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‘A lesson without pain is meaningless.
For you cannot gain anything without
sacrificing something else in return.”

Hiromu Arakawa
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Introduction

In theoretical physics, Schrodinger operators with external electric and/or magnetic potentials
are used to describe a huge variety of phenomena involving the interaction between quantum
particles and radiation fields. Some examples are atoms confined in optical lattices created by
superposition of laser beams, magneto-optical traps confining particles, or electrons interacting
with intense electromagnetic fields (see [12] 24, [771). In most of the physics models used to study
the behaviour of these systems the fields are treated as classical objects acting on the subsystem of
the particles only as external degrees of freedom.

The use of the effective models in theoretical physics, in place of more fundamental microscopic
ones, is motivated by the fact that the latter are usually really complex and difficult to analyze,
involving infinitely many degrees of freedom. However, the microscopic models of Quantum Field
Theory take into account also the effects arising from the interaction between the atoms or the
particles and the quantized radiation field, and thus there is the need to rigorously justify the
approximation in terms of Schrodinger operators with classical fields in some appropriate regime.
This is precisely the main question addressed in this thesis, and, mathematically, the solution is ob-
tained by considering a quasi-classical regime of the full system, whose theory has been introduced
in [26} 27].

More precisely, aim of the thesis is the derivation of an effective dynamics, in the quasi-classical
limit, of three important models of interaction between quantum particles and bosonic fields, i.e.,
the Nelson, polaron and Pauli-Fierz models. The goal is the identification of the effective dynamics
for the particle subsystem in a mesoscopic regime, and we are going to prove that it is generated
by an effective Schrodinger opeartor, averaged over all the classical configurations of the field.

In the quasi-classical regime quantum particles interact with a quantum field which is so intense
that it can be considered macroscopic. This can be rephrased by assuming that the field is in a state
U e I'4($) with large average occupation number, i.e.,

(YN |[W)r, (g) » L, D

where N is the number operator for the field excitations. Introducing a semiclassical parameter
e > 0, we can thus consider a state ¥, € I';($)) such that

1
<\I’€|N|\II€>1‘S(5) = 2’ (2)

which diverges as ¢ — 0. Rescaling the variables, it is mathematically equivalent to study a semi-
classical regime for field (see [6]): by (@), ¢ is proportional to the inverse of the expectation of the
number of bosons and, if we set A := e\, then,

(We Ne [We)p, () = 1. (3)

Coherently, we rescale the creation and annihilation operators setting a = Vza™, which yields
the e—dependent canonical commutation relations (CCR)

lac(€),al(n)] = e(&|m)s,,  forany & me . 4
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As ¢ — 0, the canonical observables of the field commute, so that the field becomes classical.
Note that only the quantum nature of the field is influenced, while the quantum particles remain
unaffected, so that we obtain a quasi-classical system in the limit. At the level of states and
observables the picture translates into the scheme

quantum state quantum state classical state
of the full system e=0 of the particle of the field
and
quantum observables quantum observables classical observables
of the full system e=0 of the particle of the field

where the classical states and observables are probability measures and functions over the phase
space of the field, respectively (see Chapter [3). Therefore quasi-classical states are objects which
show a quantum behaviour and, at the same time, properties of a measures. Their mathematical
counterparts are indeed state-valued measures, whose definition was already provided in [28], so
that the study of the quasi-classical limit reduces to the analysis of the convergence of quantum
expectations to quasi-classical expectations of observables w.r.t. state-valued measures.

The rigorous derivation of effective dynamics has been studied in a wide class of problems: one
of the first contributions in 1974 was the work of Hepp [54]], where it was introduced a method
based on coherent states. Since then, a lot of effort has been devoted to the derivation of effective
models for many-body quantum systems, motivated also by the connection with Bose-Einstein
condensation [23]. Two regimes have been mainly studied: the weak coupling, including the
mean-field regime, leading to the derivation of the Hartree equation [1}, 16} (14, 15} 16, 34} [70, 78]]
and the Gross-Pitaevskii regime to derive the NLS or GP equation [20, 35} 36,68, [71]]. The systems
studied in this thesis, however, contain a variable number of bosons and call for the analysis of
models with infinite degrees of freedom. We focus the attention on three important models: the
Nelson model, describing the interaction between nucleons and a field of mesons; the polaron, i.e.,
a pseudoparticle which models the behaviour of an electron interacting with phonons in a crystal
lattice; the Pauli-Fierz model, which describes the interaction between extended charged particles
and an electromagnetic field (see Chapter|[1]for the details about the aforementioned models). The
main results available about such models are mostly obtained in the following regimes:

e classical limit: approximating the behaviour of both the quantum particles and fields by
their classical counterparts. Studied for the first time by Ginibre J. and Velo G. in [49]]
and later applied to derive the Schrodinger-Klein Gordon system from Nelson-Yukawa model
(3} 14} 38l 148]];

e mean-field limit: using the counting method proposed in [70], it was studied to get a rigorous
derivation of the Schrodinger-Klein-Gordon [58,61]] and Schrodinger-Maxwell systems [60]
from the Nelson and Pauli-Fierz models, respectively;

e strong coupling limit: mostly considered for the polaron, whose dynamics can be approxi-
mated by suitable effective Schrodinger equations [44, 45} 50, [62]].

In the thesis we study the derivation of the effective dynamics, in quasi-classical regime, for
the Nelson, polaron and Pauli-Fierz models. The Hilbert space for these models is

A = L2(R™)@T,($)



where L?(R?) and I'y($)) are the space for N particles in a d—dimensional space and the symmet-
ric Fock space for the field, respectively, with §) is the one-boson space. The Hamiltonians have the
general form

H. = Hy+ Hj, (5)

with Hj, free energy of the system, sum of two terms
Hoy=K® ll"s(f)) + 1L2(RdN) ® Hy, (6)

K and H; being the free energies for the particle subsystem and the field, respectively, and H;
being the interaction term acting on the whole .77 (see Chapter [1)).

Our main theorem (Theorem [1.3.1) states that, for quantum states p. of the full system, repre-
sented as trace-class operators on .7, whose field part satisfies (3]), then

e the quantum state converges to a quasi-classical state, identified by a state-valued measure
m,
pe o™, 7
e if p.(t) is the quantum state evolved according to the dynamics of the Nelson, polaron or
Pauli-Fierz models, then it converges as well to a time-dependent state-valued measure m;

pE(t) — My, (8)

e—0

where m; is obtained by transporting the initial quasi-classical state m along the effective
dynamics.

The above convergences are up to extraction of a subsequence and the limit point might depend
on such a choice. However, the convergence at time ¢ # 0 is along the same subsequence chosen
at time t = 0.

The quasi-classical dynamics can be characterized by means of the Radon-Nykodym decompo-
sition of the state-valued measures (see Chapter [2)): for any state-valued measure m,

dm(z) = ym(z) du(z),
dmt(z) = Tmy (Z) th(Z>,

where ~v,~; are functions on the space of classical fields with values in density matrices for the
particles and p, ¢ are classical probability measures on the phase space of classical fields. Then,

e 1; = ®, fpuis the measure obtained by transporting the initial measure along the free classical
dynamics of the field;

o Y, (2) = Ut,o(z)fym(z)Ug o(2) is the density matrix, depending on the classical configura-
tion of the field, evolved according to the unitary dynamics generated by a time-dependent
Schrodinger operator. The action of the field is expressed by an effective external potential,
playing the role of a classical environment.

The above results can be summed up in the commutativity of the following diagram

where
my = Zoge (t) (v, 12) = (Uro(2)ym(2)Uf o (2), D ). 9
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Compared to the results available in the literature, which typically assume a factorization of
the initial state, Theorem allows us to treat also entangled initial states. It gives a qualitative
method to identify the limit of quantum states, although it provides no information on the speed
of convergence.

The proof of the main theorem makes use of semiclassical theory for systems with infinite
degrees of freedom introduced in [6] by Ammari Z. and Nier F., adapted and developed for the
quasi-classical setting (see Chapter (3.1.6)).

The key assumption on the initial state is bound (3]), which guarantees (Theorem [3.1.6| and
Proposition the quasi-classical convergence at time zero. To obtain convergence also at any
later times, the bound on the expectation of the number operator has to be propagated along
the dynamics (Section [5.1)). The quantum dynamics can be characterized as the solution of the
Heisenberg equation

.d
Z&Ps(t) = [H:, p=(t)], (10)

where H. is the Nelson, polaron or Pauli-Fierz Hamiltonian. To study the limit of the previous
equation, one needs to prove that quasi-classical convergence of observables like the interaction
term H; in the Hamiltonian: while for the Nelson model it is enough the bound on the number of
excitations of the field, for the polaron and the Pauli-Fierz model a bound on the free part of the
Hamiltonian and its propagation in time is also needed, due to the presence of gradient terms in
the interaction (see Remark[1.3.2).

Taking the limit e — 0 of (10]), we obtain a transport equation for the quasi-classical state m;,
then we prove (Corollary [5.3.8)) that there exists a unique solution whose expression is (@), and
this identifies the quasi-classical dynamics.

In the quasi-classical limit the quantum state can lose probability mass and, without additional
conditions, it could converge to a measure with strictly smaller mass. However, assuming an
a-priori bound on a suitable observable, i.e.,

Tr(ps(—Ar + W) < C 11D

uniformly in ¢, with W a trapping potential, the no-loss of mass in the quasi-classical limit of
the dynamics is guaranteed, so that m; is a probability measure over the field’s phase space at
any time. Furthermore, this also implies quasi-classical convergence of expectations of bounded
particle observables.

The structure of the thesis is the following:

1. in Chapter|[1] we define the Nelson, polaron and Pauli-Fierz models in detail, discussing self-
adjointness of the Hamiltonian, and the associated quasi-classical effective models. We state
there our main result about the quasi-classical convergence of the dynamics;

2. in Chapter [2] we introduce the mathematical framework of state-valued measures. We con-
struct a theory of integration w.r.t. these measures, also considering operator-valued inte-
grands, representing quasi-classical observables. Moreover, we study the Radon-Nykodym
decomposition of the measures and generalize the notion of state-valued measures introduc-
ing the cylindrical state-valued measures;

3. in Chapter (3, we characterize cylindrical state-valued measures as cluster points of nets of
states of the whole system in the quasi-classical limit. We also prove convergence of the
expectations of observables, when gradient terms are involved too;

4. in Chapter [4, we study the quasi-classical limit in the stationary setting. We recall some
results from [26, [27] about the convergence of the reduced Hamiltonian for the particle
subsystem to the effective one on product states. We prove the convergence of the ground
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state energy of the Nelson model to the ground state energy of the effective quasi-classical
energy;

5. in Chapter 5 we provide the proof of our main result (Theorem [1.3.1).

In Appendix [A] we recall the construction of Fock space and some useful estimates, while, in
Appendix Bl we recall the theory of Weyl and Wick quantizations for systems with infinitely many
degrees of freedom.
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Notation

e We will denote by C(RY) the space of smooth, compactly supported functions f : R? — R.

If f,g : R - R are two functions, we denote their convolution by f * g, i.e.,

(o) = [ st a2
If (2, 1) is a measure space, for p € (0, +0) we denote by
D@ = {19 C: Il = [ w@li@p <4} a3
the p—th Lebesgue space, sometimes setting for short || - |2 := | - [ L2(q;dp)-

If $ is a Banach space, we set

L*(R%: §) = {f :RY— § : esssup|fs < —1—00}. 14)
zeRd
The norm || - |, stands for the L™ (€2; di)-norm of the usual a.e. bounded functions, or, more
in general,
I+ lloo := esssup|| - |- (15)
zeR4

e If V is a topological vector space, we denote by V* its algebraic dual and by V' < V* its
continuous dual; if W is another topological vector space which is dual of V, then o(V, W)
is the topology on V' generated by the seminorms {pr} rci finite

pr() = ) [w]w)].

wekF

— The topology o(V,V’) is the weak topology on V.
— The topology o(V’, V) is the weak-* topology on V.

e If 7 is a Hilbert space with scalar product (- | -)5, that we always assume to be anti-linear in
the first variable and linear in the second one, we set

(2) = (1+]215)"2. (16)
We introduce the following classes of bounded operators on a Hilbert space:

- Z(s) the space of bounded operators on .7#;

- %£,(A) the p—th Schatten ideal of . (¢); in particular, %, () and £, (s¢) are the
spaces of trace-class and compact operators, respectively, and

() S LH(H) S Lop(H) < L(F), foranype N,p > 2.

We denote by .Z}, . (¢) the positive elements of the p—th Schatten ideal.

10



C stands for a positive, finite constant whose value may change from line to line but is always
independent on the key parameters into play.

If H is a self-adjoint operator acting on a Hilbert space ./#, we denote by

- 9(H) its domain of self-adjointness;
- 2(H) its form domain;

- o(H),o(H) its resolvent set and spectrum, respectively.

We denote by K the space of operators acting on a L?(R%) that are infinitesimally bounded
w.r.t. the Laplacian —A

Ka:={V:2(V) > A : Vae(0,1),36 € [0, +0) s.t. [V]2 < af — Ad[z + Blv[3}-
If (X, ) is a measurable space, we denote by
M(XE) :={p: X — E|pu@) =0,uis o — additive}

the space of measures on X with values in the normed space E which are c—additive in the
sense given in Chapter 2|

In the Appendix we define the usual canonical observables in the Fock space.
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1 Setting and Main Results

In this Chapter we describe in detail the three microscopic models we plan to study, in the quasi-
classical regime, to derive the effective dynamics. Afterwards, we introduce the associated effective
Hamiltonians, and, finally, we present the main results concerning the convergence of the dynam-
ics.

First, we give an overview of their general structure: the systems under analysis are composed
by two subsystems, one being a fixed number of quantum, non-relativistic particles, whose degrees
of freedom are described by separable Hilbert space K, which is invariant under the action of the
effective limit we will take. The other subsystem is a quantum field, which can be interpreted or
as an external field or a force-carrier field and that, at a microscopic description level, is composed
by a variable number of bosons, whose relative dispersion relation depends on the type of the
field. The field subsystem is studied in a regime justifying the approximation of its behaviour by its
classical counterpart, as it will be explained in the theory developed in the following chapters. Its
canonical observables are thus assumed to be dependent on a semiclassical parameter ¢ > 0. The
chosen representation of its observables is the usual Fock representation, and so the associated
Hilbert space is the e—dependent Fock space I';($)), with § a separable Hilbert space encoding
information on both the classical phase and one-boson spaces, and depending on the kind of field
considered (mesons, phonons, photons, etc.).

1.1 Microscopic Hamiltonians

In this Section we define the Nelson, polaron and Pauli-Fierz model, at first presenting the general
structure common to these three models, and then describing them in detail separately.

Let us start with the general framework: the Hilbert space of the full system is the tensor
product of the aforementioned Hilbert spaces, i.e.,

H = KRT(H). (1.1)

Note that the results that we will obtain applies also to particles with spin, or following a specific
statistics. Nevertheless, for simplicity of exposition, and to concentrate the attention on concrete
models, we consider only quantum, non-relativistic, spin-less particles, without specifying their
statistics. From now on, we denote their number by N € N,. Considering their motion in a
d—dimensional space, the natural choice for the space K is then

K= LQ(RdN). (1.2)

The Hamiltonians H. of the models of interest, acting on the full Hilbert space .#, are formal
sum of two terms:
H.:= Hy+ Hj, (1.3)

where H is the Hamiltonian describing the free dynamics of both the particles and the field:

Hy = K ®1p (g + v-1x ® Op*(w), (1.4)

12



where K is a self-adjoint operator on its domain Z(K) < K and describes the free motion of
the particles, while w : $§ — R™ is a non-negative symbol defined on the one-boson space §),
corresponding to the dispersion relation of the field. Its second quantization in WickE| formalism
OpVik(y) = dI'.(w) is assumed to be a self-adjoint, densely defined operator on the Fock space
that expresses the free energy of the field.

For ¢ € (0, 1), the scaling factor v. in front of the field’s free energy varies, in general, in the
interval [1,e71], but it has to be such that

hH[l) eve =: v € {0, 1} (1.5)
e—

and determines whether, in the quasi-classical limit, the field is freezed or evolves freely, corre-
sponding to the cases v = 0 and v = 1, respectively. For the sake of simplicity, we will thus
consider only the cases for which v, € {1,¢71}.

The interaction term between the particles and the field is of the form

H; = OpYick(p), (1.6)

This operator acts on the whole space .7 and is the second quantization of an operator-valued,
polynomial symbol
V(z): 2(V(z)) <K - K, for any z € 9. 1.7

More precisely, we are going to focus on the sets of symbols

5P . {,5 5. ,_>f[1<z‘Ag>>£[l <n§c’“) z> ’ {A_(j)}jzl , {n.(’“)}q c LOO(RdN;:g)}. (1.8)

k=1
Any symbol in "9, acting as bounded multiplication operator on K, can be Wick-quantized
yielding an operator in

orD = {ﬁa;ug))ﬁ%ugﬂ)‘ P R U = LOO(RdN;f))}. (1.9)
=1 k=1 N

. k=1
j= J

For any z € ), we thus assume that

V(z) € @ anﬁ(p’q)sp’q, (1.10)
(p,q)EN?
so that,
Hie @ Tq0998,, (1.11)
(p,q)EN?

where T}, ,, Sp , are (possibly unbounded) operators acting on K for every (p, ¢) € N2.

In the following we present some precise models that fit the general form described above: the
Nelson, polaron and Pauli-Fierz models.

1.1.1 Nelson model

The Nelson model was introduced by E. Nelson in [67]] and was meant to describe the interaction
between a finite number of non-relativistic nucleons and a meson field. The model has proved to
be useful also in condensed matter in the description of phenomena arising from the interaction
of a system of atoms with an optical lattice, created by superposition of laser beams.

In the same paper, Nelson also applied the first procedure of renormalization to a model of
quantum field theory, obtaining the so-called renormalized Nelson model: it is proved how the

'For Wick and other kind of quantizations, see Appendix
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Nelson Hamiltonian with a ultra-violet cut-off in the momenta converges, when suitably dressed
by a unitary transformation, to what is defined as the renormalized Nelson Hamiltonian.

