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Abstract. In this paper we study existence, nonexistence and properties of solutions
for some Kirchhoff-Schrödinger-Maxwell systems as (1.3). The solutions can be seen
as saddle points of functionals which are unbounded both from above and from below.

1. Introduction

Vieri Benci and Dino Fortunato (two great friends, and two important “starting
blocks” of italian Nonlinear Analysis) studied in [3] a system of Schrödinger-Maxwell
type, arising from the study of eigenvalue problems for the Schrödinger operator when
coupled with the electromagnetic field. In that paper, dealing with the system

(1.1)

{
−1

2
∆v + ϕv = ω v , in RN ,

−∆ϕ = 4πv2 , in RN ,

they proved existence of an increasing and divergent sequence of eigenvalues {ωn}. Such
a result was proved using variational methods, since solutions of (1.1) are critical points
of a functional unbounded both from above and from below.

Systems like (1.1), but with a forcing term, were then studied in [6], [9] and [10]. In
these papers, the authors dealt with problems of the form

(1.2)

{
u ∈ W 1,2

0 (Ω) : − div(M(x)∇u) + Aψ|u|r−2u = f(x) ,

ψ ∈ W 1,2
0 (Ω) : − div(M(x)∇ψ) = |u|r ,

where Ω is a bounded, open subset of RN , with N > 2, M is a symmetric, bounded,
and uniformly elliptic matrix, and A > 0. The three papers studied existence and
regularity of solutions for (1.2) under various assumptions on r > 1, and f , a function
belonging to Lm(Ω), with m > 1. Among the results proved, of particular interest is the
regularizing effect on the solutions, obtained thanks to the coupling of the equations in
the system, with respect to the results separately known for the two equations of (1.2).
For example, in [10] it is proved that if f belongs to Lm(Ω), with m ≥ (r+ 1)′ = 1 + 1

r
,

then there exist solutions u and ψ both belonging to W 1,2
0 (Ω). Since r can be very large,

this means for example that the first equation has a W 1,2
0 (Ω) solution with a datum f

which is “almost” in L1(Ω), and this is in sharp contrast with the known result for the
first equation when considered by itself.

As in the paper by Benci and Fortunato, the solutions u and ψ given by [6], [9]
and [10] can be seen, if m ≥ 2N

N+2
, as a critical point of saddle type for the indefinite
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functional

J(v, ϕ) =
1

2

∫
Ω

M(x)∇v∇v − A

2r

∫
Ω

M(x)∇ϕ∇ϕ+
A

r

∫
Ω

ϕ+ |v|r −
∫

Ω

f v ,

defined for those functions v and ϕ in W 1,2
0 (Ω) such that ϕ+ |v|r belongs to L1(Ω) (and

+∞ otherwise).

In this paper, we deal with a system of Kirchhoff-Schrödinger-Maxwell type: more
precisely, we will study both existence and properties of solutions for the system

(1.3)

 u ∈ W 1,2
0 (Ω) : − div

([
a(x) +

∫
Ω

|∇u|2
]
∇u
)

+ ψ |u|r−2 u = f(x) ,

ψ ∈ W 1,2
0 (Ω) : − div(M(x)∇ψ) = |u|r .

We will suppose that Ω is a bounded open set of RN , N > 2, that r > 1, and that f
belongs to Lm(Ω), for some m ≥ 1. Furthermore, the function a : Ω → R will be a
measurable function such that there exist 0 < α ≤ β such that

(1.4) 0 < α ≤ a(x) ≤ β almost everywhere in Ω,

while M : Ω→ RN2
will be a measurable matrix such that

(1.5) M(x)ξ · ξ ≥ α|ξ|2 , |M(x)| ≤ β ,

for almost every x in Ω, and for every ξ in RN .
Equations like

− div
([
a(x) +

∫
Ω

|∇u|2
]
∇u
)

= f(x)

have been introduced by G. Kirchhoff to describe the stationary states of nonhomege-
neous elastic strings, and are therefore called elliptic Kirchhoff equations. Semilinear
equations of Kirchhoff type have been studied for example in [1, 2, 12].

As for system (1.2), if m ≥ 2N
N+2

the solutions of (1.3) can be seen as critical points
of the (indefinite) functional
(1.6)

J(v, ϕ) =


1

2

∫
Ω

a(x)|∇v|2 +
1

4

[ ∫
Ω

|∇v|2
]2

− 1

2r

∫
Ω

M(x)∇ϕ∇ϕ if ϕ+|v|r ∈ L1(Ω),

+
1

r

∫
Ω

ϕ+ |v|r −
∫

Ω

f v ,

+∞, otherwise.

The main difference between systems (1.2) and (1.3) is the presence of the nonlocal
Kirchhoff-type term

− div
([ ∫

Ω

|∇u|2
]
∇u
)
.

As we will prove, this term will be “responsible” for an alternative-like existence result:
either the assumptions on r and m are such that there exists solutions u and ψ in
W 1,2

0 (Ω) of the system, or, when trying to prove existence of solutions by approximation,
the system degenerates to a single, different equation (see. Section 3).

[such solutions do not exist, and the system degenerates, as the result of an approx-
imation technique, to a single, different equation.]

The plan of the paper is as follows: in Section 2 we will prove existence of solutions
for system (1.3) under various assumptions on r and m; in order to prove existence, we
will consider a sequence of approximating systems, for which existence of solutions will
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be proved in the Appendix: various a priori estimates on the sequence of solutions of
these systems, and some strong compactness results will then allow us to pass to the
limit and prove existence of solutions for system (1.3). We will also prove that, under
some assumptions on r and m, the solutions of system (1.3) can be seen as saddle points
of the functional J defined in (1.6).

In Section 3 we will prove some nonexistence results if the assumptions on the data of
the problem are not enough in order to prove finite energy solutions (i.e., in W 1,2

0 (Ω)).
More precisely, we will prove that if {un} and {ψn} are sequences of solutions of some
systems which approximate (1.3), then the norm of un in W 1,2

0 (Ω) diverges, the sequence
{un} converges to zero in a larger space than W 1,2

0 (Ω), and the sequence {vn} defined
as

vn =
[ ∫

Ω

|∇un|2
]
un ,

converges to the entropy solution w (see [4]) of the equation −∆w = f . As for the
sequence {ψn} it also tends to zero.

In the whole paper, we will frequently make use of the following two functions of one
real variable s, depending on a parameter k > 0:

Tk(s) = max(−k,min(s, k)) , Gk(s) = s− Tk(s) = (|s| − k)+ sgn(s) .

2. Existence in the general case

As stated in the introduction, we will prove existence of solutions for the (Kirchhoff-
Schrödinger-Maxwell) system

(2.1)

 u ∈ W 1,2
0 (Ω) : − div

([
a(x) +

∫
Ω

|∇u|2
]
∇u
)

+ ψ |u|r−2 u = f ,

ψ ∈ W 1,2
0 (Ω) : − div(M(x)∇ψ) = |u|r ,

under different assumptions on r and m. Our result is the following.

