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“A lesson without pain is meaningless.
For you cannot gain anything without

sacrificing something else in return.”

Hiromu Arakawa
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Introduction

In theoretical physics, Schrödinger operators with external electric and/or magnetic potentials
are used to describe a huge variety of phenomena involving the interaction between quantum
particles and radiation fields. Some examples are atoms confined in optical lattices created by
superposition of laser beams, magneto-optical traps confining particles, or electrons interacting
with intense electromagnetic fields (see [12, 24, 77]). In most of the physics models used to study
the behaviour of these systems the fields are treated as classical objects acting on the subsystem of
the particles only as external degrees of freedom.

The use of the effective models in theoretical physics, in place of more fundamental microscopic
ones, is motivated by the fact that the latter are usually really complex and difficult to analyze,
involving infinitely many degrees of freedom. However, the microscopic models of Quantum Field
Theory take into account also the effects arising from the interaction between the atoms or the
particles and the quantized radiation field, and thus there is the need to rigorously justify the
approximation in terms of Schrödinger operators with classical fields in some appropriate regime.
This is precisely the main question addressed in this thesis, and, mathematically, the solution is ob-
tained by considering a quasi-classical regime of the full system, whose theory has been introduced
in [26, 27].

More precisely, aim of the thesis is the derivation of an effective dynamics, in the quasi-classical
limit, of three important models of interaction between quantum particles and bosonic fields, i.e.,
the Nelson, polaron and Pauli-Fierz models. The goal is the identification of the effective dynamics
for the particle subsystem in a mesoscopic regime, and we are going to prove that it is generated
by an effective Schrödinger opeartor, averaged over all the classical configurations of the field.

In the quasi-classical regime quantum particles interact with a quantum field which is so intense
that it can be considered macroscopic. This can be rephrased by assuming that the field is in a state
Ψ P ΓspHq with large average occupation number, i.e.,

xΨ|N |ΨyΓspHq " 1, (1)

where N is the number operator for the field excitations. Introducing a semiclassical parameter
ε ą 0, we can thus consider a state Ψε P ΓspHq such that

xΨε|N |ΨεyΓspHq »
1

ε
, (2)

which diverges as ε Ñ 0. Rescaling the variables, it is mathematically equivalent to study a semi-
classical regime for field (see [6]): by (2), ε is proportional to the inverse of the expectation of the
number of bosons and, if we set Nε :“ εN , then,

xΨε|Nε |ΨεyΓspHq » 1. (3)

Coherently, we rescale the creation and annihilation operators setting a#
ε “

?
εa#, which yields

the ε´dependent canonical commutation relations (CCR)

raεpξq, a
:
εpηqs “ ε xξ | ηyH , for any ξ, η P H. (4)
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As ε Ñ 0, the canonical observables of the field commute, so that the field becomes classical.
Note that only the quantum nature of the field is influenced, while the quantum particles remain
unaffected, so that we obtain a quasi-classical system in the limit. At the level of states and
observables the picture translates into the scheme

¨

˝

quantum state

of the full system

˛

‚ ÝÝÝÑ
εÑ0

¨

˝

quantum state

of the particle

˛

‚ b

¨

˝

classical state

of the field

˛

‚

and
¨

˝

quantum observables

of the full system

˛

‚ ÝÝÝÑ
εÑ0

¨

˝

quantum observables

of the particle

˛

‚ b

¨

˝

classical observables

of the field

˛

‚

where the classical states and observables are probability measures and functions over the phase
space of the field, respectively (see Chapter 3). Therefore quasi-classical states are objects which
show a quantum behaviour and, at the same time, properties of a measures. Their mathematical
counterparts are indeed state-valued measures, whose definition was already provided in [28], so
that the study of the quasi-classical limit reduces to the analysis of the convergence of quantum
expectations to quasi-classical expectations of observables w.r.t. state-valued measures.

The rigorous derivation of effective dynamics has been studied in a wide class of problems: one
of the first contributions in 1974 was the work of Hepp [54], where it was introduced a method
based on coherent states. Since then, a lot of effort has been devoted to the derivation of effective
models for many-body quantum systems, motivated also by the connection with Bose-Einstein
condensation [23]. Two regimes have been mainly studied: the weak coupling, including the
mean-field regime, leading to the derivation of the Hartree equation [1, 6, 14, 15, 16, 34, 70, 78]
and the Gross-Pitaevskii regime to derive the NLS or GP equation [20, 35, 36, 68, 71]. The systems
studied in this thesis, however, contain a variable number of bosons and call for the analysis of
models with infinite degrees of freedom. We focus the attention on three important models: the
Nelson model, describing the interaction between nucleons and a field of mesons; the polaron, i.e.,
a pseudoparticle which models the behaviour of an electron interacting with phonons in a crystal
lattice; the Pauli-Fierz model, which describes the interaction between extended charged particles
and an electromagnetic field (see Chapter 1 for the details about the aforementioned models). The
main results available about such models are mostly obtained in the following regimes:

• classical limit: approximating the behaviour of both the quantum particles and fields by
their classical counterparts. Studied for the first time by Ginibre J. and Velo G. in [49]
and later applied to derive the Schrödinger-Klein Gordon system from Nelson-Yukawa model
[3, 4, 38, 48];

• mean-field limit: using the counting method proposed in [70], it was studied to get a rigorous
derivation of the Schrödinger-Klein-Gordon [58, 61] and Schrödinger-Maxwell systems [60]
from the Nelson and Pauli-Fierz models, respectively;

• strong coupling limit: mostly considered for the polaron, whose dynamics can be approxi-
mated by suitable effective Schrödinger equations [44, 45, 50, 62].

In the thesis we study the derivation of the effective dynamics, in quasi-classical regime, for
the Nelson, polaron and Pauli-Fierz models. The Hilbert space for these models is

H “ L2pRdN q b ΓspHq
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where L2pRdN q and ΓspHq are the space for N particles in a d´dimensional space and the symmet-
ric Fock space for the field, respectively, with H is the one-boson space. The Hamiltonians have the
general form

Hε “ H0 `HI , (5)

with H0, free energy of the system, sum of two terms

H0 “ K b 1ΓspHq ` 1L2pRdN q bHf , (6)

K and Hf being the free energies for the particle subsystem and the field, respectively, and HI

being the interaction term acting on the whole H (see Chapter 1).
Our main theorem (Theorem 1.3.1) states that, for quantum states ρε of the full system, repre-

sented as trace-class operators on H , whose field part satisfies (3), then

• the quantum state converges to a quasi-classical state, identified by a state-valued measure
m,

ρε ÝÝÝÑ
εÑ0

m, (7)

• if ρεptq is the quantum state evolved according to the dynamics of the Nelson, polaron or
Pauli-Fierz models, then it converges as well to a time-dependent state-valued measure mt

ρεptq ÝÝÝÑ
εÑ0

mt, (8)

where mt is obtained by transporting the initial quasi-classical state m along the effective
dynamics.

The above convergences are up to extraction of a subsequence and the limit point might depend
on such a choice. However, the convergence at time t ‰ 0 is along the same subsequence chosen
at time t “ 0.

The quasi-classical dynamics can be characterized by means of the Radon-Nykodým decompo-
sition of the state-valued measures (see Chapter 2): for any state-valued measure m,

dmpzq “ γmpzqdµpzq,

dmtpzq “ γmtpzq dµtpzq,

where γ, γt are functions on the space of classical fields with values in density matrices for the
particles and µ, µt are classical probability measures on the phase space of classical fields. Then,

• µt “ Φt 7µ is the measure obtained by transporting the initial measure along the free classical
dynamics of the field;

• γmtpzq “ Ut,0pzqγmpzqU
:
t,0pzq is the density matrix, depending on the classical configura-

tion of the field, evolved according to the unitary dynamics generated by a time-dependent
Schrödinger operator. The action of the field is expressed by an effective external potential,
playing the role of a classical environment.

The above results can be summed up in the commutativity of the following diagram

ρε ρεptq

m mt

micro dyn.

εÑ0 εÑ0

Weffptq

where
mt “ Weffptqpγm, µq “ pUt,0pzqγmpzqU

:
t,0pzq,Φt 7µq. (9)

6



Compared to the results available in the literature, which typically assume a factorization of
the initial state, Theorem 1.3.1 allows us to treat also entangled initial states. It gives a qualitative
method to identify the limit of quantum states, although it provides no information on the speed
of convergence.

The proof of the main theorem makes use of semiclassical theory for systems with infinite
degrees of freedom introduced in [6] by Ammari Z. and Nier F., adapted and developed for the
quasi-classical setting (see Chapter 3.1.6).

The key assumption on the initial state is bound (3), which guarantees (Theorem 3.1.6 and
Proposition 3.1.8) the quasi-classical convergence at time zero. To obtain convergence also at any
later times, the bound on the expectation of the number operator has to be propagated along
the dynamics (Section 5.1). The quantum dynamics can be characterized as the solution of the
Heisenberg equation

i
d

dt
ρεptq “ rHε, ρεptqs, (10)

where Hε is the Nelson, polaron or Pauli-Fierz Hamiltonian. To study the limit of the previous
equation, one needs to prove that quasi-classical convergence of observables like the interaction
term HI in the Hamiltonian: while for the Nelson model it is enough the bound on the number of
excitations of the field, for the polaron and the Pauli-Fierz model a bound on the free part of the
Hamiltonian and its propagation in time is also needed, due to the presence of gradient terms in
the interaction (see Remark 1.3.2).

Taking the limit ε Ñ 0 of (10), we obtain a transport equation for the quasi-classical state mt,
then we prove (Corollary 5.3.8) that there exists a unique solution whose expression is (9), and
this identifies the quasi-classical dynamics.

In the quasi-classical limit the quantum state can lose probability mass and, without additional
conditions, it could converge to a measure with strictly smaller mass. However, assuming an
a-priori bound on a suitable observable, i.e.,

Trpρεp´∆x `W qq ď C (11)

uniformly in ε, with W a trapping potential, the no-loss of mass in the quasi-classical limit of
the dynamics is guaranteed, so that mt is a probability measure over the field’s phase space at
any time. Furthermore, this also implies quasi-classical convergence of expectations of bounded
particle observables.

The structure of the thesis is the following:

1. in Chapter 1, we define the Nelson, polaron and Pauli-Fierz models in detail, discussing self-
adjointness of the Hamiltonian, and the associated quasi-classical effective models. We state
there our main result about the quasi-classical convergence of the dynamics;

2. in Chapter 2, we introduce the mathematical framework of state-valued measures. We con-
struct a theory of integration w.r.t. these measures, also considering operator-valued inte-
grands, representing quasi-classical observables. Moreover, we study the Radon-Nykodým
decomposition of the measures and generalize the notion of state-valued measures introduc-
ing the cylindrical state-valued measures;

3. in Chapter 3, we characterize cylindrical state-valued measures as cluster points of nets of
states of the whole system in the quasi-classical limit. We also prove convergence of the
expectations of observables, when gradient terms are involved too;

4. in Chapter 4, we study the quasi-classical limit in the stationary setting. We recall some
results from [26, 27] about the convergence of the reduced Hamiltonian for the particle
subsystem to the effective one on product states. We prove the convergence of the ground
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state energy of the Nelson model to the ground state energy of the effective quasi-classical
energy;

5. in Chapter 5, we provide the proof of our main result (Theorem 1.3.1).

In Appendix A, we recall the construction of Fock space and some useful estimates, while, in
Appendix B, we recall the theory of Weyl and Wick quantizations for systems with infinitely many
degrees of freedom.
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Notation

• We will denote by C80 pR
dq the space of smooth, compactly supported functions f : Rd Ñ R.

If f, g : Rd Ñ R are two functions, we denote their convolution by f ‹ g, i.e.,

pf ‹ gqpxq :“

ż

Rd
dy fpyq gpx´ yq. (12)

If pΩ, µq is a measure space, for p P p0,`8q we denote by

LppΩ; dµq :“

"

f : Ω Ñ C : }f}pLppΩ;dµq :“

ż

Ω
dµpxq |fpxq|p ă `8

*

(13)

the p´th Lebesgue space, sometimes setting for short } ¨ }2 :“ } ¨ }L2pΩ;dµq.

If H is a Banach space, we set

L8pRd;Hq :“

"

f : Rd Ñ H : ess sup
xPRd

}f}H ă `8

*

. (14)

The norm } ¨ }8 stands for the L8pΩ; dµq-norm of the usual a.e. bounded functions, or, more
in general,

} ¨ }8 :“ ess sup
xPRd

} ¨ }H. (15)

• If V is a topological vector space, we denote by V ˚ its algebraic dual and by V 1 Ď V ˚ its
continuous dual; if W is another topological vector space which is dual of V , then σpV,W q
is the topology on V generated by the seminorms tpF uFĎWfinite

pF pvq “
ÿ

wPF

| xv |wy |.

– The topology σpV, V 1q is the weak topology on V .

– The topology σpV 1, V q is the weak-* topology on V 1.

• If H is a Hilbert space with scalar product x¨ | ¨yH, that we always assume to be anti-linear in
the first variable and linear in the second one, we set

xzy :“ p1` }z}2Hq
1{2. (16)

We introduce the following classes of bounded operators on a Hilbert space:

– L pH q the space of bounded operators on H ;

– LppH q the p´th Schatten ideal of L pH q; in particular, L1pH q and L8pH q are the
spaces of trace-class and compact operators, respectively, and

L1pH q Ď LppH q Ď L8pH q Ď L pH q, for any p P N, p ě 2.

We denote by Lp,`pH q the positive elements of the p´th Schatten ideal.
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• C stands for a positive, finite constant whose value may change from line to line but is always
independent on the key parameters into play.

• If H is a self-adjoint operator acting on a Hilbert space H , we denote by

– DpHq its domain of self-adjointness;

– QpHq its form domain;

– %pHq, σpHq its resolvent set and spectrum, respectively.

• We denote by K! the space of operators acting on a L2pRdq that are infinitesimally bounded
w.r.t. the Laplacian ´∆

K! :“ tV : DpV q ÑH : @α P p0, 1q, Dβ P r0,`8q s.t. }V ψ}2 ď α} ´∆ψ}2 ` β}ψ}
2
2u.

• If pX,Σq is a measurable space, we denote by

M pX;Eq :“ tµ : Σ Ñ E |µp∅q “ 0, µ is σ ´ additiveu

the space of measures on X with values in the normed space E which are σ´additive in the
sense given in Chapter 2.

• In the Appendix we define the usual canonical observables in the Fock space.
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1 | Setting and Main Results

In this Chapter we describe in detail the three microscopic models we plan to study, in the quasi-
classical regime, to derive the effective dynamics. Afterwards, we introduce the associated effective
Hamiltonians, and, finally, we present the main results concerning the convergence of the dynam-
ics.

First, we give an overview of their general structure: the systems under analysis are composed
by two subsystems, one being a fixed number of quantum, non-relativistic particles, whose degrees
of freedom are described by separable Hilbert space K, which is invariant under the action of the
effective limit we will take. The other subsystem is a quantum field, which can be interpreted or
as an external field or a force-carrier field and that, at a microscopic description level, is composed
by a variable number of bosons, whose relative dispersion relation depends on the type of the
field. The field subsystem is studied in a regime justifying the approximation of its behaviour by its
classical counterpart, as it will be explained in the theory developed in the following chapters. Its
canonical observables are thus assumed to be dependent on a semiclassical parameter ε ą 0. The
chosen representation of its observables is the usual Fock representation, and so the associated
Hilbert space is the ε´dependent Fock space ΓspHq, with H a separable Hilbert space encoding
information on both the classical phase and one-boson spaces, and depending on the kind of field
considered (mesons, phonons, photons, etc.).

1.1 Microscopic Hamiltonians

In this Section we define the Nelson, polaron and Pauli-Fierz model, at first presenting the general
structure common to these three models, and then describing them in detail separately.

Let us start with the general framework: the Hilbert space of the full system is the tensor
product of the aforementioned Hilbert spaces, i.e.,

H :“ K b ΓspHq. (1.1)

Note that the results that we will obtain applies also to particles with spin, or following a specific
statistics. Nevertheless, for simplicity of exposition, and to concentrate the attention on concrete
models, we consider only quantum, non-relativistic, spin-less particles, without specifying their
statistics. From now on, we denote their number by N P N˚. Considering their motion in a
d´dimensional space, the natural choice for the space K is then

K “ L2pRdN q. (1.2)

The Hamiltonians Hε of the models of interest, acting on the full Hilbert space H , are formal
sum of two terms:

Hε :“ H0 `HI , (1.3)

where H0 is the Hamiltonian describing the free dynamics of both the particles and the field:

H0 :“ K b 1ΓspHq ` νε1K bOpWick
ε pωq, (1.4)

12



where K is a self-adjoint operator on its domain DpKq Ď K and describes the free motion of
the particles, while ω : H Ñ R` is a non-negative symbol defined on the one-boson space H,
corresponding to the dispersion relation of the field. Its second quantization in Wick1 formalism
OpWick

ε pωq “ dΓεpωq is assumed to be a self-adjoint, densely defined operator on the Fock space
that expresses the free energy of the field.

For ε P p0, 1q, the scaling factor νε in front of the field’s free energy varies, in general, in the
interval r1, ε´1s, but it has to be such that

lim
εÑ0

ενε “: ν P t0, 1u (1.5)

and determines whether, in the quasi-classical limit, the field is freezed or evolves freely, corre-
sponding to the cases ν “ 0 and ν “ 1, respectively. For the sake of simplicity, we will thus
consider only the cases for which νε P t1, ε´1u.

The interaction term between the particles and the field is of the form

HI “ OpWick
ε pVq. (1.6)

This operator acts on the whole space H and is the second quantization of an operator-valued,
polynomial symbol

Vpzq : DpVpzqq Ď KÑ K, for any z P H. (1.7)

More precisely, we are going to focus on the sets of symbols

Opp,qq :“

#

H Q z ÞÝÑ

p
ź

j“1

A

z
ˇ

ˇ

ˇ
λpjqx

E

q
ź

k“1

A

ηpkqx

ˇ

ˇ

ˇ
z
E

ˇ

ˇ

ˇ

ˇ

!

λ
pjq
¨

)p

j“1
,
!

η
pkq
¨

)q

k“1
Ď L8pRdN ;Hq

+

. (1.8)

Any symbol in Opp,qq, acting as bounded multiplication operator on K, can be Wick-quantized
yielding an operator in

Opp,qqε :“

#

p
ź

j“1

a:εpλ
pjq
x q

q
ź

k“1

aεpλ
pkq
x q

ˇ

ˇ

ˇ

ˇ

!

λ
pjq
¨

)p

j“1
,
!

η
pkq
¨

)q

k“1
Ď L8pRdN ;Hq

+

. (1.9)

For any z P H, we thus assume that

Vpzq P
à

pp,qqPN2

Tp,q Opp,qqSp,q, (1.10)

so that,
HI P

à

pp,qqPN2

Tp,q Opp,qqε Sp,q, (1.11)

where Tp,q, Sp,q are (possibly unbounded) operators acting on K for every pp, qq P N2.

In the following we present some precise models that fit the general form described above: the
Nelson, polaron and Pauli-Fierz models.

1.1.1 Nelson model

The Nelson model was introduced by E. Nelson in [67] and was meant to describe the interaction
between a finite number of non-relativistic nucleons and a meson field. The model has proved to
be useful also in condensed matter in the description of phenomena arising from the interaction
of a system of atoms with an optical lattice, created by superposition of laser beams.

In the same paper, Nelson also applied the first procedure of renormalization to a model of
quantum field theory, obtaining the so-called renormalized Nelson model: it is proved how the

1For Wick and other kind of quantizations, see Appendix B.
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Nelson Hamiltonian with a ultra-violet cut-off in the momenta converges, when suitably dressed
by a unitary transformation, to what is defined as the renormalized Nelson Hamiltonian.

The same model was also studied then also in [21], where it was proved to satisfy some of the
Wightman axioms of the quantum field theory. In [46] its ground state properties and its Haag-
Ruelle scattering theory were studied. Since there, several works in the mathematical physics
literature have been devoted to the Nelson model, like [3], [4], [29], [38], [48], [59], [61], [74].

In this thesis, we analyse the Nelson model with ultraviolet cut-off, postponing to future works
the study of the renormalized Nelson model.

Among the models considered, the Nelson model is the most “regular" one and the simplest
to study, due to the fact that the interaction term of the Hamiltonian is linear in the creation and
annihilation operators and the arguments of the latters are the quantization of bounded symbols.

The Hilbert space associated to the system is

H “ L2pRdN ; dxq b ΓspHq. (1.12)

We denote by x “ px1, . . . , xN q P RdN the vector of particle positions. The Fock space describes
the radiation, with one-boson space given by

H “ L2pRd; dkq. (1.13)

The dynamics of the system is generated by the Nelson Hamiltonian (with suitable hypotheses
guaranteeing self-adjointness, see below), whose explicit form is

Hε “ H0 `HI . (1.14)

The free part of the Hamiltonian is

H0 “ p´∆x `W px1, . . . , xN qq b 1ΓspHq ` 1L2pRdN q b νεdΓεpωq, (1.15)

where ´∆x :“
řN
j“1´∆xj , and W is an interaction potential between the particles satisfying the

following assumption:

W “W` `W!, W` P L
1
locpR

dN ; R`q, W! P K!. (1.16)

The free energy of the field dΓεpωq is the Wick quantization of the symbol z ÞÑ xz|ω |zy with ω
that acts as a multiplication operator on the space H by the function

ωpkq ě m ą 0, for a.e. k P Rd. (1.17)

The previous hypothesis restricts our analysis to the case of the Nelson model with massive bosons
in the radiation, excluding the more delicate case of Nelson massless model, for m “ 0.

The interaction term between the particles and the field is in the form of a Segal field, i.e.,

HI “ φεpλxq “ aεpλxq ` a
:
εpλxq, (1.18)

and the argument of the creation and annihilation operators belongs uniformly w.r.t. x to the
one-boson space:

λ¨ P L
8pRdN ;Hq. (1.19)

By Wick calculus it is easy to see that HI is the Wick quantization of the effective potential

Vpzq “
N
ÿ

j“1

2<e
@

λxj |z
D

H
(1.20)

which is a bounded multiplication operator on L2pRdN q. The Nelson Hamiltonian has, therefore,
the following expression

Hε “ ´∆x `W px1, . . . , xN q ` νεdΓεpωq ` aεpλxq ` a
:
εpλxq (1.21)
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Remark 1.1.1. • An explicit choice of the dispersion relation may be

ωpkq “
a

k2 `m2, m ą 0, (1.22)

representing a relativistic massive field. A physically meaningful choice for the argument of the
Segal field is

λxpkq “ χpkq
N
ÿ

j“1

eikxj , (1.23)

where χ P H is a cut-off at high momenta, i.e., for a fixed R ą 0,

χpkq “ χt|k|ăRupkq “

#

1, if |k| ă R;

0, if |k| ě R.

Hence, only the interaction of the particles with bosons under a certain fixed speed is taken into
account.

• Another interesting possibility to consider is H “ `2pZd; Cq, i.e., a field with only a countable
number of modes. Such a model can be used to describe a system of particles in an optical lattice.
In this case the full Hamiltonian has the form

Hε “ ´∆x `W px1, . . . , xN q ` νε
ÿ

nPZd

ωna
:
nan `

ÿ

nPZd

pa:n ` anqλx,n (1.24)

with tωnunPZd Ď R`, tλ¨,nunPZd P `
8pRdN ; `2pZdqq and a#

¨ the operator-valued distributions
associated to the creation and annihilation operators satisfying

a#
ε pλq “

ÿ

nPZd

a#
n λn, for any λ P `2pZd; Cq.

In the next Theorem we prove that the assumptions above are sufficient for the essential self-
adjointness of the Hamiltonian on a suitable core, and, adding a further control on the λ, also for
self-adjointness. We denote by ΓfinpHq Ă ΓspHq the space of vectors with finitely many non-zero
components.

Theorem 1.1.2. Under assumptions (1.16) and (1.19), the Nelson Hamiltonian Hε is essentially self-
adjoint on ΓfinpHq XDpH0q, with DpH0q “ Dp´∆x`W`q XDpdΓεpωqq. Furthermore, if we assume
that ω´1{2λ¨ P L

8pRdN ;Hq, then, Hε is self-adjoint on the domain DpHεq “ DpH0q and bounded
from below.

Proof. Hε satisfies the assumptions of [41, Theorem 3.1], which directly implies the essential self-
adjointness.

By the canonical commutation relations, we have, for any Ψ P DpdΓεp1q1{2q,

}a:εpλxqΨ}
2
Γs “ }aεpλxqΨ}

2
Γs ` }λ¨}

2
8}Ψ}

2
Γs (1.25)

where we denoted by } ¨ }8 the norm in the space L8pRdN ;Hq. Using the previous inequality and
Proposition A.1.2, we have

}φεpλxqΨ}H ď 2}ω´1{2λ¨}8 }dΓεpωq
1{2Ψ}H ` }λ¨}8}Ψ}H . (1.26)
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Now, using the inequality 2ab ď αa2` 1
αb

2 for any a, b, α ą 0, and Cauchy-Schwarz inequality yield
(remember that νε ě 1)

2}ω´1{2λ¨}8 }dΓεpωq
1{2Ψ}H ď 2}ω´1{2λ¨}8 xΨ| p´∆x `W` ` νεdΓεpωqq |Ψy

1{2
ď

ď α}p´∆x `W` ` νεdΓεpωqqΨ}H `
1

α
}ω´1{2λ¨}

2
8}Ψ}H

so that,
}φεpλxqΨ}H ď α}p´∆x `W` ` νεdΓεpωqqΨ}H ` bpαq}Ψ}H (1.27)

with bpαq “ α´1}ω´1{2λ¨}8 ` }λ¨}8. Furthermore, since W! P K!, there exist α1 P p0, 1q, b1pα1q P
r0,`8q, such that

}W!Ψ}H ď α1} ´∆xΨ}H ` b1pα1q}Ψ}H ď

ď α1}p´∆x `W` ` νεdΓεpωqqΨ}H ` b1pα1q}Ψ}H .

The proof is concluded by choosing α ` α1 ă 1 and using the Kato-Rellich Theorem, which also
implies that the operator Hε is bounded from below by

´M :“ sup
1{4ăα,α1ă1{2

´pbpαq ` b1pα1qq ą ´8. (1.28)

Remark 1.1.3. We remark that the Theorem holds true also in the case of the Nelson massless model.
Defining

Hω :“ L2pRd;ωpkqdkq (1.29)

the assumptions (1.19) and ω´1{2λ¨ P L
8pRdN ;Hq can be reformulated by requiring that

λ¨ P L
8pRdN ;HX Hω´1q. (1.30)

From now on we assume the hypotheses above guaranteeing the self-adjointness of the Nelson Hamil-
tonian, together with (1.17) about coerciveness of the dispersion relation.

Furthermore, our results will hold true with the following assumption, requiring an explicit for-
mula for the field argument of the Nelson model:

λxpkq :“ χpkq
N
ÿ

j“1

eik¨xj , x P RdN , χ P L2pRd; dkq with χ ě m ą 0. (ANel)

1.1.2 Polaron model

An interesting example that fits in the class of models of interaction between quantum fields and
particles described in Section 1.1 is the one describing an electron moving in a crystal of ions.
Indeed, the electron induces a polarization of the crystal by electro-magnetic attraction-repulsion
forces: the ions are perturbed around their equilibrium positions and vibrate. The modes of vibra-
tion of the lattice can be interpreted as a field of excitations whose force-carriers are bosons called
phonons. The electron is so considered as dressed by a cloud of phonons, and can be modeled as a
new quasi-particle with a larger effective mass and a lower speed, which moves in the crystal and
deforms the lattice creating or destroying excitations, i.e., phonons. Such a quasi-particle is called
polaron, a notion used for the first time by L. D. Landau in [57]. The theoretical model for the
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dynamics of the polaron that we are going to present was introduced by H. Fröhlich in [46] and it
is known as the (Fröhlich) polaron model.

The full Hilbert space for the system is

H “ L2pRdN ; dxq b ΓspHq, (1.31)

where the first factor is associated to N polarons moving in Rd and interacting with a field of
phonons with one-boson space

H “ L2pRd; dkq. (1.32)

The Hamiltonian is given by the formal expression

Hε “ H0 `HI (1.33)

with
H0 “ p´∆x `W px1, . . . , xN qq b 1ΓspHq ` νε1L2pRdN q b dΓεp1q, (1.34)

W being a potential satisfying the same hypotheses as for the Nelson model:

W “W` `W!, W` P L
1
locpR

dN ; R`q, W! P K!, (1.35)

and dΓεp1q the number operator corresponding to the free energy of the phonons with dispersion
relation

ωpkq “ 1, for any k P Rd. (1.36)

Note that dΓεp1q is in fact the Wick quantization of the symbol z ÞÑ }z}2H. Setting

gxj pkq “
eikxj

|k|
d´1

2

(APol)

the interaction term is

HI “

N
ÿ

j“1

paεpgxj q ` a
:
εpgxj qq. (1.37)

As we see, gxj R L
2pRdq, and therefore, unlike in the Nelson model, the term HI is not a well-posed

operator on H . However, it is possible to interpret Hε as a quadratic form QH on the full Hilbert
space whose action is QHrΨs “ xΨ|Hε |ΨyH with

Hε “ ´∆x `W px1, . . . , xN q ` νεdΓεp1q `
N
ÿ

j“1

paεpgxj q ` a
:
εpgxj qq. (1.38)

Next, we associate a self-adjoint operator to the quadratic form by KLMN Theorem, showing
that the interaction is infinitesimally form-bounded w.r.t. the free part. To this purpose, we need
the following Lemma which is going to be used throughout the thesis.

Lemma 1.1.4. One can decompose gy “ gă,y ` gą,y for any y P Rd, with

gă,¨ P L
8pRd;Hq,

gą,ypkq “ r´i∇y , g̃ypkqs, g̃¨ P L
8pRd;Hdq

by taking, e.g.,

gă,ypkq “
eiky

|k|
d´1

2

χt|k|ărupkq, g̃ypkq “
k

|k|
d`3

2

eikyχt|k|ěrupkq (1.39)

with r P p0,`8q.
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Proof. Let us proceed by direct calculation:

}gă,y}
2
H “

ż

|k|ăr
dk

1

|k|d´1
ă `8; }g̃y}

2
HbCd “

ż

|k|ěr
dk

|k|2

|k|d`3
ă `8 (1.40)

and so the functions gă,¨ and g̃¨ belong to H and HbCd, respectively, uniformly in y. Furthermore,
since

´i∇y ¨ g̃ypkq “
d
ÿ

l“1

ˆ

|kl|
2

|k|
d`3

2

eiky `
kl

|k|
d`3

2

eikyp´iByq

˙

χt|k|ěrupkq “

“
eiky

|k|
d´1

2

χt|k|ěrupkq ` g̃ypkq ¨ p´i∇yq

setting gą,ypkq :“ eiky

|k|
d´1

2

χt|k|ěrupkq, the decomposition is proven.

Thanks to the previous Lemma we are now ready to prove the existence of a self-adjoint oper-
ator associated with the polaron quadratic form.

Theorem 1.1.5. Under assumptions (1.35), (1.36), (APol), the quadratic form QH is closed and
bounded from below and identifies a unique self-adjoint operator, still denoted by Hε, on

DpHεq Ă QpHεq “ QpH0q “ Dpp´∆x `W`q
1{2q XDpdΓεp1q

1{2q. (1.41)

Proof. Let us prove the infinitesimal form boundedness of the w.r.t. the positive part. Since W! is
infinitesimally ´∆x´bounded, there exist a P p0, 1q, b P r0,`8q, such that

| xΨ |W!Ψy | ď a xΨ| ´∆x `W` ` νεdΓεp1q |Ψy ` b}Ψ}
2. (1.42)

By Lemma 1.1.4, for any j “ 1, . . . , N,

gxj “ gă,xj ` r´i∇xj , g̃xj s (1.43)

so that, by the trivial inequality,
ˇ

ˇ

ˇ

ˇ

N
ÿ

j“1

@

Ψ
ˇ

ˇpaεpgxj q ` a
:
εpgxj qqΨ

D

ˇ

ˇ

ˇ

ˇ

ď 2
N
ÿ

j“1

ˇ

ˇ

@

Ψ
ˇ

ˇaεpgxj qΨ
Dˇ

ˇ

we obtain that, for Ψ P Dpp´∆x `W`q
1{2q XDpdΓεp1q1{2q,

• for every α P p0,`8q we have

2
N
ÿ

j“1

ˇ

ˇ

@

Ψ
ˇ

ˇaεpgă,xj qΨ
D ˇ

ˇ ď 2N}Ψ}}gă,xj}L8pRd;Hq}dΓεp1q
1{2Ψ} ď

ď α xΨ| ´∆x `W` ` νεdΓεp1q |Ψy `
N2

α
}gă,¨}

2
8}Ψ}

2,

• while for the second term we have

2
N
ÿ

j“1

ˇ

ˇ

@

Ψ
ˇ

ˇri∇xj , aεpg̃xj qsΨ
D
ˇ

ˇ ď 4
N
ÿ

j“1

}∇xjΨ}}g̃¨}L8pRd;HbCdq}dΓεp1q
1{2Ψ} ď

ď 2N}g̃¨}L8pRd;HbCdq xΨ| ´∆x `W` ` νεdΓεp1q |Ψy .
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Since a is fixed, choosing α and r P p0,`8q such that α ` a ` 2N}g̃¨}8 “: α1 ă 1 and setting
b1 :“ b`N2α´1}g¨}

2
8, we get

ˇ

ˇ

ˇ

ˇ

ˇ

C

Ψ

ˇ

ˇ

ˇ

ˇ

ˇ

˜

W! `

N
ÿ

j“1

paεpgxj q ` a
:
εpgxj qq

¸

Ψ

Gˇ

ˇ

ˇ

ˇ

ˇ

ď α1 xΨ| ´∆x `W` ` νεdΓεp1q |Ψy ` b
1}Ψ}2, (1.44)

and the result follows by KLMN Theorem.

As a byproduct, Lemma 1.1.4 shows that the interaction in the polaron model can be written
as the Wick quantization of the symbol

Vpzq “
N
ÿ

j“1

 

2<e
@

gă,xj |z
D

` r´i∇xj , 2=m
@

g̃xj | z
D

s
(

. (1.45)

From now on so, we will denote byHε the self-adjoint Hamiltonian identified in Theorem 1.1.5,
whose associated quadratic form has the explicit expression (1.38), and we will always assume the
following form for the argument of the field operators:

gypkq “
eiky

|k|
d´1

2

“ gă,ypkq ` r´i∇y, g̃ypkqs, y, k P Rd,

gă,ypkq “
eiky

|k|
d´1

2

χt|k|ărupkq, g̃ypkq “
k

|k|
d`3

2

eikyχt|k|ěrupkq. (APol)

1.1.3 Pauli-Fierz model

In quantum electrodynamics, the Pauli-Fierz model is often used to describe systems of non-
relativistic charged quantum particles interacting with a quantized electromagnetic field. It was
introduced by W. Pauli and M. Fierz in [69] to investigate the problem of infrared divergences ap-
pearing in the radiative corrections to the scattering of an electron by the Coulomb field generated
by a nucleus. Indeed, F. Bloch and A. Nordsieck in [17] showed how this infrared catastrophe
could be avoided using a Born approximation method. Pauli and Fierz, in their work, followed
this strategy and attacked other difficulties such as the divergence of the electrostatic energy for
point charges: they considered instead the quantization of the classical Abraham model (see, for
example, [77] for its derivation) with extended charges, in order to obtain a bounded electrostatic
energy.

The Hilbert space of the model is

H “ L2pRdN ; dxq b ΓspHq (1.46)

where, as before, L2pRdN q is the Hilbert space of N non-relativistic, spinless, extended charged
quantum particles in Rd. Unlike the previous models, however, the one-photon space is now

H “ Cd´1 b L2pRd; dkq “ L2pRd; Cd´1; dkq (1.47)

i.e., vectors with d ´ 1 components, given by square integrable functions in Rd. Every component
corresponds to a polarization direction of the photons. We use the following notation: for a vector
f “ pfγq

d´1
γ“1 P H, we set

a#
ε pfq :“ pa#

1 pf1q, . . . , a
#
d´1pfd´1qq, (1.48)

so that one has the canonical commutation relations

raεpfq, a
:
εpgqs “ ε

d´1
ÿ

γ“1

xfγ | gγy2 “ ε xf | gyH . (1.49)
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The Pauli-Fierz Hamiltonian is
Hε “ H0 `HI , (1.50)

where for the free part we have

H0 “ p´∆x `W px1, . . . , xN qq b 1ΓspHq ` νε1L2pRdN q b dΓεpωq (1.51)

with ω “ pωγq
d´1
γ“1 : H Ñ H acts as, componentwise, a multiplication by a vector of positive

functions (e.g., ωγpkq “ |k|, for any γ “ 1, . . . d´ 1), satisfying

Dω´1 ą 0, densely defined, self-adjoint operator on Dpω´1q Ď H. (1.52)

The free field energy has explicit action, sectorwise,

dΓεpωqΨ1 bs . . .bs Ψn “

n
ÿ

j“1

Ψ1 bs . . .bs ωΨj bs . . .bs Ψn (1.53)

where

ωΨj “

d´1
ÿ

γ“1

ωγΨj,γ (1.54)

with Ψj,γ the γ´th component of the vector Ψj P L
2pRd; Cd´1q. The potential between particles

satisfies
W “W` `W!, W` P L

1
locpR

dN ; R`q, W! P K!. (1.55)

The definition of the interaction term, on the other hand, is more involved due to the polarizations
we set and the fact that it contains quadratic terms in creation and annihilation operators:

HI “

N
ÿ

j“1

`

2i∇xj ¨ qjφεpλxj q ` q2
jφεpλxj q

2
˘

(1.56)

where tqjuNj“1 Ď R are the charges of the particles,

λxj pkq “

ˆ

eγpkqfxj pkq

˙

γ“1,...,d´1

(1.57)

is the form factor with eγpkq P Rd for any k P Rd, so that

a#
ε pλxj q “

d´1
ÿ

γ“1

a#
γ peγfxj q. (1.58)

We assume that

f¨ P L
8pRd;L2pRdqq, λ¨ P L

8pRd; Rd bDpω1{2q XDpω´1{2qq. (1.59)

The set of vectors t k
|k| , peγpkqq

d´1
γ“1u identifies an orthonormal basis of Rd for a.e. k P Rd, i.e.,

eσpkq ¨ eτ pkq “ δσ,τ , k ¨ eγpkq “ 0. (1.60)

The vector k yields the direction of propagation of the field’s wave, and eγ are the vectors of
polarization of the transverse waves associated with the photons2. Condition (1.60) is the choice
of the Coulomb gauge for the magnetic potential φεpλxq, i.e., encodes

∇y ¨ λy “ 0, @y P Rd. (1.61)

2In dimension 3 they provide the two directions of oscillation of the electric and magnetic fields, respectively.
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From the explicit expression of the interaction term of the Hamiltonian one can easily see that it is
the Wick quantization of the effective potential

Vpzq “
N
ÿ

j“1

ˆ

2i∇xj ¨ qj 2<e
@

z
ˇ

ˇλxj
D

H
`
`

qj 2<e
@

z
ˇ

ˇλxj
D

H

˘2
˙

, (1.62)

up to an additional term

εBε “ ε
N
ÿ

j“1

}λxj}
2
H (1.63)

which disappear in the limit εÑ 0, needed to take into account the normal ordering. In conclusion,
the Pauli-Fierz Hamiltonian can be rewritten as

Hε “

N
ÿ

j“1

p´i∇xj ´ qj φεpλxj qq2 `W ` νεdΓεpωq. (1.64)

We prove now that under the previous assumptions the Pauli-Fierz Hamiltonian is self-adjoint
on its domain. We state two results: the first one follows from an application of the KLMN theorem,
which requires a condition on the charge. The second requires less stringent assumptions (results
on self-adjointness with more restrictive assumptions are however available in literature: [52],
[55], [77]).

Theorem 1.1.6. Let assumptions (1.52), (1.55), (1.59) and (1.60) hold. Suppose, furthermore
that |qj | ď q0 for any j “ 1, . . . , N , for a certain q0 ą 0 (specified in the proof). Then, the Pauli-
Fierz Hamiltonian Hε is self-adjoint and bounded from below on its domain DpHεq :“ DpH0q “

Dp´∆x `W`q XDpdΓεpωqq.