The same model was also studied then also in [21], where it was proved to satisfy some of the
Wightman axioms of the quantum field theory. In [46] its ground state properties and its Haag-
Ruelle scattering theory were studied. Since there, several works in the mathematical physics
literature have been devoted to the Nelson model, like [3], [4], [29], [38], (48], 1591, 611, [[74].

In this thesis, we analyse the Nelson model with ultraviolet cut-off, postponing to future works
the study of the renormalized Nelson model.

Among the models considered, the Nelson model is the most “regular" one and the simplest
to study, due to the fact that the interaction term of the Hamiltonian is linear in the creation and
annihilation operators and the arguments of the latters are the quantization of bounded symbols.

The Hilbert space associated to the system is

A = LR dz) @ T4(H). (1.12)

We denote by z = (x1,...,zx) € RY the vector of particle positions. The Fock space describes
the radiation, with one-boson space given by

$ = L*(R%; dk). (1.13)

The dynamics of the system is generated by the Nelson Hamiltonian (with suitable hypotheses
guaranteeing self-adjointness, see below), whose explicit form is

H.=Hy+ Hj. (1.14)
The free part of the Hamiltonian is
Hyo = (—Az; + W(21,...,2n)) ® 1p,(s) + 112(ren) @ vedle(w), (1.15)
where —A, = Z;V: 1 —Ay;, and W is an interaction potential between the particles satisfying the
following assumption:
W=W,+W¢,  WyeLl (R™;R"), WeKe. (1.16)

The free energy of the field dI'.(w) is the Wick quantization of the symbol z — (z| w|z) with w
that acts as a multiplication operator on the space §) by the function

w(k) =m >0, for a.e. k € R%. 1.17)

The previous hypothesis restricts our analysis to the case of the Nelson model with massive bosons
in the radiation, excluding the more delicate case of Nelson massless model, for m = 0.
The interaction term between the particles and the field is in the form of a Segal field, i.e.,

Hr = ¢-(\s) = ac(\g) + al(N\y), (1.18)

and the argument of the creation and annihilation operators belongs uniformly w.r.t. = to the
one-boson space:
A e L*(R™; 9). (1.19)

By Wick calculus it is easy to see that H; is the Wick quantization of the effective potential
N
V(z) = Y 2Re (A, |2 )y (1.20)
j=1

which is a bounded multiplication operator on L?(R?"). The Nelson Hamiltonian has, therefore,
the following expression

H.= Ay +W(z1,...,2x) + v:dTo () + ac(A2) + al(\y) (1.21)
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Remark 1.1.1. e An explicit choice of the dispersion relation may be

w(k) = VK2 +m?2, m > 0, (1.22)

representing a relativistic massive field. A physically meaningful choice for the argument of the
Segal field is

N
Ao(k) = x(k) Y e, (1.23)
j=1
where x € ) is a cut-off at high momenta, i.e., for a fixed R > 0,

L, iflk| <R;

X(k) = xqi<my (k) = {0 if |k| > R.

Hence, only the interaction of the particles with bosons under a certain fixed speed is taken into
account.

e Another interesting possibility to consider is $ = ¢?(Z%;C), i.e., a field with only a countable
number of modes. Such a model can be used to describe a system of particles in an optical lattice.
In this case the full Hamiltonian has the form

H.=—-Ap +W(xy,...,2N) + e Z wnaLan + Z (aL + an)Azn (1.24)

nezZd neZd

With {wp}peza S R, {Antneza € L2 (RIN;02(2%)) and o the operator-valued distributions
associated to the creation and annihilation operators satisfying

a(\) = > afx,,  forany e *(2%C).

nezZd

In the next Theorem we prove that the assumptions above are sufficient for the essential self-
adjointness of the Hamiltonian on a suitable core, and, adding a further control on the )\, also for
self-adjointness. We denote by I's,($)) < I';($)) the space of vectors with finitely many non-zero
components.

Theorem 1.1.2. Under assumptions and (1.19), the Nelson Hamiltonian H. is essentially self-
adjoint on ', (9) N Z(Hy), with Z(Hy) = Z(—Az + W) n Z(dl.(w)). Furthermore, if we assume
that w12\ € L®(R¥N:§), then, H. is self-adjoint on the domain Z(H.) = 2(H,) and bounded
from below.

Proof. H. satisfies the assumptions of [41, Theorem 3.1], which directly implies the essential self-
adjointness.
By the canonical commutation relations, we have, for any ¥ € 2(dI'.(1)/?),

lal () WlE, = las(A)WIE, + A I51 PR, (1.25)

where we denoted by | - ||, the norm in the space L*(R*"; §). Using the previous inequality and

Proposition we have
|6 (ha) ¥l < 2™ X oo AT (@) 2 U] + IA oo ¥ - (1.26)
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Now, using the inequality 2ab < aa? + ébz for any a, b, « > 0, and Cauchy-Schwarz inequality yield
(remember that v, > 1)

2w 2N oo [dT2(w) 2|y < 2w 2N oo (| (— Ay + Wy + vedTe(w)) |UHY2 <

1, _
S of(=Az + Wy + vedle () ¥ + —fw VAN e

so that,
|pe(Ae) ¥ < all(=Az + W + vedle (w)) ¥ + b(a) [ Y] (1.27)

with b(a) = a w2\ | + | |- Furthermore, since W € K, there exist o/ € (0,1),b'(o/) €
[0, +00), such that

W |r < | = AW p + V()] P]r <
< A|[(=Ap + Wy + vedle (w)) ¥ Lp + () [ Y] -
The proof is concluded by choosing o + o/ < 1 and using the Kato-Rellich Theorem, which also
implies that the operator H. is bounded from below by

—M:= sup —(bla)+V(d)) > —om. (1.28)
1/4<a,a’<1/2

O]

Remark 1.1.3. We remark that the Theorem holds true also in the case of the Nelson massless model.
Defining
9, = L2(R% w(k)dk) (1.29)

the assumptions (I.19) and w=/2\. € L®(R%; §3) can be reformulated by requiring that
A e L®R™;HnH,-1). (1.30)

From now on we assume the hypotheses above guaranteeing the self-adjointness of the Nelson Hamil-
tonian, together with about coerciveness of the dispersion relation.

Furthermore, our results will hold true with the following assumption, requiring an explicit for-
mula for the field argument of the Nelson model:

N
Ae(k) i= x(k) D ™™, 2eRW ye L*(R%dk)  with x > m > 0. (Axe)
j=1

1.1.2 Polaron model

An interesting example that fits in the class of models of interaction between quantum fields and
particles described in Section [1.1] is the one describing an electron moving in a crystal of ions.
Indeed, the electron induces a polarization of the crystal by electro-magnetic attraction-repulsion
forces: the ions are perturbed around their equilibrium positions and vibrate. The modes of vibra-
tion of the lattice can be interpreted as a field of excitations whose force-carriers are bosons called
phonons. The electron is so considered as dressed by a cloud of phonons, and can be modeled as a
new quasi-particle with a larger effective mass and a lower speed, which moves in the crystal and
deforms the lattice creating or destroying excitations, i.e., phonons. Such a quasi-particle is called
polaron, a notion used for the first time by L. D. Landau in [57]. The theoretical model for the
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dynamics of the polaron that we are going to present was introduced by H. Frohlich in [46] and it
is known as the (Frohlich) polaron model.
The full Hilbert space for the system is

A = L2R¥W; dz) @ T4(5), (1.31)

where the first factor is associated to N polarons moving in R? and interacting with a field of
phonons with one-boson space

$ = L*(R%; dk). (1.32)
The Hamiltonian is given by the formal expression
H.=Hy+ Hy (1.33)
with
Hy= (=D + W(z1,...,2N)) ® Ip,(5) + Vel agan) @ dT(1), (1.34)

W being a potential satisfying the same hypotheses as for the Nelson model:
W=W,+W,,  WyeLl (RM;R"), WqeKe, (1.35)

and dI';(1) the number operator corresponding to the free energy of the phonons with dispersion
relation

w(k) =1, for any k € RY. (1.36)
Note that dI'.(1) is in fact the Wick quantization of the symbol z — HzH% Setting
etk
ng (k) = d—1 (APOI)
k|2
the interaction term is N
Hp = ) (ac(ga,) + al(gs,)). (1.37)

As we see, g, ¢ L?(R%), and therefore, unlike in the Nelson model, the term H; is not a well-posed
operator on s#. However, it is possible to interpret H. as a quadratic form @ on the full Hilbert
space whose action is Qy V] = (V| H. |V) , with

N
H.=—-Ay, +W(z1,...,2n) + vedle( Z (ae(gz,) gx])) (1.38)
7j=1

Next, we associate a self-adjoint operator to the quadratic form by KLMN Theorem, showing
that the interaction is infinitesimally form-bounded w.r.t. the free part. To this purpose, we need
the following Lemma which is going to be used throughout the thesis.

Lemma 1.1.4. One can decompose g, = g, + g, for any y € R%, with
9<, € L*(R%: 9),
g>y(k) = [=iVy, §y(K)], g€ L*(R:9)
by taking, e.g.,
etky k

g<y(k) = W@X{w«}(/ﬂ), gy(k) = PEE e X (k2 (k) (1.39)
2

with r € (0, +0).
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Proof. Let us proceed by direct calculation:

1 ~ |k[?
2 . 2 _
2 = J ‘<rd Tt < 4o0; 19yll5ece = Jk dk ——— Th[d3 < 4o (1.40)

Hg<,y

and so the functions g . and §. belong to $) and $ ® C¢, respectively, uniformly in y. Furthermore,
since

d 2
i, -5, (k) = Z(’isem et >)X{|k|>r}<k:>=

k| 2 ||
eiky ~ .
= W@X{\k\;r}(k) + gy(k) - (=iVy)
2
setting g- , (k) i= —<7s X{[k/>r} (k), the decomposition is proven. O

k|2~

Thanks to the previous Lemma we are now ready to prove the existence of a self-adjoint oper-
ator associated with the polaron quadratic form.

Theorem 1.1.5. Under assumptions (1.35), (1.36), (Apy)), the quadratic form Qp is closed and
bounded from below and identifies a unique self-adjoint operator; still denoted by H., on

P(H.) € 2(H.) = 2(Hy) = 2((—As + W)Y2) A 2(dT.(1)Y?). (1.41)

Proof. Let us prove the infinitesimal form boundedness of the w.r.t. the positive part. Since W is
infinitesimally —A,—bounded, there exist a € (0,1),b € [0, +00), such that

(U | WO | < al¥| — Ay + Wy + vodlo(1) [0 + b| 0|2 (1.42)
By Lemma(l.1.4} forany j = 1,..., N,
Gz; = 9<a; + [V, Gu;] (1.43)

so that, by the trivial inequality,

N

33 ot -l )9 | <23 €0 e, )

Jj=1

we obtain that, for ¥ € 2((—A, + W1)V?) n 2(dl'.(1)V/?),

e for every a € (0, +o0) we have

22 | ¥ [ac(g9<)) ¥ ) | < 2N [ g< ;] 1o (e 1AL (1) V20 <

N2
<al¥|— Ay + Wy +v.dT. (1) |¥) + ?Hg<,. 2

o while for the second term we have

N N
23 [ |[iVa;, ac(Ge, )€ )| < 4 Y [V, WG] 1 (re o) |AT (1) 20 <
j=1 Jj=1

< 2NH§'HLOO(Rd;.ﬁ®Cd) <\Il| - Ax + W+ + ngfg(l) |\II> .
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Since « is fixed, choosing « and r € (0,+0o0) such that « + a + 2N||g.|» =: @’ < 1 and setting
V :=b+ N2a~1g.|%, we get

'< (W« + Z (5 g:c ) +aT(ng))> v

and the result follows by KLMN Theorem. O

<Y = Ay + Wy 4+ vdT(1) [T + 0| 0%, (1.44)

As a byproduct, Lemma shows that the interaction in the polaron model can be written
as the Wick quantization of the symbol

N
V(z) = Z {28?6 <g<,zj \z> + [-iVy;,29m <f]mj |z>]} (1.45)

=1

From now on so, we will denote by H. the self-adjoint Hamiltonian identified in Theorem|1.1.5]
whose associated quadratic form has the explicit expression (1.38]), and we will always assume the
following form for the argument of the field operators:

eik’y
gy(k) = = g<y(k) + [-iVy, gy(K)], Y, k€ Rda
k|2
ezky ~ k
g<,y(k) = ‘k’|ﬂ X{|k|<r}(k)7 gy(k) = |k|d+3 e’ yX{|k|>r}(k) (Apo1)
2

1.1.3 Pauli-Fierz model

In quantum electrodynamics, the Pauli-Fierz model is often used to describe systems of non-
relativistic charged quantum particles interacting with a quantized electromagnetic field. It was
introduced by W. Pauli and M. Fierz in [69] to investigate the problem of infrared divergences ap-
pearing in the radiative corrections to the scattering of an electron by the Coulomb field generated
by a nucleus. Indeed, F. Bloch and A. Nordsieck in [17] showed how this infrared catastrophe
could be avoided using a Born approximation method. Pauli and Fierz, in their work, followed
this strategy and attacked other difficulties such as the divergence of the electrostatic energy for
point charges: they considered instead the quantization of the classical Abraham model (see, for
example, [77] for its derivation) with extended charges, in order to obtain a bounded electrostatic
energy.
The Hilbert space of the model is

# = L2(R¥.dz) @ T4($) (1.46)

where, as before, L?(R?") is the Hilbert space of N non-relativistic, spinless, extended charged
quantum particles in R?. Unlike the previous models, however, the one-photon space is now
= C 1@ L?(R%: dk) = L2(RY; 4L dk) (1.47)

i.e., vectors with d — 1 components, given by square integrable functions in R%. Every component
corresponds to a polarization direction of the photons. We use the following notation: for a vector

f= (fv) 1 €9, we set

a(f) = (af (f). - affy (), (1.48)
so that one has the canonical commutation relations
d—1
[ag(f),al(g)] :52 Sy lgye =elflg)g- (1.49)
y=1
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The Pauli-Fierz Hamiltonian is
H.=H,+ Hy, (1.50)

where for the free part we have
HO = (—Ax + W(J}l, e ,$N)) ® 11“5(55) + V51L2(RdN) ® dFE(w) (1.51)

with w = (w d;l : 9 — $ acts as, componentwise, a multiplication by a vector of positive
Y/y=1 p p y p

functions (e.g., w,(k) = |k|, forany v = 1,...d — 1), satisfying
Jw™! > 0, densely defined, self-adjoint operator on Z(w™ ') < $. (1.52)

The free field energy has explicit action, sectorwise,

AT ()T Rs .. @ Uy = D U1 Ry R Wl ®s ... @ Uy (1.53)
j=1
where
d—1
Wl = Y w, T, (1.54)
y=1

with ¥, ., the y—th component of the vector ¥; € L2(R% C?1). The potential between particles
satisfies
W =Wy + W, Wy e Ll (R™;RY), WqeKe. (1.55)

The definition of the interaction term, on the other hand, is more involved due to the polarizations
we set and the fact that it contains quadratic terms in creation and annihilation operators:

N
Hy =) (2iVa; - gj6c(Na;) + G 0c(Aa))?) (1.56)
j=1
where {¢;}"_; = R are the charges of the particles,
ey () = (1)1, (.57
y=1,...,d—1

is the form factor with e, (k) € R? for any k € R?, so that

d—1
af (Ne;) = > a (eyfay)- (1.58)
y=1

We assume that
f e L(RLL2RY)), X eL®RLRYTQ Z2(w'?) n 2(w™V/?)). (1.59)
The set of vectors {%, (ew(k))z;{} identifies an orthonormal basis of R? for a.e. k € RY, i.e.,
eq(k) - er(k) = bor, k-ey (k) =0. (1.60)

The vector k yields the direction of propagation of the field’s wave, and e, are the vectors of
polarization of the transverse waves associated with the photonﬂ Condition ([1.60) is the choice
of the Coulomb gauge for the magnetic potential ¢.(\;), i.e., encodes

V, A\ =0, VyeRe (1.61)

2In dimension 3 they provide the two directions of oscillation of the electric and magnetic fields, respectively.
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From the explicit expression of the interaction term of the Hamiltonian one can easily see that it is
the Wick quantization of the effective potential

N
V(z) = Z <21'ij - qj 2§Re<z P‘xj >ﬁ + (qj 2%e <z ’/\xj >s§)2>’ (1.62)

j=1
up to an additional term
N
eB. =2 > A 13 (1.63)
j=1

which disappear in the limit ¢ — 0, needed to take into account the normal ordering. In conclusion,
the Pauli-Fierz Hamiltonian can be rewritten as

N
He. = Y (=iVa, = q; ¢c(Aa))? + W + vedDo(w). (1.64)
j=1

We prove now that under the previous assumptions the Pauli-Fierz Hamiltonian is self-adjoint
on its domain. We state two results: the first one follows from an application of the KLMN theorem,
which requires a condition on the charge. The second requires less stringent assumptions (results
on self-adjointness with more restrictive assumptions are however available in literature: [52]],
550, [77D).

Theorem 1.1.6. Let assumptions (1.52)), (1.55), (1.59) and hold. Suppose, furthermore
that |q;| < qo forany j = 1,..., N, for a certain qo > 0 (specified in the proof). Then, the Pauli-
Fierz Hamiltonian H. is self-adjoint and bounded from below on its domain Z(H.) := 2(Hy) =
D(—Ap + W) n 2(dl:(w)).

