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Abstract

We study radial sign-changing solutions of a class of fully nonlinear elliptic Dirichlet problems in a ball, driven by the extremal
Pucci’s operators and with a power nonlinear term. We first determine a new critical exponent related to the existence or nonex-
istence of such solutions. Then we analyze the asymptotic behavior of the radial nodal solutions as the exponents approach the
critical values, showing that new concentration phenomena occur. Finally we define a suitable weighted energy for these solutions
and compute its limit value.
© 2020 Elsevier Masson SAS. All rights reserved.
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1. Introduction
Let B be the unit ball of R" and let 0 < A < A. We consider the problem

—FD%*u)=u’"'u inB
u=0 on dB (1.1)
u(0) >0

where p > 1, F is either one of the Pucci’s extremal operators ./\/l)j\E A defined respectively as
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M (X)) = inf tr(AX)=A\ i+ A ;
aa(0 = it w(AX) YowitA > u

ni>0 i <0
M;A(X) = sup tr(AX)=A Z Wi + A Z i,
M<A<AI =0 117 =0
K1, ..., 1y being the eigenvalues of any squared symmetric matrix X.

Obviously when A = A, (1.1) is the classical Lane-Emden problem, because Pucci’s operators reduce to a multiple
of the Laplacian.
Let us immediately observe that, since Mf A(=X) = —M; , (X), solutions of (1.1) for F'= M;, are solutions

of the analogous problem for the operator F = M;ﬁ' A but with #(0) < 0. Thus, it is important to fix the sign at the
center of the ball.

The study of (1.1), apart from being interesting in itself, is important to understand some invariance of the Pucci’s
operators which may be not so evident by their definition.

Indeed, though (1.1) does not have a variational structure when A < A (as it happens instead for the classical Lane-
Emden problem) some critical exponents appear in connection with the existence of solutions. For positive solutions
(which are radial by the symmetry result of [0]) they are related to the existence of radial fast decaying solutions of
the analogous problem in RY (see [8]) and induce a concentration phenomenon for positive solutions of (1.1), as p
approaches the critical values (see [4]). Moreover a weighted related “energy” was defined in [4] which is preserved
in the limit, thought the positive solutions concentrate at the origin and converge to zero everywhere else.

The aim of the present paper is to study the asymptotic behavior of radial sign-changing solutions of (1.1) as
the exponent p approaches some critical values for their existence. We will show that new critical exponents and
new concentration phenomena occur, quite different from those related to the classical Lane-Emden problem but also
different from those shown in [4] for the positive solutions of (1.1).

First of all we prove that a new critical exponent p* appears for the existence of radial nodal solutions to (1.1)
when F = ./\/l;\Ir A» Which is in between those for the existence of radial positive solutions for the two Pucci’s operators
(see (1.4)). This is somehow surprising because, since the solutions of (1.1) are positive in the first nodal region, which
is a ball, one would expect the critical exponents to be the same as the one for positive solutions to (1.1). Indeed this
is the case for F = M}: A and for the classical Laplacian, but not for F = M}f A (see Theorem 1.1).

Then we perform an accurate asymptotic analysis of radial nodal solutions of (1.1) with any number k of nodal
domains and show that the behavior can be different in each nodal region and may also depend on k being even or
odd (see Theorem 1.2 and Theorem 1.4). Indeed while in some nodal domain there is blow up and concentration in
others the solutions are bounded and converge to a finite limit. Moreover the asymptotic profile of the solutions u
of (1.1), after suitable rescalings, can be different and, in the case of F = ./\/l;' A the fast decaying radial positive
solution of (1.12) in the exterior of the ball appears as limit profile of the restriction of u to some nodal regions (see
Proposition 7.3).

This is a completely new phenomenon, to our knowledge, different from what happens for the classical Lane-
Emden problem (see [7] and the references therein) and even from what happens in the case of the classical Brezis-
Nirenberg problem in low-dimensions which also presents some peculiar asymptotic behavior (see [1], [2], [11], [12],
[13], [14]).

Finally, all this reflects into the computation of the limit of some weighted energies which can be defined for
solutions of (1.1), according to what done in [4], even if (1.1) does not have a variational structure.

We will show that the weighted energy of the positive fast decaying solutions, both in RY and in RY \ B will
contribute to the limit of the total energy of u in some of the nodal regions where blow up and concentration occur.

To state precisely our results let us start by recalling what is known for positive solutions to (1.1).

In the paper [8] Felmer and Quaas proved that there exist two critical exponents p*, p*% such that positive radial
classical solutions to (1.1) exist if and only if p < p* for F = M, or p < p} when F = M;A. We observe that
the values of these critical exponents are not explicitly known but they satisfy the following inequalities:

N_+2 , N+2

N2 PP N=2
{ Ny N+2} . Ni+2
max < <

(1.2)
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where the dimension-like parameters N are defined, respectively by N_:= %(N —D+1, Ny = %(N —1+1.
We point out that in the special case A = A, when M; A= M)T A = AA, where A is the standard Laplacian, all
the above inequalities become equalities. In particular p*, p% reduce to the usual Sobolev critical exponent x—fg

In this paper we will always assume that A < A and Ny > 2.
As far as the existence of radial sign-changing solutions is concerned, let us mention that in [9] a sufficient condition

on the exponent p is provided for general radially symmetric nonlinear operators which, in the particular case of the
Pucci’s operators, reads as p < %
The first result of the present paper shows that such a bound on the exponent p is not optimal. Indeed we get:

Theorem 1.1. We have:
) ifF= M; A» then radial sign-changing solutions of (1.1) with any number of nodal domains exist if and only if

p<pi; (1.3)

i) if F = M;LL A» then there exists a new critical exponent p3* satisfying

Pl <pi<rpi. (1.4)

such that no radial sign-changing solutions to (1.1) exist for p > p*, while radial sign-changing solutions to
(1.1) with any number of nodal domains exist at least for a sequence of exponents p, /' pi*.

The above result will be proved in Section 3. Let us observe that while it is easy to obtain i), using Theorem 4.1 of
[10], the proof of ii) is quite involved and requires several steps.

Once we have these critical exponents we proceed studying the asymptotic behavior of the nodal solutions of (1.1)
as p approaches them to determine also their limit profile. As announced before, we will see that new concentration
phenomena occur.

We first start by analyzing the case when = M, . Let p, := p* — ¢, where ¢ > 0 is a small parameter and let
us consider the problem

—M; \(D*u) = |u|”"'u inB
u=0 ondB (1.5)
u(0) >0
Let u. be a radial sign-changing solution of (1.5) with k > 2 nodal regions. We denote by r{ =rj(¢) < ... <rp_1 =

rr—1(¢) the nodal radii of u, and by s; = s;(¢) the unique maximum points of |u.| in the (i 4+ 1)-th nodal region, for
i=0,...,k— 1. We have

O=so<ri<s1<...<rp—1 <Sp—1<1,

and we set M; := |ug(s;)|,fori =0,1,...,k— 1.

Theorem 1.2. Up to a subsequence, as e — 0%, we have that My — 400, ri — 0, s1 = 0, M; — M; € (0, +00), for
i=1,....,k—1,andu, — u in Clzoc(B \ {0}), where u is a radial sign-changing solution of

—M;’A(Dzu) =’ 'u inB
u=~0 ondB (1.6)
u(0) <0
with (k — 1) nodal regions, if k > 3, while u is the unique negative solution of (1.6) if k = 2.

Moreover if k > 3 we have ri — ¥i, si — §i, fori =2, ...,k — 1, for some numbers r;, 5;, such that 0 <r, <5 <
<fk_1 <§k—l < 1.
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Note that (1.6) does not admit a positive solution, by (1.2), but it has a (unique) negative solution as well as sign-
changing solutions by (1.3), since u(0) < 0 so that the relevant exponents for the existence of solutions to (1.6) are
those for the corresponding equations involving the operator M;r A» but requiring the positivity at the origin.

Even if the problems that we are considering do not have a variational structure, we can introduce, in the spirit of
[4], a weighted energy E g (u) defined for radial sign-changing functions # which change concavity only once in each
nodal region, and where p > 1 is a fixed exponent (we refer to Sect. 10 for the definition). In particular, if u, is as
in the statement of Theorem 1.2 we are interested in determining the limit energy E;E (ug) as € — 0. To this end,
denoting by U_ the unique (up to scaling) positive radial fast decaying solution of

—M; o (D*u) =uP~ inR",
and setting

¥ =E*(U), (1.7)
where E*(U_) is the (finite) energy of U_ in RN with p = p* (see (10.7)) we have the following.
Theorem 1.3. Let u, be as in Theorem 1.2. It holds

lim E} (ue)=X* + EL. (), (1.8)

e—0F

where X* is defined by (1.7) and Eg* (u) is the total energy of the limit function u (given by Theorem 1.2), i.e.

k—1
Epe (@)= Ep qi(@), (1.9)
Jj=1
where it/ is the restriction of i to its j-th nodal region Q/, j =1,... k — 1 and Ep qi ()) is its energy as defined

in (10.4).

When F = M;r  the picture is quite different. Setting p,, := pi* — &,, where &, > 0 is a sequence converging to
zero as n — +00, we consider a radial sign-changing solution u,, of the problem

~M \(D*u)=u|”"'u inB

u=0 on 0B (1.10)
u(0)>0
As before, for k >2 and i =1,...,k — 1, we denote by r; = r;(n), the nodal radii of u,, by s; = s;(n) the unique

maximum point in the (i + 1)-th nodal region and define M; = |u, (s;)|.
Theorem 1.4. Up to a subsequence, as n — +00, we have:

i) if k is even then My — 400, M; — +0o0, r; > 0,5; > O foralli=1,...,k—1, and u, — 0 in Cc? (E\{O}).

loc
Moreover for j =0, ..., % there exist positive constants c; such that
M;;
—cj;
M3ji1

if k > 4 we also have that

M3jt1

— +00,
Myji2

forj:O,...,]%“, asn— +o0o;
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ii) ifk is odd then My — +o00, M; — +00,r; —> 0,5; > Oforalli =1,....,k=2,ri—1 = 0, 5p—1 = 0, Mj—; — M,
for some M > 0 and u, — v in Clm (B \ {0}), where © is the unique pomlve solution of

+ (2 o
M A(D u)=uP+ inB (L11)
u=0 on dB.
Moreover for j =0, ..., % there exist positive constants ¢ such that, as n — +00,
My My
2J Cj, 2/+1 — +00.
Myj+ Msji2
To determine the limit energy of u, we denote by W_ the only positive radial fast decaying solution of
- 28N pF i mN\R
—M; \(D*u)=uP* inRY\B (1.12)
u=0 on dB
which exists by the results of [10] because p* < pi*. Then, setting
= ET(WO), (1.13)
where E**(W_) is the (finite) energy in RY \ B of W_ (see (10.9)), we have the following.
Theorem 1.5. Let u,, be as in the statement of Theorem 1.4. We have
—E o W) +5 Ej_* ifk is even,
hm Ep (up) = (1.14)

o TEpi‘j,B(l_)) + k%lﬁi* if k is odd,

where L3¥ is defined by (1.13), and Epj_*yB(ﬁ) is the energy of the only radial positive solution v to (1.11) (see (10.2)).