Theorem 2.1. Let a and M be such that (1.4) and (1.5) hold. Let r > 1 and let f in
Lm(Ω). We have the following:

(i) if r ≥ N+2
N−2

, and if m ≥ (r + 1)′, there exist u and ψ in W 1,2
0 (Ω), solutions of

(2.1); furthermore,
(a) if m > N

2
then u belongs to L∞(Ω);

(b) if m = N
2

then u has exponential summability and belongs to Lp(Ω) for
every p > 1;

(c) if (r+ 1)′ ≤ m < N
2

, then u belongs to Lσ(Ω), with σ = max(m∗∗, m(2r+1)
m+1

),

where m∗∗ = Nm
N−2m

;

(ii) if 1 < r < N+2
N−2

, and if m ≥ 2N
N+2

, there exist u and ψ in W 1,2
0 (Ω), solutions of

(2.1); furthermore,
(a) if m > N

2
then u belongs to L∞(Ω);

(b) if m = N
2

then u has exponential summability and belongs to Lp(Ω) for
every p > 1;

(c) if 2N
N+2
≤ m < N

2
, then u belongs to Lm

∗∗
(Ω), where m∗∗ = Nm

N−2m
.
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r

m

r+1
r

2Nr
N+2+4r

1

2N
N+2

N
2

1 N+2
N−2

L∞

Lm
∗∗

Lρ, ρ =
m(2r+1)

m+1

= no existence by approximation

Figure 1: Regularity for u in Lebesgue spaces as a function of r and m as a
consequence of Theorem 2.1.

In Figure 1, the dashed line m = 2Nr
N+2+4r

divides the two zones where m∗∗ > m(2r+1)
m+1

,

or m∗∗ < m(2r+1)
m+1

. The white zone below the dashed line m = 2N
N+2

, and above the curve

m = r+1
r

is where the regularizing effect with respect to the single equation happens:

even though the datum is not in the dual space of W 1,2
0 (Ω), the solutions belong to

W 1,2
0 (Ω).

The proof will be divided in several steps, dealing with the various possible values
for r and m. We begin with existence of approximating solutions.

Approximate solutions. Let n in N, and let fn = Tn(f), so that {fn} is a sequence
of L∞(Ω) functions which strongly converges to f in Lm(Ω), and satisfies the inequality
|fn| ≤ |f |. Thanks to Theorem 3.4 (see the Appendix), for every n in N there exist
weak solutions un and ψn in W 1,2

0 (Ω)∩L∞(Ω), with ψn ≥ 0, of the approximate system

(2.2)

 un ∈ W 1,2
0 (Ω) : − div

([
a(x) +

∫
Ω

|∇un|2
]
∇un

)
+ ψn |un|r−2 un = fn ,

ψn ∈ W 1,2
0 (Ω) : − div(M(x)∇ψn) = |un|r .

�

L∞(Ω) and exponential estimates. Suppose that m ≥ N
2

, and choose Gk(un) as
test function in the first equation of (2.2). Dropping two positive terms, and using
(1.4), we obtain

α

∫
Ω

|∇Gk(un)|2 ≤
∫

Ω

|fn||Gk(un)| ,

which is the starting point of either the L∞(Ω) estimate by Stampacchia (see [11],
Théoreème 4.1) if m > N

2
, or the exponential estimate if m = N

2
. That is, under the

assumption that m > N
2

, there exists a constant C > 0 such that

‖un‖L∞(Ω)
≤ C ‖f‖

Lm(Ω)
,

while if m = N
2

the sequence {un} has exponential summability (uniformly with respect
to n), so that it is bounded in Lp(Ω), for every p > 1. From this estimates, it is easy
to prove that the sequence {un} is bounded in W 1,2

0 (Ω) (choose un as test function,
use (1.4) and drop two positive terms), and that the sequence {ψn} is bounded in
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W 1,2
0 (Ω)∩L∞(Ω) (use (1.5) and Stampacchia’s result as above since the sequence {|un|r}

is bounded in Ls(Ω), for some s > N
2

). �

Estimates which use the lower order term. In this step, we will suppose that
m ≥ (r + 1)′. Choosing un as test function in the first equation of (2.2), using (1.4)
and dropping a positive term, we obtain

α

∫
Ω

|∇un|2 +

∫
Ω

ψn |un|r ≤
∫

Ω

fn un ,

while choosing ψn as test function in the second equation we obtain, using (1.5),

α

∫
Ω

|∇ψn|2 ≤
∫

Ω

ψn |un|r .

Therefore, we have that

(2.3) α

∫
Ω

|∇un|2 + α

∫
Ω

|∇ψn|2 ≤
∫

Ω

|fn||un| .

We now follow [10]: let γ ≥ 1 to be determined later, and choose |un|2γ−2un as test
function in the first equation of (2.2); using (1.4), and dropping two positive terms, we
obtain, since |fn| ≤ |f |,

(2.4) α(2γ − 1)

∫
Ω

|∇un|2|un|2γ−2 ≤
∫

Ω

|fn||un|2γ−1 ≤
∫

Ω

|f ||un|2γ−1 .

On the other hand, choosing |un|γ as test function in the second equation we obtain,
using Young inequality and (1.5),∫

Ω

|un|r+γ = γ

∫
Ω

M(x)∇ψn∇un|un|γ−1 sgn(un)

≤ β γ
∫

Ω

|∇ψn||∇un||un|γ−1 ≤ C

∫
Ω

|∇ψn|2 + C

∫
Ω

|∇un|2|un|2γ−2 .

Using (2.3) and (2.4) with this inequality, we obtain∫
Ω

|un|r+γ ≤ C

∫
Ω

|f ||un|+ C

∫
Ω

|f ||un|2γ−1 ,

which implies that

(2.5)

∫
Ω

|un|r+γ ≤ C

∫
Ω

|f ||un|+ C

∫
Ω

|f ||un|2γ−1 ≤ C

∫
Ω

|f |+ C

∫
Ω

|f ||un|2γ−1 ,

where in the last passage we have used that 2γ − 1 ≥ 1 since γ ≥ 1. We now choose

γ = r(m−1)+m
m+1

, so that γ ≥ 1 since m ≥ r+1
r

= (r + 1)′. With this choice of γ, we have

r + γ = m(2r+1)
m+1

= (2γ − 1)m′, so that from (2.5) we obtain, using Hölder inequality,∫
Ω

|un|
m(2r+1)

m+1 ≤ C ‖f‖
L1(Ω)

+ C ‖f‖
m

[ ∫
Ω

|un|
m(2r+1)

m+1

] 1
m′
.

Recalling that m > 1, we therefore obtain (after simplfying equal terms) that[ ∫
Ω

|un|
m(2r+1)

m+1

] 1
m ≤ C ‖f‖

Lm(Ω)
,
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that is, the sequence {un} is bounded in Ls(Ω), with s = m(2r+1)
m+1

. As a consequence of
this estimate, and of the fact that s ≥ m′, we have that∫

Ω

|f ||un| ≤ C ,

so that from (2.3) it follows that the sequences {un} and {ψn} are bounded in W 1,2
0 (Ω).

