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Abstract

We study the Dirichlet problem on a bounded convex domain of RV, with zero bound-
ary data, for truncated Laplacians ’P,zt , which are degenerate elliptic operators, for
k < N, defined by the upper and respectively lower partial sum of k eigenvalues of
the Hessian matrix. We establish a necessary and sufficient condition (Theorem 1) in
terms of the “flatness” of domains for existence of a solution for general inhomoge-
neous term. This result, in particular, shows that the strict convexity of the domain is
sufficient for the solvability of the Dirichlet problem. The result and related ideas are
applied to the solvability of the Dirichlet problem for the operator 73,:’ with lower order
term when the domain is strictly convex and the existence of principal eigenfunctions
for the operator 7?1+. An existence theorem is presented with regard to the principal
eigenvalue for the Dirichlet problem with zero-th order term for the operator 731+ LA
nonexistence result is established for the operator 77,:' with first order term when the
domain has a boundary portion which is nearly flat. Furthermore, when the domain
is a ball, we study the Dirichlet problem, with a constant inhomogeneous term and a
possibly sign-changing first order term, and the associated eigenvalue problem.
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910 1. Birindelli et al.

1 Introduction

For any N x N symmetric matrix X, let
A(X) = 22(X) < - < An(X) (1.1)

be the ordered eigenvalues of X. For k € [1, N1, k integer, let

k k
Pr(D*u) =Y x(D?uw) and  PF(D*u) = Anii-i(D'uw).  (1.2)
i=1

i=1

For k = N these operators coincide with the Laplacian, hence we will always consider
k <N.

In the whole paper Q will be a bounded domain of RV . The scope of the paper is
to study existence of solutions for the following Dirichlet problem

u=20 on 0%2. .3)

{P,j(zﬂu) + H(x,Du) = f(x) inQ
Throughout this paper, the Dirichlet boundary condition is understood in the classical
pointwise sense. Before describing the results of this paper, let us mention that the
operators 77,:“ and P,” come out naturally in geometrical problems in particular when
considering manifolds of partially positive curvature, see [19,20], or mean curvature
flow in arbitrary codimension, see [2]. Lately the interest has been from a pure PDE
theoretical point of view, starting from the works of Harvey and Lawson [15,16] and
Caffarelli, Li and Nirenberg [10] continuing with [18] by Oberman and L. Silvestre
on convex envelope. See also [1,6,9,13,14] for further contributions.
Some analogies can be found in the work of Blanc and Rossi [7] but we will be
more explicit about their work at the end of the introduction.
In [4], when €2 is uniformly convex, i.e. when there exists R > Oand ¥ C R¥ such
that
Q=) Br( (1.4)

yey

we called these domains hula hoop domains and, in these domains we proved existence
of solutions for any bounded f aslongas |H (x, p)—H(x,q)| < b|p—q|andbR < k.

On the other hand, in [5], if €2 is only convex, i.e. an intersection of half spaces or
cubes, k = 1 and H = 0, existence was established under some sign condition on f
near the boundary of <.

In a general sense we wish to understand up to which point these conditions are
optimal. We will see how these degenerate elliptic operators are extremely sensitive
to the “convexity” of the domain and are strongly influenced by the presence of the
first order term.

In fact, in order to concentrate on the domain, we shall treat first the case where
H(x, Du) = 0.
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Existence through convexity 9

In a first step we shall see that convexity alone, does not allow to prove existence
of supersolutions for any f. In order to solve the Dirichlet problem with general right
hand side f we should impose that d€2 has at least N — k directions of strict convexity.
We are now going to be more precise.

We can introduce a sort of “classification” of strict convexity.

Considerfor j =1,..., N

Cj= {C CRY : C=wx RN*j, ® C R’ bounded and strictly convex} .
(1.5)
Henceforth we denote by C; the class of all convex and bounded domains 2 C RN
which are intersection (up to rotations) of cylinders belonging to C;. More precisely

Q € C; if, and only if, for each x € <2, there exist O € OV, with OV being the class
of orthogonal N x N matrices, and C € C; such that

QCOC and x €9(0C). (1.6)

We denote by S; = S;(2) thesetofall (O, C) € oN x C such that for some x € 9€2,
(1.6) is satisfied. One has

Q= () oc ifQec, (1.7)
(0,0)es;

and

CiD>CD---DCy.
Note that C; and Cy correspond respectively to the class of bounded convex and strictly
convex domains. It may be useful to note that if o C R/, C C RN and 0 € OV,
then

3w xRNy =dw x R¥N~/ and 8(0OC) = 0dC.

It might be remarked at this point that, when € is given by (1.4), one can find y € ¥
for each x € 92 such that

Q C Br(y) and x € dBgr(y).

(To check this, one may choose a sequence z; € R \ Q converging to x, then choose
asequence y; € Y sothat z; ¢ Br(y;), and send j — oo along a subsequence so
that the subsequence converges to a point y € Y. It is clear that @ C Bg(y) and

x € 0Br(y).)
This is the relationship between existence of solutions and “strict convexity” of the
domain.
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912 1. Birindelli et al.

Theorem 1 Let Q2 be a convex domain. The Dirichlet problem

(1.8)

P (D%u) = f(x) inQ
u=20 on 02

has a unique solution for any bounded f € C(2) if and only if 2 € Cn—k+1.

Hence we have a sort of optimal condition for existence. In fact we have better, in the
sense that we prove nonexistence of supersolutions when the domain is notin Cy 1.
For the part concerning existence, the construction of supersolutions is given in a
constructive and elegant way. When k = 1, i.e. when the domain is strictly convex, this
result will lead to the construction of the so called eigenfunction corresponding to the
principal demi-eigenvalue, so generalizing the existence of eigenfunctions provided
in [4] under the uniform convexity assumption.

As mentioned above if the forcing term f is positive or at least not too negative
near the boundary, a solution of (1.8) exists as soon as €2 is convex, strict convexity
is needed in order to allow f to be negative at the boundary. So the real question is to
obtain existence e.g. for f = —1.

Interestingly, the presence of the first order term changes dramatically the depen-
dence of the existence of solutions on the convexity of the domain. In fact it worsens
the situation in the sense that “strict convexity” in general is not enough for existence
in the presence of the first order term. The problem can be of “local” type, i.e. if there is
a point P of the boundary where the principal curvatures are zero, even if the domain
is strictly convex, then, for b > 0 there are no positive supersolutions of

P (D*u) + b|Du| = —1 (1.9)

which are zero at that point P, see Theorem 14.

Or the problem can be of a global nature, i.e. if 2 is too large, independently of
its shape, there are no solutions. More precisely, if Bg C 2 and bR > k there are no
supersolutions of (1.9). Other cases with nonconstant b are also considered in Sect. 4.

Due to the relevance of the condition C j» We now give a characterization in term of
flatness of the boundary, which will play a role in the proof of Theorem 1.

Given a bounded convex domain 2 and x € 9€2, we consider the maximal dimen-
sion dy (€2) of linear subspaces V of the tangent space of 92 at x such that (x +V)N9
is aneighborhood of x in the relative topology of x + V. That s, d, (€2) is the maximum
ofm € {0, 1,..., N — 1} such that there exist an m-dimensional linear subspace V
in RV and 8 > 0 such that x + V N Bs C 9. We set d(2) = max,epq dy ().

Theorem 2 Let @ be a bounded convex domain. We have Q € C; if and only if
d(2) <N —j.

Finally we wish to somehow compare our results with some results of Blanc and
Rossi. In [7] they consider the problem

Aj(D*u) =0 inQ
u=g on 92
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Existence through convexity 913

and they prove that if Q € G; N Gy_; then the above Dirichlet problem is solvable
for any g while, if Q is notin G; N Gy_; then there should be some g for which the
problem is not solvable. The precise definition of G; is recalled in the last section.
Let us mention that these operators, as well as the truncated Laplacians treated here,
are fully nonlinear operators and hence it is not possible to pass immediately from
a Dirichlet problem with homogeneous boundary data to a Dirichlet problem with
homogeneous forcing term. Nonetheless it is clear that both problems are related.

The definition of these G; domains is different from the way we describe the “strict
convexity” of our domains. In the sense that we use domains that are intersection of
rotations and translations of “(N — j + 1)-dimensional cylinders” in Cy—j 1.

In fact these notions are, in general, different since G; N Gy_; contains domain
that may not even be convex. On the other hand, if the domain is convex then the
two notions are equivalent as it is proved in the last section together with the proof of
Theorem 2.

2 Dirichlet problem
2.1 Nonexistence

We begin by proving that convexity alone is not enough to solve Dirichlet problems
for P,j even for very regular forcing term.