The proofs of the above results are quite involved and combine several methods: blow up techniques and study of
some limit problems, phase plane analysis for the corresponding ODE’s and estimates on related pointwise energies.

The outline of the paper is the following. In Section 2 we recall some preliminary results on positive solutions. In
Section 3 we prove Theorem 1.1. In Section 4 and Section 5 we consider the case of solutions to (1.1) for ' = M; ",
with two or three nodal regions. This allows to study the case of any number k of nodal domains by induction in
Section 6, proving so Theorem 1.2. In Section 7 we study problem (1.1) for F = /\/l+ 5. and solutions with two nodal
regions, while in Section 8 we consider the case of three nodal domains. The proof of Theorem 1.4 is then presented
in Section 9, again by an induction argument.

Finally in Section 10 we study the total energy associated to the nodal solutions of (1.1) and prove Theorem 1.3
and Theorem 1.5.

2. Preliminary results on positive radial solutions

We begin this section by recalling the known results about the asymptotic analysis of positive radial solutions to

CE D) —uP
{ F(D*u)=uP inB o

u=20 on 0B

as p approaches the critical exponent for which such solutions exist (for the proofs we refer to [4]). We first introduce
some notation: let £ > 0 be a small parameter and set

_)pi—e it F=MS,,
Pe=)pt = it F=Mp,.

We denote by v, + the unique positive solution of (2.1). Namely v, , is the only positive solution to (2.1) if F =
M)tA’ and v, _ is the only positive solution to (2.1) if F = M;’A. Accordingly, we denote by ro + =rg +(¢) € (0, 1)
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the only radius such that v;;x)i(r) <O forr e[0,r9,+) and v;;gi(r) > 0 for r € (rp,+, 1). Moreover, let U be the
unique positive radial solution of

M (D*u)=ul* inRY (2.2)

such that U1 (0) = 1, and denote by Ry + the unique radius such that U} (r) < 0 for r € [0, Ry, +), U/ (r) > 0 for
re (Roi, +00). We refer to the solutions of (2.2), and in particular to U, as the fast decaying solutions, since for all
p > p’i and among all radial positive solutions of

—MiA(Dzu) =u? iRV,
one has

2
lim r7Tu(r)=0 <= p=pl.

r—-+o0o

Proposition 2.1. Let v, + be the unique positive solution to (2.1). Then:

i) lim |v = lim v 0) = +o00;
() e 0F ” Ps’i”oo 8_—>O+ I’esi( )
(i) vp,,.+ = 0in C} .(B\{0}), ase — 0%
2 2
. Pe=T _ p*—l A
(iii) 81_1>I{)1+[r0,i(8)]” lvpe.+] o = (Rox) ="
Gv) lim Up,,+(r0,+£(€))

=U+(Ro+);
=0t Jup, 2]

2 =
v) lir(r)1+[r0,j:(€)]1]€*1 Vp,,+(r0,+(8)) = (Ro,+) "+ ' U+ (Ro +);
£—

pe(NL—2)—Ni
(vi) lim+ H Vp,,+ HOO 2 (vp,,+) (1) = —Cx+, where Cx is a positive constant depending only on N, A, A.
e—>0 ; '

Next we recall some useful results about the qualitative properties of the solutions of a suitable class of initial value
problems. To do this we need some preliminaries.
If u is a smooth radially symmetric function, we easily check that the Hessian of u is given by

u'(|x]) u’(lxl)) X

x| x| ) Il xl

D?u(x) = Iy + (u”<|x|) - (2.3)

where Iy is the identity matrix of order N and x ® x is the matrix defined by (x ® x);; = x;x;, for any i, j €
{1, ..., N}. In particular, since the eigenvalues of the matrix appearing in the right-hand side of (2.3) are u” (|x|), which
w'(|x])

is simple, and Ich—\’ which has multiplicity (N — 1), we infer that if u is a positive radial solution of —]-'(Dzu) =uP,

then setting » = |x| there are only three possibilities:

Case 1: u/(r) > 0and u”(r) <0, so that u = u(r) satisfies

—AW'(r) =N = DL =uP (1) if F=M; ,,

, (2.4)
—au"(r) — AN = DD =uP(r) if F=M],.
Case 2: u'(r) <0and u”(r) <0, so that u = u(r) satisfies
—A (u”(r) +(N— 1)@) =uP(r) if F=M,.
/ ’ (2.5)
(W) + (N = DED) =ur () it F= M,
Case 3: u/(r) <0and u”(r) > 0, so that u = u(r) satisfies
—a(r) = A(N = D2 —yP () if F= M,
’ (2.6)

—AW ()~ AN = DD = b ) i F =M,
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We stress that the case u’(r) > 0 and u” (r) > 0 cannot occur because u > 0 satisfies —F(D%u) = u”.
Now, let ¢ > 0, p > 1 and consider the following initial value problem
u'(ry=M_ (—MK_(M’U)) — up(r)> forr > 1

u(@)>0 forr > 1 2.7
u(l)=0, v’'()=«a

with

E/n ifE=0

E/N ifE<0’

26 if§=0

M- (&) :{ £ ife<0.

K_(§) i=[

Problem (2.7) has a unique solution u, = u(«, p, r), defined and positive on a maximal interval [1, py), for some
1 < pg < +00. In [9] it has been proved that there exists o € (1, py) such that u,(r) > 0 for r € (1, 7o), u,,(r) <0
for r € (14, po). Moreover, there exists oy € (7o, po) such that u, < 0in (1, 0y) and u), > 0 in (oq, pa) (see [8,10]).

Concerning the asymptotic properties with respect to the parameter «, we recall that p, — 1 as « — +o00, while
Po —> 400 as o — 0 (see [9, Proposition 3.2 and Lemma 3.1]). In particular p, < 400 for all sufficiently large o > 0
and thus we can define the critical slope

*

af =ak (p):=inf{a > 0; py <+oo}. (2.8)
We point out that if p, < +00 then uy (o) =0 and u(x) := uy(|x|) is a positive radial solution of

—M; A(D*u)=uP inA,,
u=0 on dA1 p,
where Ay ,, = {x € RY; 1 < |x| < pg} is the annulus of radii 1, p,, centered at the origin. If p, = +00 then
u(x) :=uq(|x|) is a positive radial solution of
- 2 RN\ R
—M; A(Du)=u? inR"\B 2.9
u=20 ondB

In [10] it has been proved that (2.9) has positive radial solutions if and only if p > p* (see [10, Theorem 1.1]).
More precisely, we have the following (see [10, Sect. 7 and Theorem 7.2]):

Theorem 2.2. Let uy denote the maximal positive solution of (2.7). One has a™* (p) > 0 if and only if p > p* and, for
such p,

(1) for any a > o* (p) it holds that py < +00;
(i1) pgx =400 and uyx is a fast decaying solution of (2.9);
(iii)) if p* <p < %—f% then for any a < o (p), uy is either a pseudo-slow or a slow decaying solution;

iv) if p > %—i‘%, then for any a < a™* (p), uq is a slow decaying solution.

Analogous results hold for F = Mj{ A» Where one considers the initial value problem

W (r) = M, (-M[@r(u’(r)) - u”(r)) forr > 1
u(r)>0 forr > 1 (2.10)
u(H)=0, ()=«
where
§/A if§>0
s/h ifE<0’

26 if§=0

M) :Z{ £ ifE<0

K4 (§) 1={

We refer to [10] for the precise statements.
We conclude this section by proving a crucial property of the map p — o* (p).
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Proposition 2.3. The map p — o™ (p) is continuous in (1, +00).

Proof. By Theorem 2.2, one has o™ (p) =0 for p € (1, p* 1.
Let us first prove that o™ (p) — 0 for p \( p*. By contradiction, assume that there exist g > 0 and a sequence
Pn \ P* such that a* (p,) > ag for all n € N. This means that, for all n € N, the initial value problem

{u”(r) — M. (_MK_(L/(F)) — ubn (r)) forr > 1 (2.11)

u()=0, u'(1)=aq

has a solution u, defined and positive in the whole interval (1, 4-00). Let us denote by s, € (1, +00) the unique
maximum point of u, and set m,, := u,(s,). By (2.4), the energy-like functionals

A NG
Hanlr)=—25 Apn + 1)

are nonincreasing in [1, s,]. Hence, we deduce

mP ! < Alpn + l)a(%.
2

Then, (m,,), is bounded and, from (2.11), we infer that u,, — u in CZZOC([I, +00)), as n — 400, where i is a solution

to

W'(r)=M_ (—wlﬂ(u’(r)) —ul* (r)) forr > 1
u>0 forr > 1
u(1) =0, u'(1) =«ap.

Such function & cannot be identically zero in view of the initial condition &’(1) = ag > 0. Hence, & > 0 in (1, +00)
and u(x) = u(|x|) is a positive radial solution of (2.9) with p = p*, contradicting Theorem 2.2.

Next, let us show that «* is continuous in (p*, +00). For any fixed pg > p*, let us consider & > o™ (pg). Then,
denoting by u = u4, p, the unique maximal solution of the initial value problem

{M//(r) - M_ (—MK_(M/(V)) _ |M|P0—lu(r)) forr > 1 (2 12)

u)=0, () =«a,

there exists a py > 1 such that ug p,(r) > 0in (1, pg), Ug, po(Pe) =0 and uy, p, < 0 in a right neighborhood of p,. By
continuous dependence on the data, for p — pg the corresponding maximal solution u, , is converging to uy, p, in
Clzuc([l, +00)). Hence, ug, , has a first zero close to py for p close to pg, meaning that o* (p) < «. By the arbitrary
choice of @ > a* (pg), we deduce that lim SUP ., o a* (p) <a*(po).

