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 𝜂

𝜂 ⊗

 𝐱0  𝐱𝑝

𝐱0  

𝐌̂ =
1

𝑃
∑ 𝐱𝑝𝐱𝑝

𝐻𝑃
𝑝=1  

𝐱0
𝐻𝐌̂−1𝐓[𝐓𝐻𝐌̂−1𝐓]

−1
𝐓𝐻𝐌̂−1𝐱0 

𝐻1
≷
𝐻0

 𝜂



 

𝜂

𝐱0
𝐻𝐌̂−1𝐓[𝐓𝐻𝐌̂−1𝐓]

−1
𝐓𝐻𝐌̂−1𝐱0

𝑃+ 𝐱0
𝐻𝐌̂−1𝐱0

=
𝑇𝑃𝑜𝑙−𝐴𝑀𝐹

𝑃+ 𝐱0
𝐻𝐌̂−1𝐱0

 

𝐻1
≷
𝐻0

 𝜂

𝜂

𝐱0

≥

 

 



 

∑ 𝐀𝐻(𝑞)𝐝(𝑚 − 𝑞)
𝑄−1
𝑞=1

 {𝐀(𝑞)}𝑞=1
𝑄−1

~𝒞𝒩

𝑓0(𝐱0| 𝐑, {𝐀(𝑞)}𝑞=1
𝑄−1
) = (𝜋𝐿|𝐑|)−(𝑀−𝑄+1) 

× exp{ − ∑ [𝐱0(𝑚) −∑ 𝐀𝐻(𝑞) 𝐱0(𝑚 − 𝑞)

𝑄−1

𝑞=1

]𝐑−1  [𝐱0(𝑚)

𝑀

𝑚=𝑄

−∑𝐀𝐻(𝑞) 𝐱0(𝑚 − 𝑞)

𝑄−1

𝑞=1

]

𝐻

 } 

𝐱0 𝐱0

 [𝐀𝐻(𝑄 − 1)  𝐀𝐻(𝑄 − 2) … 𝐀𝐻(1)]𝐻

𝐱̃0 [𝐱0
𝐻(𝑚)  𝐱0

𝐻(𝑚 + 1)…𝐱0
𝐻(𝑚 + 𝑄 − 1)]𝐻

𝐱̃0 𝐱̃0 𝐱̃0



 

𝐬̃ 𝐬̃ 𝐬̃

𝐬̃  [𝐬𝐻(𝑚)  𝐬𝐻(𝑚 + 1)…𝐬𝐻(𝑚 + 𝑄 − 1)]𝐻 = 𝐭̃ ⊗α

𝐭̃

𝜚 𝜚

𝑓γ(𝐗0| γ𝛂,𝐑,𝐀) = (𝜋
𝐿|𝐑|)−(𝑀−𝑄+1)

× exp{−tr[(𝐗0 − γ𝐒)
𝐻𝐏 (𝐗0 − γ𝐒)]} 

𝐇𝐻𝐑−1𝐇 [−𝐀𝐻 𝐈𝐿] ∙

 

max𝛂{𝑓1(𝐗0| 𝛂, 𝐑,𝐀)}

𝑓0(𝐗0|𝐑,𝐀)

𝐻1
≷
𝐻0

𝜂0

𝜂0

α

𝑇𝑃𝑜𝑙−𝐴𝑅−𝑀𝐹 = 2 ∑ 𝐱̃0
𝐻(𝑚) 𝐏 𝚺(𝑚) 

𝑀−𝑄

𝑚=0

[∑ 𝚺𝐻(𝑚)𝐏 𝚺(𝑚)

𝑀−𝑄

𝑚=0

]

−1

 

×  ∑  𝚺𝐻(𝑚) 𝐏 𝐱̃0(𝑚)

𝑀−𝑄

𝑚=0

𝐻1
≷
𝐻0

𝜂𝐴𝑅−𝑀𝐹



 

𝚺 𝐭̃ ⊗

∑ 𝚺𝐻(𝑚)𝐏𝚺(𝑚) 𝑀−𝑄
𝑚=0

𝑇𝑃𝑜𝑙−𝐴𝑅−𝑀𝐹 = 2 ∑ 𝐱̃0
𝐻(𝑚) 𝐕(𝑚) 

𝑀−𝑄

𝑚=0

𝐖−1 ∑  𝐕𝐻(𝑚) 𝐱̃0(𝑚)

𝑀−𝑄

𝑚=0

𝐻1
≷
𝐻0

𝜂𝐴𝑅−𝑀𝐹  

𝐱̃0

√2∑ 𝐲0(𝑚)
𝑀−𝑄
𝑚=0 .

𝐭̃ 𝑒𝑗2𝜋𝑓𝑑𝑚 𝐭̃

𝑇𝑃𝑜𝑙−𝐴𝑅−𝑀𝐹 = 2 ∑ 𝑒𝑗2𝜋𝑓𝑑𝑚 𝐱̃0
𝐻(𝑚)𝐕(0) 

𝑀−𝑄

𝑚=0

𝐖−1

× ∑  𝑒−𝑗2𝜋𝑓𝑑𝑚 𝐕𝐻(0)𝐱̃0(𝑚)

𝑀−𝑄

𝑚=0

𝐻1
≷
𝐻0

𝜂𝐴𝑅−𝑀𝐹

𝐲0
′ 𝐱̃0



 

 𝐱0

𝑇𝑃𝑜𝑙−𝐴𝑅−𝑀𝐹 = 𝐱0
𝐻𝐁 𝐂 𝐂𝐻𝐁𝐻𝐱0

𝐻1
≷
𝐻0

𝜂𝐴𝑅−𝑀𝐹

[

𝟎𝐿𝑚×𝐿
𝐕(𝑚)

𝟎𝐿(𝑀−𝑄−𝑚)×𝐿

]

𝐂 = √2(𝟏𝑀−𝑄+1×1⊗𝐖−
1
2)

√2(𝐭̅ ⊗𝐖−
1

2) 𝐭̅

 

𝐀  𝐑

 

𝐗̅

𝑓0(𝐗̅| 𝐑, 𝐀) 𝜋𝐿|𝐑| 𝐗̅ 𝐗̅

𝐀̂ =  𝐐̂00
−1𝐐̂01



 

𝐑̂ =
1

𝑃(𝑀 − 𝑄 + 1)
(𝐐̂11 − 𝐐̂01

𝐻 𝐐̂00
−1𝐐̂01)

𝐐̂00  𝐐̂01 𝐐̂11

𝐐̂  = 𝐗̅ 𝐗̅𝐻 = [
𝐐̂00 𝐐̂01
𝐐̂01
𝐻 𝐐̂11

]

𝐐̂

𝐐̂  = ∑ ∑ 𝐱̃𝑝(𝑚)𝐱̃𝑝
𝐻(𝑚)

𝑀−𝑄

𝑚=0

𝑃

𝑝=1

𝑇𝑃𝑜𝑙−𝐴𝑅−𝐴𝑀𝐹 = 2 ∑ 𝐱̃0
𝐻(𝑚) 𝐏̂ 𝚺(𝑚) 

𝑀−𝑄

𝑚=0

[∑ 𝚺𝐻(𝑚)𝐏̂ 𝚺(𝑚)

𝑀−𝑄

𝑚=0

]

−1

× ∑  𝚺𝐻(𝑚) 𝐏̂ 𝐱̃0(𝑚)

𝑀−𝑄

𝑚=0

𝐻1
≷
𝐻0

𝜂𝐴𝑅−𝐴𝑀𝐹

𝐏̂  = 𝐇̂𝐻𝐑̂−1𝐇̂  𝐇̂ = [−𝐀̂𝐻 𝐈𝐿]

 

𝐀̂ 𝐑̂ 



 

 

 𝐳̆0 = 𝐂
𝐻𝐁𝐻𝐱0

𝐳̆0

𝑇𝑃𝑜𝑙−𝐴𝑅−𝑀𝐹 = ‖𝐳̆0‖
2

𝐱0

𝐳̆0

𝐳̆0|𝐻0~𝒞𝒩

𝜒2𝐿
2

𝑃𝑓𝑎 = ∑
 𝜂𝑙

 2𝑙  Γ(𝐿 − 𝑙)

𝐿−1

𝑙=0

𝑒− 
𝜂
2

Γ ∙ 𝜂

𝜂𝐴𝑅−𝑀𝐹

𝜂𝐴𝑅−𝐴𝑀𝐹  

𝑇𝑃𝑜𝑙−𝐴𝑅−𝐴𝑀𝐹  

 

 

𝐳̆0

𝑇𝑃𝑜𝑙−𝐴𝑅−𝐴𝑀𝐹  
𝑎𝑠𝑦𝑚𝑝.