Proposition 3 Ler Q@ C RY be a convex domain and assume that up to a rigid motion
there exists § > 0 such that the k-dimensional ball

Bk,az{x:(xl,...,xk,o,...,O)eRN C x| <5}casz. 2.1)

Then there are no supersolutions u € LSC(Q) of

P (D%u) = —1 inQ
{ u=0 on 992 2.2)
such that
limou(x) =0. 2.3)
X—>

We note that condition (2.1) implies that dy(£2) > k. We recall that, for x € 9€2,
dy(R2) is defined by
dy(2) = max {m ef{l,...,N —1} : 3V m — dimensional linear subspace on RN

and§ > 0s.t.x+V N By C IR}
2.4)

Proof of Proposition 3 Let us suppose by contradiction that there exists a supersolution
u of (2.2) satisfying (2.3). It cannot achieve the minimum at an interior point x, since
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914 1. Birindelli et al.

otherwise we would have 73,:’ (D*u(x)) > 0.Hence u is positive in 2. In view of (2.3),
there exists a positive number r smaller than § such that

82
ulx) < Tex for any x € B, N Q2. 2.5)

Claim: There exists a point z €  and ¢ < % such that z € {0} x RN =% ¢ RV,

|z| < r and the cylinder
k 82 N
C=1{xeR" : lelz <7 .;H(Xi —z)? < 82} C Q.
1= 1=,

We suppose that the claim is proved and we go on with the rest of the proof.
Since z € B,, (2.5) yields

52
u(z) < Tk (2.6)
Let
k N
o) =—a) x}—p [ > i—z)’ - 82:| : 2.7)
i=1 i=k+1
where g )
o = M(Z) , ﬂ = M(Z) . (28)

52 g2

We claim that min(u — ¢) is attained at some point £ € C.
c
Letx € 0C. If Y¥_, x2 = & then

2
U(x) — p(x) = —p(x) = a% e =0

in view of (2.8).
Otherwise ZtN=k+l (x; —zi)?> = &% and

k
u(x) —p(x) = —p(x) =a ) x7 > 0.
i=1

Since
u(@) — ¢(2) = u@) — pe* <0,
then necessarily # — ¢ has a minimum at an interior point, say & € C, and
PE(D*p(§)) < —1. 2.9)
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Existence through convexity 915

On the other hand

D%¢ = diag(—28, ..., =28, —2a, ..., —2a)

N —k times k times

with @ < B. Then using (2.6) and (2.8) one has
PL(D*o (&) = —2ak > —1

in contradiction to (2.9).
We now give the proof of the claim. Since the origin is on d€2, we may choose a
y € Qsothat |y| < r. Set

YD =, 0,0, yP =(0,...,0, yk11,..., yn) € RV,
By assumption (2.1) —y) ¢ By s and using the convexity of 2

| 1
lo_1
)

! (1>e1sz+laszcsz
2 Yo7 2 '

2 2

Set 2z = 1y and note that 2z € {0} x RV~ RV, Select a positive constant
e < % so that By, (2z) C €2 and note that

1 1
B, s + Be(z2) = = Bis + 5 B2 (22) C Q.
2 2 2

Then we have the inclusion for the cylinder

k 2 N
)
C=1lxeRY : E x,-2<z, E (xi—zi)2<£2}CQ.
i=1 i=k+1

2.2 Existence

In order to solve the Dirichlet problem with general right hand side f we should
impose that 02 has at least N — k directions of strict convexity, as anticipated in the
Introduction, see (1.5)—(1.6).

Theorem4 Let Q@ € Cy_k+1 and let f € C(2) be bounded. Then the Dirichlet
problem

{p,j(DQu) =f(x) inQ (2.10)

u=20 on 082

has a unique solution.
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916 1. Birindelli et al.

Before discussing the Dirichlet problem (2.10), for a basis of our discussion, we
state a proposition concerning the comparison principle.

Proposition 5 Let Q@ C RV be a bounded domain and b, f € C(SQ). Let F denote
either P,:r of P . Let v € USC(R2) and w € LSC(S2) be a sub and supersolution of

F(D?*u) + b(x)|Du| = f(x) in (2.11)

and satisfy v < w on 02. Moreover, assume that either of b, v or w is locally Lipschitz
in Q. Then, under one of the following conditions, we have v < w in Q.

(1) There exists a ball B such that Q@ C Bg and that |b]|c R < k.
) f>0inQor f <0in Q.

A comparison theorem under the condition (i) above (without equality) can be
found in [14, Proposition 4.1], where it is also shown by a counterexample that the
assumption ||b||o R < k cannot be improved in general.

It should be noted that USC(X) (resp., LSC(X)) denotes here the set of real-valued
upper (resp., lower ) semicontinuous functions on X.

Outline of proof of Proposition 5 We consider only the case F = P,j . Fix a small
& > 0 and consider the function v, = v — &, which is still a subsolution of (2.11).
Since v, < w on dQ and v, — w € USC(R), there exists § € (0, &) so that for
Qs = {x € Q : dist(x, 9Q2) > 8§}, we have v, < w on d€25. Note that either b, v, or
w is Lipschitz continuous in ;.

The next step is to replace either v, or w by its small modification, which is,
respectively, a strict subsolution or strict supersolution of (2.11) in Q.

Let 0 < ¥ < 1 and first consider the case (i). By translation, we may assume that
Qs C B, for some 0 < r < R and consider the function vg , (x) 1= ve(x) + ylx|?/2
with y > 0. This function v , is a subsolution of

PH(D*u —yI) +b(x)|Du — yx| = f(x) in<Q,

where I denotes the N x N unit matrix. From this, it is easily seen v, , is a subsolution
of

PE(D*u) + b(x)|Dul = f(x) +y(k — [blloclx]) in Q.
Note that, since y (k — [|b|loc|x]) > 0, v, is a strict subsolution of (2.11) in €25 and
that ve ,, < w on 3R for y sufficiently small.
Next, consider the case (ii). If f > 0in €2, then, by the homogeneity of the operator
F(D*) + b|V - |, the function v, , = (1 + y)v, is a subsolution of
Pl (D*u) +b|Dul = (1+y)f inQs,
which means that v, ,, is a strict subsolution of (2.11) in 5. Similarly, if ' < 0, the

function ve,, = (1 — y)vg is a strict subsolution of (2.11) in ©25. We may take y > 0
small enough so that v, < w on I
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Existence through convexity 917

‘We may now apply [12, Theorem 3.3 and Sects. 5.A, 5.C], to conclude thatve , < w
in Q5. Sending y — O first and then ¢ — 0 completes the proof.

Here are two remarks. For use of [12, Sect. 5.A], we observe that, if we set
Gx,p,X) = —’P,j(X) — b(x)|p| and two N x N matrices satisfy

X 0 I —1I
<0 —Y> <3« (—I I ) for some a > 0, (2.12)

then we have X < Y and therefore

G.alx =y),Y) =G, a(x —y), X) =Gy, alx=y),¥) - Gx,alx —y).Y)
< alb(x) = b(y)|lx —y| forx,y e Qs.

This shows that, taking limit under the condition that X and Y satisfy (2.12) and
alx — y| < C for a fixed constant C > 0, we have

limsup [G(y,a(x — y),Y) — G(x,a(x — y), X)] < 0.
[x—y|—0

This observation is not enough for a direct application of [12, Sect. 5.A], but, in fact,
a slight modification of the argument in [12, Sect. 5.A] yields v, < w in s when
either v and w is in Lip(2s).

Secondly, it is not trivial to see in the case of (ii) thatif y > 0 is small enough, then
Ve, < won d€2s. In fact, since ve, —w € USC(2s), we infer that maxye; (Ve —w) <
0. Also, by the semicontinuity, there is a constant M > 0 such that v,, —w < M on
0Q2s. For x € Qs and y > 0O sufficiently small, if v, (x) < —2M, then

Vey (X)) = (1 £ p)ve(x) < 20 £ y)M < —M < w(x),
and otherwise, we have —2M < vg(x) < M and
Ve, (X) S 0e(X) + 7|0 ()] < ve(x) + 2y M < w(x).

This way, one gets ve ,, < w on 925 for small y > 0. O

The proof of Theorem 4 is carried out by means of Perron method. It is worth
pointing out that the standard procedure to construct subsolutions which are null on
€2 (see e.g. [11, Sect. 9]) works for P,j' which is in fact a sup operator. On the other
hand it fails for supersolutions owing to the strong degeneracy of P,:r with respect to
inf-type operations. The geometry of €2 plays here a crucial role.

Hence we will start by recalling a property concerning strict convex domains. Let
Q be a convex domain of RY and z € 9. The set N(z) = Nq(z) of outward normal
unit vectors at z is defined by

N(z):{pe]RN dpl=1, x—2)-p <0 forall x € 2}.
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918 1. Birindelli et al.

It is well-known (a consequence of the Hahn-Banach theorem) that N(z) # @ for
every z € 9€2.

Definition 6 A domain @ C R” is strictly convex if
(1-—tx+tyeQ forall x,yeQ, withx #y, 0 <t <1,
Lemma 7 If a domain Q2 is strictly convex, then
NX)NNy)=0 forall x,y € 02, withx # y.

For the convenience of the reader, we give a proof.

Proofof Lemma7 Let x,y € 32, x # y. Suppose that there is p € N(x) N N(y). It
follows that

(z—x)-p<0, (z—y)-p<0 VzeQ.