Proof. Consider the quadratic form QHpΨq :“ xΨ |HεΨy for Ψ P DpH0q. We want to prove the
form boundedness of the interaction w.r.t. the free part. We already know it for W!: there exist
α1 P p0, 1q, β P r0,`8q such that, for any Φε P DpH0q,

xΦε|W! |Φεy ď α1 xΦε| ´∆x `W` ` νεdΓεpωq |Φεy ` β
1}Φε}

2. (1.65)

On the other hand, for any Φε P DpH0q, we can bound the second term on the r.h.s. of (1.56) as

N
ÿ

j“1

xΦε| q
2
j paεpλxj q ` a

:
εpλxj qq

2 |Φεy ď

ď

N
ÿ

j“1

`

2q2
j xΦε| a

:
εpλxj qaεpλxj q |Φεy ` 2q2

j<e
@

Φε

ˇ

ˇa:εpλxj qa
:
εpλxj qΦε

D

` εq2
j }λxj}

2}Φε}
2
˘

.

Now, using Proposition A.1.2 and Cauchy-Schwarz inequality, we obtain the bound for the previous
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expression:

N
ÿ

j“1

xΦε| q
2
j paεpλxj q ` a

:
εpλxj qq

2 |Φεy ď (1.66)

ď

N
ÿ

j“1

q2
j

ˆ

2}aεpλxj qΦε}
2 ` 2}aεpλxj qΦε}}a

:
εpλxj qΦε} ` ε}λxj}

2}Φε}
2

˙

ď

ď

N
ÿ

j“1

q2
j

ˆ

4}aεpλxj qΦε}
2 ` 2ε}λxj}

2}Φε}
2

˙

ď

ď

N
ÿ

j“1

!

4q2
j }ω

´1{2λxj}
2
H xΦε| νεdΓεpωq |Φεy ` 2εq2

j }λxj}
2}Φε}

2
)

ď

ď 4Nq2
0}ω

´1{2λ¨}
2
8 xΦε| p´∆x `W` ` νεdΓεpωqq |Φεy ` 2εNq2

0}λ¨}
2
L8}Φε}

2 (1.67)

Moreover, following the same strategy for the first term, one has

N
ÿ

j“1

2|qj |
ˇ

ˇ

@

∇xjΦε

ˇ

ˇpaεpλxj q ` a
:
εpλxj qqΦε

Dˇ

ˇ ď

ď

N
ÿ

j“1

2|qj |}∇xjΦε}}paεpλxj q ` a
:
εpλxj qqΦε} ď

ď

N
ÿ

j“1

ˆ

xΦε| ´∆xj |Φεy ` q
2
j

@

Φε

ˇ

ˇpaεpλxj q ` a
:
εpλxj qq

2Φε

D

˙

ď

ď

´

1` 4Nq2
0}ω

´1{2λ¨}
2
L8

¯

xΦε| ´∆x `W` ` νεdΓεpωq |Φεy ` 2εNq2
0}λ¨}

2
L8}Φε}

2. (1.68)

Putting together the three inequalities (1.65), (1.67), (1.68) we obtain finally a bound of the
interaction part of the form w.r.t. the free part: for any Φε P DpH0q

xΦε |pW! `HIqΦε y ď α xΦε| ´∆x `W` ` νεdΓεpωq |Φεy ` β}Φε}
2, (1.69)

where α :“ α1 ` 1
2 ` 6Nq2

0}ω
´1{2λ¨}L8 and β “ β1 ` 3εNq2

0}λ¨}
2
L8 . Choosing q0 ą 0 such that

α P p0, 1q, we obtain the result thanks to KLMN theorem.

As already mentioned, the following theorem has more general assumptions.

Theorem 1.1.7. [65, Theorem 5.7] Let S be an open subset of Rd and let λ¨ P L8pS;Hq, with
∇¨ ¨ λ¨ P L8pΛ;Hq. Assume also that (1.52) is satisfied. Then, denoting by ´∆D the Dirichlet
Laplacian, one has

• Hε is essentially self-adjoint on Dp´∆D `W`q bDpdΓεpωqq X ΓfinpHq;

• if, in addition, λ¨ P L8pΛ; Rd bDpω1{2q XDpω´1{2qq and ∇¨ ¨ λ¨ P L8pΛ; Dpω1{2qq, then Hε is
self-adjoint on Dp´∆D `W`q bDpdΓεpωqq and bounded from below, with bound independent
on ε.

Note that, in the Coulomb gauge∇y ¨λy “ 0 for any y P Rd, and therefore one of the conditions
involving this term is automatically satisfied. Hence, assuming (1.52), (1.55), (1.59), (1.60), the
Pauli-Fierz Hamiltonian Hε is self-adjoint in DpHεq :“ Dp´∆x `W`q XDpdΓεpωqq “ DpH0q.
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Remark 1.1.8. The Hamiltonian constructed above belongs to the class of Pauli-Fierz-type Hamil-
tonians but, the operator obtained from the quantization of the Abraham model is slightly differ-
ent. Following [77], one indeed would get the operator acting on H “ L2pR3N q b ΓspHq, with
H “ C2 b L2pR3q,

Hε “

N
ÿ

j“1

1

2mj

´

´i∇xj ´
qj
c
φεpλxj q

¯2
`W ` dΓεp|k|q, (1.70)

with mj , qj , being, respectively, the mass and the charge of the j´th electron moving in R3, c the speed
of light, W the Coulomb potential between particles

W px1, . . . , xN q “
N
ÿ

j‰k

qjqk
|xj ´ xk|

, (1.71)

and where the interaction can be written as

φεpλxj q “
2
ÿ

γ“1

ż

dk
c

|k|1{2
eγpkq pρ̂jpkqe

ikxjaγpkq ` ρ̂
˚
j pkqe

´ikxja:γpkqq. (1.72)

Here, ρ̂j´ stands for the Fourier transform of the signed charge distribution of the j´th particle. This
is reminiscent of the Abraham model: the point distributions are indeed replaced by smooth charge
distributions ejρj , with ρj radial, smooth, normalized and vanishing outside a ball of fixed radius. In
this way, one can avoid the divergences due to the coupling between Maxwell and Newton equations
for point charged particles.

From now on we set the charges of the particles to be equal to 1 and always assume the
following explicit formula for the argument of the fields for the Pauli-Fierz model, and our results
will be stated provided this assumption is satisfied:

λxj pkq :“
´

eγpkqχpkqe
ikxj

¯d´1

γ“1
, χ P L2pRd; dkq. (APF)

1.2 Effective Hamiltonians

In this section we study the effective operators obtained in the quasi-classical limit. The notion of
convergence will be discussed in details in Chapter 4, but we heuristically expect a common be-
haviour for all the models of interest. Recalling the general form of the microscopic Hamiltonians

Hε “ K b 1ΓspHq ` νε1K b dΓεpωq `HI , (1.73)

we observe that by taking the limit εÑ 0 on the field degrees of freedom, it is reasonable to obtain

K ÝÝÝÑ
εÑ0

K,

HI “ OpWick
ε pVq ÝÝÝÑ

εÑ0
Vpzq.

For the moment, we neglect the field energy, since we are interested in the effective Hamiltonian
for the particle system. We thus expect to find an effective Schrödinger operator of the form

Hpzq “ K ` Vpzq, (1.74)

depending on the classical state z P H of the field. Although the structure of the microscopic
models is similar, the properties of the potential Vpzq obtained in the limit strongly depends on the
model chosen. Therefore, we analyse each model separately.
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Nelson model: in this case the effective Hamiltonian takes the form

Hpzq “ ´∆x `W px1, . . . , xN q ` 2<e xz |λxy (1.75)

for any z P H, and the effective potential Vpzq “ 2<e xz |λxy is uniformly bounded w.r.t. x:

|Vpzq| ď }z}H}λ¨}L8pRdN ;Hq. (1.76)

Hence, the sum of the termsW!`Vpzq is infinitesimally bounded w.r.t. ´∆x`W`, therefore,
by Kato-Rellich theorem the operatorHpzq is self-adjoint on the domain DpHpzqq “ Dp´∆x`

W`q, for any z P H.

Polaron model: the following formal expression

Hpzq “ ´∆x `W px1, . . . , xN q `
N
ÿ

j“1

2<e
@

z | gxj
D

(1.77)

can be interpreted as a quadratic form on the domain Dpp´∆x `W`q
1{2q. Given a function

ψ P Dpp´∆x `W`q
1{2q, by (1.45) following Lemma 1.1.4 and Cauchy-Schwarz, we have

| xψ |Vpzqψy | ď 2N}gă,¨}8}z}H}ψ}
2 ` 4

N
ÿ

j“1

}∇xjψ}L2pRd;Cdq}g̃¨}8}z}H}ψ} ď

ď α xψ| ´∆x `W` |ψy `

ˆ

2N}gă,¨}8}z}H `
16N2

α
}g̃¨}

2
8}z}

2
H

˙

}ψ}2

for any α ą 0. Since W! P K!, it is infinitesimally bounded w.r.t. ´∆x `W`, for a certain
constant α1 P p0, 1q. Choosing α such that α ` α1 P p0, 1q, we can use KLMN theorem and
deduce that the form xψ|Hpzq |ψy is closed and bounded from below. Hence, there exists a
self-adjoint operator, still denoted Hpzq, such that DpHpzqq Ď Dpp´∆x `W`q

1{2q.

Pauli-Fierz model: the effective Hamiltonian is

Hpzq “ ´∆x `W px1, . . . , xN q `
N
ÿ

j“1

ˆ

2i∇xj ¨ 2<e
@

z
ˇ

ˇλxj
D

`
`

2<e
@

z
ˇ

ˇλxj
D ˘2

˙

, (1.78)

which can be rewritten as

Hpzq “
N
ÿ

j“1

`

´ i∇xj ´ 2<e
@

z
ˇ

ˇλxj
D ˘2

`W px1, . . . , xN q. (1.79)

We thus recognize a magnetic Schrödinger operator with magnetic potential

Apxjq :“ 2<e
@

z
ˇ

ˇλxj
D

. (1.80)

Since 2<e xz |λ¨ y P L8pRdq, by perturbation theory in combination with Kato-Rellich for the
W!, Hpzq is self-adjoint on DpHpzqq “ Dp´∆x `W`q for any z P H.

Hence, we can summarize the results obtained in this section in the following theorem:

Theorem 1.2.1. The families of Schrödinger operators tHpzquzPH, acting on L2pRdN q,

• Hpzq “ ´∆x `W px1, . . . , xN q ` 2<e xz |λxy,

• Hpzq “ ´∆x `W px1, . . . , xN q `
řN
j“1 2<e

@

z | gxj
D

,

• Hpzq “
řN
j“1

`

´ i∇xj ´ 2<e
@

z
ˇ

ˇλxj
D ˘2

`W px1, . . . , xN q,

are self-adjoint on the domain Dp´∆x`W`q for the Nelson and Pauli-Fierz models, and on a domain
DpHpzqq Ď Dpp´∆x `W`q

1{2q, for the polaron, respectively.
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1.3 Main results

We are now ready to state the main results of the thesis about the convergence of the microscopic
dynamics to the effective dynamics in the quasi-classical regime, that will be proved in Chapter 5.

We consider as initial states for the microscopic system a family of ε´dependent mixed states
described by a normalized, positive density matrix over the full Hilbert space tρεuεPp0,1q Ď L1,`pH q.
In the quasi-classical limit ε Ñ 0, only the field’s degrees of freedom are affected: the limits of
sequences of field states are positive measure µ P M pH; R`q over the one-boson space, while
the particle subsystem is described by a density matrix γpzq P L1,`pL

2pRdN qq, depending on the
field configuration z P H. Therefore, one obtains the convergence to a state-valued measure
m P M pH; L1,`pL

2pRdN qqq over a subsequence tεnunPN, in a sense explained in Chapter 3:

ρεn ÝÝÝÝÑnÑ`8
dmpzq “ γpzqdµpzq. (1.81)

Given one of the self-adjoint Hamiltonians Hε introduced above with a scaling νε such that
ενε Ñ ν P t0, 1u, we will show that

• if ν “ 0, the field is stationary;

• if ν “ 1, the field evolves freely in time, by a classical dynamics generated by the field’s
dispersion relation ω.

Let e´itHε be the one-parameter group generated by Hε, then we define the Heisenberg evolu-
tion of the initial state ρε as

ρεptq :“ e´itHε ρε e
itHε P L1,`pH q. (1.82)

The main result of the thesis is about the convergence of the previous family of states in the quasi-
classical limit: if ρε Ñ m, then we prove that there exists a time-dependent family of state-valued
measures tmtutPR Ď M pH; L1,`pL

2pRdN qqq, such that

ρεptq Ñ dmtpzq “ γmtpzq dµtpzq. (1.83)

Furthermore, we characterize the effective dynamics that yields the evolution of mt. If dmpzq “
γmpzqdµpzq is the state-valued measure obtained by the quasi-classical limit of the initial states ρε,
then its time evolution mt is given by the decomposition (1.83), where

• µt is the measure transported along the flow Φtpzq “ e´itνωz, which can be either a free
dynamics or the identity, depending on the scaling of the field energy:

µt “ Φt 7µ; (1.84)

• the density matrix γmtpzq evolves by the action of the two-parameter group Ut,spzq weakly
generated by the effective Hamiltonian HpΦtzq:

γmtpzq “ Ut,0pzq γmpzqU
:
t,0pzq. (1.85)

In order to formulate the assumption on the initial state needed to prove the next Theorem,
we make use of the operator

H` :“ ´∆x `W`px1, . . . , xN q ` dΓεpωq. (1.86)

We split the needed assumptions in three groups:
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• the form factors satisfy the assumptions in Section 1.1, i.e., (ANel), (APol) and (APF), that
we recall for reader’s convenience:

$

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

%

λxpkq “ χpkq
řN
j“1 e

ikxj , χ P L2pRd; dkq,
for the Nelson

model;

gxj pkq “
eiky

|k|
d´1

2

χt|k|ărupkq `

„

´i∇y, k

|k|
d`3

2

eikyχt|k|ěrupkq



, for the polaron;

λxj pkq “
`

eγpkqχpkqe
ikxj

˘d´1

γ“1
, χ P L2pRd; dkq,

for the Pauli-
Fierz model.

(A0)

• for any δ ą 0 there exists a Cδ P p0,`8q such that

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

supεPp0,1qTrH pρεp´∆x `W` ` pdΓεp1q ` 1qδqq ď Cδ,
for the Nelson

model;
supεPp0,1qTrH pρεp´∆x `W` ` pdΓεp1q ` 1qδq ď Cδ, for the polaron;

supεPp0,1qTrH pρεpH` ` pdΓεp1q ` 1qδqq ď Cδ,
for the Pauli-
Fierz model.

(A1)

• the resolvent of p´∆x `W`q is compact: for any z P %p´∆x `W`q

p´∆x `W` ´ zq
´1 P L8pL

2pRdN qq, (A2)

and therefore the spectrum of ´∆x `W` is discrete. This is in particular the case if W` is
trapping.

Theorem 1.3.1. Let tρεuεPp0,1q Ď L1,`pH q be a family of normalized states satisfying assumptions
(A1) and (A2). Let also

ρεptq “ e´itHερεe
itHε , (1.87)

be their time evolution generated either by the Nelson, polaron or Pauli-Fierz Hamiltonian, satisfying
assumption (A0) with limεÑ0 ενε “ ν P t0, 1u. Then, there exists a subsequence tεnunPN and a
state-valued measure m, such that

ρεn ÝÝÝÝÑnÑ`8
m P M pH; L1,`pL

2pRdN qqq, with dmpzq “ γmpzqdµpzq, (1.88)

and

ρεnptq ÝÝÝÝÑnÑ`8
dmtpzq PM pH; L1,`pL

2pRdN qqq, with dmpzq “ γmtpzqdµtpzq, (1.89)

for any t P R, where the family of state-valued measures tmtutPR is given by

µt “ Φt 7µ, γmtpzq “ Ut,0pzq γmpzqU
:
t,0pzq, (1.90)

with Φtz “ e´itνωz and Ut,spzq the two-parameter group of unitary operators weakly generated by
HpΦtzq “ ´∆x`W `VpΦτzq. Furthermore, the previous convergence holds true also in weak sense,
i.e.,

lim
nÑ`8

TrH pρεnptqB bWεnpξqq “ TrL2

ˆ
ż

H
dmtpzqB e

2i<exξ | zy
˙

, (1.91)

for any ξ P H and B P L pL2pRdN qq.
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The above results are proven in Chapter 5. In order to make the result more explicit (see also
Chapter 3), we observe that the convergence stated above is equivalent to the following: for any
B P L pL2pRdN qq and any ξ P H,

lim
nÑ`8

TrH pρεnptqB bWεnpξqq “ TrL2

ˆ
ż

H
dmtpzqB e

2i<exξ | zy
˙

“

“

ż

H
dµtpzqTrL2pγmtpzqBq e

2i<exξ | zy “

“

ż

H
dµpzqTrL2pγmpzqU

:
t,0pzqB Ut,0pzqq e

2i<exξ |Φtzy.

Remark 1.3.2. We point out here the relevance of the assumptions and their role in the proof of the
convergence.

• The uniform bound on the expectation of the number operator: for some δ ą 0,

TrH pρεp1` dΓεp1qq
δq ď Cδ. (1.92)

Such an assumption is important for the convergence of the dynamics of the Nelson model, since
the control on the number operator propagates in time (Proposition 5.1.2) and allows us to
obtain the convergence of the evolved state, at any time, to a state-valued measure in a weak-
* sense. For the Pauli-Fierz and polaron models, this assumption on the initial datum is not
enough, since the propagation of this condition requires also a control on the positive part of the
Hamiltonian (Propositions 5.1.4 and 5.1.7), i.e.,

TrH pρεp´∆x `W` ` dΓεpωqqq ď C, (1.93)

(for the polaron this is actually needed only for ´∆`W`).

• The weak-* convergence is however not totally satisfactory, because the test against the identity
operator may not converge. As a consequence, even at initial time, there may be a loss of mass
along the quasi-classical limit. Indeed, under the previous assumptions, even if }ρε}L1 “ 1, we
only know that

}mpHq}L1pL2q ď 1. (1.94)

To guarantee the conservation of the probability mass it is necessary to have a uniform bound
on the expectation of a particle observable K with compact resolvent, i.e., such that

z P %pKq, pK ´ zq´1 P L8pL
2q. (1.95)

The most natural choice for such an observable is the Schrödinger operator ´∆x `W` for a
trapping W`. We thus require that W` is a trapping potential and assume that

TrH pρεp´∆x `W`qq ď C, (1.96)

which guarantees that the measure obtained in quasi-classical limit is a probability state-valued
measure (Corollary 3.2.3). Furthermore, by conservation of the probability along the dynamics,
this holds true at any time:

}mtpHq}L1pL2q “ }mpHq}L1pL2q “ 1, (1.97)

Moreover, the convergence can be lifted to weak topology.
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The convergence can be extended, imposing stronger assumptions on the states, also to the ex-
pectations of polynomial symbols in the creation and annihilation operators. We choose tρεuεPp0,1q Ď
L1,`pH q such that

$

’

&

’

%

Dδ ą 1{4, DCδ ě 1 s.t. TrH pρεpdΓεp1q ` 1q2δq ď Cδ, for the Nelson model;
Dδ P N˚, DCδ ą 0 s.t. TrH pρεpH

2δ
ε qq ď Cδνpεq

2δ, for the polaron;

DC ą 0 s.t. TrH pρεpH
2
` ` dΓεp1q2qq ď C, for the Pauli-Fierz model.

(A3)

Theorem 1.3.3. If ρε satisfies assumption (A3), and ρεn Ñ m P M pH; L1,`pL
2qq, then for every

f P Opp,qq, such that
#

p`q
2 ă 2δ, for Nelson and polaron models,
p`q

2 ă 2, for the Pauli-Fierz model,
(1.98)

and any κ P L8pL
2q, ξ P H,

lim
nÑ`8

TrH pρεnptqOpWick
εn pfqκbWεnpξqq “

“

ż

H
dµpzqTrL2pγmpzqU

:
t,0pzqκ fpe

´itνωzqUt,0pzqqe
2i<exξ |Φtzy.

Furthermore, if assumptions (A1) and (A2) are satisfied, then the previous convergence holds true in
weak convergence.

Proof. As mentioned above, the assumptions on the initial state are stronger than the ones of
Theorem 1.3.1. Hence, we can use the latter to deduce the convergence to a time-dependent
family of state-valued measures mt P M pH; L1,`pL

2qq on the subsequence εn Ñ 0, i.e.,

ρεnptq ÝÝÝÝÑnÑ`8
mt. (1.99)

Furthermore, for any time t P R,

TrH pρεptqp1` dΓεp1qq
2δq ď Cptq, with

$

’

&

’

%

δ ą 1{4, for the Nelson model;
δ P N˚, for the polaron;
δ “ 1, for the Pauli-Fierz model.

(1.100)

Indeed, for the Nelson model, Proposition 5.1.2 implies that

TrH pρεptqp1` dΓεp1qq
2δq ď pN2 ` 1q2δemδp1q|t||δ|}λ¨}8Cδ “ Cptq.

For the polaron model, we make use of the pull-through formula stated in Lemma 5.1.3: we deduce
that there exist constants b, c ą 0 such that

}pdΓεp1q ` εq
δpHε ` bq

´δ}L ď c ν´δε , (1.101)

so that

TrH pρεptqp1` dΓεp1qq
2δq ď CrTrH pρεptqpε` dΓεp1qq

2δq ` 1s ď

ď CTrH pρεpHε ` bq
2δq}pdΓεp1q ` εq

δpHε ` bq
´δ}2 ` C ď Cδν

2δ
ε ν

´2δ
ε ` C “ C.
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Analogously, for the Pauli-Fierz model, we apply Proposition 5.1.7, which gives that, for any t P R,
there exists Kptq ą 0 such that, for any Ψε P DpH`q XDpdΓεp1qq,

}pdΓεp1q ` 1qe´itHεΨε}L ď Kptqp}dΓεp1qΨε} ` }pH` ` 1qΨε}q (1.102)

i.e.,
}pdΓεp1q ` 1qe´itHεpdΓεp1q `H`q

´1} ď Kptq. (1.103)

This allows to bound the expectation of the square of the number operator at time t, as

TrH pρεptqp1` dΓεp1qq
2q ď TrH pρεpH

2
` ` dΓεp1q

2qq}dΓεp1qe
´itHεpdΓεp1q `H`q

´1}2 ď Cptq.

Thanks to (1.100) we can apply Corollary 3.3.2 and obtain the desired weak-* convergence for
the polynomial, operator valued symbols f in the class Opp,qq, such that p`q

2 ă 2δ for the Nelson
and polaron models and p`q

2 ă 2 for Pauli-Fierz model.
To strengthen the convergence, we apply again Corollary 3.3.2 to the time evolved density

matrices. Therefore, we have to verify that the condition on the expectation value of the Laplacian
is satisfied at any time. However, this holds true thanks to Propositions 5.1.2, 5.1.4 and 5.1.7,
which implies that, for any t P R,

TrH pρεptq p´∆x `W`qq ď Cptq. (1.104)

Remark 1.3.4. We observe that, while we were able to prove the above convergence for the Nelson and
polaron models for polynomial-valued symbols of every degree, for the Pauli-Fierz the result applies
only to polynomials of degree at most 3. The reason is technical and is due to the fact that the
propagation estimate for the norm of the number operator is available only for power 1 (Proposition
5.1.7). An adaptation of the pull-through formula to higher powers is proven in [2], but it works
under the restriction to massive fields.
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2 | State-valued measures and
integration of operator-valued
symbols

Bohr’s correspondence principle is one of the cornerstones of quantum theory, providing a recipe of
how classical mechanics has to be recovered from quantum mechanics in a limit where certain key
physical quantities, as the energy of the system, are “large”. Analogously, the classical behaviour
can also be obtained when the Planck constant ~ is small compared to characteristic action, which
is typically of order 1 in natural units, i.e., ~ ! 1. In this case one speaks of a semiclassical regime,
and two famous applications of the correspondence principle are the Ehrenfest Theorem and the
WKB approximation.

Among the many results of semiclassical analysis, one of the most relevant is the convergence
of the expectations of quantum observables to their classical counterpart in the limit of ~ Ñ 0.
It is known that, for systems with a finite dimensional phase space (see [64], [79]), the classical
counterparts of quantum states and self-adjoint operators are probability measures and real-valued
functions over the phase space, a.k.a.“symbols”, respectively. Quantum observables may in turn
be recovered from classical symbols via quantization procedures. The Bohr correspondence can be
summarized in the following scheme:

quantum system classical system

quantum states probability measures

self-adjoint operators symbols on phase space

The semiclassical framework was extended and generalized to the case of systems with infinite
dimensional phase space, e.g., quantum fields, in [6]: semiclassical states still converge to scalar
measures over the phase space, called Wigner measures, as in the finite dimensional case, and
expectations of quantum observables tend to the classical ones.

Under suitable assumptions (see, e.g., Chapter 3) any family of vectors tΨεuεPp0,1q in the Fock
space ΓspHq of the field depending on the semiclassical parameter ε (which plays the role of ~ ! 1),
converges to a measure over H. More precisely,

Ψε ÝÝÝÑ
εÑ0

µ (2.1)

where µ P M pH; R`q is a positive, scalar measure on the one-boson space and the convergence is
meant at the level of expectations

xΨε|OpεpbqΨεy ÝÝÝÑ
εÑ0

ż

H
dµpzq bpzq (2.2)
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with b : H Ñ C a measurable function and Opεpbq : ΓspHq Ñ ΓspHq the associated quantum
operator obtained via a chosen quantization.

Adding further degrees of freedom, e.g., making the field interacting with particles, whose
pure states are vectors in a suitable L2 space, the above scheme trivially extends to product states.
Indeed, denoting by H “ L2bΓspHq the Hilbert space of the full system, if we consider a product
state ψ bΨε P H , then

ψ bΨε ÝÝÝÑ
εÑ0

xψ|µ |ψy , (2.3)

i.e.,

xψ bΨε |Opεpbqψ bΨεy ÝÝÝÑ
εÑ0

B

ψ

ˇ

ˇ

ˇ

ˇ

ż

H
dµpzqbpzqψ

F

. (2.4)

If, however, the states considered are mixed, and thus described by a density matrix ρε P L1pH q,
in this case one cannot split the semiclassical part from the one that retains its quantum nature.
Heuristically speaking consider a particular density matrix of the form

ρε “
ÿ

j,kPN

λj,kpεq
ˇ

ˇ

ˇ
ψj bΨpkqε

EA

ψj bΨpkqε

ˇ

ˇ

ˇ
, (2.5)

and assume that the vectors tψjujPN are ε´independent and that Ψ
pkq
ε Ñ µk for any k P N, with

tµkukPN a sequence of positive measures on H, then

ρε ÝÝÝÑ
εÑ0

ÿ

j,kPN

λj,k µk |ψjy xψj | “: m (2.6)

The object so obtained behaves as a density matrix on the particle space L2, and, symmetrically,
it gives a measure on the Hilbert space H when the particles are discarded. This heuristic analysis
suggests the need of introducing new mathematical objects called state-valued measures. Besides
their precise definition, in the next chapters we are going to provide a characterization of state-
valued measures as quasi-classical cluster points of quantum states of systems composed by two
interacting subsystems, i.e., a semiclassical field and a particle system. Thus, Bohr correspondence
can be summarized in the following way:

quantum system quasi-classical system

quantum states of the full system probability state-valued measures

self-adjoint operators operator-valued symbols on phase space

The chapter has the following structure: in Section 2.1 we adapt the definitions of cone-valued
measures [66] and of Bartle’s Banach-valued measures [13] to our case, to give a definition of
state-valued measures, and show how these definitions are equivalent in our setting. After the
discussion of some important properties of state-valued measures, in Section 2.2 we define the
integration of scalar, and then, of operator-valued functions, which will prove to be useful to deal
with interaction term of the Hamiltonians. Finally, we state a version of dominated convergence
theorem for integrals of operator-valued functions w.r.t. state-valued measures and then prove a
convenient decomposition of measures when the space of states has the Radon-Nykodým prop-
erty. We conclude the Chapter generalizing in Section 2.3 the definition to cylindrical state-valued
measures.

We consider the abstract setting of measures with values in positive, continuous functionals
over a C*-algebra A, and observables with values in a W*-algebra B, of which A Ď B is a bilateral
ideal. We do not assume that the C*-algebra has an identity element, which require to use approx-
imate identities. We recall thus the definition and some properties of approximate identities (see
[18]).
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Definition. [18, Definition 2.2.17] If A is a C*-algebra, then a net teαuαPI Ď A` is an approximate
identity, if and only if

• }eα}A ď 1, for any α P I;

• eα ď eβ, if α ď β;

• limαPI }eαx´ x}A “ 0, for any x P A.

Existence of approximate identities is guaranteed by [18, Proposition 2.2.18].
It is well known that, for a unital C*-algebra, the norm of a positive continuous functional over

the C*-algebra is obtained evaluating the functional on the identity element, i.e.,

}ω}A1 “ ωp1q. (2.7)

If the C*-algebra has no identity element, the previous property can be recovered by using approx-
imate identities.

Proposition. [18, Proposition 2.3.11] Let us consider ω P A1`, then

}ω}A1 “ lim
αPI

ωpeαq. (2.8)

2.1 State-Valued Measures

Let A be a C*-algebra and denote by A1` the cone of positive elements in the dual of A. In addition,
let pX,Σq be a measurable space. We want to define a measure

m : Σ ÝÑ A1` (2.9)

There are, in fact, two equivalent ways of defining an A1`-valued measure on pX,Σq. Let us first
adapt the definition of cone-valued measures [66].

2.1.1 Cone-valued measures

If V is a real vector space, a subset C Ď V is a cone, if its elements multiplied by any positive scalar
still belong to the cone. We consider pointed and generating cones, i.e., cones for which it holds1

C X´ C “ t0u, C ´ C “ V, (2.10)

respectively. Consider a subspace V 1 Ď V ˚ in the algebraic dual of V , and denote by C1 the dual
cone defined by

C1 :“ tκ P V 1 |κpCq ě 0u.

We will need the following property

C “ C2 :“ tv P C | vpC1q ě 0u. (2.11)

If V is locally convex and V 1 the continuous dual of V , then the Hahn-Banach separation theorem
automatically implies the previous condition.

Now we denote by R`8 “ r0,8s the extended real half-line with semigroup structure

8` v “ v `8 “ 8, for any v P R`8, (2.12)

1By ´C we denote the opposite cone composed by elements of the form ´v, for any v P C.
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and by C8 :“ HommonpC1; R`8q the monoid homomorphisms w.r.t. pointwise addition. Further-
more, define the map

iC : C ÝÑ C8
c ÞÝÑ iCpcq, iCpcqpκq “ κpcq

For any c1, c2 P C, such that iCpc1q “ iCpc2q, we have iCpc1 ´ c2q “ iCpc2 ´ c1q “ 0, and then, if
(2.10) and (2.11) hold, c1 ´ c2 P C X ´ C “ t0u, i.e., c1 “ c2. So iC is injective, and iCpCq – C.
Another important condition that we will require is

iCpCq “ C8. (2.13)

Now we are ready to state the definition for cone-valued measures [66, Definition I.8].

Definition 2.1.1 (Cone-valued measures). Suppose the triple pV, V 1, Cq satisfies conditions (2.10),
(2.11), (2.13), in which case we say that it is compatible, and let pX,Σq be a measurable space. Then
we say that

m : Σ ÝÑ C8 (2.14)

is a cone-valued measure if mp∅q “ 0 and it is σ´additive pointwise2, i.e., for any collection of
mutually disjoint measurable sets tSjujPN Ď Σ,

m

˜

ď

jPN

Sj

¸

pκq “
ÿ

jPN

mpSjqpκq for any κ P C1. (2.15)

We now show a useful characterization of state-valued measures, which we are going to use
frequently in the rest of the thesis: a cone-valued measure can also be viewed as a collection of
positive scalar measures obtained by testing against all the elements of the dual cone C1. We will
refer to this result as “Neeb’s Lemma".

Lemma 2.1.2. [66, Theorem I.10] The map m : Σ Ñ C8 defines a cone-valued measure if and only
if there exists a family of positive, scalar measures tmκuκPC1 Ď M pX; R`8q such that

mκpSq “ mpSqpκq, for any S P Σ, κ P C1, (2.16)

and the map κ ÞÑ mκ is a monoid homomorphism.

A compatible triple fitting the above conditions is pV, V 1, Cq “ pA1˚,A˚,A1`q, where

• A is a C*-algebra, A˚ the set of its self-adjoint elements, and A` the set of its positive ele-
ments;

• A1 is the continuous dual of the C*-algebra, A1˚ the dual of the set of self-adjoint elements,
and A1` the set of functionals which are positive when acting on A`.

The fact that such a triple satisfies the conditions (2.10), (2.11), (2.13) is proven in [40, Appendix
A.4].

Definition 2.1.3 (State-valued measures-I). A state-valued measure m : Σ Ñ A1` is a cone-valued
measure with the compatible triple given by pA1˚,A˚,A

1
`q.

Hence, by Neeb’s Lemma, to define a state-valued measure it is sufficient to provide a collection
of positive, scalar measures indexed by the positive elements of the C*-algebra (representing the
dual cone w.r.t. A1`), i.e.,

m ÐÑ tmκuκPA` (2.17)

where mpSqpκq “ mκpSq, for any S P Σ, and the map κ ÞÑ mκ is a homomorphism of monoids.

2We will see that this, in the case of positive functionals over the C˚´algebras, this implies σ´additivity in weak-*
topology
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2.1.2 Banach-valued measures

As anticipated, we provide an alternative definition of state-valued measures following [13].

Definition 2.1.4 (State-valued measures-II). A map m : Σ Ñ A1` is a state-valued measure iff
mp∅q “ 0 and for any family tSnunPN Ă Σ of mutually disjoint measurable sets,

m

˜

ď

nPN

Sn

¸

“
ÿ

nPN

mpSnq ,

where the right hand side converges unconditionally in the norm of A1, i.e., for any permutation
τ : N Ñ N,

lim
NÑ`8

›

›

›

›

›

m

˜

ď

nPN

Sn

¸

´

N
ÿ

n“1

mpSτpnqq

›

›

›

›

›

A1

“ 0. (2.18)

Now we show that the two definitions above are equivalent. To this purpose, we need the fol-
lowing result due to Dunford [32, Theorem 32 ], that we recall below for the reader’s convenience:

Theorem 2.1.5. Let T be a set, Y a Banach space, and Γ Ď Y 1 a closed linear submanifold. Let also3

tynptqunPN Ď Y T be a sequence of functions from T to Y , such that

1. for every set of integers I Ď N, there is an element yI P Y T such that
ÿ

nPI

γpynptqq “ γpyIptqq, t P T, γ P Γ; (2.19)

2. for every γ P Γ, suptPT
ř8
n“1 |γpynptqq| ă `8;

3. for every n and I, the sets ynpT q, yIpT q are relatively compact;

4. Γ is a linear closed submanifold of Y 1 such that

}y}Y “ sup
γPΓ, }γ}Y 1“1

|γpyq|. (2.20)

Then for every set I of integers, the following series
ÿ

nPI

ynptq “ yIptq (2.21)

converges in norm on T .

Proposition 2.1.6. Definition 2.1.3 and Definition 2.1.4 are equivalent.

Proof. If m is a state-valued measure according to Definition 2.1.4, then it is so also in the sense of
Definition 2.1.3, because the latter is weaker, being unconditional σ´additivity in norm stronger
than weak-* σ´additivity.

To prove the converse, we use Theorem 2.1.5 and exploit uniform boundedness in Banach
spaces which assures that convergence of the series in weak-*-topology implies unconditional
convergence of the series in strong topology in A1. Let us prove that all the conditions are met.
Choosing T “ ttu, Y “ A1, Γ “ A Ď Y 1 “ A2, yn “ mpSnq, for every n we have:

3We denote here by Y T the space of functions f : T Ñ Y .
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1. the definition mκp ¨ q “ mp ¨ qpκq yields a scalar positive measure for every κ P A`. Thanks to
the decomposition of elements of C*-algebra, for any κ P A, there exist four positive elements
κ`,R, κ´,R, κ`,I , κ´,I , such that

κ “ pκ`,R ´ κ´,Rq ` ipκ`,I ´ κ´,Iq.

Then, there exists a complex measure mκ, such that

mκ “ pmκ`,R ´mκ´,Rq ` ipmκ`,I ´mκ´,I q.

By definition of the state-valued measures, we know that the positive scalar measures in the
previous decomposition are σ´additive and the same holds for the measure mκ for every
κ P A. Then, there exists an element yI :“ m p

Ť

nPN Snq P A
1 such that

ÿ

nPI

mpSnqpκq “
ÿ

nPI

mκpSnq “ mκ

˜

ď

nPN

Sn

¸

“ m

˜

ď

nPN

Sn

¸

pκq;

2. for every κ P A,
ř8
n“1 |mpSnqpκq| ă 8, by convergence of the four series with positive terms

obtained in the decomposition of κ;

3. since T “ ttu, the sets tmpSnqptqutPT , tm p
Ť

nPN Snq ptqutPT are composed by only one ele-
ment, and therefore they are compact;

4. A is a linear closed submanifold of A2, such that

}y}A1 “ sup
}κ}A2“1

|ypκq| “ sup
}κ}A“1

|ypκq|.

we can conclude that Theorem 2.1.5 applies and we obtain that

m

˜

8
ď

n“1

Sn

¸

“

8
ÿ

n“1

mpSnq (2.22)

unconditionally converges in the A1´norm, since the argument holds for every permutation of the
set of indices I.

The proof above also suggests how to define the action of the state-valued measures on complex
compact operators κ P L8pL

2q, simply exploiting the decomposition in positive operators of the
latter and then using the linearity w.r.t. the test operators, i.e.,

mpSqpκq :“ mpSqpκ`,Rq ´mpSqpκ´,Rq ` ipmpSqpκ`,Iq ´mpSqpκ´,Iqq. (2.23)

From now on, we will denote by M pX;A1`q the space of state-valued measures. We give below
some examples of these measures.

Example. 1. Every scalar valued measure is trivially a state-valued measure: choosing as A “ C,
we have that m : Σ Ñ A1` “ R` and the action of the measure over A` “ R` simply by
multiplication by positive numbers:

mpSqpκq “ mpSq ¨ κ, S P Σ, κ P R`.

Neeb condition for σ´additivity reads
ˇ

ˇ

ˇ

ˇ

ˇ

m
´

ď

nPN

Sn

¯

¨ κ´
ÿ

nPN

mpSnq ¨ κ

ˇ

ˇ

ˇ

ˇ

ˇ

“ 0 ñ m
´

ď

nPN

Sn

¯

“
ÿ

nPN

mpSnq

which is the usual condition of σ´additivity for scalar measures.
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2. Choosing pX,Σq “ pH,BorelpHqq, A “ L8pL
2pRdN qq and A1` “ L1,`pL

2pRdN qq, a state-
valued measure is a norm (or weak-*)σ´additive map

m : BorelpHq ÝÑ L1,`pL
2q (2.24)

which may also be defined by a family of positive scalar measures tmκuκPL8,`pL2pRdN qq,
parametrized by positive, compact operators, such that

mκpSq “ mpSqpκq “ TrL2pmpSqκq. (2.25)

We give an example of state-valued measures with values in positive density matrices: let
tz1, . . . , znu Ď H and tρ1, . . . , ρnu Ď L1,`pL

2pRdN qq,

mpSq “
n
ÿ

j“1

ρj χSpzjq, S P BorelpHq,

where χS is the indicator function of the set S.

3. Another important example of state-valued measures is given by measures with associated
triple pL pZ q˚,L1pZ q˚,L pZ q`q, composed by self-adjoint bounded operators, self-adjoint
trace-class operators and positive bounded operators on a Hilbert space Z , respectively. The
fact that the aforementioned triple is compatible with the definition of state-valued measures
is proven in [66]. The so-obtained measures are of the form

m : Σ ÝÑ L pZ q`

with action on trace-class operators: mκpSq “ mpSqpκq “ TrZ pmpSqκq, for any S P Σ, κ P
L1pZ q`. Since κ is a trace-class operator, we can write

κ “
ÿ

nPN

λn |ψny xψn|

with tψjujPN an orthonormal basis in Z and
ř

nPN |λn| ă `8. Then, we get

mκpSq “
ÿ

nPN

λn xψn|mpSq |ψny

so that the measure is a linear combination of scalar measures.

Let us remark that with the above definitions, we are implicitly restricting the discussion to fi-
nite measures, since mpXq P A1`. In fact, for most of the thesis, we are going to consider probability
measures, i.e., such that ‖mpXq‖A1 “ 1.