→     𝑇𝑃𝑜𝑙−𝐴𝑅−𝑀𝐹 ~ 𝜒2𝐿
2 (0)



 

𝛖 𝐳̆0|𝐻1~𝒞𝒩 𝛖

𝑇𝑃𝑜𝑙−𝐴𝑅−𝐴𝑀𝐹  
𝑎𝑠𝑦𝑚𝑝.

→     𝑇𝑃𝑜𝑙−𝐴𝑅−𝑀𝐹 ~ 𝜒2𝐿
2 (ς)

𝜒2𝐿
2 (ς)

ς = ∑ |𝜐𝑙|
𝐿−1
𝑙=0

2
= ‖𝛖‖2

𝑃𝑑 = 𝑄𝐿(√ς,√𝜂) = ∫ 𝑥 (
𝑥

√ς
)

𝐿−1

exp (−
𝑥2 + ς

2
)

∞

√𝜂

𝐼𝐿−1(√ς𝑥) 𝑑𝑥

𝐼𝐿−1(√ς𝑥)

𝜒2
2(ϱς)

ϱ ϱ

 

ααH 𝐳̆0

𝐭𝐭𝐻⨂𝐌t

≜

Prob{‖𝐳̆0‖
2 > 𝜂 |𝐻1} 𝐳̆0|𝐻1~𝒞𝒩

𝛾 𝛾 ≤

 𝜇𝑟

𝑃𝑑 = ∑ ∑
−𝑒

−
𝜂
 𝛾𝑟  𝜂𝑘

Γ(𝑘 + 1)

𝜇𝑟−1

𝑘=0

𝑅−1

𝑟=0

𝛿𝑘,𝑟

𝜂 𝛿𝑘,𝑟



 

𝛾

𝑃𝑑 = ∑
𝜂𝑙

𝛾0
𝑙  Γ(𝑙 + 1)

𝐿−1

𝑙=0

𝑒
− 
𝜂
𝛾0

𝑇𝑃𝑜𝑙−𝐴𝑅−𝐴𝑀𝐹  
𝑎𝑠𝑦𝑚𝑝.

→     𝑇𝑃𝑜𝑙−𝐴𝑅−𝑀𝐹 ~ Γ(𝐿, 𝛾0)

𝑃𝑑 =∑
𝛾𝑙
𝐿−1

∏ (𝛾𝑙 − 𝛾𝑖)
𝐿−1
𝑖=0
𝑖 ≠𝑙

 

𝐿−1

𝑙=0

e
−
𝜂
𝛾𝑙

𝑇𝑃𝑜𝑙−𝐴𝑅−𝐴𝑀𝐹  
𝑎𝑠𝑦𝑚𝑝.

→     𝑇𝑃𝑜𝑙−𝐴𝑅−𝑀𝐹 ~ ∑
𝛾𝑙
𝐿−2

∏ (𝛾𝑙 − 𝛾𝑖)
𝐿−1
𝑖=0
𝑖 ≠𝑙

𝐿−1

𝑙=0

 e
−
𝜂
𝛾𝑙

 

𝜎𝑑,𝐻𝐻
2 = 𝜎𝑑,𝑉𝑉

2 = 𝜎𝑑
2  𝜎𝑑

2

𝜌𝐻𝐻/𝑉𝑉

 𝜎𝑑,𝐻𝑉
2 = 𝜎𝑑

2

𝜌𝐻𝑉/𝐻𝐻 = 𝜌𝐻𝑉/𝑉𝑉



 

• 

• 

• 



 

• 

α

𝑎𝑡[1 e𝑗Δ𝜙𝐻𝐻/𝑉𝑉 √𝜉𝑡e
𝑗Δ𝜙𝐻𝐻/𝐻𝑉]

𝑇
𝜉𝑡 Δ𝜙𝐻𝐻/𝑉𝑉 = 𝜋/4 Δ𝜙𝐻𝐻/𝐻𝑉 = 𝜋/2

|𝑎𝑡|
2/𝜎𝑑

2

 



 

𝑓𝑑

α

𝜎𝑡
2 [

1 𝜌𝑡 0
𝜌𝑡 1 0
0 0 𝜉𝑡

]

  



 

𝜌𝑡

 𝜌𝑡  𝜉𝑡

 



 

• 

• 

• 

• 

𝐲0

• 



 

• 

• 

 

• 

• 

≥

• 

• 



 



 

𝜌𝑡

𝜌𝑡

𝑃𝑓𝑎 = 10
−3

𝜌𝑡 𝑓𝑑

𝜌𝑡 = 0

𝜌𝑡

𝜌𝑡



 

𝜌𝑡

 

𝑃𝑑 𝑃𝑓𝑎 = 10
−3

𝑃𝑑 𝑓𝑑 𝜌𝑡

𝑃𝑑 𝑓𝑑 𝜌𝑡 𝜌𝑡



 

 



 

 

 

𝑇𝑃𝑜𝑙−𝐴𝑅−𝑀𝐹 = 𝐱0
𝐻𝐁 𝐂 𝐂𝐻𝐁𝐻𝐱0

𝐻1
≷
𝐻0

𝜂𝐴𝑅−𝑀𝐹



 

𝐱0

𝑃𝑓𝑎 = ∑
 𝜂𝑙

 2𝑙  Γ(𝐿 − 𝑙)

𝐿−1

𝑙=0

𝑒− 
𝜂
2

𝜂

𝐱0𝐱0
𝐻

{
𝐀𝑚𝑖𝑠 = 𝐌̅00

−1𝐌̅01
𝐑𝑚𝑖𝑠 = 𝐌̅11 − 𝐌̅01

𝐻  𝐌̅00
−1𝐌̅01

𝐌̅ = [
𝐌̅00 𝐌̅01
𝐌̅01
𝐻 𝐌̅11

] 𝐌̅00

 𝐌̅01 𝐌̅00

𝐌̂ 𝐌



 

 

 𝐳̆0 = 𝐂
𝐻𝐁𝐻𝐱0 𝐳̆0

𝐳̆0

𝐂𝐻𝐁𝐻 𝐌 𝐁𝐂

𝐳̆0|𝐻0~𝒞𝒩(𝟎𝐿×1, 𝐃0)

 ‖𝐳̆0‖
2 . 

