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SIGNED RADON MEASURE-VALUED SOLUTIONS
OF FLUX SATURATED SCALAR CONSERVATION LAWS

MICHIEL BERTSCH, FLAVIA SMARRAZZO, ANDREA TERRACINA,
AND ALBERTO TESEI

ABSTRACT. We prove existence and uniqueness for a class of signed Radon
measure-valued entropy solutions of the Cauchy problem for a first order scalar
hyperbolic conservation law in one space dimension. The initial data of the
problem is a finite superposition of Dirac masses, whereas the flux is Lipschitz
continuous and bounded. The solution class is determined by an additional
condition which is needed to prove uniqueness.

1. INTRODUCTION

We study the Cauchy problem for the scalar conservation law:

u+ [H(u)], =0 in Rx(0,7)=:5
(©L) { u = ug in Rx {0},
where
(Ap) HeWb>(R), H(0)=0

(obviously the condition H(0) = 0 is not restrictive). The initial condition ug is a
signed Radon measure on R. In most of the paper we shall assume that its singular
part, ugs, is a finite superposition of Dirac masses:

P
(A1) UOS:ZCJ»(SM (1 <x2<---<mp; ¢;j e RN{0} for 1<j<p).
j=1

In that case we denote the support of the singular measure ugs by F:
F ={x1,22,,xp}.

In [3] we considered the case of nonnegative initial measures ug. In the present
paper we consider the case of signed measures (see [2] [Bl [7, [9] for motivations and
related remarks). A specific motivation is the link between measure-valued solutions
of (CL) and discontinuous solutions of the Cauchy problem for the Hamilton-Jacobi
equation

() { U +HU,)=0 inS

U =Uy in Rx {0},
where Uy € BVjoe(R) n L®(R), Ug € L, (R~ F), and Ug(x}) # Uo(xy) if a; € F.

If (Ay) is satisfied, the distributional derivative U} is a Radon measure without
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singular continuous part, U = il [Uo(a:;) - Uo(a:;-)] 0z, + (Uj)ae, and problems
j=

(CL), (HJ) are formally related by the equality u = U,. In a forthcoming paper

[], problem (H.J) will be studied in the context of viscosity solutions.

It is known ([2]) that () the singular part us of a suitably defined entropy solution
may persist for some positive time (see [2] Theorem 3.5]) and (ii) entropy solutions
are not always uniquely determined by the initial condition ug (see also Remark
B2)). To overcome the latter problem, we introduced in [3] a so-called compatibility
condition at those points where us(-,t) is a Dirac mass, and used it as a uniqueness
criterion for nonnegative measure-valued solutions.

The starting point of the present paper is the statement that, for general signed
initial measures wug, the singular part u, of any local entropy solution u of (C'L) (in
the sense of Definition B2) satisfies a monotonicity result: both the positive and
negative part of ug, [u(-,t)]%, are nonincreasing with respect to ¢ (see Theorem B.T]).
For the class of initial measures satisfying (A7) this implies that the support of the
singular part us of an entropy solution of problem (CL) is a subset of F x [0,T]
and, in addition, that the sign of [u(:, )]s is determined by that of ugs. Having this
in mind it is rather straightforward to adapt the concept of compatibility condition
in [3] to signed measure-valued solutions (see Definition B3)).

The main result of the paper is that if (Ag) and (A;) are satisfied, then (CL) is
well-posed in the class of entropy solutions which satisfy the compatibility condition
at the p points z; € I

Existence of a solution is proven by a constructive approach which can be outlined
as follows. By (Ap)-(A1) there exists a positive time 7 until which all singularities
persist (see [2, Theorem 3.5]), thus the real line is the disjoint union of p+1 intervals.
In each interval we solve the initial-boundary value problem for the conservation
law in (CL), the initial data being the restriction of wg, to that interval, with
“boundary conditions equal to infinity”. Namely, we consider the singular Dirichlet
initial-boundary value problems

w+[H(uw)]z =0 in (zj-1,25) x(0,T)

U= +00 in {z;-1} x(0,T)
(1.1) w = Ioo in {xj}lx 0,7)
U = Upy in (z;-1,2;) x {0}

with 7=2,...,p, and

ug+ [H(u)]z =0 in (—oco,z1) x (0,T)
(1.2) U =400 in {z1}x(0,7T)
U = Uy in (—oo,z1) x {0},

u +[H(u)]y =0 in (zp,00)x(0,7)
(1.3) U = +00 in {z,} x(0,T)
U = Uy in (zp,00) x {0}.

The choice between u = co and u = —co at z; is determined by the sign of c;: we
choose o if ¢; >0 and -0 if ¢; < 0. Existence and uniqueness of an entropy solution
to each problem ([ZI)-([T3) is proven in SectionsBHAl In particular, existence follows
from an approximation procedure which makes use of BV initial and boundary data,
avoiding the L*°-theory of initial-boundary value problems developed in [II] (see
Section [@]).
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The function determined by solutions of (ILI)-(T3]) in R x (0, 7) is, by definition,
the regular part of a Radon measure, whose singular part is defined by observing
that the variation of mass at each point z; depends on the sweeping effect of the
flux across z; (see (T2), (T4), (T.6D) and Proposition E3). Then it is proven that
this measure is the unique entropy solution of (C'L) (in the sense of Definition B.2))
which satisfies the compatibility conditions at all z; € ' until the time ¢ = 7. Here
we use that the required compatibility condition for the solution of the Cauchy
problem (CL) at z; is exactly the entropic formulation of the boundary conditions
"u = x00” for the singular Dirichlet problems (see also Remark B3). If 7 < T
we iterate the procedure in R x (7,7) with a smaller number a singularities, thus
well-posedness of (CL) follows in a finite number of steps (see Section [[). We
observe that the proof of uniqueness of entropy solutions to problem (CL) relies on
a general comparison principle between entropy sub and super-solutions of (LII)—
([C3) (see Definitions and Theorem [5.2] below) which is independent of the
above construction procedure. In this sense the comparison results are stronger
than those in [3, Theorem 3.2].

The results in the paper can be esaily extended to the case that ugs is a locally
finite superposition of Dirac masses (namely, if the number of Dirac masses in every
bounded interval is finite).

2. PRELIMINARIES

Let x g denote the characteristic function of £ c R. For every u € R we set

[ul. = max{u,0}, sgn,(u) = +xw, (u), sgu(u) = sgn_(u) +sgn, (u).
For every real function f on R and zy € R we say that

ess lim f(z)=1eR,
Tzt

if there is a null set E* ¢ R such that f(x,) -1 if {z,} SR~N(E*u{zo}), 2, > z}.

For every open subset 2 € R we denote by C.(€2) the space of continuous real
functions with compact support in Q and by M*(Q) the cone of the nonnegative
Radon measures on . According to [6l Section 1.3], we say that v is a (signed)
Radon measure on {2 if there exist a (nonnegative) Radon measure p € M*(Q) and
a locally p-summable function f: € — [-oco, 00] such that

V()= [ fdu

for all compact sets K c §2. The space of (signed) Radon measures on € will be
denoted by M(Q).

If v e M(R2), we say that p < v in M(Q) if v—p € M*(2). We denote by (-,-),
the duality map between M () and C.(2). A sequence {u,} of Radon measures
on R converges weakly* to a Radon measure 11, i, — p, if (tn, p)g = (1, p)g for all
p € C.(R). For any compact K € R the space M(K) is a Banach space with norm
leel amrey = [pl(K), where |u| denotes the total variation of p. A sequence {p,}
converges strongly to p in M(K) if |1, — | pm(icy = 0 as n — co. Similar definitions
are used for Radon measures on any subset of S :=R x (0,7T).

Every p e M(R) has a unique decomposition g = pige + fis, with pie. € M(R) ab-
solutely continuous and ps € M(R) singular with respect to the Lebesgue measure.
We denote by ju, € L}, .(R) the density of ji4.. Every function f e L}, (R) can be

loc
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identified to an absolutely continuous Radon measure on R; we shall denote this
measure by the same symbol f used for the function.

The restriction L E of p € M(R) to a Borel set E ¢ R is defined by (uLE)(A) =
u(En A) for any Borel set A ¢ R. Similar notations are used for M(S5).

For every open subset 2 € R we denote by BV (Q2) the Banach space of functions
of bounded variation in €2

BV(Q)={2e L' () ]2 e M(Q), |2 | meay <o} 2l Bvie) = 1221 @) 12 Tme) »
where 2’ is the first order distributional derivative. The total variation in Q of z
is TV (2;,Q) = 2| pm)- We say that z € BVj,.(R) if z € BV(Q) for every open
subset (2 cc R.

In the remainder of this section 2 denotes an open subset of R, and Q7 = 2 x
(0,7). By C([0,T]; M(£2)) we denote the subset of strongly continuous mappings
from [0,T] into M(Q) - namely, u € C([0,T]; M(Q)) if for all ¢y € [0,T] and for
every compact K € there holds |lu(-,t) —u(:,t0)| rm(x) = 0 as t = to.