Adding these two yields

(Z—x;y)~p50\7’ze§. (2.13)

Since €2 is strictly convex, we have

xX+y
2

€ Q,

and, therefore, there exists § > 0 such that

8(*H) e

and, in particular,

which shows that

X+
(z— 2y>-p=8|p|2=8>0,

contradicting (2.13). O

Let w be a bounded strictly convex domain in R/. Let F be the collection of
functions

1
fx)= 5<R2 — |x — xol),
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Existence through convexity 919

where R > 0, x, xo € R/, and, moreover,

f(x) >0 onw.
It is clear that F # (J. We set
= inf f € w. 2.14
v (x) fll;]-'f(x) or x € (2.14)

It is clear that ¥ is concave, since it is infimum of concave functions. Hence ¢ €
Lipioc () and one has P} (D*¥) < —1 in w. Moreover

¥ € USC(w), ¥ >0 on .

Theorem 8 r(x) = 0 for all x € dw. In particular, € C(w).

Proof. Fix zg € dw and p € N(zp). By rotation a_nd translation, we may assume that
zo=0and p = (0, ...,0,1). For generic z € R/, we write

z=(x,y), x eRj_l, yeR.
We choose Ry > 0 so that
w C {z:(x,y)eRj : |)c|2—i—y2 <R5}.
For any R > Ry, set
p=p(R) = sup{h >0:wC{kxy) : X+ 0+ < Rz}}.
It is clear by simple geometry that 0 < p < 0o, R — p(R) is increasing and
lim p(R) = oo.
R— o0
Indeed, since, for R > Ry,
Bg((0, —(R — Ry))) D Bg,((0,0)) D w,
we see that
p(R) > R — Ro,
which shows that
lim p(R) = oo.
R— o0
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920 1. Birindelli et al.

Note also that
D C{xy) X+ O+ pR)* < R?,

which implies that the function

(R = e = v+ o(R)?)

N =

fR(-x9 )’) =

is positive in w, that is, fg € F.
Observe that, if > R, then

(0,0) ¢ Br((0, —r)),

which implies that

@ ¢ Br((0,—1)),
and hence

p(R) <r, and,consequently, p(R) <R.
We need only to show that

Rli_)moo fr(0) =0.
(Notice that this implies that ¥ (0) < 0 and, moreover, that lim supg-,_,o ¥ (x)
¥ (0) < 0 while liminfgsy—0 ¥ (x) > 0 since ¥ > 0in w.)

By the definition of p(R) and the compactness of w, there exists a point zg =
(xR, YR) € dw such that fg(zg) = 0. That is,

IA

Ixr|* + (& + p(R))* = R*.

By simple geometry again, we see that

PR = (aR, BR) = (xr, YR + p(R)) € N(zg).

VIXrZ+ lyr + p(R)2

By the compactness of dw, there is a sequence R; — oo such that
ZR; = Zoo € dw.
Observe that, since limg_, o0 p(R) = 00,
pr, — (0. 1).
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Existence through convexity 921

Passing to the limit in the inequality (x — zg;) - pr; < 0 forall x € w, we see that
(0,1) € N(zoo).

However, since (0, 1) € N(0) = N((0, 0)), by the strict convexity of w (Lemma 7),
we must have

Zoo = O.
The above argument implies that

lim IR = 0.
R— o0

Observe that, since R — Ry < p(R) < R,

R)CR - XR
YR+ p(R)

‘R(XR * XR

Br

R
- (R)'|xR|2 -0 asR— oo, (2.15)
YR+ P

Noting that pg is an outward normal vector to Bg((0, —p(R)) at zg and that (0, R —
P(R)) € 3BR((0, —p(R)), we have

0= pr- (0, R —=p(R)) = zr) = Br(R — p(R)) — ar - Xg — BRYR.

and, if B > 0, then

R - XR
R—p(R) < —— + yr.
Br

Since (0, 1) € N((0, 0)), we have
0=(0,1)-((xg, yr) — (0,0)) = yg.

Thus, if Bg > 0, then

R - XR

Br

R—p(R) =
Combining this with (2.15), we see that, as R — o0,
0<R(R—p(R) < REZR g,
Br
and, moreover,

dim (R4 p(R))(R = p(R)) = 0.
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922 1. Birindelli et al.

Hence,

. _ 1 . 2 N
ngnoo fr(0,0) = ERIEI;O(R - p(R)") =0.
O

Lemma 9 Let yr be the function defined by (2.14) and  C R/ be as in (2.14). Assume
that j < N and set C = w x RN~/ Define the function W on C = @ x RN~/ by
W(x) =¥ (x1,...,x;). Letk € Nbe suchthat N — j < k. Then, V is continuous on
EandP]j(DZ\l’) <—linwx RN,

By definition, aset C € R isin Cjifandonlyif C = wx RN~/ for some bounded
strictly convex @ C R/. The function ¥ depends only onw andif C = o xRN~/ € C;,
then the function W, defined in the lemma above, is considered to depend only on C.
Thus, for later reference, we write W for this W.

Proof of Lemma 9 The continuity of W is obvious, since ¥ € C(w). Recalling (2.14),
the function W is given as the infimum of a family of functions f on R” of the form

1 J
fo =3 Rz—g(xi—xo,i)z ,

for some R > 0 and xo € RY. Observe that

D? f = diag(—1,...,—1,0,...,0),
———— —— —

j times N—j times

and, since k > N — j, P/ (D*f) < —1in w x RVN=/. By the stability of the
supersolution property under inf-operation, we conclude that 73,:' (D*¥) < —1. O

Proof of Theorem 4 Since 2 is a convex set, the uniform exterior sphere condition
is satisfied. Then for » = |x| let us consider the function G(r) = r=% — 1 where
o = max {k — 1, 1}. Observe that for r > 1

G(r) <0, G'(r) = —ar @D <0, G"(r) = a(@+ Dr~ @+ > 0.

Let ®(x) = SUpPy, co0 G(]x — zp|), where z; is such that |x, — zp| = 1 and for any
x € Qonehas |x — zp| > 1. Then & € C(Q) and & = 0 on 2. Moreover

1

+02
PeD®) = (T Gam@yyer?

Then u = M P, with M1 = M(Q,«, || fll,) sufficiently large, is a continuous
subsolution of (2.10) which vanishes on 9£2.
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Existence through convexity 923

Now we provide a continuous supersolution # such that . = 0 on d2. By the
definition of Cy—g+1, since 2 € Cy—k+1, the set Sy—_g+1 is given associated with 2.
In view of (1.5), define for x € Q

wx)=  inf \IJC<OTx),
(0,C)eSN—k+1

where W¢ is the function on C defined in Lemma 9 (see also a comment after the
lemma). From the properties of the function ¥ defined by (2.14) it follows that W¢ is
concave and nonnegative in C. Theorem 8 ensures that W¢c = 0on dC and U € C(C).
It is now obvious that w is nonnegative, concave and upper semicontinuous on £ and
that W (0T x) =0 forx € O(dC) = 3(0OC). It follows from (1.6) that

IQ C U a0,
(0,C)eSN—k+1

which implies that w < 0 on 3. These properties of w guarantee that w € C($2) and
w = 0on JdL2.

Noting thatif weset j = N —k + 1,then N — j < k, we see by Lemma 9 that for
any (0, C) € SN—k+1, P,;“(DZ\IIC) < —11in C and moreover, by the invariance of the
operator P,:r under orthogonal transformation, that the function v(x) := We(0Tx)
satisfies P,j' (D?v) < —1in OC. The stability of the subsolution property under
inf-operation implies that P,:r (D*v) < —11in Q. We set ¥ = || f|lcow and note that
e C(Q),u=00ndQand P} (D*) < fin Q.

Now, the Perron method yields a function u on  such that the upper semicontinuous
envelope u™ of u is a subsolution of ’P,:r (D?u) = f in , the lower semicontinuous
envelope u, of u is a supersolution ofP,:’(Dzu) =finQ,andu <u, <u<u*<u
on Q. The standard argument including comparison between u* and u, assures that
u € C(Q) and u is a solution of (2.10). O

Proof of Theorem 1 Sufficiency of the C_x41 property of €2 has been proved in Theo-
rem 4. Its necessity follows from Proposition 3. Indeed, if €2 is not in Cy—x 1, then, by
Theorem 2, d(€2) > k, which means after translation and orthogonal transformation
that 0 € 02, dp(€2) > k, and, moreover, condition (2.1) holds. Thus, Proposition 3
implies that problem (1.8), with f = —1, does not have a solution continuous up to
the boundary 9€2. O

2.3 Application: eigenfunctions for ’P1+ in strictly convex domains
Following the Berestycki-Nirenberg-Varadhan approach concerning the validity of

the Maximum Principle, see [3], we have defined in [4] as candidate for the principal
eigenvalue the values

M,jzsup{MeR L 39 e LSC(Q), ¢ > 0, P (D) + pp <0 inQ},
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924 1. Birindelli et al.

Mk_:sup{ueR : 39 € USC(RQ). ¢ < 0. P (D%p) + g > 0 inQ}.

