma
function: ( )
1 I'(s+p)z™°
r —d 2.10
(i) = g [ —pE—as (210)

where the contour £ avoids all the poles of the gamma functions (see [27]
for more details). Note that the indicator function in (Z6]) comes from

ini} 0
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REMARK 2.1. We note that, as t — 400, the function ¢, ,(-) decays
exponentially fast and thus faster than in the fractional case. On the other
hand, for small values of ¢, the tempered relaxation function exhibits the
same fast decay of the fractional relaxation (see [2I]): indeed we can obtain
the behavior of ¢y ,(+), for ¢ — 07, by considering (2.7)) together with

z

E,p5(2) ~ + , z— 07"
P =0 T T )
(see [12], p.64): thus we have that
e MNP tr
t)~1-— ~1— , t—0t. 2.11

We thus obtain asymptotic behaviors similar to those of the relaxation
function introduced in [33] (by time-changing with inverse tempered subor-
dinators), but, in this case, we have also a closed expression of the solution,
in terms of well-known functions.

REMARK 2.2. As far as the spectral distribution K, (z), z > 0, given
in (2.6]), we can check, by (II2]), that it is a proper probability distri-
bution: indeed it is non-negative, since ¢!t — 2 > 0, for p < 1 and
t € (0,1). Furthermore, f0+oo Ky(z)dz = 1, by using (2.9) and considering
that ¢y ,(0) = 1. From (2.6) we can draw the conclusion that the process
governed by ¢y ,(t) can be expressed in terms of a continuous distribu-
tion of standard (exponential) relaxation processes with frequencies on the
range (A, +00) instead of the whole real positive semi-axes. In the special
case p = 1/2, it is well-known that

o1 [ﬂ —% } _ IS}
L1 -1 Vrryr —1
(see (1.143) in [23]), so that we get
)\5/212>>\

T2 2 — A\

REMARK 2.3. Let Sy ,(t),t > 0, be the tempered subordinator, for
A > 0and p € (0,1], with transition density hy,(z,t). Let moreover
Ly ,(t),t > 0, be its inverse, i.e. Ly ,(t) := inf{s > 0, S) ,(s) > t} (see
[1], [10], [24] and [37], for details). As a consequence of Lemma 2.I] we can
derive the following relationship between the tempered relaxation and the
density of Ly ,, i.e. Iy ,(x,t) :== P{Ly,(t) € dz}:
_DpAt) _

+oo
O p(t) = TG /0 e Ny (2, 1) dz. (2.13)

Ki(z) = (2.12)
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The previous integral expression of the incomplete gamma function can
be obtained, by applying (19) of [36]. Let us denote by h,(u, z) the density
of the p-stable subordinator (i.e. for A = 0), then

+oo o
/ e iz p(z,t)dz
0

+o0o 5 8 t
= —/0 e 5/0 hoyp(u, z)dudz

t +oo t
= —)\p/ e_)‘“/ e_)‘p”)‘pzhp(u,z)dzdu—i—/ h,p(u, 0)du
0 0 0

t +oo
= —)\p/ e_)‘“/ ho(u, z)dzdu + 1,
0 0

for t > 0, since h) ,(u,0) = 6(u). We now notice that f0+°° ho(u, z)dz =
uP~1/T' (p) (as can be checked by the Laplace transform) and the result
[2.13)) easily follows.

The relationship (2.I3) can be also checked by considering that both
sides satisfy ([2.2)): by taking the tempered derivative of the r.h.s. of (2.13):

+o0 +oo
D} [r o e—ApzzA,p<z,t>dz} () [ DM et
0 0
= [by (6.13) and (2.33) in [34]]

+oo p 0 oo p
= —F(p)/ e Za—lx7p(z,t)dz - F(p)y(t)/ e “lIxp(2,0)dz
0 < 0

+oo

P Feo P
= — [, =0] T ~T ()X /0 N2y (2, 1)d2

2=0

“+oo
= —F(p))\p/ e N Fly (2, t)dz,
0

pAPL(=p,At)

T(=p) and

where we have considered the initial conditions [y ,(0,t) =
Inp(x,0) = 0(x) (see [34], for details).

3. Generalized stable process

We recall that the Laplace transform of the a-stable subordinator, i.e.
d(n) = Ee (1) = ¢=1"t ¢ > (), satisfies the standard relaxation equation
(LI, with A = n®. We then apply the previous results, in order to define
a new stochastic process, which generalizes the a-stable subordinator.
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We first prove that, under some assumptions, the function

n
r <p; > S (e — tk—l))
N, .M >0, n €N,

k=1
T (p) ’ )

where =F | = (3= . mi)", can be uniquely represented as a Laplace trans-
form of a probability measure in R™.