Proof. Consider the quadratic form Qg (V) := (V| H.¥) for ¥ € 2(Hp). We want to prove the
form boundedness of the interaction w.r.t. the free part. We already know it for W: there exist
"€ (0,1),8 € [0, +00) such that, for any ®. € Z(H,),

(D | W |®:) < o/ {De| — Ay + Wy + vedle (W) | @) + D (1.65)

On the other hand, for any ®. € 2(H,), we can bound the second term on the rh.s. of (1.56)) as
N
Z (@] QJZ(QE()‘:EJ-) + al()‘azj))2 |®:) <
j=1

N
Z 207 (Pc| al(Ae,)ac(Aa,) | o) + 2¢7Re (D |al(Ag, )al (Ae,) B2 ) + 22 s, |2 @c]?) -

Now;, using Proposition|A.1.2]and Cauchy-Schwarz inequality, we obtain the bound for the previous
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expression:

N
D@ ¢F (ac(Asy) + al(Aa)))? [22) < (1.66)

=1

I\
M 2

: <2|aa(kxj)<1>a|2 + 2las (A, ) @e |l (Aa; ) <] + el A, |2\<1>a2) <

o,
Il
—_

N
Mz
Qm

(4|as Ao, )0 + 2, 2] u2)

<.
—_

=l

< 3 {42120 1B (@l vl (w) [00) + 262 A, 20} <
7j=1

SANG|w™ 2N |2 (De] (—Ag + Wiy + 12dTe(w)) | @) + 25N g |\ [3.0] @< |2 (1.67)
Moreover, following the same strategy for the first term, one has

N
2 21a5] [{Va, @c [(ac (M) + al(Ae,)) D )| <

<
Il
—

Mz

21411V, e[ (0= (Aa) + al (X)) @ <

<.
Il
ut

Mz

(@ = Ay, 92+ ¢ (B [(a (0, +az<xzj>>2q>s>) <

<.
Il
—_

< (1 + 4Nq8\|w_1/2)\.|\%oo> (@] — Ay + W, + vedle(w) |82 + 2eN@ A 20| @)%, (1.68)

Putting together the three inequalities (1.65), (1.67), (1.68) we obtain finally a bound of the
interaction part of the form w.r.t. the free part: for any . € Z(H,)

(B |(We + Hp)®.) < al®e| — Ay + Wy + vodlo(w) |@2) + B[ 0., (1.69)

where o := o/ + 1 + 6NgZ|w 2\ » and B = B’ + 3eNgZ|A.|2. Choosing gy > 0 such that
€ (0,1), we obtain the result thanks to KLMN theorem. O

As already mentioned, the following theorem has more general assumptions.

Theorem 1.1.7. [65, Theorem 5.7] Let S be an open subset of R? and let \. € L*(S;9), with
V. X € L*®(A;9). Assume also that (1.52) is satisfied. Then, denoting by —Ap the Dirichlet
Laplacian, one has

e H. is essentially self-adjoint on Z(—Ap + W4) ® 2(dl'c(w)) N Tan(H);

e if in addition, \. € L*(A;R*® 2(w'?) n 2(w™?)) and V. - X. € L (A; 2(w'/?)), then H. is
self-adjoint on Z(—Ap + W) ® Z2(dl'<(w)) and bounded from below, with bound independent
one.

Note that, in the Coulomb gauge V, -\, = 0 for any y € RY, and therefore one of the conditions
involving this term is automatically satisfied. Hence, assuming (1.52)), (1.55), (1.59), (1.60), the
Pauli-Fierz Hamiltonian H. is self-adjoint in Z(H.) := Z(—A; + Wy) n Z2(dl'.(w)) = Z(Hy).
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Remark 1.1.8. The Hamiltonian constructed above belongs to the class of Pauli-Fierz-type Hamil-
tonians but, the operator obtained from the quantization of the Abraham model is slightly differ-
ent. Following [77], one indeed would get the operator acting on s# = L*(R*N) ® I's($)), with
= C2 ®L2(R3),

N
1 . q; 2
g 2m; (‘Nw - ;‘f’e(Aw)) + W+ dTe([k]), (1.70)

with mj, q;, being, respectively, the mass and the charge of the j—th electron moving in R3, c the speed
of light, W the Coulomb potential between particles

q;4k
W(zq,...,x (1.71)
];C |j — zp|’
and where the interaction can be written as
Ar,) Z j 72 (8 (B R)e™ a0, () + 35 (R)e 2 1) (172)

Here, pj— stands for the Fourier transform of the signed charge distribution of the j—th particle. This
is reminiscent of the Abraham model: the point distributions are indeed replaced by smooth charge
distributions e;p;, with p; radial, smooth, normalized and vanishing outside a ball of fixed radius. In
this way, one can avoid the divergences due to the coupling between Maxwell and Newton equations
for point charged particles.

From now on we set the charges of the particles to be equal to 1 and always assume the
following explicit formula for the argument of the fields for the Pauli-Fierz model, and our results
will be stated provided this assumption is satisfied:

Aay () 5= (e (x(e) " e R b (Apr)

1.2 Effective Hamiltonians

In this section we study the effective operators obtained in the quasi-classical limit. The notion of
convergence will be discussed in details in Chapter |4, but we heuristically expect a common be-
haviour for all the models of interest. Recalling the general form of the microscopic Hamiltonians

H,. = K®1Fs(f)) +V51K®drg(w) + Hy, (1.73)
we observe that by taking the limit ¢ — 0 on the field degrees of freedom, it is reasonable to obtain

K — K,

e—0

H; = OpMek(y) — V(z).

For the moment, we neglect the field energy, since we are interested in the effective Hamiltonian
for the particle system. We thus expect to find an effective Schrodinger operator of the form

H(z) = K + V(2), (1.74)

depending on the classical state z € §) of the field. Although the structure of the microscopic
models is similar, the properties of the potential V(z) obtained in the limit strongly depends on the
model chosen. Therefore, we analyse each model separately.
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Nelson model: in this case the effective Hamiltonian takes the form

‘H(z) = —AI+W(x1,...,mN)+2§Re<z|)\w>‘ (1.75)

for any z € §, and the effective potential V(z) = 2Re(z | A;) is uniformly bounded w.r.t. z:
V() < 251X e (R ) - (1.76)

Hence, the sum of the terms W +V(2) is infinitesimally bounded w.r.t. —A, + W, therefore,
by Kato-Rellich theorem the operator 7{(z) is self-adjoint on the domain Z(#(z)) = Z(—Az+
W), for any z € .

Polaron model: the following formal expression

N
H(z) = —Ap + W(z1,...,2N) + 2 2Re (2| ga; ) (1.77)
j=1

can be interpreted as a quadratic form on the domain 2((—A, + W, )/?). Given a function
Ve D((—A, + W,)'/?), by (1.45) following Lemma and Cauchy-Schwarz, we have

N
[ V()| < 2Nlg< Joll2ls 012 +4 ) Ve, ¥l a3 leo 25 9] <
j=1
16N2 o o 2
S alyl = A+ Wi ) + { 2N]g<, oozl + =91 2] | 1¥]

for any o > 0. Since W € K, it is infinitesimally bounded w.r.t. —A, + W, for a certain
constant o/ € (0,1). Choosing « such that a + o’ € (0, 1), we can use KLMN theorem and
deduce that the form ()| H(z) |¢) is closed and bounded from below. Hence, there exists a
self-adjoint operator, still denoted #(z), such that Z(H(z)) € 2((—A, + Wy )Y/?).

Pauli-Fierz model: the effective Hamiltonian is
N
H(z) = —Ar + W(xy,...,zN) + Z (21'ij - 2Re <z ’/\xj > + (2?)?6 <z |)\x]~>)2>, (1.78)
j=1

which can be rewritten as

N
H(z) = Z (—iVa, —2Re(z ‘)\mj>)2 + Wi(xy,...,xN). (1.79)
j=1

We thus recognize a magnetic Schrodinger operator with magnetic potential
A(zj) :==2Re (z| g, ) - (1.80)

Since 2Re (z |\.) € L®(R%), by perturbation theory in combination with Kato-Rellich for the
W, H(z) is self-adjoint on Z(H(z)) = Z2(—A, + W) for any z € $.

Hence, we can summarize the results obtained in this section in the following theorem:

Theorem 1.2.1. The families of Schridinger operators {H(z)}.cs, acting on L?(RY),
o H(z) =—Ap +W(z1,...,2n) +2Re (2| A\s),
e H(z)=—-Ar +W(xy,...,zN) + Z;\Ll 2§Re<z | ng>,

e H(z) = Zjvzl (—iVa, —2Re(z !)\xj>)2 + W(x1,...,zN),
are self-adjoint on the domain 2(—A, + W) for the Nelson and Pauli-Fierz models, and on a domain

D(H(2)) € 2((—A, + W,)Y2), for the polaron, respectively.
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1.3 Main results

We are now ready to state the main results of the thesis about the convergence of the microscopic
dynamics to the effective dynamics in the quasi-classical regime, that will be proved in Chapter
We consider as initial states for the microscopic system a family of e —dependent mixed states

described by a normalized, positive density matrix over the full Hilbert space {pe}.c(0,1) S -Z1,+ ().
In the quasi-classical limit ¢ — 0, only the field’s degrees of freedom are affected: the limits of
sequences of field states are positive measure u € .#($);R") over the one-boson space, while

the particle subsystem is described by a density matrix v(z) € £ ; (L?*(R%)), depending on the

field configuration z € §). Therefore, one obtains the convergence to a state-valued measure

me . (9; 4 +(L2(R¥))) over a subsequence {e,, }en, in a sense explained in Chapter :

pe,, — dm(z) = v(2)dp(z). (1.81)

n—+0o0

Given one of the self-adjoint Hamiltonians H. introduced above with a scaling v, such that
eve — v € {0, 1}, we will show that

e if v = 0, the field is stationary;

e if v = 1, the field evolves freely in time, by a classical dynamics generated by the field’s
dispersion relation w.

Let e Y= be the one-parameter group generated by H., then we define the Heisenberg evolu-
tion of the initial state p. as

pe(t) := e M p_etHe e 2 (). (1.82)

The main result of the thesis is about the convergence of the previous family of states in the quasi-
classical limit: if p. — m, then we prove that there exists a time-dependent family of state-valued
measures {m };cr S A (9; 2+ (L?(R¥Y))), such that

pe(t) — dmy(2) = ym,(2) dpu(2). | (1.83)

Furthermore, we characterize the effective dynamics that yields the evolution of m;. If dm(z) =
Ym(2) du(2) is the state-valued measure obtained by the quasi-classical limit of the initial states p.,
then its time evolution m, is given by the decomposition ([1.83)), where

e 1 is the measure transported along the flow ®;(z) = e~""“2, which can be either a free
dynamics or the identity, depending on the scaling of the field energy:

a8

e the density matrix vy, (z) evolves by the action of the two-parameter group U; s(z) weakly
generated by the effective Hamiltonian H (®;z):

Youe (2) = Ur0(2) 1m(2) U (2). (1.85)

In order to formulate the assumption on the initial state needed to prove the next Theorem,
we make use of the operator

Hy:=—-A, + Wi(z1,...,2n) + dle(w). (1.86)

We split the needed assumptions in three groups:
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e the form factors satisfy the assumptions in Section i.e., (Anel, (Apo) and (Apg), that
we recall for reader’s convenience:

- for the Nelson
Ae(k) = x(k) Y00, %9, x e LA(RY; dk), el

S Gu; (k) = %Xﬂkkr}(k’) + {—ivy, ‘k‘% 6ikyX{|k|>r}(k):| ,  for the polaron; (A0D)

G\ d— for the Pauli-
Aoy (k) = (e5(k)x(k)e™ ) 21, x e LA(R%; dk),

Fierz model.

e for any § > 0 there exists a Cs € (0, +o0) such that

for the Nelson
SUPce(0,1) Trop(pe(—Az + Wy + (Al (1) + 1)6)) < Cs, model:

SUP.e(0,1) Ttz (pe(—As + Wi + (dI:(1) + 1)%) < Cs,  for the polaron; (AD)

for the Pauli-
sup.c(o.1) Tror(pe(Hy + (dTe(1) + 1)°)) < Cs, !
\ Fierz model.

e the resolvent of (—A, + W, ) is compact: for any z € o(—A, + W)

(=Ap + Wi —2)"te L (L2(RW)), (A2)

and therefore the spectrum of —A, + W, is discrete. This is in particular the case if W, is
trapping.

Theorem 1.3.1. Let {pc}cc(0,1) S 41,4 () be a family of normalized states satisfying assumptions

and (A2). Let also . ’
pe(t) = e MHe p_gitH= (1.87)

be their time evolution generated either by the Nelson, polaron or Pauli-Fierz Hamiltonian, satisfying
assumption (AQ) with lim._,geve = v € {0,1}. Then, there exists a subsequence {c,}n,en and a
state-valued measure wm, such that

pen —> mE M (9 A (L*R™))), with  dm(2) = ym(2)du(2), (1.88)
and
pen(t) ——— dmy(2) € A (H; LA (LAR™Y)),  with  dm(z) = ym, (2)du(2), (1.89)

for any t € R, where the family of state-valued measures {m;}cr is given by

e=Pein A (2) = Ueo(2) ml(2) Ul 2), (1.90)
with ®;2 = e~ and Uy 5(z) the two-parameter group of unitary operators weakly generated by
H(Piz) = —Ay + W + V(P z). Furthermore, the previous convergence holds true also in weak sense,
ie.,

lim Ty (pe, (t) B® We, () = Trza <J dmy(z) B 2! Z>> : (1.91)
n— 57)

for any € € $ and B € £ (L*(R™V)).
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The above results are proven in Chapter 5} In order to make the result more explicit (see also
Chapter [3), we observe that the convergence stated above is equivalent to the following: for any
Be Z(L*(R¥)) and any ¢ € §,

- J dpae(2) Tz (m, (2) B) 27120 =
)

= J dp(2) Trrz (m(2) UtT,o(Z) BU(2)) o2iRe(€ | Bez)
b))

Remark 1.3.2. We point out here the relevance of the assumptions and their role in the proof of the
convergence.

e The uniform bound on the expectation of the number operator: for some 6 > 0,
Tr e (p-(1 + dT-(1))°) < Cs. (1.92)

Such an assumption is important for the convergence of the dynamics of the Nelson model, since
the control on the number operator propagates in time (Proposition and allows us to
obtain the convergence of the evolved state, at any time, to a state-valued measure in a weak-
* sense. For the Pauli-Fierz and polaron models, this assumption on the initial datum is not
enough, since the propagation of this condition requires also a control on the positive part of the
Hamiltonian (Propositions|5.1.4|and|5.1.7), i.e.,

Trp(pe(—Az + Wi +dlc(w))) < C, (1.93)
(for the polaron this is actually needed only for —A + W,).

e The weak-* convergence is however not totally satisfactory, because the test against the identity
operator may not converge. As a consequence, even at initial time, there may be a loss of mass
along the quasi-classical limit. Indeed, under the previous assumptions, even if ||p:|# = 1, we
only know that

[m)].2 @2 < 1. (1.94)

To guarantee the conservation of the probability mass it is necessary to have a uniform bound
on the expectation of a particle observable K with compact resolvent, i.e., such that

z € o(K), (K —2)" Y e L (L. (1.95)

The most natural choice for such an observable is the Schrodinger operator —A, + W for a
trapping W .. We thus require that W, is a trapping potential and assume that

Trp(pe(—Az + W4)) < C, (1.96)

which guarantees that the measure obtained in quasi-classical limit is a probability state-valued
measure (Corollary[3.2.3). Furthermore, by conservation of the probability along the dynamics,
this holds true at any time:

Ime(9) .z z2) = [m(H) 222y = 1, (1.97)

Moreover, the convergence can be lifted to weak topology.
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The convergence can be extended, imposing stronger assumptions on the states, also to the ex-
pectations of polynomial symbols in the creation and annihilation operators. We choose {p¢}.c(0,1) S
2,4+ () such that

30 > 1/4,3C5 = 1 s.t. Trp(p:(dT:(1) + 1)¥) < Cs, for the Nelson model;
30 € Ny, 3C5 > 0 s.t. Trp(p-(H2%)) < Csv(£)?°, for the polaron; (A3)
3C > 0 s.t. Trp(pe(H2 +dI'o(1)?)) < C, for the Pauli-Fierz model.

Theorem 1.3.3. If p. satisfies assumption (A3), and p., — m € 4 (9; L +(L?)), then for every
fe 0P such that

{P;q < 20, for Nelson and polaron models, (1.98)

P24 <2, for the Pauli-Fierz model,

and any k € Ly (L?), £ € $,

Hm_ Troe(pe, (t) OpDY ¥ (f) k@ We, (€)) =

n—-+aoo

= f de(2) Tepe (Y (2) U] (2) 5 (€79 2) Uy o(2)) € 1912,
)

Furthermore, if assumptions and are satisfied, then the previous convergence holds true in
weak convergence.

Proof. As mentioned above, the assumptions on the initial state are stronger than the ones of
Theorem Hence, we can use the latter to deduce the convergence to a time-dependent
family of state-valued measures m; € . ($); %1+ (L?)) on the subsequence ¢,, — 0, i.e.,

Pen, (t) —> M. (199)

n—+aoo

Furthermore, for any time ¢ € R,

0 >1/4, for the Nelson model;
Tr e (pe(t)(1 4+ dT-(1))%°) < C(t), with { §e N,, for the polaron; (1.100)
6=1, for the Pauli-Fierz model.

Indeed, for the Nelson model, Proposition implies that
Trr(p-(6)(1 + dT(1))2) < (N2 1)Pems Mgy — C(r),

For the polaron model, we make use of the pull-through formula stated in Lemma|5.1.3} we deduce
that there exist constants b, ¢ > 0 such that

|(dT-(1) + €)°(H. 4+ b) %) .2 < cv?, (1.101)
so that

Tr e (pe(t)(1 + dTe(1))*) < C[Trup(pe(t)(e + dTe(1))*) + 1] <
< CTrp(pe(He + b)) ||(dT.(1) + €)°(H. + b)°|? + C < Csv2v;2 + C = C.
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Analogously, for the Pauli-Fierz model, we apply Proposition which gives that, for any ¢ € R,
there exists K (¢) > 0 such that, for any V. € Z(H;) n 2(dl'.(1)),

[(dT=(2) + Ve =0 | < K () (|ATe (1) e + |(Hy + 1) Pe]) (1.102)

ie.,
1(dTe (1) + 1)e ®He(dD.(1) + Hy) 7Y < K(t). (1.103)

This allows to bound the expectation of the square of the number operator at time ¢, as
Tror(pe(t) (1 + dT2(1))%) < Trop(pe(H2 + dT(1)2)|dTe(D)e e (dTo(1) + Hy) ' < C(2).

Thanks to we can apply Corollary[3.3.2]and obtain the desired weak-* convergence for
the polynomial, operator valued symbols f in the class "%, such that 2£¢ < 26 for the Nelson
and polaron models and 2%¢ < 2 for Pauli-Fierz model.