�

Estimates not using the lower order term. In this step, we will suppose that
m ≥ 2N

N+2
. Let un and ψn be solutions of (2.2), let γ ≥ 1, and choose |un|2γ−2un as test

function in the first equation, to obtain, after using (1.4), and dropping two positive
terms,

α(2γ − 1)

∫
Ω

|∇un|2|un|2γ−2 ≤
∫

Ω

fn |un|2γ−2 un .

Thanks to Sobolev and Hölder inequalities, and to the assumption |fn| ≤ |f |, we have

αS (2γ − 1)

γ2

[ ∫
Ω

|un|2
∗γ
] 2

2∗ ≤α (2γ − 1)

∫
Ω

|∇un|2u2γ−2
n

≤
∫

Ω

fn |un|2γ−2 un ≤ ‖f‖Lm(Ω)

[ ∫
Ω

|un|(2γ−1)m′
] 1

m′
.

Choose now γ = m∗∗

2∗
, so that γ ≥ 1 (since m∗∗ ≥ (2N/N + 2)∗∗ = 2∗) and (2γ−1)m′ =

m∗∗; we obtain [ ∫
Ω

|un|m
∗∗
] 2

2∗ ≤ C ‖f‖
Lm(Ω)

[ ∫
Ω

|un|m
∗∗
] 1

m′
,

which can be rewritten, after simplifying equal terms, as[ ∫
Ω

|un|m
∗∗
] 1

m∗∗ ≤ C ‖f‖
Lm(Ω)

.

Thus, the sequence {un} is bounded in Lm
∗∗

(Ω); since

1

m
+

1

m∗∗
=

1

m
+

1

m
− 2

N
=

2

m∗
≤ 1 ,

being m ≥ 2N
N+2

, we have that the sequence {fn un} is bounded in L1(Ω). Therefore,
choosing un as test function in the first equation of (2.2), we have (dropping a positive
term, and using (1.4)) that

α

∫
Ω

|∇un|2 +

∫
Ω

ψn |un|r ≤
∫

Ω

fn un ≤ C ,

that is, the sequence {un} is bounded in W 1,2
0 (Ω), and the sequence {ψn |un|r} is

bounded in L1(Ω). Choosing ψn as test function in the second equation of (2.2), and
using (1.5), we thus have

α

∫
Ω

|∇ψn|2 ≤
∫

Ω

ψn |un|r ≤ C ,

so that also the sequence {ψn} is bounded in W 1,2
0 (Ω). �

End of the proof. As a consequence of the previous proofs, and under the assump-
tions that m ≥ max((r + 1)′, 2N

N+2
) and r > 1, we have that:

• the sequences {un} and {ψn} are bounded in W 1,2
0 (Ω);
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• the sequence {un} is bounded in Lσ(Ω), with σ = max (m∗∗, m(2r+1)
m+1

) if m < N
2

,

and σ = +∞ if m > N
2

.

Therefore, up to subsequences, un converges, weakly in W 1,2
0 (Ω), weakly in Lσ(Ω),

and almost everywhere in Ω, to some function u, while ψn converges, waekly in W 1,2
0 (Ω)

and almost everywhere in Ω, to some function ψ. Since the sequence {|un|r} is bounded
in Lρ(Ω), with ρ = σ

r
> 1, it is weakly convergent in the same space to |u|r. Therefore,

one can pass to the limit in the identities∫
Ω

M(x)∇ψn∇w =

∫
Ω

|un|rw , ∀w ∈ W 1,2
0 (Ω) ∩ L∞(Ω) ,

to have that ψ and u are such that∫
Ω

M(x)∇ψ∇w =

∫
Ω

|u|rw , ∀w ∈ W 1,2
0 (Ω) ∩ L∞(Ω) .

Choosing w = Tk(v), with v ≥ 0 in W 1,2
0 (Ω), we have that∫

Ω

M(x)∇ψ∇Tk(v) =

∫
Ω

|u|rTk(v) , ∀k > 0 .

Passing to the limit as k tends to infinity, using Lebesgue theorem in the left hand side
(recall that ψ belongs to W 1,2

0 (Ω)), and Beppo Levi theorem in the right hand side, we
have that ∫

Ω

M(x)∇ψ∇v =

∫
Ω

|u|rv , ∀v ∈ W 1,2
0 (Ω) , v ≥ 0 .

If v belongs to W 1,2
0 (Ω), writing v = v+ − v−, and subtracting the above identities

written for v+ and v− (not that both terms are finite, because the left hand side is
finite), we have that ∫

Ω

M(x)∇ψ∇v =

∫
Ω

|u|rv , ∀v ∈ W 1,2
0 (Ω) ,

that is, ψ is a weak solution of the second equation.
We study now the first equation: due to the presence of the term

∫
Ω
|∇un|2, weak

convergence in W 1,2
0 (Ω) is not enough in order to pass to the limit, as it is not enough

the boundedness of ψn|un|r in L1(Ω). Therefore, we need some extra work. First of all,
let ε > 0, k > 0, and choose 1

ε
u+
nTε(Gk(un)) as test function in the first equation of the

system. Dropping two positive terms (those coming from the differential part of the
equation), and using that |fn| ≤ |f |, we obtain

1

ε

∫
{un≥k}

ψn [u+
n ]rTε(Gk(un)) ≤ 1

ε

∫
{un≥k}
|fn||un||Tε(Gk(un))| ≤ 1

ε

∫
{un≥k}
|f ||un||Tε(Gk(un))| .

Letting ε tend to zero, using Fatou lemma on the left hand side, and Lebesgue theorem
on the right hand one (recall that every un is a function in L∞(Ω)), we have that∫
{un≥k}

ψn[u+
n ]r ≤

∫
{un≥k}

|f ||un| ≤
[ ∫
{un≥k}

|f |m
] 1

m‖un‖Lm′ (Ω)
≤ C

[ ∫
{un≥k}

|f |m
] 1

m
,

since the sequence {un} is bounded in Lm
′
(Ω) being σ ≥ m′. Analogous calculations

imply that ∫
{un≤−k}

ψn[u−n ]r ≤ C
[ ∫
{un≤−k}

|f |m
] 1

m
,
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so that

(2.6)

∫
{|un|≥k}

ψn|un|r ≤ C
[ ∫
{|un|≥k}

|f |m
] 1

m
.

Let now E be a measurable subset of Ω. Then∫
E

ψn|un|r =

∫
E∩{|un|≤k}

ψn|un|r +

∫
E∩{|un|≥k}

ψn|un|r

≤ kr
∫
E

ψn + C
[ ∫
{|un|≥k}

|f |m
] 1

m
.

Let now ε > 0, and choose k large enough so that

C
[ ∫
{|un|≥k}

|f |m
] 1

m ≤ ε , ∀n ∈ N .

Such a choice of k is possible since the measure of {|un| ≥ k} tends to zero as k tends to
infinity, uniformly in n, as a consequence of the boundedness of {un} in (for example)
L1(Ω), and since |f |m belongs to L1(Ω). Once k has been chosen, let δ > 0 be such
that meas(E) ≤ δ implies that

kr
∫
E

ψn ≤ ε , ∀n ∈ N .