Conversely, let us now consider 0 < @ < a* (po). Then, the maximal solution u_ p, of problem (2.12) is positive
in (1, +00). Let us prove that, for p close to pg, one has o™ (p) > «. Arguing by contradiction, let us assume that,
for a sequence p, — po, the corresponding maximal solutions u, p, satisfy ug, p, (r) > 0in (1, p,) and ug, p, (0n) =0
for some p, > 1. Again by continuous dependence on the data, one has that uy,_p, — Ug, p, in Clzo -([1, 4+00)), so that
pn — +00. Moreover, for each n there exists 7, € (1, p,) such that u(’;’pn (r)y<Oforrell,t,) and ug,pn (r) > 0 for
r € (t,, pnl, and the sequence (¢,), is bounded from above and from below away from 1, since otherwise the function
Uq, p, would be globally either concave or convex in (1, +00). Thus, possibly considering a subsequence, there exists
to > 1 such that t,, — ¢, with ug’po (r) <Oforrell,ty) and ug,po (r) > 0 for r > ty. Now, we claim that there exist
positive constants C, K > 0 independent of n such that

C

U, p, (1) = ~—  forr €, pal. (2.13)

(r2 —124+K ) T
Indeed, we observe that in the interval [#,, o, ], by (2.6), the function v, = uy,p, satisfies

N_—1 vl
v;[—l— " v;,—l- ;i

=0. (2.14)
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Then, considering the energy-like functional H,, : [¢,, p,] — R defined by

; vV (r)? N_-2 N_—-2 &
H, () ::rN|:( "(2)) + oy vf"+1:|+TrN_1vn(r)v;L(r),

and exploiting (2.14), we see that

PV =2 =Nt 2) 5y o

H)(r)= Y

where we use the fact that p,, — pg and pg > p* > x . Hence, H), is decreasing and, in particular, we get that

Ha () = Ho(pn) = pi- (5”))

Now, let us consider the auxiliary functional J,, : [#,, o] — R defined by

Jn(r) == va(r) 7 ) ()

Then, exploiting again (2.14) and the definition of H,,, we easily check that

>0, foranyr € [t,, pnl-

_2(N_-1)
va(r) 2 VD B <0,

) =—

Therefore, J;, is monotone decreasing and thus J, (#,) > J,,(r) for any r € [¢,, p,]. With the help of (2.14), this can be
rewritten as
-
1 nN_—2 _
L)
AMN_—=1) r

Since v, (1) = ug, p, (tn) —> Uq, p, (fo) > 0, from the above inequality we deduce that there exists C; > 0 independent
of n such that, for any r € [t,,, p,1,

N_
v (1) N-=2 v;,(r) <-Cir.
Integrating between #, and » we obtain

- -2 Ci 2 2
() = o) 2 (7 - 1),
N 2

Taking into account that v, (¢,) —> Ug, p,(fo) > O as before, we infer that

2 C
w) 7z P - K,

for some positive constant K independent of n, and this is exactly (2.13).
Letting n — +o00 in (2.13), we then obtain

Ug, po (1) < forr > 1.

(}’z—tg—i—K)T

Since pg > p* > NN:2’ it then follows that

i T P gy () =

meaning that uq, p, is a fast decaying solution of problem (2.9) with p = pg. Since o < a* (po), this is again a
contradiction to Theorem 2.2. Hence, by the arbitrary choice of o < a* (pp), we deduce that liminf,_, , o* (p) >
a* (po), which finally proves the continuity of «*. O
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3. Critical exponents for the existence of radial sign-changing solutions in the ball

In this section we prove Theorem 1.1. Since the proof of ii) requires several steps we start by considering the case
F =M ,,ie. we consider the problem

—./\/l)tA(Dzu):|u|p_1u in B
u=>~0 on B 3.1
u(0) >0

Let us define the following set

A:={p e (l,+00) : there exists u, radial sign-changing solution to (3.1)}. (3.2)

Remark 3.1. The set A is nonempty in view of [9, Theorem 1.3]. Moreover, by a trivial scaling argument, it is easy to
check that A coincides with the set of p € (1, 400) for which there exists a nodal solution u,, to (3.1) which changes
sign exactly once.

As a first result we show a crucial upper bound for sup A.

Proposition 3.2. It holds that
sup A < pj.

Proof. We first observe that sup A < p*, because for p > p* there cannot exist positive radial solutions to (3.1).

Now, assume by contradiction that sup.A = p* . Then we can find a sequence (u, ), cA of nodal radial solutions
to (3.1), with p, /' p’ . In view of Remark 3.1 we can assume without loss of generality that u ,, changes sign exactly
once. Let us consider the rescaled function

2
ip,(x) = rlprl up,(r1x), xeBi, (3.3)

n

where r1 = ry(n) is the node of u,.

By construction, for x € B, (iip,) p,e 4 is a sequence of almost critical positive solutions of (3.1). Then, in view of
2

Proposition 2.1, we have IZQ," (1) — Oas p, — p%.Inaddition, by construction, the function ﬁ;n (x) =r/""

X € A, 1 is a positive radial solution of
o

1
up, (rix),

—M;’A(Dzu) =uPr inA| 1

'

u=~0 onodA, 1.
In particular, ﬁ;ﬂ = 12;” (r) satisfies (2.7) with @ = a(p,) = (ﬁ;n)/(l) — 0, as p, — p7, and we have ﬁ;ﬂ (1/rp) =0.
On the other hand, since p} > p* then in view of [10, Theorem 1.1] and Theorem 2.2 we have o* (p7) > 0 and,
from Proposition 2.3, we can find ¢g > 0 such that «* (p) > ag > 0 for all p in a sufficiently small neighborhood
of p% . In particular, for any a € (0, ap) and for any p sufficiently close to p7 the unique solution to (2.7) is defined
and positive in the whole (1, +00), but this contradicts the properties of i, , namely that &, (1/r1) = 0. This gives a
contradiction and the proof is complete. O

Proposition 3.3. It holds that
supA > p*.

Proof. In order to prove the result we construct a sign-changing solution u, to (3.1) for p in a sufficiently small right
neighborhood of p* .
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To this end, let p € (p*, p7) and as in Sect. 2 we denote by v, 1 the unique positive radial solution of

—MIA(DZu) =u? in B,

3.4
u=~0 on dB. 34)

Since p* < p7,choosing 0 <8 < (p} — p*) wehave I5 := (p*, p* +8) C (p*, p}) andm, :==maxv, + = v, 1(0)
is uniformly bounded for p € I5. Moreover we can find y > 0 such that for all p € Is it holds |v;,’ LD >y >0
Hence, exploiting Proposition 2.3 and since o* (p) — 0 as p — p* (see the proof of Proposition 2.3) we find a right
neighborhood of p*, let us say I, := (p*, p* +¢) with ¢ < §, such that |v},’+(1)| > a* (p), forall p € I,. This means
that for all p € I, if we take @« = a(p) = —v;,’+(1) in (2.7) then we have p, = py (p) < 400 and the unique maximal
positive solution uy(py = Uy (p) () vanishes at r = py(p). Hence for p € I, we can glue the two solutions by defining
2p [0, pa(p)] — R as

v (r)  ifrelfo,1],

Zp(r) = )
P —Ug(py(r) ifr € (1, pa(p)-

2

Then, setting u, (r) := [pa(p)] 7" 2p(rPa(p)) We easily check that u,(x) = u,(|x|) is a radial sign-changing solution
to(3.1). O

By the very definition of sup.4 we have that for p > sup.A radial sign-changing solution to (3.1) cannot exist. In
the next proposition we show that the same happens for p = sup .A.

Proposition 3.4. It holds that sup A ¢ A.

Proof. Assume by contradiction that there exists a radial sign-changing solution u, to (3.1) for p = sup A. In view of
Remark 3.1 we can assume without loss of generality that u, changes sign exactly once and we denote by r, € (0, 1)
its nodal radius.

2
Let us consider the rescaled radial function i, (x) := r/ ™ u,(rex), x € Bi/, and set ay := —it, (1) > 0. Then, by

construction (it4)~ (r) (the negative part of it,, defined by taking the maximum between —ii, and zero) coincides for
r € [1, 1/r,] with the unique maximal positive solution to (2.7) with & = ay, p = sup A.
Therefore, since sup. A > p* and (41,)~ (1/r,) =0, from Theorem 2.2 we have

oy > o (sup A). (3.5)

Now we observe that, since sup.A < pX, up to a subsequence, as p, “\ sup.A the unique positive solution v,  to
(3.4) converges in C 2(B) to IZ*|§. In particular this implies that —v;,n, 4+ (1) — ay, for some sequence p, \ sup A.
Moreover, from Proposition 2.3 and (3.5) we infer that —v;,m +(1) > a* (py,) for all p, sufficiently close to sup A.

Therefore, fixing p, > sup A sufficiently close to sup.4, and taking a« = a(p,) = —v;,n, 4+ (1) > 0 the unique max-
imal positive solution u(p,) to (2.7) vanishes at some radius py(p,) such that 1 < py(p,) < +oo. Then, gluing v, +
and uq(p,) as in the proof of Proposition 3.3 we obtain a radial sign-changing solution to Problem (3.1). Hence p, € A
which is a contradiction since p, > sup.A. The proof is complete. O

Proposition 3.5. For any integer k > 2 and any p € A there exists a radial sign-changing solution u, to (3.1) with k
nodal regions.

Proof. Let p € A. We argue by induction on k. The basic step k = 2 is obvious by the definition of A (see also
Remark 3.1).

Assume that there exists u  radial sign-changing solution to (3.1) with k nodal domains. We need to distinguish
between two cases.

If k is even, then u, 1 < 0 in the last nodal region and thus by Hopf’s Lemma we infer that u’ , (1) > 0. Then,
since p < supA < p%, from [10, Theorem 1.1] we have that for any o > 0 the unique maximal positive solution
ug =u(e, p, r) of the initial value problem (2.10) vanishes at some p, < +00. Hence, taking « = ¢ (p) = u’p’k(l) >0,
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gluing up x, ug(p) as in the proof of Proposition 3.3 and rescaling, we obtain a radial solution u, ;41 of (3.1) with
k + 1 nodal regions and such that u, ;. 1(0) > 0. This completes the proof of the inductive step when k is even.

If k is odd the previous argument works only for p < p* (see [10, Theorem 1.1]). For this reason we proceed in a
different way. Let u, x be a radial sign changing solution to (3.1) with k nodal regions Since k is odd then u, 4 > 0
in the last nodal region and thus —u’ k(l) > 0. We claim that —up (D >at *(p), where o* is the critical slope
defined in (2.8). We first observe that if the claim is true then the maximal positive solution u, = u(a, p,r) of (2.7)
with o = a(p) = —up’k(l) vanishes at some pq4(p) < +00, and thus we can construct up, 4+ satisfying the desired
properties by gluing u, ; and u(p) in the same way as before.

To prove the claim, let v, 4 be the only positive solution to (3.4) and consider its trajectory y; (1) = (x1 (1), x| (1)),
t € (—00, 0] in the phase-plane, where x; is the Emden-Fowler transform of v, 4, obtained by setting r = e’ and

2

x1(1) :=er vy, 4 (e").
By construction y; lies in the right-half plane and it is elementary to check that y;(t) — (0,0) as t — —oo, and
y1(0) = (O, v;,’+(1)), with v;,’+(1) < 0. On the other hand, if we transform the restriction of u  to its last nodal

component we obtain a trajectory y»(t) = (x2(7), x5(t)), t € [log(rx—1), 0] lying in the right-half plane and such that
p+1

y2(log(rr—1)) = (0, rk”__ll u’p’k(rk_l)) with u:n’k(rk_l) > 0, while ,(0) = (0, u/p’k(l)) and u/p’k(l) < 0. Moreover,
since x1, xp satisfy the same autonomous ODE (see [10] for more details) then y; and y» cannot intersect and thus it
follows that 0 > v;H_(l) > u;’k(l).