For the convenience of the reader it is worth pointing out the change of notation: here
u,:r corresponds to what in [4] was called y; and vice versa, since in the present paper
we deal with the maximal operator P,j , whereas in [4] we considered the minimal one
P, . In particular we proved that i, = 400 while u,:r < 00, so we will concentrate
on the latter.

Even in the degenerate framework of the operators P,j , we showed that if € is
uniformly convex, then //,,:r gives threshold for the Maximum Principle (see [4, The-
orems 4.1, 4.4]), this is true also for more general equations depending on gradient
terms. Moreover, when k = 1, there exists a positive principal eigenfunction.

One of the question raised in [4] concerned the necessity of the uniform convexity
of the domain. In the next theorem we show that the strict convexity assumption of €2
is sufficient for the existence of a principal eigenfunction, at least when there are no
first order terms.

Theorem 10 Let 2 be a bounded strictly convex domain and let f be a continuous

and bounded function in Q. Then there exists a solution u € C(Q) of

{pf(Dzu) +pu=finQ (2.16)

u=~0 on 082

in the following two cases:

o foru < /,LT,'
o forany nif f > 0.

Moreover in the case |1 < /LT the solution is unique.

The uniqueness part of Theorem 10 is an obvious consequence of the following
lemma.

Lemma 11 Under the hypothesis of Theorem 10, let u < MT let u € USC(L2) and
v € LSC(2) be sub and supersolution of

731+(D2u) 4+ uu=f inQ,
respectively, and assume that

Qalxigm(u(x) —v(x)) =0.

Then, u < v in Q.

Proof Set w = u — v and observe (see [14, Lemma 3.1] and also [8, Theorem 5.8],
[17, Proposition 4.1]) that w is a subsolution of

P (D*w) + pw =0 in Q. (2.17)
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Existence through convexity 925

The maximum principle ([4, Theorem 4.1 and Remark 4.8]) yields w < 0 in €2, which
concludes the proof. O

For the reader’s convenience, we recall here [4, Proposition 3.2] stated for 731+ .

Lemma 12 Let u € LSC(RQ) be a supersolution of

{Pf(Dzu) = f(x)inQ (2.18)

u=~0 on 082

Then for each ¢ > 0 there exists a positive constant L, = Ls(||u]loo, || flloo) Such
that

lu(x) —u)| = Lelx —y| forx,y € Q,
where Q. = {x € Q : dist(x, dQ2) > ¢}. Furthermore, if for some constant C > 0
u(x) < Cdist(x, 9Q) forx € Q,
then there exists a positive constant L = L(C, ||ullco, || f lloo) such that
lu(x) —u(y)| < L|x —y| forx,ye Q.

Proof of Theorem 10 We need only to prove the existence part of the theorem.

The Dirichlet problem (2.18) is uniquely solvable by means of Theorem 4. We
henceforth assume that ;> 0. We shall first prove Theorem 10 for f := h < 0 then
for f := g > 0 and any u, and, finally, for the general case.

Leth = —f~ <0.Let (wy)nen C C(Q) be the sequence defined in the following
way:
set w; = 0 and, given w,,, define w4 as the unique solution of

wp+1 =0 on Q2. (2.19)

{Pf(DzwnH) =h— pw, in Q

Note that (w;,),enN is nondecreasing, in particular w,, > 0in €2 for any n € N. At each

step the existence is done by using zero as a subsolution and (|| ||cc + llwy lleo) ¥

as a supersolution, where ¥ is the function defined by (2.14) in the case w = €2, see
Theorem 8. We need to prove that the sequence (||wy, ||oo)neN is bounded.

Suppose that it is not, hence up to some subsequence lim,_, {  [|[Wy [|cc = +00.

Then consider v, = ﬁ Then ||v, ||co = 1 and v, satisfies
nliioo

h lwy || 0o

2
Pl (D*vy41) = — vy, :
lwnt1lloo lwat1 oo
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926 1. Birindelli et al.

By construction v, is a sequence of bounded functions. We want to prove that they
are equicontinuous. Observe that,

h llw, |l
— Py > —|lhloo — K-

lwnt1lloo lwn+1lloo

Hence 0 < v, < (|h]loo + )¢ forany n € N.

For any 6 > 0, in Q5 = {x € Q dist(x, 02) > 4§}, the functions v, are
uniformly Lipschitz continuous by Lemma 12. For any ¢ > 0, choose § > 0 such that
(Ihlloo + )¢ < § forany x € Q\ Q5. Hence for any x, y in  \ Q;s:

[Up (X) — v, (W] < v (x) +va(¥) < (Ihlloo + )W (x) + ¥ () < e.

Hence the sequence (v,),en is equicontinuous in €2 and up to a subsequence, for
some k < 1, v, converges to v, solution of

Py (D?voo) + kjtvog =0, in 2, ves =0 on IS2.

By maximum principle, since ku < MT this implies that vo, = 0. This is a contradic-
tion since ||Voo|loo = 1.
We have just proved that there exists some constant K such that ||w, [|cc < K and
clearly
0=<wy = (lhlloc + K. (2.20)

Hence, reasoning as above the sequence is also equicontinuous in € and then, up to a
subsequence it converges to a solution w of (2.16) with f replacedby h = —f~.

Let us consider now the case f = f. As above let us define the sequence (wy,),eN
by setting w; = 0 and, once wj, is given, solving (2.19) with % in place of /. In
particular w,+1 < w, < 0. Arguing by contradiction as above and applying the global
Lipschitz regularity result (Lemma 12) to negative functions v, := w,/||wy |lcc, We
observe that the sequence (w;,),en is bounded in C(Q). Using again the same global
Lipschitz estimates to w,, we infer that the sequence (w;,), <N is equi-Lipschitz. Then
there is a subsequence converging to a solution w of

P (D*w) + pw = fT inQ
w=0 on 0L2.

Now we assume y < ,uf and consider general f. The above functions w and
w are respectively sub and supersolution of (2.16). To apply the Perron method, we
introduce

W = {w €eC(Q): w<w<w and w supersolution of (2.16)} .

and, arguing as in proving the equi-continuity of (w,,) in the case h = — f—, observe
by the local estimates of Lemma 12 that WV is equi-continuous on €.
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Existence through convexity 927

Setting
u(x) = inf{w(x) : we Wj,

we get a continuous function on Q, which solves (2.16) due to the Perron method. O

Theorem 13 Let Q be a strictly convex domain. Then there exists a function yr; € C(Q)
such that

P (D) + uf 1 =0, Y1 >0 inQ 221)
Y1 =0 on 0%2. '
Proof Let u, / ,ui" and use Theorem 10 to build u,, € C(S) the solution of
Pl (D%up) + paty = —1 in Q
{ u, =0 on 0€2. (222)

We claim that, up to some subsequence, lim,_, 4« ||t#5 |00 = +00. Assume by con-
tradiction that sup, <y l#s|loo < +00. Reasoning as in the proof of Theorem 10 the
sequence (un)neN 1s bounded and equicontinuous. Hence, up to a subsequence, it
converges to a nonnegative solution u of

731+(D2u) —G—,uTu =—1 inQ
u=20 on 0L2.

The function u is positive in €2, otherwise if min, .5 u# = u(xo) = 0 and xo € 2, then
¢(x) = 0 should be a test function touching u from below in x¢ and therefore should
satisfy 0 < —1, a contradiction.

Hence, for small positive ¢, we have

PLH(D*w) + (uf +e)u<0 inQ

contradicting the maximality of u] .

For n € N the functions v, = —— satisfy

letn lloo

{PI—F(Dzvn) + upvnp = m in (2.23)

v, =0 on 02
and sup,, .y llvn lloo = 1. Again by equicontinuity, extracting a subsequence if neces-

sary, (v, )neN converges uniformly to a nonnegative function v such that |||/, = 1.
Taking the limit as n — oo in (2.23) we have

PHD>*Yy) +uiy1 =0 inQ
Y1 =0 on 0L2.

By the strong minimum principle ([4, Remark 2.6]), we conclude ¥/ > 0 in Q as we
wanted to show. O
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3 Influence of the first order term

We shall see that, in the presence of the first order term H (Du) = b|Du| with b > 0,
strict convexity may not be enough to have existence. And even in the uniformly
convex case, if the coefficient b is “too large” with respect the principal curvatures
of a2 there may not be existence of solutions. This phenomenon is a striking feature
connected with the highly degeneracy of the operators Pki. Roughly speaking, this
can be viewed as a consequence that the first order term competes with the principal
part.

3.1 Nonexistence results for strictly convex domain
Let Q be a bounded convex domain in RY and k < N. Assume that
QClz=@y»eRVIxR:y>0}, 0=(0,0) €9,

and, as (x,y) € dQ and x — O,
y = o(|x[?). 3.1

Theorem 14 Under the hypotheses above, there are no positive supersolutions u €
LSC(R2) of

P (D*u) +b|Dul <0 in L,

where b is a positive constant, with the property limgs,—ou(z) = 0.