Such a choice of δ is possible thanks to Vitali theorem since the sequence {ψn} is
strongly convergent in (at least) L1(Ω) being bounded in W 1,2

0 (Ω). Thus, the sequence
{ψn|un|r} is uniformly equiintegrable. Since it is almost everywhere convergent, Vitali
theorem implies that

(2.7) ψn|un|r strongly converges to ψ|u|r in L1(Ω).

With the same technique, one can prove that the sequence {ψn|un|r−1} is uniformly
equiintegrable, so that

(2.8) ψn|un|r−1 strongly converges to ψ|u|r−1 in L1(Ω).

Define now

Dn =

∫
Ω

|∇un|2 .

Since the sequence {un} is bounded in W 1,2
0 (Ω), {Dn} is a bounded sequence of real

numbers, which we may suppose converges to some real number D. Let k > 0 (to be
determined later), and choose un − Tk(u) as test function in the first equation of the
system, to obtain∫

Ω

[a(x) +Dn]∇un∇(un − Tk(u)) +

∫
Ω

ψn |un|r−2un (un − Tk(u)) =

∫
Ω

fn (un − Tk(u)) .

Adding and subtracting the term∫
Ω

[a(x) +Dn]∇Tk(u)∇(un − Tk(u)) ,

we obtain, using (1.4) and dropping a positive term,

α

∫
Ω

|∇(un − Tk(u))|2 +

∫
Ω

ψn |un|r−2un (un − Tk(u))

≤
∫

Ω

f (un − Tk(u)) +

∫
Ω

[a(x) +Dn]∇Tk(u)∇(un − Tk(u)) .
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Since fn is strongly convergent to f in Lm(Ω), and un − Tk(u) is weakly convergent in
(at least) Lm

′
(Ω) (recall that σ ≥ m′), we have that

lim
n→+∞

∫
Ω

fn (un − Tk(u)) =

∫
Ω

f Gk(u) .

Thanks to both (2.7) and (2.8), we also have that

lim
n→+∞

∫
Ω

ψn|un|r−2un (un − Tk(u)) =

∫
Ω

ψ |u|r−2 uGk(u) ≥ 0 ,

while the boundedness of {un} in W 1,2
0 (Ω), the weak convergence of ∇(un − Tk(u)) to

∇Gk(u) in (L2(Ω))N and (1.4) imply that

lim
n→+∞

∫
Ω

[a(x) +Dn]∇Tk(u)∇(un − Tk(u)) =

∫
Ω

[a(x) +D]∇Tk(u)∇Gk(u) = 0 ,

since ∇Tk(u)∇Gk(u) ≡ 0 almost everywhere in Ω. Therefore, we have that

(2.9) lim sup
n→+∞

α

∫
Ω

|∇(un − Tk(u))|2 ≤
∫

Ω

f Gk(u) .

Since u = Tk(u) +Gk(u), we have∫
Ω

|∇(un − u)|2 ≤ 2

∫
Ω

|∇(un − Tk(u))|2 + 2

∫
Ω

|∇Gk(u)|2 .

Therefore, using (2.9), we obtain

lim sup
n→+∞

∫
Ω

|∇(un − u)|2≤ 2 lim sup
n→+∞

∫
Ω

|∇(un − Tk(u))|2 + 2

∫
Ω

|∇Gk(u)|2

≤ 2

α

∫
Ω

f Gk(u) + 2

∫
Ω

|∇Gk(u)|2 .

Since f u belongs to L1(Ω), and |∇u| belongs to L2(Ω), given ε > 0 there exists k =
kε > 0 such that

2

α

∫
Ω

f Gk(u) + 2

∫
Ω

|∇Gk(u)|2 ≤ ε ,

so that

0 ≤ lim sup
n→+∞

∫
Ω

|∇(un − u)|2 ≤ ε .

Being ε > 0 arbitrary, this implies that un is strongly convergent to u in W 1,2
0 (Ω).

Hence,

D = lim
n→+∞

Dn = lim
n→+∞

∫
Ω

|∇un|2 =

∫
Ω

|∇u|2 ,

and (using also (2.8)) we can pass to the limit in the identities∫
Ω

[
a(x)+

∫
Ω

|∇un|2
]
∇un∇η+

∫
Ω

ψn|un|r−2un η =

∫
Ω

fn η , ∀η ∈ W 1,2
0 (Ω)∩L∞(Ω) ,

to have that∫
Ω

[
a(x) +

∫
Ω

|∇u|2
]
∇u∇η +

∫
Ω

ψ|u|r−2u η =

∫
Ω

f η , ∀η ∈ W 1,2
0 (Ω) ∩ L∞(Ω) ,

as desired. �
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Remark 2.2. If 1 < r ≤ N+2
N−2

, and f belongs to Lm(Ω), with m ≥ 2N
N+2

, then not only
ψ but also u is a weak solution of the first equation of (2.1). Indeed, since both u and
ψ belong to L2∗(Ω) (being W 1,2

0 (Ω) functions), we have that

ψ |u|r−2u ∈ Lρ(Ω) , ρ =
2∗

r
.

Since, by the assumptions on r,

2∗

r
≥ 2N

N − 2

N − 2

N + 2
=

2N

N + 2
,

the function ψ |u|r−2u belongs to the dual of W 1,2
0 (Ω); therefore, one has (by density of

W 1,2
0 (Ω) ∩ L∞(Ω) in W 1,2

0 (Ω))∫
Ω

[
a(x) +

∫
Ω

|∇u|2
]
∇u∇ϕ+

∫
Ω

ψ |u|r−2uϕ =

∫
Ω

f ϕ , ∀ϕ ∈ W 1,2
0 (Ω) .

as desired.

Thanks to this remark, we can prove that the solution (u, ψ) of system (2.1) given
by Theorem 2.1 can be seen (under some assumptions on r and f) as a saddle point of
a suitable functional.

Theorem 2.3. Suppose that a and M satisfy (1.4) and (1.5), and that M is symmetric.
Let 1 < r ≤ 2N

N+2
and let f in Lm(Ω), with m ≥ 2N

N+2
. Then the solution (u, ψ) of system

(2.1) given by Theorem 2.1 is a saddle point of the functional J defined in (1.6), that is

(2.10) J(u, ϕ) ≤ J(u, ψ) ≤ J(v, ψ) , ∀v , ϕ ∈ W 1,2
0 (Ω) such that ψ|v|r ∈ L1(Ω).

Proof. We begin with the second equation of (2.1); by Theorem 2.1, ψ is a weak

solution of the second equation of (2.1). Choosing ψ−ϕ+

r
, with ϕ in W 1,2

0 (Ω), as test
function, we obtain

1

r

∫
Ω

M(x)∇ψ∇(ψ − ϕ+) =
1

r

∫
Ω

|u|r (ψ − ϕ+) .

Adding and subtracting the term

1

2r

∫
Ω

M(x)∇ϕ+∇ϕ+ ,

we obtain, after straightforward passages,

1

2r

∫
Ω

M(x)∇(ψ − ϕ+)∇(ψ − ϕ+) +
1

2r

∫
Ω

M(x)∇ψ∇ψ − 1

r

∫
Ω

ψ |u|r

=
1

2r

∫
Ω

M(x)∇ϕ+∇ϕ+ − 1

r

∫
Ω

ϕ+|u|r .