Now, let us prove that —v;)’_k(l) > a* (p). Indeed, since 1 < p <sup.A and p € A we know that there exists a
radial sign-changing u, > solution to (3.1) with two nodal regions. Then, denoting by r € (0, 1) the node of u >
2

and considering the usual scaling i , 2 (x) := rlpfl up2(r1x), x € By, we infer that the restriction f‘P’2|B coincides

with v, | (uniqueness of the positive radial solution) and the restriction % coincides with the unique positive

P, 2|A
solution to (2.7) with o = —vp 4 (1). Therefore, since up,2|A1 y vanishes at 1/r1 then by definition of @* and by
, A/

Theorem 2.2 we conclude that —v},,+(1) > a* (p).
Then we have proved that o™ (p) < —v;H_(l) < —u}’k (1). This concludes the proof. O

Proof of Theorem 1.1. To prove i) we observe that the existence of radial sign-changing solutions to (1.1) for F =
M. 4 is a consequence of the existence of the positive solution of the same problem, combined with the Liouville
type results obtained in [10]. For this, let p < p* and let v, be the positive solution of

—M; A(D*u)=u|”"'u inB
u=0 on dB (3.6)
u(0) >0
By Hopf’s Lemma it holds that |v;,(1)| > 0. Let w), be the positive maximal solution of (2.10) with initial slope
w;,(l) = |v;,(1)|. Since p < p* (which in particular implies that p < pi) then in view of [10, Theorem 3.1], the
function w), must vanish at some p = p(p) > 1. Hence the function

_Jvp@) ifr <1
up(r) = {—wp(r) ifr e, pl

defines a radial sign-changing solution, with two nodal regions, of

— M A(D*w)=ul""'u  inB,

and such that u,(0) > 0. By scaling, it,(r) = pl’%'up(pr) is a sign-changing solution of (3.6). This completes the
proof of i) in the case of two nodal regions.

Let us point out that such gluing argument can be performed inductively, so providing the existence of sign-
changing solutions for any number of nodal regions. The key point in this procedure is that p is subcritical both for
M, 5 and M ».A» Which implies that for any choice of the initial slope « > 0 the unique positive solution of (2.7) or
2. 10) vanishes at some finite p € (1, +00) (see [10, Theorem 3.1]).
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Let us prove ii). We define

Py i=supA, 3.7)

where A is given by (3.2). Then ii) is a consequence of Proposition 3.2, Proposition 3.3, Proposition 3.4 and Proposi-
tion3.5. O

4. Asymptotic analysis of radial sign-changing solutions to (1.5) with two nodal regions

In this section u, will denote a radial sign-changing solution of (1.5) with two nodal regions. We set

Mo = Mo(e) := |uf || =u}(0), (4.1)

oo

where uj’ := max{0, u,} is the positive part of u., and we denote by r; =r1(g) € (0, 1) the node of u,, i.e. the unique
point 1 € (0, 1) such that u.(r;) = 0. As in the previous section, v, _ stands for the only positive solution of (1.5).
We begin with a preliminary result.

Proposition 4.1. The following statements hold:

i) MO > ”vl’sv—”oo’.
Pe

e—1
v _ 2
oo (Lcls) 7

pe—l
iii) lim M, % ri=-+oo;
e—0
petl
iv) r ul(r) = (vp, ) (1)

2
Proof. Consider the rescaled function . (x) := rl" et ug(r1x), x € B. It is elementary to check that u, is a positive

radial solution to (1.5). Hence, by uniqueness, we infer that iz, = v,,, , and the result easily follows from Proposi-
tion2.1. O

Concerning the negative part of u,, namely u, := max {—u,, 0}, we adopt the following notations:

My = 8166y o= o |

o0 9
51 = s1(€) € (r1, 1) is the point where the maximum M, is attained, i.e. M| = u, (s1), and #; € (s, 1) is the only
radius such that

(u;)'(ry<0 forre(r,n), (;)'(r)>0 forre(,1l).

Remark 4.2. We point out that M7 is bounded away from zero, in fact it is bounded from below by the principal
eigenvalue A= AT(—M:{A; B).Indeed u_ satisfies in the annulus A, 1 ={x € R¥; r| < |x| < 1} the following

&

M (D) <M up in A
u; =0 on A, 1.

Since the principal eigenvalue )LT gives a threshold for the validity of the maximum principle (see [5]) and u; > 0 in
Ay, 1, then necessarily

e—1
MU =0 (=M A D) = AT (=M, B). (4.2)
Proposition 4.3. The following statements hold:

i) limry =0;
e—0
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pe—1
i) lim M, *
e—0

r1=0;

U |

iii) lim — =0;
e—=0 81

iv) lim |ul(r1)| = 4o0.
e—0

Proof. Let us consider the energy-like functional

(ul,(r)? N |ue (r)|Pet1
2 Mpe+1)7

By a straightforward computation it holds that H' < 0 in [ry, s1] (actually it could be proved that H' < 0 in the whole
interval [0, 1]). This in particular yields

Myt IRCAGYS
m—H(Sl)EH(”I)—T-

Using Proposition 4.1-iv), Proposition 2.1-i, vi), (4.2) and (4.4) we then obtain

H(r) = rel0,1]. 4.3)

4.4)

o pet] B (v;g,,(l))z - A(pe +1) (v;’b7(1))2

pe—1
b e T2y
_Mpet D) W, _(1)?

petl
2 M, By

(4.5)

—0 ase—0.

This proves i). Moreover, again by (4.4) and Proposition 4.1-iv)

pe—1
e —1 2(pe+1D)
4 < (A(ps + 1)) pet

pe—1
A 1)\ 2e+D pe—1
oMy : Dy :

re—l el
A G =( ; ), ()] =T,
which proves ii).
In order to prove iii) and iv) let us consider the energy-like functionals
e (r)® v

T +1|ug<r>|f’f“>+nrN-—1ua<r>u;(r>, (4.6)
£

where y, n are real parameters to be chosen later. It is easy to check that for r € [ry, s1]

Hy, ,(r):= PN (

N_ ~
H), (r) = (n +1-— 7) rNwl (r)?

+ ( VJ_VF — - %) P )Pt “7)
Pe

1 -
+ (y - X) PNl (17 e (1) ().

Choose

N_-2 y_T’l(Pe‘i‘l)

2 AN_

in (4.7). Since p, > %‘f for small ¢ > 0, then H)//,,7 > 0in [ry, s1]. Hence H, ,(r1) < H, ;(s1) which reads as

~ N__z ~
Nl () < — si-mPett (4.8)

By the convexity of u, in [rq, s1] we also have
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M} < (ul(r1))*s?. (4.9)
Putting together (4.8)-(4.9) we get

N_ o 2
N_—2 N.o—2
(—rl) < Iyl = MP12 (—Sl) .
S1 AN_ AN_ r

Hence, by ii), iii) follows.
Now set in (4.6)-(4.7)

N_ -2 1
2 YT

With such a choice we easily check that H/

)7:

vy = Oin [r1, s1]. Then Hy, »(r1) = H, ;(s1) and using (4.2) we infer that

) N_
W0’ 2 7o (“) !

B 1 (4.10)
2 st ( 4 Bty
2 (Y ey, )
A(Ps+1)<r1) Ma®
This implies iv) because of iii)). O
In the following statements we will make use of the rescaled function defined by
al 1 X o
i, (x):= [ —u, o X € Ag, 4.11)
1 pe—l
M, *
where As is the annulus Ag :=A  p-1 p-1.The function ii; is a positive radial solution of
nM; 2 M, %
— M+ (D) =uP: in A,,
L (P70 ° (4.12)
u=0 ondA,.
For convenience of notations we set
pe—1 pe1 PO pel
f1=f1(8) :Z}”]Ml 2 y §1=§1(8) :=S1M1 2 , nh=te) :leMl 2. 4.13)

The first result is about the asymptotic behavior of §;.

Proposition 4.4. lin%) 51=0.
e—

Proof. We first prove that §; is bounded from above. For this let us consider the energy function (4.3), which is
monotone decreasing in [r1, s1] (actually in [0, 1]). Hence for any r € [ry, s1] we have H(r) > H(s1) and

—\/ 2 pe+1 — .
(Mg)(V)E‘/mJ(MI — (ug (r))? +1)-

Integrating in [ry, s1] we infer that

;) () |2

51
/ TNt D
A \/ (Mt - u;mPsH) pet

—(s1 —11). (4.14)

With the change of variable r = % we obtain
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/ (u,)'(r) d 1 1 dr
P T V1 — e+l
| \/(Ming+l 3 M, * 0 L=

—uz (ryre+t) |

Then from (4.14) we deduce that

1
P [A(pe + 1)/‘ dt
S1—1r1 = .
2 V1 —[Ps+1
0

Sending ¢ — 0 and using Proposition 4.3-ii)

limsup§ <,/X(p +1)/ T /
8—>Op ! V1 p +1 72

which proves the claim.
From (2.4) it is easy to check that

(rl\?,—l(ua_)/>/ i N_—1 —(r)Ps_ in ["1,51]- (415)

Integrating from rq to r € [r1, s1] we obtain

A Pe

. 5 1 - M 5
—rN‘_l(u;)/(r) + rlN’ 1(u;)/(rl) = —/sN‘_lu;(s)pg ds < ——rN-
A AN

at
and then

Pe ~ -
N_ —\/ 1-N_ :
r—r (ug) (ror in [rg,s1].

—(ug )(r)< M

Integrating the above inequality in [r1, s1], we infer that

-/ N_-2 2
riug ) () 1—(11) <m 1+, (4.16)
N_-2 S1 2).N_
Since §; is bounded from above and 1111}) n 0, in view of Proposition 4.3-iii), then
e—0 81

ri(ug) (F1) < CM,

for some positive constant C. Moreover r1(u; )'(r1) > 0. Hence using (4.10)

¢z (n _(";>’<r1>)2
M,

et D) I

The conclusion follows by Proposition 4.3-iii). O
From the previous result we immediately deduce that 7 — 0, as ¢ — 0. Moreover we have

Corollary 4.5. lin}) s1=0.
E—>

Proof. Use (4.2) and Proposition 4.4. O
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Next we study the asymptotic behavior of #; and show that it cannot converge to zero. We begin with a stronger
result.

P ition 4.6. liminfr, (u~ (¢ ))pET_l - 20M(N — 1)
roposition 4.0. limin —_—.
P l£—>10 1te th - pi +1

Proof. Let us consider the energy-like functional
[(u) ()] 1 _ - _
H = N £ + pe+1 4 N l , c .
(r):=r < 5 et D) (ug (r) el e (r)(ug) (), rels,nl
By (2.5), a direct computation shows that H'(r) > 0. Hence H (s;) < H (1) and thus
o1 _
v M N ([(Ms ) (11)]2
s ——— <t
A(pe+1)
Exploiting the equation

1
+ (ug(m)')f“) + N () ) ().