Definition 2.1. We denote by L*(0,7;M*(€2)) the set of nonnegative Radon
measures u € M*(Qr) such that for a.e. t € (0,T) there is a measure u(-,t) € M*(Q)
with the following properties:

(i) if € C([0, TT; Co(®) the map £ - (u(-,),¢(- 1)), belongs to L'(0,T) and

T
(2.1) (0o, = [ 00,600 dt
(74) the map t ~ [u(-,t)|| p¢x) belongs to L*(0,T") for every compact K c €.

Remark 2.1. Definition 2.limplies that for all p € C.(€2) the map ¢ — (u(-,t), p)g, is
measurable, thus the map u : (0,7) - M*(Q) is weakly* measurable. For simplicity
we prefer the notation L*°(0,7T; M*()) to the more correct one L2, (0,T; M*(Q)).
Moreover, as a consequence of Definition 2-T}(7), it can be seen that for every Borel
set E € Qr the map ¢ — u(:, t)(Et) is Lebesgue measurable and there holds

T
(2.2) u(E):/O w( ) (BY)dt  (B'={weQ: (u,t)eE}).

If we L*(0,T; M*(Q)), then uge, us € L=(0,T;M*(Q)) as well, and u, €
L*(0,T; Li, .(Q)). Moreover, equality () implies

(tacs C)g fo up Cdrdt and  (us,C)g, = fo us(+1), (1)) dt

Denoting by [u(, t)]aes [u(-t)]s € M*(§2) the absolutely continuous and the singu-
lar part of the measure u(-,t) € M* (), a routine proof shows that for a.e. t € (0,7")

(23) us('vt) = [’u(~,t)]5, uac('vt) = [u('vt)]atﬂ uT('vt) = [u('vt)]Tv

where [u(-,t)], denotes the density of the measure [u(:,t)]4c. In view of ([Z3]), we
shall always identify the quantities which appear on either side of equalities (2.3)).

We say that a (signed) Radon measure u € M(Qr) belongs to L=(0,7; M(Q))
if both " and v~ belong to L=(0,7; M*(2)). In particular, this implies that:
() the total variation |u| of the measure u belongs to L*°(0,7; M*(£2));

(B) conditions (i) and (47) of Definition ZTlhold with w(-,t) :==u*(-,t) —u~(-,t) for
a.e. t€(0,T).
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Moreover, since u* and u~ are mutually singular, it follows that for a.e. t the
nonnegative measures u*(-,¢) and u~(-,¢) are mutually singular, whence

(2.4) ut () = [u(, )], |u(,t)] =|u|(,t) for a.e. te(0,T),
and

(2.5) ui(t) = [u( )%, Jusl(ht) = |[u(,t)]s]  for a.e. te(0,T).

3. RESULTS

For any 7 € (0,7] and open subset Q € R set Q. := Q x (0,7], Qr = Q; set also
S =R x (0,7], S = S. Solutions of problem (CL) are meant in the following
sense.

Definition 3.1. Let ug be a signed Radon measure on € and let (Ag) be satisfied.
A measure u € L=(0,T; M(Q)) is a solution of problem (CL) in Q. if for all
¢CeCH([0,7];CL(Q)), ¢(-,7) =0 in Q there holds

(31) %T [urct + H(ur) Cw] dxdt + AT <us('7 t)u Ct('v t))Q dt = - <u07 <(7 0))9 :

Solutions of (C'L) in S are simply referred to as “solutions of (C'L)”.

Definition 3.2. Let ug be a signed Radon measure on © and let (Ag) be satisfied.
A solution of (CL) in Q) is called an entropy solution in @ if it satisfies the entropy
inequality

(3.2) f/é% {lur = K| ¢ +sgn (u, — k) [H(u,) — H(k)] (. } dadt +

+ AT (|u5('7t)|7<t('7t)>ﬂ dt > - A |U‘OT(‘T) - k|<($,0) dx - <|u08|7<('70)>9
for all ¢ e C*([0,7];CL()), (>0, ¢(,7) =0 in Q, and for all k € R;

If Q; # Qr, an (entropy) solution in @, can be considered as a local (entropy)
solution of (C'L). For general initial measures, local entropy solutions satisfy the
following monotonicity result.

Theorem 3.1. Let (Ag) be satisfied, let ug be a signed Radon measure on § and let
u be an entropy solution u of problem (CL) in Qr. Then, for a.e. 0 <ty <ty <T,
there holds

(3-3) [u( t2)]5 < [u(, t)]5 Sugs  in M(Q).

Now we consider the case that ugs is the sum of a finite number of Dirac masses
with support F.

Remark 3.1. Let (Ap) — (A1) be satisfied and let u be an entropy solution of

problem (CL) in Qr. Arguing as in the proof of Proposition 3.20 in [2], it follows
that u e C((0,T]; M(Q)).

Corollary 3.2. Let (Ag) — (A1) be satisfied and let u be an entropy solution u of
problem (CL) in Qr. Then us € C([0,T]; M(Q)), [u(-,0)]s = ups, B holds for
any 0 <ty <ty <T and for every x; € F N there exists t; € (0,T] such that

{us(.,t)({xj})m iftelo,t)),

(3.4) us( ) ({z;}) =0 ifte(t;,T].
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We observe that the proof of Corollary B2 provides an explicit lower bound for ¢;.

If x; € F and t; € (0,7] as in Corollary[3:2] Theorem B Ilimplies that the support
of the singular part of any entropy solution is a subset of F' x [0,7] and that the
Delta mass at x; € F' does not change sign in the interval [0,¢;). Therefore we may
formulate a compatibility condition at z; which depends on the sign of ¢;, i.e. on
the sign of the initial Delta mass at x;:

Definition 3.3. Let (Ap) — (A1) be satisfied. An entropy solution u of (CL) in
Qr is said to satisfy the compatibility condition at x; € F'n ) if

(3.5a) ess lim Otjsgni(ur(x,t) -k) [H(ur(x,t)) - H(k)]ﬁ(t) dt <0 if +¢; <0,

z—xt
J

t

(3.5b) ess lim ; jsgni(ur(x,t) -k) [H(uT(:v,t)) - H(k)] B)dt>0 if £¢;<0

zaz]’.
for all Be CL(0,t;), B>0 and k € R, where t; € (0,T] is defined by Corollary B2

We shall prove below (see Remark [54) that, if (Ag)-( A1) hold, for every entropy
solution u of (CL) the limits

T
(3.6) essmlir?#fo sgn , (ur(x,t) —k)[H(ur(x,t))- H(k)] 5(t) dt (7=1,...,p),

with 8 and k as above, exist and are finite. Hence Definition 3.3 is well-posed.

The main result of the paper is the well-posedness of problem (CL), if ug sat-
isfies (A1), in the class of entropy solutions in C([0,T]; M(R)) which satisfy the
compatibility condition in supp ug.

Theorem 3.3. Let (Ag)-(A1) be satisfied. Then there exists a unique entropy
solution of problem (CL) which belongs to C([0,T]; M(R)) and satisfies the com-
patibility condition at all x; € suppuo.

Remark 3.2. It was already observed in [2] that in general measure-valued en-
tropy solutions are not unique. This is essentially a consequence of the elementary
observation that there exists a unique entropy solution for which [us(t)] = ugs for
a.e. t € (0,T) (it is enough to set u = ug + @, where @ is the entropy solution with
initial data ug,). But if ug satisfies (A1) and F # @, one easily checks that if the
function H, satisfying (Ap), is not constant in intervals of the type (a,c0) and
(—00,b), then such solution does not satisfy the compatibility condition at z; € F.
In particular, it does not coincide with the solution defined by Theorem

4. MONOTONICITY OF ug.
In this section we prove Theorem Bl and Corollary 3.2
Proof of Theorem 31l By B.l), for every k € R we get
T
[ =08 @p(@)dedt + [ us1). ) (1) dt +
0
v [ H @) = H®) p/(@)B(1) dodt -

= -B(0) {/R(UOT - k)p(x)dx + (ugs , P)R}
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for all p e C1(Q2) and B € C1([0,T)). By summing and subtracting the above
equality from the entropy inequality ([B2)), for every nonnegative p and § as above
we obtain

T
w8 Op(@) dadt + [ (01 p)e (1) dt +
v [[ sen.(ur = k) [ (u,) = H@)] o (2)B(2) dadt >
> =50 { [ [or - k1. pa) do + (u. p)a}

Letting k — oo with ”+” and k - —oco with ”-”, we obtain that

[ AwCD1 ) B0t )

0

Let 0 <t; <ty <T. By standard approximation arguments we can choose

B(t) = Bn(t) =n(t - tl)x[t1,t1+l/n](t) + X(t1+1/n,t271/n)(t) +n(tz - t)X[t2—1/n,t2] .