Remark 15 1t is worth to point out, as a consequence of Theorem 14, that there are no
positive eigenfunctions (with Dirichlet boundary) associated to P,:r (D*) 4+ b|D - | if
b > 0. This striking feature is further emphasized by the positivity of the so called
“generalized principal eigenvalue” ,u,‘:, at least if Q C Bg and bR < k. In fact

M,:r > %. This inequality can be easily deduced by considering v(x) = R?—|x|?
in the definition of ,u,‘:.

Proof gf Theorem 14 By contradiction we suppose that there is a supersolution u €
LSC(L2) of

PL(D*u) +b|Dul <0 inQ,
with b > 0, such that lirr(l)u(z) =0and
—
u>0 inQ. 3.2)

We may choose, in view of (3.1), a constant R > 0 and a function g € CZ(RN—1)
such that

g(0) =0, Dg(0)=0, D?>g(0)=0,
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Existence through convexity 929

and
{(x,y) € BR((0,0)\{(0,0)} : y > g(x)} C Q. (3.3)

We may moreover assume that
k|D*g(x)] <b forall x e RN"!  with|x| < R, (3.4)

where |D2g(x)| = max; |Ai(D2g(x))|.
By (3.2) and (3.3), we have

p=min{u(x,y) : (x,y) € 0Bg((0,0)), y > g(x)} > 0.
Set
Qr ={(x,y) € BR((0,0)) : y > g(x)},

and note that

Qr = {(x,y) € Br((0,0)) : y > gv)} C Q,
Qr\{(0,0)} C @,
IQr = {(x,y) € Br((0,0)) : y > g(x)} U {(x,y) € Br((0,0)) : y = g(x)}.

Using lim,_,gu(z) = 0, we may select a point zo = (xp, yo) € Qg (close to the
origin) so that

u(zo) < p.
We may as well choose a function 6 € C 2(R) so that
00)=0, 0(r)>0VreR, and r_1)i§1009(r) =p.
Let & > 0 and set
0:(r) =0(r/e) for r e R,
and
$e(x,y) = 0:(y — g(x)) for (x,y) € RY.

Consider the function

Qr 2z > u(@) — ¢e(2),
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930 1. Birindelli et al.

and note that, for z = (x, y) € 0Qg,

u(@) —0:(0)=>0—-0=0 if y=gx),

u(z) — ¢e(2) = {,0 —¢e(z)>p—p=0  otherwise,

and, ase — 0,
1(z0) — e (z0) = u(z0) — 0 (”%W) — u(zp)—p < 0.

We fix ¢ > 0 so that
u(z0) — ¢ (z0) <0,

choose aminimum point z; = (xg, y:) € Qg of u—¢, and note that u(z,) — . (zs) < 0
and, hence, z; € Q. Thus, by the viscosity property of u, we have

PE(D*pe(z6)) + b|De (ze)] < 0,
where
Depe(x, y) = 0.(y — g(0)) (= Dg(x). 1),
and
D%, (x, y) = 6(y — g(x) (_ngm 8)
+0/'(y — g(0))(~Dg(x), 1) ® (~Dg(x), 1).

Let £ € R¥Y~!and € R, and compute that

(D*¢e(x, Y)(E, 0), (£, 1)) = —0L(y — g())(D?g(x)&, &)
+6/(y — g(x))(—Dg(x) - & +1n)*.

If Dg(x) = 0, then

PE(D*ge(x. y)) = sup { > (-0 — gD &) + 6/ (v = g

i=1

such that (&;, ;) - (§,n;) = d;; }

Taking n; = 0 and & € R¥~! such that & - &; = §;; forany i, j = 1, ...,k we get

=~

P (D (x,3) = Y (0.0 — gD, &)

i=1

> —kO.(y — g(x))| D?*g(x)].
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Otherwise if Dg(x) # 0, choosing (§1,71) = (Dgx), |Dg(x)|2)
/V1Dg(x)[>+|Dg(x)[* and (£2,0), ..., (&, 0) in such a way & - £ = &;; for all
i,j=1,...,k, weget

k
PE(D2x.y) = Y (=040 = sGN(D2g()E1. 1))

i=1

> —kO(y — g(x))|D?g(x)].

Since | Do (x, y)| = 0, (y—g())v/[Dg(x) > + 1 = 6/(y—g(x)) and k| D*g (x;)| < b

by (3.4), we obtain the following contradiction:
0> P (D?¢e(2e)) + b De (z5)| > 0. (ye — g(xe)) (b — k|D*g(x)]) > 0.

a

Remark 16 The above nonexistence result can be generalized to the nonconstant coef-
ficient case b = b(x, y) and b(0, 0) = 0 by assuming

b(x,y) > k|D*g(x)|

in a neighbourhood of (0, 0).
Evenin the case where b is constant, we can replace condition (3.1) by the condition

b > k|D?g(x)]

in a neighbourhood of (0, 0).

3.2 Uniformly convex domain with large Hamiltonian

Look at
Pir(D?u) + b|Du| = —1 in Bg

3.5
u=>0 on 0 BR. (3-5)

Proposition 17 If0 < bR < k, then the problem (3.5) has a unique solution which is
radial, while if bR > k there are no supersolutions.

The case bR > k is included in Remark 16. In the radial setting the proof is in fact
much easier and it includes the case bR = k. For the convenience of the reader we
report the proof.

Proof of Proposition 17 First, thanks to Proposition 5 (ii), since the right hand side (3.5)
is negative, the comparison principle always holds and solutions of (3.5) are unique.
We consider the case b > 0 and bR < k. Forr € [0, R] let

r—R k k — br

X .
b 52 2k bR

g(r) = (3.6)
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By a straightforward computation one has

: ;Sr) +blg' ()| = -1

g0

k

> g"(r)
§'(0)=¢g(R)=0.

Hence u(x) = g(|x]) is the solution of

+n2 :
P (D“u) +b|Dul = —1 in Bg 3.7)
u=>0 on 0Bg.
Let us assume now that u is a supersolution of (3.5) and bR > k. In particular
u > 0in Bg and it is a supersolution too in any ball Bkb;g C Br fore € (0, k). Let

e € (0, k) and set

x| =55k k—blxl
—t 41
bR

ge(lx]) ==
which, as we have seen above, is the solution of (3.7) in B ket - Since

k—e

b<k

u>ge on aBkb;s and b
the comparison principle yields
u(x) > g<(|x|) forx € Bk%s.
This leads to a contradiction after letting ¢ — 0, i.e.

u(x) = oo forallxeB%.

The function u(x) = % is the solution of (3.5), with b = 0. By a direct compu-

tation, one can see that the solution g(|x|) of (3.5) with b > 0, where g is defined in

_ RP—x
(3.6), converges to u(x) = =——— asb — 0. O

Corollary 18 Let Q2 be a domain such that Bg C 2. Then

e if bR > k there are no positive supersolutions of

PH(D*u) +b|Dul < -1 in @
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e if bR > k there are no (i, ¥ (x)) € Ry x LSC() such that
PL(D*Y) +bIDY|+py <0, ¥ >0 ing,

ie. ﬁ,j = ,u,j = 0, where

it = sup {,L eR : 39 e LSC(RQ). ¢ > 0, Py (D2p) + b| Dul
e <0 in Q}
it = sup {u €R : 39 e LSC(Q). ¢ = 0 in S, Py (D2p) + b|Dul

e <0 inQ}_

Proof The first part directly follows from Proposition 17.
Assume now by contradiction that there exist & > 0, ¥ (x) > 0 in € such that

PL(D*Y) +bIDY |+ uy <0 in Q.

Let p = % < R.Then B, € Q and l%in ¥ > 0. Taking M sufficiently large we can
P
guarantee that u = M satisfies

PF(D*u) +b|Dul < —1 in B,

which is not possible since bp = k. O

Now we consider the equation
P (D*u) — b|Du| = —1 in Bg (3.8)

with any b > 0.

Proposition 19 There exists a unique solution u € C(BR) of the Dirichlet problem
for (3.8), with boundary condition u = 0 on d Bg. The solution u is radial.

Proof The uniqueness is a consequence of the comparison principle (Proposition 5
(ii)).

The presence of the sign minus in front of b leads us to look for radial solutions
u(x) = g(Jx|) of (3.8) with g = g(r) solution of

¢"(r) + (k= DEL 4 be/(r)y = —1 forr € (0, R]
g <0 for r € [0, R]
g"(r) = g/ﬁr) forr € (0, R]
g'(0) = g(R) =0.