To strengthen the convergence, we apply again Corollary to the time evolved density
matrices. Therefore, we have to verify that the condition on the expectation value of the Laplacian
is satisfied at any time. However, this holds true thanks to Propositions [5.1.2} [5.1.4] and [5.1.7}
which implies that, for any ¢ € R,

Tror (pe(t) (= Ay + W) < C(1). (1.104)

O

Remark 1.3.4. We observe that, while we were able to prove the above convergence for the Nelson and
polaron models for polynomial-valued symbols of every degree, for the Pauli-Fierz the result applies
only to polynomials of degree at most 3. The reason is technical and is due to the fact that the
propagation estimate for the norm of the number operator is available only for power 1 (Proposition
[5.1.7). An adaptation of the pull-through formula to higher powers is proven in [2], but it works
under the restriction to massive fields.
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2 State-valued measures and
integration of operator-valued
symbols

Bohr’s correspondence principle is one of the cornerstones of quantum theory, providing a recipe of
how classical mechanics has to be recovered from quantum mechanics in a limit where certain key
physical quantities, as the energy of the system, are “large”. Analogously, the classical behaviour
can also be obtained when the Planck constant # is small compared to characteristic action, which
is typically of order 1 in natural units, i.e., i « 1. In this case one speaks of a semiclassical regime,
and two famous applications of the correspondence principle are the Ehrenfest Theorem and the
WKB approximation.

Among the many results of semiclassical analysis, one of the most relevant is the convergence
of the expectations of quantum observables to their classical counterpart in the limit of 7 — 0.
It is known that, for systems with a finite dimensional phase space (see [64], [79]), the classical
counterparts of quantum states and self-adjoint operators are probability measures and real-valued
functions over the phase space, a.k.a.“symbols”, respectively. Quantum observables may in turn
be recovered from classical symbols via quantization procedures. The Bohr correspondence can be
summarized in the following scheme:

quantum system classical system

quantum states probability measures

self-adjoint operators | symbols on phase space

The semiclassical framework was extended and generalized to the case of systems with infinite
dimensional phase space, e.g., quantum fields, in [[6]: semiclassical states still converge to scalar
measures over the phase space, called Wigner measures, as in the finite dimensional case, and
expectations of quantum observables tend to the classical ones.

Under suitable assumptions (see, e.g., Chapter [3) any family of vectors {W.}.c (o 1) in the Fock
space I';($)) of the field depending on the semiclassical parameter ¢ (which plays the role of & « 1),
converges to a measure over §). More precisely,

U, —pu 2.1

e—0

where € .#($;R,) is a positive, scalar measure on the one-boson space and the convergence is
meant at the level of expectations

(.| Op. (D)¥.) — L apu(2) b(2) 22)
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with b : $§ — C a measurable function and Op,(b) : I's($)) — I's($) the associated quantum
operator obtained via a chosen quantization.

Adding further degrees of freedom, e.g., making the field interacting with particles, whose
pure states are vectors in a suitable L? space, the above scheme trivially extends to product states.
Indeed, denoting by 7 = L2 ®@T4(£)) the Hilbert space of the full system, if we consider a product
state ¢y ® ¥, € S, then

Y@ W — (bl u ), (2.3)

ie.,

v 0p. (0@ ¥ — (v [ a0 ). 2.4

If, however, the states considered are mixed, and thus described by a density matrix p. € £ (5¢),
in this case one cannot split the semiclassical part from the one that retains its quantum nature.
Heuristically speaking consider a particular density matrix of the form

pe= 2 Nii(e) |y @0 (v @ W (2.5)

7,keN

and assume that the vectors {1;},cn are e—independent and that \yé’“) — uy, for any k € N, with

{1k }ren @ sequence of positive measures on §), then

pe =5 24 Agk i [ (Yy) =tm (2.6)
7,keN

The object so obtained behaves as a density matrix on the particle space L2, and, symmetrically,
it gives a measure on the Hilbert space $) when the particles are discarded. This heuristic analysis
suggests the need of introducing new mathematical objects called state-valued measures. Besides
their precise definition, in the next chapters we are going to provide a characterization of state-
valued measures as quasi-classical cluster points of quantum states of systems composed by two
interacting subsystems, i.e., a semiclassical field and a particle system. Thus, Bohr correspondence
can be summarized in the following way:

quantum system quasi-classical system
quantum states of the full system probability state-valued measures
self-adjoint operators operator-valued symbols on phase space

The chapter has the following structure: in Section[2.1]we adapt the definitions of cone-valued
measures [[66] and of Bartle’s Banach-valued measures [13]] to our case, to give a definition of
state-valued measures, and show how these definitions are equivalent in our setting. After the
discussion of some important properties of state-valued measures, in Section we define the
integration of scalar, and then, of operator-valued functions, which will prove to be useful to deal
with interaction term of the Hamiltonians. Finally, we state a version of dominated convergence
theorem for integrals of operator-valued functions w.r.t. state-valued measures and then prove a
convenient decomposition of measures when the space of states has the Radon-Nykodym prop-
erty. We conclude the Chapter generalizing in Section [2.3|the definition to cylindrical state-valued
measures.

We consider the abstract setting of measures with values in positive, continuous functionals
over a C*-algebra 2l, and observables with values in a W*-algebra B, of which 2( < 9B is a bilateral
ideal. We do not assume that the C*-algebra has an identity element, which require to use approx-
imate identities. We recall thus the definition and some properties of approximate identities (see

[180).
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Definition. [18 Definition 2.2.17] If A is a C*-algebra, then a net {e,}qcr < 21+ is an approximate
identity, if and only if

o |eqla < 1, forany a € I;
® ca<ep fasp
o limaes [lear — x[o = 0, for any = € 2.

Existence of approximate identities is guaranteed by [[18, Proposition 2.2.18].
It is well known that, for a unital C*-algebra, the norm of a positive continuous functional over
the C*-algebra is obtained evaluating the functional on the identity element, i.e.,

|wler = w(1). (2.7)

If the C*-algebra has no identity element, the previous property can be recovered by using approx-
imate identities.

Proposition. [[18| Proposition 2.3.11] Let us consider w € Ql’+, then

|wlar = limew(ea). (2.8)

2.1 State-Valued Measures

Let 2 be a C*-algebra and denote by 2, the cone of positive elements in the dual of 2. In addition,
let (X, Y) be a measurable space. We want to define a measure

m:Y — A, 2.9)

There are, in fact, two equivalent ways of defining an 2, -valued measure on (X, X). Let us first
adapt the definition of cone-valued measures [66].
2.1.1 Cone-valued measures

If V is a real vector space, a subset C < V' is a cone, if its elements multiplied by any positive scalar
still belong to the cone. We consider pointed and generating cones, i.e., cones for which it hold

Chn—C={0}, C-C=V, (2.10)

respectively. Consider a subspace V’ < V* in the algebraic dual of V, and denote by C’ the dual
cone defined by
C':={keV'|kr(C) = 0}.

We will need the following property
C=C":={velCl|v() =0} (2.11)

If V is locally convex and V'’ the continuous dual of V, then the Hahn-Banach separation theorem
automatically implies the previous condition.
Now we denote by RY = [0, o0] the extended real half-line with semigroup structure

0+ v =040 =00, for any v € R, (2.12)

!By —C we denote the opposite cone composed by elements of the form —v, for any v € C.
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and by Cy, := Homy,o,(C';RY) the monoid homomorphisms w.r.t. pointwise addition. Further-
more, define the map
ic:C — Cyp
cr—ic(c),  ic(c)(k) = K(c)
For any ¢, co € C, such that i¢(c1) = ic(ca), we have i¢(c1 — ¢2) = ic(c2 — ¢1) = 0, and then, if

(2.10) and (2.11) hold, ¢; — co € C n —C = {0}, i.e., ¢c; = c2. So i¢ is injective, and i¢(C) = C.
Another important condition that we will require is

ic(C) = Cup. (2.13)

Now we are ready to state the definition for cone-valued measures [66, Definition 1.8].

Definition 2.1.1 (Cone-valued measures). Suppose the triple (V, V' C) satisfies conditions (2.10),
(@.11), @.13), in which case we say that it is compatible, and let (X, ) be a measurable space. Then
we say that

m: X — Cop (2.14)

is a cone-valued measure if m(2) = 0 and it is o—additive pointwis i.e., for any collection of
mutually disjoint measurable sets {S;}jen < %,

m (U Sj) (k) = Z m(S;)(k)  foranykeC'. (2.15)
jeN jeN

We now show a useful characterization of state-valued measures, which we are going to use
frequently in the rest of the thesis: a cone-valued measure can also be viewed as a collection of
positive scalar measures obtained by testing against all the elements of the dual cone C’. We will
refer to this result as “Neeb’s Lemma".

Lemma 2.1.2. [[66, Theorem I.10] The map m : ¥ — Cq, defines a cone-valued measure if and only
if there exists a family of positive, scalar measures {m"}.ccr < .# (X;RZ) such that

m"®(S) =m(9)(k), foranySeX, kel (2.16)

and the map k — m" is a monoid homomorphism.

A compatible triple fitting the above conditions is (V,V’,C) = (2, A, A, ), where

e 2 is a C*-algebra, 2, the set of its self-adjoint elements, and 2( the set of its positive ele-
ments;

e 2 is the continuous dual of the C*-algebra, 2, the dual of the set of self-adjoint elements,
and 2’ the set of functionals which are positive when acting on 2.

The fact that such a triple satisfies the conditions (2.10)), (2.11)), (2.13) is proven in [[40, Appendix
AA4].

Definition 2.1.3 (State-valued measures-I). A state-valued measure m : ¥ — 2, is a cone-valued
measure with the compatible triple given by (20, 2., ', ).

Hence, by Neeb’s Lemma, to define a state-valued measure it is sufficient to provide a collection
of positive, scalar measures indexed by the positive elements of the C*-algebra (representing the
dual cone w.r.t. 2)), i.e.,

m o {mea, (2.17)

where m(S)(x) = m”(S), for any S € ¥, and the map ~ — m” is a homomorphism of monoids.

2We will see that this, in the case of positive functionals over the C* —algebras, this implies o —additivity in weak-*
topology
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2.1.2 Banach-valued measures

As anticipated, we provide an alternative definition of state-valued measures following [13].

Definition 2.1.4 (State-valued measures-II). A map m : ¥ — 2, is a state-valued measure iff
m(2) = 0 and for any family {S, },en © 2 of mutually disjoint measurable sets,

m (U Sn> = > m(Sy),

neN neN

where the right hand side converges unconditionally in the norm of 2, i.e., for any permutation

7:N—N,
N
m <U Sn> - Z m(Sr(n))
n=1

neN

lim
N—>+o0

= 0. (2.18)
Ql/

Now we show that the two definitions above are equivalent. To this purpose, we need the fol-
lowing result due to Dunford [32], Theorem 32 ], that we recall below for the reader’s convenience:

Theorem 2.1.5. Let T be a set, Y a Banach space, and T' € Y” a closed linear submanifold. Let alsoE]
{yn(t)}nen S YT be a sequence of functions from T to Y, such that

1. for every set of integers I = N, there is an element y; € Y such that

D v(n(®) = v(wi(t), teT,yeT; (2.19)
nel

2. for every v € I, supyer 3501 [7(yn ()] < +00;

3. for every n and I, the sets y,,(T),y;(T) are relatively compact;

4. T is a linear closed submanifold of Y’ such that

lyly = sup  |v(v)l- (2.20)
~eT, y[lys=1

Then for every set I of integers, the following series

Dl un(t) = yi(t) (2.21)

nel

converges in norm on T.

Proposition 2.1.6. Definition and Definition are equivalent.

Proof. If m is a state-valued measure according to Definition[2.1.4] then it is so also in the sense of
Definition because the latter is weaker, being unconditional o—additivity in norm stronger
than weak-* o—additivity.

To prove the converse, we use Theorem and exploit uniform boundedness in Banach
spaces which assures that convergence of the series in weak-*-topology implies unconditional
convergence of the series in strong topology in 2('. Let us prove that all the conditions are met.
Choosing T' = {t}, Y =A, T =Ac Y' =A", y, = m(S,), for every n we have:

3We denote here by Y7 the space of functions f : T — Y.
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1. the definition m”(-) = m(-)(k) yields a scalar positive measure for every « € 2. Thanks to
the decomposition of elements of C*-algebra, for any « € 2, there exist four positive elements
gt g gtl =1 such that

k= (kT — k) (T — k7).

Then, there exists a complex measure m”, such that

PRI mn_’R) + i(mﬁ‘*"I B mn_’l)'

m” = (m
By definition of the state-valued measures, we know that the positive scalar measures in the
previous decomposition are oc—additive and the same holds for the measure m” for every
r € 2. Then, there exists an element y; := m (| J,,cn Sn) € 2 such that

neN
D im(Sn) (k) = ) m(S,) = m” (U sn> =m (U sn> (K);
nel nel neN neN

2. for every k € 2, >, | |m(S,) (k)| < o0, by convergence of the four series with positive terms
obtained in the decomposition of «;

3. since T' = {t}, the sets {m(S,)(t)}er, {m (U,.en Sn) (t)}ter are composed by only one ele-
ment, and therefore they are compact;

4. 2 is a linear closed submanifold of 2”, such that

lyller = sup |y()| = sup [y(x)|-

Isllgm =1 Iklla=1

we can conclude that Theorem applies and we obtain that

m( 5n> = > m(Sy) (2.22)
1 n=1

n=

unconditionally converges in the 21’ —norm, since the argument holds for every permutation of the
set of indices I. O

The proof above also suggests how to define the action of the state-valued measures on complex
compact operators k € %y (L?), simply exploiting the decomposition in positive operators of the
latter and then using the linearity w.r.t. the test operators, i.e.,

m(S)(k) :== m(S) (k) —m(S) (k™) +i(m(S) (k™) — m(S)(k™1)). (2.23)
From now on, we will denote by . (X; 2, ) the space of state-valued measures. We give below

some examples of these measures.

Example. 1. Every scalar valued measure is trivially a state-valued measure: choosing as 2l = C,
we have that m : ¥ — A/, = R" and the action of the measure over 2. = R simply by
multiplication by positive numbers:

m(S) (k) = m(S) - k, Se¥,keRt.
Neeb condition for o —additivity reads

m(U Sn) K= Zm(Sn)-H

neN neN

=0 = m(USn) =2m(5n)

neN neN

which is the usual condition of o—additivity for scalar measures.
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2. Choosing (X,Y) = (,Borel()), A = Zo(L?(R¥W)) and A, = A (L*(R™)), a state-
valued measure is a norm (or weak-*)o—additive map

m : Borel($)) — £ . (L?) (2.24)

which may also be defined by a family of positive scalar measures {m"}, .o (r2rany),
parametrized by positive, compact operators, such that

m*(S) = m(S)(k) = Tr2(m(S) k). (2.25)

We give an example of state-valued measures with values in positive density matrices: let
{z1,...,zn} € H and {p1,...,pn} S A+ (L2RW)),

m(S) = Z P xs(zj), S € Borel($),
j=1

where yg is the indicator function of the set S.

3. Another important example of state-valued measures is given by measures with associated
triple (L (2 ), L1 (2 ), £ (Z)+), composed by self-adjoint bounded operators, self-adjoint
trace-class operators and positive bounded operators on a Hilbert space 2, respectively. The
fact that the aforementioned triple is compatible with the definition of state-valued measures
is proven in [66]. The so-obtained measures are of the form

mE—n,f(Qp)Jr

with action on trace-class operators: m”(S) = m(S)(k) = Tre(m(S) k), forany S € 3, k €
Z1(Z) 4. Since k is a trace-class operator, we can write

K= Z An ) (nl
neN

with {1} jen an orthonormal basis in 2 and ), _\ |\n| < +00. Then, we get

neN

mH(S) = Z An <¢n|m(s) W’n>

neN

so that the measure is a linear combination of scalar measures.

Let us remark that with the above definitions, we are implicitly restricting the discussion to fi-
nite measures, since m(X') € 2/, . In fact, for most of the thesis, we are going to consider probability
measures, i.e., such that ||m(X)[ly, = 1.

A state-valued measure is also monotone.

Lemma 2.1.7. For any 51 € Ss € 3,
m(S1) < m(Sy) ,

ie, m(Sy) —m(Sy)eA,.
Proof. The scalar measures {m"}.cq, , are monotone. Therefore, for all x € A,
m(S51) (k) = m"(51) < m*(Sa) = m(52)(x) -
Hence, for all x € 2(,, the functional m(S2) — m(.S;) is positive. O
We now introduce the norm measure |m|, a scalar measure associated to every m, which we

will show is absolutely continuous w.r.t. the measure and which will be useful to control trace-class
integrals with scalar integrals.
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Definition 2.1.8. Let m be a state-valued measure. Then its norm-measure ||[m| : ¥ — R} is

[m|[(S) := [[m(S)[lgy ~ forany SeX.

In the following we prove some properties about the norm measure.

Proposition 2.1.9. Let m : ¥ — A, be a state-valued measure and ||m| : ¥ — R* the associated
norm measure. Then,

(1) forany Se Y and k € A,
m"(S) < |ml|(S)]r]a; (2.26)

(7i) |m|| is a finite, c—additive positive scalar measure;

(7it) m is absolutely continuous w.r.t. |m|, i.e., m « ||m|.

Proof. (i) Since m(S) € 2, then, for any S € 3,k € A,
m*(S) = m(S) (k) < [m(S)]ar Kl = [m[(S) [ ]a-

(74) The proof that ||m||(@) = 0 and ||m||(X) < +oo follows immediately from the definition. To
prove o-additivity, let us consider a family of mutually disjoint measurable sets {5, },en S 2.
For first we prove additivity: if {e,}.er S A+ are approximate identities, then, by (2.8)),

[wlor = limw(eq) (2.27)
ael

for any w € 2, , and therefore, for any N € N,

N N N N
HmH(U sn) - hmm(U 5 ) — limm® (U ) —lim 3 m (S,) = Y lml| (S
n=1 n=1 =1 n=1
By o—additivity of the measures m®=, for any « € I, we have
N 0 0
iy Jim,, 33 m° (52) = g (H S)=mi(Us)  e®

Hence it remains to show that the limits in N and « can be exchanged. In order to do that,
it is sufficient to show that the limit in « exists uniformly w.r.t. V:

N N N N
iy () ) - 3 w050 = o () )= () )] -

N

= lim sup ]| - (U ») <lim( ] = m)(X) =0,

where we have used finite additivity of |jm|| and ||m| —m®~. Notice that the latter is a positive
measure because, for any S € ¥, m®(S) < ||m||(.S) by point (7).