A state-valued measure is also monotone.

Lemma 2.1.7. For any S1 Ď S2 P Σ,
mpS1q ď mpS2q ,

i.e., mpS2q ´mpS1q P A
1
`.

Proof. The scalar measures tmκuκPA` , are monotone. Therefore, for all κ P A`,

mpS1qpκq “ mκpS1q ď mκpS2q “ mpS2qpκq .

Hence, for all κ P A`, the functional mpS2q ´mpS1q is positive.

We now introduce the norm measure }m}, a scalar measure associated to every m, which we
will show is absolutely continuous w.r.t. the measure and which will be useful to control trace-class
integrals with scalar integrals.
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Definition 2.1.8. Let m be a state-valued measure. Then its norm-measure ‖m‖ : Σ Ñ R` is

‖m‖pSq :“ ‖mpSq‖A1 for any S P Σ.

In the following we prove some properties about the norm measure.

Proposition 2.1.9. Let m : Σ Ñ A1` be a state-valued measure and }m} : Σ Ñ R` the associated
norm measure. Then,

piq for any S P Σ and κ P A`,
mκpSq ď }m}pSq}κ}A; (2.26)

piiq }m} is a finite, σ´additive positive scalar measure;

piiiq m is absolutely continuous w.r.t. }m}, i.e., m ! }m}.

Proof. piq Since mpSq P A1, then, for any S P Σ, κ P A`,

mκpSq “ mpSqpκq ď }mpSq}A1 }κ}A “ }m}pSq }κ}A.

piiq The proof that ‖m‖p∅q “ 0 and ‖m‖pXq ă `8 follows immediately from the definition. To
prove σ-additivity, let us consider a family of mutually disjoint measurable sets tSnunPN Ď Σ.
For first we prove additivity: if teαuαPI Ď A` are approximate identities, then, by (2.8),

}ω}A1 “ lim
αPI

ωpeαq (2.27)

for any ω P A1`, and therefore, for any N P N,

}m}
´

N
ď

n“1

Sn

¯

“ lim
αPI

m
´

N
ď

n“1

Sn

¯

peαq “ lim
αPI

meα
´

N
ď

n“1

Sn

¯

“ lim
αPI

N
ÿ

n“1

meαpSnq “
N
ÿ

n“1

‖m‖pSnq.

By σ´additivity of the measures meα , for any α P I, we have

lim
αPI

lim
NÑ`8

N
ÿ

n“1

meαpSnq “ lim
αPI

meα
´

8
ď

n“1

Sn

¯

“ }m}
´

8
ď

n“1

Sn

¯

. (2.28)

Hence it remains to show that the limits in N and α can be exchanged. In order to do that,
it is sufficient to show that the limit in α exists uniformly w.r.t. N :

lim
αPI

sup
NPN

∣∣∣∣‖m‖´ N
ď

n“1

Sn

¯

´

N
ÿ

n“1

meαpSnq

∣∣∣∣ “ lim
αPI

sup
NPN

∣∣∣∣‖m‖´ N
ď

n“1

Sn

¯

´meα
´

N
ď

n“1

Sn

¯

∣∣∣∣ “
“ lim

αPI
sup
NPN

p ‖m‖ ´meαq

´

N
ď

n“1

Sn

¯

ď lim
αPI
p ‖m‖ ´meαqpXq “ 0 ,

where we have used finite additivity of ‖m‖ and ‖m‖´meα . Notice that the latter is a positive
measure because, for any S P Σ, meαpSq ď }m}pSq by point piq.

piiiq Since both m and }m} are σ´additive, using the definition of absolute continuity in [31], we
get

lim
}m}pSqÑ0

}mpSq}A1 “ lim
}m}pSqÑ0

}m}pSq “ 0, (2.29)

and thus m ! }m}.
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2.2 Integration with respect to state-valued measures

In this section we introduce the notion of integration with respect to state-valued measures. The
theory of integration can be constructed for both the scalar and vector-valued functions, i.e., func-
tions with values in a W*-algebra B for which A Ď B is a bilateral ideal. Since the measures take
values in positive functionals over the C*-algebra, which is an ideal of the W*-algebra, the integral
is naturally defined as a positive functional in A1` as well.

We discuss first the integration of scalar functions. Given the two equivalent definitions of
weak-* or norm σ´additive state-valued measures, we provide two different definitions of inte-
gration.

2.2.1 Integration of scalar functions

Let us recall that a function g : X Ñ R` is simple if there exist a number N P N, mutually disjoint
measurable sets S1, . . . , SN P Σ and non-negative numbers c1, . . . , cN P R`, such that, for all
z P X,

gpzq “
N
ÿ

j“1

cjχSj pzq ,

where χSj is the characteristic function of the set Sj . Integration of simple functions w.r.t. a
state-valued measure m is straightforwardly defined as the positive functional

ż

X
dmpzq gpzq “

N
ÿ

j“1

cj mpSjq P A
1
` .

Using simple functions and Bartle’s definition of state-valued measures, we can construct the
integral via approximation in terms of simple functions (see [13, Theorem 9]).

Definition 2.2.1 (Integration of scalar functions-I). A measurable function f : X Ñ R` is m´integrable
if and only if, for any sequence of simple scalar functions tfnunPN approximating f pointwise, the se-
quence of simple integrals

"
ż

X
dmpzq fnpzq

*

nPN
Ď A1`, (2.30)

is Cauchy w.r.t. the norm in A1. The integral is then defined as
ż

S
dmpzq fpzq :“ } ¨ }A1 ´ lim

nÑ`8

ż

X
dmpzq fnpzqχSpzq, (2.31)

and it is independent on the choice of the approximating functions tfnunPN.

While the first definition above is constructive and rather standard in measure theory, the
second one below is useful to prove important properties of integration.

Definition 2.2.2 (Integral of scalar functions-II). A measurable scalar function f : X Ñ R` is
m´integrable if and only if f is mκ´integrable for every κ P A`. For a fixed S P Σ, the integral of f
w.r.t. m is then defined as the functional Impfq P A1`, acting as

Impfqpκq “

ż

S
dmκpzq fpzq, for any κ P A`. (2.32)
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The previous definition can be extended to general elements of the C*-algebra: any κ P A can
be decomposed into a sum of positive operators κ “ κ1´κ2` iκ3´ iκ4, with κj P A`, j “ 1, . . . , 4,
and, therefore, the action of the integral on the C*-algebra is
ˆ
ż

S
dmpzq fpzq

˙

pκq “

ż

S
dmκ1pzq fpzq ´

ż

S
dmκ2pzq fpzq ` i

ż

S
dmκ3pzq fpzq ´ i

ż

S
dmκ4pzq fpzq.

Furthermore, a complex-valued measurable function f : X Ñ C is m´integrable if and only if
|f | is m´integrable, as a positive-valued function. The integral of the complex-valued function is
then defined as the integral of its decomposition into real/imaginary, positive/negative parts:

Impfq :“ Imp<epfq`q ´ Imp<epfq´q ` iImp=mpfq`q ´ iImp=mpfq´q.

An important result proven in [66] is the following inequality which is inherited from the
continuity of the integral as a functional over the C*-algebra: if f is positive-valued, there exists a
constant C, depending only on S,m and f , such that, for any κ P A`,

ż

S
dmκpzq fpzq ď C }κ}A. (2.33)

If a function f is integrable in both senses of Definitions 2.2.1 and 2.2.2, then the integrals
must necessarily coincide. We show now that the definitions of integrability are equivalent. To this
purpose, we first need to bound the integral using scalar integrals w.r.t. the norm measure }m}.

Lemma 2.2.3. If a non-negative function f is m-integrable in the sense of Definition 2.2.2, then it is
‖m‖-integrable as well.

Proof. Let tfnunPN be a simple, pointwise and non-decreasing approximation of f from below.
By assumptions f is meα´integrable for any α P I, with teαuαPI approximate identities. By the
properties of norm-measure
ż

X
d‖m‖pzq fnpzqχSpzq “ lim

αPI

ż

X
dmeαpzq fnpzqχSpzq ď lim

αPI

ż

S
dmeαpzq fpzq ď C lim

αPI
‖eα‖A ď C .

Taking the limit nÑ `8 of the previous expressions, we get the }m}´integrability of f by mono-
tone convergence theorem:

ż

S
d‖m‖pxqfpxq “ lim

nÑ8

ż

X
d‖m‖pzq fnpzqχSpzq ď C .

Proposition 2.2.4. Let f : X Ñ R` be a measurable function. Then f is m-integrable in the sense of
Definition 2.2.1 if and only if it is m´integrable in the sense if Definition 2.2.2. In addition, for any
S P Σ, ∥∥∥ż

S
dmpzqfpzq

∥∥∥
A1
ď

ż

S
d‖m‖pzqfpzq .
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Proof. If f is m´integrable according to Definition 2.2.1, then tImpfnqunPN is Cauchy in the norm
topology of A1 and thus in weak-* topology. Then, it is possible to define a positive functional
Impfq P A

1
` such that Impfqpκq :“ limnÑ`8 Impfnqpκq ă `8 for any κ P A.

Let us prove the converse: consider a sequence of non-decreasing, positive simple functions
tfnunPN approximating f for m´a.e. z P X. Then fn´fm, for n ě m, is a simple, positive function
of the form

pfn ´ fmqpzq “

Npn,mq
ÿ

j“1

c
pn,mq
j χ

S
pn,mq
j

pzq

where tSpn,mqj ujPN Ď Σ are mutually disjoint measurable sets obtained by the intersection of the

sets tSplqk ukPN for l “ n,m. Hence, since fn ´ fm ď 2f, for m´a.e. z P X, and f is }m}´integrable
thanks to Lemma 2.2.3, we can use the dominated convergence theorem to obtain

∥∥∥ż
S

dmpzq
`

fnpzq ´ fmpzq
˘

∥∥∥
A1
ď

Npn,mq
ÿ

j“1

c
pn,mq
j ‖m‖pSpn,mqj X Sq “

ż

S
d‖m‖pzqpfn ´ fmqpzq ÝÑ

nÑ8
mÑ8

0 .

This proves the m´integrability in the sense of Definition 2.2.1. Furthermore, we have Impfq “
} ¨ }A1 ´ limnÑ`8 Impfnq and

›

›

›

›

ż

S
dmpzq fpzq

›

›

›

›

A1
ď lim

nÑ`8

›

›

›

›

ż

S
dmpzq fnpzq

›

›

›

›

A1
ď lim

nÑ`8

Npnq
ÿ

j“1

c
pnq
j ‖m‖pS

pnq
j X Sq ď

ż

S
d}m}pzq fpzq.

As usual in measure theory, the integrability of a complex-valued function is equivalent to the
integrability of its positive parts as positive functions. We will denote the space of m´integrable,
scalar functions by L1pX; C; dmq. The integral defined is linear and monotone:

Lemma 2.2.5. Let f, g : X Ñ R be two m-integrable functions. If, for m-a.e. z P X,

gpzq ď fpzq ,

then
ż

X
dmpzq gpzq ď

ż

X
dmpzq fpzq ,

i.e.,
ş

X dmpzq
`

fpzq ´ gpzq
˘

P A1`.

Proof. The function f ´ g is m´almost everywhere positive and, by Definition 2.2.2, we have
´

ż

X
dmpzq

`

fpzq ´ gpzq
˘

¯

pκq “

ż

X
dmκpzq

`

fpzq ´ gpzq
˘

ě 0 ,

for any κ P A`, because tmκuκPA` are positive measures.

Theorem 2.2.6 (Dominated Convergence - I). Let fn : X Ñ R`, n P N, be a sequence of measurable
functions that converges m-a.e. to f : X Ñ R`. If there exists a m-integrable function g : X Ñ R`,
such that fn ď g m-a.e., then, fn, n P N, and f are m-integrable, and, for all S P Σ,

ż

S
dmpzq fpzq “ } ¨ }A1 ´ lim

nÑ8

ż

S
dmpzq fnpzq .

40



Proof. Since fn ď g and g is m-integrable, then, for all n P N, for all κ P A`, and for all S P Σ,
ż

S
dmκpzq fnpzq ď

ż

S
dmκpzq gpzq ă `8 .

Therefore, fn is m-integrable for all n P N and, by triangular inequality, f is integrable as well. [13,
Theorem 6] allows to exchange the limit n Ñ `8 with the integral, provided that the following
condition is fulfilled: for all S P Σ and for all n P N,∥∥∥ż

S
dmpzq fnpzq

∥∥∥
A1
ď

∥∥∥ż
S

dmpzq gpzq
∥∥∥
A1
.

In order to prove this inequality, we use the approximate identities teαuαPI Ď A`:

´

ż

S
dmpxqfnpxq

¯

peαq “

ż

S
dmeαpzq fnpzq ď

ż

S
dmeαpzq gpzq “

´

ż

S
dmpzq gpzq

¯

peαq .

Hence, it follows that∥∥∥ż
S

dmpzq fnpzq
∥∥∥
A1
“ lim

αPI

´

ż

S
dmpxqfnpxq

¯

peαq ď lim
αPI

´

ż

S
dmpzq gpzq

¯

peαq “
∥∥∥ż

S
dmpzq gpzq

∥∥∥
A1
.

2.2.2 Integration of operator-valued functions

In order to develop a theory of integration for operator-valued functions, we follow the same steps
as for scalar functions, defining simple functions.

An operator valued function g : X Ñ B is simple if there exist mutually disjoint measurable
sets tSnunPN Ď Σ, and tcnunPN Ď B such that for all z P X,

gpzq “
N
ÿ

j“1

cj χSj pzq .

The integral w.r.t. m of the simple function g is therefore

ż

X
dmpzq gpzq :“

N
ÿ

j“1

mpSjqp cj ¨ q P A
1.

Let us remark that, being A a bilateral ideal of B, we could define as well the simple integral as

ż

X
dmpzq gpzq :“

N
ÿ

j“1

mpSjqp ¨ cjq P A
1.

From now on, we focus on the first choice, the other being perfectly analogous.
In general, it is not guaranteed that a measurable function f : X Ñ B can be approximated by

a sequence of simple functions of the type introduced above. Luckily, for a function with separable
range, that is the case.

Proposition 2.2.7. [25, Proposition E.2] Let f : X Ñ B be a measurable function. If fpXq is
separable, then there exists a sequence tfnunPN of simple functions such that, for all z P X,

lim
nÑ8
‖fpzq ´ fnpzq‖B “ 0 ,

and such that, for any n P N,
‖fnpzq‖B ď ‖fpzq‖B .
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Hence, for measurable functions with separable range we can give a definition of integrability
by using simple functions, following the idea of Definition 2.2.1.

Definition 2.2.8. A measurable function f : X Ñ B with separable range is m´integrable if and
only there exists a sequence of simple functions tfnunPN approximating f according to Proposition
2.2.7, such that

"
ż

X
dmpzq fnpzq

*

nPN
Ď A1 (2.34)

is Cauchy in norm. The integral is then defined as
ż

S
dmpzq fpzq :“ } ¨ }A1 ´ lim

nÑ`8

ż

X
dmpzq fnpzqχSpzq, (2.35)

and it can be shown to be independent from the choice of the approximating simple functions.

For the rest of the section, if not specified otherwise, we will consider observables with separa-
ble range.

Continuing to follow the analogy with the scalar case, we now control the vector integrals by
scalar integrals, by means of norm measure. To do so, we first introduce the notion of absolute
integrability.

Definition 2.2.9 (Absolute integrability). A measurable function f : X Ñ B is m-absolutely inte-
grable if and only if ‖fp ¨ q‖B : X Ñ R` is ‖m‖-integrable. We will denote by L1pX;B; dmq the space
of m´absolutely integrable functions.

Proposition 2.2.10. Let f : X Ñ B be a m-absolutely integrable function, then f is also m-integrable.
In addition, for all S P Σ, ∥∥∥ż

S
dmpzq fpzq

∥∥∥
A1
ď

ż

S
d‖m‖pzq ‖fpzq‖B .

Proof. The proof is analogous to the proof of Proposition 2.2.4. By Proposition 2.2.7 there exists a
sequence of simple functions tfnunPN with non-decreasing norm approximating f pointwise in the
norm of B. For any n ě m P N, fn ´ fm is a simple function, that we write as

pfn ´ fmqpzq “
Npn,mq
ÿ

j“1

c
pn,mq
j χ

S
pn,mq
j

pzq .

In addition, observe that for any simple function g “
řN
j“1 cjχSj ,

‖gpzq‖B “
N
ÿ

j“1

‖cj‖B χSj pzq .

Using this fact we can write∥∥∥ż
S

dmpxq
`

fnpzq ´ fmpzq
˘

∥∥∥
A1
“

›

›

›

›

›

›

Npn,mq
ÿ

j“1

mpS
pn,mq
j X Sqpc

pn,mq
j q

›

›

›

›

›

›

B

ď

ď

Npn,mq
ÿ

j“1

‖m‖pSpn,mqj X Sq‖cpn,mqj ‖B “
ż

S
d‖m‖pzq ‖pfn ´ fmqpzq‖B ÝÑ

nÑ8
mÑ8

0 ,

where in the last limit we used the dominated convergence theorem, since }fnpzq ´ fmpzq}B ď

2}fpzq}B for any z P X, and the }m}´integrability of f .
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Corollary 2.2.11. Any function with separable range f : X Ñ B such that ‖fp ¨ q‖B is ‖m‖-a.e.
uniformly bounded is m-integrable.

Finally, we are ready to state a dominated convergence theorem for operator-valued functions
with separable range.

Theorem 2.2.12 (Dominated Convergence - II). Let tfnunPN, fn : X Ñ B for all n P N, be a
sequence of operator-valued functions that strongly converges m-a.e. to f : X Ñ B. If there exists a
‖m‖-integrable function G : X Ñ R` such that m-a.e.

‖fnpzq‖B ď Gpzq ,

then, for any n P N, fn, f are m-absolutely integrable, and
ż

S
dmpzq fpzq “ } ¨ }A1 ´ lim

nÑ8

ż

S
dmpzq fnpzq .

Proof. By dominated convergence theorem for scalar measures and functions it follows that the
‖fnp ¨ q‖B, ‖fp ¨ q‖B are all ‖m‖-integrable. By definition, it means that fn, for any n P N, and f are
absolutely m´integrable, and so, by Proposition 2.2.10, also m-integrable. Now, for any S P Σ,
again by Proposition 2.2.10∥∥∥ż

S
dmpzqpf ´ fnqpzq

∥∥∥
A1
ď

ż

S
d‖m‖pzq ‖pf ´ fnqpzq‖B .

Hence the proof is reduced to the application of dominated convergence for ‖m‖, applied to the
sequence of scalar functions t‖pf ´ fnqp ¨ q‖unPN. Since ‖pf ´ fnqp ¨ q‖B ď 2}fp ¨ q}B and we have
proved that the last one is }m}´integrable, it follows that in the strong topology of A1,

ż

S
dmpzq fpzq “ lim

nÑ8

ż

S
dmpzq fnpzq .

2.2.3 Radon-Nikodým property and integration of functions with non-separable
range

State-valued measures are rather difficult to manage in their general form. However, if A1 is sep-
arable, it is possible to write them in a form that is very convenient for concrete applications.
Thanks to a result of Dunford and Pettis (see [33, Theorem 2.1.1]) the so-called Radon-Nykodým
property holds and therefore it is possible to separate the measure in a scalar measure and an inte-
grable, state-valued function. Such decomposition allows to construct a good theory of integration
for operator-valued observables with non-separable range, enlarging thus the class of integrable
functions.

The aforementioned result assure that, given a vectorial measure m absolutely continuous w.r.t.
a scalar measure m, then there exists the Radon-Nykodým derivative dm

dm . In our case we consider
as scalar measure m “ }m} the norm measure, and obtain the correspondence

M pX;A1`q Q m ÐÑ

ˆ

}m} ,
dm

d}m}
p ¨ q

˙

P M pX; R`q ˆ L1pX;A1`; d}m}q. (2.36)
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It is however convenient that the A1´valued function are uniformly normalized w.r.t. the variable
in X. Therefore, we include the norm of the Radon-Nykodým derivative in the scalar measure and
we denote by µ the new measure:

dµp ¨ q “ d}m}p ¨ q

›

›

›

›

dm

d}m}
p ¨ q

›

›

›

›

A1
(2.37)

Theorem 2.2.13. If A1 is separable, then, for every state-valued measure m, there exists a scalar
measure µ P M pX; R`q and a function γm : X Ñ A1` that is µ-Bochner-integrable, such that,
uniformly in z P X

}γmpzq}A1 “ 1, (2.38)

and such that, for all S P Σ,

mpSq “

ż

S
dµpzq γmpzq .

Therefore, there is a natural way to define integrability in the case of spaces with the Radon-
Nykodým property: the integration is of Bochner-type and with respect to a scalar measure. We
recall below the action on elements of A:

ˆ
ż

S
dmpzq fpzq

˙

pκq “

ż

S
dµpzq γmpzqpfpzqκq, κ P A, (2.39)

and with the Definition below we relate the integrability of functions with separable range, w.r.t.
state-valued measures, with the Bochner theory of integration.

Definition 2.2.14. Let us consider a state-valued measure m P M pX;A1q with A1 separable and
decomposition m “ pγm, µq, and let f : X Ñ B be a measurable function. Then f is m´integrable if
and only if γmp ¨ qfp ¨ q P A1 is µ´Bochner integrable, and for any S P Σ,

ż

S
dmpzq fpzq :“

ż

S
dµpzq γmpzqfpzq P A

1. (2.40)

It is easy to see that, in the case of function f with separable range, the Definition 2.2.14 is
equivalent to the Definition 2.2.8 à la Bartle simply applying the definitions and the decomposition.
Furthermore, since ‖m‖-Bochner-integrability is equivalent to m-absolute integrability, it follows
that if A1 is separable then m-integrability is equivalent to m-absolute-integrability. Hence all the
results of Section 2.2 extend, if A1 is separable, to functions with non-separable range; let us give
a useful explicit example.

Proposition 2.2.15. Let m P M pX;A1`q such that A1 is separable. Then if U : X Ñ B is such
that there exists C ą 0 such that for m´a.e. z P X, }Upzq}B ď C, then both U and U ¨ U : are
m-integrable, and, for any S P Σ,

ż

S
Upzq dmpzqU :pzq “

ż

S
dµpzqUpzq γmpzqU

:pzq P A1 . (2.41)
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2.2.4 Push-forward of measures

Let us now define the push-forward of state-valued measures.

Definition 2.2.16. Let Φ : X Ñ Y , be a measurable function with pX,Σq, pY,Σ1q two measurable
spaces, and m P M pX;A1`q a state-valued measure. Then the push-forward of m by the function Φ
is defined, for every measurable set S P Σ1, as

pΦ 7mqpSq :“ mpΦ´1Sq (2.42)

The explicit action of a push-forward measure is the following: since for every characteristic
function χSpyq

ż

Y
dpΦ 7mqpzqχSpzq “ pΦ 7mqpSq “ mpΦ´1Sq “

ż

X
dmpzqχΦ´1Spzq “

ż

X
dmpzqχSpΦzq

then, by density of simple functions, if f ˝ Φ P L1pX; C; dmq,
ż

Y
dpΦ 7mqpzq fpzq “

ż

X
dmpzq fpΦzq

If A1 has the Radon-Nykodým property, we have the following action for the decomposition
associated to m:

ż

Y
dpΦ 7mqpzq fpzq “

ż

X
dµpzq γmpzq fpΦzq (2.43)

that is, the push-forward does not act on the Radon-Nykodým derivative of the measure.

2.3 Cylindrical state-valued measures

Let us extend the concept of state-valued measures to the so-called cylindrical state-valued mea-
sures. Cylindrical state-valued measures are the quasi-classical counterpart of a very general class
of microscopic states.

There are equivalent definitions for cylindrical state-valued measures, and here we adopt the
most suitable for our purposes (see [40, Appendix A]). We denote by F pXq the set of finite codi-
mensional, weakly closed, subspaces of X:

F pXq :“ tE subspace of X |dimpX{Eq ă `8, E is σpX,X 1q ´ closedu.

It is possible to make the following decomposition

X “
ź

EPF pXq

X{E. (2.44)

Definition 2.3.1 (Cylindrical state-valued measures). We call m “ tmEuEPF pXq a cylindrical state-
valued measure4 iff it is a projective system of state-valued measures on finite dimensional quotients
of X, that is:

• for any E P F pXq, mE P M pX{E; A1`q is a state-valued measure;

• defining the family of maps tpE,F uFĎEPF pXq

pE,F :X{F ÝÑ X{E

rxsF ÞÝÑ rxsE

then mE “ pE,F 7mF .
4whose set we denote by McylpX;A1`q.
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In the case of A1` “ R` we find the usual definition for the scalar cylindrical measures.
Given a cylindrical state-valued measure, it is possible to define the Fourier transform of that

measure. Indeed, the function z ÞÑ e2i<exz | ξy is cylindrical (see Definition 5.3.3), and bounded,
and therefore the following map is well defined:

McylpH; L1,`pL
2qq Q m ÞÝÑ m̂pξq :“

ż

H
dmpzq e2i<exξ | zy P L1pL

2q. (2.45)

In the following Chapters it will be explained how this map uniquely characterize the associated
state-valued measure and how topologies of convergence for the Fourier transforms induce topol-
ogy on the state-valued measures.

An interesting question is when it is possible to obtain a concentration of cylindrical measures
as pure state-valued measures. In general, cylindrical measures on X are state-valued measures
in a bigger space X̄. We can construct this last space in the following way: consider E P F pXq
and the space X{E. There is a canonical injection jE : X{E Ñ X{E, where the latter is the Čech
compactification5 of X{E, and it induces another injection j “

ś

EPF pXq jE of X into

X̄ :“
ź

EPF pXq

X{E. (2.46)

which is a compact space thanks to Tychonoff theorem. If m P McylpX;A1`q is a cylindrical mea-
sure, we can define the push-forward measure

m̄ :“ j 7m P McylpX̄;A1`q,

as the projective family m̄ :“ tjE 7mEuEPF pXq, jE 7mE P M pX{E;A1`q. A key result for the con-
centration of cylindrical measures is the following Prokhorov’s criterion for tightness of measures:

Lemma 2.3.2 (Prokhorov criterion). A cylindrical measure µ P McylpZ ; R`q concentrates as a
probability measure on Z if and only if, for any η ą 0, there exists Rη ą 0 such that, for any finite
dimensional projector P on H,

µptz P Z : }Pz}H ď Rηuq ě 1´ η. (2.47)

By [75], m̄ concentrates as a state-valued measure on X̄: m̄ P M pX̄;A1`q, and then every
cylindrical measure on a space can be viewed also as a state-valued measure on X̄. The problem
with this last space is that sometimes it is so “big” that it is not useful to express properties of
the measures. For example, cylindrical measures on X “ L2pRdq concentrates as state-valued
measures on X̄ “ L2pR2qL2 , that is, the completion in weak topology of the L2 space. It would be
so preferable to have a finer criterion for the concentration in a smaller space (that may or may not
coincide with X) that we will present in the next chapter for cylindrical measures that are cluster
points of net of semiclassical states.

Below we give a standard example of cylindrical state-valued measures: the Gaussian measure.
Heuristically speaking, one wants to give a good definition of the expression

dgpuq “ “ Z´1e´
xu |uy

2 du ” (2.48)

for some scalar product x¨ | ¨y. In order to do that, we follow the construction outlined in [47,
Chap.3] and [63, Sec.3]: suppose that X “ H is a complex Hilbert space with scalar product
x¨ | ¨yH. Let h ą 0 be a positive operator on H with compact resolvent. Then by spectral theorem

5If V is a topological space, its Čech compactification, denoted by V̄ , is a compact space containing V such that V is
dense in V̄ and for every continuous function f : X Ñ K, with K a Hausdorff compact space, there exists a continuous
extension f̄ : X̄ Ñ K.
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it admits a basis of eigenvectors tujujPN Ď H with relative eigenvalues tλjujPN such that every
element in the Hilbert space can be decomposed

u “
ÿ

jPN

xuj |uyH uj “:
ÿ

jPN

αjuj . (2.49)

If, for any s P R, we denote by

Hpsq :“ Dphs{2q “

"

u P H : }u}2Hs :“
ÿ

jPN

λsj |αj |
2 ă `8

*

(2.50)

there is a unitary equivalence with the weighted `2 space

`2spN; Cq :“

"

tαjujPN :
ÿ

jPN

λsj |αj |
2 ă `8

*

. (2.51)

Trivially, H “ Hp0q. Now, for any E P F pH{Eq, H{E is finite dimensional, say dimCpH{Eq “ n, and
so we can define the isometry

iE :Cn ÝÑ H{E

pα1, . . . ,αnq ÞÑ u “
n
ÿ

j“1

αjuj

provided that H{E, as a subspace6 of H, is generated by the eigenvectors tujunj“1. So we are
ready to define the weighted Gaussian (probability) measure as the push-forward measure, for
any S P BorelpH{Eq,

g
phq
E pSq :“

1

ZE

ż

S

du

p2πqn
e´

1
2
xu|h|uy “

1

ZE

ż

i´1
E S

dα1 . . . dαn
p2πqn

e´
1
2

řn
j“1 λj |αj |

2

(2.52)

with

ZE :“

ż

H{E

du

p2πqn
e´

1
2
xu|h|uy “

ż

Cn

dα1 . . . dαn
p2πqn

e´
1
2

řn
j“1 λj |αj |

2

“

n
ź

j“1

λ´1
j , (2.53)

so that we can express the measure in the following way

g
phq
E pSq “

ż

i´1
E S

n
ź

j“1

ˆ

dαj
2π

λj e
´
λj |αj |

2

2

˙

. (2.54)

This defines a collection of positive scalar measures on the finite-dimensional quotient spaces.
To conclude that g “ tgEuEPF pHq is a cylindrical measure we have to prove the compatibility
condition: let F Ď E, with E,F P F pHq and consider the map pE,F : H{F Ñ H{E. The quotient
spaces are finite-dimensional, and without loss of generality we can consider (at most, applying a
permutation of the basis),

H{E “ Spantu1, . . . , umu

H{F “ Spantu1, . . . , um, . . . , unu

6Here we mean, recalling that
H “

ź

EPFpHq

H{E,

its image under the injection H{E ãÑ H.
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with m ď n, and we have the following isometries

iF : Cn Ñ H{F, iE : Cm Ñ H{E

pα1, . . . , αnq ÞÑ rxsF , pα1, . . . , αmq ÞÑ rxsE

so that we can interpret iE “ iF æCm , and so i´1
F prxsEq “ pα1, . . . , αm, 0, . . . , 0q P Cn. Then, for any

S P BorelpH{Eq,

pE,F 7 g
phq
F pSq “

1

ZF

ż

H{F
dg
phq
F prxsF qχSppE,F rxsF q “

“

n
ź

j“1

λj

ż

Cn

dα1 . . . dαn
p2πqn

e´
1
2

řn
j“1 λj |αj |

2

χi´1
E Spα1, . . . , αm, 0, . . . , 0q

where we used the fact that pE,F rxsF “ rxsE “ iF pα1, . . . , αm, 0, . . . , 0q. Now, integrating in the
free n´m variables and having in mind that

ż

Cn´m
dαm`1 . . . dαne

´ 1
2

řn
j“m`1 λj |αj |

2

“ p2πqn´m
n
ź

j“m`1

λ´1
j ,

we have that

pE,F 7 g
phq
F pSq “

m
ź

j“1

λj

ż

Cm

dα1 . . . dαm
p2πqm

e´
1
2

řm
j“1 λj |αj |

2

χi´1
E Spα1, . . . , αmq “ g

phq
E pSq.

Thus, gphq “ tgphqE uEPF pHq is a cylindrical measure.
Gaussian measures are a paradigmatic example of cylindrical measures that do not concentrate

as Radon measures on the phase space H. The proof of this fact, that we recall below, is presented
in [63] (Sec. 3.1), using the Prokhorov criterion. Indeed, for any E P F pHq and R ą 0 we have,
by Markov inequality and for any p P R,

g
phq
E ptz P H{E : }z}Hp1´pq ě Ruq ď

1

R2

ż

H{E
dg
phq
E pzq }z}

2
Hp1´pq “

“
1

R2

ż

Cn

n
ź

j“1

ˆ

dαj
2π

λj

˙

e´
1
2

řn
j“1 λj |αj |

2
n
ÿ

k“1

λ1´p
k |αk|

2 “

“
2

R2

n
ÿ

k“1

p2πqn

p2πqn
λ1´p
k

λk

śn
j“1 λ

´1
j

śn
j“1 λ

´1
j

“
2

R2

n
ÿ

k“1

λ´pk ď
2

R2
TrHph

´pq,

and the bound is uniform in the dimension of the quotient space. Therefore, if we assume that
TrHph

´pq ă `8, then Prokhorov criterion guarantees that gphq concentrates on Hp1´pq as a Radon
measure.

A relevant case is if we consider H “ L2pΛq, with Λ a bounded open subset of Rd, and h “
´∆`C, with C P R such that h ą 0 and fixed boundary conditions. Then in this case TrL2pp´∆`
Cq´pq ă `8 for p ą d{2, and so the weighted Gaussian measure concentrates as a Radon measure
on Hp1´pq “ H1´ppΛq a Sobolev space, with p ą d{2. If the dimension is greater than one, we
have an example of a cylindrical measure that concentrates as a pure measure outside of the phase
space H.
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3 | Semiclassical analysis of regular
states

In this chapter we develop the mathematical theory used to study interacting systems.
The aim is to characterize state-valued measures as cluster points, w.r.t. suitable topologies, of

a class of states for the microscopic systems satisfying hypotheses of uniform boundedness w.r.t. a
semiclassical paramter ε.

We make use of semiclassical techniques applied to Quantum Field Theories (QFT) developed
in [6], [40] and references thereof contained. It is first convenient to consider abstract algebraic
models of bosonic QFTs, and then turn to concrete situations choosing the suitable representations.

Given a symplectic phase space pX 1, σq, it is possible to define a C*-algebra WεpX
1, σq and

the regular states on the C*-algebra SεpX
1, σq, representing, respectively, the observables and

the states of the composite system. We will show that quasi-classical states and observables are
represented by measures and functions on the phase space.

The rest of the Chapter is organized as follows: in Section 3.1, we recall the construction of
the semiclassical theory given in [40], and give a meaning to the limit

ωε Ñ m. (3.1)

In Sections 3.2 and 3.3, we extend the semiclassical analysis developed in [6] to state-valued
measures and operator-valued symbols.

3.1 Topologies of convergence for semiclassical states

Bosonic QFTs that encode the canonical commutation relations are defined starting from a real
symplectic space, that is, a vector space V endowed with a bilinear, non-degenerate, alternate form
σ on V , called the symplectic form. The couple pV, σq is the phase space of the system and the
space of classical fields and the phase space have to be in duality: a natural choice is to consider the
space of classical fields as the algebraic dual of V endowed with the weak-* topology, as V ˚V “ X,
where X is a topological vector space, and so V “ pV ˚V q

1 “ X 1 the continuous dual of X. An
example of such space X is given by the cotangent bundle of a reflexive, locally convex space Σ
(so-called space of configurations):

X 1 “ T ˚Σ – Σ‘ Σ1,

The previous identifications also highlight the nature of the phase space X 1: as we can see, X 1

carries the structure of the space of Hamiltonian coordinates, while X that of Lagrangian coordi-
nates, and, in infinite dimension, they are not in general equivalent. The aforementioned choice
is suitable due to the cylindrical measures setting, that will require spaces in compatible duality:
thanks to the reflexivity of the space Σ, it is assured that X 1 ãÑ X2 – X (see [40] for further
details).
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Consider now the Heisenberg group HpX 1, σq associated to pX 1, σq, that is, the space X 1 ˆ R
endowed with the group operation

pξ, tq ¨ pη, sq “ p ξ ` η, t` s´ σpξ, ηq q.

It is possible to define a family of C ˚ ´algebraic representations indexed by a parameter ε ą 0:

HpX 1, σq ÝÑ WεpX
1, σq

pξ, tq ÞÝÑ eitWεpξq

where Wεpξq are the Weyl operators satisfying, for every ξ, η P X 1,

Wεpξq ‰ 0, (3.2)

W :
ε pξq “Wεp´ξq, (3.3)

WεpξqWεpηq “ e´iεσpξ,ηqWεpξ ` ηq, (3.4)

and the last formula expresses the bosonic canonical commutation relations1 . tWεpX
1, σquεě0 is

called a deformation of Weyl C˚-algebras, where every WεpX
1, σq is the smallest C*-algebra, w.r.t.

inclusion, containing the set tWεpξq, ξ P X
1u. WεpX

1, σq is unique up to ˚´isomorphism, once
pX 1, σq is fixed. In addition, for every ε, Wεpξq “W1pε

1{2ξq.
The semiclassical parameter ε ą 0 that has been introduced gives the “degree” of non commu-

tativity of the quantum observables.
We are interested in systems composed by a quantum field, that is approximated by its classical

counterpart in the limit of εÑ 0, and a subsystem that does not behave semiclassically. To describe
this further ε-independent degree of freedom we consider the deformation given by the tensor
product2 of the algebra generated by Weyl operators with another non-semiclassically behaved
C˚´algebra A:

tWεpX
1, σquεě0 :“ tAbWεpX

1, σquεě0,

that from now on we will refer to as the algebra of observables of our system.

States of the system are linear, continuous, positive functionals over the algebra of observables:
ωε P pWεpX

1, σqq1`. To every state we can associate its generating map, and this object allows to
define the notion of regularity for states.

Definition 3.1.1 (Generating map). Given a state ωε P pWεpX
1, σqq1`, then the associated generat-

ing map is the function Gωε : X 1 ÝÑ A1, whose action on a P A is

Gωεpξqpaq “ ωεp abWεpξq q.

Definition 3.1.2 (Regular states). A state ωε P pWεpX
1, σqq1` is regular iff, for any ξ P X 1, the

action

R ÝÑ A1

t ÞÝÑ Gωεpt ξq

is continuous when A1 is endowed with the σpA1,Aq-topology. The set of regular states on the algebra
of X 1 will be denoted by SεpX

1, σq.
1We can see that, if ε “ 0, the definition identifies a commutative Weyl C˚-algebra W0pX

1, σq that is the algebra of
almost-periodic functions.

2We could choose different norms for the tensor product of C*-algebra. However, it is convenient to consider the
so-called maximal norm: for A P A1 b A2

}A}max “ supt}A}γ : } ¨ }γ C*-seminorm on A1 b A2u.
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Regular states are uniquely defined by their generating functional. Therefore, regular states
behave as non-commutative measures, as the next result shows.

Theorem 3.1.3 (Non-commutative Bochner Theorem). There exists a bijection between the set of
regular quantum states SεpX

1, σq with partial trace αε “ ωεp ¨ b 1q P A1` and the set of functions Gε
between X 1 and A1 (dual in weak˚-topology) such that

• Gεp0q “ αε;

• Gε æR is continuous in σpA1,Aq topology for every finite dimensional subspace R Ď X 1;

• Gε is of almost positive type:

n
ÿ

j,k“1

eiεσpξj ,ξkqGεpξj ´ ξkqpa
:

kajq ě 0,

for every tajunj“1 Ď A, tξju
n
j“1 Ď X 1,

and the bijection is given by the generating map: ωε ÞÑ Gε :“ Gωε .

That is, a function in pA1qX
1

is the generating map of a regular state if and only if it is ul-
traweakly continuous when restricted to finite dimensional subspaces and it is of almost positive
type.

We are now ready to give a characterization of the states, that we will call semiclassical. First
of all, let us consider families of states whose index varies in the bounded interval p0, 1q.

Definition 3.1.4. A net tωεuεPp0,1q is a family of semiclassical states if

• ωε P SpX 1, σq, i.e., each ωε is a regular state;

• supεPp0,1q }ωε}W1
ε
ă `8, where } ¨ }W1

ε
is the norm of C˚-algebraic states.

The next step is to define suitable topologies for which we have convergence of semiclassical
states to cylindrical state-valued measures. First of all, let us denote by F pXq the set of finite
codimensional, weakly closed, subspaces of X:

F pXq :“ tE subspace of X |dimpX{Eq ă `8, E is σpX,X 1q ´ closedu.

If we denote by F pXq˝ the set of polars of the spaces belonging to F pXq, it is in bijection with
the set of the finite dimensional subspaces of X 1:

F pXq˝
1:1
ÐÑ tΦ Ď X 1 |Φ finite dimensional subspace of X 1u.