(3.9)
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For solving this, consider the first order problem

/ _ 1k - _
h(r)+ (k —1)== + bh(r) 1 forr € (0, R] (3.10)
h(0)=0
whose solution is
e—br r
h(r) = ——— / ek ds.
" Jo
It is clear that
h(r) <0 forr e (0,R] and lir%h(r) =0. (3.11)
Moreover by (3.10) one has
, h(r) . " bs k=1 k br
h(r)y>—— <= a(r):=(k+br) e”s" " ds—r"e” =0 forr € (0, R].
r 0
(3.12)

Since a'(r) = b [y € s~ ds > 0 and a(0) = 0, then the inequality on the left hand
side of (3.12) holds true. Using now (3.10)—(3.12) we deduce that

R e—bs s
g(r) =/ — (/ bkl dt) ds
r S 0

is a solution of (3.9), and u(x) = g(|x]) is in turn a solution of (3.8) such # = 0 on
092. O

3.3 Case bR = kwith Q = B

For p© > 0 consider

P;(Dzu) + %IDMI +upuu=0, u>0 1in By (3.13)
u=~0 on dBg.
Consider moreover the ODE
k(L= 1) ¢'() +np(r) =0 forr e (0, R) G
9(0) =a >0, p(R) =0, ’

where a is a constant. By computations, the solution ¢ = ¢, , is given by

r “;{LZ UR
Pualr) = a(l — E) exp <7r>
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and
¢,.4r) <0  foranyr e (0, R). (3.15)
If in addition
k
Hn = =2
then o
r
Pua’l) > @) ,(r)  forallr € (0, R). (3.16)
, .
&

Combining (3.15)—(3.16) we deduce that u, ,(x) = ¢, 4 (|x|) satisfies forany p < 72

k
PL(D%uyq) + = |Dutyo| + pty e =0  for0 < |x| < R.
Moreover by direct computation
2 W
Duu,a(o) =0, D ”u,a(o) = _Zuu,a(o)la

hence

P (D?up,a(x)) + % | Dty o (0)| + ptitya(x) =0, upq >0 inBg
Uya=20 on dBg.

In particular
k
+
My = ﬁ s
while, since the maximum principle is violated, we deduce by [4, Theorem 4.1] that
o =0.

This shows that the equality ﬁ;‘ = ,u,':, which holds when bR < k, see [4, Theo-
rem 4.4], may fail as soon as bR = k.

Remark 20 Note that ,u,‘: is finite since it is bounded from above by the principal
eigenvalue of the operator A - +% |D -|.

4 More on the weight of the first order problem

Let us consider the problem

4.1)

P (D*u) + b(r) |Dul = —1 in By
u=0 on 0 Bg
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where b € C([0, R))NC'(0, R) is aradial function. We aim to generalize the existence
results of Sect. 3.2 to this setting and, at least in amodel case, see (4.2), we shall analyze
how the solutions of (4.1) are affected by the monotonicity changes of b(r). Having in
mind the case b constant, roughly speaking a transition from b negative to b positive
force the solutions u to solve a second order initial value problem near the origin, then
a first order boundary value problem.

Concerning b(r) we assume that there exists roy € [0, R] such that

(r —ro)(rb(r)) =0 forr € (0, R). (4.2)

Note thatif rp = 0 or r9p = R then (4.2) reduces respectively to the cases (rb(r)) >
0or (rb(r)) <0in (0, R), i.e. the constant sign case of b(r).

Definition of Ry. We define Ry € (0, R] as follows.

If rb(r) < k for any r < R then Ry := R.

If there exists r € (0, R) such that rb(r) = k then Ry := inf {r < R : rb(r) = k}.
The above definition of Ry makes sense for any b € C([0, R]) since rb(r) < k

holds for » = 0.

Remark 21 1f b is a positive constant then Ry = min {%, R}.

Proposition 22 Assume condition (4.2). If

Ro r

then Ry = R and problem (4.1) has a unique solution, which is radial. On the other
hand, if

Ry r

then no supersolutions of (4.1) exist in Bg,.

Proof First we assume condition (4.3). By contradiction let us assume that Ry < R.
Since rb(r) € C' then there exists positive M such that

k+ M@ — Ry) <rb(r) in[Ry/2, Ryl

This would imply

Ro 7 Ro r
—d > —d = s
/ k—rbn = MRy — ) " =1

contradiction. Hence Ry = R.
As usual, the uniqueness follows from the comparison principle.
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Case rg € (0, R).
We start by looking for a radial solution u(x) = g1 (|x|) with g; = g1(r) solution of

g/ (r) + (k= DA _per () = —1
/

g =<0

gl(r) =

g1(0)=0

40 4.5)
-

in a neighbourhood of zero. This leads us to consider the following first order problem,
hi =g},
Ry () + (k= DO — by (r) = —1
Hy(r) = 2

4.6
hi(r) <0 0
h1(0) =0.
As in the proof of Proposition 19, the function
B(r) r
hi(r) = —5— / e Bk gs 4.7)
" Jo
where B’ = b, satisfies (4.6) and i} > }% in an interval [0, c] provided
r
a(r) = (k — rb(r))/ e Bkl g5 — =Bk > 0 in o0, c]. (4.8)
0
Since a(0) = 0 and
-
a'(r) = —(rb(r))// e BOg1gs >0 in[0, rol,
0
then (4.8) holds for any r € [0, ro].
Now if a(r) > 01in [0, R], then A is a global solution of (4.6) and
R
gi(r) = —/ hi(s)ds (4.9)
r
is the solution (4.5) in [0, R] satisfying g;(R) = 0.
If otherwise there exists 7 € [rg, R) such that
a()=0 and a(r) <0 in [r, R] (4.10)
then the function R
s
= —d 4.11
82(r) /r K sh®) s (4.11)
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is well defined by (4.3) and it is a solution of

K2 p(rygh(r) = -1 forr € (7, R)

g,(r) <0 forr € (¥, R)
g2(R) = 0.

Moreover, using (4.2), one has

g5(r) r ,_ g
— e =

g (r) = forr € (7, R).
Let us define
g1(r) forr €[0,r]

8O =10y forr € R,

(4.12)

(4.13)

(4.14)

where g1 (r) = — frr hi(s)ds + g2(r) and h; is defined by (4.7). By (4.10) g(r) €
C'([0, R1)NC?([0, R]\ {7}). We claim that u(x) = g(|x|) is solution of (4.1). Clearly
it is a classical solution for any x € Bpg such that |x| # 7. Moreover note that if
(rb(r))'| _; = O then u(x) is in fact C*(Bg). So we may assume that (rb(r))’| _. >
0, hence by construction the only points x that we need to consider are those for which
|x| = 7. Fix such xo € Bg and let ¢ € C%(Bg) touching u from above at x. First
we note that, since the function g1(r) and g»>(r) are both twice differentiable in a

neighbourhood of 7, using (4.13) one has

1 &)
k — rb(F) Foo

(g1 —8)"(F) = — — 8 (F) > —

k —rb(r)

hence g; > g» around 7. In this way ¢ touches from above g>(|x]|) at xo and

Dg(x0) = Dga(7), D*p(x0) > D>ga (7).
Then using (4.12)

g,(7)

F

PE(D*(x0)) > P (D>g2(F)) = k

=1—=b()|De(x0)l,

which shows that u is a viscosity subsolution. The supersolution property of u can be
proved in a similar way, using in particular that if ¢ touches u from below at x(, then

@ 1is in fact a test function for g1 (|x|).
Casesrg =0orrp=R.

The solution is given by u(x) = g2(|x|) if ¥ = 0 where g» is defined in (4.11),

while if 7 = R then u(x) = g1(|x|) with g defined by (4.9).
This ends the proof of the first part of the proposition.

Now we assume (4.4). By contradiction we assume that there exists a supersolution
of (4.1). By the definition of R one hasinf,¢[o, g,—¢] k—7b(r) > Oforany e € (0, Ryp).
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Consider the function

Ro—¢ r

ug(x) := (I = &)ge(|x]) := (1 —¢) N ka(r)dr-

It is a classical strict subsolution of (4.1), since

P (DPup(x)) + b(1x))| Due (v)] = (k% - b(|x|>g;<|x|>) _

—(1 —e¢).

By comparison u(x) > u¢(x) in Bg,—, which leads to u = +00 in Bg, by letting

e — 0.

O

Remark 23 We briefly discuss the effects of reversing the inequality (4.2) in Proposi-

tion 22. Assume
(r —ro)rb(r)) <0 Vr e (0,R).

Without loss of generality we may assume rg € (0, R).
In [0, rg] the function

r s
- _ L |
81() /o k — sb(s) sTa

is a solution of ,
KD p(r)gi(r) = —1 in (0, ro]
g1(0)=0

(4.15)

for any choice of the constant c1. Moreover gj(r) < 0 and g}(r) < glrﬂ for any

r € (0, rol.

In [ro, R] where g{(r) > g’T(r) we look at the second order problem

g+ ELel(r) — b(r)gy(r) = —1 in[ro, R]
gl = 20 o) <0 in [ro. R]

g2(R) =0.

By computations

R eB(s)
r) =
82(r) /r T (

N
/ e BOk=l g 4 cz) ds
o
rkefB(r())

where B’ = b and any ¢; > m. If we fix

k ,—B(ro)
roe

ro s
=—— and = —d
T =kt /0 k—sbin @ T8
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then the function

_)&1(r) rel0,rol
g(r) =
82(r) r € (ro, R]

is in fact of class C2. Then u(x) = g(|x|) is a classical solution of (4.1). This is the
main difference with respect to Proposition 22, where the solution was not in general
C? in the set d B;, see (4.8)—(4.10) for the definition of 7. This is due to the fact that
here we switch from a first order to a second order problem exactly at rg, the point
where the derivative of rb(r) vanishes and so g} = g%, while in Proposition 22 this
happens at 7 > ro where g{' () > g (7).