(7i7) Since both m and |m| are o —additive, using the definition of absolute continuity in [31], we
get

Iim |m(S)|y = lim |m|[(S) =0, (2.29)
i Im(S) =t ] (S)

and thus m « |m|.
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2.2 Integration with respect to state-valued measures

In this section we introduce the notion of integration with respect to state-valued measures. The
theory of integration can be constructed for both the scalar and vector-valued functions, i.e., func-
tions with values in a W*-algebra B for which 21 € B is a bilateral ideal. Since the measures take
values in positive functionals over the C*-algebra, which is an ideal of the W*-algebra, the integral
is naturally defined as a positive functional in 2/, as well.

We discuss first the integration of scalar functions. Given the two equivalent definitions of
weak-* or norm o—additive state-valued measures, we provide two different definitions of inte-
gration.

2.2.1 Integration of scalar functions

Let us recall that a function g : X — R™ is simple if there exist a number N € N, mutually disjoint
measurable sets Si,...,Sy € ¥ and non-negative numbers ci,...,cy € Ry, such that, for all
ze X,

N
g(z) = Z cjxs; (%)
j=1

where yg; is the characteristic function of the set S;. Integration of simple functions w.r.t. a
state-valued measure m is straightforwardly defined as the positive functional

N
J dm(z) g(z) = > ¢;m(S;) e A, .
X j=1

Using simple functions and Bartle’s definition of state-valued measures, we can construct the
integral via approximation in terms of simple functions (see [13, Theorem 9]).

Definition 2.2.1 (Integration of scalar functions-I). A measurable function f : X — R* is m—integrable
if and only if, for any sequence of simple scalar functions { f,}nen approximating f pointwise, the se-
quence of simple integrals

{ f dm(2) fn(z)} c (2.30)
X neN
is Cauchy w.r.t. the norm in . The integral is then defined as
| am@ G =1l = i [ ) o) s, 231)
S n— -+ b'e

and it is independent on the choice of the approximating functions { f,, } nen-

While the first definition above is constructive and rather standard in measure theory, the
second one below is useful to prove important properties of integration.

Definition 2.2.2 (Integral of scalar functions-II). A measurable scalar function f : X — R" is
m—integrable if and only if f is m"—integrable for every k € .. For a fixed S € X, the integral of f
w.r.t. m is then defined as the functional I,(f) € 2., acting as

In(f)(k) = L dm”(z) f(2), forany k € 2. (2.32)
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The previous definition can be extended to general elements of the C*-algebra: any « € 2 can
be decomposed into a sum of positive operators k = k1 — k2 +ik3 — ik, With k; € A4, 7 =1,...,4,
and, therefore, the action of the integral on the C*-algebra is

([Lam 7)) 00 = [ amo12)766) = [ ameae) 1+ [ a2 1) = [ awes(2) 00

N

Furthermore, a complex-valued measurable function f : X — C is m—integrable if and only if
| f| is m—integrable, as a positive-valued function. The integral of the complex-valued function is
then defined as the integral of its decomposition into real/imaginary, positive/negative parts:

In(f) := In(Re(f)+) = In(Re(f)-) + iln(Sm(f)+) — ilm(S(f)-)-

An important result proven in [66] is the following inequality which is inherited from the
continuity of the integral as a functional over the C*-algebra: if f is positive-valued, there exists a
constant C', depending only on S, m and f, such that, for any x € 2,

L dm® () £(2) < C [ (2.33)

If a function f is integrable in both senses of Definitions [2.2.1| and [2.2.2] then the integrals
must necessarily coincide. We show now that the definitions of integrability are equivalent. To this
purpose, we first need to bound the integral using scalar integrals w.r.t. the norm measure |m||.

Lemma 2.2.3. If a non-negative function f is m-integrable in the sense of Definition then it is
||m||-integrable as well.

Proof. Let {f,}nen be a simple, pointwise and non-decreasing approximation of f from below.
By assumptions f is m°» —integrable for any « € I, with {e,}.c; approximate identities. By the
properties of norm-measure

| i) fa) xs(2) =t [ dmee(2) ful2) xse) <l | dme=(2) 1) < Climiealla < €
X ael Jx ae a€

S

Taking the limit n — +o0 of the previous expressions, we get the ||m||—integrability of f by mono-
tone convergence theorem:

| dlml@)f@) = tim [ dlmll ) faexs(ar < €
S X

Proposition 2.2.4. Let f : X — R™ be a measurable function. Then f is m-integrable in the sense of

Definition if and only if it is m—integrable in the sense if Definition In addition, for any
Sey,

HL dm(Z)f(Z)Hm/ < L d|m|(2)£(2) .
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Proof. If f is m—integrable according to Definition then {1z (fn)}nen is Cauchy in the norm
topology of 2 and thus in weak-* topology. Then, it is possible to define a positive functional
In(f) € A such that Io,(f) (k) := limy,— 100 In(fn)(k) < 400 for any « € 2.

Let us prove the converse: consider a sequence of non-decreasing, positive simple functions
{ fn}nen approximating f for m—a.e. z € X. Then f,, — f,,,, for n > m, is a simple, positive function

of the form
N(n,m)

(fn — Z e X5<nm>()

where {Sj("’m)} jen © X are mutually disjoint measurable sets obtained by the intersection of the

sets {S,El)}keN for | = n,m. Hence, since f,, — f, < 2f, for m—a.e. z € X, and f is |m|—integrable
thanks to Lemma [2.2.3] we can use the dominated convergence theorem to obtain

[[ am@ () = s, <

This proves the m—integrability in the sense of Definition Furthermore, we have I (f) =
H . HQU — hmn_,+oc Im(fn) and

nm

Z ™ ) (S5 A 8) = J dlfm[[(z)(fn = fm)(2) —2

: m—00

N(n)

< lim Y 7 fml|(s™ A 9) < Ldllmll(z) f(2)-

A n—+0o0 i

< lim
A n—-+0o0

[RECIE

| ame) 162

O]

As usual in measure theory, the integrability of a complex-valued function is equivalent to the
integrability of its positive parts as positive functions. We will denote the space of m—integrable,
scalar functions by L!(X;C;dm). The integral defined is linear and monotone:

Lemma 2.2.5. Let f,g : X — R be two m-integrable functions. If, for m-a.e. z € X,
9(2) < f(2)
then
| am@a6) < | amea) 1o,
ie, §dm(z)(f(z) —g(z)) € A
Proof. The function f — g is m—almost everywhere positive and, by Definition we have

A\

(J amie) 1 =st0 )01 = [ a2 (510t 2 0.

for any s € 2, because {m"}.cq, are positive measures. O

Theorem 2.2.6 (Dominated Convergence - I). Let f,, : X — R,, n € N, be a sequence of measurable
functions that converges m-a.e. to f : X — R™. If there exists a m-integrable function g : X — R,
such that f, < g m-a.e., then, f,, n € N, and f are m-integrable, and, for all S € ¥,

| am@ ) = 1l = Jim [ dmie) £
S S
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Proof. Since f,, < g and g is m-integrable, then, for all n € N, for all k € 2., and for all S € X,

Ldm”(z) ful2) < f dm* (=) g(2) < +o0

S

Therefore, f,, is m-integrable for all n € N and, by triangular inequality, f is integrable as well. [[13]
Theorem 6] allows to exchange the limit n — +oco with the integral, provided that the following
condition is fulfilled: for all S € ¥ and for all n € N,

I amte) @] < | [ ameera

In order to prove this inequality, we use the approximate identities {es}aer S A+:

([ am@a(@) (e0) = | dete(2) ol < [ ameez)g(2) = ([ ami2)0(2)) ea)

Hence, it follows that

[[ am) )], = tim( | amG@rsute)) eo) < tim( | dm(z)g2)) o) = || amez) o)

2.2.2 Integration of operator-valued functions

In order to develop a theory of integration for operator-valued functions, we follow the same steps
as for scalar functions, defining simple functions.

An operator valued function g : X — B is simple if there exist mutually disjoint measurable
sets {Sytnen € X, and {c, Jnen € B such that for all z € X,

N
= Z cjxs,;(2)
j=1

The integral w.r.t. m of the simple function g is therefore

JX = Z:: yel.

Let us remark that, being 2l a bilateral ideal of B, we could define as well the simple integral as

JX zg - ¢j) te'

From now on, we focus on the first choice, the other being perfectly analogous.

In general, it is not guaranteed that a measurable function f : X — B can be approximated by
a sequence of simple functions of the type introduced above. Luckily, for a function with separable
range, that is the case.

Proposition 2.2.7. [25] Proposition E.2] Let f : X — 9B be a measurable function. If f(X) is
separable, then there exists a sequence { f,,}nen Of simple functions such that, for all z € X,

Tim [[£(2) — fa(z)ll = 0.

and such that, for any n € N,

(2l < [1F(2)llss -
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Hence, for measurable functions with separable range we can give a definition of integrability
by using simple functions, following the idea of Definition |[2.2.1

Definition 2.2.8. A measurable function f : X — B with separable range is m—integrable if and
only there exists a sequence of simple functions {f,}nen approximating f according to Proposition

such that

U dm(2) fn(z)} c o (2.34)
X neN
is Cauchy in norm. The integral is then defined as
| am@ G =1l = g [ ) o) s, (2.35)
S n—+0o0 X

and it can be shown to be independent from the choice of the approximating simple functions.

For the rest of the section, if not specified otherwise, we will consider observables with separa-
ble range.

Continuing to follow the analogy with the scalar case, we now control the vector integrals by
scalar integrals, by means of norm measure. To do so, we first introduce the notion of absolute
integrability.

Definition 2.2.9 (Absolute integrability). A measurable function f : X — B is m-absolutely inte-
grable if and only if || f( )|l : X — R" is || m||-integrable. We will denote by L'(X;B;dm) the space
of m—absolutely integrable functions.

Proposition 2.2.10. Let f : X — B be a m-absolutely integrable function, then f is also m-integrable.
In addition, for all S € %,

|[ amz) 1), < |ty hr -

Proof. The proof is analogous to the proof of Proposition By Proposition there exists a
sequence of simple functions { f,,},en With non-decreasing norm approximating f pointwise in the
norm of B. For any n > m € N, f,, — f,, is a simple function, that we write as

(n,m)
In addition, observe that for any simple function g = Z;V: 1CiX5;5
N
lg()lles = D] lellas x5, (=) -
J=1
Using this fact we can write
N(nm)
| [ m@) () = )], = | 5 s ) <
s oy
B
N(nm)
31 mll sy 8| ™ g = f dlfml|(2) (£ = fn) ()l — 0,
j=1 s m—>00

where in the last limit we used the dominated convergence theorem, since |f,(z) — fin(2)|s <
2||f(2)|ss for any z € X, and the |m|—integrability of f. O
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Corollary 2.2.11. Any function with separable range f : X — B such that ||f(-)| g is ||m|-a.e.
uniformly bounded is m-integrable.

Finally, we are ready to state a dominated convergence theorem for operator-valued functions
with separable range.

Theorem 2.2.12 (Dominated Convergence - II). Let {f,}nen, fn : X — B for all n € N, be a
sequence of operator-valued functions that strongly converges m-a.e. to f : X — B. If there exists a
||m||-integrable function G : X — R™ such that m-a.e.

1fn(2)lls < G(2)

then, for any n € N, f,, f are m-absolutely integrable, and

fdmaﬂ@=uww—y%fdmah@»
S S

Proof. By dominated convergence theorem for scalar measures and functions it follows that the
| () s | f(+)|ls are all ||m||-integrable. By definition, it means that f,,, for any n € N, and f are
absolutely m—integrable, and so, by Proposition [2.2.10| also m-integrable. Now, for any S € X,
again by Proposition [2.2.10

[ ame = o)

o S J dfm{| () [(f = fn)(2)[]ss -

s
Hence the proof is reduced to the application of dominated convergence for ||m||, applied to the
sequence of scalar functions {||(f — fn)(- )|/ tnen- Since ||(f — fn) ()|l < 2||f(-)|» and we have
proved that the last one is |[m|—integrable, it follows that in the strong topology of 2',

JS dm(z) f(z) = lim | dm(z) fu(2) .

n—0o0 S

O]

2.2.3 Radon-Nikodym property and integration of functions with non-separable
range

State-valued measures are rather difficult to manage in their general form. However, if 2’ is sep-
arable, it is possible to write them in a form that is very convenient for concrete applications.
Thanks to a result of Dunford and Pettis (see [33, Theorem 2.1.1]) the so-called Radon-Nykodym
property holds and therefore it is possible to separate the measure in a scalar measure and an inte-
grable, state-valued function. Such decomposition allows to construct a good theory of integration
for operator-valued observables with non-separable range, enlarging thus the class of integrable
functions.

The aforementioned result assure that, given a vectorial measure m absolutely continuous w.r.t.
a scalar measure m, then there exists the Radon-Nykodym derivative g—g. In our case we consider
as scalar measure m = |m| the norm measure, and obtain the correspondence

d
MXA)5m (\m], WEH( : )) e M (X;RY) x L (X2, ;d|m]). (2.36)
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It is however convenient that the 21'—valued function are uniformly normalized w.r.t. the variable
in X. Therefore, we include the norm of the Radon-Nykodym derivative in the scalar measure and
we denote by u the new measure:

) = dm ()| ()

(2.37)
dfjm

Q[/

Theorem 2.2.13. If 2 is separable, then, for every state-valued measure m, there exists a scalar
measure p € 4 (X;R") and a function v, : X — 2/, that is p-Bochner-integrable, such that,
uniformly in z € X

(=) e = 1, (2.38)

and such that, for all S € %,
m($) = | an(z)m(2).

Therefore, there is a natural way to define integrability in the case of spaces with the Radon-
Nykodym property: the integration is of Bochner-type and with respect to a scalar measure. We
recall below the action on elements of 2:

< L dm(2) f<z>) (%) = L d(2) () (f(2)R),  Ke, (2.39)

and with the Definition below we relate the integrability of functions with separable range, w.r.t.
state-valued measures, with the Bochner theory of integration.

Definition 2.2.14. Let us consider a state-valued measure m € . (X;2') with 2" separable and
decomposition m = (v, p), and let f : X — B be a measurable function. Then f is m—integrable if
and only if ym(-)f(-) € A is p—Bochner integrable, and for any S € %,

J dm(2) f(2) = J (=) ym(2) () € 2. (2.40)
S S

It is easy to see that, in the case of function f with separable range, the Definition is
equivalent to the Definition[2.2.8]a la Bartle simply applying the definitions and the decomposition.
Furthermore, since ||m||-Bochner-integrability is equivalent to m-absolute integrability, it follows
that if (" is separable then m-integrability is equivalent to m-absolute-integrability. Hence all the
results of Section [2.2] extend, if 2’ is separable, to functions with non-separable range; let us give
a useful explicit example.

Proposition 2.2.15. Let m € .#(X;'.) such that ' is separable. Then if U : X — B is such
that there exists C' > 0 such that for m—a.e. z € X, |U(2)|ls < C, then both U and U - U' are
m-integrable, and, for any S € ¥,

J U(z)dm(z) UT(2) = j dp(2) U(2) mm(2) UT(2) e A’ (2.41)
S S
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2.2.4 Push-forward of measures

Let us now define the push-forward of state-valued measures.

Definition 2.2.16. Let ® : X — Y, be a measurable function with (X,Y), (Y,Y¥') two measurable
spaces, and m € . (X ;2 ) a state-valued measure. Then the push-forward of m by the function ®
is defined, for every measurable set S € Y/, as

(®4m)(S) := m(d~19) (2.42)

The explicit action of a push-forward measure is the following: since for every characteristic
function xs(y)

[ a@sme) xst) = @smis) = mies) = |
Y

dm(2) xo-15(2) = f dm(z) xs5(®2)
X X

then, by density of simple functions, if f o ® € L'(X;C;dm),

f A(@fm)(2) f(2) = f dm(z) f(®z)
Y

X

If ' has the Radon-Nykodym property, we have the following action for the decomposition
associated to m:

f (@4 m)(2) f(2) = f (=) m(2) F(®2) (2.43)
Y X

that is, the push-forward does not act on the Radon-Nykodym derivative of the measure.

2.3 (Cylindrical state-valued measures

Let us extend the concept of state-valued measures to the so-called cylindrical state-valued mea-
sures. Cylindrical state-valued measures are the quasi-classical counterpart of a very general class
of microscopic states.

There are equivalent definitions for cylindrical state-valued measures, and here we adopt the
most suitable for our purposes (see [40, Appendix A]). We denote by .% (X)) the set of finite codi-
mensional, weakly closed, subspaces of X:

Z(X) := {E subspace of X |dim(X/FE) < +o0, Eis o(X,X’) — closed}.
It is possible to make the following decomposition

x= 1] x/E. (2.44)
EeZ(X)

Definition 2.3.1 (Cylindrical state-valued measures). We call m = {mg} ge 7 (x) a cylindrical state-
valued measur iff it is a projective system of state-valued measures on finite dimensional quotients
of X, that is:

e forany E € #(X), mg € #(X/E; A,) is a state-valued measure;
e defining the family of maps {pg r}rcpez(x)

per  X/F— X/E
[z]p — [z]E

then mg = PE.F jjmp

“whose set we denote by .Zcy1(X; 2, ).

45



In the case of 2/, = R, we find the usual definition for the scalar cylindrical measures.

Given a cylindrical state-valued measure, it is possible to define the Fourier transform of that
measure. Indeed, the function z — €219 js cylindrical (see Definition [5.3.3)), and bounded,
and therefore the following map is well defined:

M e (9; L1+ (L)) 3 m —> @(€) := J dm(z) 2% e 2 (L2). (2.45)
H

In the following Chapters it will be explained how this map uniquely characterize the associated
state-valued measure and how topologies of convergence for the Fourier transforms induce topol-
ogy on the state-valued measures.