Arguing as in the proof of Proposition 3.8(7) in [2], there exists a null set N € (0,7")
which does not depend on the function p such that, letting n — oo,

(4.7) ([u(-,t2)]5, php < ([u( )]s, p)p i t1,t2 ¢ N.

Hence the first inequality in (3] follows from the arbitrariness of p.
The second inequality in (B3] can be proved in a similar way, replacing (3, by

Bu(t) = X (0,t1-1/n) (1) + 1(t1 = )X[t1-1/n,t1] -

[}
Proof of Corollary[32 Arguing as in the proof of Theorem B1] for every p e C1(Q)
and t € (0,7] from (BI) we get

t
(438) (1), )= (w0 phy = [ [ H(u,)p/(x) duds.
Fix any x; € F n Q. By standard approximation arguments we can choose in ({£S)

p(I) = pn(x) = n({E —xj+ 1/”)X[Ij—l/n,;ﬂj] + n(Ij + 1/” - I)X(wj,wj+l/n] .

Then letting n — oo, and observing that

‘fotfR H(uy) py, () dzds

<|Hlwt [ lph (@)l da < 2| H] st
we obtain

(4.9) Jus (1) ({5}) —wos ({53 < 2 [ H oot -

Since, by Theorem Bl us(-,t) = us(-,t)L F and F contains p points, we obtain that
[us(:,t) — uos| < 2p|H|ot. Hence ug € C([0,T]; M(R2)) and [u(-,0)]s = ugs (see
also Remark B]).

If ups L {xj} = 2uj, L {x;}, it follows from B3) that [u(-,¢)]F L {z;} =0 for any
t €[0,T]. Then inequality [@9) gives

[us (] ({23}) 2 ug, ({2}) - 2t H] oo > 0

for any ¢ € [0,t;), with ¢; := u%\(}{[ﬂ\f;}) Then by the monotonicity of the mappings

t > ui(-,t) (see B3)) the conclusion follows. ]
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5. PROBLEM (D): COMPARISON AND UNIQUENESS

As already said, to address (C'L) we need results concerning singular Dirichlet
initial-boundary value problems for the scalar conservation law:

ug+ [H(u)]z =0 in Qx(0,7)=0Q

u=m in {a} x (0,7)
(D) w=ms in {b} x (0,7)
u = ug in Qx {0},

where Q = (a,b) is a bounded interval, m; = o0, ma = +o0, and ug : = R. Similar
problems will be considered also for half-lines, either ) = (a,00), or Q = (-o0,b);
obviously, the above condition at {b} x (0,7") is omitted when Q = (a, ), and that
at {a} x (0,7 is omitted when € = (-o0,b).

We shall denote problem (D) by (Dg) when mj = oo, mgy = +o0, or by (Dg)
when both m; and ms are finite. When Q = (a,b) problem (Dg) stands for four
different initial-boundary value problems, which we denote by (D}), (D2), (D7)
and (D7) according to the four choices mq = mg = 00, M1 =My = —00, My = 00, M9 =
—oo and my = —oo,mg = co. In the case of half-lines problem (Dg) consists only of
two cases, namely

(D.) U = +00 in {a} x (0,7)

{m+wwm:0mQ
u = ug in Qx {0}

if Q= (a,00), and
(D*) U = £00 in {b} x (0,7

u = ug in 2 x {0}

if = (—o0,b). We shall write that a statement holds for problem (Dg), if it
collectively holds for all problems (D7).

{m+wwm:0mQ

The following definition concerns problem (Dg) (see [13]).

Definition 5.1. Let = (a,b), ug € BV (Q).
(i) An entropy subsolution of (Dpg) is any u € BV (Q) such that:
(a) for every k € R and for all ¢ e C1([0,T];C1(Q)), ¢(-+,T)=01in 2, (>0 in Q,
(5.1)

fo{[u C k]G +sgn, (u— k)[H(u) - H(k)]C,) dedt > - fQ[uo k)¢ (2, 0) da
(b) for a.e. t € (0,T) there holds

(5.2) sgn, (u(a™,t) - k) [H(u(a™,t)) - H(k)] <0 if k>mq,

(5.3) sgn, (w(b™,t) — k) [H(u(b ,t))-H(k)] >0 if k>ms.
(i1) An entropy supersolution of (Dg) is any € BV (Q) such that:
(a') for every k e R and if ¢ e C*([0,T];CL()), ¢(-,T) =01in 2, ¢ >0 in Q,
(5.4)

/f@{[u CKG +sgn_(u— k)[H(u) - H(k)]C,) ddt > - /Q[uo k)¢ (x,0) da
(b) for a.e. t € (0,T) there holds
(5.5) sgn_(u(a™,t) - k) [H@(a",t)) - H(k)] <0 if k<mq,
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(5.6) sgn_(w(b™,t) —k)[H@((b™,t)) - H(k)] >0 if k<ms.
(#ii) A function w e BV (Q) n C([0,T]; L*(2)) is an entropy solution of (Dg) if it

is both an entropy subsolution and an entropy supersolution.

When € = (a,00) entropy sub- and supersolutions of (Dg) are defined as above,
only dropping conditions (B3)) and (&8)); similarly, conditions (52)) and (&3] are
omitted if Q = (-o0,b). Moreover, in these cases we require that u,u belong to

BVioo(Q) N L=(Q).

Remark 5.1. If u.w € BV(Q), the traces u(a*,t) = esslime_q+ u(&,t), u(b™,t) :=
esslim,,p- u(n,t) exist for a.e. ¢ € (0,7), and similarly for @. Hence the above
definitions are well-posed. By the same token, conditions (52)-(E3) and (B.5H)-(G6)
can be reformulated as follows: for every 3 e C1(0,7T), 3> 0,

(5.7a)  ess Ehjg fOngm(g(g, t) - k) [H(u(&,t) - H(k)]B(t)dt <0 if k>my,
T

(5.7b)  ess lim fo sgn, (u(n,t) - k) [H (u(n,t)) - H(k)] B dt 2 0 if k>ms,
T

(570)  ess Jim, /O sgn_(T(€,1) - k) [H(@(E, 1)) - H(k)] A(t) dt <0 if k < my

(5.7d)  ess nhj?- fOngn,(ﬂ(n,t) -k) [H(E(n, t)) - H(k)] B(t)dt >0 if k<ms.

The following definitions for problem (Dg) are formulated for a wider class of
initial data.

Definition 5.2. Let Q = (a,b), up € L' (Q).
(i) An entropy subsolution of (D) is any w e C([0,T]; L'(£2)) such that:
(a) for every k€ R and ( e C1(Q), ¢ >0in Q

(5.8) S (K + sen (w= k) [ ) - H(R)G ) dadt 20,
and for any interval I ¢ )

(5.9) lim , [u(x,t) —ug(z)]+dx =0.

t—0+

(#1) An entropy subsolution of (D7) is any u € C([0,T]; L*(2)) such that (a) holds,
and for every k e R, 3¢ C1(0,7), 3>0,

Ga00) ess im [ g, (ul6,0) - B) [H(u(€,0) - HR] (0 de <0,
T
(5.10b) ess lim fo sen, (u(n, t) — k) [H (u(n, 1)) - H(E)] (1) dt > 0.

(#3i) An entropy subsolution of (D7) is any u € C([0,T]; L*(2)) such that (a) holds,
and for every k € R, 8e C1(0,T), 3 >0 inequality (5I0B) holds.
(iv) An entropy subsolution of (D) is any u € C'([0,T]; L'(£2)) such that (a) holds,
and for every k e R, 3 € C1(0,7T), B> 0 inequality (5.10a) holds.
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Definition 5.3. Let Q = (a,b), up € L'(Q).
(i) An entropy supersolution of (D?) is any u € C([0,T]; L'(£2)) such that:
(a') for every ke R and ¢ € C1(Q), ¢>0in Q

(5.11) f[Q{[ﬂ —k]-G+sgn_(u-k)[H(u)- H(k)](:} dedt >0,
and for any interval I ¢ )
(5.12) tlir(r)l+ , [w(x,t) —uo(z)]-dx =0;

(V') for every ke R and 8 C(0,T), 320,

(5.13a) ess gli:g fOngn,(a(g,t) - k)[H(u(&,t) - H(k)]B(t)dt <0,
T
(5.13b) ess lim fo sen_(T(n,t) - k) [H(@(n, 1)) - H(k)] A1) dt > 0.

(i1) An entropy supersolution of (DZ) is any u € C([0,T]; L*(£2)) such that (a’)
holds.

(#4i) An entropy supersolution of (D7) is any u € C([0,T]; L'(Q)) such that (a’)
holds, and for every k e R, 3e C}(0,T), 8 >0, inequality (E.I3al) holds.

(iv) An entropy supersolution of (D*) is any u € C([0,T]; L*(Q)) such that (a’)
holds, and for every k e R, 8¢ C1(0,T), 3 >0, inequality (5.I30) holds.