(st tn) =

LEMMA 3.1. Let 0 < t1 < .... < ty, a € (0,1) and p € (0,1]. The
function ®(ny, ...0n; t1, ...ty in [B1) is C*°, is such that ®(0, .., 0;t1,...t,) =
1 and is completely monotone (CM) with respect to 1y, ...n,, for any choice
of t1 < ... < t. Thus the following integral (unique) representation holds

—+00 +oo
(N1, sty oty) :/ / e  ME T (g o dag; ty, .y,
0 0
for a probability measure (-, ..., ;t1, ...tp).

P roof. We first check that the one-dimensional function ®(n,t) =
Ee"%er®) given in [B3) is C, since the incomplete gamma function is
analytic w.r.t. both its arguments. Moreover, it is such that ®(0,¢) = 1 and
is a CM function, i.e is absolutely differentiable and (—1)* %@(n,t) >0,
for kK = 0,1,.... Indeed, n® is a Bernstein function and we have proved in
Theorem 2Tl that I'(p; -) is CM. Then it is well-known that the composition
of a CM and a Bernstein function is again CM. Thus the statement is proved
for n = 1. Moreover, we can check directly that this is true if and only if
ap < 1:

d @

d_nq’(%t) - —atpnap_le—n t < 07
2

L 0,0) = —alap — 2T 2
"

d? X

Gy 2(1) = —alap — 1) (ap = 2) #7500

—i—(ap _ 1)a2tp+lnap+a—3€—77°‘t
+a2tp+1(ap +a— 2)nap+a—3e—n“t - a3tp+2nap+2a—3e—77°‘t < 07
and so on. The sign of the k-th derivatives depends only on ap — j+ 1, for

j=2,..k,and ap+(j—2)a—j+1, for j = 3, ...k, which are all non-positive
under the unique condition ap < 1.
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For n > 1, we start by proving that the condition (LI4)) holds, for

n = 2, i.e. that

(_1 k1+ka

Let us denote Aj 2 = (1 + 1m2)%t1 + 15 (t2 — t1). Let, moreover, Ji,

(_1)k1+k2

8k1+k2
onr1o ®
Tl 07

MR T (p; (4 m2) 11 + 5 (B2 — 1))
o o )

(1, m25t1, t2)

>0.

{j1, 42,93 g1 +je+ 3 =k1 — 1} and Ly, = {l1,l2,l3: 11+l + 13 = ka},
for j; = 0,1,..,k1 — 1 and I; = 0,...,ko, for ¢ = 1,2,3. Thus we can

write
lr H1+ka
_1\krt+ke Y )
( 1 anlflan§2q>(nlan2atlat2)
(_1)k1+k2 akg 8k1_1 9
- ko ki1—1 —F(p)Al,Q)
R e
N T k2 A ki1 |© 12 g2
(p)  ons2 ant o

[by the general Leibniz formula]

(—1)k2 ghe k-1 g,
N L' (p) onk Z J1yJ2, J3 (_1)J16 TR
"2 J1:J2,33€ Tk, e Gt
I _ . Hist+1
x (—1)02 Z_ AP (1) t2 g
(1) o 12 (1) o 1,2]
1 Z < k2 >< kl_l > (_1)11+j1ﬂ
F(p) 117127l3 j17j27j3 877%1877{1

l1,l3,13 € Ly,
J1,J2,J3 € J,

_ Plati2 o Ylatistl
« (_1)12—%]2% 113—21 (_1)l3+]3ﬁA1 9| .
ongon? ongompPTt

e—z‘h,z]

Under the assumptions that a € (0,1) and p € (0,1] and recalling
that ¢1,t — t; > 0, it is easy to show that A;s is a Bernstein function
w.r.t. m1 and 72. On the other hand, A'i_zl and e~412 are both CM, being
the composition of CM and Bernstein functions (see Theorem 3.7 in [30],
p.27). Moreover it can be checked that, in the last step, the sign of the
partial derivatives depends only on the order, regardless of the variables
involved; thus the functions inside square brackets are all non-negative.
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This procedure can be successively applied in order to prove that (LI4]) is
true for any integer n > 3. O

DEFINITION 3.1. We define the process X, , := {X, ,(t),t > 0}, under
the assumption that, for tg = 0, X, ,(t9) = 0, almost surely, by the n-times
Laplace transform of its finite dimensional distributions given in ([B.1]), i.e.

r <p; > i e — tk—l))
Ee™ > k=1 Mk Xa,p(tk) = k=1 ’
I'(p)
for 2¢ == (307, mi)" and a € (0, 1), p € (0,1].