The uniqueness of solutions of (4.1) with (4.15) is due to the comparison principle,
as usual.

The nonexistence of supersolutions under the assumption (4.4), can be obtained as
in the proof Proposition 22.

Corollary 24 Let 2 be a domain such that Bg C 2 and assume (4.2). Then

o if f Ro - rb<r) dr = +00 there are no positive supersolutions of
Pl (D) +b(r) [Dul < =1 in Q;
e if Ry < R there are no (u, ) € Ry x LSC(2) such that
PED* ) +b(r)DY| +py <0, ¥ >0 inQ,

ie. ﬁ,j = ,u,j =0.

Proof First part is a direct consequence of Proposition 22. Let us assume now that
Ro < R and that v is a positive supersolution of

PEDXY) +b()|DY |+ puy =0 inQ,

with u > 0. Then the function u = L satisfies
L min Y

Br,
Pl (D*u) + b(r)|Dul = —1 in Bg,,

r

s0, by (4.4), fRO =750y dr < +oo. Hence (4.3) implies Rg = R, a contradiction. O

4.1 CaseR = Ry and Q = B
In Sect. 3.3 we showed that the two notions of generalized principal eigenvalues, ,112_
and ,u,:r, does not coincide in the case bR = k. This fact still holds in the nonconstant

case b = b(r) under some additional assumptions.
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First the condition bR = k now reads as Rb(R) = k. Then we assume

[:= inf M>

0, (4.16)
re(O,R) 1

which obviously holds if b is a positive constant. Note that (4.16) implies (4.2) with
ro = 0.
For i > 0 let us consider the problem

4.17)

PH(D?u) + b(r)|Du| + pu =0, u >0 inBg
u=20 on dBg.

By straightforward computation the functions

r s
@(r) = ¢(0) exp {—M/O K sb0) ds}

is a solution of the ODE

(£=b(r) ¢ (") +pe(r) =0 re (O, R)
¢’ (0) =0, ¢0) > 0.

Using (4.16) it is easily seen that

@'(r)

>¢"(r) Vre(O,R)

for any © < I. Hence u(x) = ¢(|x|) are positive radial solution of the equation in
(4.17). If in addition

R S
Y s =
/0 K —sb(y) P T T

then u = 0 on 0 Bg, leading to

E,‘::0<l§,u,‘:.

5 Convex domains

In order to prove Theorem 2 we need the following lemmas.

Lemma 25 Let K be a compact subset of R™. Assume that

0e K and K\{0} C {x = (x1,...,xp) € R" : x,, <O}
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Then there exists a bounded, open, strictly convex set w C R"™ such that
Kcow and o Cc {x e R" : x,, <O}

Lemma 26 Let A be a compact convex subset of RN such that 0 € A. Let V be the
linear span of A and set m = dim V. Then there exist a basis {ay, ..., ay,} of V such
thata; € A foralli € {1,...,m}.

Assuming the lemmas above, we first present the proof of Theorem 2. Henceforth
el, ..., ey will denote the standard basis of RV .

Proof of Theorem 2 Assume that 2 € C;. Fix any x € 02 and prove that d,(2) <
N — j. Thereisa (0, C) € S;(), with C = » x RN~/ such that x € 3(0C) and
2 C OC. Suppose by contradiction that d(2) > N — j and set m = d,(€2). There
exist an m-dimensional linear subspace V in RY and § > Osuchthatx+VNBs C Q.
Observe that

x+VNBsCcaQc OC = 0OC,

and hence o '
Oo'x+0TvnBscotoC=C=wxR"/. (5.1

Since x € 3(0OC) = 03C = O@Bw x R¥N~7), we have OTx € dw x RN7J. Set
y=0Txand W = OTV and note that y € dw x RN~/ and W is m-dimensional.

Sincem > N — j, the m-dimensional ball W N Bs is not contained in {0/} x RN~/
where 0/ := ©,...,0) € R/. Hence, there exists w € W N Bs \ {Of} x RN/ which
also means that —w € WﬂBg\{Oj} xRN=J Wesetw) = (wq, ..., w;,0,...,0) €
RY and note that w) # 0 since w ¢ {0/} x RN~J. Moreover, we observe by (5.1)
that

ytwey+WNBs Caowx RV,

and hence, y) + w)) € @. Since w is strictly convex and w/) # 0, it is obvious that
1 . . Vo
y:z(y+w]+y—wj)€a)xR 7.

This contradicts that y € dw x R¥ /. Thus, we have shown that d(Q) < N — j.
Next, we assume thatd(2) < N—j.Fixanyz € dQandv € Nq(z). By translation,
we may assume that z = 0. Set

A=Qn{xeRY :v.x >0}

and note that 0 € A C 92 and A is a compact convex set. Consider the linear span Vj
of A. It follows that dim V) < d(€2). Indeed, by Lemma 26, there exists a linear basis
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{ar,...,an} C Aof Vy.Seta = (a1 + - - + a,;,)/m and observe thata € A C IR
and, for 6 > 0 small enough,

m m
a+BsNVy=Bs@NVy C Ztiai St >0, Zti <1} cCAcCaQ,
i=1 i=1
which ensures that dim V) < d(2).
Since A is included in the supporting plane {x € RY : v.x = 0} of Q at 0,
which is (N — 1)-dimensional, we may choose a (N — j)-dimensional subspace V of

{xeRN :v.x=0}suchthat A C Vo C V.
Now, we observe that

v-x <0 forallx e Q\V. (5.2)

Indeed, if x € 5\ V,then x € §\ A and, by the definition of A, v - x < 0.
By orthogonal transformation, we may assume that

v=e; and V = {0/} x RN/,
Set
K:{(xl,...,xj)e]Rj : (Xl,...,XN)EﬁforSOmG(Xj+l,...,XN)GRN_j}.

This K is the projection of 5 onto R/ and is compact and convex. Clearly, we have 0 €
5. Moreover, if x € K \ {0/}, then, by the definition of K,thereis y= D1y eves yN) IS
Qsuchthatx = (y1,...,y;) and wehavey ¢ V = {0/} x RN~/ since x # 0/, and,
by (5.2), v -y < 0, which reads y; < 0. We may apply Lemma 25, to conclude that
there is a bounded strictly convex domain w C R/ such that

KC® and o C{x=(x1,...,x;) e R/ : x; <0} (5.3)
Hence, by the definition of K, we see that

QcoxRVI ,

which implies, since €2 and w are nonempty convex sets that

QCwxRV,

It is obvious from (5.3) that for the boundary point 0 of €2, 0 € dw x RN-J =
3w x RN/, o

We need the following lemma for the proof of Lemma 25.
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Lemma 27 Let Br(z) be the open ball of RN with radius R > 0 and center z. For
any x,y € Br(2), with x # y, and 0 < t < 1, there exists a positive constant
8 =06(R,t,|x — y|) such that

Bs(tx + (1 —t)y) C Br(2).

Moreover, (R, t,|x — y|) can be chosen depending only on R, t, and |x — y| and
decreasingly on R.

Proof Combine
ltx+ (1 =Dy —zP =lx—z2P+ U=y — 2P+ 21 —)(x —2) - (y — 2).
and
x—yP=lx—z-0O-P=k—z +ly—z -2 —2)- (y — 2,
to get

ltx + (1 =0y —z> =2 lx —z> + A = )|y — 2> +1(1 — 1)(|x — z|?
+ly =z =lx =y
_ 2 2 2
=tlx —zP+ (1 =0y —z> —t(1 = D)]x — y|
<R>—t(l—=0x -y

Hence, if we set

! t(1—1)x —y|?
S§:==—(R—/R2—t(1=0D|x—vy|?) = 7
2 < \/ ( )Nx — yl ) R

then we have Bs(tx + (1 — t)y) C Bpgr(z). The choice § above has the required
dependence on R, z and so on. O

Proof of Lemma 25 Fix an Ry > 0 so that K C Bg, and for R > Ry, set
p(R) =sup{h = 0 : K C Br(—hen)},

where ¢, is the unit vector in R”, with unity as the last (m-th) entry. Since O € K,
we see that p(R) < R. Also, since K C Bg, C Br(—(R — Rp)e,), we have
p(R) > R — Ry. It is now clear that p(R) is achieved. In particular, if S > R > Ry,
then K C Br(—p(R)em) C Bs(—p(R)ey) and hence, p(S) > p(R). Thus, p(R)
depends on R nondecreasingly (in fact, increasingly).
We claim that
lim (R> — p(R)?) =0. (5.4)
R—o0
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To prove this, fix first any > 0. Since K\ B, is compact and K\ B, C {x € R" :
X, < 0}, we may choose 0 < y1 < R so that

m—1

K\BrC{xERm:xlz+~~+x2 <R2,—R1<xm<—y1].

One can always replace R and y;, without violating the above inclusion, by larger
and smaller ones, respectively. In what follows, we may fix Ry so that Ry > r and
consider 0 < y < y1.