≠

𝛾0, … , 𝛾𝑅−1  ≤

 𝜇𝑟

𝐁 [𝐁0 𝐁1 … 𝐁𝑀−𝑄]

𝐂 √2(𝟏𝑀−𝑄+1×1⊗𝐖−
1
2)

𝐁𝑚 [

𝟎𝐿𝑚×𝐿
𝐏𝚺(𝑚)

𝟎𝐿(𝑀−𝑄−𝑚)×𝐿

]

𝐖 ∑ 𝚺𝐻(𝑚)𝐏 𝚺(𝑚)

𝑀−𝑄

𝑚=0

𝐏 𝐇𝐻𝐑−1𝐇

𝐇 [−𝐀𝐻 𝐈𝐿]

𝚺(𝑚) 𝐭̃(𝑚) ⊗ 𝐈𝐿

𝐭̃(𝑚)



 

𝑃𝑓𝑎 = ∑ ∑
−𝑒

− 
𝜂
𝛾𝑟  𝜂𝑘

Γ(𝑘 + 1)

 𝜇𝑟−1

𝑘=0

𝑅−1

r=0

𝛿𝑘,𝑟

𝜂 𝛿𝑘,𝑟  𝜇𝑟

𝜂𝐴𝑅−𝑀𝐹

  𝜇𝑟

𝑃𝑓𝑎 =∑ 

𝐿−1

𝑙=0

𝛾𝑙
𝐿−1

∏ (𝛾𝑙 − 𝛾𝑖)
𝐿−1
𝑖=0
𝑖 ≠𝑙

e
−
𝜂
𝛾𝑙

𝜆0

 𝜇0

𝑇𝑃𝑜𝑙−𝐴𝑅−𝑀𝐹 ~ Γ(𝐿, 𝛾0)

𝑃𝑓𝑎 = ∑
(
𝜂
𝛾0⁄ )

𝑘
𝑒
−
𝜂
𝛾0

Γ(𝑘 + 1)

𝐿−1

𝑘=0

γ

𝜂𝐴𝑅−𝑀𝐹



 

 

 

𝐳̆0

𝛖 = 𝐂𝐻𝐁𝐻𝐬

𝐳̆0|𝐻1~𝒞𝒩 𝛖

 𝑇𝑃𝑜𝑙−𝐴𝑅−𝑀𝐹 = ‖𝐳̆0‖
2

𝑃𝑑 ≈ 1 −
𝑒−𝑝0 𝜂

𝑝0√2𝜋
∑

1

1 − 𝑝0𝛾𝑙

𝐿−1

𝑙=0

𝑒
∑ |𝜐̿𝑙|

2𝐿−1
𝑙=0 [

1
1−𝑝0𝛾𝑙

−1]

√|
1
𝑝0
2 − ∑ [

𝛾𝑙
2

(1 − 𝑝0𝛾𝑙)
2 (1 +

2|𝜐̿𝑙|
2

1 − 𝑝0𝛾𝑙
)]𝐿−1

𝑙=0 |

𝜂  𝜔0 β

𝜔0 β

 

 𝐌𝑡 = 𝐸{𝛂𝛂
𝐻} 𝐳̆0

 𝐃0
′ =

𝐃0 + 𝐂
𝐻𝐁𝐻 (𝐭𝐭𝐻⨂𝐌t) 𝐁𝐂 𝐳̆0|𝐻1~𝒞𝒩(𝟎𝐿×1, 𝐃0

′ )

𝑃𝑑 = ∑ ∑
−𝑒

(−
𝜂

𝛾𝑟
′)
 𝜂𝑘

Γ(𝑘 + 1)

𝜇𝑟
′−1

𝑘=0

𝑅−1

𝑟=0

𝛿𝑘,𝑟
′

𝜂 𝛾0
′ , … , 𝛾𝑅−1

′ ≤  𝐃0
′

 𝜇𝑟
′ 𝛿𝑘,𝑟 

′

 𝛾𝑛 𝛾𝑟
′



 

 

• 

 ≠ 4

• 

𝚷⊗𝚼 σ𝑛
2𝐈𝐿𝑀

𝚷

𝚼 σ𝑛
2

𝜎𝑑
2

𝚷

 𝜚  Π𝑚,𝑝 =

𝜚(𝑚−𝑝)
2

𝜎𝑑,𝐻𝐻
2 = 𝜎𝑑,𝑉𝑉

2 = 𝜎𝑑
2 𝜎𝑑

2

 𝜎𝑑,𝐻𝑉
2 = 𝜉𝑑  𝜎𝑑

2, 𝜉𝑑

𝜌𝐻𝐻/𝑉𝑉

𝜌𝐻𝑉/𝐻𝐻 = 𝜌𝐻𝑉/𝑉𝑉



 

𝚼 = 𝜎𝑑
2 [

1 𝜌𝐻𝐻/𝑉𝑉 0

𝜌𝐻𝐻/𝑉𝑉 1 0

0 0 𝜉𝑑

]



 

• 

• 

𝑄̅

𝑄̅

≥

𝑓𝑑

α 𝑎𝑡[1 e𝑗Δ𝜙𝐻𝐻/𝑉𝑉 √𝜉𝑡e
𝑗Δ𝜙𝐻𝐻/𝐻𝑉]

𝑇
𝜉𝑡

Δ𝜙𝐻𝐻/𝑉𝑉 𝜋 Δ𝜙𝐻𝐻/𝐻𝑉 𝜋

α

 𝐌𝑡 = 𝜎𝑡
2 [
1 0 0
0 1 0
0 0 𝜉𝑡

]

𝜉𝑡 𝜉𝑡

|𝑎𝑡|
2/𝜎𝑑

2

𝜎𝑡
2/𝜎𝑑

2



 

• 

10−3



 

• 

• 

10−3



 

  ≥ 

 𝜚

≥

• 

• 



 

 

𝜚 𝑓𝑑



 

𝐃0  𝐳̆0

2𝐈𝐿

𝐃0

 𝐳̆0

𝑇′𝑃𝑜𝑙−𝐴𝑅−𝑀𝐹 = 2 𝐱0
𝐻𝐁 𝐂 𝐃0

−1 𝐂𝐻𝐁𝐻𝐱0

𝐻1
≷
𝐻0

𝜂′𝐴𝑅−𝑀𝐹

𝐻0

 𝑇′𝑃𝑜𝑙−𝐴𝑅−𝑀𝐹 = ‖ 𝐳̆0𝑤‖
2 𝐳̆0𝑤 𝐳̆0𝑤 = √2 (𝐃0

−1/2
)
𝐻
 𝐳̆0

 𝐳̆0𝑤~𝒞𝒩(𝟎𝐿×1, 2𝐈𝐿)

𝑇′𝑃𝑜𝑙−𝐴𝑅−𝑀𝐹 ~ 𝜒2𝐿
2 (0) 𝑃𝑓𝑎

𝐻1  𝑃𝑑

 ς′ = ‖√2 (𝐃0
−1/2

)
𝐻
 𝐂𝐻𝐁𝐻𝐬‖

2

𝛾0, … , 𝛾𝑅−1  ≤ 

𝐃0
′′ = 2(𝐃0

−1/2
)
𝐻
𝐃0
′   𝐃0

−1/2
𝐃0
′

 𝐃0
′′ = 2𝐈𝐿 + 2 (𝐃0

−1/2
)
𝐻
𝐂𝐻𝐁𝐻 (𝐭𝐭𝐻⨂𝐌t) 𝐁𝐂  𝐃0

−1/2



 

𝐱𝑝 

 𝐱0 𝐻0 

𝐀𝑚𝑖𝑠  𝐑𝑚𝑖𝑠 𝐂 𝐁

𝐀̂𝑚𝑖𝑠 𝐑̂𝑚𝑖𝑠

𝑇′𝑃𝑜𝑙−𝐴𝑅−𝐴𝑀𝐹 = 2𝐱0
𝐻𝐁̂ 𝐂̂ 𝐃̂0

−1 𝐂̂𝐻𝐁̂𝐻𝐱0

𝐻1
≷
𝐻0

𝜂′𝐴𝑅−𝐴𝑀𝐹

𝐃0

 𝛇𝑝 = 𝐂̂
𝐻𝐁̂𝐻𝐱𝑝 𝐃0  𝐃̂0 =

1

𝑃
∑ 𝛇𝑝𝛇𝑝

𝐻𝑃
𝑝=1

𝐃0

𝐃̂0

𝑫̂0
−1 = 𝜛−1 𝜛

𝑩̂ 𝑪̂ 𝜛 =
1

𝑃
∑ |𝜁𝑝|

2𝑃
𝑝=1 𝜁𝑝 = 𝑪̂

𝐻𝑩̂𝐻𝐱𝑝

 𝐃̂0

𝐀̂𝑚𝑖𝑠 𝐑̂𝑚𝑖𝑠 



 