N, -Np > 0,n €N,

REMARK 3.1. It is easy to check that &, , displays the self-similar
property of order 1/q, for any p: indeed we have the following equality of all
the finite-dimensional distributions {aiXa,p(t), t> O} 4 {Xa,p(at),t > 0},
for any a > 0.

On the other hand, it is a Lévy process only for p = 1, when its dis-
tribution becomes infinitely divisible. Moreover, only in this special case
the process has stationary and independent increments, since formula (8.1))
can be rewritten as

n

n
D(n1, .00 t1, ...tn) = exp {Zagn (tx, — tk—l)} = H e Fhn(te—tr-1)
k=1

k=1
n n
_ HEe—Egyn-Xa,l(tk—tk—l) — H Ee =k a1 () =Xa1(tr-1)]
k=1 k=1

It is evident that, for p = 1, the increments have an a-stable distribution
(see [29], p.113) and thus X, ; reduces to the stable process.

We now consider the one-dimensional distribution of the process and
we prove that it can be written in terms of the Fox’s H-function defined in

(@).

THEOREM 3.1. The transition density hf(z,t) of X, ,, for any p €
(0,1/al, is given by

« 0.1 z®
e (z,t) = ——H{" | =
a(aj7 ) a:F(p) 1,1 |: t

(1_p7 1)
0.0) ], x>0, t>0. (3.2)

P r o o f. We invert the one-dimensional Laplace transform of the pro-
cess Xy p, 1.e.
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I (p;m™t
EeYer(®) — 7(;)’(2) ), n >0, (3.3)
by using (2.10]), as follows
he (x,t)
_ v /V*m P<s+p><m—a o a /W“’P s+ p)(ta—)?
270 Jy—ioe  2D(p)(as 270 Joy—ioo I'(as+1)
o 1.0 _a 10() @ 01|z (1_p71)
= ——H} = Hyy | — A4
2T(p) 1,1[ | p,l)] 2D(p) b [ 7 0, ) . (3.4)

which exists for any z # 0, since & — 1 < 0 (see Theorem 1.1 in [23]). O

REMARK 3.2.  We can check that ([8.2]) is a proper density function,
for any ¢, by applying the Mellin transform and recalling formula (2.8) in
(1 - P 1) :| dr

[23]:

/0+°°hg(m,t)dx - %/0 iHloll[§ (0.0)
1 5o, [y‘ (1-p, 1) 1
y

1
=l 5 Jar= e =1

The H-function distribution, which includes, among others, the gamma,
beta, Weibull, chi-square, exponential and the half-normal distributions as
particular cases, has been introduced by [6] and studied in many other
papers (see, for example, [31], [35]).

For p = 1, formula (3.2 reduces to

ho(@,t)
_ _1gg00 2% (0,1) | _
= ax” Hypy [ ©| (0,0) } = [by (1.59) in [23]]
_ 101 | | (0, é) B ) -
= z Hyj) [tl/o“ 0.9 | = [by (1.60) in [23], for o 1]
T I e R N U /F(1+a—g>(t%) ds
/e bl /a] (=1,1) | ¢l 2gg - T2 s)
1oz (1-11)
T [flag Ll [tl/a 0,1) [by (1.58) in [23]]
_ L1 ﬂ (1,1)
pura e e Rk
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which coincides, for ¢ = 1, with the expression of the stable law given in
(2.28) of [23], in terms of H-functions.

On the other hand, for o = 1, formula (B.2]) reduces to (2.6]) and thus
Theorem [3.1] shows that the spectral density K (-) of the fractional relax-
ation function ¢y ,(-) coincides with the density of A7 ,.

We now study the dependence structure of the process X, ,, by means
of the auto-codifference function: adapting the definition given in [29] and
[38] to the Laplace transform (since our process is non-negative valued), we
can write, from (B.1]),

CD(Xap(1), Xa,p(s)) (3.5)
— InEe MXap®)=mXap(s) _ 1 Re~MXant) _ 1 Re—M12Xan(s)
1 0P (m +1m2)%8)U(ps 5 (¢ — )
L(p;ni's)T(p;my's)
By considering the asymptotic behavior (2.8]) of the incomplete gamma
function, we easily get

CD(Xa,p(t), Xap(5)) = (nf —n3) ¢, (3.6)

for t — +o00 and for fixed s. The limiting expression (3.6)) coincides with the
auto-codifference of the a-stable subordinator. Therefore, we can consider
the parameter p as a measure of the local deviation from the temporal
dependence structure displayed in the standard a-stable case.