Definition 5.4. A function u € C([0,7]; L*(Q)) is called an entropy solution of
(Dg) if it is both an entropy subsolution and an entropy supersolution of (Dg).

Observe that (GI3al)-(EI30) can be regarded as limiting cases of (5.7d)-(E7d),

since for every k € R there holds sgn_(m; — k) - 0 as m; - oo (i = 1,2). Similarly,

(ET0a)-(E10H) can be regarded as limiting cases of (5.7a))-(E7H) as m; — —oo.

Remark 5.2. Let us prove that every entropy solution of (Dg) satisfies the weak
formulation

(5.14) /f@ (G, + H(u)Co) dadt =0

for every ¢ € C1(Q).
To this aim, we fix any sequence k; - —oco. By (B8], for all ¢ € C1(Q), ¢ >0,
there holds

(5.15) /fQ ([ = k; G +sgn, (u—k;) [H(w) - H(k;)]Co} dadt > 0.

Let us take the limit as j - oo in (G15). Since u € L'(Q) and H is bounded, we
have

(5.16) stgm(u—kj)[H(u)—H(kj)]gmdxdt:ff{wk_}H(u)gdxdt

—f[QH(kj)dexdt-rf[{USkj}H(kj)cxdxdt—>/fQH(u)dexdt,
0
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and

=0
(5.17) /fQ [u— K)o dudt = ff{ oy MG ot~ fo ki Co dedt

+ ff ki Gy dudt — ff uCy dadt,
{u<k;} Q

(here we have used that |j]{usk]~} kit dwdt| < ff{uskj} [u| |G| dzdt — 0, as kj - —o0).
In view of (BI6)-(GI1), letting j — oo in (BI0) gives

(5.18) /fQ (uC, + H(u)C,) dadt > 0

for every ¢ e C}(Q), ¢ > 0. Analogously, letting k; — oo in

(5.19) /f@ {lu-k;j]-C +sgn_(u—k;) [H(u) - H(k;j)]Cy} dadt >0
(see (BI)) gives, for every ¢ as above,

(5.20) /fQ (uC, + H(u)Cy) dedt <0.

Therefore the conclusion follows combining (EI8) and (G20).

Remark 5.3. The conditions (5.10al5.10b)) and (513al5.13H) are entropy boundary

conditions for singular Dirichlet problems and give a meaning, in a hyperbolic sense,
to the boundary conditions "u = —00” and "u = 00”. As already mentioned in the
Introduction, they coincide with the compatibility conditions ([3.5a) and (3.51) for
entropy solutions of (CL) at points x; where a signed Dirac mass is concentrated.

Remark 5.4. Let u denote either u in (58), or w in (5I1)). Choosing ((z,t) =
a(2)3(t) with a € C1(Q), ¢ CH(0.T), a,5 20, gives
(5.21)

S (Lt =kl a@) (2) +sen, (ue. ) ~k) [H (ur. )~ H (9! (2) (1)t 20

for any k € R . Since 0 < [u, — k]« < [u]x + |k|, from the above inequality we get

, T
—fQ dra (w){fo sgni(u(:v,t)—k)[H(u(:v,t))—H(k)]B(t)dt} <
180 fara@ [ (G i) -

=—|ﬂ'|wfgdxa'(x>{ffff([u1i<x,t>+|k|)dt} -

for every c € 2. Hence the distributional derivative of the function

T T rx
oo [ s, (ua,)-1) [H u(e,0) = HO B0 dt =18 e [ [ ([l (o, t)+[K]) dydt

is nonpositive. Therefore, the limits

T
(5.22a) ess 11L121+ fo sgn, (u(x,t) — k) [H(u(x,t)) - H(k)]B(¢)dt,

T
(5.22b) ess lim f sgn, (u(z,t) - k) [H(u(x,t)) - H(k)] B(t) dt
Tr— 0
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exist and are finite, thus the above definitions are well-posed.

The same statement can be applied to entropy solutions of (CL), since they
satisfy inequalities (.2]) in every domain Q; = (z;,z;41) x (0,T) (j=1,...,p-1),
or Q= (—oo,z1) x (0,T), Q" = (xp,00) x (0,T) (recall that by Theorem [B.I] and
assumption (Aj) the singular part of an entropy solution of (CL) is not supported
in these domains).

Remark 5.5. Conditions (5.10a))-(5.I0D) for subsolutions of (D) can be equiva-
lently rewritten as follows: for all k € R and 8 as above and for a.e. £,n € (a,b)

(5.23a)
[ ety -k @y drar > [ san (. 0) - B [, 0) - H)] B0 i

(5.23b)
Trb T
) Tt t) = K 1y 2 = [ s (G, t) k) CH (u,0)) = H (k)] B(1)

Similarly, conditions (5I3a)-(E.130) for supersolutions of (DY) equivalently read:
for all k € R and for a.e. £,n € (a,b)
(5.24a)

/[ [a(z,t) - k] (t)dxdtzfOngn,(ﬂ(g,t)—k)[H(a(g,t))—H(k)] B(t) dt

(5.24b)
ff [a(x,t) - k]_B'(t) dxdtz—fongn,(a(n,t) “K)[H@(n,t)) - H(K)] A(t) dt.

When 2 = (a,00) we have the following definition (we omit the formulation for
the case Q = (—o0,0)).

Definition 5.5. Let Q = (a,00), ug € L}, .(Q).

(i) An entropy subsolution of (D.) is any u € C([0,T]; L}, .(2)) such that (a) of
Definition holds.

(ii) An entropy subsolution of (D_) is any u € C([0,T]; L},.(Q)) such that (a) of
Definition holds, and for every k € R, 8 € C1(0,T), B > 0 inequality (5.10a)
holds.

(#ii) An entropy supersolution of (D, ) is any u e C([0,T]; L},.(€2)) such that (a’)
of Definition holds, and for every k € R, 8 € C1(0,7T), 3 > 0, inequality (5.13al)
holds.

(iv) An entropy supersolution of (D-) is any u € C([0,T]; L,.(2)) such that (a’)
of Definition holds.

(v) A function u € C([0,T]; L}, .(2)) is called an entropy solution of (Dg) if it is
both an entropy subsolution and an entropy supersolution of (Dg).

Comparison and uniqueness results for problem (Dpg) are given by the following
theorem (see [I3, Theorem 1.1]).

Theorem 5.1. Let Q = (a,b). Let ug,vg € BV(Q2), and my,ma,n1,n2 € R. Let u
be an entropy subsolution of (Dr), and U be an entropy supersolution of (Dg) with
ug, my and ms replaced by vo, n1 and ne. Then for a.e. t€ (0,T)

(5.25)

/Q[g(x,t)-w(x,t)mxgfﬂ[uo(x)—uo(x)mw([ml-n1]++[m2—n2]+)\|H'\|oot
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Similar results hold for Q = (a,00) and = (—00,b) if ug,v9 € BVipe(Q) N L®(Q).
In these cases for a.e. t € (0,T) there holds
(5.26)

Re|H' ||t
fa [u(z,t) —v(x,t)]s dx < /a [uo(x) —vo(z)]s dx + [my —ny ]| H | t

for every R> a if Q = (a,0), respectively

b _ b ,
fR [u(z,t) —v(x,t)]sda < fanH’Hwt[uO(x) —vo(x)]+ dx + [ma—na2]i|H | t

for every R < b if Q = (—o0,b). Therefore, in all cases there exists at most one
solution of (DR).

As for problem (Dg), the following holds.

Theorem 5.2. Let (Ag) hold. Let u, @ be an entropy sub- and supersolution of
(Dg) with the same boundary conditions. Then u < U a.e. in Q. In particular,
there exists at most one entropy solution of (Dg).

Proof. We only give the proof for (D7), as in the other cases of (Dg) it is similar.
We use the Kruzkov doubling method adapted to boundary valued problems (see
[3, 10, 111 12]). Let pe (e >0) be a symmetric mollifier in R, and set

C@t9.8) = per (@) pea(t =) on (L) oo(22) (@), (n5) € Q).

2 2
with o1 € C1(Q), o2 € C’l(O T), 0120, 02 >20. From (&I1) and (E8) we get
J san (1) ~ (o)) [H @, £)) = H (o, )]G (2. 1.9.5) +

+u(x,t) —u(y,s)]- Ct(x,t,y,s)} dxdt >0 for all (y,s) €@,

% {Sgn#—(ﬂ(yas) —ﬂ(:v,t))[H(g(y,s)) - H(ﬂ(:v,t))](y(:v,t,y, S) +

+u(y, s)-u(z,t)]+ (s (., y, s)} dyds >0 for all (x,1) € Q.

Recalling that [u], = [-u]- and sgn,(u) = —sgn_(-u) (u € R), we sum the above
inequalities integrated over Q) :
(5.27)

[[[[QQpelx v palt-9) {6 w9l o (L) (52 +

vsgn_ (@, ) -uly, s))[H @z, 0) - H(u(y, $))]7, (%“/) o9 (“7‘9)} dadtdyds > 0.