Since the first term is positive, we therefore have that (recall that ψ ≥ 0, so that
ψ = ψ+)

1

2r

∫
Ω

M(x)∇ψ∇ψ − 1

r

∫
Ω

ψ+|u|r ≤ 1

2r

∫
Ω

M(x)∇ϕ+∇ϕ+ − 1

r

∫
Ω

ϕ+|u|r ,

for every ϕ in W 1,2
0 (Ω). Changing sign to this identity, and adding to both sides the

(finite, thanks to the assumptions on f and to the fact that u belongs to W 1,2
0 (Ω)) term

1

2

∫
Ω

a(x)|∇u|2 +
1

2

[ ∫
Ω

|∇u|2
]2

−
∫

Ω

f u ,
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we have that
J(u, ϕ) ≤ J(u, ψ) , ∀ϕ ∈ W 1,2

0 (Ω) ,

which is the first half of (2.10). As for the second, by Remark 2.2 we have that u is a
weak solution of the first equation of (2.1). Choosing u− v as test function, with v in
W 1,2

0 (Ω) such that ψ|v|r belongs to L1(Ω), we obtain that∫
Ω

[
a(x) + |∇u|2

]
∇u∇(u− v) +

∫
Ω

ψ |u|r−2 u (u− v) =

∫
Ω

f (u− v) .

Adding to both sides of this identity the term

1

2

∫
Ω

a(x)|∇v|2 ,

we obtain after straightforward passages that

1

2

∫
Ω

a(x)|∇(u− v)|2 +
1

2

∫
Ω

a(x)|∇u|2 +
[ ∫

Ω

|∇u|2
] ∫

Ω

∇u∇(u− v)

+

∫
Ω

ψ |u|r−2 u (u− v)−
∫

Ω

f u =
1

2

∫
Ω

a(x)|∇u|2 −
∫

Ω

f u .

Dropping a positive term, we therefore obtain that

(2.11)

1

2

∫
Ω

a(x)|∇u|2 +
[ ∫

Ω

|∇u|2
] ∫

Ω

∇u∇(u− v) +

∫
Ω

ψ |u|r−2 u (u− v)−
∫

Ω

f u

≤ 1

2

∫
Ω

a(x)|∇u|2 −
∫

Ω

f v .

Observe now that since r > 1, the function t 7→ |t|r is convex; therefore,

|s|r ≥ |t|r + r |t|r−2 t (s− t) , ∀s , t ∈ R .
Writing this inequality with s = v(x) and t = u(x), we therefore have that

|v(x)|r ≥ |u(x)|r + r |u(x)|r−2 u(x) (v(x)− u(x)) ,

which can be rewritten, integrating on Ω and recalling that ψ ≥ 0, and that ψ|v|r
belongs to L1(Ω), as∫

Ω

ψ |u|r−2 u (u− v) ≥ 1

r

∫
Ω

ψ |u|r − 1

r

∫
Ω

ψ |v|r .

Substituting in (2.11), we obtain (since ψ ≥ 0, we have ψ = ψ+)

(2.12)

1

2

∫
Ω

a(x)|∇u|2 +
[ ∫

Ω

|∇u|2
] ∫

Ω

∇u∇(u− v) +
1

r

∫
Ω

ψ+ |u|r −
∫

Ω

f u

≤ 1

2

∫
Ω

a(x)|∇u|2 +
1

r

∫
Ω

ψ+ |v|r −
∫

Ω

f v .

It only remains to deal with the term[ ∫
Ω

|∇u|2
] ∫

Ω

∇u∇(u− v) .

We begin by adding and subtracting the quantity

1

2

[ ∫
Ω

|∇u|2
] ∫

Ω

|∇v|2 ,

to obtain
1

2

[ ∫
Ω

|∇u|2
] ∫

Ω

|∇(u− v)|2 +
1

2

[ ∫
Ω

|∇u|2
][ ∫

Ω

|∇u|2 −
∫

Ω

|∇v|2
]
,
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so that

(2.13)
[ ∫

Ω

|∇u|2
] ∫

Ω

∇u∇(u− v) ≥ 1

2

[ ∫
Ω

|∇u|2
][ ∫

Ω

|∇u|2 −
∫

Ω

|∇v|2
]
.

Since

t (t− s) ≥ 1

2
t2 − 1

2
s2 ∀s , t ∈ R ,

writing this inequality with s =
∫

Ω
|∇v|2 and t =

∫
Ω
|∇u|2, we have that[ ∫

Ω

|∇u|2
] [ ∫

Ω

|∇u|2 −
∫

Ω

|∇v|2
]
≥ 1

2

[ ∫
Ω

|∇u|2
]2

− 1

2

[ ∫
Ω

|∇v|2
]2

.

Therefore, using (2.13) we deduce that[ ∫
Ω

|∇u|2
] ∫

Ω

∇u∇(u− v) ≥ 1

2

[ ∫
Ω

|∇u|2
][ ∫

Ω

|∇u|2 −
∫

Ω

|∇v|2
]

≥ 1

4

[ ∫
Ω

|∇u|2
]2

− 1

4

[ ∫
Ω

|∇v|2
]2

.

Substituting this inequality in (2.12), we thus have that

1

2

∫
Ω

a(x)|∇u|2 +
1

4

[ ∫
Ω

|∇u|2
]2

+
1

r

∫
Ω

ψ+ |u|r −
∫

Ω

f u

≤ 1

2

∫
Ω

a(x)|∇u|2 +
1

4

[ ∫
Ω

|∇v|2
]2

+
1

r

∫
Ω

ψ+ |v|r −
∫

Ω

f v .

If we subtract to both sides the term

1

2r

∫
Ω

M(x)∇ψ∇ψ ,

which is finite (recall that ψ belongs to W 1,2
0 (Ω)), we obtain that

J(u, ψ) ≤ J(v, ψ) , ∀v ∈ W 1,2
0 (Ω) such that ψ|v|r ∈ L1(Ω),

which is the second part of (2.10). �

3. Outside the energy space

Up to now, we have made assumptions on f which guaranteed the existence of finite
energy solutions (i.e., in W 1,2

0 (Ω)) u and ψ to the system. These assumptions were
necessary in order to give a meaning to the term

∫
Ω
|∇u|2 which appears in the first

equation. What happens if these assumptions are violated?
In order to give an idea of what may happen, we will confine ourselves to a particular

case: we suppose that f ≥ 0 belongs to L1(Ω) \W−1,2(Ω), and that

(3.1) 1 < r ≤ N + 2

N − 2
.