We next choose 0 < & < R such that

Br(—hen) N {x eR" : x, = 0}

Z{XERm IX]2+"'+X,2”,1 <r? meO}
and

ER(—hem)ﬁ{xeRm DXy = — }
={x€Rm :x12+~-~+x31_1§R%, xmz—y}

i.e. we choose

R2+ 2_ .2
h="1TY "0 and R=Vh2+r2=J(h— )2+ R

2y

. . . R24y2—r2 .
Reducing y; if necessary, we can suppose that the function g(y) = 1+2y—yr is

decreasingin (0, y1]. Leth; = g(y1).Fixany R > /h? + r2andleth = VR — 1% >
hy. Since g(y) is continuous and lim,,_, ¢+ g(y) = +00, there exists y € (0, y1] such

that 5 s
Ri+y-—r

> —h. (5.5)

Simple geometry tells us that

K cBNxeR" :x, <0} U {xeR" :x12+-~-+x,2n_1 < R?,
— Ry <xm < —y} C Br(—hepn).

This inclusion ensures that p(R) > h and hence R%— ,o(R)2 < R%?—h? = r2. Hence,
we have R> — p(R)?> < r? for any R > ,/h% +r2. Since r > 0 is arbitrary, we
conclude (5.4).

In case when p(R) = R for some R > Ry, we fix such an R > Ry and set

® := Br(—p(R)ey) = Br(—Rep).
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It is clear that w is a bounded, open, strictly convex subset of R” and that K C @ and
wC{xeR": x, <0}
Now, we consider the general case. We set

A= 1) Br(=pR)em).

R>Ro

It is obvious that A is compact and convex and that K C A. Since K C Bg,,
K\{0} C {x e R" : x,, < 0} and K is compact, it is easily seen that p(Rp) > O.
Moreover, since 0 € Br(—p(R)e,,) forall R > Ry and R — p(R) is nondecreasing,
we find that —p(Rg)e,, € A.

We define w as the interior int A of A. We need only to show that @ # ¢, which
implies by the convexity of A that @ = A, and also that w is strictly convex and
contained in {x € R™ : x,, < 0}.

For this, we first check that w C {x € R : x,, < 0}. It is enough to show that

AN{x e R" : x, >0} = {0}. (5.6)
Fix any x € A, with x,,, > 0 and note that for R > Ry,
R* = |x + p(R)en > = x> + 2p(R)xm + p(R)* = |x* + p(R)?,
and, accordingly,
R* = p(R)* = |x[.

Hence, (5.4) implies that x = 0.
Next, fix any ¢ > 0 and set

R — p(Ro)* + 2¢p(Ro)

R. =R
e o+ 2

5.7
and

Ac= [ Br(=p(Ren).
Ro<R<R;

We observe that forany x € A, N{y e R™ : y, < —¢},if R > R,, then we have

Ix 4+ p(R)em|* = |x + p(Ro)em + (0(R) — p(Ro))em|*
< R+ (p(R) — p(Ro)* +2(p(R) — p(R))(x + p(Ro)em) - em
< R} + (p(R) — p(R0)* + 2(p(R) — p(Ro))(—¢ + p(Ro))
= R} + p(R)? — p(Ro)* — 26(p(R) — p(Ro)),
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and, since

R — p(Ro)* + 2¢p(Ro)
2¢
Ix + p(R)eml* < R3 + p(R)* — p(Ro)* — (R3 — p(Ro)>) = p(R)* < R%.

p(R)>R—Ry> R — Ry =

bl

Hence, we find that
AcN{xeR” i xp, < —e}CAN{x e R" : x,, < —¢).
The reverse inclusion is trivial and thus we have
AcN{xeR” i xp, < —e}=AN{xeR" : x,, < —¢}. (5.8)
Let x,y € A\{0}, withx # yand 0 < ¢ < 1. By (5.6), we may select ¢ > 0 so

that x,,, y,, < —2e. It follows that tx,, + (1 —t)y,, < —2¢. Define R, > R( by (5.7).
Since

x,ye () Br(=pRen),
Ro<R=<R:

thanks to Lemma 27, we can choose § € (0, ¢/2) such that

Bstx+(1—=0y) C [ Br(=pR)en),
Ro<R=<R;

which readily yields

Bytx +(1=0y) C (] Br(=p(R)en) N{z € R™ & 25y < —e}.
Ro<R<R.

Using identity (5.8), we find that
Bs(tx + (1 —1t)y) C A. 5.9

In particular, this, with x = —p(Rg)e;, and y = —(p(Rp)/2)e, ensures that w # .
Inclusion (5.9) implies the strict convexity of w. Indeed, let x, y € A, with x # y,

and 0 < r < 1. If x, y are both not zero, then (5.9) shows that zx + (1 — t)y € w.

Otherwise, we may assume that y = 0. Note that 7 := (¢/2)x € A,z # 0 and

t 4 (1 t
. __t
2_1 2-1)°

and apply (5.9), to conclude that rx € . Thus, we find that  is strict convex and
completes the proof. O

tx =
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Proofof Lemma 26 1If A = {0}, then the conclusion of the lemma is obvious since
V. = {0} and dimV = 0. (As usual, we agree that the linear span of ¢ is

{0}.) Assume that A # {0}. Consider all the collections {by,...,b;} of linearly
independent vectors b; € A. Obviously, we have 1 < j < N for any such col-
lection {by, ..., b;}. Select such a collection {ay, ..., ar}, with maximum number
of elements k. Since {ay,...,ar} C A, it follows that {a;,...,ar} C V, and
Span{ay, ..., ar} C V. Suppose for the moment that Span{ay, ..., ax} # V, which
implies that A\ Span{ay, ..., ax} # @. Then there exists ax+1 € A\Span{ay, ..., ar},
which means that {ay, ..., ar+1} C A is a collection of linearly independent vectors.
This contradicts the choice of {ay, ..., ax} and proves that Span{ay, ..., ax} = V (as
well as k = m). ]

In a recent article [7], Blanc and Rossi have introduced the following notion. Here,
unlike [7], we are only concerned with convex domains.

Definition 28 (G; condition) Let j € {1,..., N} and let 2 C RN be a bounded
convex domain. We say that Q € G; if for any y € 92 and any r > 0 there exists
8 > 0 such that for every x € Bs(y) NQand S C RN subspace with dim § = j, then
there exists a unit vector v € S such that

{x +tv},crg N B (y) NI # . (5.10)
In [7] they consider the problem

Aj(D*u)=0 inQ
u=g on 92

and they prove that if Q € G; NGy ; then the above Dirichlet problem is solvable for
any g while, if Q isnotin G in g N then there may be some g for which the problem
is not solvable. This problem is very much related with the results in the present article
hence we prove the following equivalence.

Proposition 29 When Q is bounded, open and convex, Q € G; if and only if Q €
CN—j+1.

Proof The property that Q ¢ G; can be stated as follows: there exist y € 92 and
r > 0 such that for any § > 0, there exist x € Bs(y) N Q and a linear subspace S of
RY, with dim SV = j, for which
{x +tvherN B (y) NI =0 foranyv € §, with |v| = 1.
This equality reads
(x+ 9 NB(y) NI =9,

and moreover, since x € 2,

x4+ S)NB.(y) C Q. (5.11)
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Now, we assume that Q ¢ G; and prove that d(€2) > j. By the above consideration,
there exist y € 02 and r > 0 such that for each k € N, there exist x € By (y) N 2
and a linear subspace Sy C RY, with dim S}, = J, such that (5.11) holds with x = xj
and S = Sk.

Noting that limy_, o xy = y and taking limit as k — oo along an appropriate
subsequence, we can find a linear subspace S C RV, with dim § = J, such that

(y+ )N B (y) C Q. (5.12)
(Here, regarding the convergence of Sy, one may fix an orthonormal basis {vy 1, ..., vk, j}
of Sy for each k and look for a subsequence of the k for which {vy 1, ..., v, ;} converge

in RV>*J ) Since (y + S) N B, (y) is a j-dimensional ball, with center y € 32 and
is convex, it is easily seen by (5.12) that

O+ S NB(y) CoQ,

which shows that d(2) > j.
Next, we assume that d(2) > j and prove that Q ¢ G;. This assumption implies
that there exist y € 92 and a linear subspace S C RY, with dim S > J» such that

y+ SN B, Co.

We may assume by replacing S, by a subspace of § if necessary, thatdim § = j. Since
02 #£ (J, there exists a point z € Q2. By the convexity of €2, with nonempty interior,
we see that

tz+ (1 =0)y+SNBa—pr=tz+ 1 -0y +SNB,) CQ fort e (O, 1).
Hence, for r € (0, 1/2), if we set x, =tz + (1 — 1)y, then
X, + 8N B pp(x) =x+SNByjp Cx,+ SN By CQ,

and, also, lim,_,o x; = y. This shows that Q ¢ G;. Thus, we see that Q € G; if and
only if d(2) < j — 1. This observation and Theorem 2 assure that € G; if and only
ifQeCn_jy1. O
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