An interesting question is when it is possible to obtain a concentration of cylindrical measures
as pure state-valued measures. In general, cylindrical measures on X are state-valued measures
in a bigger space X. We can construct this last space in the following way: consider E € .#(X)
and the space X /E. There is a canonical injection jz : X/E — X/E, where the latter is the Cech
compactiﬁcatio of X /E, and it induces another injection j = [ | Be#(x)JE of X into

x:= ] X/E (2.46)
Ee7(X)

which is a compact space thanks to Tychonoff theorem. If m € .Z,(X;2(,) is a cylindrical mea-
sure, we can define the push-forward measure

m:=jfme %Cyl(X;Ql;),

as the projective family m := {jpf mp}pec 7 (x), jeime € 4 (X/E;2 ). Akey result for the con-
centration of cylindrical measures is the following Prokhorov’s criterion for tightness of measures:

Lemma 2.3.2 (Prokhorov criterion). A cylindrical measure p € Me1(2;RT) concentrates as a
probability measure on Z if and only if, for any n > 0, there exists R, > 0 such that, for any finite
dimensional projector P on $),

p({ze Z: |Pzlg <Ry} =1—1. (2.47)

By [75]], m concentrates as a state-valued measure on X: m € . (X ;' ), and then every
cylindrical measure on a space can be viewed also as a state-valued measure on X. The problem
with this last space is that sometimes it is so “big” that it is not useful to express properties of
the measures. For example, cylindrical measures on X = L?(R?%) concentrates as state-valued
measures on X = L2(R?);., that is, the completion in weak topology of the L? space. It would be
so preferable to have a finer criterion for the concentration in a smaller space (that may or may not
coincide with X) that we will present in the next chapter for cylindrical measures that are cluster
points of net of semiclassical states.

Below we give a standard example of cylindrical state-valued measures: the Gaussian measure.
Heuristically speaking, one wants to give a good definition of the expression

dg(u) = “ 2 e~ " du” (2.48)

for some scalar product {-|-). In order to do that, we follow the construction outlined in [47,
Chap.3] and [63, Sec.3]: suppose that X = § is a complex Hilbert space with scalar product
(-] ). Let h > 0 be a positive operator on £ with compact resolvent. Then by spectral theorem

SIf V is a topological space, its Cech compactification, denoted by V, is a compact space containing V such that V' is
dense in V' and for every continuous function f : X — K, with K a Hausdorff compact space, there exists a continuous
extension f: X — K.
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it admits a basis of eigenvectors {u;};en S $ with relative eigenvalues {)\;};en such that every
element in the Hilbert space can be decomposed

u= Z (uj lwyg uj =: Z aju;. (2.49)
jeN jeN
If, for any s € R, we denote by
9 = g(h*?) = {u €9 : uld, == D Xlayl® < +oo} (2.50)
jeN

there is a unitary equivalence with the weighted ¢? space

(2(N;C) := {{Oéj}jeN : Z /\j-\ozj\z < —I—OO}. (2.51)

jeN

Trivially, $ = $(). Now, for any E € .Z($/E), $/E is finite dimensional, say dim¢($)/E) = n, and
so we can define the isometry

ig :C"— 9H/E
(1,...,ap) > u = Z U
7j=1
provided that $)/FE, as a subspaceﬁ of §, is generated by the eigenvectors {Uj}?zl. So we are

ready to define the weighted Gaussian (probability) measure as the push-forward measure, for
any S € Borel($)/E),

gy L [ _du teumpy _ 1 f dos-.don —y5p Al (959
ap’ (5) Zg Js (2m)" 75 izls (2m)m
with .
Zg :=J QU =culnl :f don o dom g dlesl? _ [TA (2.53)
$H/E )" n (27[')” j=1 J
so that we can express the measure in the following way
Mgy [ 1T (4, 0
gp (9) = ﬁ_lslj[ ( e 7 ) (2.54)
E * j=1

This defines a collection of positive scalar measures on the finite-dimensional quotient spaces.
To conclude that g = {gr}gez () is a cylindrical measure we have to prove the compatibility
condition: let F' < E, with E, F' € .#($)) and consider the map pg r : /F — $/E. The quotient
spaces are finite-dimensional, and without loss of generality we can consider (at most, applying a
permutation of the basis),

fj/l? = Span{ul,. . .,Um}
$H/F = Span{ui, ..., Upm, ..., up}

®Here we mean, recalling that

EeZ (%)

its image under the injection $/E — $.
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with m < n, and we have the following isometries

ip: C"— 9/F, ig: C"—>$9/E
(a1y...,a0) — [z]F, (a1y...,am) — [x]E
so that we can interpretip = ip |cm, and so iz ([z]g) = (a1,...,n,0,...,0) € C" Then, for any

S € Borel(9H/E),
pprtal(S) = - f ao ([ ) x5 (pr.rl2]F) =

n
doy...day _1y7 3 4.2
:H/\jfn(%r)”e 2 Zj=1 Al Xi;S(al,...,am,O,...,O)

where we used the fact that pg p[z|r = [z]g = ir(o1,...,an,0,...,0). Now, integrating in the
free n — m variables and having in mind that

n
_1sm Aevs |2 _ —
J Aot - .. dage™ 2 Zi=m+1 Ailogl® = (2m)" ™ H A; Y
o j=m+1

we have that

da doy, _1ym 3402
pE,FﬁG% H)\ f lﬁ 2 21 Mgl Xigls(ala"'vam) = GSEh)(S)-
J=1 "

Thus, g* { 9p } Ee7 () is a cylindrical measure.

Gaussian measures are a paradigmatic example of cylindrical measures that do not concentrate
as Radon measures on the phase space . The proof of this fact, that we recall below, is presented
in [63] (Sec. 3.1), using the Prokhorov criterion. Indeed, for any F € .#($)) and R > 0 we have,
by Markov inequality and for any p € R,

h 1 h
0 ({2 H/E : |2lgom = R) < =5 | o (2) |2[30p) =
R® Js/

1 n dOéj _lz?} Ajla |2 < 1—p 2
= =3 CnH ?)\j e 2 4j=1"1% Z)\k |04k| =

k=1

J
n n)\l—P b\ 1
:22(3W)n§ Hjlj_ _RZZAP\ Trs (h7P),
@m)" e [T A7

and the bound is uniform in the dimension of the quotient space. Therefore, if we assume that
Trg(h™P) < +o0, then Prokhorov criterion guarantees that g(*) concentrates on $(!~?) as a Radon
measure.

A relevant case is if we consider $ = L?(A), with A a bounded open subset of R?, and h =
—A + C, with C € R such that A > 0 and fixed boundary conditions. Then in this case Try2((—A +
C)7P) < +o for p > d/2, and so the weighted Gaussian measure concentrates as a Radon measure
on H1~P) = H'-P(A) a Sobolev space, with p > d/2. If the dimension is greater than one, we
have an example of a cylindrical measure that concentrates as a pure measure outside of the phase

space ).
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3 Semiclassical analysis of regular
states

In this chapter we develop the mathematical theory used to study interacting systems.

The aim is to characterize state-valued measures as cluster points, w.r.t. suitable topologies, of
a class of states for the microscopic systems satisfying hypotheses of uniform boundedness w.r.t. a
semiclassical paramter ¢.

We make use of semiclassical techniques applied to Quantum Field Theories (QFT) developed
in [6], [40] and references thereof contained. It is first convenient to consider abstract algebraic
models of bosonic QFTs, and then turn to concrete situations choosing the suitable representations.

Given a symplectic phase space (X', o), it is possible to define a C*-algebra 20.(X’, o) and
the regular states on the C*-algebra &.(X’,0), representing, respectively, the observables and
the states of the composite system. We will show that quasi-classical states and observables are
represented by measures and functions on the phase space.

The rest of the Chapter is organized as follows: in Section 3.1, we recall the construction of
the semiclassical theory given in [40]], and give a meaning to the limit

We — M. (3.1

In Sections and we extend the semiclassical analysis developed in [6] to state-valued
measures and operator-valued symbols.

3.1 Topologies of convergence for semiclassical states

Bosonic QFTs that encode the canonical commutation relations are defined starting from a real
symplectic space, that is, a vector space V' endowed with a bilinear, non-degenerate, alternate form
o on V, called the symplectic form. The couple (Vo) is the phase space of the system and the
space of classical fields and the phase space have to be in duality: a natural choice is to consider the
space of classical fields as the algebraic dual of V' endowed with the weak-* topology, as V{f = X,
where X is a topological vector space, and so V = (V{)’ = X' the continuous dual of X. An
example of such space X is given by the cotangent bundle of a reflexive, locally convex space X
(so-called space of configurations):

X =T*S>~yaY,

The previous identifications also highlight the nature of the phase space X’: as we can see, X’
carries the structure of the space of Hamiltonian coordinates, while X that of Lagrangian coordi-
nates, and, in infinite dimension, they are not in general equivalent. The aforementioned choice
is suitable due to the cylindrical measures setting, that will require spaces in compatible duality:
thanks to the reflexivity of the space ¥, it is assured that X' — X" ~ X (see [40] for further
details).
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Consider now the Heisenberg group H(X’, o) associated to (X', o), that is, the space X’ x R
endowed with the group operation

(&t) - (ms) = (E+n t+s—a(mn)).
It is possible to define a family of C = —algebraic representations indexed by a parameter £ > 0:
H(X' o) — #.(X',0)
(&) — " WL(€)
where W, (&) are the Weyl operators satisfying, for every £,n € X',

W.(§) # 0, (3.2)
Wi(€) = We(-9), (3.3)
W-(&)We(n) = e =" EDW_ (¢ + 1), (3.4)

and the last formula expresses the bosonic canonical commutation relation AW(X o)} eso S
called a deformation of Weyl C*-algebras, where every #.(X', o) is the smallest C*-algebra, w.r.t.
inclusion, containing the set {W.(¢),¢ € X'}. #.(X',o0) is unique up to x—isomorphism, once
(X', 0) is fixed. In addition, for every e, W.(£) = W, (1/2¢).

The semiclassical parameter ¢ > 0 that has been introduced gives the “degree” of non commu-
tativity of the quantum observables.

We are interested in systems composed by a quantum field, that is approximated by its classical
counterpart in the limit of ¢ — 0, and a subsystem that does not behave semiclassically. To describe
this further e-independent degree of freedom we consider the deformation given by the tensor
product? of the algebra generated by Weyl operators with another non-semiclassically behaved
C*—algebra 2:

{wE(X/’ U)}EZO = {Ql® %(le U)}EZUa

that from now on we will refer to as the algebra of observables of our system.

States of the system are linear, continuous, positive functionals over the algebra of observables:
we € (W(X',0)),.. To every state we can associate its generating map, and this object allows to
define the notion of regularity for states.

Definition 3.1.1 (Generating map). Given a state w. € (2.(X’,0)),, then the associated generat-
ing map is the function G,,, : X' — U, whose action on a € 2 is

Gu. (§)(a) = w:(a @ Wc(E) ).

Definition 3.1.2 (Regular states). A state w, € (2W.(X',0)), is regular iff, for any £ € X', the
action

R— A
t— Gws(tf)

is continuous when 2’ is endowed with the o(2l',2()-topology. The set of regular states on the algebra
of X’ will be denoted by S.(X', o).

!We can see that, if ¢ = 0, the definition identifies a commutative Weyl C*-algebra #4(X’, o) that is the algebra of
almost-periodic functions.

2We could choose different norms for the tensor product of C*-algebra. However, it is convenient to consider the
so-called maximal norm: for A € 2A; @ Az

| Al max = sup{||A|~ : | - ||y C*-seminorm on 2A; ® As}.
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Regular states are uniquely defined by their generating functional. Therefore, regular states
behave as non-commutative measures, as the next result shows.

Theorem 3.1.3 (Non-commutative Bochner Theorem). There exists a bijection between the set of
regular quantum states S.(X', o) with partial trace a. = w.(- ® 1) € A/, and the set of functions G.
between X' and ' (dual in weak*-topology) such that

e G.(0) = ag;
e G. | is continuous in o (', ) topology for every finite dimensional subspace R < X';
e (. is of almost positive type:

n
Y =& G — &) (afay) = 0,
J.k=1

for every {aj}] 1S, {{7}] P&
and the bijection is given by the generating map: w. — G: := G,,_.

That is, a function in ()X is the generating map of a regular state if and only if it is ul-
traweakly continuous when restricted to finite dimensional subspaces and it is of almost positive

type.
We are now ready to give a characterization of the states, that we will call semiclassical. First
of all, let us consider families of states whose index varies in the bounded interval (0, 1).

Definition 3.1.4. A net {we}.(0,1) Is a family of semiclassical states if
o w. € 6(X' 0), e, each w. is a regular state;
® SUP.c(g,1) |wellaw, < +00, where | - |lan, is the norm of C*-algebraic states.
The next step is to define suitable topologies for which we have convergence of semiclassical

states to cylindrical state-valued measures. First of all, let us denote by .#(X) the set of finite
codimensional, weakly closed, subspaces of X:

F(X) := {E subspace of X |dim(X/F) < +o0, Eis o(X,X’) — closed}.

If we denote by .7 (X)° the set of polars of the spaces belonging to .% (X), it is in bijection with
the set of the finite dimensional subspaces of X":

F(X) — AL {® < X'| ® finite dimensional subspace of X'}.

Therefore, we have the following decompositions

X= P X/E, X = P E°,

Ee7(X) EeZ(X)

that allows to use the familiar tools of finite dimensional semiclassical analysis.
Consider now the disjoint union of sets

S(X, X\ ) = Mep(X; U )1 | | S
e€(0,1)

We can endow it with two topologies.
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e Topology ‘B:
65(X/7U) S We i’ me %cyl(X; Ql/—i—)

E—>

iff, for every F € #(X),ae 4, and f e CP(X/E),

we(a®@Op5(f)) = e dmf(z) f(z)

with dm%(z) = dmg(z)(a), mg € A(X/E;2 ), and the standard Weyl quantization
Onip() = | de &) Wtare)

e Topology X:
Gs(X/v U) S We i’ me %cyl(X; Ql/—i—)

iff, for every £ € X/,
G (6) = m(¢)

e—0
in weak*-topology, that is,

we(a@W.(§)) — m(§), for every a € .

e—0

Topology B is physically significant, since it describes convergence of expectations for cylindri-
cal smooth symbols, the second is more useful to identify the measures that are cluster points of
the semiclassical net, thanks to the classic Bochner’s Theorem.

Theorem 3.1.5 (Commutative Bochner Theorem). There exists a bijection between the set of cylin-
drical state-valued measures .#.,1(X;2, ) and the set of functions G between X' and 2’ such that

e G | is continuous in o (', 2A) topology for every finite dimensional vector subspace R < X';

e G is of positive type:

n

D G(& - &)(ajay) =0,

k=1
for every {a;}i_y < 2, (&)1, € X,
and the bijection is given by the generating map: m — G := m.

That is, a function in ()X’ is the Fourier transform of a cylindrical state-valued measure if
and only if it is ultraweakly continuous when restricted to finite dimensional subspaces and it is of
positive type. To summarize,

Functions of 111 Generating maps of
—
almost positive type regular states
£—>Ol l€—>0
Functions of 11 Fourier transform of
—
positive type cyl. state-val. measures
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Unfortunately, the topologies 3 and ¥ are not comparable. Nonetheless (see [40, Theorem
5.1]), semiclassical states always admit a cylindrical measure as ‘3—cluster point, and the conver-
gence in the joint topologyﬁ‘ﬁ v T, provided that the following no-loss of mass condition holds: for
every family of mollifiers {¢,,}men S CF(X/E), with E € .#(X), and every £ € X',a € 2, the
following statements are equivalent

(i73) lim liné We,, <a® (Opi’h(g@m *1) — 1)) =0;

m—+0 ke

(iv) lim limwe, (a@ (Opi’b(cpm « ey —w, (§)>> = 0.

m—+0 keB

Theorem 3.1.6. [40, Theorem 5.1] Let us consider a net of semiclassical states {we }ce(0,1) S S(X', 7).
Then there exist a subnet {we,, }nepc(0,1) and a ¢ylindrical state-valued measure m € M1 (X; A, ) such
that
W, 2 m. (3.5)
neB
Furthermore, if the net satisfies the no-loss of mass condition, then
e, 2 m. (3.6)

Since the convergence in joint topology is the most convenient to study semiclassical
states, from now on it will be denoted simply by

We,, — M.

We remark that the uniqueness of the limit measure is guaranteed only once the subsequence has
been fixed: changing the chosen subsequence other measures can be reached as cluster points.

It is possible to extend the previous convergence also to complex states. We denote the space of
complex states with their decomposition in positive elements that are regular states by &(X’, o)c :

et = o+ =
We = wR,a wR,a + (wl,e st),

S (X' 0)c =4 we € (W(X',0)) 3.7)

+ - + - '
TR TRer Pl Tre € S (X', 0)

and call them complex regular states.

Corollary 3.1.7. Let {w:}.c0,1) S &(X',0)c be a net of complex regular states uniformly bounded
w.r:t. € and such that every element of their decomposition in positive elements satisfy the no-loss of
mass condition. Then, there exist a subnet {w., },ep and a cylindrical (complex) state-valued measure
e 4 (X;A) such that

w,, — W, |wwe,, | — |to] (3.8)

with the first convergence holding in ‘3 v ¥ topology for every positive term of the decomposition.

®It is the coarsest topology which is finer than both 9§ and .
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Proof. By definition, for every complex regular state w. € S.(X’, o)c there exists a unique decom-
position in positive operators

ot = S+ -
We = wR,E wR,s + (wl,s wl,s)

wl—;,s’ w;’b,s’ w;_,s’ wl_,s € 6€<X/7 U)
and from this it is possible to define the modulus of the complex state as
@l = Dhe + T + T+ D (3.9

Since wy, . < |w.| we have

|oh iz < l@elln <C (3.10)

uniformly in ¢, and the same for any term of the decomposition. Therefore, by Theorem (3.1.6}

WRe, ~ Wgs WRe, ~ Wgs
+ + — —
Wie, W07, Wre, W07
Then, by linearity, also we have
|wwe,, | — |to]. (3.11)

3.1.1 Quasi-classical analysis in the Fock representation

In this section we restrict to the important Fock representation. We start by recasting the standard
results of semiclassical analysis in a form suitable for QFT, and then discuss the infinite dimensional
Fock representation.