In order to obtain the Cauchy problem satisfied by the one-dimensional
density of X, , given in ([B.2)), we distinguish the two cases: 0 < p <1 and
p € (0,1/al.

3.1. Case 0 < p < 1. When we restrict to the case p < 1, we can obtain
the integro-differential equation satisfied by the density (B.2)), in terms of
a convolution-type derivative with space-dependent tail Lévy measure.

THEOREM 3.2. Let p,(-) be the law of the a-stable r.v. S,(1), for
Q@ 6((]9, 1), then, for p € (0,1),
| 1/a
_ s o (/')
M . (dw) = d >0 3.7
Z( 'lU) F(l - p) w, w ’ ( )
is a Lévy measure, for any z > 0.

(2) If we define the convolution-type derivative (with space-dependent
tail Lévy measure) ,Df := Ot%u(t — s)M,(ds), where M,(s) =
f;roo M . (dw), for any z > 0, then the transition density hf(z,t)
satisfies the following integro-differential equation:

/ DPh(x — 2, t)dz = — D h(x,t), (3.8)
0
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with the following conditions:
{ h(z,0) = 0(x)
lim, o+ h(z,t) =0,
for any z > 0 and t > 0, respectively.

Proof 1. We apply the Property 1.2.15 on the tail’s behavior of the
stable law, given in [29]: lim, 4 2*P(X > z) = C, 1+Ba°‘ for C,, given
n (1.2.9), B =1 (since the a-stable considered here is totally skewed to the
right) and for o = (cos(ma/2)w)'/®. Thus, by taking the first derivative,
we get that pq(z) = O (Chwaz™*"1), for & — +oc and a constant C},. Thus
we can conclude that p,(z/w'/®) = O (Kwé”), for w — 0, for a positive

constant K. We now verify that the following finiteness condition is satisfied
by M ,:

+00
/0 (z AN1)M ,(dz)

1 +00
= / w‘é_ppa(z/wl/o‘)dw—i—/ w‘é_p_lpa(z/wl/a)dw < 0.
0 1

The second integral is finite, since the stable law is finite in the origin,
while for the first integral we can consider that the integrand function
w‘i_ppa(z/wl/o‘) = O (Kw*), for w — 0.

2. We notice that the tail measure M, (s) is finite, for any s,z > 0, since
1/a)

—é—p—l o é P :
f;roo o F(lz:p()Z/w )dw < f+°° pwr(lip)dw < oo Then, by applying

Lemma 2Tl with A = n®, we have that
o /t L ot = D (—pins)ds =~ (1)
F(l — p) ) dt@n‘%p 2% = =1 "Pnxpll),

with @0 ,(0) = 1, is satisfied by B.3)). Let now pu,(s) = % =

n~*v(s), then it is the tail of a new Lévy measure denoted by 7, (s) =
n~*v(s) (since it differs only by a constant from the original one). Then
we get

p td o t g
(- )/ gi Pt = sl (=pin S)dSZ/O 25 Pt = 8)pn(s)ds

= n _Son ot = 8)ry(s)ds = —ppe (1),

which moreover gives, by considering the expression of v,(s),

p td +o0o Cnfw —pe1 ap
= %gpn%p(t—s) i e w dwds = —n*Ppye ,(1).



TEMPERED RELAXATION EQUATION ... 1265

We can now invert the Laplace transform (in the variable 7) in the Lh.s.

since gpo ,(t)e Y = L{RE(-,t)} L {pa(-,w)} = L{RA(-t) * pa(-,w)}, where
* denotes the convolution operator:

+o0
P( _ —p—1
1_ / dz/ dtha z,t 3)/5 Palz, w)w dwds

= [by the self—snmlarlty property]

+00
= 1_ / / —hf (x—z,t— 8)/ pa(z/wl/a)w_é_p_ldwds,

which coincides with the Lh.s. of (B.8]). The r.h.s. follows by taking into
account the Laplace transform of the Caputo derivative (LI8]), of order
ap < 1, since a,p < 1, and the second initial condition, which will be
proved below to hold for h4(z,t), together with the first one.