Our result is the following:

Proposition 3.1. Let a and M be such that (1.4) and (1.5) hold. Let r > 1 be such
that (3.1) holds, and let f ≥ 0 in L1(Ω) \W−1,2(Ω). If {un} and {ψn} are sequences of
solutions of (2.2), with fn = Tn(f), then

(3.2) the sequence {un} is unbounded in W 1,2
0 (Ω).
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Proof. Let un and ψn be solutions of (2.2), define

Dn =

∫
Ω

|∇un|2 ,

and suppose by contradiction that the sequence {Dn} is bounded in R. Hence, the
sequence {un} is bounded in W 1,2

0 (Ω), and let u be the weak limit of (a subsequence of)
un in W 1,2

0 (Ω). Since the sequence {un} is bounded in L2∗(Ω) by Sobolev embedding,
the sequence {|un|r} is bounded in L2∗/r(Ω); by (3.1), we have that

2∗

r
≥ 2N

N − 2

N − 2

N + 2
=

2N

N + 2
,

so that, by elliptic estimates, we have that the sequence {ψn} is bounded in W 1,2
0 (Ω)

and in L2∗(Ω). Therefore, the sequence {ψn |un|r−1} is bounded in Lσ(Ω), with

1

σ
=

1

2∗
+
r − 1

2∗
=

r

2∗
≤ N + 2

N − 2

N − 2

2N
=
N + 2

2N
,

where in the last passage we have used (3.1). Therefore,

σ ≥ 2N

N + 2
,

and so the above estimates are enough to pass to the limit in the first equation of (2.2).
We obtain that u is a solution of

u ∈ W 1,2
0 (Ω) : − div([a(x) +D]∇u) + ψ |u|r−2u = f ,

where D is the limit of (a subsequence of) Dn (note that it is not necessarily true that
D =

∫
Ω
|∇u|2 since we only have weak convergence). This is, however, not possible:

indeed, since u belongs to W 1,2
0 (Ω) and a(x) is bounded, we have that − div([a(x) +

D]∇u) belongs to W−1,2(Ω); since ψ |u|r−2u belongs (at least) to L
2N
N+2 (Ω), we have

that it is in W−1,2(Ω) as well; therefore, from the equation we obtain that f belongs to
W−1,2(Ω), contradicting our assumption. �

By the previous result, the sequence {un} of solutions of the first equation of (2.2)
is not bounded in W 1,2

0 (Ω). What can be deduced from this information? To simplify
the presentation, suppose from now on that

N = 6 ,

so that (3.1) becomes 1 < r < 2. Our result is the following.

Proposition 3.2. Let a and M be such that (1.4) and (1.5) hold. Let N = 6, let
1 < r < 2, and let f ≥ 0 in L1(Ω) \ W−1,2(Ω). If {un} and {ψn} are sequences of
solutions of (2.2), with fn = Tn(f), then the sequence {Tk(un)} is bounded in W 1,2

0 (Ω)
for every k > 0, and the sequence {un} is bounded in W 1,q

0 (Ω), for every 1 < q < 18
11

.
Furthermore, if

(3.3) Dn =

∫
Ω

|∇un|2 ,

then the sequence {Tk(Dn un)} is bounded in W 1,2
0 (Ω), and the sequence {Dnun} is

bounded in W 1,ρ
0 (Ω), for every 1 < ρ < 6

5
. Finally, the sequence {un} weakly converges

to zero in W 1,q
0 (Ω), for every 1 < q < 18

11
, while the sequence {Dnun} weakly converges
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to a function w in W 1,ρ
0 (Ω), for every 1 < ρ < 6

5
, with w the entropy solution of the

equation
−∆w = f .

That is, w is such that Tk(w) belongs to W 1,2
0 (Ω) for every k > 0, and∫

Ω

∇w∇Tk(w − ϕ) ≤
∫

Ω

f Tk(w − ϕ) , ∀k > 0 , ∀ϕ ∈ W 1,2
0 (Ω) ∩ L∞(Ω) .

As for the second equation of (2.2), it degenerates to the identity 0 = 0.

Proof. Let k > 0, and choose Tk(un) as test function in the first equation of (2.2).
Using (1.4), dropping two positive terms (note here that we keep the part with the
integral of |∇un|2), and recalling that 0 ≤ fn ≤ f we obtain

(3.4)
[ ∫

Ω

|∇un|2
] ∫

Ω

|∇Tk(un)|2 ≤
∫

Ω

fn Tk(un) ≤ k ‖f‖
L1(Ω)

.

Since ∫
Ω

|∇un|2 ≥
∫

Ω

|∇Tk(un)|2 ,

we therefore obtain from (3.4) that

(3.5)

∫
Ω

|∇Tk(un)|2 ≤ C k
1
2 ,

which implies that, for k fixed,

(3.6) {Tk(un)} is bounded in W 1,2
0 (Ω).

Using Sobolev inequality, and observing that Tk(un) = k on the set {un ≥ k}, we thus
have (here we follow [4])

S k2 meas({un ≥ k})
2
2∗ ≤ S

[ ∫
un≥k
|Tk(un)|2∗

] 2
2∗ ≤ S

[ ∫
Ω

|Tk(un)|2∗
] 2

2∗ ≤
∫

Ω

|∇Tk(un)|2 ,

which, together with (3.5), implies that

meas({un ≥ k})
2
2∗ ≤ C

k
3
2

,

that is (recall that N = 6, so that 2∗ = 3)

(3.7) meas({un ≥ k}) ≤ C

k
9
4

.

Let now λ > 0; since

{|∇un| ≥ λ} = {|∇un| ≥ λ , un < k} ∪ {|∇un| ≥ λ , un ≥ k} ,
we have that

meas({|∇un| ≥ λ})≤meas({|∇un| ≥ λ , un < k}) + meas({|∇un| ≥ λ , un ≥ k})

≤ 1

λ2

∫
Ω

|∇Tk(un)|2 + meas({un ≥ k}) ≤ C k
1
2

λ2
+
C

k
9
4

.

Choosing k
1
2 = λ

4
11 (so that the two terms in the right hand side have the same be-

haviour), we obtain

(3.8) meas({|∇un| ≥ λ}) ≤ C

λ
18
11

.
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Estimates (3.7) and (3.8) imply (thanks to the embeddings between Marcinkiewicz and
Lebesgue spaces) that

(3.9) {un} is bounded in W 1,q
0 (Ω), ∀q < 18

11
, and in Ls(Ω), ∀s < 9

4
.

The boundedness of {un} in Ls(Ω), implies that {|un|r} is bounded in Ls/r(Ω), for every
s < 9

4
. Thus, by the elliptic estimates of [11] or [7], applied to the second equation of

(2.2), we have that the sequence {ψn} is bounded in Lρ(Ω), for every ρ < ( s
r
)∗∗ = 3s

3r−s .

Therefore, the sequence {ψn ur−1
n } is bounded in Lσ(Ω), for every σ such that

1

σ
=

1

ρ
+
r − 1

s
>

3r − s
3s

+
3r − 3

3s
=

6r − s− 3

3s
⇐⇒ σ <

3s

6r − s− 3
.

Note that one has σ > 1 if and only if one can choose s such that 3s
6r−s−3

> 1, that is if

s > 3(2r−1)
4

. Since by (3.1) we have r < 2, then 3(2r−1)
4

< 9
4
, so that such a choice of s is

possible by (3.9).
Summing up, for the first equation one has (3.9) and

(3.10) {ψn ur−1
n } is bounded in Lσ(Ω), for some σ > 1.