Finite dimensional quasi-classical analysis

Let us consider X' to be finite dimensional. Since X’ has a symplectc structure, dim(X’) = 2d, for
some d € N, and thus X’ ~ X ~ R?¢, For convenience, we choose the standard symplectic form on
R24:
o((g:p): (d,0)) =a-v' —p-d,  ad,p,p R
By Stone-Von Neumann Theorem, every irreducible unitary representation of #(R%, o) is equiva-
lent to the Schrodinger representation
ms He(R*, o) — U(L*(R%; dz))
Wg(q, p) N WS(WE(CL p)) — 6—i2¢-qe—i€p'Vm 62'661'?7

Also, let us consider, for the sake of clarity, the case 20 = C. Therefore,
W.(R*, o) = #e(R*,0),  {wleeon) € (Fe(R*,0))% (3.12)

Every family of regular states is normalF_f] when restricted to a finite dimensional subspace of X’
(see [19, Section 5.2.3]), but since X is finite dimensional, {w}.¢(o,1) are automatically normal.
Then, there exists a family of density matrices {p. }.c(0,1) S £1(L?)+ such that

we(A) = Trz(pems(A:)),  for every A. € #.(R*, o).

“By normal we mean that the states can be represented as trace-class operators w.r.t. a fixed representation, in this
case Schrodinger representation.
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By spectral theorem, in addition, there exist {w }JGN c L?(R%) and {N E)}JGN < (0,1], % )\(a
such that 1 ©
(3 3 3
Pe = ZN )\j % ><¢j
JE

Then the analysis of semiclassical convergence can be restricted, thanks to the linearity of the
trace, to families of vectors {tc}.c(0,1) S L%(R%).

If we consider normalized vectors, then they are trivially a semiclassical net. By Theorem (3.1.6}
there exists a subsequence {t., },en and a cylindrical measure m € .Z,1(R**;R;) = .#(R**;R.)

such that v, _® m, that is,
n—-+aoo

We,, (Opi72(f)) = <¢6n

m5(0py),(f) wen> el I dm(q,p) f (g, p), (3.13)

for every f € C°(R??), where

ms(Op (1) = | dedn F&.mms(W.(2n(6.m).

This is a standard result of semiclassical theory in finite dimension, that can be found, for example,
in [[79, Theorem 5.2].

Infinite dimensional quasi-classical analysis: Fock representation

Let us consider X = §) =~ X' a separable real Hilbert space, for examplﬁ (LE(RY), Re - | - )y)
with symplectic form o(-,-) = Sm{- | -),. We choose as further non—sem1c1a551cal degrees of

freedom the C*-algebra
A = L (LP(RM)),

for some N e N,, so that A’ = .7, (L?(R?)). In this case
W, (9,0) = Lo (L*(R™)) @ #2(9,0),

and among all the infinitely inequivalent possible choices, we represent the Weyl algebra by the
symmetric Fock representation:

TF He(H,0) — UT5(H))
W) — p(We(£)) i= eilas(©+al ()
Therefore, # is represented by a set of bounded operators on . = L*(R¥) @ I'4(H):
7 W (H,0) > L(H)
KEQW(E) — k® ei(as(ﬁ)-i-al(f))‘

Consider a family of normal states {w:}.c1) S (W:($,0)),, for the whole system, so that they
can be represented as density matrices:

we (k@ W(E)) = Trop(p: k@ mrp(We(£))) (3.14)

where {p:}.c0,1) S 1,4+ () are normalized in trace norm: |p.|g = 1 for every € € (0, 1). Then,
it is a semiclassical family and Theorem holds: there exists a subsequence {p., }nen, that
converges in 3 topology, to a cylindrical state-valued measure m € .#.y1($; % + (L2(RY))):

Troe(peun @ mr(OP (D)) T | dw(@) fo(a) (3.15)

*Where by L% we intend the space L? as a real Hilbert space, with scalar product Re (- |- ), .
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for every [ € C§n(®), that is, such that, for every E' € F (), there exists fr € Ci°(H/E),

f(@) = fe([*]E), with m%(-) = Trp2gavy(me(-)a) € #(H/E;RT), and

(005 () = j A F(€) mp(We(2m0)).

o

We would like to have the convergence in the joint topology ¥ v €. In order to do that, a
uniform control of the number operator is sufficient. In addition, the corresponding cluster points
aer Radon measures.

Proposition 3.1.8. Let {p:}.c(0,1) S £1,+ () be a net of normalized states such that there exist a
d > 0 and a constant Cs € (0, 4+0) such that

sup Tr e (pe (AT2(1) +1)°) < Cs. (3.16)
ee(0,1)

Then, if p., ®me M (X5, ), for the net of states the no-loss of mass condition holds, that is,

pe 25 . (3.17)

Proof. Denoting by G, (&) := p,We, (§) the generating map of p., in Fock representation, with
action on any k € L (L?) :

Gop., (§)(K) = Trp(pe, s @ Tp(We, (£))). (3.18)

Since |G, (§)|.# < 1for any £ € §), we can use Banach-Alaoglu theorem and obtain that there
exists a subsequence {e,, } jen and a trace-class operator G € .#1(L?) such that |G(£)|# < 1 and

Gp.,, (6) 25 G(©), (3.19)

Since G, is of almost positive type, applying the limit &,,, — 0, we obtain that G is of positive
type. For k € % (L?) and &,7 € I, the last being a bounded set in §), we have, by hypothesis and

Corollary

|G (§) (k) = Gp.(M)(K)] = |Trp(pe k@ (We(E) — We(n))| <
< CuTrop(pe (1 +dle(1))) x
x (1 + dLo (1)) "2 (W(€) — We(n)) (1 + dTo(1)) 72| & <
S Crs (L+Ele) € —mls < C

that is, Gpgn] is weak-* continuous, uniformly in ¢, on every bounded set of §. Thus, we can
apply the limit to the previous inequality and obtain that GG is a weak-* continuous map on every
bounded set of §), that can be extended uniquely to a weak-* continuous map on the whole §, still
denoted by G. By commutative Bochner theorem (Theorem (3 we have that G is the Fourier
transform of a cylindrical state-valued measure n € .Z,1($; ,,2”17+(L2)).

G(&) = n(8). (3.20)
By uniqueness of the limit in %3 v ¥ topology, we obtain that n = m. The same reasoning holds for
PBvET

any convergent subsequence, and therefore p., —— m.
O

The same can be proved for complex states, this time requiring a symmetric control on the
power of the expectation of the number operator.
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Corollary 3.1.9. Let {0:}.c(0,1) S Z1 () be a net of normalized complex states such that there exists
a 0 > 0 and a constant Cjs € (0, +o0) such that

sup | (14 dle(1))%20.(1 4 dl.(1))%?] ¢ < Cs. (3.21)
ee(0,1)

Then, if o, e Mey1($5;2,), the net of states converge in the joint topology:

o 25 . (3.22)

n

Proof. By Corollary we have only to prove the no-loss of mass condition for every term of the
decomposition. Consider the decomposition of o

0. = O'ES —op.t i(a}ia - 01_75). (3.23)
Let us prove it, without loss of generality, for O-E,E :
T (o, (1 AD(1)P) = (1 +dTe(2) 20 (1 -+ dT-(1)72) 4 <
< (1 +dTe(1))%0.(1 + dT(1))Y?| & < Cs.

The proof is concluded by Proposition|3.1.8} a proper subsequence extraction for every part of the
decomposition and the uniqueness of the limit in the joint topology. O

So we have proved that, for semiclassical states satisfying assumption (3.16]), we also have the
convergence in topology T: for every ¢ € $ and k € % (L?(R¥Y))

e (O)(K) = Tror (pe, k @ T (Wey () — Trpauon) (W @M(E) = W°(6). (324

Let us now show that the uniform control also implies that the cluster points are Radon mea-
sures. We follow closely [6}[39].

Theorem 3.1.10. [39, Theorem 3.3] Let {pc}ce(0,1) S “£1,+ () be normalized, such that p., — m €
Meg)($9; L1+ (L?)). If there exist a § > 0 and Cs € (0, +00) such that

sup Tr e (pedl(w)?) < Cs, (3.25)
ee(0,1)

then the cylindrical measure m is concentrated as a state-valued measure m € . (9,,; % +(L?)).
There w is a multiplication operator on $) by a positive function, and $),, is the following weighted
Lebesgue space:

9, = L2(RY w(k)dk), if 9 = L*(R%; dk);
o = L2(R%: w(k)dk) @ C41, if 9 = L*(R% dk) ® C41.

Furthermore, the following bound holds:

| an 1213 < o (3.26)

w

In particular, let us consider the following explicit examples:
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1. If w = 1, we have the already mentioned bound by means of the number operator

sup Trp(p.dl.(1)°) < Cj, (3.27)
ee(0,1)

and the measure concentrates on itself. In addition, the moments up to the power 2§ are
bounded:

L du(2) 2% < Cs. (3.28)

2. In the case w > m > 0, we have the inclusion
Hu S 9H, mdle(1) < dl'e(w) (3.29)
and the measure thus concentrates on a subspace of §).

3. If w(k) = |k|, there is no inclusion of § in $),, or vice-versa. In fact, the measure m concen-
trates on §);| = L*(R%; |k|dk) and

DN Dy # 9, N N H # 2. (3.30)

3.1.2 Concrete examples of quasi-classical states

In this section we want to apply the theory of quasi-classical convergence to some examples of
states, obtaining interesting state-valued measures in the limit.
We restrict our attention to density matrices on the Hilbert space .# = L?(R¥N) @ I'y($):

pe € L4 (). (3.31)

Product states. These states describe physical composite systems that are unentangled, and thus
they reduce to the semiclassical theory for the field’s degrees of freedom (see [6} 7,8, 9} [10,

26, [27]). More precisely,
pe =@V )WYV, (3.32)

where ¢ € L2(R™V), . e I'y($), both normalized. Suppose furthermore that ¥, satisfies

(W |dT(1)°[W.) < Cs (3.33)

for § > 0 and Cs € (0+, ). By Proposition there exists a subsequence {¢,},en such
that p., — m e . ($9; % +(L?)). We want to characterize m explicitly. There exists a positive,
scalar, probability measure i € .#($;R™") such that e, — 1, along {e,, }ren by the scalar
theory (see [6, Theorem 6.13]). Therefore we obtain

Trjf(pc‘:nk K ® ank (5)) = <\Ijenk

We, (e, ) @1y o | dp(2) #E12 w sy,

k—+00

for any x € % (L?) and ¢ € §, that is

v, )(vor., | — ul)wl. (3.34)

By uniqueness of weak-* limit and since compact operators separate points of the space of
trace-class operators, necessarily m = pu|¢)<{1|. So the convergence holds true over the
whole subsequence {¢,, },eN-
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Coherent states. These product states play a very important role, and thus we mention them
explicitly. Coherent states have minimal uncertainty, and this property is reflected in the
limit by their convergence to deterministic classical states, that is, measures concentrated in
a single point. Indeed, consider

pe = [P ®@E:(n)) (¥ ®E:(n)] (3.35)

with ¢ € L?(R™) normalized and
= () = n
Ze(n) = We (M)Q nEN, (3.36)

where 2 = (1,0,0,...) € I's(9) is the Fock vacuum. By construction, Z. are normalized and
satisfy the no-loss of mass condition:

Ec()|dT=(2) [E<(n)) = [n]5- (3.37)

Since they are product states, the limit measure is m = p|){|. Let us prove that p is
supported in one point. An explicit computation yields

B W2 (n)) = <Q ‘WE (1) waigywe (1) Q> _

c <Q’WE (zs) We (§+is>9>
_ 6—1’0(5,—1'77)6—1'0(2'77,6-&-%) <Q |W€(€)Q> _

_ 2iRe(E |y —i§lEIE _ j2iede|n) _ f 46, (=) €2ReCE 1),
H

e—0

where we used the Weyl relations, o(&,n) = Sm & |n), and (Q|W.(£)Q?) = ¢ 15l€15 | which
implies

pe = Oy [9) (¥l (3.38)

Statistical mixture of product states. Let us consider statistical mixtures of the form

Y ‘W’) ®\p£j)><¢(ﬂ') @wY)|, (3.39)
jeN

where
e \jef0,1]forany jeNand > ;.\ Aj = 1;
o yU) e L2(R¥) and UY) € T,($)) are both normalized for any j € N, and U satisfy

<\p£j)

uniformly in ¢ and j for some 6 > 0 and Cjs € (0, +0).

dr.(1)° ‘\pgj)> <G (3.40)

There exists a subsequence {¢,, }nen, €n — 0, such that, for any j € N, we have wéf? — ,u(j).
Therefore,

, (3.41)

% by ‘@Z}(j)@\yg}><¢(j) U — ZN A D) ’¢<j>><¢(j)
JE je

where the latter is a state-valued measure convex combination of projectors on particles
space coupled with the limit scalar measures.
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3.2 Convergence for scalar symbols

Using quasi-classical analysis for states developed in Section (3.1}, it is possible to study the quasi-
classical behaviour of observables as well. From now on we focus on the space

A = L2R™)Q@T,($)

where the first factor is the Hilbert space of N particles moving in R, that do not behave semi-
classically, and the second factor is the Fock space associated to the boson field, with §) a separable
Hilbert space.

We study a net of semiclassical, positive states of the system with norm uniformly equal to 1:
{pc}eco1) € A+ (), with |p| ¢ = 1 for every € € (0,1). By Theorem all the correspond-
ing Wigner meausures are cylindrical state-valued measure on the one-boson space

m € Mo (9; L+ (L2 (RP))).

If m is a true measure, since .%;(L?(R%Y)) has the Radon-Nikodym property (see Chapter , by
Theorem [2.2.13|it can be decomposed in:

e A scalar probability measure p € . ($;R™), with

deH( ); (3.42)

'dlm

e A function of density matrices on the particle space v € L*(9); £ 4+ (5); dp), with |y (2)]. =
1 for p—a.e. z € 9.

Thus we can write, for any S € Borel($)) and f : $§ — Z(L?*(R¥Y))

Ty ([ am(:)2)) = [ dne) Tpaguon) ()12

Theorem 3.2.1. Let {pc}.c0,1) S 41,+ () be normalized, and suppose that, for some § > 0, there
exists Cs € [1, +00) such that

sup Trup(p- (d2(1) + 1)) < Cs. (3.43)
ee(0,1)
Then, there exist a subsequence ¢, — 0 and a probability state-valued measure m := (ym, i) €

M (9; L1 +(L?)) such that p., — m, and, for every k € £y (L?),

1. The limit
it T (ps, Op§1(0) KO W, (€)) = | di2) Trga (m(2) 1) b(2) 2HE1,
n— f_)
holds true for all b € Up.gimpg <100 9p5((z)*°) (defined in Section ;
2. The limit

n— -+

lim Tr o (pe,, (D)5 5 ® W, (€)) = L%(z) Trp2 (ym(2) ) b(z) €212,

holds true for all b e Z,($) such that p + q < 20 (defined in Section [B.2).
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Furthermore, the map ) 5 z — HzH%Sl e Z(L?), with § < 4, is m-integrable and the following control
holds:

| [| an)rnted 1+ 1)

- [ a1 < (3.49)
2 )

Proof. By Theorem [3.1.10| and its remarks, m concentrates as a state-valued measure over the
space $: m € . (9; % +(L*(R™))). We will prove in order: (i) the convergence of quantum
expectations to classical ones testing with compact operators; (ii) the control over the integral of
the norm of z.

(i) Let us restrict to k € % +(L?) and to Wick quantized symbols. The extension to gen-
eral compact operators and other quantization procedures is straightforward. By Theo-
rem [3.1.6} there exists a subsequence ¢,, — 0 and a cylindrical state-valued measure m €
Mg (9; L1+ (L?)) such that p., — m. Recall that, in particular, this implies the weak-*
convergence of the generating map to the Fourier transform of the measure. Define now, for
every k € Lo +(L?),

pz, = Trp2(pe, k) € 21,4 (Ts(9)),
m"(-) = Trge(m(-) k) € My (R4,

then, by construction, we have that

sup Tir, ) (¢E(1 + dTe(1))%) < Colel (3.45)
ee(0,1

and, for every pf , m" is the unique associated Wigner measure (since the subsequence
is fixed): pf — m"~, for any k € %, 4 (L?). By [6, Corollary 6.14], and thanks to the
assumptions, we have that the convergence at the level of generating maps extends to the
convergence of expectations of operators to the relative classical expectations of symbols
w.r.t. scalar measures:

lim Trr, (o, ()WL, (€)) = J dm* (2) b(z) e2Re€12) (3.46)

n—+ao 9

As a byproduct, by [6, Theorem 6.2] we have also the following bound, for every x €
$@7+(L2) :

| am* @ (4 1218)° < Colll (347
b

(44) Let us consider now a non-decreasing sequence of approximate identities {1, }nen S L +(L?),
1, /' 1in strong topology in L?(R?"). Then, by the previous point we have

Tr,s < [ amee) 0+ 2137 1n) - [ amie) (1 + EIR)° < Gl < O
9 5]

In particular the following estimate holds, recalling that dm"(2) = du(2)Trz2(ym(2)1,) and
considering {|z].m }men as simple non-decreasing functions approximating the norm of z:

n—-+aoo

| autey @ 121200 = i [ amd (@) (4 21200 < G
k5] )
Applying the Fatou Lemma for the lim inf in m — +00 we obtain the desired control

| dutor 0+ 128 < s
)

and the p-integrability implies m integrability.
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If we make an additional assumption on the particle part of the state, it is possible to extend
the convergence to the test with bounded operators. This ensures that no mass is lost in the limit
due to the particle-field interaction. In order to extend the convergence, we need the following
preparatory Lemma introducing a new class of test operators composed by regularized compact
and bounded operators endowed with the spectral cut-off of a suitable self-adjoint operator.