𝐀̂ 𝐑̂

×  𝐃̂0

 𝐃̂0

𝛇𝑝 𝐳̆𝑝 = 𝐂
𝐻𝐁𝐻𝐱𝑝

𝛇𝑝~𝒞𝒩 𝛇𝑝

 𝑇′𝑃𝑜𝑙−𝐴𝑅−𝐴𝑀𝐹 = 2 𝛇0
𝐻 𝐃̂0

−1𝛇0
𝑃−𝐿+1

2𝐿𝑃
𝑇′𝑃𝑜𝑙−𝐴𝑅−𝐴𝑀𝐹  ~

𝑃𝑓𝑎 =
(1 − 𝜅)𝑃−𝐿+1 

Γ(𝑃 − 𝐿 + 1)
∑
Γ(𝑃 − 𝑙)

Γ(𝐿 − 𝑙)

𝐿−1

𝑙=0

𝜅𝐿−𝑙+1

𝜂 = 2𝑃
𝜅

(1−𝜅)

 



 

,



 

 

 𝐃̂0

  



 

𝑄̅

𝑄̅



 



 

𝐃̂0

 

 



 

 

 



 

𝑓𝑑

𝛂 = 𝑎𝑡[1 e𝑗Δ𝜙𝐻𝐻/𝑉𝑉 √𝜉𝑡e
𝑗Δ𝜙𝐻𝐻/𝐻𝑉]

𝑇
𝑎𝑡

𝜉𝑡 Δ𝜙𝐻𝐻/𝑉𝑉 = 𝜋/4, Δ𝜙𝐻𝐻/𝐻𝑉 = 𝜋/2



 



 



 

𝜌𝑡

𝜌𝑡 𝑓𝑑

𝜌𝑡

𝜌𝑡

𝜌𝑡

𝜌𝑡 𝜌𝑡

 

 



 

𝑓𝑑 𝜌𝑡

𝑓𝑑 𝜌𝑡 𝜌𝑡



 

𝐱0

𝐱0 [𝑥0
(0)
(𝑚)…𝑥0

(1)
(𝑚)…𝑥0

(𝐿−1)
(𝑚)]

𝑇
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𝐀̂ 𝐑̂  𝐃̂0



 

• 

• 



 

• 



 

 

• 𝐭̃

• 

𝑇′′ =
2

∑ |𝑟0(𝑚 + 𝑄 − 1)|
2 

𝑀−𝑄
𝑚=0

× [∑ 𝐱̃0
𝐻(𝑚) 𝐇𝐻𝐑̂−1 𝑟0(𝑚 + 𝑄 − 1 − 𝜏)𝑒

𝑗2𝜋𝑓𝑑𝑚𝑇 

𝑀−𝑄

𝑚=0

] 𝐃̂0
−1

× [∑  𝑒−𝑗2𝜋𝑓𝑑𝑚𝑇𝑟0
∗(𝑚 + 𝑄 − 1 − 𝜏)𝐑̂−1𝐇 𝐱̃0(𝑚)

𝑀−𝑄

𝑚=0

]

𝐻1
≷
𝐻0

𝜂′′

𝑟0

𝜂′′

𝐃̂0



 

 



 

• 

• 

• 



 

 

 

 

 

 

 

𝐀̂ 𝐑̂



 

 



 

 



 

 

 



 

→ →

 



 

 

≥ 

𝑢0



 

• 

• 

 [𝑒
(−𝑗

2𝜋

𝜆𝑛
𝑑0𝑢0) … 𝑒

(−𝑗
2𝜋

𝜆𝑛
𝑑𝐾−1𝑢0)]

𝐻

𝜃 𝜆𝑛

• 

𝜎2

• 

 ∑ 𝑀𝑛
𝑁−1
𝑛=0

𝑢0

𝑢̂0 = argmax 
𝑢

{𝑉(𝑢)}

 ∈ [−𝜋, 𝜋]



 

𝑉(𝑢) = ∑ ∑ |𝐬𝑛
H(𝑢) 𝐱𝑛(𝑡)|

2

𝑀𝑛−1

𝑡=0

𝑁−1

𝑛=0

|𝐬𝑛
H(𝑢) 𝐬𝑛(𝑢0)|

2

 

𝑢̂0 − 𝑢0 𝑢̂0 − 𝑢0

𝑢̂0 − 𝑢0



 

𝑃0 ≈  ∑ 𝑃𝑚 = ∑ 𝑃𝑟{𝑉(𝑢𝑚) > 𝑉(𝑢0) }

𝑁𝑝

𝑚=1

𝑁𝑝

𝑚=1

 

𝑉𝑡ℎ𝑒𝑜(𝑢) = 𝜎
2∑𝑀𝑛 SNR𝑛 𝑏𝑛(𝑢)

𝑁−1

𝑛=0

 

𝐸[(𝑢̂0 − 𝑢0)
2] ≈ [1 − ∑ 𝑃𝑚

𝑁𝑝

𝑚=1

] ∙ CRB + ∑ 𝑃𝑚

𝑁𝑝

𝑚=1

(𝑢𝑚 − 𝑢0)
2



 

 

𝑃𝑚 = 𝑄(√
𝑆

2
(1 − √1 − |𝑔𝑚|

2) ,√
𝑆

2
(1 + √1 − |𝑔𝑚|

2))

− 𝑒−
𝑆
2 {𝐼0 (

|𝑔𝑚|𝑆

2
) −

1

22𝑀−1
𝐼0 (
|𝑔𝑚|𝑆

2
) ∑ (

2𝑀 − 1

𝑝
)

𝑀−1

𝑝=0

−
1

22𝑀−1
∑ 𝐼𝑝 (

|𝑔𝑚|𝑆

2
)

𝑀−1

𝑝=1

× [(
1 + √1 − |𝑔𝑚|

2

|𝑔𝑚|
)

𝑙

− (
1 − √1 − |𝑔𝑚|

2

|𝑔𝑚|
)

𝑙

] ∑ (
2𝑀 − 1

𝑘
)

𝑀−1−𝑝

𝑘=0

}

𝑄(𝛼, 𝛽) = ∫ 𝑡𝑒−
(𝑡2+𝛼2)

2  𝐼0(𝛼𝑡) 𝑑𝑡
∞

𝛽

𝐼𝑝(∙)

≜
𝐾

𝜎2
∑ |𝐴(𝑡)|2𝑀−1
𝑡=0

 

𝑃𝑚 =
1

(1 + 𝑞𝑚)
2𝑀−1

∑ (
2𝑀 − 1
𝑡

) 𝑞𝑚
𝑡

𝑀−1

𝑡=0

𝑞𝑚 =

[
 
 
 
 
 
1 + √1 + 

4𝜎2(𝜎2 + 𝜎𝑠
2𝐾)

𝜎𝑠
4𝐾2(1 − |𝑔𝑚|

2)

−1 + √1 + 
4𝜎2(𝜎2 + 𝜎𝑠

2𝐾)

𝜎𝑠
4𝐾2(1 − |𝑔𝑚|

2)]
 
 
 
 
 

𝜎𝑠
2 = E{|𝐴(𝑡)|2} 



 

 

 

𝑃𝑚 = Pr{[𝑉(𝑢𝑚) > 𝑉(𝑢0)]} = Pr{[𝑉 < 0]} = ∫ 𝑝𝑉(𝑉)
0

−∞

d𝑉

𝑉 = 𝑉(𝑢0) − 𝑉(𝑢𝑚) = ∑ ∑ | 𝐱𝒏
𝐻(𝑡)𝐏𝑛 𝐱𝑛(𝑡)|

2

𝑀𝑛−1

𝑡=0

𝑁−1

𝑛=0

𝐏𝑛 = 𝐬𝑛(𝑢0)𝐬𝑛
𝐻(𝑢0) − 𝐬𝑛(𝑢𝑚)𝐬𝑛

𝐻(𝑢𝑚)

×

𝐱 =
1

𝜎𝑛
[𝐱0
𝐻(0) ⋯𝐱0

𝐻(𝑀0 −

1)  𝐱1
𝐻(0)⋯𝐱𝑁−1

𝐻 (𝑀𝑁−1 − 1)]
𝐻

𝐏 = 𝜎2 [

𝑰𝑀0⊗𝐏0 ⋯ 𝟎

⋮ ⋱ ⋮
𝟎 ⋯ 𝑰𝑀𝑁−1⊗𝐏𝑁−1

]