1= I pae =) pe (=)0 v, 9))- 01 () o ) dodtdyds,

I —ffff Per (T = Y) pe, (t = 8) X

 san (0, 1) - u(y, ) [H @2, 1)) - Hlu(y, )] o (o) o2 ) dededyds.

Observe that the difference between Iy and the first term in (527) vanishes as
€1 — 07; the same holds for the difference between I and the second term in (5.27).
Let a < £ < < b be fixed. By standard approximation arguments we can choose

o1(y) = 01,0(y) = n(y = E)X1e,ex1/m)1 (W) + X(e+1/nm-1/n) W) =Y = D) X[n-1/n.m ()
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where n € N and y € 2, thus
Ui(y) = nX[5,5+1/n](y) ~NX[n-1/n,n] (y)-
With this choice of o1, I5 reads
E+1/n
(5.28) Ir= n[ ds/ dy dqu (x—1vy) x

t+
25)_

o [[Tatsen- ux,t)—y(yas))[H(ﬂ(%f))—H(u(%s))]Peg(t_s)@(
Ll

[t s (@, 0) - uly, ) H @ 1)) ~ Huly, )]st 5) 0222,

By (5:24a) and (5.23h), from (E28) we obtain for a.e. &,1¢€ (a,b)

gij{,lo]z:/TdS/bdeq (z-¢) x

[t sn (1) (e )LH 1)) ~ Hu(E, )] e (1~ ) 0o
—/0 ds | d:vpel(iv—n) x

T S

x [t sgn (@G, t) - uCn, ) [H (@, 1)) - H @, 9) ] pea(t - 9) 0257 <
< [OTds[abdxpﬂ(x—s)[ont[jdz [(z,6) - u(€, 5)]- [ﬂer-S)"?(t;S)L '

+fOTdtfabdxpﬂ(x_n) /OTdS/nbdZ [u(z,s) —u(x,t)]: [p€2(t—s) JQ(HTS)]S =9.

As e; — 0% we obtain that

(5.29) lim S= OTdsfontf:dz [a(z, 1) —u(& 5)]- [pez(t—s)@(t%s)]t *

El‘>O+

det/fds/nbdz [u(ess) =) [ =) 22 )] <

§C€2T{f0Tdt/aEdz|ﬂ(z,t)| ; ({—a)f0T|g(§,s)|ds +

+/0Tds/nbd2 lu(z,s)| + (b—n)/OT|ﬂ(n,t)|dt},

Clearly, there holds

T ¢ T b
lim f dtf dz[u(z,t)| = lim f dsf dz|u(z,s)|=0
E—a*t JO a n—-b-J0 n

On the other hand, since [OT lu(&,s)|ds >0 and the map & — jOT lu(&, s)|ds belongs
to L'(€), there holds

t+5) B

esshmlnf (¢&- a)/ s)|ds=0

- for, otherwise there would exist ¢,d > 0 such that (£ - a)[OT [u(, s)|ds > ¢ for a.e.
¢e(a,a+9), thus £ - jOT lu(&,5)|ds ¢ L' (). Therefore, for every n € N there exist
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o, >0 and E, € (a,a + 0y), |E,| > 0, such that (£ - a)fOT lu(&,s)|ds < 1/n for a.e.
¢ e E,. Tt follows that a sequence {&,} ¢ 2 exists, such that:

(i) &, is a Lebesgue point of [OT lu(€, s)|ds,

(i1) &, — a™ as n — oo, and (&, —a)fOT [u(&n,s)|ds < = for all neN.
Similarly, there holds

T
essliminf (b-7) / lu(n, )] dt = 0

hence there exists {n,,} €, n,, > b~ as n — oo, with properties analogous to (i)-(i7)
above. Then writing (IB:ZSE) with & = &,, n =1, and letting n - oo we obtain that
the right-hand side of (529) goes to zero.

To sum up, following the above procedure and letting es — 0% from (EZ1), we
get for any oy € C1(0,7T), 09 >0,

(5.30) fo [@(x,t) - u(e, )] ob(t) dedt > 0.
Let 0 <ty <ty <T be fixed. By standard approximation arguments we can choose

02(t) = 02,0 () = n(E~t1)X[t1 41 +1/n] PX (E1+1/nta—1/n) T (E=12) X [ta=1/n 1] (neN).
Then from (E30) we get for all n

ft2 1/an u(x,t) —u(w,t)]- dedt < n/tﬁl/nf (z,t) —u(x,t)]-d

whence as n - oo
1) ~ (@ t)]-do < [ e, t) - ue,h)- de.
Since u,w e C([0,T]; L*(2)), as t; - 0* by (E9) and (EI2) there holds
fﬂ[ﬂ(m,tg) “u(zt2)]odz =0 for all £ € (0,T].
This proves the result. O

For future reference we prove the following generalization of [3, Lemma 4.4].

Proposition 5.3. (i) Let u be an entropy solution either of (DY), or of (D;).
Then there exists f e L*=(0,T) such that

T T
(5.31) ess lim, /O H(u(x,t)) () dt = fo FH() B() dt
for every B e CH(0,T), and
(5.32) limsup H(u) < f(t) <sup H(u) for a.e. te(0,T).
U—>00 ueR

(i1) Let u be an entropy solution either of (D*), or of (DZ). Then there exists
fo e L*(0,T) such that

T T
(5.33) ess lim, /0 H(u(z,t)) B(1) dt = fo F2(8) B(t) dt
for every B e CX(0,T), and
(5.34) 12D£H(u) <f @) < ILTEEOfH(“) for a.e. te(0,T).
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(iii) Let u be an entropy solution either of (DY), or of (D). Then there exists
fy € L=(0,T) such that

T T
(5.35) ess lim [ H(u(a,1)) B(t)dt - fo £ () B(1) dt

z—b~

for every B e CH0,T), and

(5.36) inﬂgH(u) < fo(t) <liminf H(u) for a.e. te(0,T).

(iv) Let w be an entropy solution either of (D7), or of (DZ). Then there exists
f, € L=(0,T) such that

T T
(5.37) ess lim fo H(u(z,1)) B(t) dt = fo £ (6) B(1) dt
for every B e CH(0,T), and

(5.38) limsup H(u) < f, (t) <sup H(u) for a.e. t€(0,T).

U—>—00 ueR
Proof. The existence of the limits in the left-hand side of (531)), (533)), (535) and
(E37) follows from (5.22al)-(5.22D), since for a.e. x €  there holds

T T
e [ Hu(@0)BW = [ sen. (u(e.0) -sgu_(u(e.))H (ul,0)B() dt

(recall that H(0) = 0). On the other hand, for every sequence {z,}, =, - a*, the
sequence {H (u(xy,-))} is bounded in L*°(0,7). Hence there exist a subsequence
{zn,} € {x,} and a function f' € L*(0,7) (independent of {z,,}) such that
H(u(zy,,-)) = fF in L=(0,T), thus (5.31) follows. Equalities (5.33), (5.35) and
(E310) are similarly proven.

Let us prove ([.32). Clearly, there holds fr(t) < sup,p H(u) for a.e. ¢t € (0,T).
To prove the first inequality, let us choose in [@8) ((x,t) = p(x)B(t) with p €
CH([a,b)), p=0, B e CH0,T), B >0. By standard arguments we can also choose
p=ao, with a € C}([a,b)), a >0, and

:2(I—a)—e

€

(5'39) UE(CC) : X[a+€/2,a+€](x) + X(a+6,b]($) (‘T € Q) :

Then for every k € R we obtain that
S A0 - Ko@) @)p @) +
+sgn, (u(z,t) = k)[H(u(x,t)) - H(k)] oe'(a:)aé(x)ﬂ(t)} dxdt >

> 22 sy [ sen, (u(e,t) - WH (D) - HE] a(z) do.
0 a+e/2

€
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Letting € - 0* and using (513al) and (E31]), we get that for every k € R
S (00 0-K1-a(5 (1) s, (uls )R U (i) -0 ()50} dde
> —a(a)ess zlir{l1+ /(Jngn+(u(x,t) - k) H(u(z,t)) - H(k)]B(t)dt =
T
= —a(a) {essmli)rgjo [H (u(x,t)) - H(k)] B(t) dt +
+ess mli_)rg fOTSgn_(u(a:, t) - k)[H(u(z,t)) - H(k)] 5(t) dt} >

<0
> a(a) [ L0~ HO)I B0 .
Letting k — oo in the above inequality gives
0< [ L0 -t H)] 50 .

whence by the arbitrariness of § inequality (.32)) follows.