Choose now Tk(Dnun) as test function in the first equation, with Dn given by (3.3).
Dropping two positive terms (as before), and recalling that 0 ≤ fn ≤ f , we obtain∫

Ω

|∇Tk(Dnun)|2 = Dn

∫
Ω

∇un∇Tk(Dnun) ≤
∫

Ω

fn Tk(Dnun) ≤ k ‖f‖
L1(Ω)

.

This inequality implies that for k fixed the sequence {Tk(Dnun)} is bounded in W 1,2
0 (Ω),

and, reasoning as in [4] (or as above), that the sequence {Dnun} is bounded in W 1,ρ
0 (Ω),

for every 1 < ρ < 6
5
. Note that 18

11
> 6

5
, so that the estimate (3.9) on un is “better”

than that on Dnun.
Since the sequence {Dn} is not bounded by Proposition 3.1, and the sequence {Dnun}

is bounded in W 1,ρ
0 (Ω), 1 < ρ < 6

5
, it follows that (up to subsequences) un tends to zero

in the same space (since the limit is independent on the subsequence, then the whole
sequence {un} tends to zero); therefore, un tends to zero in the smaller space W 1,q

0 (Ω),
1 < q < 18

11
; furthermore, the sequence {|un|r}, and so by elliptic estimates the sequence

{ψn}, tend to zero. This fact means that the second equation becomes the identity
0 = 0 (i.e., there is no limit equation). As for the first one, the term ψn|un|r−1 tends
to zero, while the estimates on Tk(un) (see (3.6)), on Dnun and on Tk(Dnun) yield that
Tk(un) tends to zero weakly in W 1,2

0 (Ω), that Dnun converges to some function w weakly
in W 1,q

0 (Ω), 1 < q < 6
5
, and that Tk(Dnun) converges to Tk(w) weakly in W 1,2

0 (Ω).
We now follow again the approach of [4], and choose Tk(Dnun − ϕ) as test function

in the first equation of (2.2), with ϕ in W 1,2
0 (Ω) ∩ L∞(Ω). We obtain∫

Ω

a(x)∇un∇Tk(Dnun − ϕ) +Dn

∫
Ω

∇un∇Tk(Dnun − ϕ)

+

∫
Ω

ψn |un|r−2un Tk(Dnun − ϕ) =

∫
Ω

fn Tk(Dnun − ϕ) .

The convergences proved so far yield that

lim
n→+∞

∫
Ω

ψn |un|r−2un Tk(Dnun−ϕ) = 0 , lim
n→+∞

∫
Ω

fn Tk(Dnun−ϕ) =

∫
Ω

f Tk(w−ϕ) .
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As for the first term, we have∫
Ω

a(x)∇un∇Tk(Dnun − ϕ) =
1

Dn

∫
Ω

a(x)∇(Dnun)∇Tk(Dnun − ϕ)

=
1

Dn

∫
Ω

a(x)|∇Tk(Dnun − ϕ)|2 +
1

Dn

∫
Ω

a(x)∇ϕ∇Tk(Dnun − ϕ) .

Since Dn diverges, and the two integrals are bounded with respect to n, we have that

lim
n→+∞

∫
Ω

a(x)∇un∇Tk(Dnun − ϕ) = 0 .

As for the second integral, we have∫
Ω

∇(Dnun)∇Tk(Dnun − ϕ) =

∫
Ω

|∇Tk(Dnun − ϕ)|2

+

∫
Ω

∇ϕ∇Tk(Dnun − ϕ) ≥
∫

Ω

∇ϕ∇Tk(Dnun − ϕ) ,

so that

lim inf
n→+∞

∫
Ω

∇(Dnun)∇Tk(Dnun − ϕ) ≥
∫

Ω

∇ϕ∇Tk(w − ϕ) .

Putting together all the convergence results, we thus have that∫
Ω

∇ϕ∇Tk(w − ϕ) ≤
∫

Ω

f Tk(w − ϕ) , ∀k > 0 , ∀ϕ ∈ W 1,2
0 (Ω) ∩ L∞(Ω) .

Thanks to the results of [8], we therefore have that∫
Ω

∇w∇Tk(w − ϕ) =

∫
Ω

f Tk(w − ϕ) , ∀k > 0 , ∀ϕ ∈ W 1,2
0 (Ω) ∩ L∞(Ω) ,

that is, w is the entropy solution (see [4]) of the equation

−∆w = f ,

as desired. �

Appendix: basic results and existence for bounded data

In this Appendix, we will prove some results concerning the first equation of system
(1.3), and the whole system in the case of bounded data.

Proposition 3.3. Let v be a function in W 1,2
0 (Ω), let ϕ ≥ 0 be a function in L1(Ω),

let f be a function in L∞(Ω), and let r > 1. Then there exists a unique weak solution
u of

(3.11) u ∈ W 1,2
0 (Ω) : − div

([
a(x) +

∫
Ω

|∇v|2
]
∇u
)

+ ϕ |u|r−2 u = f ,

that is, ϕ |u|r belongs to L1(Ω), and∫
Ω

[
a(x) +

∫
Ω

|∇v|2
]
∇u∇η +

∫
Ω

ϕ |u|r−2 u η =

∫
Ω

f η , ∀η ∈ W 1,2
0 (Ω) ∩ L∞(Ω) .

Furthermore,

(3.12) ‖u‖
W 1,2

0 (Ω)
+ ‖u‖

L∞(Ω)
≤ C ‖f‖

L1(Ω)73∞
,

for some positive constant C independent on v.
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Proof. The existence and uniqueness of a solution u in W 1,2
0 (Ω) of (3.11) follows from

well-known results on semilinear elliptic equations (see, for example, [5]) since (3.11) is
of the kind

− div(Q(x)∇w) + b(x)|w|r−2w = g ,

with Q a uniformly elliptic and bounded matrix, r > 1, b a function in L1(Ω), and g a
function belonging to some Lebesgue space.

As for (3.12), we begin by choosing Tk(u) as test function. Dropping two positive
terms, and using (1.4), we obtain

α

∫
Ω

|∇Tk(u)|2 ≤
∫

Ω

f Tk(u) .

Letting k tend to infinity, an using Fatou lemma in the left hand side, and Lebesgue
theorem in the right hand one, we obtain

α

∫
Ω

|∇u|2 ≤
∫

Ω

f u ,

and from this inequality it is easy to prove (using Sobolev embedding and Hölder
inequality) that

‖u‖
W 1,2

0 (Ω)
≤ C ‖f‖

L∞(Ω)
,

which is one half of (3.12). The second half can be obtained by choosing Gk(Th(u)),
letting h tend to infinity, and then following the proof of Théorème 4.1 of the paper
[11] by G. Stampacchia. �

We can now prove an existence result for solutions of (1.3), in the case of bounded
data f .

Theorem 3.4. Let f be a function in L∞(Ω), and let r > 1. Then there exist u and
ψ, weak solutions of the system

(3.13)

 u ∈ W 1,2
0 (Ω) : − div

([
a(x) +

∫
Ω

|∇u|2
]
∇u
)

+ ψ |u|r−2 u = f ,

ψ ∈ W 1,2
0 (Ω) : − div(M(x)∇ψ) = |u|r .