Therefore, we have the following decompositions

X “
à

EPF pXq

X{E, X 1 “
à

EPF pXq

E˝,

that allows to use the familiar tools of finite dimensional semiclassical analysis.
Consider now the disjoint union of sets

SpX,X 1,Aq :“ McylpX;A1`q \
ğ

εPp0,1q

SεpX
1, σq.

We can endow it with two topologies.
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• Topology P:

SεpX
1, σq Q ωε

P
ÝÝÝÑ
εÑ0

m P McylpX;A1`q

iff, for every E P F pXq, a P A`, and f P C80 pX{Eq,

ωεpabOpε1{2pfqq ÝÝÝÑεÑ0

ż

X{E
dma

Epxq fpxq

with dma
Epxq “ dmEpxqpaq, mE P McylpX{E;A1`q, and the standard Weyl quantization

Opε1{2pfq “

ż

E˝
dξ f̂pξqWεp2πξq.

• Topology T:
SεpX

1, σq Q ωε
T
ÝÝÝÑ
εÑ0

m P McylpX;A1`q

iff, for every ξ P X 1,

Gωεpξq
w˚
ÝÝÝÑ
εÑ0

m̂pξq

in weak˚-topology, that is,

ωεp abWεpξqq ÝÝÝÑ
εÑ0

m̂apξq, for every a P A`.

Topology P is physically significant, since it describes convergence of expectations for cylindri-
cal smooth symbols, the second is more useful to identify the measures that are cluster points of
the semiclassical net, thanks to the classic Bochner’s Theorem.

Theorem 3.1.5 (Commutative Bochner Theorem). There exists a bijection between the set of cylin-
drical state-valued measures McylpX;A1`q and the set of functions G between X 1 and A1 such that

• G æR is continuous in σpA1,Aq topology for every finite dimensional vector subspace R Ď X 1;

• G is of positive type:
n
ÿ

j,k“1

Gpξj ´ ξkqpa
:

kajq ě 0,

for every tajunj“1 Ď A, tξju
n
j“1 Ď X 1,

and the bijection is given by the generating map: m ÞÑ G :“ m̂.

That is, a function in pA1qX
1

is the Fourier transform of a cylindrical state-valued measure if
and only if it is ultraweakly continuous when restricted to finite dimensional subspaces and it is of
positive type. To summarize,

$

&

%

Functions of

almost positive type

,

.

-

$

&

%

Generating maps of

regular states

,

.

-

$

&

%

Functions of

positive type

,

.

-

$

&

%

Fourier transform of

cyl. state-val. measures

,

.

-

1:1

εÑ0 εÑ0

1:1
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Unfortunately, the topologies P and T are not comparable. Nonetheless (see [40, Theorem
5.1]), semiclassical states always admit a cylindrical measure as P´cluster point, and the conver-
gence in the joint topology3 P_T, provided that the following no-loss of mass condition holds: for
every family of mollifiers tϕmumPN Ď C80 pX{Eq, with E P F pXq, and every ξ P X 1, a P A`, the
following statements are equivalent

piq ωε
P_T
ÝÝÝÑ
εÑ0

m;

piiq Gωεp0q
w˚
ÝÝÝÑ
εÑ0

m̂p0q;

piiiq lim
mÑ`8

lim
kPB

ωεk

´

ab
´

Opεk1{2pϕm ‹ 1q ´ 1
¯¯

“ 0;

pivq lim
mÑ`8

lim
kPB

ωεk

´

ab
´

Opεk1{2pϕm ‹ e
iξp ¨ qq ´Wεkpξq

¯¯

“ 0.

Theorem 3.1.6. [40, Theorem 5.1] Let us consider a net of semiclassical states tωεuεPp0,1q Ď SεpX
1, σq.

Then there exist a subnet tωεnunPBĎp0,1q and a cylindrical state-valued measure m P McylpX;A1`q such
that

ωεn
P
ÝÝÑ
nPB

m. (3.5)

Furthermore, if the net satisfies the no-loss of mass condition, then

ωεn
P_T
ÝÝÝÑ
nPB

m. (3.6)

Since the convergence in joint topology (3.6) is the most convenient to study semiclassical
states, from now on it will be denoted simply by

ωεn Ñ m.

We remark that the uniqueness of the limit measure is guaranteed only once the subsequence has
been fixed: changing the chosen subsequence other measures can be reached as cluster points.

It is possible to extend the previous convergence also to complex states. We denote the space of
complex states with their decomposition in positive elements that are regular states by SpX 1, σqC :

SεpX
1, σqC :“

$

&

%

$ε P pWεpX
1, σqq1

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

$ε “ $`R,ε ´$
´
R,ε ` i p$

`
I,ε ´$

´
I,εq,

$`R,ε, $
´
R,ε, $

`
I,ε, $

´
I,ε P SεpX

1, σq

,

.

-

(3.7)

and call them complex regular states.

Corollary 3.1.7. Let t$εuεPp0,1q Ď SpX 1, σqC be a net of complex regular states uniformly bounded
w.r.t. ε and such that every element of their decomposition in positive elements satisfy the no-loss of
mass condition. Then, there exist a subnet t$εnunPB and a cylindrical (complex) state-valued measure
w P M pX;A1q such that

$εn Ñ w, |$εn | Ñ |w| (3.8)

with the first convergence holding in P_ T topology for every positive term of the decomposition.

3It is the coarsest topology which is finer than both P and T.
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Proof. By definition, for every complex regular state $ε P SεpX
1, σqC there exists a unique decom-

position in positive operators

$ε “ $`R,ε ´$
´
R,ε ` i p$

`
I,ε ´$

´
I,εq

$`R,ε, $
´
R,ε, $

`
I,ε, $

´
I,ε P SεpX

1, σq

and from this it is possible to define the modulus of the complex state as

|$ε| “ $`R,ε `$
´
R,ε `$

`
I,ε `$

´
I,ε. (3.9)

Since $`R,ε ď |$ε| we have
}$`R,ε}L1 ď }$ε}L1 ď C (3.10)

uniformly in ε, and the same for any term of the decomposition. Therefore, by Theorem 3.1.6,

$`R,εn Ñ w`R, $´R,εn Ñ w´R,

$`I,εn Ñ w`I , $´I,εn Ñ w´I .

Then, by linearity, also we have
|$εn | Ñ |w|. (3.11)

3.1.1 Quasi-classical analysis in the Fock representation

In this section we restrict to the important Fock representation. We start by recasting the standard
results of semiclassical analysis in a form suitable for QFT, and then discuss the infinite dimensional
Fock representation.

Finite dimensional quasi-classical analysis

Let us consider X 1 to be finite dimensional. Since X 1 has a symplectc structure, dimpX 1q “ 2d, for
some d P N, and thus X 1 – X – R2d. For convenience, we choose the standard symplectic form on
R2d:

σppq, pq, pq1, p1qq “ q ¨ p1 ´ p ¨ q1, q, q1, p, p1 P Rd.

By Stone-Von Neumann Theorem, every irreducible unitary representation of WεpR2d, σq is equiva-
lent to the Schrödinger representation

πS :WεpR
2d, σq ÝÑ UpL2pRd; dxqq

Wεpq, pq ÞÝÑ πSpWεpq, pqq :“ e´ix¨qe´iεp¨∇xeiεq¨p,

Also, let us consider, for the sake of clarity, the case A “ C. Therefore,

WεpR
2d, σq “ WεpR

2d, σq, tωεuεPp0,1q Ď pWεpR
2d, σqq1` (3.12)

Every family of regular states is normal4 when restricted to a finite dimensional subspace of X 1

(see [19, Section 5.2.3]), but since X is finite dimensional, tωεuεPp0,1q are automatically normal.
Then, there exists a family of density matrices tρεuεPp0,1q Ď L1pL

2q` such that

ωεpAεq “ TrL2pρε πSpAεqq, for every Aε P WεpR
2d, σq.

4By normal we mean that the states can be represented as trace-class operators w.r.t. a fixed representation, in this
case Schrödinger representation.
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By spectral theorem, in addition, there exist tψpεqj ujPN Ď L2pRdq and tλpεqj ujPN Ď p0, 1s,
ř

j λ
pεq
j “ 1

such that
ρε “

ÿ

jPN

λ
pεq
j

ˇ

ˇ

ˇ
ψ
pεq
j

EA

ψ
pεq
j

ˇ

ˇ

ˇ
.

Then the analysis of semiclassical convergence can be restricted, thanks to the linearity of the
trace, to families of vectors tψεuεPp0,1q Ď L2pRdq.

If we consider normalized vectors, then they are trivially a semiclassical net. By Theorem 3.1.6,
there exists a subsequence tψεnunPN and a cylindrical measure m P McylpR2d; R`q “ M pR2d; R`q

such that ψεn
P

ÝÝÝÝÑ
nÑ`8

m, that is,

ωεnpOpεn1{2pfqq “
A

ψεn

ˇ

ˇ

ˇ
πSpOpεk1{2pfqqψεn

E

ÝÝÝÝÑ
nÑ`8

ż

R2d

dmpq, pq fpq, pq, (3.13)

for every f P C80 pR
2dq, where

πSpOpε1{2pfqq “

ż

R2d

dξdη f̂pξ, ηqπSpWεp2πpξ, ηqq.

This is a standard result of semiclassical theory in finite dimension, that can be found, for example,
in [79, Theorem 5.2].

Infinite dimensional quasi-classical analysis: Fock representation

Let us consider X “ H – X 1 a separable real Hilbert space, for example5 H “ pL2
RpR

dq , <e x ¨ | ¨ y2q
with symplectic form σp ¨ , ¨ q “ =m x ¨ | ¨ y2. We choose as further non-semiclassical degrees of
freedom the C˚-algebra

A “ L8pL
2pRdN qq,

for some N P N˚, so that A1 “ L1pL
2pRdN qq. In this case

WεpH, σq “ L8pL
2pRdN qq bWεpH, σq,

and among all the infinitely inequivalent possible choices, we represent the Weyl algebra by the
symmetric Fock representation:

πF :WεpH, σq ÝÑ UpΓspHqq

Wεpξq ÞÝÑ πF pWεpξqq :“ eipaεpξq`a
:
εpξqq.

Therefore, Wε is represented by a set of bounded operators on H “ L2pRdN q b ΓspHq:

π : WεpH, σq Ñ L pH q

κbWεpξq ÞÝÑ κb eipaεpξq`a
:
εpξqq.

Consider a family of normal states tωεuεPp0,1q Ď pWεpH, σqq
1
` for the whole system, so that they

can be represented as density matrices:

ωεpκbWεpξqq “ TrH pρε κb πF pWεpξqqq (3.14)

where tρεuεPp0,1q Ď L1,`pH q are normalized in trace norm: }ρε}L1 “ 1 for every ε P p0, 1q. Then,
it is a semiclassical family and Theorem 3.1.6 holds: there exists a subsequence tρεnunPN, that
converges in P topology, to a cylindrical state-valued measure m P McylpH; L1,`pL

2pRdN qqq:

TrH pρεnκb πF pOpεk1{2pfqqq ÝÝÝÝÑnÑ`8

ż

H{E
dma

Epxq fEpxq (3.15)

5Where by L2
R we intend the space L2 as a real Hilbert space, with scalar product <e x ¨ | ¨ y2 .
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for every f P C80,cylpHq, that is, such that, for every E P F pHq, there exists fE P C80 pH{Eq,
fpxq “ fEprxsEq, with ma

Ep ¨ q “ TrL2pRdN qpmEp ¨ q aq PM pH{E; R`q, and

πF pOpε1{2pfqq “

ż

E˝
dξ f̂pξqπF pWεp2πξqq.

We would like to have the convergence in the joint topology P _ T. In order to do that, a
uniform control of the number operator is sufficient. In addition, the corresponding cluster points
aer Radon measures.

Proposition 3.1.8. Let tρεuεPp0,1q Ď L1,`pH q be a net of normalized states such that there exist a
δ ą 0 and a constant Cδ P p0,`8q such that

sup
εPp0,1q

TrH pρε pdΓεp1q ` 1qδq ď Cδ. (3.16)

Then, if ρεn
P
ÝÑ m P McylpX;A1`q, for the net of states the no-loss of mass condition holds, that is,

ρεn
P_T
ÝÝÝÑ m. (3.17)

Proof. Denoting by Gρεn pξq :“ ρεnWεnpξq the generating map of ρεn in Fock representation, with
action on any κ P L8pL

2q :

Gρεn pξqpκq “ TrH pρεnκb πF pWεnpξqqq. (3.18)

Since }Gρεn pξq}L1 ď 1 for any ξ P H, we can use Banach-Alaoglu theorem and obtain that there
exists a subsequence tεnjujPN and a trace-class operator G P L1pL

2q such that }Gpξq}L1 ď 1 and

Gρεnj
pξq

w˚
ÝÝÑ Gpξq. (3.19)

Since Gρε is of almost positive type, applying the limit εnj Ñ 0, we obtain that G is of positive
type. For κ P L8pL

2q and ξ, η P I, the last being a bounded set in H, we have, by hypothesis and
Corollary A.1.4,

|Gρεpξqpκq ´Gρεpηqpκq| “ |TrH pρε κb pWεpξq ´Wεpηqq| ď

ď CκTrH pρε p1` dΓεp1qq
δqˆ

ˆ }p1` dΓεp1qq
´δ{2pWεpξq ´Wεpηqqp1` dΓεp1qq

´δ{2}L ď

ď Cκ,δ p1` }ξ}Hq }ξ ´ η}H ď Cκ,δ,I}ξ ´ η}H

that is, Gρεnj is weak-* continuous, uniformly in ε, on every bounded set of H. Thus, we can
apply the limit to the previous inequality and obtain that G is a weak-* continuous map on every
bounded set of H, that can be extended uniquely to a weak-* continuous map on the whole H, still
denoted by G. By commutative Bochner theorem (Theorem 3.1.5) we have that G is the Fourier
transform of a cylindrical state-valued measure n P McylpH; L1,`pL

2qq:

Gpξq “ n̂pξq. (3.20)

By uniqueness of the limit in P_ T topology, we obtain that n “ m. The same reasoning holds for

any convergent subsequence, and therefore ρεn
P_T
ÝÝÝÑ m.

The same can be proved for complex states, this time requiring a symmetric control on the
power of the expectation of the number operator.
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Corollary 3.1.9. Let tσεuεPp0,1q Ď L1pH q be a net of normalized complex states such that there exists
a δ ą 0 and a constant Cδ P p0,`8q such that

sup
εPp0,1q

}p1` dΓεp1qq
δ{2σεp1` dΓεp1qq

δ{2}L1 ď Cδ. (3.21)

Then, if σεn
P
ÝÑ w P McylpH;A1`q, the net of states converge in the joint topology:

σεn
P_T
ÝÝÝÑ w. (3.22)

Proof. By Corollary 3.1.7 we have only to prove the no-loss of mass condition for every term of the
decomposition. Consider the decomposition of σε

σε “ σ`R,ε ´ σ
´
R,ε ` ipσ

`
I,ε ´ σ

´
I,εq. (3.23)

Let us prove it, without loss of generality, for σ`R,ε :

TrH pσ
`
R,εp1` dΓεp1qq

δq “ }p1` dΓεp1qq
δ{2σ`R,εp1` dΓεp1qq

δ{2}L1 ď

ď }p1` dΓεp1qq
δ{2σεp1` dΓεp1qq

δ{2}L1 ď Cδ.

The proof is concluded by Proposition 3.1.8, a proper subsequence extraction for every part of the
decomposition and the uniqueness of the limit in the joint topology.

So we have proved that, for semiclassical states satisfying assumption (3.16), we also have the
convergence in topology T: for every ξ P H and κ P L8pL

2pRdN qq

Gρεn pξqpκq “ TrH pρεnκb πF pWεnpξqqq ÝÝÑ
nPB

TrL2pRdN qpκb m̂pξqq “ m̂κpξq. (3.24)

Let us now show that the uniform control also implies that the cluster points are Radon mea-
sures. We follow closely [6, 39].

Theorem 3.1.10. [39, Theorem 3.3] Let tρεuεPp0,1q Ď L1,`pH q be normalized, such that ρεn Ñ m P
McylpH; L1,`pL

2qq. If there exist a δ ą 0 and Cδ P p0,`8q such that

sup
εPp0,1q

TrH pρεdΓεpωq
δq ď Cδ, (3.25)

then the cylindrical measure m is concentrated as a state-valued measure m P M pHω; L1,`pL
2qq.

There ω is a multiplication operator on H by a positive function, and Hω is the following weighted
Lebesgue space:

Hω “ L2pRd;ωpkqdkq, if H “ L2pRd; dkq;

Hω “ L2pRd;ωpkqdkq b Cd´1, if H “ L2pRd; dkq b Cd´1.

Furthermore, the following bound holds:
ż

Hω

dµpzq }z}2δHω ď Cδ. (3.26)

In particular, let us consider the following explicit examples:
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1. If ω “ 1, we have the already mentioned bound by means of the number operator

sup
εPp0,1q

TrH pρεdΓεp1q
δq ď Cδ, (3.27)

and the measure concentrates on itself. In addition, the moments up to the power 2δ are
bounded:

ż

H
dµpzq }z}2δH ď Cδ. (3.28)

2. In the case ω ě m ą 0, we have the inclusion

Hω Ď H, mdΓεp1q ď dΓεpωq (3.29)

and the measure thus concentrates on a subspace of H.

3. If ωpkq “ |k|, there is no inclusion of H in Hω or vice-versa. In fact, the measure m concen-
trates on H|k| “ L2pRd; |k|dkq and

Hr H|k| ‰ ∅, H|k| r H ‰ ∅. (3.30)

3.1.2 Concrete examples of quasi-classical states

In this section we want to apply the theory of quasi-classical convergence to some examples of
states, obtaining interesting state-valued measures in the limit.

We restrict our attention to density matrices on the Hilbert space H “ L2pRdN q b ΓspHq:

ρε P L1,`pH q. (3.31)

Product states. These states describe physical composite systems that are unentangled, and thus
they reduce to the semiclassical theory for the field’s degrees of freedom (see [6, 7, 8, 9, 10,
26, 27]). More precisely,

ρε “ |ψ bΨεy xψ bΨε| (3.32)

where ψ P L2pRdN q,Ψε P ΓspHq, both normalized. Suppose furthermore that Ψε satisfies

xΨε|dΓεp1q
δ |Ψεy ď Cδ (3.33)

for δ ą 0 and Cδ P p0`,8q. By Proposition 3.1.8, there exists a subsequence tεnunPN such
that ρεn Ñ m P M pH; L1,`pL

2qq.We want to characterize m explicitly. There exists a positive,
scalar, probability measure µ P M pH; R`q such that Ψεnk

Ñ µ, along tεnkukPN by the scalar
theory (see [6, Theorem 6.13]). Therefore we obtain

TrH pρεnkκbWεnk
pξqq “

A

Ψεnk

ˇ

ˇ

ˇ
Wεnk

pξqΨεnk

E

xψ |κψy ÝÝÝÝÑ
kÑ`8

ż

H
dµpzq e2i<exξ | zy xψ |κψy ,

for any κ P L8pL
2q and ξ P H, that is

ˇ

ˇ

ˇ
ψ bΨεnk

EA

ψ bΨεnk

ˇ

ˇ

ˇ
ÝÑ µ |ψy xψ| . (3.34)

By uniqueness of weak-* limit and since compact operators separate points of the space of
trace-class operators, necessarily m “ µ |ψy xψ|. So the convergence holds true over the
whole subsequence tεnunPN.
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Coherent states. These product states play a very important role, and thus we mention them
explicitly. Coherent states have minimal uncertainty, and this property is reflected in the
limit by their convergence to deterministic classical states, that is, measures concentrated in
a single point. Indeed, consider

ρε “ |ψ b Ξεpηqy xψ b Ξεpηq| (3.35)

with ψ P L2pRdN q normalized and

Ξεpηq “Wε

´ η

iε

¯

Ω η P H, (3.36)

where Ω “ p1, 0, 0, . . .q P ΓspHq is the Fock vacuum. By construction, Ξε are normalized and
satisfy the no-loss of mass condition:

xΞεpηq|dΓεp1q |Ξεpηqy “ }η}
2
H. (3.37)

Since they are product states, the limit measure is m “ µ |ψy xψ|. Let us prove that µ is
supported in one point. An explicit computation yields

xΞε |WεpξqΞεpηqy “

B

Ω

ˇ

ˇ

ˇ

ˇ

Wε

´ η

iε

¯:

WεpξqWε

´ η

iε

¯

Ω

F

“

“ e´iσpξ,´iηq
B

Ω

ˇ

ˇ

ˇ

ˇ

Wε

´ η

iε

¯:

Wε

´

ξ `
η

iε

¯

Ω

F

“

“ e´iσpξ,´iηqe´iσpiη, ξ`
η
iεq xΩ |WεpξqΩy “

“ e2i<exξ | ηye´i
ε
2
}ξ}2H ÝÝÝÑ

εÑ0
e2i<exξ | ηy “

ż

H
dδηpzq e

2i<exξ | zy,

where we used the Weyl relations, σpξ, ηq “ =m xξ | ηy, and xΩ |WεpξqΩy “ e´i
ε
2
}ξ}2H , which

implies
ρε Ñ δη |ψy xψ| . (3.38)

Statistical mixture of product states. Let us consider statistical mixtures of the form

ρε “
ÿ

jPN

λj

ˇ

ˇ

ˇ
ψpjq bΨpjqε

EA

ψpjq bΨpjqε

ˇ

ˇ

ˇ
, (3.39)

where

• λj P r0, 1s for any j P N and
ř

jPN λj “ 1;

• ψpjq P L2pRdN q and Ψ
pjq
ε P ΓspHq are both normalized for any j P N, and Ψ

pjq
ε satisfy

A

Ψpjqε

ˇ

ˇ

ˇ
dΓεp1q

δ
ˇ

ˇ

ˇ
Ψpjqε

E

ď Cδ (3.40)

uniformly in ε and j for some δ ą 0 and Cδ P p0,`8q.

There exists a subsequence tεnunPN, εn Ñ 0, such that, for any j P N, we have ψpjqεn Ñ µpjq.
Therefore,

ÿ

jPN

λj

ˇ

ˇ

ˇ
ψpjq bΨpjqεn

EA

ψpjq bΨpjqεn

ˇ

ˇ

ˇ
ÝÑ

ÿ

jPN

λj µ
pjq

ˇ

ˇ

ˇ
ψpjq

EA

ψpjq
ˇ

ˇ

ˇ
, (3.41)

where the latter is a state-valued measure convex combination of projectors on particles
space coupled with the limit scalar measures.
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3.2 Convergence for scalar symbols

Using quasi-classical analysis for states developed in Section 3.1, it is possible to study the quasi-
classical behaviour of observables as well. From now on we focus on the space

H “ L2pRdN q b ΓspHq

where the first factor is the Hilbert space of N particles moving in Rd, that do not behave semi-
classically, and the second factor is the Fock space associated to the boson field, with H a separable
Hilbert space.

We study a net of semiclassical, positive states of the system with norm uniformly equal to 1:
tρεuεPp0,1q Ď L1,`pH q, with }ρε}L1 “ 1 for every ε P p0, 1q. By Theorem 3.1.6, all the correspond-
ing Wigner meausures are cylindrical state-valued measure on the one-boson space

m P McylpH; L1,`pL
2pRdN qqq.

If m is a true measure, since L1pL
2pRdN qq has the Radon-Nikodým property (see Chapter 2), by

Theorem 2.2.13 it can be decomposed in:

• A scalar probability measure µ P M pH; R`q, with

dµp ¨ q “

›

›

›

›

dm

d}m}
p ¨ q

›

›

›

›

L1

d}m}p ¨ q; (3.42)

• A function of density matrices on the particle space γm P L1pH; L1,`pH q; dµq, with }γmpzq}L1 “

1 for µ´a.e. z P H.

Thus we can write, for any S P BorelpHq and f : HÑ L pL2pRdN qq

TrL2pRdN q

ˆ
ż

H
dmpzqfpzq

˙

“

ż

H
dµpzqTrL2pRdN qpγmpzqfpzqq.

Theorem 3.2.1. Let tρεuεPp0,1q Ď L1,`pH q be normalized, and suppose that, for some δ ą 0, there
exists Cδ P r1,`8q such that

sup
εPp0,1q

TrH pρε pdΓεp1q ` 1qδq ď Cδ. (3.43)

Then, there exist a subsequence εn Ñ 0 and a probability state-valued measure m :“ pγm, µq P
M pH; L1,`pL

2qq such that ρεn Ñ m, and, for every κ P L8pL
2q,

1. The limit

lim
nÑ`8

TrH pρεn Opεn1{2pbqκbWεnpξqq “

ż

H
dµpzqTrL2 pγmpzqκq bpzq e

2i<exξ | zy,

holds true for all b P
Ť

P:dimPHă`8 SPHpxzy
2δq (defined in Section B.1);

2. The limit

lim
nÑ`8

TrH pρεn pbq
Wick
εn κbWεnpξqq “

ż

H
dµpzqTrL2 pγmpzqκq bpzq e

2i<exξ | zy,

holds true for all b P P8
p,qpHq such that p` q ă 2δ (defined in Section B.2).
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Furthermore, the map H Q z ÞÑ }z}2δ̄H 1 P L pL2q, with δ̄ ď δ, is m-integrable and the following control
holds:

›

›

›

›

ż

H
dµpzq γmpzq p1` }z}

2
Hq
δ̄

›

›

›

›

L1

“

ż

H
dµpzq p1` }z}2Hq

δ̄ ď Cδ. (3.44)

Proof. By Theorem 3.1.10 and its remarks, m concentrates as a state-valued measure over the
space H: m P M pH; L1,`pL

2pRdN qqq. We will prove in order: piq the convergence of quantum
expectations to classical ones testing with compact operators; piiq the control over the integral of
the norm of z.

piq Let us restrict to κ P L8,`pL
2q and to Wick quantized symbols. The extension to gen-

eral compact operators and other quantization procedures is straightforward. By Theo-
rem 3.1.6, there exists a subsequence εn Ñ 0 and a cylindrical state-valued measure m P

McylpH; L1,`pL
2qq such that ρεn Ñ m. Recall that, in particular, this implies the weak-*

convergence of the generating map to the Fourier transform of the measure. Define now, for
every κ P L8,`pL

2q,

ρκεn :“ TrL2pρεn κq P L1,`pΓspHqq,

mκp ¨ q :“ TrL2pmp ¨ qκq PMcylpH; R`q,

then, by construction, we have that

sup
εPp0,1q

TrΓspHqpρ
κ
ε p1` dΓεp1qq

δqq ď Cδ}κ}L (3.45)

and, for every ρκεn , mκ is the unique associated Wigner measure (since the subsequence
is fixed): ρκεn Ñ mκ, for any κ P L8,`pL

2q. By [6, Corollary 6.14], and thanks to the
assumptions, we have that the convergence at the level of generating maps extends to the
convergence of expectations of operators to the relative classical expectations of symbols
w.r.t. scalar measures:

lim
nÑ`8

TrΓspρ
κ
εnpbq

Wick
εn Wεnpξqq “

ż

H
dmκpzq bpzq e2i<exξ | zy. (3.46)

As a byproduct, by [6, Theorem 6.2] we have also the following bound, for every κ P

L8,`pL
2q :

ż

H
dmκpzq p1` }z}2Hq

δ ď Cδ}κ}L . (3.47)

piiq Let us consider now a non-decreasing sequence of approximate identities t1nunPN Ď L8,`pL
2q,

1n Õ 1 in strong topology in L2pRdN q. Then, by the previous point we have

TrL2

ˆ
ż

H
dmpzq p1` }z}2Hq

δ 1n

˙

“

ż

H
dm1npzq p1` }z}2Hq

δ ď Cδ}1n}L ď Cδ.

In particular the following estimate holds, recalling that dm1npzq “ dµpzqTrL2pγmpzq1nq and
considering t}z}mumPN as simple non-decreasing functions approximating the norm of z:

ż

H
dµpzq p1` }z}2mq

δ “ lim
nÑ`8

ż

H
dm1npzq p1` }z}2mq

δ ď Cδ.

Applying the Fatou Lemma for the lim inf in mÑ `8 we obtain the desired control
ż

H
dµpzq p1` }z}2Hq

δ ď Cδ,

and the µ-integrability implies m integrability.
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If we make an additional assumption on the particle part of the state, it is possible to extend
the convergence to the test with bounded operators. This ensures that no mass is lost in the limit
due to the particle-field interaction. In order to extend the convergence, we need the following
preparatory Lemma introducing a new class of test operators composed by regularized compact
and bounded operators endowed with the spectral cut-off of a suitable self-adjoint operator.

Lemma 3.2.2. Let T be a densely defined, self-adjoint operator on a Hilbert space Z , and denote by
1mpT q its spectral projector in the interval r´m,ms,m P N. Then the sets of operators

K :“ KT “ tκm :“ 1mpT qκ1mpT q, κ P L8,`pZ q,m P Nu;

B :“ BT “ tBm :“ 1mpT qB 1mpT q, B P L pZ q`,m P Nu

separate points of L1pZ q in weak-* and weak topology respectively.

Proof. Let us prove it for K, the proof for B being perfectly analogous. Let ρ P L1,`pH q such that
for all κm P K,

TrH pρ κmq “ 0.

By spectral theorem, we can decompose ρ “
ř

jPN λj |ψjyxψj |, with λj P r0, 1s,
ř

jPN λj “ 1 and
tψjujPN an orthonormal basis for Z . Then it follows, since it is a sum of positive terms, that for
all j P N,

λj xψj |κm |ψjyZ “ 0 .

Suppose that there is at least one j for which λj ‰ 0, then we have that the second factor has to
be zero. Taking the limit mÑ8 for that factor we obtain that, for all κ P L8,`pZ q,

xψj |κ |ψjyZ “ 0.

Hence ψj “ 0 for that j-s such that λj ‰ 0, and therefore ρ “ 0.

Corollary 3.2.3. Under the same assumptions of Theorem 3.2.1, and if, furthermore, there exists a
densely defined, positive operator T ą 0 on L2pRdN q such that

T´1 is compact, sup
εPp0,1q

TrH pρεT q ď C,

and sup
εPp0,1q

TrH pρε pdΓεp1q ` 1q2δq ď C2δ,
(A1)

and if ρεn Ñ m, then, for any B P L pL2pRdN qq,

1. The limit

lim
nÑ`8

TrH pρεn Opεn1{2pbqB bWεnpξqq “

ż

H
dµpzqTrL2 pγmpzqBq bpzq e

2i<exξ | zy,

holds true for all b P
Ť

P:dimPHă`8 SPHpxzy
2δq;
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2. The limit

lim
nÑ`8

TrH pρεn pbq
Wick
εn B bWεnpξqq “

ż

H
dµpzqTrL2 pγmpzqBq bpzq e

2i<exξ | zy,

holds true for all b P P8
p,qpHq such that p` q ď 2δ.

Furthermore, m concentrates as a probability measure:

}mpHq}L1pL2q “ 1. (3.48)

Remark 3.2.4. A natural choice for the operator T is

T “ ´∆x `W` (3.49)

with a trapping W`, which gives automatically compactness of its inverse.

Proof. Let us fix the sequence tεnunPN such that ρεn Ñ m. Let us denote by

ρTε :“ T 1{4ρεT
1{4 (3.50)

which is a family of density matrices satisfying, thanks to the hypotheses, for any δ ą 0,

TrH pρ
T
ε pdΓεp1q ` 1qδq ď TrH pρεpT ` pdΓεp1q ` 1q2δqq ă C ` C2δ (3.51)

uniformly in ε. Then, thanks to Theorems 3.1.6 and 3.1.10, there exists a subsequence tεnjujPN

and a state-valued measure mT P M pH; L1,`pL
2qq such that

ρTεnj
Ñ mT . (3.52)

We want to identify mT by a standard argument: let us consider compact operators of the form
κT :“ T´1{4κT´1{4, then

lim
jÑ`8

TrH pρ
T
εnj
κT bWεnj

pξqq “ lim
jÑ`8

TrH pρεnjκbWεnj
pξqq “

“ TrL2

ˆ
ż

H
dmpzqκ e2i<exξ | zy

˙

“ TrL2

ˆ
ż

H
T 1{4dmT pzqT 1{4κe2i<exξ | zy

˙

and so, since compact operators separate points of L1, necessarily mT “ T 1{4mT 1{4. For any
other convergent subsequence tρTεnj ujPN to another measure mT

pjq, the same identification can be
portrayed, and so, as a consequence, we obtain the convergence over the whole sequence tεnunPN:

T 1{4ρεnT
1{4 Ñ T 1{4mT 1{4, (3.53)

and by (3.51) we have

TrL2

ˆ
ż

H
dmpzq pT ` }z}4δH 1L2q

˙

ă C ` C2δ. (3.54)

Now, let us consider B P L pL2q, then T´1{4BT´1{4 P L8pL
2q, and so it holds true the following

convergence:

lim
nÑ`8

TrH pρεnpbq
Wick
εn B bWεnpξqq “ lim

nÑ`8
TrH pρ

T
εn pbq

Wick
εn T´1{4BT´1{4 bWεnpξqq “

“ TrL2

ˆ
ż

H
dmT pzqT´1{4BT´1{4 bpzq e2i<exξ | zy

˙

“ TrL2

ˆ
ż

H
dmpzqB bpzq e2i<exξ | zy

˙
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that proves the convergence of symbols belonging to the class P8
p,q, p ` q ă 2δ, testing with

bounded operators (the case of Weyl quantization being totally the same). To deal with the case
p ` q “ 2δ, we use the regularized class of test operators. Consider a sequence tBmumPN Ď B,
Bm “ 1mpT qB1mpT q, such that s´ limmÑ`8Bm “ B and, by functional calculus,

}T´1{4pB ´BmqT
´1{4} ÝÝÝÝÝÑ

mÑ`8
0. (3.55)

We use the latter to estimate the following:

|TrH pρεpbq
Wick
ε pB ´Bmqq bWεpξqq| ď }T

1{4p1` dΓεp1qq
p`q

4 ρεp1` dΓεp1qq
p`q

4 T 1{4}L1ˆ

ˆ }T´1{4pB ´BmqT
´1{4}}p1` dΓεp1qq

´
p`q

4 pbqWick
ε p1` dΓεp1qq

´
p`q

4 } ď

ď C}T´1{4pB ´BmqT
´1{4} ÝÝÝÝÝÑ

mÑ`8
0,

uniformly in ε. Therefore we can exchange the limits in ε and m, obtaining

lim
nÑ`8

TrH pρεnpbq
Wick
εn Bm bWεnpξqq “ TrL2

ˆ
ż

H
dmpzqBm bpzq e

2i<exz | ξy
˙

(3.56)

and conclude by the bound (3.54) and the Dominated Convergence Theorem.
Now, testing with the identity element we have the following limit:

1 “ lim
nÑ`8

TrH pρεn1H q “

ż

H
dµpzqTrL2pγmpzq 1L2q “ }mpHq}L1pL2q. (3.57)

3.3 Convergence for operator-valued symbols

In order to study the interacting theories, it is necessary to study operator-valued symbols and
their quantization. If we consider a product state |ψ bΨεy xψ bΨε| , with ψ b Ψε P H , the limit
of the expectation of creation and annihilation operator with x´dependent argument (x being the
variable in RdN for the particles) is known (see [26, 27]). In this case, if Ψε Ñ µ P M pH; R`q then

lim
εÑ0

TrH p|ψ bΨεy xψ bΨε| a
#
ε pλxqq “

A

ψ
ˇ

ˇ

ˇ
lim
εÑ0

A

Ψε

ˇ

ˇ

ˇ
a#
ε pλxqΨε

E

ψ
E

“

“

B

ψ

ˇ

ˇ

ˇ

ˇ

ż

H
dµpzq xλx | zy

# ψ

F

. (3.58)

The variable x in the operators argument is treated as a parameter and is not involved in the limit
process. In the case of non-product state, however, the limit does not act separately on the particle
and field part. In this case, we expect a result of the following type:

lim
εÑ0

TrH pρε a
#
ε pλxqq “

ż

H
dµpzqTrL2pγmpzq xλx | zy

#
q. (3.59)

Clearly, here xλx | zy
# shall be considered an operator-valued symbol, i.e., it has the form

V :H ÝÑ L pL2pRdN qq

z ÞÝÑ Vpzq : ψ ÞÝÑ pVpzqψqpxq.

Quasi-classical analysis for operator-valued symbols may be very complicated in general. For
our purposes, it is sufficient to consider polynomial symbols of the form

Opp,qq :“

#

z ÞÝÑ

p
ź

j“1

A

z
ˇ

ˇ

ˇ
λpjqx

E

q
ź

k“1

A

ηpkqx

ˇ

ˇ

ˇ
z
E

, tλpjqx u
p
j“1, tη

pkq
x u

q
k“1 Ď H

+

, (3.60)

64



and Wick quantizations are operators of the following type

Opp,qqε :“

#

p
ź

j“1

a:εpλ
pjq
x q

q
ź

k“1

aεpλ
pkq
x q, tλ

pjq
x u

p
j“1, tη

pkq
x u

q
k“1 Ď H

+

. (3.61)

The key idea is to approximate λx by simple functions λN with separated variables. In this
way it is possible, by linearity, to quantize only the scalar product part and obtain “truncated"
creation/annihilation operators for which the limit of the expectation is already known by Theorem
3.2.1:

Trpρε a
#
ε pλM qq Tr2

ş

dmpzq xλM | zy
#

Trpρε a
#
ε pλxqq Tr2

ş

dmpzq xλx | zy
#

εÑ0

Thm 3.2.1

MÑ`8 MÑ`8

εÑ0

and closing the previous diagram proving the limit expressed by the dashed arrow.

Theorem 3.3.1. Let tρεuεPp0,1q P L8,`pL
2qL1,`pH q be normalized such that there exists δ ą 1{2

and Cδ P r1,`8q such that
sup
εPp0,1q

TrH pρε pdΓεp1q ` 1qδq ď Cδ.

Then, if ρεn Ñ m P M pH; L1,`pL
2qq, we have that, for λxpkq “ χpkq

ř

j“1 e
ikxj , χ P L2pRd; dkq and

every κ P L8pL
2q, ξ P H,

lim
nÑ`8

TrH

´

ρεn a
#
εnpλxqκbWεnpξq

¯

“

ż

H
dµpzqTrL2

´

γmpzq xλx | zy
#
H κ

¯

e2i<exξ | zy. (3.62)

If assumption (A1) holds with δ ě 1{2, then the convergence is true when testing on bounded observ-
ables as well.

It is possible to generalize the previous Theorem to operator-valued polynomial symbols of any
degree, with suitable assumptions on the states.

Corollary 3.3.2. Let tρεuεPp0,1q P L1,`pH q be normalized such that there exists δ ą p`q
2 for some

p, q P N, and Cδ P r1,`8q such that

sup
εPp0,1q

TrH pρε pdΓεp1q ` 1qδq ď Cδ.

Then, if ρεn Ñ m P M pH; L1pL
2q`q, we have that, for any V P Opp,qq, with the λ¨´s and η¨´s of the

same form as the in Theorem 3.3.1, and every κ P L8pL
2q, ξ P H,

lim
nÑ`8

TrH

´

ρεn pVqWick
εn κbWεnpξq

¯

“

ż

H
dµpzqTrL2 pγmpzqVpzqκq e2i<exξ | zy. (3.63)

If assumption (A1) holds with δ ě p`q
2 , the previous convergence is extended to the test with bounded

operators.
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Proof of Corollary 3.3.2. We prove the result by induction. The cases pp, qq “ p1, 0q and pp, qq “
p0, 1q are covered by Theorem 3.3.1. Suppose the result holds true for generic pp´ 1, qq P N2, and
denote by

σε “ ρε a
:
εpλ

ppq
x q. (3.64)

The state σε is complex, and satisfies the bound

}p1` dΓεp1qq
δ´1

2 σεp1` dΓεp1qq
δ´1

2 }L1 ď Cδ}p1` dΓεp1qq
´ δ

2a:εpλ
ppq
x qp1` dΓεp1qq

δ´1
2 }L ď C,

thanks to Lemma B.2.1, therefore it converges, up to a subsequence extraction, to a complex
state-valued measure w P M pH; L1pL

2qq. In addition, by Theorem 3.3.1 it follows that dwpzq “

dmpzq
A

z
ˇ

ˇ

ˇ
λ
ppq
x

E

and the subsequence is exactly tεnunPN. Furthermore, by Corollary 3.1.9 we know
that this implies also convergence for the parts in the decomposition in positive operators. Let us
consider the real positive part σ`R,εn Ñ w`R. By the induction step at p´ 1,

lim
nÑ`8

TrH

˜

σ`R,εn

p´1
ź

j“1

a:εnpλ
pjq
x q

q
ź

k“1

aεnpη
pkq
x qκbWεnpξq

¸

“

“ TrL2

˜

ż

H
dw`Rpzq

p´1
ź

j“1

A

z
ˇ

ˇ

ˇ
λpjqx

E

q
ź

k“1

A

ηpkqx

ˇ

ˇ

ˇ
z
E

κ e2i<exz | ξy

¸

. (3.65)

Analogously, one deals with the other positive parts and obtains the result by linearity. To deal with
the case from pp, q ´ 1q to pp, qq, let us observe that, thanks to canonical commutation relations

p
ź

j“1

a:εpλ
pjq
x q

q
ź

k“1

aεpη
pkq
x q “ aεnpη

pqq
x q

p
ź

j“1

a:εpλ
pjq
x q

q´1
ź

k“1

aεpη
pkq
x q ` εRpp´1,q´1q

ε (3.66)

where Rpp´1,q´1q
ε is a sum of terms of degree pp´ 1, q ´ 1q uniformly bounded w.r.t. ε. Therefore,

we can consider the complex state τε “ ρε aεpξ
pqq
x q, and proceed as above.