—t
2 AMpe+1) pe +1

w))Y®m) 1,
(N — 1)871 =~ g ()",
we have
e+1
N M

1Y (uy (t))Pe ™! ( 2 (ug (1)Pe~! — ;)

< -
et D) AN 1) 2N —1) pe+1

This implies that
20(N —1)
pe +1
and the conclusion follows passing to the limit as e — 0. O

()P >

As an immediate consequence of the previous proposition we get

e en 20N = 1)
Corollary 4.7. liminff; > —_—
e—0 pr+1

~ pe—l e —1 . ..
Proof. It suffices to observe that t; =t; M 1 2 > (ug (1 ))pT so that the assertion follows by Proposition 4.6. O

Coming back to the study of u ", from the previous results we obtain

Proposition 4.8. limsup M < +o0.
e—0

Proof. Arguing by contradiction let us assume that along some subsequence, still denoted by ¢, M| — oo. Consider
the rescaled function i, defined in (4.11). By construction # satisfies

i, =1, 0<ua, <.

The limit of the domains AS is RM\ {0} and, since (@17 )¢ is uniformly bounded and solves (4.12), by regularity

estimates, we have that i, — i in C120c (RN \ {0}), for some radially symmetric function &, 0 < & < 1, which solves

M (D) =u~ in R\ {0}. 4.17)

Now we want to show that & can be extended to a C? solution of (4.17) in the whole RY with #(0) = 1 and &/(0) = 0.
In the interval (S, ) we have that (ii;)’ <0 and (éi;)” < 0. Therefore the equation satisfied by i is
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. N-1,_ (g )(r)Pe A
—(@;)"(r) — T(us ) (r) = % r e (s1,14)
that we can write as:
e\ | 1 v
(PN ary) == e = -2 (4.18)

Integrating between §; and r € (51, 1) we get
A Nl ony 1 K
PN 1(145 Y (r) — S{V l(us )Y (§1) > —W(I‘N — sfv),

and, since (i, )’ (51) =0 and §; > 0, we obtain

1 N
(i) (r) = —y  forreGii. (4.19)
Integrating again between §; and r € (31, /1), taking into account that /i, (§;) = 1, we have
1 o
a;(r)>1-— Mer for r € (51, 11). (4.20)

Passing to the limit as ¢ — 0, taking into account Proposition 4.4 and Corollary 4.7, we infer that

1 2A(N — 1
2 forre |0, ¥ .
2AN pr+1

From this, since # < 1, we deduce that

u(ry=1-

lim a(r) = 1. 421
r—0

Hence i can be extended by continuity at the origin, by setting 1#(0) := 1. Next we show that also i’ can be extended
by continuity in 0. From (4.19) we have

r A
l(a;) (r)] < N for any r € (51, 1)

and passing to the limit as ¢ — 0, we get

() < —  forre (o, w) 4.22)
AN V P+l

which gives lim,_qu'(r) = 0. Hence i is a positive radial solution of (4.17) that extends to a C! function near the
origin. This implies that 7 is a (positive) C? radial solution of

—M] \(D*u) =uP~ inR". (4.23)

Indeed, since & verifies (PN =10/ (1)) = —%VN_I(Q (r)P* forr e (O, /%), then, fixing 0 < § < r and integrat-
ing between § and r, we get that

1 .
PN () = sV (8) = —X/SN_I(ﬁ(S))p— ds.
s
Passing to the limit as § — 0, by (4.22), we obtain

r

/ sN Y@ s)P" ds. (4.24)
0
By de L’Hopital’s rule, the right-hand side of (4.24) has a finite limit as » — 0 and thus the same holds for the left-hand
side, which readily implies that /i extends to a C? radial solution of (4.23).

At the end, since p* < p%, then by [8, Theorem 1.1] we know that (4.23) has only the trivial solution, which
contradicts the positivity of #. O

ﬁ’(r)_ 1
r AN
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Summing up, we have all the ingredients to prove the following

Theorem 4.9. Let u. be a radial sign-changing solution to (1.5) with two nodal regions. Then, up to a subsequence,

as ¢ = 07 we have that u, — u in CIZOC(B \ {0}), where u is the unique negative solution of (1.6)

A is
)"I N

uniformly bounded and from Proposition 4.3, i) we have r; — 0. Hence, by standard regularity theory, up to a subse-

quence as € — 0, we get that u, — ™ in Clzac(B \ {0}), where &~ is a non-negative radial solution of

Proof. Let us consider the restriction of u, to the annulus A, 1. From Proposition 4.8 we have that u_

S a(DX) =1ulP="lu in B\ {0},

: (4.25)
u=20 on d0B.

We claim that ™~ can be extended to a smooth positive solution of (4.25) in the whole ball. For this, taking into account
that s — 0 by Corollary 4.5, u_ (s1) = M1 — M € (0, +00) in view of Proposition 4.8 and (4.2), t; — 1 € (0, 1),
as it follows by combining Proposition 4.8 and Proposition 4.6 (the case f; = 1 being excluded by Hopf lemma), then
repeating the proofs of (4.21), (4.22), with & replaced by u, , we get that

lima~(r)=M;, lim@ ) @)=
r—0 r—0
Hence it~ extends to a C! radial function near the origin and we easily conclude as in the proof of Proposition4.8. O

5. Asymptotic analysis of radial sign-changing solutions to (1.5) with three nodal regions

To prove Theorem 1.2 we could argue by induction starting from k = 2, nevertheless, for the reader’s convenience,
we detail the case k = 3.

Let u, be a sign-changing solution of (1.5) with three nodal regions, let r; =r;(¢g), i = 1, 2, be the nodal radii, let
s;i = s;(¢), 1 = 1,2, be the maximum points of |u.| in the second and third nodal region, and denote by M; = M;(¢),
i =0, 1, 2 the maximum values of |u,| in each nodal region.

The following lemma is a trivial consequence of the results obtained in the previous section.

Lemma 5.1. As ¢ — 01, we have: r| — 0, s1—>0 —>O My — +o0 and

_2 _2
0< liminfrzpr1 M <lim suprzprl M < 4o00.

Proof. Let us consider the rescaled function
2
Ugo(x)= r2 - ug(rzx) xeEB1. 5.1
n
By construction the restriction of i, » to B is a sign-changing solution to (1.5) with exactly two nodal regions, and thus
we can apply the results of Sect. 4. In particular, denoting by 1 € (0, 1) the nodal radius of i, >, by §; the maximum
point of |ii_,|, and setting Mo := i1z 2(0), My := |it¢2(51)], as & — 0% we have:

a) 171 = % — 0,
b) § = s—‘ — 0,
2
c) M()—I’p‘9 'M0—>+oo
_2
d) 0<lim1nfr2"5 M, §hmsupr2”rlM1 <+4+oc0. O

Next we study the asymptotic behavior of the function i, 7 defined in (5.1) in its third nodal region, which is the
2
annulus A, 1 . To this end we set 53 := ‘2 s My =1 <=1 M5, which are, respectively, the maximum point and the

maximum value of ite 7 achieved in A; 1
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Proposition 5.2. lim sup M, < +oo0.
e—0

Proof. Let us consider the energy-like functionals Hj : [s1, 1] — R, Hp : [t1, s2] — R defined by

_ @) ue ()t

M (r):=—7 e+ 1)
L )? ()Pt
Har):= =25 Apet )

where f; is the only point contained in the interval (ry, r2) such that u (1) = 0. Exploiting the ODE in (2.7), taking
into account that u} > 0, u, > 0 in [s1,#] and u) <0, u, > 0 in [#1, s2], we easily check that H, and Hp are
decreasing. Hence, since A < A, we infer that

H; (s1) = Hy.(t1) = Ha(11) = Ha(52),
which gives

Mll78+1 M§£+l
> .
AMpe +1) A(pe+1)
From this we get that

1
2 A\ perT 2
ri T My > <X> ry T M,

and using Lemma 5.1 we conclude. 0O

(5.2)

Lemma 5.3. liminfrp > 0.
e—0

Proof. Assume by contradiction that there exists a sequence &€ — 07 such that r, — 0. Consider the restriction to

Ar 1 of the rescaled function i, » defined in (5.1). Since r, — 0 and thanks to Lemma 5.1 the limit domain of
'

Ar 1 is RN\ {0}. Thanks to Lemma 5.1, Proposition 5.2 and elliptic regularity theory we infer that, up to a further
r’ry

subsequence, iz 2 — U in Clzo . (RN \ {0}), for some radially symmetric function i satisfying

—M; o (D%uw) = |u|”~"'u inRY.

Moreover, in view of Theorem 4.9, it holds that iz < 0 in B. Hence, since # = 0 on d B, by Hopf’s Lemma we get
that @’ (1) > 0. Therefore, for r > 1 the function & = &(r) is a solution (defined and positive in the whole (1, +00)) to
(2.7) with p = p*, @ = i’ (1), but this contradicts [10, Theorem 1.1]. O

Corollary 5.4. lim i(I)lsz > 0.
E—>

Proof. Arguing as in Remark 4.2 we have ]l;lfs_1 > )Lfr(—/\/l;’ A3 A1,1/r,) and the conclusion follows from
Lemma 5.3. O

Finally, summing up, we can describe the asymptotic behavior of u.
Theorem 5.5. Let u, be a radial sign-changing solution to (1.5) with three nodal regions. Then, up to a subsequence,
as ¢ — 07 we have that u, — it in CIZOC(B \ {0}), where u is a radial sign-changing solution of (1.6) having two nodal

regions.

Proof. We first observe that, as a consequence of Lemma 5.1 and Lemma 5.3, we have that M| is uniformly bounded,
and bounded away from zero. The same holds for M> in view of (5.2) and Corollary 5.4. Moreover from Lemma 5.1
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we know that r{ — 0. Hence, the restriction of u, to A, 1 is uniformly bounded and by standard regularity theory, up
to a subsequence, u; — u in Clzo c(?\ {0}), for some radially symmetric function i satisfying (4.25).

We claim that u is sign-changing with exactly two nodal regions. To prove this we first notice that since M»>
is uniformly bounded we have r, /4 1, otherwise )»1(—./\/[): A3 Ay 1) = 400 and from the inequality Mf e~ >
M (—/\/l): A3 A1) (see Remark 4.2) we would obtain a contradiction. Hence, from this and Lemma 5.3 we infer
that r, > o € (0, 1).

Now, since the restriction to the unit ball of i, ; defined in (5.1) is a sign-changing solution of (1.5) with two nodal
regions, then from Theorem 4.9 we get that i, » converges in CIZOC (B \ {0}) to the unique negative radial solution & of

2

(1.6). Moreover, since rp — 72 € (0, 1) we deduce that u(x) =r, e u(ry, 1x) for x € By, \ {0}. Therefore, u extends
to a smooth function near the origin which is a radial solution of (1.6) and such that # < 0 in By, and u(rp) = 0.
Hence i/(72) > 0 and thus we easily deduce that i > 0 in Ay, 1. Moreover we have s, — §2, for some s, such that
P2 < 5» < 1. In fact, s — 7 cannot happen because i’ (72) > 0, while s, 4 1 because it > 0 in Az, 1, #(1) =0 and
thus #/'(1) <0. O

6. Asymptotic analysis of radial sign-changing solutions to (1.5) with k nodal regions
In this section we prove Theorem 1.2.