Finally, h%(z,0) = 6(x), by the assumption that X, ,(0) = 0, almost
surely. On the other hand, the limit for  — 0T follows from the following
considerations: the density ([8.2]) can be rewritten (by (1.60) in [23], with
oc=—-1/a) as

o 0,1 | ¢
ho(z,t) = Wﬂl’l [7

(1 —p— évl) :|
(—1,04) '

The limit for # — 0" is then obtained by considering the asymptotic
behavior of the previous expression (see Theorem 1.3.(#7) in [23]) and since,
inthiscase,,u:a—1<0,(5:p+é—2andsinceAl—Blzl—a>O:
thus we get that

O‘p+1_37a 1 e
Rt (xz,t) =0 <a:_ —a >exp{—(1—a)amm_m}, r— 0",
O

REMARK 3.3. We recall that Lévy measures expressed in terms of
a-stable densities have been already treated in [2], in connection with sta-
ble processes subordinated by independent Poisson processes. Moreover,
pseudo-differential operators defined by means of time-dependent Lévy
measures are used in [26], [3] and [4], in connection with time-inhomogeneous
subordinators.

3.2. Case 1 < p < 1/a. For p greater than 1, we derive the fractional
differential equation satisfied by the transition density, at least in the special
case where p = 2. To this aim we recall the definition of the logarithmic
differential operator introduced in [2]: let f denote the Fourier transform,
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then P7 . is the operator with the following symbol

— —~

(Pgef)(€) = —In(1 4+ g (§)f(§), ¢>0, [§] <1/e, (3.9)

for any f € L°.

THEOREM 3.3. Let a € (0,1) and let h%(z,t) denote the transition
density of the process defined in (3.2), for p = 2, then

2 _ a2 (=11)
W, t) = S [ — o) (3.10)
satisfies the following equation
0 0 0
— =D — =P * = A1
8tu(aj’ t) w,—au(wv t) 6t ,Pa:,tu(aj? t) + Pm,t [6tu($’ t):| ) (3 )

with initial condition u(z,0) = §(x).

P r o o f. By taking the Fourier transform of (8II]) and considering
(CI9)-(C20) (for # = —) and [B.3), we get

%a(g, ) (3.12)

| ©

= U EVE 1)+ o (1 1 (€)(E D] — In(1+ 10, (6))
92, (6)
L+ t2,(6)

(1 8 (€)) r(E, )

P2a(8)
1+142,(8)

Q

t

= @) + (e, 1)+ In(1 -+ 102, () (e, 1)

= _'(z}ga (g)a(gv t) + a(&, t)'

On the other hand, we evaluate the Fourier transform of (3.2]) as follows
(by considering formulae (2.49) and (2.59) of the sine and cosine transform
of the H-function):

u(é;t)
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/_J:O eCThe (2, t)dr = _J:O e’gx%H%ll [? (1(&2’)1) ]daz
I, /_ :Ocos(gx)éﬂﬂll [? (1(&27)1) ]daz (3.13)
+io /_J:O sin(faz)%H&l [? (1(&2’)1) ]daz
_ T, [ (1,3) (A=p,1) (%,%)]
2 tgx| (0,a)
Z%FH”L@ 49 G- 0.9)]
_ ax2f271m/<t£;’;>_srf( P —s)

(1 — as)I(
gg@i/(ﬁ)ﬂ“~””ﬁ %) s,
L

2 2m téx

By the duplication formula of the Gamma function, we get

+oo
/ eCThe (,t)dx

2L (&) IR
4 2w tEe (1 —as)l'(as)
1 1\°* I'(—as)l'(p—s)
Harg <t§_a> T(—2)T(1 - as)D(1 + %)ds
= [by the reflection formula]

11 ( 1 > ~sin(ras)T(p — s) ds

ds

2 2mi 738 sin(ras/2)s
o1 1\ 7’ sin(ras/2)I(p — s)
i ). (%) .
1 ar—s cos(mas/2)T(p + s)
T omi ( & s ds
' on—s Sin(mas/2)(p + s)
+2—7T’L (tE ) s ds

1 iTa - F
= o [ (e Fee) *Llpts) o
2m Jp s
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In this special case p = 2, we can write ([3.I3]) as follows

“+oo a
ez @ o1 |27 (1=p,1
Loesmi[7] Yol e
_ 2% (e ee) " (L4 9T (s)ds (3.14)
c
1 _ima o —1— a ¢
= 3 L(e 2t£) ds—l——/ t& I'(s+1)ds