𝑉 = 𝐱𝐻𝐏𝐱



 

𝛾𝑛 = 𝐾𝜎
2√1− |𝑔𝑚,𝑛|

2

𝛾𝑛+𝑁 = −𝐾𝜎
2√1 − |𝑔𝑚,𝑛|

2

(𝑛 = 0,… ,𝑁 − 1)

𝐏 = 𝐐𝚲𝐐𝐻 𝚲 

𝚲 = [
𝚲̅ 𝟎2𝑍×(𝐾𝑍−2𝑍)

𝟎(𝐾𝑍−2𝑍)×2𝑍 𝟎(𝐾𝑍−2𝑍)×(𝐾𝑍−2𝑍)
] 𝚲̅ ×

𝑉 = (𝐐𝐻𝐱)𝐻𝚲𝐐𝐻𝐱 = 𝐱̅𝐻𝚲 ̅𝐱̅

𝐱̅ = 𝐒𝐻(𝐐𝐻𝐱) 𝐒 = [𝐈2𝑍  ⋮ 𝟎2𝑍×(𝐾𝑍−2𝑍)]
𝐻

𝐱

𝐱 ~𝒞𝒩

𝐪 =
1

𝜎
[𝐴0
∗ (0)𝐬0

𝐻(𝑢0)…𝐴𝑁−1
∗ (𝑀𝑁−1 − 1)𝐬𝑁−1

𝐻 (𝑢0)]
𝐻

 𝐱̅ ~𝒞𝒩(𝐪̅, 𝐈2𝑍) 𝐪̅ = 𝐒𝐻(𝐐𝐻𝐪)

𝑉 = (𝐡̅ + 𝐪̅)
𝐻
𝚲 ̅(𝐡̅ + 𝐪̅) 

𝐡̅

𝐡̅ ~𝒞𝒩(𝟎, 𝐈2𝑍)



 

𝐹𝑉(𝑦) = ∫ 𝑝(𝐡̅) u(𝑦 − (𝐡̅ + 𝐪̅)𝐻  𝚲̅ (𝐡̅ + 𝐪̅))𝑑𝐡̅
∞

−∞

𝑝(𝐡̅) 𝐡̅ u(𝑥)

u(𝑥) =
1

2𝜋
∫

𝑒𝑥(𝑗𝜔+𝛽)

𝑗𝜔+𝛽
 𝑑𝜔

∞

−∞
𝛽 > 0

𝐹𝑉(𝑦) =
1

2𝜋2𝑍+1
∬𝑒

−(‖𝐡̅‖
2
+(𝐡̅+ 𝐪̅)𝐻 (𝑗𝜔+𝛽) 𝚲̅ (𝐡̅+ 𝐪̅))

𝑑𝐡̅
𝑒𝑦(𝑗𝜔+𝛽)

𝑗𝜔 + 𝛽
 𝑑𝜔

∞

−∞

 

𝑃𝑚 = 𝐹𝑉(0) =
1

2𝜋
∫

exp {− 𝐪̅𝐻 [𝐈2𝑍 +
1

(𝑗𝜔 + 𝛽)
𝚲̅−1]

−1

𝐪̅}

|𝐈2𝑍 + (𝑗𝜔 + 𝛽)𝚲̅|  ( 𝑗𝜔 + 𝛽)
 𝑑𝜔

∞

−∞

 

𝐹𝑉(0) =
1

2𝜋
∫ 𝑒𝑓(𝜔) 𝑑𝜔
∞

−∞

𝑓(𝜔) = − ln(𝑗𝜔 + 𝛽) − ∑ 𝑀𝑘  ln[1 + (𝑗𝜔 + 𝛽)𝛾𝑘]

2𝑁−1

𝑘=0

− ∑ 𝑆𝑘  [1 −
1

1 + (𝑗𝜔 + 𝛽)𝛾𝑘
]

2𝑁−1

𝑘=0

𝑆𝑘 = ∑ |𝑞̅𝑗|
2

𝑗∈𝐼(𝑘) 𝐼(𝑘) 𝐪̅

|𝐼(𝑘)|



 

𝑓(𝜔)

𝜔0 𝜔0 = 𝑗(𝛽 + 𝑝0)

𝑓′(𝜔) = − ∑ 𝑆𝑘 [
𝑗𝛾𝑘

(1 + (𝑗𝜔 + 𝛽)𝛾𝑘)
2]  

2𝑁−1

𝑘=0

−
j

(𝑗𝜔 + 𝛽)
− ∑ 𝑀𝑘 [

𝑗𝛾𝑘
1 + (𝑗𝜔 + 𝛽)𝛾𝑘

] 

2𝑁−1

𝑘=0

𝜖 𝜇 𝜇  𝛾 𝛾 𝛾

𝐹𝑉(0) ≈
1

2𝜋
𝑒𝑓(𝜔0)√

2𝜋

|𝑓′′(𝜔0)|
 

𝑓(𝜔0) 𝑓′′(𝜔0)

𝑃𝑚 = 𝐹𝑉(0) ≈
|𝑝0|

√2𝜋
exp {− ∑ 𝑀𝑘 ln(1 − 𝛾𝑘𝑝0) −

𝑆𝑘𝛾𝑘𝑝0
1 − 𝛾𝑘𝑝0

2𝑁−1

𝑘=0

}

× |−
1

 𝑝0
2
− ∑

𝛾𝑘
2𝑀𝑘  

(1 − 𝛾𝑘𝑝0)
2
+

2𝛾𝑘
2𝑆𝑘

(1 − 𝛾𝑘𝑝0)
3
 

2𝑁−1

𝑘=0

 |

−1 2⁄

 

𝜆1 𝜆1



 

≜
1

𝜎2𝑀
∑ |𝐴(𝑡)|2𝑀−1
𝑡=0

𝜆1 𝜆2 = 0.76 𝜆1 𝜆3 = 0.57 𝜆1

λ



 

, ∙

≜
1

𝜎2 𝑀𝑛
∑ |𝐴𝑛(𝑡)|

2𝑀𝑛−1
𝑡=0

• 

• 

λ



 

• 

• 

0

• 

 

• 

 

𝑑 =  [0  2  6.8] 𝜆1

 𝜆1  𝜆1  𝜆1, 𝜆2 = 0.76 𝜆1 𝜆3 = 0.57 𝜆1

− − SNR1 = SNR2 = SNR3

SNR2 =

SNR3 =

SNR1 − 3dB



 

 

 

𝐱

𝐱 ~𝒞𝒩 [

𝐈𝑀0⊗𝐑0 ⋯ 𝟎

⋮ ⋱ ⋮
𝟎 ⋯ 𝐈𝑀𝑁−1 ⊗𝐑𝑁−1

]

𝐑𝑛 =
𝜎𝑠,𝑛
2

𝜎2
𝐬𝑛(𝑢0)𝐬𝑛(𝑢0)

𝐻 + 𝐈𝐾

𝜎𝑠,𝑛
2 = E{|𝐴𝑛(𝑡)|

2}

𝐱𝑤

𝐱

𝐱𝑤 = (𝐑
−1/2)

𝐻
𝐱

𝐏𝑤 = (𝐑
1/2)

𝐻
𝐱 (𝐑1/2)

λ



 

𝛾𝑛 = −
𝐾2𝜎𝑠,𝑛

2 (1 − |𝑔𝑚,𝑛|
2
)

2
 

[
 
 
 
−1 − √1 +

4𝜎2(𝜎2+𝜎𝑠,𝑛
2 𝐾 )

𝜎𝑠,𝑛
4 𝐾2 (1 − |𝑔𝑚,𝑛|

2
)
 

]
 
 
 

𝛾𝑛+𝑁 = −
𝐾2𝜎𝑠,𝑛

2 (1 − |𝑔𝑚,𝑛|
2
)