Proof of Theorem 1.2. The case k = 2 has been proved in Theorem 4.9. For k > 3 we argue by induction on k. The
case k = 3 is given by Theorem 5.5. Then, assuming the assertion true for a solution with k nodal domains, let u, be
aradial sign-changing solution of (1.5) with (k + 1) nodal regions. Consider the rescaled function

2
ek (x) = r,j”T'us(rkx), XeB1. 6.1)
Tk
2

Denoting with 7;, s;, A7Il- the corresponding quantities for i, x, by construction, we have M,- = rkp et M;, s;i = i—; for

i=0,...,kandfi=:—;,forizl,...,k.
Now, since the restriction of i, ; to the unit ball is a solution to (1.5) with k£ nodal regions then, by the inductive
hypothesis, up to a subsequence, as ¢ — 07 we get that My — +o0, 7| — 0, 5] — 0 and 7; — 7;, §; — §;, for

i=2,....,k—1, where 0 < E < £< < 77_k—1 < 5§k—1 <1 and A;Ii — A;Ii, for some positive numbers A;Ii, for
i=1,...,k—1.Moreover ity y — Uy, in Clzoc(B \ {0}), where i1y is a radial sign-changing solution to (1.6) with k — 1

nodal regions.
2

As an immediate consequence we obtain that My — 400, ri — 0, s — 0, since My > 1\710 = rk”s_1 My and 0 <
rp<sy<$§= ;—,‘{ We divide the remaining part of the proof in three steps:

Step 1: M; is bounded.

Let us consider the energy-like functionals

W, (D) i g ()Pt

) =—5 Apet1)
s @) ()]t
Hal=—=3 Apet D)

If k + 1 is even, then H, (r) is monotone decreasing in [sx—1, 5x]. Then H, 5k—1) > H; (5¢) from which we deduce
that

My—1 > M. (6.2)

If k + 1 is odd then I:I;L (r) is monotone decreasing in [5;_1, fr_1], while FIA (r) is monotone decreasing in [#;_1, 5g].
Hence, using that A < A, we have
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H; Gi—1) > Hy(fk—1) > Hp (fx—1) = Ha ).

From this we easily deduce that

3 A\ T -
My > <X> M. (6.3)

Exploiting the inductive hypothesis we deduce from (6.2)-(6.3) that Mj, is bounded.

Step 2: liminfry > 0.
e—0

Assume by contradiction that ry — 0, for some subsequence ¢ — 0. Then, the limit domain of Aﬂ 1 is RV {0}
o

and, in view of Step 1 and the inductive hypothesis, we have that the restriction ﬁg,k| A is uniformly bounded.
LA
2

ioc (RN '\ {0}), where iiy is a radial solution of

Hence i,y — iy in C
—M; o (D*u) = ul”~""u in R\ {0} 6.4)

Moreover, iy is non-trivial and sign-changing because by construction we have ity = iy in B \ {0}, where iy is the
limit of il | . In particular, i} (1) # 0, iix(1) = 0 and thus it cannot happen that itz = 0 in RV \ B. Therefore, the
restriction of ity to R \ B is a constant-sign radial solution of

— M (D*u)=ul”""'u inRN\B,

6.5
u=20 on dB. ©5)

This contradicts [10, Theorem 1.1].

Step 3: conclusion.

2

In view of Step 1 and Step 2, since Mk = rkF My, we infer that M is bounded. Moreover it is bounded away

from zero. Indeed, arguing as in Remark 4.2 we get that M,f’ﬁI > )»T <—M;A; B) if k + 1 is odd, or M,fﬁl >
)»T (—M;A; B) if k + 1 is even.

Up to a subsequence we then have My — My, ry — 7y, for some My € (0, +00), 7 € (0, 1]. Arguing as in the proof
of Theorem 5.5, taking the restriction of u, to A, 1, exploiting that My is bounded and that AT(—Mi Ay Ar ) =
400 if ry — 1, we infer that ry # 1.

Now, using the definitions of A;Ii, Fi, §; fori =2, ...,k — 1 and the results proved in the first part of the proof, we

- _ pr-1T~" _ =- - - . .
conclude that M; — M; =7, = M; € (0,400), rj = r; =Firy, s; — 5 =8;r fori =2, ...,k — 1, and it holds
O<rm<§H<...<Fp_1<Sk_1.
Summing up, since the restriction of u, to A, 1 is uniformly bounded and ri 7# 1 we deduce that, up to a subse-
quence, u; — u in C 120 (B \ {0}), where i is a non-trivial radial sign-changing solution of

— M A (D?u) = [ulP~""u in B\ {0},

6.6
u:o on 3B, ( )

with k nodal regions. Since 7 € (0, 1), m € (0, 1) we infer that 53| < ry. Moreover, denoting by s; the limit point
of si, from the regularity of i in compact subsets of B \ {0} and since My # 0, we deduce that it cannot happen
that §x = rx. Moreover, since u(sx) = 0 and |#'(1)| > 0 in view of the Hopf’s Lemma, we infer that s — 1 cannot
happen. Therefore the nodes and the extrema of & are ordered in the following way

O<rm<§H)<...<Fp_1 <81 <rx<sp<l,
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as expected.

At the end, arguing as in the proof of Theorem 5.5 we see that u(x) =7, =t Z(Fkx), for x € By, \ {0}. Hence u
extends to a C? radial function near the origin and it is a sign-changing solution of (1.6) having k nodal regions. This
completes the proof of the inductive step. O

7. Asymptotic analysis of radial sign-changing solutions to (1.10) with two nodal regions

Let u, be a sequence of radial sign-changing solutions to (1.10) with two nodal domains, where p, = pi* — &,
&, \\ 0 as n — +o00. The first result is about the behavior of M), := ||u,|c as n — +00. We set My = My(n) :=
||u,4{||oo =u,(0) and My = M1(n) := ||lu,, |l0, and we denote by ri = rj(n) the nodal radius and by s1 = s1(n) the
minimum point.

Proposition 7.1. We have M,, — +00, as n — +00.

Proof. Arguing as in Remark 4.2 we infer that
1171
M = AT (=M 55 Br) = A (=M, B),

(7.1)
)‘171 —_ —
MY = AT (=MG A A ) Z AT (=M L B),

which readily implies that My and M are uniformly bounded from below away from zero. Since M,, = max {My, M}
the same holds for M,,.

Now, assume that M,, — M & (0, +00) for some subsequence. Then, from elliptic regularity estimates we deduce
that u,, is uniformly bounded in C 2(B). In addition, in view of (7.1) it cannot happen that r{ — 0 or r; — 1, otherwise
AT(—MIA, B;) = Hooor AT(—M;A; Ay 1) = 400 and by (7.1) this would imply that one between Mo and M,
blows-up, contradicting the uniform boundedness of u,,.

Therefore ri /4 0, r; / 1 and by regularity estimates, up to a further subsequence, as n — +00, we have u, — u
in C2(B), where i is a radial sign-changing solution of (1.11) and #(0) > 0 (because of (7.1)), but this contradicts
Proposition 3.4. O

Proposition 7.2. We have:

pn—1 pn—1
i) 0 <liminfriM, > <limsupriM, > <4oo;
n——+00 n—400

. ..My Mo
ii) 0 < liminf — <limsup — < +o00;

n—+00 M1 n—+oo M1
i) My — 400, M| — 400,
iv) rp — 0;

V) the rescaled function

2

lin(x) :=r{"""uy, (r1x), x € By, (7.2)
converges, up to a subsequence, in Clzo C(RN ) to a non-trivial radial sign-changing solution of
— M (D*u) = ulP* "t inRY. (7.3)
vi) s1 — O.

pn—1

Proof. If along a subsequence it holds that r M, > — 400, then, defining the rescaled function

Un(X) := —uy,

MO a1 , X € B 7,,271 )

M() 2 MO
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we have #,,(0) = 1 and by the usual argument we infer that ﬁj{ — i in CIZOC(]R{N ), where # is a positive radial solution
of

M\ (D*u) =uP¥ inRY. (7.4)

On the other hand, since pi* < pi then by [8, Theorem 1.1] we get that (7.4) does not have positive radial solutions,

and this gives a contradiction.

pn—1
2

If along a subsequence it holds that 1 M, — 0, arguing as in Remark 4.2 for ii,,, we would have

1237 (M B p1) = 400
’ 1M,

which is a contradiction. This completes the proof of i).
To prove ii) we show that %ﬁ’ — 0 and %‘l} — 400 cannot occur along any subsequence.
Let us consider the functionals

7\2 P+l ’\2 pnt+l
(uy)=(r) U Crel0). HaG) = (u,)°(r) | |unl ,
2 AMpn+1) 2 Alpn+ 1)
where # € (0, r1) is the only radius such that u), < 01in (0, fp) and u/, > 0 in (9, r1). Exploiting the ODE satisfied by

uy, in [0, s1], we check that H, is decreasing in [0, fp] and Hj is decreasing in [fy, s;]. Moreover, since A < A and
uy, (to) > 0 we infer that H, (fo) > H (tp). Summing up we get that

H)»(r) =

r € [to, s1],

H, (0) > H,.(t0) > Hp(to) = Ha(s1),

pn+l pn+l

. M, M
and since Hy (0) = m, Hp(sy)) = m we deduce that
Mo [ 3 \m+
20 (2 ) (7.5)
My A

From (7.5) it follows that

A\ T
Mn < <7> MO

and this implies

lim My = +oo. (7.6)

n—+00

Assume now that, for some subsequence, %]’ — 400 and consider again the rescaled function it,,. By construction
u,(0)=1, \\u, ”oo <1 and as before, up to a subsequence as n — 400, we have i, — i in CIZUC(RN), where u is a
non-trivial radial solution to (7.3) satisfying #(0) = 1.

From i) there exists ¢; > 0 such that & > 0 in B, and # =0 on 9 B,,. Moreover i'(c1) < 0. On the other hand,
taking into account that %’ — +00, we deduce that & = 0 in RY \ECI , since for any fixed x such that [x| > ¢ and for
all sufficiently large n we have

it ()] * )M
Up) | =|—up | —= || < —.
My a1 My

MO 2

Passing to the limit as n — 400 we obtain 7 (x) = 0, which contradicts the C' regularity of i.

Statement iii) is an immediate consequence of (7.6) and ii), while iv) directly follows from i) and iii).