= [by formula (1.38) in [23]]
_ ptEe % (1—|—t£ e %) = e V2Ot (14 tp2 (&)

It is easy to check that (3.14]) satisfies (3.12) as well as the initial con-
dition. |

4. Properties of the generalized stable law

Let now consider a fix time argument and define X, , as the r.v. with
Laplace transform
+oo —w, p—1
e YwP T dw T (p: en®
Ee_nXa’p _ fcn — (p7 cn )7 n > O, (41)
I'(p) I'(p)
for a € (0,1], p < 1/ and scale parameter 0 = ¢/® € R*. Then an
interesting particular case can be obtained for p = n € N : by successive
integrating by parts of (1)), it can be checked that
j‘+00 —Wo 1dw n—1 (C’I’}a)j

E _nXOé,P — —e N 42
: R Ve

thus coinciding with the cumulative distribution function of a Poisson r.v.
Zeno with parameter en® (i.e. P(Zgye < n)). By inverting ([2]), the density
of X, , can be written, for p = n > 1, as follows

n—1

n | v a2
1= 2 e |, o )

i.e. as a finite sum of convolutions of the standard a-stable density pq(-).
In the case p = 2, we can also rewrite ([8.4]) as

a1z (-1,1) ] ol r2-s) (%) "
hl(z) = ;H?Jl [7 (0, ) ] - Eﬁ/c I'(l— as) s
a1 [ D) (=) ac? ¢

= - d — W_ B _°y
x2mi Jp (1 + az — 2a) o 22041 a,l 2. :L’O‘)
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Moreover, when p = 2 and a = 1/2, it reduces to

h2@)=—ii— Bﬂ&é—@
1/2 2¢22mi |, T(s/2)

= Dby the duplication formula of the gamma function]

I | s 1 c \ °
= [+ (=) d
M%E%LA(2+Q<A6> °

2
C 1,0 c .
= Hy = |by (1.125) in [23
N o,l[m %)} [by (1.125) in [23]
63 2
= 76_57
da

which is linked to a Lévy distribution Y, with scale parameter a = ¢2/2 by
the following relationship:
a
ﬁﬂ@:amnemy (4.4)
which is linked to a Lévy distribution Y, with scale parameter a = ¢2/2 by
the following relationship:

ﬁﬂ@:%ﬂnemy (4.5)

The Laplace transform can be checked to coincide with (4.1]), indeed

+o0
/ e Pwdw = e V(1 4 ¢\/1)
eV

and
d /—i-oo 3 d 3 02 3
L - e Ywdw = —e V(1 + ¢ = ——e VN
il T o) = =

On the other hand,

d [t a o0
—/ e —P (Y, € dx) = —a/ e P (Y, edx) = —aqe~Y2an,
dn Jo T 0

Moreover, from (4.3) it is evident that the first moment is finite and
reads

2

]EX%Q — 5
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The tail probabilities of the r.v. &, , can be obtained, by means of the
Tauberian theorem (see e.g.[8], Theorem XIII-5-4, p.446), as follows:
1 — Ee~tXap

+oo
/ e "P(Xy,p > x)dr =
0 u

cu® _qy p—1 d ap—1
e Yw w
:fo :[foru—>0]:u7,
L'(p+1)
by considering the well-known asymptotics of the (lower) incomplete gamma

ul’ (p)
function. Under the condition p < 1/a we get, from (5.17) in [§], for a con-
stant L(-),

1
i WYP(X, = .
AR TP o > ) = ST — ap)

(4.6)

For p = 1 (a-stable case), formula (4.6]) reduces with the well-known
result (see formula (1.2.10) in [29]).

By taking into account (Z8) and the fact that EX% = 0+°° P(X° >
x)dzx, for any positive r.v., we can give the following condition for the
finiteness of the 6-th moments:

E (Xoé,p)‘S < 00, iff 0<é<ap.

Therefore, in the case where p < 1, the r.v. X, , has finite moments
only of fractional order less than 1, as happens for the stable law of order
a € (0,1). For any p, we can evaluate the moment of order § € (0, ap), for
6 # n € N, by applying the Mellin transform formula for the H-function
given in (2.8) of [23]:

a +o0 e _

E(Xa,p)6 == m\/o .Té_lH?:iL |:7 (1(0,27)1) :|dx (47)
L[ sgea ]z A=) ],
=, S st ]

_ ca F(p—%)
() T = 6)

Formula (A7) reduces, for p = 1, to the well-known d-th order moment of
the stable law (see [39]).
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