2
 

[
 
 
 
−1 + √1 +

4𝜎2(𝜎2+𝜎𝑠,𝑛
2 𝐾 )

𝜎𝑠,𝑛
4 𝐾2 (1 − |𝑔𝑚,𝑛|

2
)
 

]
 
 
 

𝐐𝑤𝚲𝑤𝐐𝑤
𝐻

𝚲𝑤 𝚲𝑤 = [
𝚲̅𝑤 𝟎2𝑍×(𝐾𝑍−2𝑍)

𝟎(𝐾𝑍−2𝑍)×2𝑍 𝟎(𝐾𝑍−2𝑍)×(𝐾𝑍−2𝑍)
] 𝚲̅𝑤

𝐹𝑉(𝑦) =
1

2𝜋
∫

𝑒𝑦(𝑗𝜔+𝛽)

|𝐈2𝑍 + (𝑗𝜔 + 𝛽)𝚲̅𝑤|  (𝑗𝜔 + 𝛽)

∞

−∞

𝑑𝜔

1

|𝐈2𝑍 + (𝑗𝜔 + 𝛽)𝚲̅𝑤|  (𝑗𝜔 + 𝛽) 
= ∑ ∑

𝛼𝑘,𝑡 
[1/𝛾𝑘 + (𝑗𝜔 + 𝛽)]

𝑡+1

𝑀𝑘−1

𝑡=0

2𝑁−1

𝑘=0

+
1

 (𝑗𝜔 + 𝛽)

𝛼𝑘,𝑡 

𝛼𝑘,𝑡 =
1

Γ(𝑀𝑘 − 𝑡)
[∏ 𝜇

𝑗

𝑀𝑗

2𝑁−1

𝑗=.0

] 𝑦𝑘
(𝑀𝑘−𝑡−1)(𝑠)|

𝑠=−𝜇𝑘



 

𝑦𝑘
(𝑀𝑘−𝑡−1)

𝑦𝑘(𝑠) = ∏(𝜇𝑗 + 𝑠)
−𝑀𝑗

2𝑁−1

𝑗=0
𝑗≠𝑘

𝜇𝑗 =
1
𝛾𝑗⁄ 𝜇2𝑁

𝑃𝑚 = 𝐹𝑉(0) =
1

2
[1 + ∑ sign(𝛾𝑘) ∙ 𝛼𝑘,0 

2𝑁−1

𝑘=0

]

𝑦𝑘
(𝑀𝑛−1) 𝛼𝑘,0  𝑦𝑘(𝑠)

𝑑

𝑑𝑠
log(𝑦𝑘(𝑠)) =

1

𝑦𝑘(𝑠)
𝑦𝑘
(1)(𝑠)

𝑦𝑘
(1)(𝑠) = −𝑦𝑘(𝑠)∑𝑀𝑗(𝜇𝑗 + 𝑠)

−1
2𝑁

𝑗=0
𝑗≠𝑘

  𝑦𝑘
(𝑝)(𝑠)|

𝑠=−𝜇𝑘
= 
𝑑𝑝−1

𝑑𝑠𝑝−1
𝑦𝑘
(1)(𝑠)|

𝑠=−𝜇𝑘

= ∑∑𝑀𝑗 (
𝑝 − 1
𝑢
)
(−1)𝑝−𝑢Γ(𝑝 − 𝑢)

(𝜇𝑗 − 𝜇𝑘)
𝑝−𝑢

2𝑁

𝑗=0
𝑗≠𝑘

𝑦𝑘
(𝑟)(𝑠)|

𝑠=−𝜇𝑘

𝑝−1

𝑢=0

       (𝑝 ≥ 1)

  𝑦𝑘
(0)(𝑠)|

𝑠=−𝜇𝑘
=   𝑦𝑘(−𝜇𝑘) =∏(𝜇𝑗 − 𝜇𝑘)

−𝑀𝑗

2𝑁

𝑗=0
𝑗≠𝑘

≥ 

𝑞𝑚 = |
𝛾0

𝛾1
|

≥



 

𝛼𝑘,0 

𝛼𝑘,0 =
∏ 𝜇𝑗
2𝑁−1
𝑗=0

∏ (𝜇𝑗 − 𝜇𝑘) 
2𝑁
𝑗=0
𝑗≠𝑘

 

≜
𝜎𝑠,𝑛
2

𝜎2

λ1

• 

• 

• 

 



 

• 

• 

I(Θ)𝑝,𝑘 = tr (
∂𝚪(𝛇)

∂ζ(p)
𝚪−1(𝛇)

∂𝚪(𝛇)

∂ζ(k)
𝚪−1(𝛇)) + 2ℜ(

∂𝐦𝐻(𝛇)

∂ζ(p)
𝚪−1(ζ)

∂𝐦(𝛇)

∂ζ(k)
)

𝚪 𝛇  𝛇  𝐱

𝛇, 𝛇 

𝛇 = [𝑢0  𝐴0(0)…  𝐴0(𝑀0 −

1)…𝐴𝑁−1(𝑀𝑁−1 − 1)] 𝛇 𝚪 𝛇  

𝚪 𝐈𝐾𝑍

[8𝜋2∑ (𝑑𝑘 −
1

𝐾
∑ 𝑑𝑝
𝐾−1
𝑝=0 )

2
𝐾−1
𝑘=0 ∑

𝑀𝑛 SNR𝑛

𝜆𝑛
2

𝑁−1
𝑛=0 ]

−1

λ  



 

 ζ 𝛇 𝚪 ζ  

[8𝜋2∑ (𝑑𝑘 −
1

𝐾
∑ 𝑑𝑝
𝐾−1
𝑝=0 )

2
𝐾−1
𝑘=0 ∑

𝑀𝑛 SNR𝑛

𝜆𝑛
2 (1+𝐾 SNR𝑛)

𝑁−1
𝑛=0 ]

−1

∑ (𝑑𝑘 −
1

𝐾
∑ 𝑑𝑝
𝐾−1
𝑝=0 )

2
  𝐾−1

𝑘=0

∙



 

λ  



 

• 

• 

 

 

𝑑 =
[0  3.8  8.8  15.5]𝜆1

𝑑 =  [0  2  6.8] 𝜆1

 𝜆1 𝜆2 = 0.76 𝜆1 𝜆3 = 0.57 𝜆1
 𝜆1 𝜆2 = 0.76 𝜆1
𝜆4 = 0.68 𝜆1

 𝜆1 𝜆2 = 0.76 𝜆1
𝜆3 = 0.57 𝜆1
𝜆4 = 0.68 𝜆1

SNR1 = SNR2 = SNR3
SNR1 = SNR2 =

SNR4

SNR1 = SNR2 =

SNR3 = SNR4



 

 

MSE



 

 

 



 

 𝐱𝑛

 𝐱𝑛  𝐱𝑛 = 𝐴𝑛 𝐬𝑛(𝑢0) +

𝐧𝑛 𝑀𝑛

𝑢0

𝑢̂0 = argmax
𝑢

∑
1

𝜎𝑛
2
|𝐬𝑛

𝐻(𝑢) 𝐱𝑛|
2

𝑁−1 

𝑛=0

𝜎𝑛
2 𝐬𝑛(𝑢)



 

 



 



 

≥

≤

≈ ≈ ≈

𝑓0

𝑓1

𝑓2

𝑓0

𝑓1

𝑓0

𝑓1



 

 

 

𝑓𝑆



 

𝑓1

𝑓1

 𝑓1 𝑓1



 

• 

• 

• 

𝑓1

• 

• 

𝑓0

𝑓1

𝑓2

𝑓0, 𝑓1, 𝑓2



 

 

∆𝑓𝑛

∆𝑓𝑛

𝑓0 𝑓1

𝑓0 𝑓0



 

𝑓0

𝑓0

• 

• 



 

• 

• 

𝑓0 𝑓0



 

 

 

𝑓0

𝑓1

𝑓0

𝑓1

𝑓0

𝑓1

𝑓0

𝑓1



 

 

 

 

 



 

 

 

 

 

 



 

 

• 

• 

• 



 

• 



 



 

 𝛂

𝛂̂ =argmin
𝛂

 {tr(𝐒𝐻𝐏𝐒) − 2ℜ[tr(𝐗0
𝐻𝐏𝐒)]}

𝛂̂ = argmin
𝛂

{∑ 𝛂𝐻𝚺𝐻(𝑘)𝐏 𝚺(𝑘)

𝑀−𝑄

𝑘=0

𝛂 − 2ℜ [∑ 𝐱̃0
𝐻(𝑘)𝐏𝚺(𝑘)

𝑀−Q

𝑘=0

𝛂]}

𝚺(𝑘) = 𝐭̃(𝑘)⊗ 𝐈𝐿 .