Let us prove v) and vi). From i) and ii) the rescaled function #, in (7.2) is uniformly bounded, and by iii) the
limit of By, is RY. Moreover, by construction i, } B = Upu.+t is the only radial positive solution of (1.10). Hence,
up to a subsequence as n — 400, we have i, — i in Cfoc(]RN ), where & is a non-trivial radial solution of (7.3),

and this proves v). In particular # > 0 in B, # =0 on dB and the function #z~ = i~ (r) coincides, for r > 1, with
the unique maximal solution of (2.7) with p = p**, a = —(@™)’(1). Now arguing as in the proof of the first part of

Proposition 4.4, we infer that i—l' is bounded. Since r; — 0 by iv), we conclude that s; — 0 as well. O
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In the next result we state and prove a uniform upper bound that will be crucial in the sequel (see Sect. 10).

Proposition 7.3. Let i, be the negative part of the rescaled function ii, defined in (7.2). Then, up to a subsequence
as n — 4oo, u, — W_in CZQOC(RN \ B), where W_ is the only positive radial fast decaying solution of (1.12).
Moreover, there exist two positive constants C, K (independent on n) such that for all sufficiently large n it holds

— C -1
u, (r) < = forr e |:t1, —i| , 7.7

(2= @2+K) T "

where | — 11 € (1, +00) and 1] is the only radius where W_ = W_(r) changes concavity.

Proof. In view of Proposition 7.2-v), up to a subsequence as n — 400, we have in particular that &, — #~ in
CIZO . (RN \ B), where ii ~ is a positive radial solution of (1.12). We claim that &~ is fast decaying. By (ii) of Theorem 2.2
this is equivalent to show that o™ (p**) = (@)’ (1). To prove this, we observe that i, = i, () is a solution of (2.7)
with p = pp,a =a(n) = @,)' (1) = —v;,n,+(1) and such that i, (1/r;) =0, and thus, by definition of «* , we have

X (pn) < (@) (1).

Then, passing to the limit as n — 400, exploiting Proposition 2.3 and taking into account that i, — i in CIZOC(RN ),
we deduce that

X (pi) < @) (D).

On the other hand, since #~ = 2~ (r) is defined and positive in the whole (1, +00), then, by (i) of Theorem 2.2, we
infer that o* (p%*) > (27)'(1). Hence, i~ = W_ is the only positive radial fast decaying solution of (1.12).

For (7.7), we notice that it is exactly inequality (2.13) obtained in the proof of Proposition 2.3. Indeed, denoting by
71 the only radius where i, = i, (r) changes concavity and setting v, (r) := i, (r), we have that v, satisfies (2.14)

in [fl, %], with p, = p7* — &,. In the present case, p, — p**, which still satisfies pi* > p* > % Then the

proof follows verbatim, taking into account that v, — W_ in CIZOC([I, +00), and that f; — 11, v,(f1) = W_(f1), as
n — +00, where 7] is the only radius where W_ = W_(r) changes concavity. O

We conclude this section by studying the limiting behavior of u,,.
Proposition 7.4. Up to a subsequence, as n — +00, it holds that u,, — 0 in Cl20c (B\ {0}).

Proof. The proof is carried out along the same line of [4, Theorem 1.1, ii)]. By elliptic estimates, it is sufficient to
show that for any fixed p € (0, 1)

lttnlloo,a, =0 asn— +oo,

where A, ={x € B: |x| > p} and || - [lo,4, denotes the L>-normin A,,.
Using (7.7) and the definition (7.2) of u,, we have

2 1 o1
rlp”flu;(rlr)fC _ forr e |:—],—>,
N2 reor
2 2
(41
r
or equivalently
_2 1
" tu, () < C —,  forrefn,1)
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for some positive constants C and K independent on #.
Now, since ;—11 — 11 € (1, +00) by Proposition 7.3 and r; — 0 in view of Proposition 7.2-iv), we infer that ; — 0.

2
Hence for sufficiently large n we have tl2 < % and

~ C N_—2—-2
||'4n||oo,Ap = ”un ”oo,Ap = ﬁrl

)

Then the conclusion follows since r; — 0 and N_—-2— ﬁ —~>N_-2-— p*% >0. O
n +

=1
Remark 7.5. By Proposition 7.2 and Proposition 7.4 we have that the maximum and the minimum of «,,, namely My
and — M, blow up at the same rate and the minimum point s; converges to the maximum point which is zero. Thus
we have concentration of the positive and negative part at the same point.
This is a new phenomenon, as compared with the classical Lane-Emden problem in which case, whenever the rate
of blow-up of the positive and negative part is the same, the two nodal regions separate and the concentration points
of the negative and positive part are different (see [3]).

8. Asymptotic analysis of radial sign-changing solutions to (1.10) with three nodal regions

Having proved in the previous section Theorem 1.4 when k = 2 we could argue by induction to get the general
result. However, since passing from even to odd the statement changes, we prefer to detail the proof for k = 3, for the
reader convenience.

Let u, be a sign-changing solution of (1.10) with three nodal regions, let r; = r; (n), i = 1, 2, be the nodal radii, let
s;i =si(n), i =1, 2, be the maximum points of |u,| in the second and third nodal region, and denote by M; = M; (n),
i =0, 1, 2 the maximum values of |u,| in each nodal region.

Proposizion 8.1. Up toa subsequence, as n — +00, we have: My — 400, M| — +oo, r; = 0, 5; > 0 fori =1,2,
M, — M, for some M > 0, and u,, — v in Clzoc(B \ {0}), where v is the unique positive radial solution of (1.11).

Proof. Let us consider the rescaled function
2

pn—1

U (x) i=ry" up(rax), x € Byyp,. 8.1

Then the restriction of i,, to the unit ball B is the radial sign-changing solution of (1.10) with two nodal regions so
that the results of Sect. 7 apply. In particular, up to a subsequence, as n — +o00, we have:

_2

20, My 400 fori=0,1 (8.2)
r
and
-
My r7"'M
ﬁ" = 2T° — ¢o, (8.3)
1 rzp,l—l M]

for some positive constant cg. From (8.2) we deduce that
M; - +oo fori=0,1
r — 0.
Moreover
(@ (r)* | lia ()P !
2 Apn+ 1)

is monotone decreasing in [1, f—;], hence

H(r)=
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2 pnt1
rl’n—l M2> B
( ’ SRCAC

8.4
AMpo+1) T2 4
Since i), (1) — 0, then
2
pn 1M2—> 0 (8~5)

and, using the lower bound Mg” > A+( Mx A3 B) (see (7.1)), we also deduce that r, — 0 and, as a consequence,
s1 — 0. Putting together (8.2) for i = 1 and (8. 5) we have
2
M1 }’2[7" lMl
M 2
2 VZP"_I M,
Arguing as in Proposition 4.4 and Corollary 4.5 we also deduce that s, — 0. If M> is bounded from above, then
Un|y | = u in CIZUC(B \ {0}) for some radial positive function u. Since s, — 0, then as in the proof of Theorem 4.9
l‘2.

— 4-00. (8.6)

we obtain that ii extends to the unique positive radial solution of (1.11), as we aim to prove. Hence to complete the
proof it remains to show that limsup, , , ., M2 < +00. On the contrary, let us assume that, along some sequence
n — +00, My — +oc and consider the rescaled function

N X
un(x) = ﬁun T , X € A pn—1 pn—1 .
2 M2—2 M, 2 M, ?

Since the limit domain of 7, is RV\ {0} by (8.5), we can argue exactly as in Proposition 4.8 to deduce that it,, — 7 in
CIZOC(RN \ {0}), where & can be extended to a non-trivial radial positive solution to (7.4). This is clearly a contradiction
since p* < p*. Hence the only possibility is that M, — M for some positive constant M as we wanted to show. O

9. Asymptotic analysis of radial sign-changing solutions to (1.10) with k nodal regions
In this section we prove Theorem 1.4.

Proof of Theorem 1.4. We argue by induction on k. The steps k = 2,3 have been proved respectively in Sect. 7
and Sect. 8. So let us assume that the assertion holds true for solutions with k£ nodal regions and let u, be a radial
sign-changing solution to (1.10) with k + 1 nodal regions.

Case 1: if £ + 1 is even, then the restriction to B of the rescaled function
2

~ -
Un k(X)) =" uy(rex), x € By,

is a solution to (1.10) having k nodal regions, with k£ odd. Hence, exploiting the inductive hypothesis and the def-
2

Pn 1

inition of #, i, we infer that, up to a subsequence as n — o0, Mor), — 400,..., Mk_zrk”'”1 — 400, and

2
M 1r‘””71 — M, for some M > 0. This readily implies that My — +o0, ..., My_» — +00. Moreover, by induc-

tive hypothesm we also have 7= — 0, S’ — O fori=1,...,k — 1, which easily implies that ; — 0, s; — 0, for
i=1,...,k—1.
pn—1
. ‘e . . . . M; Majr, 2 k=3 .
Finally, exploiting again the inductive hypothesis we deduce that W= T € for j =0,..., 55>, with
J szrk 5
pn—1
Majii _ Majir ° k=3

c; positive constants, and that = = - — +oo for j =0,.

Msjo 2L
Majior,
Now, arguing as in the proof of (7.5) we have that

Ni

1

My A\ Pntl
> (= . 9.1)
M, A
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Let us show that

. -1
lim sup < 4o00.
n—+00 k

My
£ Mk
2
—1

A Jri 1/ re - Since My 1rk

— M, for some M > 0 then from (9.1) we deduce that Un k is uniformly

A

Tk—1/Tk: 1/ 7

bounded. We claim that r; 4 1. Otherwise, since ﬁg,k| Avy is uniformly bounded and r; — 1 we would have
/g

Al(—M;A; A11/r) — +00, and from (4.2) we would have a contradiction. Hence ry — 7 € (0, 1) or ry — 0, and

recalling that by inductive hypothesis rkr—;l — 0, we infer that i, — i in Clzo (IT), where i is non-trivial

A"k*l/rlvl/rk
(because by inductive hypothesis it coincides with i in B) and the limit domain IT is either RV \ {0} or B 1 \ {0}.

Since we are assuming tha

IN{xeRY; x| > 1} contrad1ct1ng the regularlty of u. Hence the only p0551b111ty is

M1 9.2)
ML (k—=1)/25 .

for some c(x—_1y,2 > 0. Let us also show that rx — 0. Indeed, since i, i — i in Clzoc(l'[), where # can be

A

Tk—1/Tk: 1/ Tk
extended to a non-trivial sign-changing solution to —-M; oAl =lu |P¥ =1y in By, with homogenous Dirichlet boundary
condition if IT = B; \ {0}, or —MA AU= |u|1’+ Ly in RN if ITT= RN \ {0}. Now, in view of Proposition 3.4 the first

2
case cannot occur and thus we infer that r; — 0. In particular, since My_r ” TNy v , it follows that My_; — +o0
and from (9.2) we infer that My — +o0.
2

. =1
Moreover, since Mys”

then sy — 0.