The proof of Theorem 3.3.1 requires some preliminary steps.

Lemma 3.3.3. Consider λxpkq “ χpkq
řN
j“1 e

ikxj , with χ P H :“ L2pRd; dkq, x P RdN . Then, there
exists a sequence of Hilbert-valued simple functions tλM,¨uMPN Ď L8pRdN ;Hq, whose explicit formula
is

λM,xpkq :“ χpkq
M
ÿ

`“1

c`pkqχB`pxq (3.67)

such that
lim

MÑ`8
}λ¨ ´ λM,¨}L8pRdN ;Hq “ 0. (3.68)

Proof. The function RdN Q x ÞÑ
řN
j“1 e

ikxj is measurable and bounded, so it can be approximated,
uniformly in x, by a sequence of simple functions, with non-decreasing norm, of the form

fM pk, xq “
M
ÿ

`“1

c`pkqχB`pxq. (3.69)
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that is

lim
MÑ`8

ess sup
xPRdN

ˇ

ˇ

ˇ

ˇ

ˇ

N
ÿ

j“1

eikxj ´ fM pk, xq

ˇ

ˇ

ˇ

ˇ

ˇ

“ 0;

ess sup
kPRd

ess sup
xPRdN

ˇ

ˇ

ˇ

ˇ

ˇ

N
ÿ

j“1

eikxj ´ fM pk, xq

ˇ

ˇ

ˇ

ˇ

ˇ

ď 2C.

Defining λM,xpkq :“ χpkqfM pk, xq, we have that
ż

Rd
dk ess sup

xPRdN
|λxpkq ´ λM,xpkq|

2 ď 2C}χ}2L2pRdq. (3.70)

Therefore, by dominated convergence theorem

lim
MÑ`8

}λx ´ λM,x}
2
L8pRdN ;L2pRdqq ď lim

MÑ`8

ż

Rd
dk ess sup

xPRdN
|λxpkq ´ λM,xpkq|

2 “ 0.

Remark 3.3.4. The result of Lemma 3.3.3 extends easily to the vector-valued arguments in polaron
and Pauli-Fierz interactions.

Corollary 3.3.5. Define the operator-valued symbols V P Op0,1q,V: P Op1,0q in the following way:

V# :H ÝÑ L pL2pRdN qq

z ÞÝÑ xλ¨ | zy
#
H , pV#pzqψqpxq “ xλx | zy

# ψpxq

Then, there exist sequences of simple operator-valued functions tV#
MuMPN Ď L pL2qH such that

limNÑ`8 }V#pzq ´ V#
N pzq}L pL2q “ 0, for all z P H. Furthermore, the approximating sequences can

be chosen of the form

V#
M pzq “

M
ÿ

j“1

xcj | zy
# χBj pxq, tcju

M
j“1 Ď H, tBju

M
j“1 Ď BorelpHq. (3.71)

Proof. Let us prove it for V, the other case being analogous. Since Vpzq is a multiplication operator,
its norm can be rewritten as

}Vpzq ´ VM pzq}L pL2q “ ess sup
xPRdN

| xλxp ¨ q ´ λM,xp ¨ q | zyH |, (3.72)

where λM is the approximation given by Lemma 3.3.3. Maximizing over all the vectors with norm
coinciding with the one of z, we get

}Vpzq ´ VM pzq}L pL2q ď ess sup
xPRdN

sup
}η}H“}z}H

| xλxp ¨ q ´ λM,xp ¨ q | ηyH | ď }z}H}λ¨ ´ λM,¨}L8pRdN ;Hq.

The r.h.s. converges to zero by Lemma 3.3.3.
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Proof of Theorem 3.3.1. Let us prove the result for the annihilation operator, the other case being
analogous. We know that aεpλxq “ pVqWick

ε , where Vpzq “ xλx | zy. Then by Corollary 3.3.5, there
exists a sequence of operators of multiplication by simple functions tVMuMPN Ď L8pRdN ;Hq,
defined in (3.71), approximating Vpzq:

lim
MÑ`8

}Vpzq ´ VM pzq}L pL2q “ 0. (3.73)

In addition

pVM qWick
ε “

M
ÿ

j“1

aεpcjqχBj pxq, (3.74)

Therefore

lim
nÑ`8

TrH pρεn aεnpλxqκbWεnpξqq “ lim
nÑ`8

lim
MÑ`8

pI1pεn,Mq ` I2pεn,Mqq (3.75)

where

I1pε,Mq “ TrH

`

ρε ppVqWick
ε ´ pVM qWick

ε qκbWεpξq
˘

,

I2pε,Mq “ TrH pρε pVM qWick
ε κbWεpξq q.

Using the regularity assumptions on the state, and Lemma B.2.1:

|I1pε,Mq| “ |TrH pρε aεpλx ´ λM,xqκbWεpξq q| ď

ď sup
εPp0,1q

TrH pρε pdΓεp1q ` 1q1{2qˆ

ˆ }pdΓεp1q ` 1q´1{4aεpλx ´ λM,xqpdΓεp1q ` 1q´1{4}L pH q }κ} ď

ď Cδ }λ¨ ´ λM,¨}L8pRdN ;Hq }κ},

and thus, by Lemma 3.3.3,
lim

MÑ`8
|I1pε,Mq| “ 0, (3.76)

uniformly in ε. Hence, it is sufficient to prove the existence of the limit in ε of

I2pε,Mq “ TrH pρε pVM qWick
ε κbWεpξqq “

“

M
ÿ

j“1

TrH

´

ρε pxcj | ¨ yq
Wick
ε χBj pxqκbWεpξq

¯

.

Since χBj κ P L8pL
2q and xcj | ¨ y PP8

0,1 for every j P N, we can apply Theorem 3.2.1:

lim
nÑ`8

TrH

ˆ

ρεn pVM qWick
εn κbWεnpξq

˙

“ lim
nÑ`8

I2pεn,Mq “

“ lim
nÑ`8

M
ÿ

j“1

TrH

´

ρεn pxcj | ¨ yq
Wick
εn χBj pxqκbWεnpξq

¯

“

“

M
ÿ

j“1

ż

H
dµpzqTrL2

`

γmpzqχBj pxqκ
˘

xcj | zy e
2i<exξ | zy “

“

ż

H
dµpzqTrL2 pγmpzqVM pzqκq e2i<exξ | zy.

Now, since
}VM pzq}L ď }z}H }λ¨}L8pRdN ;Hq,

uniformly inM , and z ÞÑ }z}H is a µ´integrable function by Theorem 3.2.1, we can use Dominated
Convergence Theorem and conclude the proof. If (A1) holds, by Corollary 3.2.3 we extend the
convergence to the test with bounded operators.
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In order to study the polaron and Pauli-Fierz model, we need also to study the convergence of
gradient terms. This is done in the remaining part of this section.

Proposition 3.3.6. Let tρεuεPp0,1q Ď L1,`pH q be normalized, let T ą 0 be a positive operator on
L2pRdN q such that |∇y|T´1{2 P L pL2pRdqq and suppose that, for some δ ą 1, there exists C 1δ P
r1,`8q such that

sup
εPp0,1q

TrH pρε pT ` pdΓεp1q ` 1qδqq ď C 1δ. (3.77)

Then, if ρεn Ñ m, we have, for every κ P K, ξ P H and ~λ¨ “ pλ
p`q
¨ q

d
`“1, with λp`qy pkq “ χp`qpkqeiky and

χp`q P H, for any ` P t1, . . . , du,

lim
nÑ`8

TrH pρεn a
#
εnp
~λyq ¨∇y κbWεpξqq “

ż

H
dµpzqTrL2

ˆ

γmpzq
A

~λy

ˇ

ˇ

ˇ
z
E#

¨∇yκ
˙

e2i<exz | ξy,

(3.78)

lim
nÑ`8

TrH pρεn ∇y ¨ a#
εnp
~λyqκbWεpξqq “

ż

H
dµpzqTrL2

ˆ

γmpzq∇y ¨
A

~λy

ˇ

ˇ

ˇ
z
E#

κ

˙

e2i<exz | ξy.

(3.79)

Proof. Let us denote by ρpT qεn :“ T 1{2ρεnT
1{2. By assumption, it is a family of density matrices with

uniformly bounded trace-class norm and so, by Theorem 3.1.6, there exists a cylindrical state-
valued measure mpT q P McylpH; L1pL

2q`q and a generalized subsequence tεnkukPB Ď tεnunPN

such that ρpT qεnk

P
ÝÑ mpT q. Let us show that also its generating map, tested on suitable compact

operators, converges. To do so, let us test convergence with elements κ P K. Since ρεnk Ñ m we
have that, for f P C80,cylpHq and ξ P H,

lim
kÑ`8

TrH pρ
pT q
εnk
κbOp

εnk
1{2 pfqq “ lim

kÑ`8
TrH pρεnkT

1{2κT 1{2 bOp
εnk
1{2 pfqq “

“ TrL2

ˆ
ż

H
dpT 1{2mT 1{2qpzqκ fpzq

˙

;

lim
kÑ`8

G
ρ
pT q
εnk

pξqpκq “ lim
kÑ`8

TrH pρεnkT
1{2κT 1{2 bWεnk

pξqq “

“

ż

H
dµpzqTrL2pρpzqT 1{2κT 1{2q e2i<exξ | zy “ {pT 1{2mT 1{2qpξqpκq,

where we used that T 1{2κT 1{2 P L8pL
2q. Hence ρpT qεnk

Ñ T 1{2mT 1{2 when testing with elements of
K. Since this last set separates points of L1pL

2q by Lemma 3.2.2 it follows that mpT q “ T 1{2mT 1{2.

The same proof applies to any P _ T convergent generalized subsequence tρpT qεnj
ujPB. Therefore,

the cluster point is unique, and thus

T 1{2ρεnT
1{2 Ñ T 1{2mT 1{2. (3.80)

As a byproduct of the previous convergence we also obtain the following bound:

TrL2

ˆ
ż

H
dmpzqT

˙

ď lim inf
εÑ0

TrH pρεT q ď C. (3.81)

Let us now prove (3.78): since κ P K then ∇yκ P L8pL
2q b Cd, and by the fact that ρεn Ñ m

we can apply Theorem 3.3.1 and obtain the desired convergence. Let us verify that the limiting
expression is well defined:

ˇ

ˇ

ˇ

ˇ

ż

H
dµpzqTrL2pγmpzq x ~λy | zy ¨∇yκq e2i<exz | ξy

ˇ

ˇ

ˇ

ˇ

ď }∇yκ}L }~λ¨}8
ż

H
dµpzq }z}H ď Cδ.
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Let us now consider (3.79). By Corollary 3.3.5 we know that there exists a sequence of sim-
ple approximating functions t~VM pzquMPN, ~VM pzq “

A

~λM,y

ˇ

ˇ

ˇ
z
E

. By Lemma B.2.1 and Proposi-

tion A.1.5, and considering the expansion of ρεn in singular values tdpεq` u`PN, such that dpεq` P

p0, 1s,
ř

`PN d
pεq
` “ 1, and tΨpεq` u`PN being the set of corresponding eigenfunctions:
ˇ

ˇ

ˇ
TrH pρεn ∇y ¨

´

aεnp
~λyq ´ p~VM qWick

εn

¯

κbWεpξqq
ˇ

ˇ

ˇ
ď

ď
ÿ

`PN

d
pεnq
`

ˇ

ˇ

ˇ

A

∇yΨpεq`
ˇ

ˇ

ˇ

´

aεnp
~λyq ´ p~VM qWick

εn

¯

κbWεnpξqqΨ
pεnq
`

Eˇ

ˇ

ˇ
ď

ď C}~λ¨ ´ ~λM,¨}8

ÿ

`PN

d
pεnq
` }∇yT´1{2}L }T

1{2Ψ
pεq
` }}p1` dΓεp1qq

1{2Ψ
pεnq
` } ď

ď C}~λ¨ ´ ~λM,¨}8

ÿ

`PN

d
pεnq
`

A

Ψ
pεnq
`

ˇ

ˇ

ˇ
pT ` 1` dΓεp1qq

ˇ

ˇ

ˇ
Ψ
pεnq
`

E

“

“ C}~λ¨ ´ ~λM,¨}8TrH pρεnpT ` 1` dΓεp1qqq ď C}~λ¨ ´ ~λM,¨}8, (3.82)

where this time we denoted by } ¨ }8 :“ } ¨ }L8pRdN ;HbCdq. Therefore, we have convergence to
zero as M Ñ `8, uniformly w.r.t. ε by Lemma 3.3.3. Let us denote by pyjqdj“1, pλy,jq

d
j“1 the

components of, respectively, y P Rd and ~λ¨ P L
8pRd;Hdq, and by VpjqM pzq the components of the

simple functions approximating
A

~λy

ˇ

ˇ

ˇ
z
E

. Now it remains to study the convergence for

TrH pρεn Byj pV
pjq
M q

Wick
εn κbWεnpξqq “

M
ÿ

l“1

TrH pρεnByjχBlpyqκb aεnpc
pjq
l qWεnpξqq. (3.83)

We want to use convergence in topology P for expectations of cylindrical, compactly supported
symbols. However, the operator aεnpc

pjq
l qWεnpξq is the quantization of a product of cylindrical, but

not compactly supported symbols. So we need an additional approximation: by finite-dimensional
pseudo-differential calculus, for every M P N, there exists a sequence of smooth, compactly sup-
ported cylindrical symbols tβpl,j,ξqm umPN Ď C80,cylpHq whose elements, we simply denote by βm, such
that, for every δ ą 1{2 :

}p1` dΓεp1qq
´δ{2paεpc

pjq
l qWεpξq ´ pβmq

Weyl
ε qp1` dΓεp1qq

´δ{2}L pΓspHqq ď Cpomp1q ` oεp1qq (3.84)

|pxc
pjq
l | zy e2i<exz | ξy ´ βmpzqqp}z}

2
H ` 1qδ| “ omp1q. (3.85)

Therefore,
ˇ

ˇTrH pρεnByjχBlpyqB b paεnpc
pjq
l qWεnpξq ´ pβmq

Weyl
εn qq

ˇ

ˇ ď

ď C 1δ }B}L }p1` dΓεp1qq
´δ{2paεnpc

pjq
l qWεnpξq ´ pβmq

Weyl
εn qp1` dΓεp1qq

´δ{2}L pΓspHqq ď

ď C 1δ }B}L pomp1q ` oεp1qq, (3.86)

and, thanks to the fact that T 1{2ρεT
1{2 Ñ T 1{2mT 1{2 in P topology and that βm P C80,cylpHq for

every m P N, we obtain, denoting κT “ T´1{2ByjχBlpxjqκT
´1{2 P L8pL

2q,

lim
nÑ`8

M
ÿ

l“1

TrH pρεnByjχBlpyqκb pβmq
Wick
εn q “ lim

nÑ`8

M
ÿ

l“1

TrH pρ
pT q
εn κT b pβmq

Wick
εn q “

“

M
ÿ

l“1

ż

H
dµpzqTrL2pγmpzqByjχBlpyqκqβmpzq.
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Now we use, in order, (3.86) for the approximation with the trace of the quantized compactly
supported symbol, the previous limit in ε and a combination of (3.85) and a bound similar to
(3.82), to obtain, by dominated convergence:

lim
nÑ`8

d
ÿ

j“1

M
ÿ

l“1

TrH pρεnByjaεnpc
pjq
l qχBlpyqκbWεnpξqq “

“ lim
mÑ`8

lim
nÑ`8

M
ÿ

l“1

TrH pρεn ByjχBlpyqκb pβmq
Wick
εn q “

“

M
ÿ

l“1

ż

H
dµpzqTrL2pγmpzqByjχBlpyqκq e

2i<exz | ξy.

Using the aforementioned bound, we apply again dominated convergence for M Ñ `8 and
conclude the proof.

Concretely we use
T “ ´∆x `W` (3.87)

in the applications, and thus, as space of test operators,

K “ KT “ tκm :“ 1mp´∆x `W`qκ1mp´∆x `W`q, κ P L8,`pL
2q,m P Nu. (3.88)

Obviously, |∇x|T´1{2 P L pH q, and the regularity requirement becomes

TrH pρεp´∆x `W` ` pdΓεp1q ` 1qδqq ď Cδ, for δ ą 1. (3.89)

Hence, thanks to (3.81), we have the bound

TrL2

ˆ
ż

H
dmpzqp´∆x `W`q

˙

ď C. (3.90)
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4 | Quasi-classical Limit:
Stationary Setting

We discuss now the analysis of the quasi-classical limit of the models introduced above, focusing
on their stationary properties. More precisely, in Section 4.1 and 4.2, we prove the convergence
of the expectations of the microscopic Hamiltonian to the classical expectation of the effective
model introduced in Chapter 1. Furthermore, we prove that the microscopic ground state energy
of the Nelson model converges to the ground state energy of the associated quasi-classical model,
minimized over all the possible classical configurations of the field.

For reader convenience, we recall the explicit expressions of both the microscopic and effective
Hamiltonians. We stress that, in this Chapter only, we choose the factor νε “ 1 in order to put the
field and particle energies on the same ground.

Nelson model
#

Hε “ ´∆x `W ` dΓεpωq ` φεpλxq,

Hpzq “ ´∆x `W ` 2<e xz |λx y .
(4.1)

Polaron1
$

’

’

’

’

’

&

’

’

’

’

’

%

Hε “ ´∆x `W ` dΓεp1q `
N
ÿ

j“1

φεpgxj q,

Hpzq “ ´∆x `W `

N
ÿ

j“1

2<e
@

z
ˇ

ˇgă,xj
D

`
“

´i∇xj , 2=m
@

z
ˇ

ˇg̃xj
D‰

.

(4.2)

Pauli-Fierz model

$

’

’

’

’

’

&

’

’

’

’

’

%

Hε “

N
ÿ

j“1

`

´ i∇xj ´ φεpλxj q
˘2
`W ` dΓεpωq,

Hpzq “
N
ÿ

j“1

`

´ i∇xj ´ 2<e
@

z
ˇ

ˇλxj
D ˘2

`W.

(4.3)

4.1 Quasi-classical limit of the Hamiltonians

The first stationary feature we consider is the behaviour of the energy of the composite systems in
the quasi-classical limit. We prove that, once the degrees of freedom of the field are traced out,
the energy of the particle subsystem can be approximated in norm resolvent sense by the energy
of the particles under the action of an external classical potential.

1Here we denote improperly by Hε the formal expression of the quadratic form.
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Consider a vector Ψε P ΓspHq describing a product state of the total system. Setting

Hε “ xΨε|Hε |Ψεy ´ xΨε|dΓεpωq |Ψεy , (4.4)

the convergence results proved in Chapter 3 imply that, if Ψεn Ñ µ P M pH; R`q, then,

Hεn
w

ÝÝÝÝÑ
nÑ`8

ż

H
dµpzqHpzq (4.5)

in weak operator topology. In other words, the quadratic form of the energy of the particles
coupled to the quantum field converges to the form of the effective Hamiltonian averaged w.r.t.
the measure identifying the classical configurations of the field.

Due to technical issues concerning the convergence of expectations of bounded operators (in
this case the identity operator), the proof is restricted to product states. In this case, the expecta-
tion of the Hamiltonian reads

xψ bΨε|Hε |ψ bΨεy “ xψ| ´∆x `W |ψy ` xΨε| dΓεpωq |Ψεy ` xψ bΨε|HI |ψ bΨεy (4.6)

and the free part H0 is unaffected by the limit.
As shown in [26, Theorems 2.2-3] and [27, Theorem 1.1], however, it is possible to prove that

the convergence of the Hamiltonian to the effective one is not only at the level of expectations,
but also in norm-resolvent sense. We report the results below: the set of assumptions chosen in
Chapter 1 would be enough, but we prefer to stick to the result proven in [26], [27] and then
we make different assumptions. If we had a mixed state, we should have used Corollary 3.2.3
for the convergence testing with the identity of the state p´∆x `W`q

1{2ρεp´∆x `W`q
1{2, but

the requirement for the convergence would have been a control over the square of the Laplacian,
which is a request physically non-well motivated, and that cannot be used in the following for the
convergence of ground state energies.

Theorem 4.1.1. Let tΨεuεPp0,1q Ď ΓspHq be a family of normalized states satisfying

Dδ ą 0, DC,Cδ ă `8 xΨε| dΓεp1q
δ |Ψεy ď Cδ, xΨε| dΓεpωq |Ψεy ď C, (4.7)

uniformly in ε, and let Ψε Ñ µ P M pHX Hω; R`q. Then, if additionally

W P L1
locpR

dN ; R`q `K!,
ωpkq ě 0, for a.e. k P Rd,

and
$

’

&

’

%

λ¨ P L
8pRd;Hq, for the Nelson model;

g¨ “ |k|
´ d´1

2 eikp¨q, for the polaron;
λ¨ P L

8pRd; Rd bDpω1{2q XDpω´1{2qq, for the Pauli-Fierz model;

then, for any ε P p0, 1q, the particle Hamiltonian Hε, defined as (4.4) is self-afdjoint on DpHεq, where

• DpHεq “ Dp´∆x `W`q for the Nelson and Pauli-Fierz models;

• DpHεq Ď Qp´∆x `W`q for the polaron.

Furthermore,

Hε
} ¨ }´res
ÝÝÝÝÝÑ
εÑ0

Heffpµq :“

ż

HXHω

dµpzqHpzq, (4.8)

where Heffpµq is self-afdjoint on DpHeffq “ DpHεq for the Nelson and the Pauli-Fierz models, and on
DpHeffq Ď Qp´∆x`W`q for the polaron. Finally, both the microscopic and the effective Hamiltonian
are bounded from below.
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The following technical result plays an important role in the proof of the Theorem above

Lemma 4.1.2. There exists δ ą 0 such that

}p´∆x `W ` p}z}2H ` 1qδq´1{2Vpzqp´∆x `W ` p}z}2H ` 1qδq´1{2} ď C; (4.9)

Proof. Let us consider each model separately:

Nelson model: Vpzq is a bounded operator on L2pRdN q, for any z P H, and satisfies the bound

}Vpzq} ď C}λ¨}8}z}H, (4.10)

so that (4.9) holds true with δ ě 1{2.

Polaron: Recalling the explicit expression for the effective potential

Vpzq “
N
ÿ

j“1

2<e
@

gxj ,ă |z
D

` r´i∇xj , 2=m
@

g̃xj | z
D

s, (4.11)

and setting Sδ “ p´∆x `W ` p}z}2H ` 1qδq, we have
›

›

›
S
´1{2
δ VpzqS´1{2

δ

›

›

›
ď

ď 2
N
ÿ

j“1

›

›

›
S
´1{2
δ ∇xj ¨ 2=m

@

z | g̃xj
D

S
´1{2
δ

›

›

›
` 2

N
ÿ

j“1

›

›

›
S
´1{2
δ 2<e

@

z
ˇ

ˇgă,xj
D

S
´1{2
δ

›

›

›
ď

ď 2
N
ÿ

j“1

›

›

›
S
´1{2
δ p´∆xj ` 4}z}2H}g̃xj}

2qS
´1{2
δ

›

›

›

L
` 2N}gă,¨}8p}z}

2
H ` 1q´δ}z}H ď C,

for δ “ 1.

Pauli-Fierz model: the expression for the effective potential

Vpzq “
N
ÿ

j“1

ˆ

2i∇xj ¨ 2<e
@

z
ˇ

ˇλxj
D

H
`
`

2<e
@

z
ˇ

ˇλxj
D

H

˘2
˙

, (4.12)

and we get
›

›

›
S
´1{2
δ VpzqS´1{2

δ

›

›

›
ď

ď 2
N
ÿ

j“1

›

›

›
S
´1{2
δ ∇xj ¨ 2<e

@

z
ˇ

ˇλxj
D

S
´1{2
δ

›

›

›
`

N
ÿ

j“1

›

›

›
S
´1{2
δ

`

2<e
@

z
ˇ

ˇλxj
D ˘2

S
´1{2
δ

›

›

›
ď

ď 2
N
ÿ

j“1

›

›

›
S
´1{2
δ p´∆xj ` }z}

2
H}λxj}

2
HqS

´1{2
δ

›

›

›
` 4N}λ¨}

2
8}z}

2
Hp1` }z}

2
Hq
´δ ď C,

for δ “ 1.
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For product states, the limit measure is a scalar measure and the effective operators, which do
not actually depend on the field configurations, can be rewritten as

Heffpµq “ ´∆x `W px1, . . . , xN q ` Vµpxq (4.13)

with
Vµpxq “

ż

HXHω

dµpzqVpzq. (4.14)

Therefore, Theorem 4.1.1 provides a first rigorous justification of the physical approximation of
quantized fields by the classical counterparts, i.e., suitable external potentials. Imposing stronger
conditions on the interaction parts of the microscopic Hamiltonians, we can deduce more informa-
tion on the effective potentials obtained in the limit.

Nelson model: if we set the form factor to be

λxpkq “ λpkq
N
ÿ

j“1

e´ik¨xj , λ P L2pRd; dkq, (4.15)

then, the external potential reads

Vµpxq “ p2πqd{2
N
ÿ

j“1

ż

HXHω

dµpzq 2<e
´

|zλ
¯

pxjq (4.16)

where we denoted by q̈ the inverse Fourier transform. Since by assumptions and Cauchy-
Schwarz inequality, zλ is in L1pRd; dkq, its inverse Fourier transform belongs to L8pRd; dxjq
for any j. Then, by Riemann-Lebesgue lemma, Vpxq vanishes for |x| Ñ `8 and is continu-
ous;

Polaron: the explicit expression yields

Vµpxq “ p2πqd{2
N
ÿ

j“1

ż

HXHω

dµpzq 2<e
ˆ

­

|k|
d´1

2 z

˙

pxjq (4.17)

which is infinitesimally form-bounded w.r.t. ´∆, although not necessarily vanishing at infin-
ity;

Pauli-Fierz model: the effective potential is

Vµpxq “
N
ÿ

j“1

ż

HXHω

dµpzq

ˆ

´ i∇xj ¨ 2<e
@

z
ˇ

ˇλxj
D

H
`
`

2<e
@

z
ˇ

ˇλxj
D

H

˘2
˙

(4.18)

and one can thus reconstruct a magnetic Schrödinger operator, by completing the square:

Heff “ ´∆x `W `

N
ÿ

j“1

ż

HXHω

dµpzq

ˆ

´ i∇xj ¨ 2<e
@

z
ˇ

ˇλxj
D

H
`
`

2<e
@

z
ˇ

ˇλxj
D

H

˘2
˙

“

“

N
ÿ

j“1

ˆ

´∆xj ´ i∇xj ¨ µp2<e
@

z |λxj
D

q ` µp2<e
@

z |λxj
D

q2
˙

`W ` Vµpxq “

“

N
ÿ

j“1

ˆ

´ i∇xj `Aµpxjq

˙2

`W ` Vµpxq,
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where we denoted by

Vµpxq “
N
ÿ

j“1

ˆ

µ
`

p2<e
@

z |λxj
D

q2
˘

´ µp2<e
@

z |λxj
D

q2
˙

(4.19)

the variance term w.r.t. the measure µ that appears as a correction term and can be inter-
preted as an additional electric potential, while

Aµpyq :“

ż

HXHω

dµpzq 2<e xz |λyy (4.20)

is the magnetic vector potential, which is continuous and vanishing at infinity. As discussed
before, the derivation of the effective Hamitlonian above justifies once more the approxima-
tion of the action fo the electromagnetic field by means of classical magnetic potentials. A
specific example in which the correction term is missing, is when µ concentrates on a point,
i.e., it is a Dirac delta: the variance indeed vanishes and Heff becomes the usual magnetic
Schrödinger operator (see [26, 27] for further details).

The effective potentials Vµ and Aµ generated in the quasi-classical limit are continuous and
vanishing at infinity (Nelson and Pauli-Fierz models) or infinitesimally small perturbations of the
kinetic energy (polaron). Such a regularity is due to the assumptions on the states, and, in partic-
ular, the uniform boundedness (4.7) of the expectation of the number operator. If we drop such
an assumption, more singular potentials (like trapping potentials) can be obtained. For further
details, on how to derive harmonic potentials in the Nelson case or a uniform magnetic field from
the Pauli-Fierz model see again [26, 27].

4.2 Quasi-classical limit of the ground state energies

We study now the variational properties of the systems under consideration. More precisely, our
aim is to show that the ground state energy of the microscopic Nelson model is approximated by
the ground state energy of the corresponding effective model, minimized over all possible classical
configuration. To this purpose, it will be key the use of the machinery of state-valued measures.

If H is a self-adjoint Hamiltonian on DpHq, let us denote by

σpHq :“ inf σpHq “ inf
ψPDpHq
}ψ}“1

xψ|H |ψy (4.21)

the bottom of its spectrum. We also denote by Kpzq the operator

Kpzq :“ Hpzq ` xz|ω |zyH (4.22)

whose Wick quantization is the microscopic Hamiltonian Hε, i.e.,

Hε “ OpWick
ε pKq. (4.23)

The previous results suggest to introduce the effective operators

Keffpmq :“ TrL2

ˆ
ż

H
dmpzqKpzq

˙

“ Heffpmq ` cpmq, (4.24)

Heffpmq :“ TrL2

ˆ
ż

H
dmpzqHpzq

˙

, cpmq :“

ż

H
dµpzq }ω1{2z}2H. (4.25)
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Theorem 4.2.1. Let Hε be the Nelson Hamiltonian and let assumptions (A0) and (A2) be satisfied.
Then we have

lim
εÑ0

σpHεq “ inf
mPM2pHω ;L1pL2q`q

σpKeffpmqq (4.26)

where
M2pHω; E 1`q :“ tm P M pHω; E 1`q : cpmq ă `8u (4.27)

is the space of measures concentrated on Hω taking values on the positive functionals of theC˚´algebra
E , with finite second moment.

The result follows from the following Proposition, which exploits a chain of variational identi-
ties. From now on, we denote by

Ezr ¨ s :“ x ¨ |Kpzq | ¨ yH (4.28)

the quadratic form of the energy with fixed classical configuration of the field.

Proposition 4.2.2. For any m P M pH; L1,`pL
2qq,

inf
mPM2pHω ;L1,`pL2qq

σpKeffpmqq “ inf
mPM2pHω ;L1pL2q`q

TrL2

ˆ
ż

Hω

dmpzqKpzq
˙

“ (4.29)

“ inf
µPM2pHω ;R`q

inf
}ψ}“1

B

ψ

ˇ

ˇ

ˇ

ˇ

ż

Hω

dµpzqKpzq
ˇ

ˇ

ˇ

ˇ

ψ

F

“ (4.30)

“ inf
zPHω

inf
}ψ}“1

Ezrψs “ inf
}ψ}“1

inf
zPHω
Ezrψs. (4.31)

Proof. By [26, Lemma 3.20], we have the following equivalences (setting M2 “ M2pHω; R`q for
short):

inf
mPM2pHω ;L1,`pL2qq

TrL2

ˆ
ż

Hω

dmpzqKpzq
˙

“ inf
mPMfin

TrL2

ˆ
ż

Hω

dmpzqKpzq
˙

; (4.32)

inf
µPM2

inf
}ψ}“1

B

ψ

ˇ

ˇ

ˇ

ˇ

ż

Hω

dmpzqKpzq
ˇ

ˇ

ˇ

ˇ

ψ

F

“ inf
µPMfinpHω ;R`q

inf
}ψ}“1

B

ψ

ˇ

ˇ

ˇ

ˇ

ż

Hω

dmpzqKpzq
ˇ

ˇ

ˇ

ˇ

ψ

F

; (4.33)

where Mfin is the space of atomic measures, i.e., measures concentrated on a finite set of points:

m P Mfin Ď M pHω; L1,`pL
2qq

¨
ðñ mpzq “

ÿ

jPI

αjγjpzqδpz ´ zjq, (4.34)

with I a finite subset of N, tzjujPN Ď Hω, tγjpzqujPI Ď L1pL
2q`,

ř

jPI αj “ 1, αj ě 0 and
}γjpzq}L1 “ 1, for any j P I. Similarly, MfinpHω; R`q stands for the space of the atomic scalar
measures, i.e.,

µ P MfinpHω; R`q ĎM pHω; R`q
¨

ðñ mpzq “
ÿ

jPI

αjδpz ´ zjq, (4.35)

with analogous conditions on tzjujPI and tαjujPI .
Now, for any δ ą 0, there exists mδ P Mfin, such that

inf
mPMfin

TrL2

ˆ
ż

Hω

dmpzqKpzq
˙

` δ ą TrL2

ˆ
ż

Hω

dmδpzqKpzq
˙

“
ÿ

jPI

α
pδq
j TrL2pγ

pδq
j pzjqKpzjqq;

(4.36)
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and, since γpδqj are normalized density matrices,
ÿ

jPI

αjTrL2pγ
pδq
j pzjqKpzjqq ě inf

}ψ}“1

ÿ

jPI

α
pδq
j xψ |Kpzjq |ψy . (4.37)

Minimizing over the scalar atomic measures, we obtain

inf
µPMfinpHω ;R`q

inf
}ψ}“1

B

ψ

ˇ

ˇ

ˇ

ˇ

ż

Hω

dµpzqKpzq
ˇ

ˇ

ˇ

ˇ

ψ

F

“ inf
µPMfinpHω ;R`q

inf
}ψ}“1

ÿ

jPI

αjxψ |Kpzjq |ψy ă

ă inf
mPMfin

TrL2

ˆ
ż

Hω

dmpzqKpzq
˙

` δ.

Since this is true for every δ ą 0, equivalences (4.32) imply that

inf
mPM2pHω ;L1pL2q`q

TrL2

ˆ
ż

Hω

dmpzqKpzq
˙

ě inf
µPM2pHω ;R`q

inf
}ψ}“1

B

ψ

ˇ

ˇ

ˇ

ˇ

ż

Hω

dµpzqKpzq
ˇ

ˇ

ˇ

ˇ

ψ

F

. (4.38)

To prove the opposite inequality we proceed as follows: for any δ ą 0 there exists ψδ P L2pRdN q, µδ “
ř

jPI α
pδq
j δ

z
pδq
j

such that

inf
µPMfinpHω ;R`q

inf
}ψ}“1

B

ψ

ˇ

ˇ

ˇ

ˇ

ż

Hω

dµpzqKpzq
ˇ

ˇ

ˇ

ˇ

ψ

F

` δ ą
ÿ

jPI

α
pδq
j

B

ψδpz
pδq
j q

ˇ

ˇ

ˇ

ˇ

Kpzjq
ˇ

ˇ

ˇ

ˇ

ψδpz
pδq
j q

F

ě

ě inf
mPMfin

TrL2

ˆ
ż

Hω

dmpzqKpzq
˙

where we used the fact that mδ :“
ř

jPI α
pδq
j |ψδpzqy xψδpzq| δzpδqj

pzq is an atomic measure. Then,

by arbitrariness of δ, and by the inequality proved above, we conclude the proof of equivalence
(4.29).

To prove (4.30), let us consider again the atomic state-valued measure

mδ “
ÿ

jPI

α
pδq
j |ψδpzqy xψδpzq| δzpδqj

defined above, and we have that

inf
µPMfin

inf
}ψ}“1

B

ψ

ˇ

ˇ

ˇ

ˇ

ż

Hω

dµpzqKpzq
ˇ

ˇ

ˇ

ˇ

ψ

F

` δ ą
ÿ

jPI

α
pδq
j

B

ψδpz
pδq
j q

ˇ

ˇ

ˇ

ˇ

Kpzpδqj q
ˇ

ˇ

ˇ

ˇ

ψδpz
pδq
j q

F

ě

ě
ÿ

jPI

α
pδq
j inf
}ψ}“1

xψ |Kpzpδqj q |ψy ą inf
zPHω

inf
}ψ}“1

xψ |Kpzq |ψy

where, in the last inequality, we used the fact that the term on the left is a convex combination
and then strictly greater than the infimum.

In order to get the opposite inequality we write

inf
zPHω

inf
}ψ}“1

xψ |Kpzq |ψy “ inf
zPHω

inf
}ψ}“1

TrL2

ˆ
ż

Hω

dδzpyq |ψy xψ|Kpyq
˙

ě

ě inf
µPMfinpHω ;R`q

inf
}ψ}“1

B

ψ

ˇ

ˇ

ˇ

ˇ

ż

Hω

dµpyqKpyq
ˇ

ˇ

ˇ

ˇ

ψ

F

and, recalling that Ezr ¨ s “ x¨ |Kpzq | ¨y, we finally obtain

inf
zPHω

inf
}ψ}“1

Ezrψs ě inf
µPMfinpHω ;R`q

inf
}ψ}“1

B

ψ

ˇ

ˇ

ˇ

ˇ

ż

Hω

dµpyqKpyq
ˇ

ˇ

ˇ

ˇ

ψ

F

(4.39)

which completes the proof of (4.30).
Finally, (4.31) is a trivial consequence of the fact that the infima can be always exchanged,

whenever the two minimizing domains are independent.
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Before proving the Theorem, we have to show that the field energy is uniformly bounded over
a minimizing sequence. This will allow us to exploit the results about quasi-classical convergence
proved in the previous chapter.

Lemma 4.2.3. Let us consider a normalized, minimizing sequence Ψε,n Ď DpHεq for σpHεq. Under
the assumptions of Lemma 4.1.2, there exists δ1, such that δ1 ą δ ą 0 and

xΨε,n|H0 ` pdΓεp1q ` 1qδ
1

|Ψε,ny ď C. (4.40)

Proof. By Theorem 1.1.2, Hε is self-adjoint on DpHεq “ Dp´∆x `W`q XDpdΓεpωqq, and, for any
minimizing sequence, it holds }HεΨε,n} ď C P p0,`8q, uniformly in ε, n. By Kato-Rellich theorem
there exist α P p0, 1q, β P r0,`8q, such that

xΨε,n|H0 |Ψε,ny ď }H0Ψε,n} ď }HεΨε,n} ` }HIΨε,n} ď

ď C ` α}H0Ψε,n} ` β

which gives a uniform bound on the free part of the Hamiltonian. In the massive Nelson model,
however, the number operator is controlled by the free energy of the field, i.e., mdΓεp1q ď dΓεpωq,
and therefore (4.40) is satisfied for δ1 “ 1 ą 1{2 “ δ.

We are now ready to prove the convergence of the ground state energies.

Proof of Theorem 4.2.1 . We split the proof into two parts.

(ď) The proof of the upper bound is done by using coherent states, i.e.,

Ξεpξq “Wε

ˆ

ξ

iε

˙

Ω, ξ P H (4.41)

with Ω “ p1, 0, 0, . . .q P ΓspHq the vacuum in the Fock space. Then, taking ψ P Qp´∆x `W q
and z P Hω, by direct calculation and using the properties of the Weyl operators,

xψ b Ξεpzq|Hε |ψ b Ξεpzqy “ xψ|Kpξq |ψy . (4.42)

Hence,

lim sup
εÑ0

σpHεq ď lim sup
εÑ0

inf
}ψ}“1

inf
zPHω

xψ b Ξεpzq|Hε |ψ b Ξεpzqy “

“ inf
}ψ}“1

inf
zPHω

xψ|Kpzq |ψy “ inf
}ψ}“1

inf
zPHω
Ezrψs “ σpKeffpmqq,

where the last identities follow from Proposition 4.2.2.