𝐔 = ∑ 𝚺𝐻(𝑘)𝐏 𝚺(𝑘)
𝑀−𝑄
𝑘=0 𝐯 = ∑ 𝐱̃0

𝐻(𝑘)𝐏𝚺(𝑘)
𝑀−Q
𝑘=0

𝛂̂ = argmin
𝛂

{𝛂𝐻𝐔𝛂− 2ℜ[𝐯𝛂]}

𝛂̂ =   𝐔−1𝐯𝐻

max𝛂{𝑓1(𝐗0| 𝛂, 𝐑, 𝐀)}

𝑓0(𝐗0|𝐑, 𝐀)
= 2ℜ[𝛂̂𝐻 𝐯𝐻] − 𝛂̂𝐻𝐔𝛂̂ = 𝐯𝐔−1𝐯𝐻

𝐻1
≷
𝐻0

ln (η0)



 

tr(𝐗̅𝐻𝐏 𝐗̅), 𝐏 = 𝐇𝐻𝐑−1𝐇 

[−𝐀𝐻 𝐈𝐿] 𝐐̂ = 𝐗̅ 𝐗̅𝐻

𝐐̂ = [
𝐐̂00 𝐐̂01
𝐐̂01
𝐻 𝐐̂11

]

𝐐̂00 𝐐̂11

𝐐̂01 

tr(𝐗̅𝐻𝐏 𝐗̅) = tr(𝐐̂ 𝐇𝐻𝐑−1𝐇 )

= tr(𝐐̂00𝐀𝐑
−1𝐀𝐻 − 𝐐̂01𝐑

−1𝐀𝐻 − 𝐐̂01
𝐻 𝐀𝐑−1 + 𝐐̂11𝐑

−1)

𝜕

𝜕𝐀∗
{tr(𝐗̅𝐻𝐏 𝐗̅)} = 𝐐̂00𝐀𝐑

−1 − 𝐐̂01𝐑
−1

𝐀̂ = 𝐐̂00
−1𝐐̂01

max
𝐀
{𝑓0(𝐗̅| 𝐑, 𝐀)} = (𝜋

𝐿|𝐑|)−𝑃(𝑀−𝑄+1) exp{−tr(𝐇̂ 𝐐̂ 𝐇̂𝐻𝐑−1)}



 

𝐑̂ =
1

𝑃(𝑀 − 𝑄 + 1)
𝐇̂ 𝐐̂ 𝐇̂𝐻 =

1

𝑃(𝑀 − 𝑄 + 1)
 (𝐐̂11 − 𝐐̂01

𝐻 𝐐̂00
−1𝐐̂01)

𝐐̂11 − 𝐐̂01
𝐻 𝐐̂00

−1𝐐̂01 =  [𝐐̂
−1]

Q,Q

−1

𝐐̂

𝐀̂ 𝐑̂

 



 

𝐳̆𝟎

𝐳̆0 𝐳̆0 = 𝐂
𝐻𝐁𝐻𝐱0

𝐳̆0|𝐻0~𝒞𝒩(𝟎𝐿×1, 𝐃0) 𝐃0

𝐳̆0 𝐳̆0 = ∑ 𝐳̆0,𝑚
𝑀−𝑄
𝑚=0 𝐳̆0,𝑚 =

√2𝐖−1/2 𝐕𝐻(𝑚) 𝐱̃0(𝑚)

𝐸{𝐳̆0,𝑚𝐳̆0,𝑛
𝐻 } = 2 𝐖

− 
1
2 𝐕(𝑚)𝐻𝐸{𝐱̃0(𝑚)𝐱̃0

𝐻(𝑛)} 𝐕(𝑛) 𝐖
− 
1
2

𝐸{𝐱̃0(𝑚)𝐱̃0
𝐻(𝑛)} 𝐌

𝐌

𝐕(𝑚) = 𝐏 𝚺(𝑚) 𝐇𝐻𝐑−1𝐇

𝐸{𝐳̆0,𝑚𝐳̆0,𝑛
𝐻 } = 2 𝐖− 

1
2 𝚺(𝑚)𝐻𝐇𝐻𝐑−1𝐇 𝐸{𝐱̃0(𝑚)𝐱̃0

𝐻(𝑛)} 𝐇𝐻 × 𝐑−1𝐇 𝚺(𝑛)𝐖− 
1
2

𝐇𝐸{𝐱̃0(𝑚)𝐱̃0
𝐻(𝑛)}𝐇𝐻

𝐸 {[𝐇 𝐱̃0(𝑚)] [𝐱̃0
𝐻(𝑛) 𝐇𝐻]} =  𝐸 {𝐰(𝑚 +  𝑄 –  1)𝐰𝐻(𝑛 +  𝑄 –  1)} =  𝐑 𝛿(𝑚 –  𝑛) 

δ

𝐸{𝐳̆0,𝑚𝐳̆0,𝑛
𝐻 } = {2𝐖

−
1
2 𝚺𝐻(𝑚) 𝐏 𝚺(𝑚) 𝐖−

1
2            𝑚 = 𝑛

𝟎𝐿                                                           𝑚 ≠ 𝑛

𝐃0



 

𝐃0 = 2𝐖
−
1
2 [∑ 𝚺𝐻(𝑚)𝐏 𝚺(𝑚)

𝑀−𝑄

𝑚=0

]𝐖
−
1
2 =  2𝐈𝐿

𝐳̆0|𝐻0~𝒞𝒩(𝟎𝐿×1, 2𝐈𝐿)

 



 

Prob {‖𝐳̆0‖
2 > 𝜂}, 𝐳̆0

 𝐃0

 𝐳̆0|𝐻1~𝒞𝒩(𝟎𝐿×1, 𝐃0)  𝐃0 = 2𝐈𝐿 + 𝐂
𝐻𝐁𝐻 (𝐭𝐭𝐻⨂𝐌t) 𝐁𝐂  𝐌𝑡

 𝑇𝑃𝑜𝑙−𝐴𝑅−𝑀𝐹 = 𝐡
𝐻 𝐃0𝐡

𝐡 = (𝐃0
−1/2

)
𝐻
 𝐳̆0  𝐳̆0 𝐡~𝒞𝒩(𝟎𝐿×1, 𝐈𝐿)

𝛾0…𝛾𝑅−1  ≤

  𝐃0  𝜇𝑟

 𝐃0

 𝐃0  𝐃0 =

𝐊𝚲𝐊𝐻 𝚲  𝚲 = [
𝚲̿ 𝟎𝑅×(𝐿−𝑅)

𝟎(𝐿−𝑅)×𝑅 𝟎(𝐿−𝑅)×(𝐿−𝑅)
] 𝚲̿

 × 

 𝑇𝑃𝑜𝑙−𝐴𝑅−𝑀𝐹 = 𝐡̿
𝐻𝚲̿ 𝐡̿  𝐡̿ = 𝚯𝐻(𝐊𝐻𝐡)  𝚯 =

[𝐈𝑅  ⋮ 𝟎𝐿×(𝐿−𝑅)]
𝐻

𝑇𝑃𝑜𝑙−𝐴𝑅−𝑀𝐹

𝐹0(𝑡) =
1

2𝜋
∫

𝑒𝑡(𝑗𝜔+𝛽)

|𝐈𝐿 + (𝑗𝜔 + 𝛽)𝚲| (𝑗𝜔 + 𝛽)