To conclude the proof it remains to show that u#,, — 0 in Cl20 . (B \ {0}). The proof of this fact is identical to that of
Proposition 7.4 with minor modifications. In particular, taking into account that ry, sy — 0 and u,, is negative in the
last nodal component, then, for any fixed p € (0, 1) and for all sufficiently large n we obtain

is bounded from above (by arguing as in the first part of Proposition 4.4) and My — +o0,

C N_—2—-2
“un”oo,Ap = ||u; ||oo,A,, = ﬁrk ’

)

for some positive constant C = C(N, A, A) independent on n. This completes the proof when k + 1 is even.

Case 2: if k + 1 is odd we consider the restriction to B of the rescaled function

2
Up k(X) : _rk N un(rkx) X € Bips 9.3)

which is a solution to (1.10) having k& nodal regions, with k even. Hence, from the inductive hypothesis, up to a
2

subsequence, as n — +o00, we get that Mor;, "” Ty +o00,..., Mk_1rkp"7l — 400 and thus we infer that My —
400, ..., M1 — +o00. Exploiting again the inductive hypothesis, we have :— -0, L —>0fori=1,...,k—1,
pn—1
S ; Mo, Majr, 2 _
which implies that r; — 0, s; — 0, fori =1, ...,k — 1. Moreover ; = 2% r —cj for j=0,..., k=2 and
2j+ pn—1 2
Mjjyrry
pn—1
ti tant 2,+1 _ Majiiry 2 f 0.. k—4
cj positive constants, My, T —> oo, for j=0,..., 5.
Majiar, T

Repeating exactly the same arguments of Sect. 8, in the case of three nodal regions, we infer that r¢, sy — O,
M1

Mk — 400 and that My — M, where M is a positive constant. From this we also deduce that u, converges in

(B\ {0}) to the unique positive solution of (1.11). The proof is complete. O

loc
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10. Energy of solutions

Let 2 be a bounded radial domain in R¥, i.e.  is either a ball or an annulus centered at the origin. Then the radial
coordinate r will belong either to [0, R), R > 0, if Q2 is the ball Bg, or to the interval (a, b), 0 < a < b, if Q2 is the
annulus A, p.

We consider the space of radial functions in €2 which have constant sign and change convexity only once. More
precisely we define

Xq = {u € Crzad(ﬁ); lu| >0and 3 o =o(u) € (a, b) [resp. 0 € (0, R) if Q is a ball]
such that u”(0) =0, u”(r) <0 forr € (a,0) and u”(r) > 0 for r € (o, b),

oru”’(ry>0forr e (a,o) and u”(r) < 0forr € (o, b),
[resp. r € (0, 0) and r € (o, R) if Q2 is a ball]}.

Next, for an exponent p > 1 and for any function u € X we consider the radial weight:

le@P ™ if x| =r < o(u),
8u.p(x) == ¢ () . ¢ (10.1)
|x|7tP if [x| > o(u),
with y(p) :=2 (Z—J:}) — N, and define the weighted energy
Epa@ = [ WGl g (0 dx. (102)
Q

It is elementary to check that E, o is invariant under the scaling u, (x) = au(a %x) (see [4, Proof of Theorem 1.2]),
i.e.
Ep,Q(u) = Ep,Qa (Ua) (10.3)
with @, =7 Q.
We observe that if u is a solution of (1.1) with k nodal regions, then the restrictions ™ to each nodal region
Q" form=1,...,k, belong to the space Xqn. Therefore we can consider the energy of each function u” in the
corresponding nodal region Q":

E,,,Qm(u’"):z/|u’"(x)|p+lgum,p(x) dx, form=1,...,k, (10.4)

Qm

and define the total energy of the solution u in the ball B as

k
El )= Epaon™). (10.5)

m=1

A similar energy can be defined for any positive (fast decaying) radial solution U of the critical equation in RV

M (D*u) =uP* inR". (10.6)
We denote it by E*(Uy), i.e.
E*(Us) = f U075 gd (x) dx, (10.7)
]RN
where

lo(UD" if x| =r <o(Uy),

gy, () = {|X|V* £l = r > o(Un) (10.8)
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with y* —2<pif}) N.

Note that, by the invariance of the energy with respect the usual scaling, X% := E*(U4) is a constant depending
onlyon i, A, N.
We now prove Theorem 1.3 (we refer to Theorem 1.2 for the notations).

Proof of Theorem 1.3. Let us first consider the restriction of the solution u, to the first nodal region Q! = B,,. We
denote it by u. The function
2
i (x) —r1 u (rlx) X € B,

is the unique positive solution of

—M; \(D*u)=uP* inB,
u=20 on 0B.

By the scaling invariance (10.3), we have
E, qi(u})=Ep, p(iy).

By [4, Theorem 1.2] we immediately deduce that, as ¢ — 0,

Epg,Qg(”;)_’ /(U_)piJrlgsz dx = 3* .

RN
This gives the first contribution to the limit of the total energy in (1.8).
On the other hand we recall that the nodal radii rq, r2, ..., ry—1 converge respectively to 0, 72, ..., rk—1, where
2, ..., rr—1 are the nodal radii of the limit function & given by Theorem 1.2.
Thus by the convergence of u, — i in CIOC(B \ {0}) we have that the restriction u]' of u, to its nodal region 7,
m=2,...,k, converges to the restriction of u to the corresponding nodal region, i.e.:
u?—)ﬁl, oo US> .

Then, using also that M; — M;, we have

1 1
E,. Qz(u ) = /Iu |Petle, zdx—>/|u1|p + g, dx
B;,

1
Ep op (u” )—/w e L
Q’n

’»z 1-7m

where 7, = 1 if m = k. Thus the assertion (1.8) holds and the proof is complete. O

We now study the limit energy of a family of sign-changing solution to (1.10) having k nodal regions, as n — +00
and prove Theorem 1.5. We denote by E**(W_) the energy of the only radial positive fast decaying solution to (1.12),
namely

E®(W-)= / IW_(0)[PF gt (x) dx, (10.9)

RM\B

where

(10.10)

()i | OOV L el =r <o(Wo),
I Gl it xl=r>o(Wo),

with y**:=2 (%) — N. Since W_ is fast decaying easily we have:
+
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Lemma 10.1. The energy E**(W_) is finite.

Proof. Since W_ is fast decaying we can find C > 0 and 7 > 1 such that

C _
W_(r) < 5 for r >r. (10.11)

rN-

Up to choosing a larger 7 we can assume without loss of generality that 7 > o(W_) and thus

E*(W_) = / [W_ () [PF gt (x) dx
RM\B
o(W-) PiF+1
_ p**+1 2(1)**—71)71\/ N—1
= IW_(r)|P¥  [o(W_)] \7F N1y

+00 P4l
Kk 2 *Jr*_ -N
+ / |W_ [Py <P+_]) N1 dr
o(W-)
=)+ UI).

Clearly (I) is finite. For (1), exploiting (10.11) we have

A (55 )-w T o0t H )
(I1) < / (W_ ()P ) N g g / r ’ ) dr
o(W-) r
=)+ V).
Now, (I11) is finite and so is (I V) by a straightforward computation because pi* > p* > % O

We now prove Theorem 1.5 (for the notations we refer to Theorem 1.4 and the beginning of this section).

Proof of Theorem 1.5. We argue by induction on k > 2. We begin with the basic step k = 2.

Assume that u,, is a sign-changing solution to (1.10) having two nodal regions and let r; be the node of u,. Then
Q) = B, and Q2 = A,, 1. We consider the rescaled function ii, defined in (7.2). By construction ;" | p coincides
with the unique positive solution of (1.10), i.e. i, | g = Vpn.+ and it is uniformly bounded (see Proposition 7.2).

Hence i, | p—> vin C?(B), where ¥ is the unique positive solution of (1.11). Hence, exploiting the scaling invariance
of the energy and passing to the limit as n — 400 we get that

E, oi1(u)) =E,, p(i) = f liif 1P g dx — / 517+ H gy dx = E e p (D). (10.12)
B B

For u,% we have 9,21 = A,,,1 and exploiting the scaling invariance and the definition of the energy we have

E, o) =Ep, a,,, ()= / i, [P ]P0 dx + / iy [P+ |7 P dlx,
ALy Af
=+ U,
where 7; = (i} ). From Proposition 7.3 we have i, |A1 U — W_in Clzoc (RN \ B), where W_ is the unique radial

positive fast decaying solution of (1.12). We claim that we can pass to limit under the integral sign in (/) and (/7).
Indeed, for (1) it is obvious because u,, is uniformly ~bounded and f| — 11 € (0, +-00), where f; = o(W_), while for

(I1), taking into account (7.7) and that p, > p* > % we easily obtain
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- bl N —(N_—2 D422ntl g - ~
|un (r)|p”+1r =T rN 1§Cr (N. )(pnt D+ =1 <Cr 1-8 for r > 71,

for some C > 0, § > 0 independent on n. Hence, by Lebesgue’s dominated convergence theorem we can pass to the
limit under the integral sign in (II) and thus we conclude that
lim E, o2?) = [ [W_@)|P¥ a7 P dx + |W_ () |PF |7 5 dx
n—>+oo Pmin

A g RM\ By,
= E*(W_) =%,

(10.13)

Combining (10.12) and (10.13) we complete the proof of the basic step.
Now let us prove the inductive step. Let u,, be a radial solution to (1.10) with k£ 4+ 1 nodal regions and consider the
rescaled function iy , defined by (9.3). Clearly, by invariance under this scaling and by definition we easily have

E} (up) =E} (ign|p) + Ep, a1, Gk ). (10.14)

|Al,1/rk

Since the restriction ﬁk,n| p 18 a radial sign-changing solution of (1.10) with k nodal regions then by the induction
hypothesis we infer that

k - k sk . .
SE = p(0) + 5% if k is even
s ~ 2&pY,B 2“4 s
im B Gal =40 T (10.15)
S Epe p(0) + 75X ifkis odd.

For the second term of (10.14), if k is even then u, has an odd number of nodal components and by Theorem 1.4 we

have ri — 0, uk ™! = u,,| A is uniformly bounded and uX*! — ¥ in C?,_(B\ {0}). Therefore, by the usual invariance

under scaling and exploiting these properties we get that

Y= lim E,,n,A,kyl(uﬁ“):E,,i*,B(a). (10.16)

lim EpnsAl,l/rk (uk’n|Al,1/rk ot

n—-+00

If k is odd, then applying Theorem 1.4 to iy 5
proof of Proposition 7.3 we have i

|B we infer that iy , |B — v in Cl20c(§\ {0}). Hence, arguing as in the
— W_in C?> (RN \ B) and 7} — 1 € (1, +00), iy = 0(W_). Then, as in

n |A L1/ loc

the proof of the basic step kK = 2 and exploiting an analogous uniform upper bound (the proof is the same as that of
Proposition 7.3 with minor changes), we get that

*%k

nETOO Ep,Aviyn, (’Zk,n‘Al,l/,k) =X (10.17)

At the end, combining (10.14)—(10.17) we obtain (1.14). O
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