(ě) For the lower bound, let tΨε,nunPN Ď DpHεq be a normalized minimizing sequence for the
microscopic Hamiltonian, i.e., for any n P N,

xΨε,n|Hε |Ψε,ny ď σpHεq `
1

n
. (4.43)

Now, we want to bound from below the quantity on the left-hand side by an operator whose
expectation admits an explicit limit: due to a possible lack of compactness, indeed, we only
know that the expectation of the field energy is uniformly bounded, but this does not imply
that it converges to the average of the classical field energy. To overcome such a difficulty, we
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exploit a result of pseudodifferential calculus implying the existence of a smooth, cylindrical,
compactly supported symbol br P C80,cylpHωq, such that

ˇ

ˇ

ˇ
OpWeyl

ε pbrq ´ dΓεpωq
ˇ

ˇ

ˇ
ď CεdΓεpωq (4.44)

and, pointwise in Hω, limrÑ`8 brpzq “ xz|ω |zy. Using the previous inequality we can write

xΨε,n|´∆x`W`OpWeyl
ε pbrq`HI |Ψε,ny´εC xΨε,n| dΓεpωq |Ψε,ny ď xΨε,n|Hε |Ψε,ny . (4.45)

Now, we take the lim inf over a subsequence εk, which we omit for simplicity, of the previous
expression. By Lemma 4.2.3 and bound (4.40), we are in condition to use Theorem 3.1.6 and
Theorem 3.1.10 to deduce the existence of a sequence of state-valued measures tmnunPN Ď

M pHXHω; L1pL
2pRdN qq, such that, for any n P N, there is a subsequence tεkukPN, depending

on n, so that
|Ψεk,ny xΨεk,n| Ñ mn. (4.46)

Let now t1mumPN be a sequence of operators with 1m :“ 1mp´∆x `W`q P K converging
strongly to the identity. Note that the sequence is non-decreasing and the operators are
compact because ´∆`W` has discrete spectrum, due to the compactness of the resolvent.
Then, we have that, for any m P N,

xΨε,n| 1mp´∆x`W q1m`HI`OpWeyl
ε pbrq |Ψε,ny ď xΨε,n|´∆x`W`OpWeyl

ε pbrq`HI |Ψε,ny .

We now plug this inequality into (4.45) and take the lim inf of the obtained expression.

Thanks to Lemma 4.2.3, Theorem 3.2.1 and Theorem 3.3.1 and, since 1m P K,

lim
kÑ`8

xΨεk,n| 1mp´∆x`W q1m`HI |Ψεk,ny “ TrL2

ˆ
ż

Hω

dmnpzq1mp´∆x `W q1m ` Vpzq
˙

.

(4.47)
By Theorem 3.1.6 for quantized cylindrical symbols we also have that

lim
kÑ`8

xΨεk,n|OpWeyl
εk

pbrq |Ψεk,ny “ TrL2

ˆ
ż

Hω

dmpzq brpzq

˙

(4.48)

so that, putting together the previous inequalities, we get

lim inf
kÑ`8

xΨεk,n| 1mp´∆x `W q1m `HI `OpWeyl
εk

pbrq |Ψεk,ny “

“ TrH

ˆ
ż

Hω

dmnpzq
`

1mp´∆x `W q1m ` Vpzq ` brpzq
˘

˙

ď lim inf
kÑ`8

xΨεk,n|Hεk |Ψεk,ny .

(4.49)

which gives a uniform bound w.r.t. both r and m. By dominated convergence, we can take
the limits r,mÑ `8 and obtain

TrH

ˆ
ż

Hω

dmnpzqKpzq
˙

ď lim inf
kÑ`8

xΨεk,n|Hεk |Ψεk,ny . (4.50)

Finally, the infimum of both sides yields the inequality

inf
mPM2pHω ;L1pL2q`q

σpKeffpmqq ď inf
mn:Ψε,nÑmn

TrH

ˆ
ż

Hω

dmnpzqKpzq
˙

ď

ď lim inf
kÑ`8

xΨεk,n|Hεk |Ψεk,ny ď lim inf
kÑ`8

σpHεkq `
1

n
,

which, since it holds for every n P N, concludes the proof.
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5 | Quasi-classical Limit:
Dynamics

In this chapter, we derive the effective dynamics, of the state-valued measure, obtained in the
quasi-classical limit of the microscopic system.

The strategy consists in writing an integral equation for the density matrix and, then, applying
the results of Chapter 3 on the convergence of quantum expectations to classical ones. In this
respect, the estimates in time proved in Section 5.1 play a key role, allowing to derive an equation
for the Fourier transform of the measure. In Section 5.2, it is proven the existence of a common
subsequence along which there is convergence at all times and that such subsequence coincides
with the one singled out at initial time. In Section 5.3, existence and uniqueness of the solution
of the effective equation for the measure are proven, and this solution is characterized as the time
evolution via the dynamics generated by an effective Hamiltonian, averaged over all the classical
configurations of the field.

The main result is stated in Theorem 1.3.1 that we reproduce below for convenience of the
reader. The proof is a consequence of various Lemmas and Propositions, that will be proved in the
rest of the Chapter and that we will recall below.

We recall also the assumptions: setting

H` :“ ´∆x `W` ` dΓεpωq, (5.1)

• the form factors are
$

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

%

λxpkq “ χpkq
řN
j“1 e

ikxj , with χ P L2pRd; dkq,
for the Nelson

model;

gxj pkq “
eiky

|k|
d´1

2

χt|k|ărupkq `

„

´i∇y, k

|k|
d`3

2

eikyχt|k|ěrupkq



, for the polaron;

λxj pkq “
`

eγpkqχpkqe
ikxj

˘d´1

γ“1
, with χ P L2pRd; dkq,

for the Pauli-Fierz
model;

(A0)

• for any δ ą 0,
$

’

’

’

’

&

’

’

’

’

%

supεPp0,1qTrH pρεp´∆x `W` ` pdΓεp1q ` 1qδq ď C,
for the Nelson model

and polaron;

supεPp0,1qTrH pρεpH` ` pdΓεp1q ` 1qδqq ď C,
for the Pauli-Fierz

model.

(A1)

• the resolvent of ´∆x `W` is compact: for any z P %p´∆x `W`q,

p´∆x `W` ´ zq
´1 P L8pL

2pRdN qq. (A2)
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Theorem. Let tρεuεPp0,1q Ď L1,`pH q be a family of normalized states satisfying assumptions (A1)
and (A2). Let also

ρεptq “ e´itHερεe
itHε , (5.2)

be their time evolution generated either by the Nelson, polaron or Pauli-Fierz Hamiltonian, satisfying
assumption (A0) with limεÑ0 ενε “ ν P t0, 1u. Then, there exists a subsequence tεnunPN and a
state-valued measure m, such that

ρεn ÝÝÝÝÑnÑ`8
m P M pH; L1,`pL

2pRdN qqq, with dmpzq “ γmpzqdµpzq, (5.3)

and

ρεnptq ÝÝÝÝÑnÑ`8
dmtpzq PM pH; L1,`pL

2pRdN qqq, with dmpzq “ γmtpzqdµtpzq, (5.4)

for any t P R, where the family of state-valued measures tmtutPR is given by

µt “ Φt 7µ, γmtpzq “ Ut,0pzq γmpzqU
:
t,0pzq, (5.5)

with Φtz “ e´itνωz and Ut,spzq the two-parameter group of unitary operators weakly generated by
HpΦtzq “ ´∆x`W `VpΦτzq. Furthermore, the previous convergence holds true also in weak sense,
i.e.,

lim
nÑ`8

TrH pρεnptqB bWεnpξqq “ TrL2

ˆ
ż

H
dmtpzqB e

2i<exξ | zy
˙

, (5.6)

for any ξ P H and B P L pL2pRdN qq.

Proof. We prove the statement of the Theorem initially for a smaller class of states, with additional
assumptions, and then complete the proof by a density argument.

Let then tρεuεPp0,1q be a family of positive and normalized states, such that, for any δ ě 1,

$

’

&

’

%

}pρε p´∆x `W` ` pdΓεp1q ` 1qδq}L1 ď C, for the Nelson model,
TrH pρε pH` ` ν

´2
ε H2

ε qq ď C, for the polaron,
TrH pρε ppH` ` 1q2 ` dΓεp1q2qq ď C, for the Pauli-Fierz model,

(AR)

and let tεnunPN, with εn Ñ 0, be a suitable subsequence. Then,

• by Theorem 3.2.1 and Corollary 3.2.3, ρεn Ñ m, and m concentrates as a probability state-
valued measure over H, i.e.,

}mpHq}L1pL2q “ 1, (5.7)

and there is no loss of mass in the limit;

• by Propositions 5.1.2, 5.1.4 and 5.1.7, and assumptions (AR), we have uniform bounds w.r.t.
ε of expectations of the particle Hamiltonian and of a power strictly larger than one of the
number operator at any time t P R, i.e., for some δ ą 0

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

}ρεptq p´∆x `W` ` pdΓεp1q ` 1qδq}L1 ď C pecδ|t| ` 1q,
for the Nelson

model;
TrH pρεptq p´∆x `W` ` dΓεp1q2qq ď Cpp|t| ` 1qe|t| ` 1q, for the polaron;

TrH pρεptq p´∆x `W` ` dΓεp1q2qq ď Cpe|t| ` |t| ` 1q,
for the Pauli-Fierz

model;

(5.8)
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• by Proposition 5.1.8, we can extract subsequences tεnjptqunPN at any time, such that ρεnjptqptq Ñ
mt, with mt a probability state-valued measure over H, i.e.,

}mtpHq}L1pL2q “ 1, (5.9)

because the mass is conserved by the dynamics;

• by Corollary 5.2.4, we can extract at least one subsequence tεnkukPN, common to all the
times t P R, such that ρεnk ptq Ñ mt;

• by Theorem 5.3.4, every measure mt, which is a cluster point of ρε, has to satisfy the integral
equation in interaction representation

TrL2

ˆ
ż

H
dm̃tpzq fpzqκ

˙

“ TrL2

ˆ
ż

H
dm̃spzq fpzqκ

˙

´i

ż t

s
dτ TrL2

ˆ
ż

H
rṼτ pΦτzq, dm̃τ pzqs fpzqκ

˙

for any f P C80,cylpHq and κ P L8pL
2q or K, depending on the model;

• Proposition 5.3.7 shows that there exists a unique solution of the equation above, which
gives, thanks to Corollary 5.3.8, the following expression for mt

µt “ Φt 7µ, γmtpzq “ Ut,0pzq γmpzqU
:
t,0pzq.

This implies that every convergent subsequence of ρεnptq converges to mt, i.e.,

ρεnptq Ñ mt; (5.10)

• in Section 5.4, we extend the results by density to states satisfying assumption (A1);

• finally, by the bounds (5.8), we can apply Theorem 3.2.1 to density matrices at time t and
deduce the convergence (5.10) against bounded test operators.

5.1 Propagation of technical estimates

In this section we discuss some useful technical estimates that allow to propagate uniform bounds
on quantum states at initial time. Such bounds will be crucial to ensure the existence at any time
of at least one Wigner measure associated with the quantum state. The estimates depend on the
model and the scaling of the field energy, so we discuss them separately.

Let
ρεptq :“ e´itHερε e

itHε (5.11)

be the time evolution for a state ρε P L1,`pH q. We observe that DpH`q “ DpH0q, for fixed ε and
for any scaling νε, where H` is defined in (5.1) and we recall that H0 “ ´∆x `W ` νεdΓεpωq is
the unperturbed Hamiltonian.
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5.1.1 Nelson model

Let us recall the expression of the Nelson Hamiltonian:

Hε “ ´∆x `W px1, . . . , xN q ` νεdΓεpωq ` aεpλxq ` a
:
εpλxq.

Lemma 5.1.1. [38, Proposition IV.2] For any N P N˚, ε ą 0, t P R and δ P R,

TrH pρεptq pdΓεp1q `N
2 ` εqδq ď e

mδ{2pεq
?
ε|δ||t|}λ¨}L8pRdN ;HqTrH pρε pdΓεp1q `N

2 ` εqδq, (5.12)

}ρεptq pdΓεp1q `N
2 ` εqδ}L1 ď e

mδpεq
?
ε|δ||t|}λ¨}L8pRdN ;Hq}ρε pdΓεp1q `N

2 ` εqδ}L1 , (5.13)

where mδpεq :“ maxt2` ε, 1` p1` εqδu.

Thanks to the previous result, we can easily derive an estimate of the expectation of powers of
the number operator at any time.

Proposition 5.1.2. For any δ ą 0, there exists c P p0,`8q, such that, for any t P R,

}ρεptq p´∆x `W` ` pdΓεp1q ` 1qδq}L1 ď Cpec|t| ` 1q}ρε p´∆x `W` ` pdΓεp1q ` 1qδq}L1 . (5.14)

Proof. By Lemma 5.1.1, for any N P N˚, ε ą 0 and δ ą 0,

}ρεptq pdΓεp1q ` 1qδ}L1pH q ď }ρεptq pdΓεp1q `N
2 ` εqδ}L1pH q ď

ď emδpεq
?
ε|δ||t|}λ¨}8}ρε pdΓεp1q `N

2 ` εqδ}L1pH q ď

ď ec|t|}ρε pdΓεp1q `N
2 ` 1qδ}L1pH q ď ec|t|pN2 ` 1qδ}ρε pdΓεp1q ` 1qδ}L1pH q.

Furthermore, by [4, Lemma 3.4], there exist constants C1, C2 P p0,`8q, such that

}pH` ` dΓεp1q ` 1qe´itHεpH` ` dΓεp1q ` 1q´1} ď C1p1` e
C2tq (5.15)

uniformly in ε. Then we conclude that

}ρεptqH`}L1 ď }ρεpH` ` dΓεp1q ` 1q}L1 }pH` ` dΓεp1q ` 1q´1eitHεpH` ` dΓεp1q ` 1q}ˆ

ˆ }pH` ` dΓεp1q ` 1q´1H`} ď

ď C1p1` e
C2tq}ρεpH` ` dΓεp1q ` 1q}L1 .

Therefore any state ρε satisfying assumptions (AR) is such that, for any t P R,

}ρεptq p´∆x `W` ` pdΓεp1q ` 1qδq}L1 ď Cpec|t| ` 1q. (5.16)
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5.1.2 Polaron model

We consider the polaron Hamiltonian Hε associated with the quadratic form induced by the formal
expression

´∆x `W px1, . . . , xN q ` νεdΓεp1q `
N
ÿ

j“1

paεpgxj q ` a
:
εpgxj qq. (5.17)

The idea is to exploit the pull-through formula [2, Theorem 4.7] which applies to the Nel-
son model (see Appendix A), and extend it to the polaron model, which leads to the following
inequality.

Lemma 5.1.3. For any δ P N˚, there exists b ą 0 such that, for any ε P p0, 1q and Ψε P DpHδ
ε q,

}pdΓεp1q ` ν
´1
ε qδΨε}H ď Cν´δε }pHε ` bq

δΨε}H .

Proof. Let us denote by HεpΛq :“ ´∆x `W ` dΓεp1q ` HIpΛq, Λ ą 0 the polaron Hamiltonian
with scaling νε “ 1 and cut-off for the high momenta:

HIpΛq :“ aεpgΛq ` a
:
εpgΛq,

gΛpx, kq :“
N
ÿ

j“1

eik¨xj

|k|
d´1

2

χt|k|ďΛupkq.

Since gΛ P L
8pRdN ;Hq, HΛ is a Nelson-type Hamiltonian. Then, we can use the estimate (A.47)

derived by pull-through formula from Appendix A to get that, for any δ P N˚, there exists b P
p0,`8q such that, for any Ψε P DpHεpΛq

δq,

}pdΓεp1q ` 1qδΨε}H ď C }pHεpΛq ` bq
δΨε}H . (5.18)

By [51, Theorem 2.2],

HεpΛq
} ¨ }´res
ÝÝÝÝÝÑ
ΛÑ`8

Hε, (5.19)

where now the r.h.s. stands for the polaron Hamiltonian with scaling νε “ 1. By induction on δ,
one can prove that norm-resolvent convergence holds true also for powers of Hε: let us assume
that the result is true for δ ´ 1 P N˚, then, by the second resolvent identity,

}ppHεpΛq ` bq
δ ´ zq´1 ´ ppHε ` bq

δ ´ zq´1} “

“ }ppHεpΛq ` bq
δ ´ zq´1ppHεpΛq ` bq

δ ´ pHε ` bq
δqppHε ` bq

δ ´ zq´1q} ď

ď Cz}HεpΛq ´Hε} ` C
1
z}pHεpΛq ` bq

δ´1 ´ pHε ` bq
δ´1},

for any z P σpHεpΛqq X σpHεq. By induction, we deduce the result, i.e., for any δ P N˚,

pHεpΛq ` bq
δ } ¨ }´res
ÝÝÝÝÝÑ
ΛÑ`8

pHε ` bq
δ. (5.20)

The cut-off independence stated in [2, Lemma 2.1] however yields that

}pdΓεp1q ` 1qδΨε}H ď C }pHε ` bq
δΨε}H (5.21)

for any Ψε P DppHεq
δq, which proves the Lemma for νε “ 1.

To prove it for νε “ ε´1, we consider the Hamiltonian H̃ε associated to the quadratic form
induced by the formal expression

´∆x `W ` dΓεp1q `
?
εHI . (5.22)
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The pull-through formula applies to this operator as well, yielding

}pdΓεp1q ` 1qδΨε}H ď C }pH̃ε ` bq
δΨε}H , (5.23)

for any Ψε P DpH̃δ
ε q. Rescaling now a#

ε ÞÑ ε´1{2a#
ε , we get

}pdΓεp1q ` εq
δΨε}H ď cεδ }pHε ` bq

δΨε}H (5.24)

for any Ψε P DpH̃δ
ε q “ DpHδ

ε q. This completes the proof.

The previous estimate allows to derive a bound on the evolved density matrix.

Proposition 5.1.4. For any time t P R,

TrH pρεptqp´∆x `W` ` dΓεp1q
2qq ď

ď C
”

pe|t| ` 1qTrH pρεpν
´2
ε H2

ε `H`qq ` p|t| ` 1qe|t| ` 1
ı

.

Proof. Let us deal with the term with the particle energy and the number operator, separately. In
the scaling νε “ ε´1, we use [22, Lemma 3.4] to obtain that, for any t P R,

TrH pρεptqp´∆x `W`qq ď C
”

e|t|TrH pρεH`q ` p|t| ` 1qe|t| ` 1
ı

. (5.25)

For the scaling νε “ 1, the proof is even simpler, and obtained by reconstructing Hε to get rid of
time-evolution and using the form-boundedness of HI w.r.t. H`.

Consider now the number operator term: by Lemma 5.1.3, setting m “ inf σpHεq,

}pdΓεp1q ` εq e
´itHεpHε ` |m| ` 1q´1} ď Cε. (5.26)

Then, we get

TrH

`

ρεptqdΓεp1q
2
˘

ď TrH pρεpHε ` |m| ` 1q2q}dΓεp1qpHε ` |m| ` 1q´1}2H ď

ď C
“

TrH pρεε
2H2

ε q ` TrH pρεH`q ` 1
‰

ď

ď C
“

TrH pρεpε
2H2

ε `H`qq ` 1
‰

.

where we used the form-boundedness of Hε w.r.t. H`. For the scaling νε “ 1 the proof is com-
pletely analogous.

Therefore, for states satisfying assumption (AR), we have that, for any t P R,

TrH pρεptq p´∆x `W` ` dΓεp1q
2qq ď Cpp|t| ` 1qe|t| ` 1q. (5.27)
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5.1.3 Pauli-Fierz model

Consider the Pauli-Fierz Hamiltonian

Hε “

N
ÿ

j“1

`

´i∇xj ` φεpλxj q
˘2
`W px1, . . . , xN q ` νεdΓεpωq (5.28)

which can be rewritten in the Coulomb gauge as

Hε “ ´∆x `W px1, . . . , xN q ` νεdΓεpωq `HI (5.29)

with

HI “

N
ÿ

j“1

ˆ

´ 2i∇xj ¨
d´1
ÿ

γ“1

φεpeγλxj q `

ˆ d´1
ÿ

γ“1

φεpeγλxj q

˙2˙

.

We recall a result from [5] for the control of the norm of the number operator in time and also
a preliminary Lemma to bound the expectation value of the particle Hamiltonian for the scaling
νε “ ε´1.

Lemma 5.1.5. [5] There exists K P p0,`8q such that, for any ε P p0, 1q, νε P tε´1, 1u and Ψε P

DpH`q XDpdΓεp1qq,

}dΓεp1q e
´itHεΨε}H ď CeK|t| p }dΓεp1qΨε}H ` }pH` ` 1qΨε}H q. (5.30)

The same holds true in the scaling νε “ ε´1 with H0 in place of H`. Furthermore, there exists
c P p0,`8q such that, for any Ψε P DpHεq,

c}pHε ` 1qΨε}H ď }pH0 ` 1qΨε}H ď C}pHε ` 1qΨε}H . (5.31)

Lemma 5.1.6. There exist two constants c, c1 P p0,`8q such that, for any t P R and any normalized
Φε P QpHεq,

xΦε| e
itHε p´∆x `W`q e

´itHε |Φεy ď C
”

pec|t| ` 1q xΦε| pH` ` 1q2 ` dΓεp1q
2 |Φεy`

`pec
1|t| ` |t| ` 1q

ı

. (5.32)

Proof. The proof follows the analogous one for the polaron [22, Lemma 3.4], but it is more in-
volved due to the complicated form of the interaction term in the Pauli-Fierz Hamiltonian. The
idea is to use Gronwall lemma, so we restrict the set of Φε to ensure differentiability and then
extend the result by density: let Φε P D :“ DppHε ` |m| ` 1q3{2q XDpdΓεp1qq, where m ă 0 is the
bottom of the spectrum of Hε, which we know is is finite by Theorem 1.1.6. The one-parameter
group e´itHε is weakly differentiable on QpH0q Ě D , and leaves D invariant by its action, thanks
to Lemma 5.1.5. Let us set Mptq :“ | xΦεptq| ´ ∆x `W` |Φεptqy |, with Φεptq :“ e´itHεΦε. Then,
we can write

Mptq ď xΦεptq |H` |Φεptqy ď | xΦεptq |H` `HI |Φεptqy | ` | xΦεptq |HI |Φεptqy |. (5.33)

Let us bound the last expression term by term, starting from the interaction:

| xΦεptq |HI |Φεptqy | ď
N
ÿ

j“1

`

2
ˇ

ˇ

@

∇xjΦεptq
ˇ

ˇφεpλxj qΦε

D ˇ

ˇ`
ˇ

ˇ

@

Φεptq
ˇ

ˇpφεpλxj qq
2Φεptq

D ˇ

ˇ

˘

,

so that
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• for any α P p0,`8q we have

N
ÿ

j“1

2
ˇ

ˇ

@

∇xjΦεptq
ˇ

ˇφεpλxj qΦε

D ˇ

ˇ ď α xΦεptq| ´∆x |Φεptqy `
16

α

N
ÿ

j“1

}aεpλxj qΦεptq}
2 ď

ď α xΦεptq| ´∆x |Φεptqy `
16

α
N}λ¨}

2
8}Φε}}dΓεp1qΦεptq} ď

ď α xΦεptq| ´∆x `W` |Φεptqy `
C

α
ec|t|p}dΓεp1qΦε} ` }pH` ` 1qΦε}q

where we have used Lemma 5.1.5 in the last step;

• Cauchy-Schwarz inequality yields that

N
ÿ

j“1

ˇ

ˇ

@

Φεptq
ˇ

ˇpφεpλxj qq
2Φεptq

D ˇ

ˇ ď

N
ÿ

j“1

`

4}aεpλxj qΦεptq}
2 ` 2}λxj}

2}Φε}
2
˘

ď

ď 2N}λ¨}
2
8

`

}dΓεp1qΦεptq}}Φε} ` }Φε}
2
˘

ď

ď C

ˆ

ec|t|
`

}dΓεp1qΦε} ` }pH` ` 1qΦε}
˘

` 1

˙

,

again by Lemma 5.1.5.

Putting together the above inequalities, we obtain

| xΦεptq|HI |Φεptqy | ď α xΦεptq| ´∆x `W` |Φεptqy ` C

«

ec|t|

α

`

}dΓεp1qΦε} ` }pH` ` 1qΦε}
˘

` 1

ff

.

Choosing α P
“

1
2 , 1

˘

, and plugging the above inequality into (5.33), we obtain

Mptq ď
1

1´ α
| xΦεptq|H` `HI |Φεptqy | ` C

”

ec|t|
`

}dΓεp1qΦε} ` }pH` ` 1qΦε}
˘

` 1
ı

. (5.34)

We turn our attention now to the sum of the free and interaction parts and, by differentiability,

| xΦεptq|H` `HI |Φεptqy | ď | xΦε|H` `HI |Φεy | `

ˇ

ˇ

ˇ

ˇ

ż t

0
ds

d

ds
xΦεpsq|H` `HI |Φεpsqy

ˇ

ˇ

ˇ

ˇ

ď

ď | xΦε|H` `HI |Φεy | `
1

ε

ż t

0
ds | xΦεpsq |rdΓεpωq, HIsΦεpsqy |.

Let us bound the last expression. For the first term, by form boundedness of the interaction w.r.t.
the free part, there exist a, b P p0,`8q such that

| xΦε|H` `HI |Φεy | ď p1` aq| xΦε|H` |Φεy | ` b}Φε}
2.

Next, we estimate each term in the integrand:

• computing the commutator between the field energy and the canonical observables, we ob-
tain

ˇ

ˇ

ˇ

ˇ

C

Φεpsq

ˇ

ˇ

ˇ

ˇ

ˇ

„

dΓεpωq,
N
ÿ

j“1

2i∇xj paεpλxj q ` a:εpλxj qq


Φεpsq

G

ˇ

ˇ

ˇ

ˇ

ď

ď 2ε
N
ÿ

j“1

ˇ

ˇ

ˇ

ˇ

@

∇xjΦεpsq
ˇ

ˇpa:εpωλxj q ´ aεpωλxj qqΦεpsq
D

ˇ

ˇ

ˇ

ˇ

ď

ď ε xΦεpsq | p´∆x `W`qΦεpsqy ` Cεe
c|s|

`

}dΓεp1qΦε} ` }pH` ` 1qΦε}
˘

,

where we have used Lemma 5.1.5 and the assumptions on λ¨.
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• For the quadratic terms:

ˇ

ˇ

ˇ

ˇ

C

Φεpsq

ˇ

ˇ

ˇ

ˇ

ˇ

„

dΓεpωq,
N
ÿ

j“1

paεpλxj q ` a
:
εpλxj qq

2



Φεpsq

G

ˇ

ˇ

ˇ

ˇ

ď

ď ε
N
ÿ

j“1

ˇ

ˇ

@

Φεpsq
ˇ

ˇ

`

aεpωλxj qaεpλxj q ` aεpλxj qaεpωλxj q ` a
:
εpωλxj qa

:
εpλxj q`

` a:εpλxj qa
:
εpωλxj q ` 2a:εpωλxj qaεpλxj q ´ 2a:εpλxj qaεpωλxj q

˘

Φεpsq
Dˇ

ˇ ď

ď Cε
N
ÿ

j“1

`

}aεpλxj qΦεpsq}
2 ` }aεpωλxj qΦεpsq}

2 ` }ωλxj}
2 ` }λxj}

2
˘

ď

ď Cε r}dΓεp1qΦεpsq} ` 1s ď Cε
”

ec|s|p}dΓεp1qΦε} ` }pH` ` 1qΦε}q ` 1
ı

.

using again Lemma 5.1.5 and assumptions on λ¨.

Putting together the previous inequalities we have

|
@

Φεptq
ˇ

ˇH` `HI

ˇ

ˇΦεptq
D

| ď p1` aq| xΦε|H` |Φεy | ` b`

`

ż t

0
ds

„

Mpsq ` C

ˆ

ec|s|p}dΓεp1qΦε} ` }pH` ` 1qΦε}q ` 1

˙

ď

ď p1` aq| xΦε|H` |Φεy | ` C
”

pec|t| ´ 1qp}dΓεp1qΦε} ` }pH` ` 1qΦε}q ` |t|
ı

`

ż t

0
dsMpsq.

Plugging it into (5.34) we obtain the following:

Mptq ď Bptq `
1

1´ α

ż t

0
dsMpsq, (5.35)

where
Bptq :“ C

”

pec|t| ` 1qp}dΓεp1qΦε} ` }pH` ` 1qΦε}q ` |t| ` 1
ı

. (5.36)

We are ready to use Gronwall Lemma to obtain

Mptq ď Bptq `
1

1´ α

ż t

0
dsBpsq e

t´s
1´α . (5.37)

Doing all the calculation we finally derive the inequality

| xΦεptq| ´∆x |Φεptqy | ď C
”

pec|t| ` 1qp}pH` ` 1qΦε} ` }dΓεp1qΦε}q ` pe
c1|t| ` |t| ` 1q

ı

(5.38)

and from this easily find the desired result for Φε P D . A density argument can be used to conclude
the proof for Φε P QpHεq.

Proposition 5.1.7. There exists c P p0,`8q such that, for any t P R,

TrH pρεptq p´∆x `W` ` pdΓεp1q ` 1q2qq ď C
”

pec|t| ` 1qTrH pρε pH` ` 1q2 ` dΓεp1q
2q `

`pe|t| ` |t| ` 1q
ı

. (5.39)

89



Proof. Let us bound the free energy and the number operator separately. Consider the scaling
νε “ ε´1. For the first term, we use Lemma 5.1.6, which gives

TrH pρεptqp´∆x `W`qq ď C1pe
C3|t| ` 1qTrH pρε ppH` ` 1q2 ` dΓεp1q

2qq ` C2pe
C4|t| ` |t| ` 1q.

By first part of Lemma 5.1.5 we have, instead, the following inequality:

TrH pρεptqdΓεp1q
2q “ TrH pρε e

itHεdΓεp1q
2e´itHεq ď

ď TrH pρεpH` ` dΓεp1qq
2q }dΓεp1qe

´itHεpH` ` dΓεp1qq
´1}2 ď

ď C
”

TrH pρεpH` ` dΓεp1qq
2q ec|t|p}dΓεp1qpH` ` dΓεp1qq

´1}`

`}pH` ` 1qpH` ` dΓεp1qq
´1}q

‰

ď

ď Cec|t|TrH pρεpH
2
` ` dΓεp1q

2qq,

which completes the proof.
For the scaling νε “ 1, the bound for the square of the number operator is the same, while we

bound the expectation of H` as

TrH pρεptqH`q ď C}H`ρεH`}L1 }H
´1
` pHε ` |m| ` 1q} }pHε ` |m| ` 1q´1H`} ď C TrH pρεH

2
`q,

where we used the fact that e´itHε commutes with its own generator and that Hε and H` have the
same domain.

Therefore, for states satisfying assumption (AR), we have, for any t P R,

TrH pρεptq p´∆x `W` ` dΓεp1q
2qq ď Cpe|t| ` |t| ` 1q. (5.40)

The previous estimates can be used to prove that, at any fixed time, we can extract a subse-
quence from the family tρεptquεPp0,1q that converges to a state-valued measure mt.

Proposition 5.1.8. Let tρεptquεPp0,1q Ď L1,`pH q be the family of density matrices defined in (5.11).
If, for any δ ě 1,

$

’

&

’

%

}ρε pp´∆x `W` ` pdΓεp1q ` 1qδq}L1 ď C, for the Nelson model,
TrH pρε pH` ` ν

´2
ε H2

ε qq ď C, for the polaron,
TrH pρε ppH` ` 1q2 ` dΓεp1q2qq ď C, for the Pauli-Fierz model,

(5.41)

then, for any t P R, there exist a subsequence tεnjptqujPN, εnjptq ÝÝÝÝÑjÑ`8
0, and a probability state-

valued measure mt P M pH; L1,`pL
2qq, such that

ρεnjptqptq ÝÝÝÝÑjÑ`8
mt. (5.42)

Proof. By Theorem 3.1.6, since the state is normalized, there exists a cylindrical state-valued mea-
sure mt such that ρεptq converges to it in topology P over a fixed subsequence εnjptq. To obtain also
the convergence in topology T, we need to prove that the no-loss of mass condition is satisfied, but
the latter follows from a uniform bound on the expectation of the number operator by Proposition
3.1.8. By the combination of the assumptions with Propositions 5.1.2, 5.1.4 and 5.1.7 we obtain
that

TrH pρεptq pdΓεp1q ` 1qq ď Ct, (5.43)

for a certain constant Ct P p0,`8q, for any t P R. By Theorem 3.1.10, this condition guarantees
that every mt concentrates as a state-valued measure on H. Finally, Theorem 3.2.1 implies that mt

is a probability state-valued measure.
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5.2 Extraction of a common subsequence

Let us recall the formula for the time evolution of states, according to the dynamics generated by
a self-adjoint Hamiltonian Hε:

ρεptq :“ e´itHε ρε e
itHε , (5.44)

which, at least formally, solves the equation

i
d

dt
ρεptq “ rHε, ρεptqs. (5.45)

The main goal of this Section is to identify the cluster points of the above family of states as the
solution of a certain transport equation by taking the limit ε Ñ 0 of (5.45). It is more convenient
to work with the modified version of the dynamics given by the interaction representation: we set

ρ̃εptq :“ eitH0 ρεptq e
´itH0 , (5.46)

which, at least formally, solves

i
d

dt
ρ̃εptq “

”

H̃Iptq , ρ̃εptq
ı

(5.47)

where
H̃Iptq :“ eitH0 HI e

´itH0 .

Before discussing the formula for ρ̃εptq, let us recall the spaces of test operators : we set
T “ p´∆x `W`q, and (see also Lemma 3.2.2)

K :“ tκm :“ 1mpT qκ1mpT q, κ P L8,`pZ q,m P Nu; (5.48)

B :“ tBm :“ 1mpT qB 1mpT q, B P L pZ q`,m P Nu. (5.49)

Proposition 5.2.1. If ρε satisfies (AR), then, for any B P L pL2q (B P B for the polaron), ξ P H and
t P R :

TrH pρ̃εptqB bWεpξqq “ TrH pρεB bWεpξqq ´ i

ż t

0
dτ TrH p rH̃Ipτq, ρ̃εpτqsB bWεpξqq. (5.50)

Proof. We only have to prove the differentiability in time of the function

t ÞÝÑ TrH pρ̃εptqB bWεpξqq,

since, then, the result follows from the fundamental theorem of calculus. Let us study each model
separately.

Nelson model: We prove the result for the set of states ρε such that

}ρε pH` ` 1q}L1 ď C. (5.51)

This set is dense in L1 norm in the space of quantum states satisfying the assumptions for
any δ ě 1, so it is enough to prove the result for states satisfying(5.51).

Now, pH``1q´1 maps H into DpH0q, so that the functions t ÞÑ e˘itH0pH``1q´1, e˘itHεpH``
1q´1 are strongly differentiable thanks to Stone theorem. Furthermore, by assumptions,
pH` ` 1qρε and ρεpH` ` 1q are trace-class operators in H , while e˘itH0pH` ` 1q´1 and
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pH`` 1q e˘itHεpH`` 1q´1 are bounded operators on H , the last thanks to [4, Lemma 3.4].
Since

TrH pρ̃εptqB bWεpξqq “ TrH pe
itH0pH` ` 1q´1pH` ` 1qe´itHεpH` ` 1q´1ˆ

ˆ pH` ` 1q ρε e
itHεe´itH0 B bWεpξqq,

the previous remarks yield the differentiability of the product above.

Pauli-Fierz model: Since, by assumptions,

}pH` ` dΓεp1qqρεpH` ` dΓεp1qq}L1 ď C, (5.52)

the proof is analogous to the one for Nelson model with no need of using a density argument.

Polaron: Let m :“ inf σpHεq and consider pHε ` |m| ` 1q´1: it maps H into DpHεq, and then
t ÞÑ e˘itHεpHε ` |m| ` 1q´1 is strongly differentiable. Furthermore, since DpHεq Ď DpH

1{2
0 q,

H
1{2
` e´itHεpHε ` |m| ` 1q´1 is bounded, while }pHε ` |m| ` 1q ρε pHε ` |m| ` 1q}L1 ď

Cpε´2 ` 1q and therefore pHε ` |m| ` 1qρεpHε ` |m| ` 1q is trace-class. Setting B̃ptq :“
eitp´∆`W qB eitp´∆`W q, and using the properties of Weyl operators, we get

TrH pρ̃εptqB bWεpξqq “

“ TrH pH
1{2
` e´itHεpHε ` |m| ` 1q´1pHε ` |m| ` 1q ρε pHε ` |m| ` 1qˆ

ˆ pHε ` |m| ` 1q´1eitHεH
1{2
` H

´1{2
` B̃ptq b Wεpe

´itξqH
´1{2
` q.

Since B P B, the function t ÞÑ B̃ptq bWεpe
´itξq is weakly differentiable in DpH

1{2
` q, which

allows to deduce the differentiability of the product.

Thanks to the previous representation formula, we can prove equicontinuity in weak and weak-
* topology for the generating map of the Nelson model on bounded sets in phase space. A similar
result holds true also for the Pauli-Fierz model and the polaron by restricting the test operators to
the spaces K,B.

Proposition 5.2.2 (Equicontinuity of generating map). Let tρεuεPp0,1q Ď L1,`pH q satisfy (AR) and
let Gε be the generating map for the state ρ̃εptq, i.e.,

Gε :Rˆ H ÝÑ L1pL
2q

pt, ξq ÞÝÑ ρ̃εptqWεpξq “: Gεpt, ξq

acting on bounded and on compact operators as

Gεpt, ξqpκq “ TrH p ρ̃εptqκbWεpξq q, κ P L8pL
2q,

Gεpt, ξqpBq :“ TrH p ρ̃εptqB bWεpξq q, B P L pL2q.

Then,

• the function pt, ξq ÞÑ Gεpt, ξq is uniformly weak/weak* equicontinuous w.r.t. ε on bounded sets
of Rˆ H, for the Nelson model;

• the functions pt, ξq ÞÑ Gεpt, ξqpκq, Gεpt, ξqpBq, for any κ P K, B P B are uniformly equicontinu-
ous w.r.t. ε on bounded sets in Rˆ H, for the Pauli-Fierz and polaron models.
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Proof. Let us prove the result for compact operators, since the case of bounded operators is analo-
gous. Let κ P L8pL

2q and pt, ξq, ps, ηq P I Ď Rˆ H, where I is a bounded set. Then,

|Gεpt, ηqpκq ´Gεps, ξqpκq| ď X1 `X2,

where
X1 :“ |Gεpt, ξqpκq ´Gεps, ξqpκq|, X2 :“ |Gεps, ξqpκq ´Gεps, ηqpκq|.

For the first term we use the integral representation formula given by Proposition 5.2.1: setting
κ̃ptq :“ eitp´∆`W qκ e´itp´∆`W q and using (B.26), we have that

X1 “ |TrH ppρ̃εptq ´ ρ̃εpsqqκbWεpξq q| ď

ż t

s
dτ |TrH prH̃Ipτq, ρ̃εpτqsκbWεpξqq| “

“

ż t

s
dτ |TrH p rHI , ρεpτqs κ̃pτq bWεpe

´iτωξqq|.

We now bound the integrand for each model separately.

Nelson model: by Proposition 5.1.2, Lemma B.2.1 and by assumption (AR) on the state,

}rρεpτq, HIs}L1 ď 2emδ
?
ε|δ||τ |}λ}8}ρε pdΓεp1q ` 1qδ}L1}pdΓεp1q ` 1q´δHI}L ď

ď 2C ec|τ |}λ¨}L8pRdN ;Hq,

for a certain constant c ą 0 independent on ε. W.l.o.g. we can assume that 0 ď s ă t, which
implies

X1 ď C}λ¨}L8pRdN ;Hq}κ}L

ż t

s
dτ ecδτ “

“ C}λ¨}L8pRdN ;Hq}κ}L c´1pect ´ ecsq ď C |t´ s|.

Polaron: by Lemma 1.1.4, there exist functions g̃¨ P L8pRd;Hdq, gă,¨ P L8pRd;Hq, such that

gxj “ gă,xj ` r´i∇xj , g̃xj s, for any j “ 1, . . . , N. (5.53)

Therefore, by Proposition 5.1.4, since we are testing against κ P K,
ˇ

ˇ

ˇ

ˇ

N
ÿ

j“1

TrH prφεpgă,xj q ` r´i∇xj , pa:εpg̃xj q ´ aεpg̃xj qqs, ρεpτqs κ̃pτq bWεpe
´iτξqq

ˇ

ˇ

ˇ

ˇ

ď

ď CN

ˆ

p}gă,¨}8}κ} ` }g̃¨}8}κp´i∇¨q}qTrH pρεpτqpdΓεp1q ` 1q1{2qq`

` }g̃¨}8TrH pp´∆x ` dΓεp1q
2qρεpτqq }κ}

˙

ď

ď Cpp|τ | ` 1qe|τ | ` 1q.