To prove (B.34]) we argue as for (5.32), using inequality (&.10al), (511 and (533)
instead of (5.Y), (13a) and (E3I). Then we get for every k e R

ff{ ,t)=k]-a(z)B'(t) +sgn_(u(x,t)-k)[H (u(z,t))-H (k)] o' () 3(t) } dzdt >

T
> —a(a)ess lim/ sgn_(u(x,t)—k)[H(u(z,t))-H(k)]B(t) dt =
= ~a(a) { - ess hmf H(u(z,t)) - H(k)] B() dt +
+essmlir£1+f0 sgn+(u(a:,t)—k)[H(u(a:,t))—H(k)]ﬂ(t)dt} >

<0
>a(a) [ Lfa (1)~ HO) B0
As k - —oo in the above inequality, by the arbitrariness of 8 we obtain

[ () < llicrninf H(k) for a.e. t€(0,T),

thus (&34) follows. The proof of (B36) and (E38) is similar to that of (32]) and
(E.39), using

(5.40) 0c () = X[ap-e)(T) =

instead of (5.39); we leave the details to the reader. O

2(x—-b) +e€
QX[b—e,b—e/ﬂ(I) (reQ)

Finally we prove the following result.
Lemma 5.4. Let u be an entropy solution of (Dg). Then for every t € (0,T]
(5.41) luC )l @) < luolLr ) + 2 H oot -
Proof. By (B) and (54]) there holds

fo {Ju— k|Cs +sgn(u— k) [H(w) - H(K)]C) dads > - fQ luo - K| ¢(z,0) dx
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for every k € R and ¢ as above. By standard arguments we can choose ((x,s) =
ap(x)Bq(s) with
ap(z) = p(T = @)X[a,a+1/p) () + X[ar1/p,b-1/p) (T) = P(T = O)X[b-1/p,0] (T) »
Bq(8) = X[0,t-1/q) (8) = q(5 = 1) X[t=1/q.¢)(8)

for any fixed t € (0,7] and p,q € N sufficiently large. Then for k£ =0 as ¢ > oo we
get

[ uG@tlap(@)yde - [ fuo(@)lay(@)do <2 H|wt,
whence as p > oo (41 follows. O

6. PROBLEM (D): EXISTENCE
Let us recall the following result (see [I1 [13]).

Theorem 6.1. Let = (a,b), and let ug € BV (). Then there exists a unique
entropy solution v € BV (Q) n C([0,T]; L*(R)) of problem (Dg). Moreover,

(6.1) |l (@) < max {|ma, |mal, [uol L=(o)} -

The same holds for 2 = (a,00) and Q = (—00,b) with ug € BV,oc(2)NL> (), supp uo
compact. In these cases there holds u € BVjo.(Q)nL®(Q)nC([0,T7]; L, .(Q)), and
inequality (6.1)) is replaced by

(6.2) ] L= (@) < max {lmal, |uoll L=(o) }

if 9 = (a,0), respectively by |ul =gy < max {lmal, ol 1=(ay } i 2 = (~o0,b).

The above uniqueness claim follows from Theorem [5.1l Let us outline the proof
of the existence part; we limit ourselves to the case Q = (a, 00), the proof being the
same for Q = (—o00,b) and easier for 2 = (a,b).

Let fie, f2,e € C°(R) (0 <€e<1) be a partition of unity:

fl,éz 1 in (—007a+2\/g], supprEE (_Ooaa+3\/€|
foe=1 in [a+3\/€,00), supp fa.C[a+2\€00),
0<fie<l, S fie=1 in R,

such that, for i =1,2,

sup Hfi,,eHLl(]R) <oo,  sup \/EHfil,eHL“'(R) <00,  sup \/E”fi,,,e”LI(R) < o0.
e€(0,1) e€(0,1) e€(0,1)

Let ug € BV (2) n L () have compact support. Set
(6.3) Uge =My f1,e + [0c * uo] fa,e,

where {o.} is a family of standard mollifiers with supp o € [-\/€,1/€]. Then there
holds ug. € C°(R), uge = my in [a,a + /€], supp up. compact. Moreover,

(6.4) S(up) |woe] =0y < max {Jm1l, |uo =(a)} -
ec(0,1
(6.5) sup [ugerio) <o, sup €lug|Lra) < oo
€€(0,1) €€(0,1)
(6.6) uge > ug in LP(Q) for every pe[1,00), Uge — up N L=(9Q).

Let H e Wh*(R), H(0) = 0. Set
He(u) = ge(u) ([oc * H)(u) - [oc * H](0)) (ueR),
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where the family {g.} € C°(R) satisfies g. = 1 in (-1/¢,1/¢), 0 < ge(z) <1 in R,
supp ge € (—2/¢,2/e). It is easily seen that

{ He(0) =0, [He[wro) < [H|wr=m)

6.7
(6.7) H.—- H uniformly on the compact subsets of R.

Let u. € C*1(Q) be the unique classical solution of the parabolic problem

Uet + [Hé(ue)]m = €Uegy 1D Q
(De) Ue = 1M in {a} x (0,7T)
Ue = UQe ian{O},
with m € R, up. and H, as above (e.g., see [§]).

Lemma 6.2. There holds

(6.8) Suli) el =gy < max {Jm1], |uol L=(qa)} -

e€(0,

and there exists ¢ > 0 only depending on my, TV (uo; ), and |H w1« w)) such that

(6.9) sup [tes | L=(0miL1()) < ¢
ee(0,1)
(6.10) sup Juet|z=(o.miL1 () < ¢,
e€(0,1)
(6.11) sup (€fueslr=(g)) < c.
e€(0,1)

Proof. Inequality ([G.8) follows by the maximum principle and (G4]). Arguing as in

the proof of [13] Proposition 3.1] (see also [I]) and using ([G.5) gives (6.9)-(GI0). As
for (611]), integrating the first equation of (D.) over (a,z) gives

(612)  eualot) -~ everlat) = [ ualyt)dy+ Holud(e,0) - Ho(ma),
whence .

€luca(a,t)| < /a uct(y, )| dy + 2| H [[oo + |uca (2, 1)]-
Integrating the above inequality over (a,a + 1) and using ([6.9)-(6.10) we get
(6.13) €|ues(a,t)| <2|H|oo + ¢

for some ¢ > 0 independent of €. Then by (6.9)-(610) and (612)-(613) the estimate
in (@I1) follows. O

Proof of Theorem [6l. By estimates (G.8)-(6I0) the family {u.} is bounded in
L*=(Q), and there exists M > 0 (only depending on my, TV (uo;Q), | H [w1.-(r))
such that

sup ez HL""(O,T;Ll(Q)) + sup HuF-tHL""(O,T;Ll(Q)) <M.
€€(0,1) €€(0,1)

Then by embedding theorems there exist a sequence {u.,} € {u} and a function
ue BV(Q)nC([0,T]; L*()) such that

(6.14) ue, »u in C([0,T];L*(Q)) as n—oco.
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Arguing as in [I] shows that u is an entropy solution of problem (Dg), In fact,
let E,F.: R » R, E € C*(R), F. ¢ C'(R) and F/ = E'H!. Multiplying the first
equation in (D.) by E'(u.) ¢ gives for any ¢ € C1([0,7];CL(Q)), ¢(-,T) =0 in Q,
(6.15) —fQE(uoé)(a:)C(x,O)dx-kem{E"(ué)ufxc + [B(ud)]aCe} dudt =
T
= [ B+ PG dedt+ [ (Fuma) - B! (ma)uca(a, )} (a,t) dt.
Q 0

By standard regularization arguments we can choose in (GI5) E(uc) = [ue — ks,
thus obtaining for all k € R and ¢ as above, ¢ >0,

(6.16) f/c;{[u6 - k)i +sgn, (ue — k) [He(ue) - Ho(k)]C } dadt >
>€ /f@ sen, (ue — k) Uy G dadt - fQ[Uos - k)]s ¢(x,0)dx -
“sgn, (m1 - k) /OT[He(ml) ~HL(K) - euen(a,t)]C(a,t) dt
If ¢(-,t) e CH(Q) for all t € (0,T), from (6I6) we obtain
(6.17) /fQ{[uE = k]+C +sgn, (ue — k) [He(ue) = Ho (k)] } dadt >
> e/fQ sgn, (e — k) tey Cp dadt - /Q[er - k). ¢(x,0) dx.

On the other hand, choosing in 6.16) ((x,t) = X[a, e+1/n)(2)B(L) (§ €2, n € N) with
BeCL(0,T), B3>0, and letting n — oo plainly gives for every k € R

(6.18) fOTfag[ue(:v,t) k)L B (1) dadt —
- [ s l6.0) - W) [Heuee,)) - H(9)] B0 >
T
>e fo sgn, (ue (€, 1) = k) uen (6,8) B()dt —

T
—sgni(ml—k)/o [H.(m1) — Ho(k) - cucs(a,t)](1) dt.