∞

−∞

𝑑𝜔  , for  𝛽 > 0

1

|𝐈𝐿 + (𝑗𝜔 + 𝛽)𝚲| (𝑗𝜔 + 𝛽) 
=

∑ ∑
𝛿𝑘,𝑟

(
1
𝛾𝑟
+ (𝑗𝜔 + 𝛽))

𝑘+1

𝜇𝑟−1

𝑘=0

𝑅−1

𝑟=0

+
1

 (𝑗𝜔 + 𝛽)

𝛿𝑘,𝑟 



 

𝛿𝑘,𝑟 =
∏ 𝛾

𝑗

−𝜇𝑗𝑅−1
𝑗=0

Γ(𝜇𝑟 − 𝑘)
  𝑦𝑟
(𝜇𝑟−𝑘−1)(𝑠)|

𝑠=−
1
𝛾𝑟

(𝑟 = 0,… , 𝑅 − 1,      𝑘 = 0,… , 𝜇𝑟 − 1)

𝑦𝑟
(𝜇𝑟−𝑘−1) 𝜇𝑟 𝑦𝑟

𝑦𝑟(𝑠) =∏(𝜁𝑗 + 𝑠)
−𝜇𝑗

𝑅

𝑗=0
𝑗≠𝑟

 𝜁𝑟 =
1

𝛾𝑟
 𝜁𝑅 = 0 𝜇𝑅

𝑦𝑟
(𝜇𝑟−𝑘−1) 𝛿𝑘,𝑟  𝑦𝑟(𝑠)

 
𝑑

𝑑𝑠
log[𝑦𝑟(𝑠)] =

1

𝑦𝑟(𝑠)
𝑦𝑟
(1)(𝑠)

𝑦𝑟
(1)(𝑠) = −𝑦𝑟(𝑠)∑𝜇𝑗(𝜁𝑗 + 𝑠)

−1
𝑅

𝑗=0
𝑗≠𝑟

  𝑦𝑟
(𝑝)(𝑠)|

𝑠=−𝜁𝑟
= 
𝑑𝑝−1

𝑑𝑠𝑝−1
𝑦𝑟
(1)(𝑠)|

𝑠=−𝜁𝑛

= ∑∑𝜇𝑗 (
𝑝 − 1
𝑢
)
(−1)𝑝−𝑢Γ(𝑝 − 𝑢)

(𝜁𝑗 − 𝜁𝑟)
𝑝−𝑢

𝑟

𝑗=0
𝑗≠𝑟

𝑦𝑟
(𝑢)(𝑠)|

𝑠=−𝜁𝑟

𝑝−1

𝑢=0

, for 𝑝 ≥ 1

  𝑦𝑟
(0)(𝑠)|

𝑠=−𝜁𝑟
=   𝑦𝑟(−𝜁𝑟) =∏(𝜁𝑗 − 𝜁𝑟)

−𝜇𝑗

𝑅

𝑗=0
𝑗≠r

𝛿𝑘,𝑛 

𝐹0(𝑡) = 1 +∑ ∑
𝑒
(−
𝑡
𝛾𝑟
)
 𝑡𝑘

Γ(𝑘 + 1)

 𝜇𝑟−1

𝑘=0

𝑅−1

𝑟=0

𝛿𝑘,𝑟

(𝑡 ≥ 0)



 

𝑃𝑑 = 1 − 𝐹0(𝜂) = ∑ ∑
−𝑒

(−
𝜂
𝛾𝑟
)
 𝜂𝑘

Γ(𝑘 + 1)

 𝜇𝑟−1

𝑘=0

𝑅−1

𝑟=0

𝛿𝑘,r

𝜆0   𝜇0

𝛿𝑘,0 = −𝛾0
−𝑘

 𝜇𝑟

𝛿0,𝑟 = −𝛾𝑟∏(𝛾𝑟 − 𝛾𝑗)
−1
 

𝐿−1

𝑗=0
𝑗≠𝑟

𝑃𝑑

 



 

Prob{‖𝐳̆0‖
2 > 𝜂}, 𝐳̆0

𝛓 𝐃0

𝐳̆0 𝐳̆0 = 𝛓 + 𝛖,

 𝛓~𝒞𝒩(𝟎𝐿×1, 𝐃0)  𝑇𝑃𝑜𝑙−𝐴𝑅−𝑀𝐹 = (𝛓𝑤 +

𝛖𝑤)
𝐻 𝐃0(𝛓𝑤 + 𝛖𝑤) 𝛓𝑤 = (𝐃0

−1 2⁄ )
𝐻
𝛓

𝛓𝑤~𝒞𝒩(𝟎𝐿×1, 𝐈𝐿) 𝛖𝑤 = (𝐃0
−1 2⁄ )

𝐻
𝛖

 𝐃0 𝐃0 = 𝐊𝚲𝐊
𝐻

𝛾0… , 𝛾𝐿−1   𝐃0

𝑇𝑃𝑜𝑙−𝐴𝑅−𝑀𝐹

𝐹0
′(𝑡) =

1

2𝜋
∫

𝑒𝑡(𝑗𝜔+𝛽)

(𝑗𝜔 + 𝛽)

 𝑒−𝑐(𝜔)

|𝐈𝐿 + (𝑗𝜔 + 𝛽)𝚲| 
𝑑𝜔

∞

−∞

,   for 𝛽 > 0

𝑐(𝜔) = 𝛖̿𝐻 (𝐈𝐿 +
1

𝑗𝜔+𝛽
𝚲−1)

−1
𝛖̿ 𝛖̿ = 𝐊𝐻𝛖𝑤

𝑃𝑑

𝑓(𝜔) = 𝑡(𝑗𝜔 + 𝛽) − ln(𝑗𝜔 + 𝛽) +∑|𝜐̿𝑙|
2

𝐿−1

𝑙=0

[
1

1 + (𝑗𝜔 + 𝛽)𝛾𝑙
− 1]

−∑ln[1 + (𝑗𝜔 + 𝛽)𝛾𝑙]

𝐿−1

𝑙=0

𝐹0
′(𝑡) =

1

2𝜋
∫ 𝑒𝑓(𝜔)
∞

−∞

𝑑𝜔



 

 𝑓(𝜔)

 𝑓̇(𝜔) = 0  𝜔0 = 𝑗(𝛽 + 𝑝0)  𝑝 𝜖 (−∞, 0)

𝑓̇(𝜔) = −∑
𝑗𝛾𝑙

1 + (𝑗𝜔 + 𝛽)𝛾𝑙
[1 +

|𝜐̿𝑙|
2

1 + (𝑗𝜔 + 𝛽)𝛾𝑙
] 

𝐿−1

𝑙=0

+ 𝑗𝑡 −
j

(𝑗𝜔 + 𝛽)
= 0

𝑓(𝜔)  𝜔0

𝐹0
′(𝑡) ≈

𝑒𝑓(𝜔0)

√2𝜋|𝑓̈(𝜔0)|

 𝜔0 𝑓̈(𝜔0)

𝑃𝑑 ≈ 1 −
1

√2𝜋
|−∑{

2|𝜐̿𝑙|
2𝛾𝑙

2

[1 + (𝑗𝜔0 + 𝛽)𝛾𝑙]
3
+

𝛾𝑙
2

[1 + (𝑗𝜔0 + 𝛽)𝛾𝑙]
2}

𝐿−1

𝑙=0

−
1

(𝑗𝜔0 + 𝛽)
2|

−
1
2

exp {𝜂(𝑗𝜔0 + 𝛽) − ln(𝑗𝜔0 + 𝛽)

+∑|𝜐̿𝑙|
2

𝐿−1

𝑙=0

[
1

1 + (𝑗𝜔0 + 𝛽)𝛾𝑙
− 1] −∑ ln[1 + (𝑗𝜔0 + 𝛽)𝛾𝑙]

𝐿−1

𝑙=0

}

 



 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 