Furthermore, u and ψ belong to L∞(Ω), and ψ ≥ 0.

Proof. Let σ in N and v in W 1,2
0 (Ω); by Lax-Milgram theorem, there exists a unique

solution ϕ of

(3.14) ϕ ∈ W 1,2
0 (Ω) : − div(M(x)∇ϕ) = |Tσ(v)|r .

By standard elliptic estimates, one has that

(3.15) ‖ϕ‖
W 1,2

0 (Ω)
≤ C σr ,

for some positive constant C. By the maximum principle, ϕ ≥ 0, so that, by Proposition
3.3, there exists a unique solution u of

u ∈ W 1,2
0 (Ω) : − div

([
a(x) +

∫
Ω

|∇v|2
]
∇u
)

+ ϕ |u|r−2 u = f .

Since, by (3.12), one has

‖u‖
W 1,2

0 (Ω)
≤ C ‖f‖

L∞(Ω)

def
= R ,
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the ball BR(0) of W 1,2
0 (Ω) is invariant for the map S : v 7→ u. We are going to prove

that the map S is completely continuous
We begin by proving that if {vn} is bounded in W 1,2

0 (Ω), then there exists a sub-
sequence of {un = S(vn)} which is strongly convergent in W 1,2

0 (Ω). Indeed, since the
ball BR(0) is invariant for S, the sequence {un} is bounded in W 1,2

0 (Ω); hence, up to
subsequences it will converge, weakly in W 1,2

0 (Ω), strongly in (for example) L2(Ω), and
almost everywhere in Ω, to a function u. Since by (3.12) the sequence {un} is bounded
in L∞(Ω), we have that un strongly converges to u in Lp(Ω) for every p ≥ 1. Further-
more, if ϕn is the solution of (3.14) with datum |Tσ(vn)|r, then by (3.15) the sequence
{ϕn} is bounded in W 1,2

0 (Ω), so that, up to subsequences, it strongly converges to some
function ϕ in (for example) L2(Ω).

We now choose un − u as test function in the equation solved by un to have that∫
Ω

[
a(x) +

∫
Ω

|∇vn|2
]
∇un∇(un − u) +

∫
Ω

ϕn |un|r−2un (un − u) =

∫
Ω

f (un − u) .

Adding and subtracting the term∫
Ω

[
a(x) +

∫
Ω

|∇vn|2
]
∇u∇(un − u) ,

we obtain, using (1.4) and dropping a positive term,

α

∫
Ω

|∇(un − u)|2 +

∫
Ω

ϕn |un|r−2un (un − u)

≤
∫

Ω

f (un − u) +

∫
Ω

[
a(x) +

∫
Ω

|∇vn|2
]
∇u∇(un − u) .

Since f belongs to L∞(Ω), and un − u tends to zero in (for example) L1(Ω), we have
that

lim
n→+∞

∫
Ω

f (un − u) = 0 ,

while, since a(x)∇u belongs to (L2(Ω))N , {vn} is bounded in W 1,2
0 (Ω), and ∇(un − u)

tends to zero weakly in (L2(Ω))N , we have that

lim
n→+∞

∫
Ω

[
a(x) +

∫
Ω

|∇vn|2
]
∇u∇(un − u) = lim

n→+∞

∫
Ω

a(x)∇u∇(un − u)

+ lim
n→+∞

[ ∫
Ω

|∇vn|2
] ∫

Ω

∇u∇(un − u) = 0 .

On the other hand, since ϕn is strongly convergent to ϕ in L2(Ω), and |un|r−2un (un−u)
is strongly convergent to zero in L2(Ω) as well (recall that {un} strongly converges to
u in every Lp(Ω)), we have that

lim
n→+∞

∫
Ω

ϕn |un|r−2un (un − u) = 0 .

These three convergences imply that

lim
n→+∞

α

∫
Ω

|∇(un − u)|2 = 0 ,

so that the sequence {un = S(vn)} is strongly convergent in W 1,2
0 (Ω), up to subse-

quences. This proves that the map S is compact. To prove its continuity, let {vn} be a
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sequence strongly convergent to v in W 1,2
0 (Ω), and let un = S(vn). If ϕn is the solution

of

ϕn ∈ W 1,2
0 (Ω) : − div(M(x)∇ϕn) = |Tσ(vn)|r ,

since {|Tσ(vn)|r} is strongly convergent in (for example) L2(Ω), then ϕn is strongly
convergent in W 1,2

0 (Ω) to ϕ, the unique solution of

ϕ ∈ W 1,2
0 (Ω) : − div(M(x)∇ϕ) = |Tσ(v)|r .

On the other hand, since the sequence {vn} is bounded in W 1,2
0 (Ω), the result proved

before yields that, up to subsequences, the sequence {un} is strongly convergent in
W 1,2

0 (Ω) to some function u, and the sequence {ϕn |un|r−2 un} is strongly convergent in
(at least) L1(Ω) to ϕ |u|r−2 u. Therefore, if η belongs to W 1,2

0 (Ω)∩L∞(Ω), one can pass
to the limit in n in the identities∫

Ω

[
a(x) +

∫
Ω

|∇vn|2
]
∇un∇η +

∫
Ω

ϕn |un|r−2 un η =

∫
Ω

f η ,

to have that u is such that∫
Ω

[
a(x) +

∫
Ω

|∇v|2
]
∇u∇η +

∫
Ω

ϕ |u|r−2 u η =

∫
Ω

f η , ∀η ∈ W 1,2
0 (Ω) ∩ L∞(Ω) .

This implies, by uniqueness of the solution, that u = S(v), and that the whole sequence
{un} is strongly convergent in W 1,2

0 (Ω) to u; therefore, S is continuous, and so S is
completely continuous.

Therefore, by Schauder fixed point theorem there exists u in W 1,2
0 (Ω) such that

S(u) = u; if we define ψ as the unique solution of

ψ ∈ W 1,2
0 (Ω) : − div(M(x)∇ψ) = |Tσ(u)|r ,

we have proved that for every σ in N there exist weak solutions uσ and ψσ of the system uσ ∈ W 1,2
0 (Ω) : − div

([
a(x) +

∫
Ω

|∇uσ|2
]
∇um

)
+ ψσ |uσ|r−2 uσ = f ,

ψσ ∈ W 1,2
0 (Ω) : − div(M(x)∇ψσ) = |Tσ(uσ)|r .

We observe now that, by (3.12), we have that

‖uσ‖L∞(Ω)
≤ C ‖f‖

L∞(Ω)

def
= R .

Therefore, if σ ≥ R we have Tσ(uσ) = uσ, so that the functions u
def
= uσ and ψ

def
= ψσ

are weak solutions of the system u ∈ W 1,2
0 (Ω) : − div

([
a(x) +

∫
Ω

|∇u|2
]
∇u
)

+ ψ |u|r−2 u = f ,

ψ ∈ W 1,2
0 (Ω) : − div(M(x)∇ψ) = |u|r .

Furthermore, both u and ψ (by Théorème 4.1 of [11]) belong to L∞(Ω), and ψ ≥ 0, as
desired. �
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