Multiplying the first equation of (D.) by ((x,t) = X[a,e+1/m)(2)B(t) and letting
n — oo, one easily sees that

(6.19)—efOTuEx(a,t)B(t)dt:—e/OTuez(g,t)ﬂ(t)dt—
T re T
—/O f [uc(a,t) - K] (¢) dadt + /O [H, (uc(&,1)) - Ho(my)] B(t) dt.
From (EI8)-(@T9) we get
(6.20) fOT/; {[ue(z,t) — ks —sgn, (m1 — k) [uc(z,t) - k]} B (t) dedt >
> [ s e (€., (s =] [ 00) - H D] 5(0) e +
v [ o Cue(6.0) ~ K)sen, (m — )] nea (6.1) S(0)
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By (@), [@3) and (GI4) we can take the limit as €, — 0% in (GI7) and (620)

(written with € = €,). It follows that the function v in ([GI4]) satisfies the following
inequalities:
- for every k € R and for all ¢ € C'([0,T];CL(Q)), ¢(,T)=01in Q, ¢ >0 in Q,

A= k1o - s (k) (1 () = H(IG dvt 2 = [ fuo = k). C(a,0) da

- for every k € R and € C1(0,T), >0 and for a.e. £ €,
[ ) 1 s oms = W) e 0) K1) B0 o 2
> [ s () - B) s, (s - )] [BCu(e,0) - HOD] B0 e

Letting £ —» a* in the latter inequality and using Remark [5.] we conclude that u is
an entropy solution of (Dg). Hence the result follows. ]

Remark 6.1. In the proof of Theorem when Q = (a,b) one uses the family of
solutions of the problem

Uet + [Hé(ue)]m = €Uegy N Q

(D) Ue =M in {a} = (0,7)
¢ Ue =M in {b} x (0,7T)
Ue = UQe in Qx {0},

with mq1,mo € R, H. as above and ug. defined by a suitable partition of unity; we
leave the details to the reader.

Concerning (Dg) the following holds.

Theorem 6.3. Let (Ag) hold. When Q = (a,b) for any ug € L*(2) there exists an
entropy solution of (Ds). The same holds for any ug € L}, () if Q = (a,0), or
Q= (-00,b).

Proof. Let Q = (a,b). Let us prove the result for (D7), the proof being the same
for (DI), (DZ) and (D7). Let ug € BV (Q). By Theorem [6.1] for all n,p e N there
exists an entropy solution u,, —, € BV(Q)nC([0,T]; L' (Q)) of problem (D) with
mq =n, me = —p. In particular, there holds:

(a) by (B3)-(E3) and (GII)-(GI2), for every k € R and for all ¢ e C*([0,77]; CH(Q)),
¢(,T)=0inQ, (>01in Q,

621) ] {lnp = KJaGe st (o = R) H () = H(R))Co} dind 2
>~ [ [ug = k1. ¢(2,0) da

(b) by B2Za), for every B e C1(0,T), B >0, for a.e. £ € Q and for all k < n and
peR,

(6.22a) fo Tff[uny,p(x, t) - k]_B'(t) dedt >
> [ s (60 =) [F - (6:00) - HOD] B0



22 BERTSCH, SMARRAZZO, TERRACINA, AND TESEI

(c) by (E23H), for every 8 e C1(0,T), B >0, for a.e. n € Q and for all n € R and
k> -D,

(6.22b) fo Ib[um_p(;v,t) C KB () dwdt >

T
> = [ sen (o (0:6) = ) [H (a0, £)) = H(E)] B(8)

(d) by A, for every t e (0,7)
(6.23) [, —p ()l 210y < uolLre) +2 | H ot
Moreover, by inequality (.25, for all n,p € N there holds a.e. in @

(6.24a) Un,—p < Un+1,—p 5

(6.24b) Up—p > U1 -

Let p € R be fixed. By (623) and ([624a)) there exists oo, € L=(0,T; LY(Q))
such that

(6.25) Up,—p = Uoo—p in L'(Q) asn — oo.

Then letting n — oo in ([621]) gives
(626) [ {{te = K1aGo o+ s (o =) [H (e ) = H(R))Gr )} i >
>~ [ [uo - k). {(,0)

whereas from (6.22a)-([6.220) we get, for every B e C}(0,T), B> 0, for a.e. £,1 €
and for all k,p e R:

(6.27a) /OTff[umy,p(x,t) “ KB () dwdt >
> [ s e o (60) = ) [H e 6,8)) - HOD] 50

(6.27h) fo Tfnb[uoo7_p(x,t) CK]LB(t) dadt >

> _fOngn+(Uoo,—p(77,t)—k) [H (too,—p(n,))-H(E)] B(t) dt (k> —p).
Moreover, from ([G23)) and (6.245) we obtain

(6.28) [teo,—p () L1 (0) < JuolLr(oy + [H| oot for every te(0,T),
(6.29) Uso,—p > Uoo,—p-1 &.€. 1IN Q.

By 628)-([629) there exists oo, -0 € L=(0,T; L'()) such that
(6.30) Uoo—p = Uoo—co i1 L' (Q) as p — oo.

Then letting p - oo in (E20) shows that e o satisfies (0.8) and (GII). In
addition, letting p - oo in ([G.27a)-(6.270) proves that ue —o satisfies (B.I0D) and
(EI34) for every k € R (see Remark B5)). By Remark Bl and arguing as in the
proof of [2, Proposition 3.20], it can be checked that e o € C([0,T]; L*(Q)) and,
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by construction, e —co(+,0) = ug in M(Q). Therefore (BI) and (I2) follow as
well, and e —oo 1S an entropy solution of (D7).

It remains to remove the assumption ug € BV (). To this purpose, let vg €
BV (), and let v - be the entropy solution of (D7) with initial data vy con-
structed by the above procedure (and with the same boundary conditions considered
in the construction of e —o0). Then by (23] there holds

(6.31)  Jtroo,~00 (1) = Voo,-00 (s 1) | L1(02) < |0 — w011 () for every t€(0,T).

Let ug € L'(), let {ug;} € BV(Q) be any sequence such that ug; - ug in L'(£2).
Let {u;} = {(teo,-0);} be the sequence of entropy solutions to problem (D7) con-
structed as above, with initial data ug;. Then for all j € N:

(a) for every k € R and for all ¢ € C1([0,T];CL(R)), ¢(-,T)=01in Q, ¢ >0 in Q,
(6.32) S (G = K1+ sn, Gy = 0 [ () - HOIG,) o >

2—fgl[uoj—k]iC(x,O)dx;
(b) for all Be CL(0,T), 820, for all k€R and for a.e. £, €

(6.33a) Ajj/ag[Uj(x,t) —k]-B'(t) dzdt >
> sy (6.0 - 0 [H (s (6, 0) - H]6(0)

(6.33b) fOT/nb[uj(x,t) - k], B (t) dzdt >

T
> = [ sen (i ()~ 1) [H (s (,0)) - H0)] B(0) de.
By (G31)) there holds
|lui = ujllLi@) < Tluwoi — woj| L) forall 4,j €N,

thus there exists u € L'(Q) such that u; »u in L*(Q) as j — co. As before, there
holds u € C([0,T]; L*(2)). Then letting j — oo in ([6.32) and (6.33a)-(6.33h) the
result for (D7) follows. The other cases of (Dg) can be dealt with similarly, hence
the conclusion follows if Q = (a,b).

The above arguments easily extend to the case of half-lines. For instance, let
Q= (a,00), my =00 and ug € BV(Q)nL=(2). Then by Theorem [6.T] and inequality
(E26) there exists a sequence {uy, } of entropy solutions of (Dg), such that for every
t e (0,T) |un(-t)nr() € luolli) + 2[H|oot, and uy, < up41 ae. in Q for all
n € N. Then letting n — oo we obtain an entropy solution ue, of (D,) in this case.
Moreover, if vg € BV (Q) n L=(2) and v is the corresponding entropy solution of
(D.) with initial data vy constructed as before, by (5.20) there holds

(6.34) oo (1) = Voo ()| L1 (a,r) < |10 = VoLt (a,Re|H7| oty for every e (0,T).

Now let ug € L, (2), and let {ug;} € BV () n L>(), supp up; compact, ug; —>
ug in L}, (). Let {u;} = {(us);} be the sequence of entropy solutions of (D)
constructed as above, with initial data ug;. By (634) {u;} is a Cauchy sequence in
L>=(0,T; L*(K)) for every compact subset K c . Then by a diagonal argument
the conclusion easily follows. O
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7. WELL-POSEDNESS OF PROBLEM (CL)
In this section we prove Theorem [B.3]

We first prove the existence claim. Rewrite (A1) as follows:

ks S

(7.1) Ugs = 20;513_ - Zc;»&w/jx (c;>0,r+s=p).
j=1 j=1

For every j =1,...,p such that ¢; >0 we set

t
(7.2) i) =[ei- [ [ -ra@]ds]  telo.1)),

with f++ satisfying (B.3I) (written with 27 instead of a) and f;- satisfying (2.35)
(wrltten with x; instead of b); observe that by (£.32) and (.36) there holds

(7.3) f;;(s) - f%(s) >0 for a.e. se(0,7T).