Integrating w.r.t. τ , we obtain that X1 ď C |t´ s|.

Pauli-Fierz model: Recalling the explicit expression for the Pauli-Fierz interaction term: HI “
řN
j“1p2i∇xj ¨φεpλxj q`φεpλxj q2q, we bound both terms of the sum separately. By Proposition

5.1.7, Lemma B.2.1, the fact that κ P K and assumption (AR), we have
ˇ

ˇ

ˇ

ˇ

N
ÿ

j“1

TrH prφεpλxj q ¨∇xj , ρεpτq sκbWεpξqq

ˇ

ˇ

ˇ

ˇ

ď

ď 2N}λ¨}8TrH pp´∆x ` pdΓεp1q ` 1q2qρεpτqq}κ} ď

ď C
´

ec|τ | ` |τ | ` 1
¯

,
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and
ˇ

ˇ

ˇ

ˇ

N
ÿ

j“1

TrH prφ
2
εpλxj q , ρεpτq sκbWεpξqq

ˇ

ˇ

ˇ

ˇ

ď C
´

ec
1|τ | ` |τ | ` 1

¯

for some c, c1 ą 0. Integrating between s and t, we finally get

X1 ď C|t´ s|.

Let us now turn our attention to the second term: using Corollary A.1.4 and the fact that for
every model we have a bound on the number operator (5.43) at any time, we get

X2 “ |TrH pρ̃εptqκb pWεpξq ´Wεpηqq| ď

ď CTrH pp1` dΓεp1qq ρ̃εptqq}p1` dΓεp1qq
´1{2pWεpξq ´Wεpηqqp1` dΓεp1qq

´1{2}L ď

ď CTrH pp1` dΓεp1qq ρεptqq p1` }ξ}Hq }ξ ´ η}H ď C}ξ ´ η}H,

where we used that pt, ξq P I. Combining the above results, we complete the proof, obtaining

|Gεpt, ξqpκq ´Gεps, ηqpκq| ď Cp}ξ ´ η}H ` |t´ s|q, pt, ξq, ps, ηq P I. (5.54)

Proposition 5.2.2 gives equicontinuity of the generating map, that allows an extraction of a
common subsequence in time from the family of states, evolved according to the microscopic dy-
namics of the models, converging so to the family of probability state-valued measures parametrized
by the time t P R.

Proposition 5.2.3 (Subsequence extraction). Let tρεuεPp0,1q Ď L1,`pH q be a family of normalized
states satisfying (AR). Then, for any sequence tεnunPN, εn Ñ 0, there exist a subsequence tεnkukPN

and a family of probability state-valued measures tm̃tutPR Ď M pH; L1pL
2q`q, dm̃tpzq “ γm̃tpzqdµ̃tpzq

such that, for any t P R,
ρ̃εnk ptq ÝÝÝÝÑkÑ`8

m̃t. (5.55)

Furthermore, for any finite T ą 0, there exists CT P p0,`8q such that
ż

H
dµ̃tpzq p1` }z}

2
Hq
δ̄ ď CT , (5.56)

for any t P r´T, T s and any
#

δ̄ ď δ, for the Nelson model,
δ̄ ď 2, for the polaron and Pauli-Fierz model.

Corollary 5.2.4. Under the same assumptions as Proposition 5.2.3,

ρεnk ptq ÝÝÝÝÑkÑ`8
mt (5.57)

for any t P R, where tmtutPR Ď M pH; L1,`pL
2qq is the family of probability state-valued measures

mt “ e´itp´∆`W q pΦt 7 m̃tq e
itp´∆`W q (5.58)

with Φtpzq “ e´itνωz. Furthermore, (5.56) holds for mt as well.
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Proof. By Proposition 5.2.3, ρ̃εnk ptq Ñ m̃t, for any t P R. Since ρεptq “ e´itH0 ρ̃εptq e
itH0 , setting

κ̃ptq “ eitp´∆`W qκ e´itp´∆`W q and using (B.26) for Weyl operators, we get

lim
kÑ`8

TrH pρεnk ptqκbWεnk
pξqq “ lim

kÑ`8
TrH pρ̃εnk ptq κ̃ptq bWεnk

pΦ´t ξqq “

“

ż

H
dµ̃tpzqTrL2pγm̃tpzq κ̃ptqq e

2i<exξ |Φtzy “

ż

H
dµtpzqTrL2pγmtpzqκq e

2i<exξ | zy

where µt “ Φt 7 µ̃t and γmt “ e´itp´∆`W q γm̃t e
itp´∆`W q, and the convergence is in topology T.

Convergence in topology P is proved in the same way, exploiting the properties of Weyl quantiza-
tion. We thus conclude that ρεnk Ñ mt and that the latter is a probability state-valued measure,
since its norm is not affected by the action of unitary operators and the push-forward. The ana-
logue of (5.56) can be obtained along the same lines of the proof of Proposition 5.2.3.

Proof of Proposition 5.2.3. Let E :“ tt`u`PN Ď R be a countable dense subset of R. By the fact
that H0 commutes with the number operator for every model, we have that (5.43) holds with the
same constants for ρ̃εptq in place of ρεptq. Hence, we can apply Proposition 5.1.8: there exist a
subsequence tεnjpt1qunPN and a probability state-valued measure m̃t1 , such that

ρ̃εnjpt1qpt1q ÝÝÝÝÑjÑ`8
m̃t1 . (5.59)

Now, ρ̃εnjpt1 qpt2q, still satisfies the assumptions of Proposition 5.1.8, so that there exist a subse-
quence tεnjpt2qujPN Ď tεnjpt1qujPN and a probability state-valued measure m̃t2 , such that

ρ̃εnjpt2qpt2q ÝÝÝÝÑjÑ`8
m̃t2 . (5.60)

We can thus apply a diagonal extraction to obtain a subsequence tεnkukPN, common to every
subsequence tεnjpt`qujPN, such that

ρ̃εnk pt`q ÝÝÝÝÑkÑ`8
m̃t` (5.61)

for any t` P E. Furthermore, since

0 ď }Gεpt`, ξq}L1pL2q ď 1, (5.62)

the Banach-Alaoglu theorem guarantees that the sequence Gεnk pt`, ξq weak-* converges to the

Fourier transform pm̃t`pξq for any ` P N and ξ P H. Furthermore, the inequality is inherited at the
level of state-valued measures, i.e.,

0 ď }pm̃t`pξq}L1pL2q ď 1. (5.63)

By Proposition 5.2.2, we have that, for ti, tj P E, ξ P H, and κ P L8pL
2q or K,

|Gεnk pti, ξqpκq ´Gεnk ptj , ξqpκq| ď C|ti ´ tj |. (5.64)

Since the constants are independent on ε, we can take the limit k Ñ `8, obtaining, thanks to
(5.61),

ˇ

ˇ

ˇ

pm̃κ
tipξq ´

pm̃κ
tj pξq

ˇ

ˇ

ˇ
ď Cκ|ti ´ tj |. (5.65)

The previous estimate shows that the sequence tpm̃κ
tj pξqujPN is Cauchy, and therefore convergent in

C: since for every t P R there exists a sequence ttjujPN Ď E such that tj Ñ t, then the following
limit exists

G0pt, ξqpκq :“ lim
jÑ`8

pm̃κ
tj pξq (5.66)

Furthermore, by (5.61) and uniform continuity, we have also that ρ̃εkptq
P
ÝÑ ñt, for a time depen-

dent family of state-valued measures tntutPR Ď M pH; L1,`pL
2qq. Let us now consider for concrete-

ness the Nelson model, with κ P L8pL
2q. The functional G0 has three important properties:
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1. G0 is weak-* continuous. Fix R ą 0 and consider IR :“ tpt, ξq P E ˆ H | |t| ` }ξ}H ď Ru:
thanks to (5.54) applied to the pair Gεkptj , ξq, Gεkpsl, ηq, where tj Ñ t, sl Ñ s, taking the
limit k Ñ `8 and then the limits j, lÑ `8 we get

|G0pt, ξqpκq ´G0ps, ηqpκq| ď Cp|t´ s| ` }ξ ´ η}Hq, pt, ξq, ps, ηq P IR. (5.67)

Hence, G0 æIR is weak* continuous in IR, for any R ą 0, and thus it admits a unique weak*
continuous extension to RˆH, that coincides with G0 in (5.66) by uniqueness of the weak-*
limit;

2. }G0pt, 0q}L1 “ 1;

3. G0 is a function of complete positive type: indeed, for tκjunj“1 Ď L8,`pL
2q and tξjunj“1 Ď H,

n
ÿ

i,k“1

G0pt, ξi ´ ξkqpκ
˚
kκiq “

n
ÿ

i,k“1

lim
jÑ`8

lim
εÑ0

TrH pρ̃εptjqpe
2i<exξi´ξk | zyκ˚kκiq

Weyl
ε q “

“ lim
jÑ`8

lim
εÑ0

TrH

¨

˝ρ̃εptjq

ˇ

ˇ

ˇ

ˇ

ˇ

n
ÿ

k“1

´

e2i<exξk | zyκk

¯Weyl

ε

ˇ

ˇ

ˇ

ˇ

ˇ

2
˛

‚ě 0.

Then, Bochner theorem (Theorem 3.1.5) for cylindrical state-valued measures yields that G0 is
the Fourier transform of a unique cylindrical, probability state-valued measure m̃t:

G0pt, ξqpκq “ TrL2ppm̃tpξqκq. (5.68)

On the other hand, we know that

Gεpt, ξq “ w˚ ´ lim
jÑ`8

Gεptj , ξq (5.69)

and that Gε is uniformly equicontinuous w.r.t. ε. Then, it is possible to exchange the limits in εnk
and tj and obtain

pm̃tpξq “ w˚ ´ lim
kÑ`8

Gεnk pt, ξq, (5.70)

which gives convergence in topology T. Considering the joint topology P _ T, by uniqueness of
limit, we obtain that ñt “ m̃t and therefore

ρ̃εnk ptq Ñ m̃t. (5.71)

The only difference for the polaron and Pauli-Fierz model is thatG0 is tested against an element
κ P K. In this case, considering the generating functional

Gκ0pt, ξq :“ G0pt, ξqpκq (5.72)

for every κ P K, it is possible to prove that its value is 1 when evaluated in ξ “ 0, it is a function of
complete positive type and continuous in R ˆ H. Therefore, we can use Bochner theorem for the
scalar measures and state that there exists only one probability scalar measure m̃κ

t , such that

Gκ0pt, ξq “
pm̃κ
t pξq (5.73)

for any κ P K. By using uniform equicontinuity w.r.t. ε of Gεp ¨ qpκq, we have that

pm̃κ
t pξq “ lim

kÑ`8
Gεnk pt, ξqpκq. (5.74)

However, by Proposition 5.1.8, there exist subsequences tεn`ptqu`PN Ď tεnkukPN, such that

lim
`Ñ`8

Gεn`ptqpt, ξqpκq “ TrL2ppm̃tpξqκq (5.75)
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for any κ P L8pL
2q, and then TrL2ppm̃tpξqκq “ pm̃κ

t pξq for every κ P K. In conclusion, we have
convergence

lim
kÑ`8

Gεnk pt, ξqpκq “ TrL2ppm̃tpξqκq (5.76)

along the subsequence tεnkukPN independent of time, for every κ P K.
Now, by uniform boundedness of ρ̃εptq and Theorem 3.1.6, we have also convergence to m̃t in

topology P, up to a subsequence extraction. Therefore, ρ̃εnk ptq Ñ m̃t and ρ̃εptq satisfies

TrH pρ̃εptqpdΓεp1q ` 1qδ̄q ď C, (5.77)

for
#

δ̄ ď δ, for the Nelson model,
δ̄ ď 2, for the polaron and Pauli-Fierz model,

for any t P r´T, T s, T ą 0, thanks to the assumptions (AR) and Propositions 5.1.2, 5.1.7, 5.1.4.
Finally, from Theorem 3.2.1, we obtain that m̃t concentrates as a probability state-valued measure
on H and the bound (5.56) easily follows.

5.3 Equation for the state-valued measure

Once the existence of a common subsequence along which there is convergence in the quasi-
classical limit has been established, we can take the limit and derive the effective equation for the
Fourier transform of the state-valued measure. As before, we work in the interaction representation
and subsequently go back to the original state-valued measure.

Proposition 5.3.1. Let tρεuεPp0,1q Ď L1,`pH q be a family of normalized states satisfying (AR) and
such that

ρεn ÝÝÝÝÑnÑ`8
m.

Then, for all the subsequences tεnkukPN as in Proposition 5.2.3, such that

ρ̃εnk ptq ÝÝÝÝÑkÑ`8
m̃t

for any t P R, the map t ÞÑ m̃t satisfies the following equation

pm̃tpξq “ pm̃spξq ´ i

ż t

s
dτ

ż

H
r Ṽτ pΦτzq ,dm̃τ pzqs e

2i<exz | ξy (5.78)

for any ξ P H and any s P R, where Φtz “ e´itνωz and

Ṽτ pzq “ eiτp´∆`W q Vpzq e´iτp´∆`W q,

and the identity is meant in weak-* sense for the trace-class operators when tested against κ P L pL2q

for the Nelson model and κ P K for polaron and Pauli-Fierz model, respectively.

Proof. The representation formula from Proposition 5.2.1 holds true, i.e., for any κ P L8pL
2q, or

K, depending on the model, ξ P H and t P R,

TrH pρ̃εptqκbWεpξqq “ TrH pρ̃εpsqκbWεpξqq ´ i

ż t

s
dτ TrH p rH̃Ipτq, ρ̃εpτqsκbWεpξqq. (5.79)
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Let tεnunPN be a sequence such that ρεn Ñ m, then, by Proposition 5.1.8, we know that there exists
a subsequence tεnkukPN, such that ρ̃εnk ptq Ñ m̃t, for any time t P R. Therefore, we can take the
limit εnk Ñ 0 term by term in (5.79): the term on the left hand side and the first term on the right
hand side can be dealt with in the same way, by applying Theorem 3.2.1, which yields, e.g.,

lim
kÑ`8

TrH pρ̃εnk ptqκbWεnk
pξqq “ TrL2p pm̃tpξqκ q. (5.80)

The second term on the right hand side, on the other hand, has already been studied in the proof
of Proposition 5.2.2, when estimating the term X1, where it is shown that it is uniformly bounded
w.r.t. τ P rs, ts. Hence, by dominated convergence theorem, we can exchange the limit with the
integral. Setting κ̃pτq “ eiτp´∆`W q κ e´iτp´∆`W q, by ciclicity of the trace, we have that

TrH p rH̃Ipτq, ρ̃εpτqsκbWεpξqq “ TrH p rHI , ρεpτqs κ̃pτq bWεpe
´iτνωξqq. (5.81)

We study now each model separately:

Nelson model: thanks to Proposition 5.1.2 and assumptions on the state, we are in condition to use
Theorem 3.3.1 to obtain convergence of quantum expectations of creation and annihilation
operators at any time to the classical expectations on the state-valued measure mτ , identified
by Corollary 5.2.4, with κ̃pτq as compact test operator:

lim
kÑ`8

TrH p rHI , ρεnk pτqs κ̃pτq bWεnk
pe´iτνωξqq “

“

ż

H
dµτ pzqTrL2prVpzq, γmτ pzqs κ̃pτqq e2i<exξ|eitνωz y “

“

ż

H
dµ̃τ pzqTrL2prṼτ pΦτz, τq, γm̃τ pzqsκq e

2i<exξ | zy

with Vpzq “ 2<e xλx | zy and we have used the fact that m̃t “ Φ´t 7 pe
itp´∆`W qmt e

´itp´∆`W qq.

Polaron: by the decomposition gxj “ gă,xj ` r´i∇xj , g̃xj s,

TrH p rHI , ρεnk pτqs κ̃pτq bWεnk
pe´iτνωξqq “

“

N
ÿ

j“1

TrH

ˆ

`

rφεnk pgă,xj q, ρεnk pτqs`rr´i∇xj , a
:
εnk
pg̃xj q´aεnk pg̃xj qs, ρεpτqs

˘

κ̃pτqbWεnk
pe´iτνξq

˙

.

By Proposition 5.1.4, we can use Theorem 3.3.1 for the first summand and Proposition 3.3.6
for the second one. Thus, we get in the limit εnk Ñ 0

N
ÿ

j“1

TrL2

ˆ
ż

H
r2<e

@

z
ˇ

ˇgă,xj
D

,dmτ pzqs κ̃pτq e
2i<exξ|eiτνz y

˙

`

`

N
ÿ

j“1

TrL2

ˆ
ż

H
rr´i∇xj , 2=m

@

z | g̃xj
D

s, dmτ pzqs κ̃pτq e
2i<exξ|eiτνz y

˙

“

“

N
ÿ

j“1

TrL2

ˆ
ż

H
r2<e

@

z
ˇ

ˇgxj
D

,dmτ pzq sκ̃pτq e
2i<exξ|eiτνz y

˙

“

“TrL2

ˆ
ż

H
rVpzq, dmτ pzq sκ̃pτq e

2i<exξ|eiτνz y
˙

with Vpzq “
řN
j“1 2<e

@

gxj | z
D

, where the latter is short for

Vpzq “
N
ÿ

j“1

`

2<e
@

z
ˇ

ˇgă,xj
D

` r´i∇xj , 2=m
@

z
ˇ

ˇg̃xj
D

s
˘

.

Using the same argument as for the Nelson model, we can complete the proof.
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Pauli-Fierz model: since HI “ ´2i∇x ¨ φεpλxq ` φ2
εpλxq,

TrH p rHI , ρεnk pτqs κ̃pτq bWεnk
pe´iτνωξqq “

“

N
ÿ

j“1

TrH p r´2i∇xj ¨ φεnk pλxj q, ρεnk pτqs κ̃pτq bWεnk
pe´iτνωξqq`

`

N
ÿ

j“1

TrH p rφ
2
εnk
pλxj q, ρεnk pτqs κ̃pτq bWεnk

pe´iτνωξqq.

By Proposition 5.1.7, we can apply Proposition 3.3.6 to the first term of the sum and Corollary
3.3.2 to the second one, so that we obtain, in the limit εnk Ñ 0,

N
ÿ

j“1

TrL2

ˆ
ż

H

“

´2i∇xj ¨ 2<e
@

z
ˇ

ˇλxj
D

, dmτ pzq
‰

κ̃pτq e2i<exξ|eiτνωz y
˙

`

`

N
ÿ

j“1

TrL2

ˆ
ż

H

”

`

2<e
@

z
ˇ

ˇλxj
D˘2

, dmτ pzq
ı

κ̃pτq e2i<exξ|eiτνωz y
˙

.

By the fact that Vpzq “
řN
j“1

`

´ 2i∇xj ¨ 2<e
@

z
ˇ

ˇλxj
D

`
`

2<e
@

z
ˇ

ˇλxj
D˘2 ˘ and by the afore-

mentioned relation between m̃τ and mτ , we can conclude the proof.

Remark 5.3.2. Thanks to the a-priori information on the states, we can prove that the previous
equation is well-defined for any model:

Nelson model: by properties of integration w.r.t. state-valued measures,
›

›

›

›

ż

H
r Ṽτ pΦτzq , dm̃τ pzqs e

2i<exz | ξy
›

›

›

›

L1

ď

ż

H
dµ̃τ pzq }r Ṽτ pΦτzq , γm̃τ pzqs}L1 ď

ď 2

ż

H
dµ̃τ pzq }γm̃τ pzq}L1 }VpΦτzq}L ď 4N}λ¨}L8pRdN ;Hq

ż

H
dµ̃τ pzq }z}H

and, by (5.56), the previous integral is uniformly bounded w.r.t. τ P rs, ts.

Polaron: in this case it is relevant that we are testing against an operator in K:
ˇ

ˇ

ˇ

ˇ

ż

H
dµ̃τ pzqTrL2

`

r Ṽτ pΦτzq , γm̃τ pzqsκbWεpξq
˘

ˇ

ˇ

ˇ

ˇ

ď

ď 2
N
ÿ

j“1

ż

H
dµ̃τ pzq }∇xj γm̃τ pzq}CdbL1

}2=m
@

Φτz | g̃xj
D

}CdbL }κ}`

` 2
N
ÿ

j“1

ż

H
dµ̃τ pzq }γm̃τ pzq}L1}2=m

@

Φτz | g̃xj
D

}L }∇xjκ}CdbL`

` 2
N
ÿ

j“1

ż

H
dµ̃τ pzq}γm̃τ pzq}L1 }2<e

@

Φτz
ˇ

ˇgă,xj
D

}L }κ} ď

ď C

„
ż

H
dµ̃τ pzq TrL2p γm̃τ pzqp´∆xqq `

ż

H
dµ̃τ pzq }z}

2
H



.

By estimates (3.90) and (5.56), the integral is uniformly bounded w.r.t. τ P rs, ts.
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Pauli-Fierz model: in this case we have
ˇ

ˇ

ˇ

ˇ

ż

H
dµ̃τ pzqTrL2

`

r Ṽτ pΦτzq , γm̃τ pzqsκbWεpξq
˘

ˇ

ˇ

ˇ

ˇ

ď

ď

N
ÿ

j“1

ż

H
dµ̃τ pzq }∇xj γm̃τ pzq}CdbL1

›

›2<e
@

Φτz
ˇ

ˇλxj
D
›

›

CdbL
}κ}L`

`

N
ÿ

j“1

ż

H
dµ̃τ pzq }γm̃τ pzq}L1

›

›2<e
@

Φτz
ˇ

ˇλxj
D›

›

L
}∇xjκ}CdbL`

` 2
N
ÿ

j“1

ż

H
dµ̃τ pzq }γm̃τ pzq}L1

›

›2<e
@

Φτz
ˇ

ˇλxj
D›

›

2

L
}κ}L ď

ď C1

ż

H
dµ̃τ pzq TrL2pγm̃τ pzqp´∆xqq ` C2

ż

H
dµ̃τ pzq }z}

2
H.

Combining (3.90) and 5.2.3 we deduce that the integral is uniformly bounded w.r.t. τ P rs, ts.

We are ready to derive the effective equation for the state-valued measure by taking the inverse
Fourier transform of the previous equation, testing against cylindrical smooth functions.

Definition 5.3.3. A function f : H Ñ C is a smooth, compactly supported, cylindrical function, if
there exist a finite dimensional orthogonal projector P on H and a function g P C80 pPHq, such that,
for all z P H,

fpzq “ gpPzq. (5.82)

We denote this set by C80,cylpHq.

For such functions, the Fourier transform is still a cylindrical function on PH. If tejujPN is an
orthonormal basis of H and PH “ spanteju

n
j“1,

f̂pξq “

ż

H
dz e´2πi<exξ | zyfpzq “

ż

PH
dz1 . . . dzn e

´2πi<e
řn
j“1 ξ̄jzjgpz1, . . . , znq “ ĝpξ1, . . . , ξnq,

where zi “ xei | zy for z P H.

We are finally ready to state one of the main theorem of this Chapter.

Theorem 5.3.4. Let tρεuεPp0,1q Ď L1,`pH q be such that there exists δ ą 1 such that

$

’

&

’

%

}ρε pdΓεp1q ` 1qδ}L1 ď C, for the Nelson model,
TrH pρε pH` ` ν

´2
ε H2

ε qq ď C, for the polaron,
TrH pρε ppH` ` 1q2 ` dΓεp1q2qq ď C, for the Pauli-Fierz model.

(5.83)

Let also tεnkukPN be a sequence such that ρ̃εnk ptq Ñ m̃t as in Proposition 5.2.3. Then, for every
f P C80,cylpHq,

ż

H
dm̃tpzq fpzq “

ż

H
dm̃spzq fpzq ´ i

ż t

s
dτ

ż

H
rṼτ pΦτzq, dm̃τ pzqs fpzq (5.84)

where the identity is meant in weak-* sense, i.e., testing against compact operators in L8pL
2q or K,

depending on the model.
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Proof. By Proposition 5.3.1, for any f P C80,cylpHq with associated function g P C80 pPHq,

ż

H
dξ pm̃tpπξq f̂pξq “

ż

H
dξ pm̃spπξq f̂pξq ´ i

ż

H
dξ f̂pξq

ż t

s
dτ

ż

H
r Ṽτ pΦτzq , dm̃τ pzqs e

2i<exz |πξy.

Fubini theorem and the fact that the integrand functions are cylindrical imply that
ż

H
dξ pm̃tpπξq f̂pξq “

ż

H
dm̃tpzq

ż

PH‘PH
dLpPyqdLpPξq e2πi<exz´y | ξy fpyq “

“

ż

H
dm̃tpzq

ż

PH
dLpPyq δpPpz ´ yqq gpPyq “

ż

H
dm̃tpzq fpzq,

where we denoted by dLpPyq the Lebesgue measure on PH. The second term on the right hand
side can be treated in the same way:

ż

H
dξ f̂pξq

ż t

s
dτ

ż

H
r Ṽτ pΦτzq , dm̃τ pzqs e

2i<exz |πξy “

“

ż t

s
dτ

ż

PH‘PH
dLpPyq dLpPξq

ż

H
rṼτ pΦτzq, dm̃τ pzqs e

2πi<exz´y | ξy fpyq “

“

ż t

s
dτ

ż

H
rṼτ pΦτzq, dm̃τ pzqs fpzq.

Putting together what we have proven, we get the result.

5.3.1 Existence and uniqueness of the solution

Given (5.58), we can address the question of existence and uniqueness equivalently for mt or m̃t.
Before entering in the discussion, however, let us make the notion of solution more precise.

Definition 5.3.5. Let us consider the integral equation
$

’

&

’

%

dntpzq “ dnspzq ´ i

ż t

s
dτ r Ṽτ pΦτzq, dnτ pzq s

dnspzq “ dnpzq

(5.85)

with n¨ : R Ñ M pH; L1,`pL
2qq, Vpzq : DpVpzqq ĎH Ñ H , and s, t P R. Then, setting

dE pzq :“ dntpzq ´ dnspzq ` i

ż t

s
dτ r Ṽτ pΦτzq, dntpzq s, (5.86)

a map t ÞÑ nt is called:

• a weak-solution of (5.85), if and only if, for any B P L pL2q and f P C80,cylpHq,

TrL2

ˆ
ż

H
dE pzq fpzqB

˙

“ 0; (5.87)

• a weak-* solution of (5.85), if and only if, for any κ P L8pL
2q and f P C80,cylpHq,

TrL2

ˆ
ż

H
dE pzq fpzqκ

˙

“ 0; (5.88)
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Every weak-solution is obviously also a weak-* solution.

In order to give the explicit expression of the solution we have to construct the two-parameters
group of unitary operators generated by the Schrödinger operators with the effective potentials
obtained in the limit. We thus denote by Ut,spzq such a two-parameter group weakly generated by
HpΦτzq “ ´∆x `W ` VpΦτzq: for any ϕt, ψs P QpHpΦτzqq,

$

’

’

’

’

’

&

’

’

’

’

’

%

B

ϕt

ˇ

ˇ

ˇ

ˇ

i
d

dt
Ut,spzqψs

F

“

B

ϕt

ˇ

ˇ

ˇ

ˇ

HpΦtzqUt,spzqψs

F

B

ϕt

ˇ

ˇ

ˇ

ˇ

i
d

ds
Ut,spzqψs

F

“ ´

B

ϕt

ˇ

ˇ

ˇ

ˇ

Ut,spzqHpΦszqψs

F

,

Us,spzq “ 1.

(5.89)

We also denote by Ũt,spzq the group weakly generated by Ṽτ pΦτzq: for any ϕt, ψs P QpṼτ pΦτzqq

$

’

’

’

’

’

&

’

’

’

’

’

%

B

ϕt

ˇ

ˇ

ˇ

ˇ

i
d

dt
Ũt,spzqψs

F

“

B

ϕt

ˇ

ˇ

ˇ

ˇ

ṼtpΦtzq Ũt,spzqψs

F

,

B

ϕt

ˇ

ˇ

ˇ

ˇ

i
d

ds
Ũt,spzqψs

F

“ ´

B

ϕt

ˇ

ˇ

ˇ

ˇ

Ũt,spzqṼspΦszqψs

F

,

Ũs,spzq “ 1.

(5.90)

Being existence of the previous groups perfectly equivalent, we study Ũt,s for the scaling νε “
ε´1 in the Nelson model and the existence of Ut,s afterwards. For the polaron and Pauli-Fierz
model we follow the opposite strategy, proving the existence of Ut,s for νε “ ε´1 by means of
results from [76] and [73], and then for Ũt,s in the scaling νε “ 1.

Proposition 5.3.6. There exists a two-parameter group of unitary operators tUt,spzqut,sPR (resp.
tŨt,spzqut,sPR) satisfying (5.89) (resp. (5.90)) for every model and ν P t0, 1u. Furthermore, we have

Ut,spzq “ e´itp´∆`W q Ũt,spzq e
isp´∆`W q. (5.91)

Proof. We first prove (5.91):

i
d

dt
Ut,spzq “ p´∆`W qUt,spzq ` e

´itp´∆`W q i
d

dt
Ũt,spzq e

isp´∆`W q

which implies that Ut,spzq is a solution of (5.89) if and only if Ũt,spzq solves (5.90).
If ν “ 0, the radiation does not evolve in time and VpΦτzq “ Vpzq is time-independent. In

this case Ut,spzq “ Ut´spzq is the one-parameter group generated by the self-adjoint operator
Hpzq “ ´∆x `W ` Vpzq, and existence follows from Stone Theorem.

If ν “ 1, we consider each model separately:

Nelson model:

Ṽτ pΦτzq “ eiτp´∆`W q 2<e
@

λx | e
´itωz

D

e´iτp´∆`W q is a bounded operator in L2pRdN q and
the existence of the two-parameter group Ũt,spzq weakly generated by it is trivial.

Polaron:

We want to use [76, Theorem II.27 + Corollary II.28], so let us verify that the conditions
are satisfied: consider the operator H` “ ´∆x `W`px1, . . . , xN q on L2pRdN q with domain
DpH`q “ Dp´∆x`W`q and alsoHIpτq “W!`

řN
j“1

`

2<e
@

Φτz
ˇ

ˇgă,xj
D

`r´i∇xj , 2=m
@

Φτz
ˇ

ˇg̃xj
D

s
˘

,
then
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1. W! is infinitesimally bounded w.r.t. H`: for any ψ P DpH1{2
` q,

| xψ |HIptqψy | ď
N
ÿ

j“1

`
ˇ

ˇ

@

ψ
ˇ

ˇ2<e
@

Φtz | gă,xj
D

φ
D
ˇ

ˇ` 2
ˇ

ˇ

@

∇xjψ | 2=m
@

Φtz | g̃xj
D

ψ
D ˇ

ˇ

˘

ď

ď 2N}z}H}gă,¨}8}ψ}
2 ` 4

N
ÿ

j“1

}∇xjψ}}ψ}}z}H}g̃¨}8 ď

ď a xψ | ´∆xψy ` 2Np8a´1}z}2H}g̃¨}
2
8 ` }z}H}gă,¨}8q}ψ}

2 ď

ď a xψ |H`ψy ` CpN, a, zq}ψ}2.

Choosing a ą 0 small enough, we obtain that HIptq is infinitesimally form-bounded
w.r.t. H`;

2. for any ψ P QpH`q “ pH` ` 1q´1{2L2pRdN q, since i d
dτΦτz “ Φτz,

d

dt
xψ |HIptqψy “

N
ÿ

j“1

` @

ψ | 2=m
@

gă,xj |Φtz
D

ψ
D

`
@

ψ
ˇ

ˇr´i∇xj , 2<e
@

Φtz
ˇ

ˇg̃xj
D

sψ
D ˘

which can bounded as we did above, obtaining that 9HIptq is infinitesimal form-bounded
w.r.t. H`.

Since both the conditions are satisfied, we can apply the aforementioned result and obtain
that there exists a two-parameter group of unitary operators tUt,spzqut,sPR weakly generated
by Hptq in QpH0q.

Pauli-Fierz model:

In this case, setHpτq :“ ´∆x`W`VpΦτ q. Then, the map τ ÞÑ Hpτq is strongly continuously
differentiable in L2pRdN q. Let us show explicitly only the continuity of the derivative, the
existence of the latter and the continuity of the function being proven in the very same way:
in strong sense

9Hptq “
N
ÿ

j“1

`

2i∇xj ¨ 2=m
@

ωλxj
ˇ

ˇ e´itωz
D

` 8<e
@

λxj
ˇ

ˇ e´itωz
D

¨ =m
@

ωλxj
ˇ

ˇ e´itωz
D ˘

. (5.92)

Hence, if ψ P DpHpτqq,

}p 9Hpt` hq ´ 9Hptqqψ}L2 ď 4
N
ÿ

j“1

ˆ

}Bxjψs}L2}ωλ¨}L8}pe
´ipt`hqω ´ e´itωqz}H`

` 16 }ψ}L2 }λ¨}L8 }ωλ¨}L8}z}H }pe
´ipt`hqω ´ e´itωqz}H

˙

ÝÝÝÑ
hÑ0

0

Hence, since all the operators tHpτquτPR share a common domain of self-adjointness DpHptqq “
Dp´∆ `W q, we can use [73, Theorem 2.1] that ensures the existence of a two-parameter
group of unitary operators Ut,spzq solving (5.89).

We are now ready to give the solution to the integral equation for the state-valued measure.
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Proposition 5.3.7. Consider the integral equation, for any s, t P R,
$

’

&

’

%

dm̃tpzq “ dm̃spzq ´ i

ż t

s
dτ rṼτ pΦτzq, dm̃τ pzqs,

dm̃spzq “ dmpzq,

(5.93)

where m P M pH; L1,`pL
2qq, and for any t P R,

$

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

%

ż

H
dµ̃pzq }z}H ď C, for the Nelson model;

ż

H
dµ̃pzqTrL2pγm̃pzqp´∆x ` }z}

2
Hqq ď C, for the polaron;

ż

H
dµ̃pzqTrL2pγm̃pzqp´∆x ` }z}

2
Hqq ď C, for the Pauli-Fierz model.

(5.94)

Then, there exists a unique weak-* solution to the equation (5.93), which has the explicit expression

dm̃tpzq “ Ũt,spzq dmpzq Ũ :t,spzq (5.95)

i.e., its Radon-Nykodym decomposition is

µ̃t “ µ, γm̃tpzq “ Ũt,spzq γmpzq Ũ
:
t,spzq. (5.96)

Furthermore, this solution is continuously differentiable on every Borel set of H w.r.t. the strong
topology in L1pL

2q.

Proof. Recalling Remark 5.3.2 about well-posedness of equation (5.78), we see that, if m̃t satisfies
conditions (5.94), then the term inside the integral is integrable and so the map

t ÞÑ

ż t

s
dτ

ż

H
r Ṽτ pΦτzq, dm̃τ pzq s (5.97)

is C1pR; L1pL
2qq in trace-class norm topology, which implies continuous differentiability of the

solution.
Therefore, we can differentiate and obtain that m̃t is a solution of the integral equation, if and

only if it is a solution of the differential equation

i
d

dt

ż

H
dm̃tpzq “

ż

H
r ṼtpΦtzq, dm̃tpzq s. (5.98)

It is however easy to see that, by direct inspection, (5.95) solves the previous equation, and there-
fore it is also a weak and weak* solution of (5.93).

To prove uniqueness, let us define the measure

dntpzq “ Ũ :t,spzq dm̃tpzq Ũt,spzq (5.99)

where m̃t stands here for a generic weak solution of (5.93) and (5.98). Let A P BorelpHq be a Borel
set, then

i
d

dt
ntpAq “ ´

ż

A
Ũ :t,spzq r ṼtpΦtzq , dm̃tpzqs Ũt,spzq`

`

ż

A
Ũ :t,spzq i

d

dt
dm̃tpzq Ũt,spzq “ 0,

i.e., ntpAq “ n0pAq “ mpAq. This means that nt is independent of time and therefore m̃t is unique.
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Proposition 5.3.7 permits to identify mt, as shown in the next

Corollary 5.3.8. Let tρεuεPp0,1q Ď L1,`pH q be a family of normalized states satisfying (AR), then
there exists a subsequence εn Ñ 0 such that

ρεnptq ÝÝÝÝÑnÑ`8
mt (5.100)

for any t P R, with
dmtpzq “ Ut,0pzq dpΦt 7mqpzqU

:
t,0pzq. (5.101)

Proof. Convergence (5.100) holds at time zero over a sequence tεnunPN thanks to Theorem 3.2.1.
By Corollary 5.2.4 we have (5.100) at any times, over a subsequence tεnkukPN, with

dmtpzq “ e´itp´∆`W q dpΦt 7 m̃tqpzq e
itp´∆`W q, (5.102)

where, by Theorem 5.3.4, m̃t is solution of equation (5.84). Thanks to Proposition 5.3.7, the
solution of the latter is unique and given by expression (5.96) and this is true for any convergent
subsequence tρεnk ptqukPN, which implies that the convergence holds true over the original tεnunPN.
Combining these information, we have

TrL2

ˆ
ż

H
dmtpzq fpzqκ

˙

“ TrL2

ˆ
ż

H
dm̃tpzq fpΦtzq κ̃ptq

˙

“

“ TrL2

ˆ
ż

H
dmpzq fpΦtzq Ũ

:
t,0pzq e

itp´∆`W q κ e´itp´∆`W q Ũt,0pzq

˙

“

“ TrL2

ˆ
ż

H
dmpzq fpΦtzqU

:
t,0pzqκUt,0pzq

˙

,

where we used (5.91).

We have thus completed the derivation of the effective equation for initial states satisfying
assumptions (AR). In the next section we relax such conditions and show that the result applies
to a larger class of states.

5.4 Weaker assumptions on the initial states

This is the last step of the proof of Theorem 1.3.1: we proved that, assuming (AR), if ρεn Ñ
dmpzq “ dµpzqγmpzq, then

ρεnptq Ñ dmtpzq “ dpΦt7µqpzqUt,0pzqγmpzqUt,0pzq (5.103)

Let now ρε P L1,`pH q be a family of normalized states such that, for any δ ą 0, the original
assumption (A1) is satisfied, i.e.,

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

sup
εPp0,1q

TrH pρεp´∆x `W` ` pdΓεp1q ` 1qδqq ď C, for the Nelson model;

sup
εPp0,1q

TrH pρεp´∆x `W` ` pdΓεp1q ` 1qδq ď C, for the polaron;

sup
εPp0,1q

TrH pρεpH` ` pdΓεp1q ` 1qδqq ď C, for the Pauli-Fierz model.

(A1)

Define
ρprqε :“

1

Zr
χr ρε χr, Zr “ TrH pχr ρε χrq, (5.104)
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where χr :“ χrpSqχrpT q, with χrpxq :“ χpx{rq, χ P C80 pRq a suitable cut-off function equal to 1
around the origin and vanishing far from it, and

S :“ pdΓεp1q ` 1qδ{2, T :“

$

’

&

’

%

p´∆x `W`q
1{2, for the Nelson model,

p´∆x `W`q
1{2, for the polaron,

H
1{2
` , for the Pauli-Fierz model.

(5.105)

The family of semiclassical states tρprqε uεPp0,1q satisfies assumption (AR), and furthermore

}ρεptq ´ ρ
prq
ε ptq}L1pH q ď }ρε ´ ρ

prq
ε }L1pH q ď

ď

›

›

›

›

ρε ´
χr
Zr
ρε `

χr
Zr
ρε ´

χr
Zr
ρεχr

›

›

›

›

L1

ď

ď

›

›

›

›

ˆ

1´
χr
Zr

˙

T´1{2S´1{2

›

›

›

›

}T 1{2S1{2ρεT
1{2S1{2}L1}T

´1{2S´1{2}`

`

›

›

›

›

χr
Zr
T´1{2S´1{2

›

›

›

›

}T 1{2S1{2ρεT
1{2S1{2}L1

›

›

›
T´1{2S´1{2p1´ χrq

›

›

›
ď

ď C sup
εPp0,1q

TrH pρεpS
2 ` T 2qq

„›

›

›

›

ˆ

1´
χr
Zr

˙

T´1{2S´1{2

›

›

›

›

`

›

›

›
T´1{2S´1{2p1´ χrq

›

›

›



ď

ď C

„›

›

›

›

ˆ

1´
χr
Zr

˙

T´1{2S´1{2

›

›

›

›

`

›

›

›
T´1{2S´1{2p1´ χrq

›

›

›



“ orp1q (5.106)

uniformly in ε, where we used the estimate

›

›

›
T´1{2S´1{2p1´ χrq

›

›

›
ď C1 sup

λPσpSq

ˇ

ˇ

ˇ

ˇ

1´ χrpλq

λ1{2

ˇ

ˇ

ˇ

ˇ

` C2 sup
λPσpT q

ˇ

ˇ

ˇ

ˇ

1´ χrpλq

λ1{2

ˇ

ˇ

ˇ

ˇ

“ orp1q. (5.107)

By Theorem 3.2.1, for every r, there exists a sequence tεnprqunPN and a probability state-valued

measure mprq P M pH; L1,`pL
2qq, such that ρprqεnprq Ñ m

prq
t . By Corollary 5.2.4, there exists a subse-

quence tεnkprqukPN such that

ρprqεnkprq
ptq ÝÝÝÝÑ

kÑ`8
dm

prq
t pzq “ Ut,0pzq dpΦt 7m

prqqpzqU :t,0pzq. (5.108)

Now, again by Theorem 3.2.1, we can extract a time-dependent subsequence tεnjpr,tqu from tεnprqu
such that

ρεnjpr,tqptq ÝÝÝÝÑjÑ`8
m1t P M pH; L1pL

2q`q. (5.109)

We want now to prove that m1t “ mt. To this purpose, we adapt an argument from [8, Proposition
2.10]: consider b P ScylpHq with base PH for a finite dimensional orthogonal projector P, then by
pseudodifferential calculus in finite dimension (see Appendix B.1),

}Opε1{2pbq}L pH q ď }b}L8pPHq `Opεq. (5.110)

Hence, by Corollary 3.1.7 and Theorem 3.2.1, for any κ P L8,`pL
2q,

ˇ

ˇ

ˇ

ˇ

ż

H
d
ˇ

ˇ

ˇ
µ1t ´ µ

prq
t

ˇ

ˇ

ˇ
pzqTrL2

´

pγm1tpzq ´ γmprqt
pzqqκ

¯

bpzq
ˇ

ˇ

ˇ
“ (5.111)

“ lim
εnjpr,tqÑ0

ˇ

ˇ

ˇ
TrH

´
ˇ

ˇ

ˇ
ρεnjpr,tqptq ´ ρ

prq
εnjpr,tq

ptq
ˇ

ˇ

ˇ
Op

εnjpr,tq

1{2 pbqκ
¯
ˇ

ˇ

ˇ
ď

ď lim
εnjpr,tqÑ0

›

›

›
ρεnjpr,tqptq ´ ρ

prq
εnjpr,tq

ptq
›

›

›

L1

}b}L8pPHq}κ} “ orp1q (5.112)
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uniformly in ε by (5.106). Setting m1 “ m1t,m2 “ m
prq
t , and n “ m1t ´ m

prq
t for short, for any

κ P L8,`pL
2q, |n|κ is absolutely continuous w.r.t.

ˇ

ˇ

m1`m2
2

ˇ

ˇ

κ, the latter being a Radon positive
measure on H. Then, there exists a measurable function λκ : HÑ R`, such that

d|n|κpzq “ |λκ|pzqd

ˇ

ˇ

ˇ

ˇ

m1 `m2

2

ˇ

ˇ

ˇ

ˇ

κ

pzq,

and the previous relation holds true for any κ P L8pL
2q, using the decomposition in positive

operators. Furthermore,

sup
κPL8pL2q

ż

H
d

ˇ

ˇ

ˇ

ˇ

m1 `m2

2

ˇ

ˇ

ˇ

ˇ

κ

pzq |λκpzq| “ sup
κPL8pL2q

|n|κpHq “ }|m1 ´m2|pHq}L1 ď 2.

Then, |λκpzq| ď 2 for
ˇ

ˇ

m1`m2
2

ˇ

ˇ

κ a.e. z, uniformly in κ. By [8], ScylpHq is dense in LppPH; d
ˇ

ˇ

m1`m2
2

ˇ

ˇ

κ
q,

with p P r1,8q, so that there exists a sequence tβκnunPN Ď ScylpHq, such that

lim
nÑ`8

›

›

›

›

βκn ´
|λκ|

λκ
1tλκ‰0u

›

›

›

›

L1pH; dp
m1`m2

2
qκq

“ 0.

Moreover, there exists a subsequence tβκnjujPN, such that βκnj pzq Ñ
|λκpzq|
λκpzq 1tλκ‰0upzq, for

ˇ

ˇ

m1`m2
2

ˇ

ˇ

κ

a.e. z in H. Setting bκj pzq “ 2
βκnj

1`|βκnj |
2 , we have obtained a sequence in ScylpHq such that

}bκj }L8pPHq ď 1 uniformly in κ and

bjpzq ÝÝÝÝÑ
jÑ`8

λκpzq

|λκpzq|
1tλκ‰0upzq, for

ˇ

ˇ

ˇ

ˇ

m1 `m2

2

ˇ

ˇ

ˇ

ˇ

κ

a.e. z P H.

Using now a net of approximate identities teαuαPI Ď L8,`pL
2q and, denoting by ν and %n “

›

›

›

d|n|
d}n}

›

›

›

the scalar measure and the Radon-Nykodým derivative of |n|, respectively, we get
ż

H
dνpzq “ lim

αPI

ż

H
d|n|eαpzq %npzq “ lim

αPI

ż

H
d

ˇ

ˇ

ˇ

ˇ

m1 `m2

2

ˇ

ˇ

ˇ

ˇ

eα

pzq |λeαpzq| %npzq “

“ lim
αPI

lim
jÑ`8

ż

H
d

ˇ

ˇ

ˇ

ˇ

m1 `m2

2

ˇ

ˇ

ˇ

ˇ

eα

pzqλeαpzq bκj pzq %npzq “

ď lim
αPI

lim
jÑ`8

ż

H
d|n|eαpzq bκj pzq %npzq ď orp1q lim

αPI
lim

jÑ`8
}bκj }8 }eα}L “ orp1q

by (5.112). Therefore, denoting with a little abuse of notation by |µ¨ ´ µ‹| the scalar measure in
the Radon-Nykodým decomposition of |m¨ ´m‹|, we have proven that

ż

H
d
ˇ

ˇ

ˇ
µ1t ´ µ

prq
t

ˇ

ˇ

ˇ
pzq “ orp1q. (5.113)

The density matrix % in the Radon-Nykodým decomposition of |mprq ´ m| is such that }%}L1 “ 1
and therefore

ż

H
d
ˇ

ˇ

ˇ
µ
prq
t ´ µt

ˇ

ˇ

ˇ
pzq ď lim inf

εÑ0
TrH |ρ

prq
ε ptq ´ ρεptq| “ orp1q. (5.114)

Putting together (5.113) and (5.114), we finally have
ż

H
d|µ1t ´ µt|pzq ď

ż

H
d|µ1t ´ µ

prq
t |pzq `

ż

H
d|µ

prq
t ´ µt|pzq “ orp1q, (5.115)

which implies that mt “ m1t. Since the previous argument applies to any subsequence εnprq, then
the convergence holds along εn, i.e., ρεn Ñ mt.
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5.5 Properties of the quasi-classical dynamics

We now discuss some important properties of the effective dynamics. Let us sum up the result
proven: if tρεuεPp0,1q is a family of normalized density matrices satisfying

TrH pρε pp1` dΓεp1qq
δ `H`qq ď C, for some δ ą 0,

so that
ρεn ÝÝÝÝÑnÑ`8

dmpzq “ γmpzqdµpzq,

then,
e´itHερεne

itHε “ ρεnptq ÝÝÝÝÑnÑ`8
dmtpzq “ γmtpzqdµtpzq, (5.116)

with
µt “ Φt 7µ, γmtpzq “ Ut,0pzq γmpzqU

:
t,0pzq. (5.117)

The corresponding Heisenberg picture reads as follows: if f : HÑ L pL2pRdN qq,

TrL2

ˆ
ż

H
dmtpzq fpzq

˙

“

ż

H
dµpzqTrL2 pγmtpzq fpΦtzqq “

“

ż

H
dµpzqTrL2

´

γmpzqU
:
t,0pzq fpΦtzqUt,0pzq

¯

.

As we have seen, the normalized Radon-Nykodým derivative of the measure evolves, pointwise
for every classical configuration of the field z P H, according to a two-parameter unitary group,
but this structure does not apply to the total evolution. Indeed, the particle evolution has to be
averaged over all the possible configurations of the field, taking also into account, if ν “ 1, the
free evolution of the field.

Let us analyse in more detail some specific example. Consider, for instance, a product state
ρε “ |ψ bΨεy xψ bΨε|, with ψ P L2pRdN q,Ψε P ΓspHq, such that }ρε}L1 “ 1 for every ε P p0, 1q,
and satisfying the bound on the expectation of the number operator. The quasi-classical limit of
such states, up to a subsequence extraction, is trivial to take because of the factorization and, using
results for Wigner scalar measures [6] or Theorem 3.2.1 for |Ψεy xΨε| P L1pΓspHqq, we get that
Ψε Ñ µ P M pH; R`q,

lim
εÑ0

TrH pρεB bWεpξqq “ lim
εÑ0

xΨε|B |ψy xψ| bWεpξqΨεy “

“

ż

H
dµpzqTrL2p|ψy xψ| Bq e2i<exξ | zy

and

e´itHε |ψ bΨεy xψ bΨε| e
itHε Ñ mt “ Φt 7µ |ψptqy xψptq|

with ψptq “ Ut,0pzqψ. Since the Radon-Nykodým derivative is constant, i.e., γpzq “ |ψy xψ| for any
z P H, we can define reduced effective dynamics

Wt,s : L1pL
2pRdN qq ÝÑ L1pL

2pRdN qq

via
Wt,sγ “

ż

H
dpΦt´s 7µsqpzqUt,spzq γ U

:
t,spzq. (5.118)
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In this case, one recover the group structure for Wt,s, but some additional condition is needed, e.g.,
the scalar measure has to concentrate at one point (Dirac delta). Indeed, for r ă s ă t,

Wt,sWs,rγ “

ż

HˆH
dpΦt´r 7µs ˆ µsqpz, yqUt,spzqUs,rpyq γ U

:
t,spzqU

:
s,rpyq

differs from
Wt,rγ “

ż

H
dpΦt´r 7µrqpz, yqUt,rpzq γ U

:
t,rpzq, (5.119)

except when µsˆµs is concentrated on the diagonal of HˆH. This is, however, possible only when
the measure is supported at one point, i.e., when µ “ δz0 , z0 P H, which entails

Wt,sWs,rγ “ Ut,spz0qUs,rpz0q γ U
:
t,spz0qU

:
s,rpz0q “

“ Ut,rpz0q γ U
:
t,rpz0q “ Wt,rγ.

Dirac deltas are known to be the semiclassical counterpart of coherent states:

Ξεpξq “Wε

ˆ

ξ

iε

˙

Ω ÝÝÝÑ
εÑ0

δξ, (5.120)

with Ω the vacuum in the Fock space and ξ P H. Note that such states satisfy out assumptions and
therefore their quasi-classical limit fits in the work presented so far.
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A | Fock space estimates

A.1 Standard Fock space estimates

Let us start by introducing the (ε´dependent) symmetric Fock space, and its most important prop-
erties (see [42] and [11] for a detailed analysis).

The symmetric Fock space is commonly used to describe a system of particles following the
Bose statistics and subjected to creation and annihilation. From an algebraic quantum field theory
point of view, the symmetry of the wave functions can be encoded in the properties of commutation
of the Weyl C*-algebra WεpX

1, σq, with pX 1, σq a real, symplectic vector space. The Fock space is
the natural space to represent free bosonic theories:

πF : WεpX
1, σq Ñ L pΓspHqq

Wεpξq ÞÑ πF pWεpξqq,

where

ΓspHq :“
8
à

n“0

Hbsn, (A.1)

and πF pWεpξqq to be defined precisely later. For convenience, we drop the πF and denote the
represented Weyl operators by Wεpξq, if no confusion arises.

The space Hbsn, whose vectors describes n bosons, is defined as follows. Denote by Pn the
group of permutations of order n, and define the projector Sn, whose action on pure tensors is:

Ψ1 bs . . .bs Ψn :“ SnpΨ1 b . . .bΨnq “
1

n!

ÿ

σPPn

Ψσp1q b . . .bΨσpnq. (A.2)

Hence, Hbsn :“ SnpH
bnq is the space of all the finite linear combinations of symmetric pure

tensors, closed w.r.t. the norm of H. The symmetric product of Hilbert spaces Hbsn is endowed
with the following scalar product:

if Ψpnq “
ÿ

j1,...,jn

aj1,...,jnΨj1 bs . . .bs Ψjn P H
bsn,

Φpnq “
ÿ

k1,...,kn

bk1,...,knΦk1 bs . . .bs Φkn P H
bsn,

then
A

Φpnq
ˇ

ˇ

ˇ
Ψpnq

E

Hbsn
“

ÿ

j1,...,jn,k1,...,kn

b̄k1,...,knaj1,...,jn xΦk1 |Ψj1yH . . . xΦkn |ΨjnyH . (A.3)

The space Hbs0 is simply C.
The Fock space is thus defined as the closure of the algebraic sum of the aforementioned

symmetric spaces, as n varies, w.r.t. the norm

}Ψ}2ΓspHq :“
8
ÿ

n“0

}Ψpnq}2Hbsn . (A.4)
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The vacuum vector Ω P ΓspHq is of particular importance and it describes the state with no bosons:

Ω “ p1, 0, 0, . . .q. (A.5)

The ε´dependence comes into play when one defines the canonical quantum observables, i.e.,
the creation and annihilation operators. We define them on the n´fold tensor product to be,
respectively

a:εpξq : Hbsn ÝÑ Hbspn`1q

Ψ1 bs . . .bsΨn ÞÑ
a

εpn` 1q ξ bs Ψ1 bs . . .bs Ψn,

aεpξq : Hbsn ÝÑ Hbspn´1q

Ψ1 bs . . .bsΨn ÞÑ
?
εn xξ |Ψ1yH Ψ2 bs . . .bs Ψn.

They extend to densely defined, closed operators on the Fock space that will be denoted in the
same way. It can be proved that they are one the adjoint of the other, and furthermore they satisfy
the canonical commutation relations:

raεpξq, a
:
εpηqs “ ε xξ | ηyH , ξ, η P H. (A.6)

Therefore, both aε and a:ε scale as
?
ε.

If H is a function space, e.g., H “ L2pRd; dkq, it is convenient to define formal objects operator-
valued distributions aεpkq and a:εpkq such that:

aεpξq “

ż

Rd
dk aεpkq ξ̄pkq, a:εpξq “

ż

Rd
dk a:εpkq ξpkq, ξ P H. (A.7)

These distributions satisfy the canonical commutation relations:

raεphq, a
:
εpkqs “ εδph´ kq, h, k P Rd. (A.8)

An important role is also played by the so-called Segal fields, defined, for any ξ P H, as

φεpξq :“ aεpξq ` a
:
εpξq,

πεpξq :“ ipa:εpξq ´ aεpξqq “ φεpiξq.

For any linear contraction U P L pHq that is, such that }U}L ď 1, one can define the operator

ΓpUq æHbsn“ U b . . .b U (A.9)

which is a linear contraction on ΓspHq. Thus, for any self-adjoint operator A : DpAq Ď H Ñ H,
since it is possible to define the second quantization of A as the operator dΓεpAq such that

ei
t
ε
dΓεpAq “ ΓpeitAq. (A.10)

Explicitly,

dΓεpAq æDpAqbn Ψ1 bs . . .bs Ψn “ ε
n
ÿ

j“1

Ψ1 bs . . .bs AΨj bs . . .bs Ψn. (A.11)

By means of the operator-valued distributions for creation and annihilation operators, the previous
operator can be written as

dΓεpAq “

ż

Rd
dk a:εpkqpAaεqpkq. (A.12)
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Therefore,
dΓεpAq » ε. (A.13)

The second quantization of the identity operator is called number operator due to its action on the
n´fold tensor product:

dΓεp1qΨ1 bs . . .bs Ψn “ εnΨ1 bs . . .bs Ψn. (A.14)

In terms of operator-valued distributions it is written as

dΓεp1q “
ż

Rd
dk a:εpkq aεpkq. (A.15)

Furthermore, we will denote by

ΓfinpHq :“
ď

NPN

1r0,NqpdΓεp1qqΓspHq, (A.16)

the space of vectors with a finite number particles.

Proposition A.1.1. The symmetric Fock space can be defined in the following equivalent ways:

• ΓspHq “
À8

n“0 H
bsn;

• ΓspHq is the Hilbert space generated by the total family tΨ1 bs . . .bs Ψn; Ψj P HunPN;

• ΓspHq is the Hilbert space generated by the total family tzbsn; z P HunPN;

• ΓspHq is the Hilbert space generated by the total family ta:εpξ1q . . . a
:
εpξnqΩ; ξj P HunPN,

recalling that tΦnunPN is a total family for the Hilbert space H if the latter is obtained by the closure
w.r.t. its norm of finite linear combinations of elements of the total family:

H “ SpantΦnu
} ¨ }H

. (A.17)

Let us now discuss some basic Fock space inequalities, that we used throughout the thesis.
First of all, let us define, for a Hilbert space H, the associated “weighted” Hω with ω : Dpωq Ď

HÑ H self-adjoint and positive with

Hω :“ tξ : xξ|ω |ξyH ă `8u, (A.18)

and inner product x¨ | ¨yHω :“ x¨ |ω | ¨yH .

Proposition A.1.2. For any Ψε P DpdΓεpωq
1{2q and ξ P HX Hω´1 we have that

}aεpξqΨε}ΓspHq ď }ω
´1{2ξ}H }dΓεpωq

1{2Ψε}ΓspHq

}a:εpξqΨε}ΓspHq ď }ω
´1{2ξ}H }dΓεpωq

1{2Ψε}ΓspHq ` ε}ξ}H}Ψε}H

Proof. Let us prove for first for the annihilation operator: by Cauchy-Schwarz inequality and sym-
metry of the functions

}aεpξqΨε}
2
ΓspHq

“
ÿ

nPN

εpn` 1q| xξ |Ψ1y |
2 }Ψ2 bs . . .bs Ψn`1}

2
Hbsn ď

ď
ÿ

nPN

εpn` 1q}ω´1{2ξ}H}ω
1{2Ψ1}H}Ψ2 bs . . .bs Ψn`1}

2
Hbsn “

“
ÿ

nPN

}ω´1{2ξ}2H}dΓεpωq
1{2Ψ1 bs . . .bs Ψn`1}

2
Hbspn`1q “

“ }ω´1{2ξ}2H }dΓεpωq
1{2Ψε}

2
ΓspHq

.
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For the creation operator, it follows from the canonical commutation relations:

}a:εpξqΨε}
2
ΓspHq

“ }aεpξqΨε}
2
ΓspHq

` ε2}ξ}2}Ψε}
2
ΓspHq

. (A.19)

In the case of ω “ 1 we can obtain the following useful inequality involving the number
operator, for all ε ď 1,

}a#
ε pξqΨε}ΓspHq ď }ξ}H }pdΓεp1q ` 1q1{2Ψε}ΓspHq. (A.20)

It is easy to see that if we consider a function λ¨ P L8pRd;Hq in place of ξ P H, the inequality has
the same form using the uniform norm } ¨ }8 :“ } ¨ }L8pRd;Hq:

}a#
ε pξqΨε}ΓspHq ď }λ¨}8 }pdΓεp1q ` 1q1{2Ψε}ΓspHq, (A.21)

that is,
}a#
ε pλxqpdΓεp1q ` 1q´1{2}L pΓspHqq ď C, (A.22)

uniformly in ε. In Appendix B we generalize these inequalities to Wick quantized symbols.

Weyl operators are represented on Fock space as the unitary operators

Wεpξq “ eiφεpξq “ eipaεpξq`a
:
εpξqq. (A.23)

Let us recall that the Weyl operators satisfy the Weyl relations: for every ξ, η P H,

Wεpξq ‰ 0,

W :
ε pξq “Wεp´ξq,

WεpξqWεpηq “ e´iεσpξ,ηqWεpξ ` ηq.

Proposition A.1.3. For any λ¨ P L8pRd;Hq and any ξ P H, η P Hω X Hω1{2 , with ω : Dpωq Ď HÑ H
self-adjoint,

W :
ε pξq a

:
εpλxqWεpξq “ a:εpλxq ´ iε xξ |λxy ; (A.24)

W :
ε pξq aεpλxqWεpξq “ aεpλxq ` iε xλx | ξy ; (A.25)

W :
ε pηq dΓεpωqWεpηq “ dΓεpωq ` iεpa

:
εpωηq ´ aεpωηqq ` ε

2}ω1{2η}2H. (A.26)

Proof. The first two equations are simply obtained as follows:

W :
ε pξq aεpλxqWεpξq ´ aεpλxq “

ż 1

0
ds

d

ds
e´ispaεpξq`a

:
εpξqqaεpλxqe

ispaεpξq`a
:
εpξqq “

“ i

ż 1

0
ds e´ispaεpξq`a

:
εpξqqraεpλxq, a

:
εpξqse

ispaεpξq`a
:
εpξqq “ iε xλx | ξy ,

the calculation for the creation operator being analgous (for details see [37, Lemma 5.3]). Using
operator-valued distributions, we get

W :
ε pξq a

:
εpkqWεpξq “ a:εpλxq ´ iεξpkq; (A.27)

W :
ε pξq aεpkqWεpξq “ aεpλxq ` iεξpkq. (A.28)
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Hence,

W :
ε pξqdΓεpωqWεpξq “

ż

Rd
dk ωpkqW :

ε pξqa
:
εpkqWεpξqW

:
ε pξqaεpkqWεpξq “

“

ż

Rd
dk ωpkq pa:εpλxq ´ iεξpkqqpaεpλxq ` iεξpkqq,

from which (A.26) follows by commutation.

The Weyl operators are continuous, in Fock representation, w.r.t. their argument.

Corollary A.1.4. For any δ ą 0, there exists a constant Cδ P p0,`8q such that, for every ξ, η P H

}pWεpξq ´WεpηqqpdΓεp1q ` 1q´δ}L ď Cδp1` }ξ}Hq}ξ ´ η}H (A.29)

Proof. Following the proof in [6, Lemma 3.1]

}pWεpξq ´WεpηqqpdΓεp1q ` 1q´δ} ď

ď }p1´ eiεσpξ,ηqWεpη ´ ξqqpdΓεp1q ` 1q´δ} ď

ď |eiεσpξ,ηq ´ 1| ` }p1´Wεpη ´ ξqqpdΓεp1q ` 1q´δ}.

Now we use the following estimate: for every α P r0, 1s there exists Cα P p0,`8q sucht that

|eis ´ 1| ď Cα|s|
α, s P R (A.30)

yielding
|eiεσpξ,ηq ´ 1| “ |eiεσpξ,η´ξq ´ 1| ď Cε}ξ ´ η}H}ξ}H. (A.31)

For the second term, we use complex interpolation: for δ “ 0 we have }p1´Wεpη´ ξqq} ď 2, while
for δ “ 1 we use (A.30), functional calculus and Proposition A.1.2 to obtain, for any ψ P ΓspHq,

}pWεpη ´ ξq ´ 1qp1` dΓεp1qq
´1{2Ψ}Γs ď

›

›

›
φεpη ´ ξqp1` dΓεp1qq

´1{2Ψ
›

›

›
ď

ď C}η ´ ξ}H}Ψ}Γs .

Therefore,
}pWεpη ´ ξq ´ 1qp1` dΓεp1qq

´δ}L ď C}ξ ´ η}H (A.32)

is true for any δ P r0, 1s. Putting together inequalities (A.31) and (A.32), we conclude the argu-
ment.

Proposition A.1.5. For any δ P R and ξ P H,

p1` dΓεp1qq
δWεpξqp1` dΓεp1qq

´δ P L pΓspHqq. (A.33)

Proof. See [4, Corollary A.2 piiq].
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A.2 Trace-class operators

Let us consider in this section some properties of the density matrices in Fock space.

Definition A.2.1. An operator ρ on a separable Hilbert space H is trace-class if and only if, for any
set of orthonormal basis tφjujPN Ď H ,

}ρ}L1pH q “ TrH p|ρ|q :“
ÿ

jPN

xψj | |ρ| |ψjyH ă `8. (A.34)

The space of trace class operators is denoted by L1pH q.

If ρ P L1pH q, then its trace is independent on the chosen orthonormal basis, and reads

TrH pρq :“
ÿ

jPN

xψj | ρ |ψjyH . (A.35)

Furthermore, the function } ¨ }L1pH q : L1pH q Ñ R` is a norm and the set of trace-class operators
with such norm pL1pH q, } ¨ }L1pH qq is a Banach space.

For any ρ P L1pH q Ď L pH q and B P L pH q, the following inequality holds

|TrH pρBq| ď }ρB}L1 ď }ρ}L1}B}L . (A.36)

In addition,
TrH pρBq “ TrH pBρq. (A.37)

Thus trace class operators are a bilateral ideal of the bounded operators, that is, Bρ, ρB P L1pH q.

A useful remark is that, in general, for any δ ą 0 and A ě 0,

TrH pρA
δq “ TrH pA

δ{2ρAδ{2q “ }Aδ{2ρεA
δ{2}L1 ď }ρεA

δ}L1 . (A.38)

Trace-class operators are compact operators: L1pH q Ď L8pH q, and therefore for positive
operators ρ` there exists a basis of orthonormal eigenvectors tψjujPN Ď H , and a sequence of
eigenvalues tλjujPN Ď R` such that

ρ` “
ÿ

jPN

λj |ψjy xψj | . (A.39)

In particular,
}ρ`}L1 “

ÿ

jPN

λj ă `8. (A.40)

In general, for a trace-class operator ρ the following equality holds

TrH pρq “
ÿ

jPN

λj (A.41)

with each eigenvalue counted with its multiplicity, a result known also as the Lidskii’s Theorem.

Quantum states are net of families of density matrices dependent on a semiclassical parameter
ε, and are trace-class operators on the tensor product of the Fock space with a space of square
integrable functions associated to the particles:

p0, 1q Q ε ÞÑ ρε P L1pL
2pRdN q b ΓspHqq. (A.42)
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We mostly consider positive states that are normalized in the trace-class norm:

ρε ą 0, }ρε}L1pL2bΓsq “ 1, for any ε. (A.43)

Therefore, there exist tψjujPN and tΨkukPN being orthonormal bases, respectively, of L2pRdN q and
ΓspHq such that,

ρε “
ÿ

j,kPN

λj,kpεq |ψj bΨky xψj bΨk| , (A.44)

with
ÿ

j,kPN

λj,kpεq “ 1. (A.45)

A.3 Proof of the pull-through formula

In this section we discuss how to control the number operator with the Hamitlonian for the Nelson
model. This control is based on the pull-through formula that has been proved in full generality
for the Renormalized Nelson model with positive mass in [2] and [3].

We present here a proof given in [29, Lemma 3.2] that, thanks to the fact that we are dealing
with the Nelson Hamitlonian with cut-off, is easier. The Hamiltonian is

Hε “ ´∆x `W px1, . . . , xN q ` dΓεpωq ` φεpλxq, (A.46)

with ωpkq ě m ą 0 for a.e. k P Rd.

Proposition A.3.1. For any δ P N˚, there exist b, c ą 0 such that, for any Ψε P DpHδ
ε q,

}pdΓεp1q ` 1qδΨε}H ď c }pHε ` bq
δΨε}H . (A.47)

Proof. For simplicity, let us denote N :“ dΓεp1q. Let us define the adjoint action of the number
operator as, recursively for j P N˚,

adN p ¨ q “ rN, ip ¨ qs, ad
pjq
N p ¨ q “ rN, i ad

pj´1q
N p ¨ q s. (A.48)

Using canonical commutation relations we obtain:

ad
pjq
N pHεq “ εjφεpi

jλxq. (A.49)

Hε is bounded from below, and so there exists b ą 0 such that Hε ` b ą 0 is invertible. Hence, for
k P N,

pHε ` bq
´1Nk “ pHε ` bq

´1NpHε ` bqpHε ` bq
´1Nk´1 “

“ NpHε ` bq
´1Nk´1 ` pHε ` bq

´1φεpiλxqpHε ` bq
´1Nk´1.

Repeating the commutation k times,

pHε ` bq
´1Nk “ NkpHε ` bq

´1 `

k
ÿ

j“1

Nk´jpHε ` bq
´1Bjpbq (A.50)

where Bjpbq is a polynomial in the variable ad
p`q
N pHεqpHε ` bq

´1 “ ε`φεpi
`λxqpHε ` bq

´1 P L pH q,
for ` ď j. Applying N´k`1 to the previous inequality we obtain:

N´k`1pHε ` bq
´1Nk “ NpHε ` bq

´1 `

k
ÿ

j“1

N1´jpHε ` bq
´1Bjpbq (A.51)
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which, since NpHε ` bq
´1 P L pH q, yields

N´k`1pHε ` bq
´1Nk P L pH q. (A.52)

Observing that, for γ P N

Nγ`δpHε ` bq
´δN´γ “

2γ`δ
ź

j“1

Nγ`δ´j`1pHε ` bq
´1Nγ`δ´j , (A.53)

we have that, for any γ P N,
Nγ`δpHε ` bq

´δN´γ P L pH q,

and so the proof is concluded choosing γ “ 0.
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B | Quantizations in infinite dimension

In this Appendix we introduce quantization of observables on an infinite dimensional phase space.
There is not a unique quantization procedure, due to ordering ambiguities in the multiplication of
non-commutative observables.

In Section B.1 we review some properties of the Weyl quantization, useful to quantize cylindri-
cal symbols, that is, with support in a finite dimensional space.

In Section B.2, we introduce Wick quantization suitable for polynomial non-cylindrical sym-
bols. The creation and annihilation operators, in particular, can be seen as Wick quantizations.

Let us recall first that a symbol is a function

b : HÑ C, (B.1)

where H is the phase space of the classical fields.

B.1 Weyl quantization

In our discussion of Weyl quantization we follow mostly [6], [43] and [79].
Weyl calculus is the most commonly used to quantize symbols in finite dimensional case, and

it can be suitably extended to the infinite dimensional case. Weyl quantization corresponds to a
symmetric ordering of products. If px, ξq are classical variables, quantized to px̂, ξ̂q, then the Weyl
quantization of x ¨ ξ is

1

2
px̂ ξ̂ ` ξ̂ x̂q.

Let us now consider a finite dimensional projector on the Hilbert space P : HÑ H, dimpPHq ă `8.
Then it is possible to decompose the Fock space in the following way:

ΓspHq “ ΓspPHq b ΓspP
KHq, (B.2)

with PK :“ 1´P. Keeping this in mind, suppose to have a cylindrical Schwartz symbol b P ScylpHq,
that is, such that there exists a Schwartz function b̃ P S pPHq that coincides with the original one
restricted to the finite dimensional space and that, by abuse of notation, we will denote in the same
way. We can define the Weyl quantization of b as the operator acting on the Fock space ΓspHq :

Opε1{2pbq :“

ż

PH
dξ b̂pξqWεp2πξq b 1ΓspPHq (B.3)

where we denoted by dξ the Lebesgue measure on the finite dimensional space PH, and by b̂
the Fourier transform of the base function of b. The index 1

2 reflects the symmetric balancing of
products in Weyl quantization.

Identifying complex and real variables in the right way (for details, see [6], Section 3.2) the
Weyl quantization inherits all the properties of the finite dimensional Weyl-Hörmander pseudo-
differential calculus, for any fixed projector P. Thus, it is possible so to quantize cylindrical symbols
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of the Hörmander classes: we define, for any δ P R and any order function1 m the space (and recall
the correspondence z “ x` iξ, z̄ “ z ´ iξ):

SPHpm
δq :“ tb P C8pPHq : @α, β P N, DCα,β ą 0, |Bαz B

β
z̄ bpzq| ď Cα,βmpzq

δu (B.4)

The Hörmander classes are Fréchet spaces with family of seminorms

}b}mδ,γ :“ sup
α`βďγ

sup
zPPH

mpzq´δ|Bαz B
β
z̄ bpzq|. (B.5)

Symbols in this classes have important properties.

• Calderon-Vaillancourt theorem: If b P SPHp1q, then

Opε1{2pbq P L pΓspHqq; (B.6)

• Garding inequality: If b ą 0, in the sense that it is defined as a map b : PH Ñ R`, and
b P SPHp1q,

A

ψ b ψK
ˇ

ˇ

ˇ
Opε1{2pbqψ b ψ

K
E

ΓspHq
ě ´Cε}ψ}2ΓspPHq}ψ

K}2ΓspPKHq (B.7)

for any ψ P C80 pR
dq Ď L2pRdq – ΓspPHq, d “ dimPH, and any ψK P ΓspPKHq.

• If b P SPHpm
δ1
1 q, c P SPHpm

δ2
2 q, then the composition of their quantizations Opε1{2pbq˝Opε1{2pcq

can be written
Opε1{2pbq ˝Opε1{2pcq “ Opε1{2pb#εcq (B.8)

where
bpzq#εcpzq “ bpzq ¨ cpzq ` εRεpzq, (B.9)

with Rε uniformly bounded on the space SPHpm
δ1
1 m

δ2
2 q.

Finally we show a control of the Weyl operators by powers of the number operator. Defining
NP :“ dΓεp1PHq as the finite dimensional number operator, by [53] we have that, for any s P R,

ˆ

1`
εdimPH

2
`NP

˙s{2

“ Opε1{2pbpz, εqq, (B.10)

with
1

ε
}bpz, εq ´ xzys}˚,γ ď C P p0,`8q, for any γ P N (B.11)

and the previous seminorms defined as

}b}˚,γ :“ sup
α`βďγ

sup
zPPH

ˆ

xzy´ps´2q

ˇ

ˇ

ˇ

ˇ

Bαz B
β
z̄
bpzq

xzy2

ˇ

ˇ

ˇ

ˇ

˙

. (B.12)

Thus, for any δ ą 0 and any symbol b P SPHpxzy
2δq,

´

1`
ε

2
dimpPHq `NP

¯´δ{2
Opε1{2pbq

´

1`
ε

2
dimpPHq `NP

¯´δ{2
P L pΓspHqq (B.13)

uniformly in ε. This leads directly, since
`

1` ε
2dimpPHq `NP

˘δ{2
pdΓεp1q ` 1q´δ{2 P L pΓspHqq, to

the fact that
pdΓεp1q ` 1q´δ{2Opε1{2pbqpdΓεp1q ` 1q´δ{2 (B.14)

is a bounded operator on the Fock space, uniformly in ε.

1m : PH Ñ R` is an order function if there exist C,D ą 0 such that mpzq ď Cxz ´ wyDmpwq. Examples are
mpzq “ 1 and mpzq “ xzy.
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B.2 Wick quantization

In this section we introduce the Wick quantization and Wick calculus for polynomial symbols,
following [6] and [30].

We say that, for any p, q P N, the symbol b : HÑ C is a pp, qq´homogeneous polynomial if and
only if there exists a b̃ P L pHbsp;Hbsqq such that

bpzq “
A

zbq
ˇ

ˇ

ˇ
b̃ zbp

E

Hbsq
. (B.15)

Hence
b̃pzq “

1

q!

1

p!
BpzB

q
z̄bpzq, (B.16)

where the derivatives above have to be intended in Gateaux sense.
The space of pp, qq´homogeneous polynomials will be denoted by Pp,qpHq. We say that a

polynomial of this kind is compact if and only if b̃ P L8pH
bsp;Hbsqq, and we denote the space of

compact polynomials by P8
p,qpHq.

Now we introduce the Wick quantization for polynomials symbols: for any b P Pp,qpHq we can
define

pbqWick
ε : ΓfinpHq Ñ ΓfinpHq

pbqWick
ε æHbsn :“ 1rp,`8qpnq

a

n!pn` q ´ pq!

pn´ pq!
ε
p`q

2 b̃bs 1Hbspn´pq ,

where 1rp,`8qpnq is zero for n ă p, 1 otherwise.
Paradigmatic examples of operators obtained by Wick quantization are the creation and anni-

hilation operators that we introduced in Appendix A: for any ξ P H

pxξ | zyqWick
ε “ aεpξq, pxz | ξyqWick

ε “ a:εpξq, (B.17)

since xξ | ¨y P P1,0pHq and x¨ | ξy P P0,1pHq. In general, normal ordered products of creation and
annihilation operators are Wick quantizations:

bpzq “

p
ź

j“1

xz | ξjy

q
ź

k“1

xηk | zy ÞÑ pbqWick
ε “

p
ź

j“1

a:εpξjq

q
ź

k“1

aεpηkq. (B.18)

In addition,

dΓεpωq “

ż

Rd
dk ωpkq a:εpkq aεpkq “ pxz|ω |zyHq

Wick
ε ,

xz|ω |zyH “

ż

Rd
dk ωpkq z̄pkq zpkq.

We wrote the previous formulas in that way to put in evidence how, intuitively, Wick quantizations
can be obtained by the correspondence zpkq# ÞÑ a#

ε pkq, and putting all the creation operators to
the left of annihilations. Hence, if b̃ has an integral kernel, one can write, formally,

bpzq “

ż

Rpp`qqd
dk1 . . . dkqdh1 . . . dhp z̄pk1q . . . z̄pkqq b̃pk1, . . . , . . . , hpq zph1q . . . zphpq;

pbqWick
ε “

ż

Rpp`qqd
dk1 . . . dkqdh1 . . . dhp a

:
εpk1q . . . a

:
εpkqq b̃pk1, . . . , . . . , hpq aεph1q . . . aεphpq.

From the definition, for b P Pp,qpHq,

A

zbj
ˇ

ˇ

ˇ
pbqWick

ε zbk
E

“ δk´p,j´q1r0,`8qpk ´ pq

d

k!j!

pk ´ pq!pj ´ qq!
ε
p`q

2 }z}k´p`j´qbpzq, (B.19)
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with δ`,m being the Kronecker delta. Therefore pbqWick
ε maps Hbsk Ñ Hbsj , with j “ k´ p` q, and

this is used in the following Lemma.

Lemma B.2.1. Let b P Pp,qpHq, then, for any δ ě p` q,

}pdΓεp1q ` 1q´δ{4pbqWick
ε pdΓεp1q ` 1q´δ{4}L pΓspHqq ď }b̃}L pHbsp;Hbsqq. (B.20)

Equation (B.20) holds for every pm,nq P Z such that m` n ď ´p`q
2 , one replacing the δ{4 on the left

and the other the one on the right.

Proof. Let us remark that pbqWick
ε pHbskq Ď Hbsj , with j “ k´ p` q. Let ψ P Hbsk, for k P N. Using

the functional calculus for dΓεp1q, we obtain

}pdΓεp1q ` 1q´δ{4pbqWick
ε pdΓεp1q ` 1q´δ{4ψ}Hbsj “

“

?
j!k!

pk ´ pq!

ε
p`q

2

pεk ` 1qδ{4pεj ` 1qδ{4
}b̃bs 1Hbspk´pq}Hbsj ď

ď
pεkq

p
2 pεjq

q
2

pεk ` 1q
p`q

4 pεj ` 1q
p`q

4

d

j!

pj ´ qq!jq

d

k!

pk ´ pq!kp
}b̃}L pHbsp;Hbsqq}ψ}Hbsk ď

ď Cp,q }b̃}L pHbsp;Hbsqq}ψ}Hbsk

with Cp,q independent of ε. The proof pm,nq is completely analogous.

Finally, let us show the explicit action of one-parameter groups generated by second quantized
operator on Wick quantized symbols. Let us recall the definition of rescaled coherent states: if
Ω P ΓspHq is the vacuum vector,

Ξεpξq :“Wε

ˆ

ξ

iε

˙

Ω, for any ξ P H. (B.21)

Proposition B.2.2. piq For every b P
À

p,qPN Pp,qpHq

e´i
t
ε
dΓεpωqpbpzqqWick

ε ei
t
ε
dΓεpωq “ pbpeitωzqqWick

ε . (B.22)

In particular, for every ξ P H

e´i
t
ε
dΓεpωq a#

ε pξq e
i t
ε
dΓεpωq “ a#

ε pe
´itωξq. (B.23)

piiq For every z P H,
A

Ξεpzq
ˇ

ˇ

ˇ
pbqWick

ε Ξεpzq
E

“ bpzq. (B.24)

In addition,

xΞεpzq |WεpξqΞεpzqy “ e2i<exξ | zye´
ε}ξ}2H

4 , (B.25)

and
e´i

t
ε
dΓεpωqWεpξq e

i t
ε
dΓεpωq “Wεpe

´itωξq. (B.26)
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