Similarly, for every j =1,...,p such that ¢; <0 we set

¢
(7.4) ;0 =[e- [ [ -1m@]ds] e,

with f : satisfying (B.33) (written with 7 instead of a) and f,_ satisfying (.37
(wrltten with x; instead of b); observe that by (5.34) and (5.38) there holds

(7.5) f;;(s) - f;;(s) <0 forae. se(0,7).

Let t; = sup{t € [0,T]|C5(t) >0} >0 (j = 1,...,p). Then t; >0 since C5(0) =
+cj > 0. By (Z3) and (ZF) C; is nonincreasing in (0,7"), whence C5 > 0 in [0,;)
and, if £; < T, there holds C3 = 0 in [#;,T]. Let 7y := min{ty,...,%,}, and define
uweC([0,71]; M(R)) as follows:

(7.6a)

in Q1 ., u, is the entropy solution of (D*) if ¢; >0, of (D7) if ¢1 < 0;

in Q- (j=2,...,p) u, is the entropy solution of (D}) if min{c;_1,¢;} >0,

of (DZ) if max{cj_1,¢;} <0, of (D7) if ¢j.1 >0>¢;, of (DF) if ¢jo1 <0< ¢j;

in Qp+1,7 ur is the entropy solution of (D, ) if ¢, >0, of (D-) if ¢, < 0.

S

(7.6b) (e 1) Z PACLe

By Definitions B.2] and u is an entropy solution of (CL) in Q; ., for j =
1,...,p+1. Hence u is an entropy solution of (C'L) in S, if we prove B1)-(B2)
with Q =R, 7 =7 for all ( e C*([0,71];C}(R)), ¢ >0, ((-,71) =0 in R, such that
supp(n ({x]} x (0,7'1)) +#@ forsomej=1,...,p

We only give the proof when ¢(z,t) = a(x)S(t) with a € C}(R), a >0, a(z;) >0
for a unique j € {1,...,p}, and B € C1([0,71]), B >0, B(71) = 0 (the general case
can be dealt with similarly). We also assume ¢; > 0, since the proof is similar for
¢; < 0. Let us first prove (B)) in this case, namely

@ [ G H@)Gldedts [ o (@)o(,0)do -
DG oy = (W06 CC O )
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for all ¢ as above. From (T2]) we obtain
T1
(7.8) fo <us(.’t)’<t(.’t»(ﬂﬂj—l,%‘u) dt + <u05’<("0)>(ﬂﬂj71,1j+1) -
T1 T1
=) ([T HOC O derespO)zaten) [ 1051 0] B0 dr
On the other hand, since u is a solution of (CL) in Qj41,,, by (3] there holds

fom’Tl{(ur — k)& +[H(u,) - H(E)] §m} dadt = - f [uor(2) - k] &(,0) da

T+
for all ke R and ¢ e C*([0,71];CL(Lj41)), €(-,71) =0 in I41. Let n, be defined by
ng(x) = [2q(z - ;) = 1] X[mﬁ%q,:cﬁ%](x) + X($j+%,$j+1]($) ’

and let ¢ € CY([0,71];CL([zj,24+1))), C(,m1) = 0 in ;1 (here x4y = oo if j = p).
By standard arguments we can choose £ = (7, in the above equality. Then we get

fo {(ur - k)Gng + [H(ur) - H(k)] Cmnq}dxdt+

j+1l,7q
71 raj+l/q
+ [ Tuor(@) = K@, 0mg(@)da = ~2q [ [ CLH () - H(E)IC dade.
Tje1 0 zj+1/2q
Letting ¢ — oo in the above equality plainly gives (see (B.31]) and (Z.Gal)):

@9 [f, (k)G [ )~ H )G} dedts [ [uon () k]G, 0) dr =

J+1

= —ess lim_ [ TH (up (2,1)) — H(k)] C(a t) di =

T
J
T1
0

- [ U O - HE0C (st dt

Since u is an entropy solution of (CL) in Qj41,-,, arguing as before we obtain

foMT{Jur-kKﬁsgn (ur—k) [H (uy)~H(E)] ¢ }dadt +flj+|lu0T(a:)—k|<(:c, 0)dz>
> —ess wlir;lf /OTI sgn (uy(x,t) = k) [H(ur(x,t)) — H(k)]{(x,t) dt

for all ¢ as above, ¢ > 0. Choosing ((z,t) = a(z)B(t) with o € C}([zj,24+1)),
BeCH([0,71]), >0, 3>0and B(71) =0, by (EI3a) from the above inequality we
obtain

(7.10) fo{lu — |G+ sgn (ur = k) [H (u) = H(K)] G, } dadt +
N fl j+l|u0T(3:)—k|<(:1:,O)d:1:+ess$lir;1; fo " LH (un (2, 8)) - H (B)] C(a, ) dt >
> —2essmlij£1;/0ﬁ sgn_(ur (2, 1) — k) [H(up(2,)) - H(k)] C(z,t) dt =
= -20(z;)ess lim, 7 sen )= [, 00) - H (0] 58 i > 0,

since sgn (u) =1+ 2sgn_(u).
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Replacing Qj+1,-, by Qj,, we obtain, similarly to (Z9)-(710),

(7.11)][62’_T{(uT—k)Q+[H(ur)—H(k)]Cm}d:vdt+flv[uoT(x)—k]C(x,O)dx -
—esstim [ (ur(a0) - HOOG.t) dt= [ VL0 HDIG ) d,

(7.12) f/c; ) {lur = k| ¢ +sgn (up — k) [H(u,) — H(k)] (e} dadt +
+fl_|u0T(x)-k|<(x,0)dx - esslim fOTl[H(ur(a:,t))—H(k)]C(x,t) dt >0,

Summing (73) and (ZIT)) gives
) [ fjjuljﬂ [y + H (uy) G ] davdlt + fljuljﬂ uop(2)C(,0) dv =

——a() [T [f0 - fE@]p@ dr.
Then equality (7)) follows from (T.8) and (TI3).

Next we prove ([B.2)) for all ¢ as above, namely
(7.14) f fl Ay k|G + g0 (ur = k) [H () = H(R)] G} dadt +
0 jYUlj+1
T1
e O G D) sy 4 (0] GO s 2
> [ fuor(@) - KI¢(@,0) do
IjUIj+1

Since w is an entropy solution of (CL) in Q; -, and Qj1.-,, from (E31), (E35),
(CI0) and [ZI2) it follows that

‘/071‘/IVUI’.+1{|’U/T - k| Ct +sgn (’U,T - k) [H(ur) - H(k)] ng}dl’dt "
+[Ijulj+l|u0r($) - k|¢(z,0)dz > —a(x;) foﬁ [f;j (t) - f;J_ (t)]ﬂ(t) dt .

Since |ugs|L (zj-1,%j+1) = uos L (zj-1,xj41) (recall that ¢; > 0 by assumption) and
by (6D |us(- )| L (2j-1,2j41) = us(,t) L (xj_1,2541) for all ¢ € [0,T], the above
inequality together with (78] implies (ZI4). Therefore, the measure u defined by
([TH) is an entropy solution of (C'L) in S;,.

If 71 < T, either us(+,71) =0, or us(+,71) # 0. If us(+,71) = 0, there holds C5 (1) =
Oforall j=1,...,p, thus us(-,¢) =0 for all t € [71,T]. Then, by the standard theory
of scalar conservation laws, we can continue the solution of (CL) in (71,7T] with
initial data w,(-,71). On the other hand, if us(-,71) # 0, then C5(71) # 0 for some
j=1,...,p and, arguing as before, we can continue the solution of (CL) in (71, 72],
with initial data u(-,71), for some 75 € (71, T]. Tterating the procedure ¢ times with
2 < ¢ <p, we obtain that either 7, =T, or us(:,74) = 0.

Let us now address uniqueness. Let u,v € C([0,T]; M(R)) be entropy solutions
of (CL), and let 7 := min {¢,,t,}, where

ty :=sup{t € [0,T)|suppus(-,t) = supp ugs }
Ly i=sup {t € [07 T) |Supp US('u t) = Supp uOs} :
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Arguing as at the end of the existence proof, it is enough to show that u = v in
M(S;). We claim that this follows, if we prove that

(7.15) Uy =V, a.e.in Sr.

In fact, equalities (0] and (Z.I5) imply that, for all ¢ € C1([0,7]; CH(R)), ¢(-,7) =0
in R,

fo?us(»t)—vs(-,t),Ct(~,t))R dt=fLT{(ur—vr)<t +[H(uy)-H(u,) ]} dadt = 0.

Hence (us(-,t) - vs(+t),a)r = 0 for a.e. t € (0,7), for all @ € C}(R). Therefore
us = vs in L=(0,7; M(R)), thus (CIH) implies u = v in M(S,).

It remains to prove (7.10]), which is equivalent to showing that u, = v, a.e. in Q; -
for all j =1,...,p+ 1. However, this follows from the uniqueness results provided
by Theorem [5.21. Then the result follows. m
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