Lemma 3.2.2. Let T be a densely defined, self-adjoint operator on a Hilbert space %, and denote by
1,,(T) its spectral projector in the interval [—m, m],m € N. Then the sets of operators

K:i=Kr={km:=1n(T)k1n(T), k€ L+ (%), meN};
B:=Bp ={B, :=1,(T)B1,(T),Be £(%)+,me N}

separate points of £1(%) in weak-* and weak topology respectively.

Proof. Let us prove it for K, the proof for B being perfectly analogous. Let p € .Z; 4 (%) such that
for all x,,, € IC,

Tr e (p im) = 0.

By spectral theorem, we can decompose p = > ;.\ Aj[¥;){¥;, with A; € [0,1],>,cyA; = 1 and
{¥;}jen an orthonormal basis for 2. Then it follows, since it is a sum of positive terms, that for
all j e N,

Aj (sl o 59 5 = 0.
Suppose that there is at least one j for which )\; # 0, then we have that the second factor has to
be zero. Taking the limit m — oo for that factor we obtain that, for all xk € £, 1 (),

Wil k)4 = 0.

Hence 1; = 0 for that j-s such that \; # 0, and therefore p = 0. O

Corollary 3.2.3. Under the same assumptions of Theorem and if, furthermore, there exists a
densely defined, positive operator T > 0 on L?(R*V) such that

T~ is compact, sup Trp(p.T) < C,
66(0,1) (A/)
and sup Try (pe (dT<(1) + 1)®) < Cy,
ee(0,1)

and if p., — m, then, for any B € £ (L?(R¥Y)),

1. The limit

i T (ps, Op5(0) BOW., (€)) = | duz) Toza (=) B) b(e) 71,

n—-+ao0 9

holds true for all b € | p.gimpg<+00 SPn ((2)*);
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2. The limit

lim Ty (pe, (b)5 B@We, (€)) = J dpa(2) Trpz (ym(2) B) b(z) *7E12,
9

n——+0o0

holds true for all b € &7, () such that p + q < 20.

Furthermore, m concentrates as a probability measure:

Im()[.z L2 = 1. (3.48)

Remark 3.2.4. A natural choice for the operator T' is
T=-A+W, (3.49)

with a trapping W, which gives automatically compactness of its inverse.

Proof. Let us fix the sequence {e,},en such that p., — m. Let us denote by
pl = TVAp T4 (3.50)
which is a family of density matrices satisfying, thanks to the hypotheses, for any § > 0,

Tr e (pL (AT2(1) + 1)°) < Trope(p=(T + (dT<(1) + 1)%)) < C + Cos (3.51)

uniformly in e. Then, thanks to Theorems [3.1.6/and [3.1.10} there exists a subsequence {e,,; }jen
and a state-valued measure m” € .Z ($; .4 1 (L?)) such that

pl —mT, (3.52)

We want to identify m” by a standard argument: let us consider compact operators of the form
kT = T~ Y4T-1/4 then

J—+00 J—+®0
= Try2 (J dm(z)memm@<€z>> = Try2 <J T1/4me(z)T1/4/<;e2me<£|Z>>
) by

and so, since compact operators separate points of %}, necessarily m? = TV/4mT'/4. For any
other convergent subsequence {pg’n.}jeN to another measure ma), the same identification can be
J

portrayed, and so, as a consequence, we obtain the convergence over the whole sequence {¢;, },en:

T4, TY* — TV AmT /4, (3.53)
and by (3.51)) we have
Trye <J dm(z) (T + ”Z|%51L2)> < C + Cy. (3.54)
5

Now, let us consider B € .Z(L?), then T-V*BT-Y* € £, (L?), and so it holds true the following
convergence:

hm Tr}g) (p€n <b);):r/;i(:k B ® WEn (§)> = hm Trjf (pgn (b)XZiCk T71/4BT71/4 ® Wan (f)) =

n—+00 n—+00

= Tre < f dm” (z) T=VABT =4 b(2) e2i%e<§|2>> = Try2 (J dm(z) Bb(z) e2i%e<€|2>>
H 9
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that proves the convergence of symbols belonging to the class &7, p + ¢ < 20, testing with

bounded operators (the case of Weyl quantization being totally the same). To deal with the case
p + q = 20, we use the regularized class of test operators. Consider a sequence {B,}men S B,
By, =1,,(T)B1,,(T), such that s — lim,,,_, +» By, = B and, by functional calculus,

|T~Y4(B — B, T~ Y4 ——— 0. (3.55)

m——+00

We use the latter to estimate the following:

(T (pe ()% (B = B)) @ W (€)] < | TY4(1 + dr(1 >>  pe(1 -+ (1)) 5" T4 5 x
< [ T7V4(B = By) T4 (1 4+ dLo(1) 5 ()W (1 + L (1) 5] <
< C|T7Y4(B = BTV —— 0,

m——+ao0

uniformly in €. Therefore we can exchange the limits in ¢ and m, obtaining

n—-+0o0

Hm_ Trop(pe, ()Y B, @ W, (€)) = Trpe ( f dm(z) By, b(2) eme@l@) (3.56)
H

and conclude by the bound (3.54) and the Dominated Convergence Theorem.
Now, testing with the identity element we have the following limit:

n—+ao0

1= Tim Tep(pe, 1) = L d(2) Trps (1m(2) 112) = ()] (12)- (3.57)

O]

3.3 Convergence for operator-valued symbols

In order to study the interacting theories, it is necessary to study operator-valued symbols and
their quantization. If we consider a product state [y ® Vo) (¢ ® ¥.|, with ¢ ® ¥. € 7, the limit
of the expectation of creation and annihilation operator with x—dependent argument (z being the
variable in R?V for the particles) is known (see [26, 27]]). In this case, if ¥. — p e .#($;R. ) then

w0 -

du(z) O | 27 ¢> . (3.58)
Bs)

hm Tr;f(\w®q’s><¢®‘p | af

The variable x in the operators argument is treated as a parameter and is not involved in the limit
process. In the case of non-product state, however, the limit does not act separately on the particle
and field part. In this case, we expect a result of the following type:

lim T (- a () = f du(z) Trp (m(2) O | 7). (3.59)
e H

Clearly, here (), | z)* shall be considered an operator-valued symbol, i.e., it has the form
V:H— ZL(L*R¥M))
2= V(2) 1 — (V(2)9)(2).

Quasi-classical analysis for operator-valued symbols may be very complicated in general. For
our purposes, it is sufficient to consider polynomial symbols of the form

oP) _{Z*’H< ’)\9)>H<77k)’ > DY By 1_5} (3.60)
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and Wick quantizations are operators of the following type

p q
oP) = {H al AD) [ [ae(AP), (AP, (n}_, < fa} : (3.61)
k=1

7=1

The key idea is to approximate \, by simple functions A\ with separated variables. In this
way it is possible, by linearity, to quantize only the scalar product part and obtain “truncated”
creation/annihilation operators for which the limit of the expectation is already known by Theorem

B.2.1k

Tr(peaf (M) gy e fdm(z) Q2%

lM—»J,—oo lM-»-i-oo

Tr(pea? (As)) 2% Trg [dm(2) O, | 207

and closing the previous diagram proving the limit expressed by the dashed arrow.

Theorem 3.3.1. Let {p:}.c(,1) € Lo+ (L?) L1+ (H) be normalized such that there exists § > 1/2
and Cjs € [1, +0) such that

sup Trup(pe (dle(1) + 1)6) < Cs.
ee(0,1)

Then, if p., — m € M ($; L1+ (L?)), we have that, for A, (k) = x(k) X,,_, €', x € L*(R%; dk) and
every k € ZLop(L?), £ € §,

i, T (pey o, () KO W (©)) = | dn() Tris (sm(2) e 9 1) #5€12. 362

If assumption holds with 6 > 1/2, then the convergence is true when testing on bounded observ-
ables as well.

It is possible to generalize the previous Theorem to operator-valued polynomial symbols of any
degree, with suitable assumptions on the states.

Corollary 3.3.2. Let {pc}.c(0,1) € 1,+ () be normalized such that there exists § > p—;q for some
p,q € N, and Cs € [1, +0) such that

sup Trff(ﬂe (drs(l) + 1)6) < Cs.
e€(0,1)

Then, if p., — m € .#($; .2 (L?),), we have that, for any V € 6P9, with the \.—s and n.—s of the
same form as the in Theorem and every k € L (L?),£ € 9,

lim T (pgn (V)ggickK@)Wsn(g)) - f dpu(2) Trpz (Ym(2) V(2) k) 2612, (3.63)
n——+0o0 fJ

If assumption (A’) holds with § > 34, the previous convergence is extended to the test with bounded
operators.
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Proof of Corollary[3.3.2] We prove the result by induction. The cases (p,q) = (1,0) and (p,q) =
(0,1) are covered by Theorem Suppose the result holds true for generic (p — 1, ¢) € N2, and
denote by

0. = peal(AP)). (3.64)

xX
The state o, is complex, and satisfies the bound

s
2

[(1+dre(1)" 0o(1+dT(1)) 2 . < Coll (1 +dTe(1)"2af(AP)(1 + dT(1)) 2 |2 < C,

thanks to Lemma [B.2.1} therefore it converges, up to a subsequence extraction, to a complex
state-valued measure v € .Z($;.% (L?)). In addition, by Theorem it follows that dw(z) =

dm(z) <z )\;p ) > and the subsequence is exactly {¢,, },en. Furthermore, by Corollary(3.1.9|we know

that this implies also convergence for the parts in the decomposition in positive operators. Let us
consider the real positive part o, e ro . By the induction step at p — 1,

= Tre (L dro}(2) jj<z ’)\gj)>li[1 <77£k)’ z> meQi%e<z|§>> . (3.65)

Analogously, one deals with the other positive parts and obtains the result by linearity. To deal with
the case from (p,q — 1) to (p, q), let us observe that, thanks to canonical commutation relations

p q
[TalO) [T aen) = ac, (f) [ Tal(AF) Hag ) + eRP~1aD) (3.66)
j=1 k=1

p—1 q
; + i (9) k) _
lim Troy (aR,EnleaanW [ [ en @ - <£>) -

where R{E«p ~197Y s a sum of terms of degree (p — 1, ¢ — 1) uniformly bounded w.r.t. €. Therefore,
we can consider the complex state 7. = p. a. (53@), and proceed as above. O

The proof of Theorem [3.3.1|requires some preliminary steps.

Lemma 3.3.3. Consider \.(k) = x(k) Zj.vzl e*%i, with x € § := L*(R%;dk),z € R, Then, there
exists a sequence of Hilbert-valued simple functions {\ys,.}pen S L* (R §), whose explicit formula
is

A (k) = Z k)xB,(z (3.67)
such that

Proof. The function R*?V 5 z +— Zj\]: , €*%i is measurable and bounded, so it can be approximated,
uniformly in z, by a sequence of simple functions, with non-decreasing norm, of the form

i (k, ) Z k)xe, (@ (3.69)
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that is

N
li e — fr(k,x)| = 0;
P SSSap | 2y €1 = Sl ) = O
N
ess sup ess sup Z ihz; _ fu(k,x)| < 2C.
keRd  zeRIN |;—y
Defining A\ys . (k) := x(k) far(k, ), we have that
dk esssup| A (k) — Apra(k)]? < 2C||XH%2(R«1)- (3.70)

R4 reRIN

Therefore, by dominated convergence theorem

lim Ay —

. 2
s 2Ry S | lim dk esssup| Az (k) — Ap (k)" = 0.

M-+ Jrd zeRIN

Remark 3.3.4. The result of Lemma extends easily to the vector-valued arguments in polaron
and Pauli-Fierz interactions.

Corollary 3.3.5. Define the operator-valued symbols V € ¢(0V) Vi e ¢(1.0) in the following way:
V# 5 — L(LPR™M))
2 — A2, WV (2)9)(z) = Qe | )7 ()
Then, there exist sequences of simple operator-valued functions {Vi}yen < Z(L?) such that

lmy o0 [V#(2) — Vﬁ(Z)Hﬂg(Lz) = 0, for all z € $). Furthermore, the approximating sequences can
be chosen of the form

M
£ = Y el 2% xmy (@), (e}, € 9, (Bj}L, < Borel(s)). (3.71)

j=1

Proof. Let us prove it for V, the other case being analogous. Since V(z) is a multiplication operator,
its norm can be rewritten as

IV(2) = Var(2)l 2z2) = esssup[QAal) = Anra(-) |25 |, (3.72)

reRaN

where \j; is the approximation given by Lemma Maximizing over all the vectors with norm
coinciding with the one of z, we get

IV(2) = Var(2)ll z(r2) < esssup  sup  [(Aal) = Aol ) [mg [ < | (RIN9)
2eRIN nls =25
The r.h.s. converges to zero by Lemma (3.3.3 O
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Proof of Theorem[3.3.1] Let us prove the result for the annihilation operator, the other case being
analogous. We know that a.()\,) = (V) where V(z) = (), | 2). Then by Corollary- 3.3.5, there
exists a sequence of operators of multiplication by simple functions {Vis}men © LP(R¥Y;6),
defined in (3.71)), approximating V(z):

Mllgl-oo ||V(Z) — VM(Z)HX(LQ) = 0. (373)
In addition .
)ik — Z (¢j)xB, (3.74)
Therefore
nhr}rloo Tr,p (pe,, ae, (M) K @ We, (§)) = nEToo Mli)n_lwo(h (en, M) + Iz(gn, M)) (3.75)
where

Li(e, M) = Trp (p: (V)2 = (Van)2") 5 @ We(6)).
I(e, M) = Tesr (pe (Va2 5 @ We(6)).
Using the regularity assumptions on the state, and Lemma [B.2.1
[T1(e, M)| = [Tror (pe ac(As — Amre) K @ We(§) )] <
< sup Troe(pe (dle(1) + 1)1/2) X

€€(0,1)
X (dFe(1) + 1) ac(Ae = Ara)(dTe(L) + )7 20y 5] <
< Cs A — A,
and thus, by Lemma (3.3.3],
lim |I1(e, M)| =0, (3.76)
M—+0

uniformly in e. Hence, it is sufficient to prove the existence of the limit in ¢ of

Iy(e, M) = Trpe(p: (Var) V¥ 5 @ We(€)) =

M
= 3 T (e (s |2, (2) RO WL (€))

J=1

Since xp; k € L (L?) and {¢; | - ) € Z; for every j € N, we can apply Theorem 3.2.1}

n—+ao0

Jm Tre <pen Vi) k@ W, (€)> = lim Ir(en, M) =

= hm Z Tr e (Psn ({ej - >)Wld< (az) K@ We, (5)) -

ZJ dp(z) Trrz (Ym(2) X8, () k) {cj|2) p2iRe(€ | 2) _

O

Now, since
Va(2)lz < 2]s [ A Lo (Ran )

uniformly in M, and z — | z| g is a p—integrable function by Theorem|3.2.1], we can use Dominated
Convergence Theorem and conclude the proof. If holds, by Corollary we extend the
convergence to the test with bounded operators. O
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In order to study the polaron and Pauli-Fierz model, we need also to study the convergence of
gradient terms. This is done in the remaining part of this section.

Proposition 3.3.6. Let {p:}.c(0,1) S 41,4+ () be normalized, let T > 0 be a positive operator on
L2(R¥N) such that |V,|T~Y/2? € £(L*R?)) and suppose that, for some § > 1, there exists C} €
[1,+00) such that
s(up)nyf(pe (T + (dl'.(1) + 1)%)) < C4. (3.77)
ee(0,1
Then, if p., — m, we have, for every € K, £ € § and X. = ()\.(Z))gzl, with )\y)(k) = xO(k)e’* and
X\ e $, forany L e {1,...,d},

- - # )
lim T (pr, o, (%) V, r @ W) = | du(a)Trre (W) (af2) V) 2RO,
)

n—+ao

(3.78)
. 45 YN ) e2ivec 1o
lim Tro(pe, Vy - a (3) k@ Wa(€)) = | dpu(z) Trpe ym(z)vy.<xy]z> k) e .
n—+0o0 9

(3.79)

Proof. Let us denote by p{/) .= T/2p. T'/2, By assumption, it is a family of density matrices with

uniformly bounded trace-class norm and so, by Theorem (3.1.6} there exists a cylindrical state-
valued measure m(T) € #.,1(9; % (L?);) and a generalized subsequence {e,,, }keB S {€n}nen

such that pgz ¥, m. Let us show that also its generating map, tested on suitable compact

operators, converges. To do so, let us test convergence with elements « € K. Since p,, — m we
have that, for f € C.,($) and £ € 9,

0,cyl

: T En : 1/2 1/2 Eng
Jim Trp(pf) k@ Opys (f)) = lim Te(pe,, T'?RT2 @ O3 (f)) =

= Tr;» < L A(T?*mT"?)(2) k f(z)> :

lim G ) (&)(k) = lim Try(pe, T2 6T2@W., (€)=

k—+00  Peny, k—+0

| aue) Tora(oe) 7 22 291 — (rPmT2) €) ),
K))

where we used that 7'/2xT"/2 € £, (L?). Hence pgz — T'2mT"/? when testing with elements of
K. Since this last set separates points of . (L2) by Lemma 3.2.2]it follows that m(*) = 7"/2m7/2.
The same proof applies to any 8 v T convergent generalized subsequence {pgj }jen. Therefore,
the cluster point is unique, and thus

T2p, TV? - TV2m1!/2, (3.80)

As a byproduct of the previous convergence we also obtain the following bound:
Trpe (Jﬁ dm(z)T) < hgfélf Trp(pT) < C. (3.81)
Let us now prove (3.78): since x € K then Vyr € £ (L?) ® C%, and by the fact that p., — m

we can apply Theorem [3.3.1| and obtain the desired convergence. Let us verify that the limiting
expression is well defined:

L (=) Tepa (yn(2) O | 2) - Vi) eme@@\ < |Vl 2l 1o L du(2) |2l < Cs.
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Let us now consider (3.79). By Corollary ﬂ we know that there exists a sequence of sim-
ple approximating functions {ﬁM( )} MeNs VM <)\My‘ > By Lemma [B.2.1{ and Proposi-

tion and considering the expansion of p., in singular values {de }een, such that dé‘s) €
(0,1], X en déa) =1, and {\I/EE)}geN being the set of corresponding eigenfunctions:

T (o V- (26, (%)) = )%) k@ W2(6)| <

< 2 (9,0 (00, (Ry) = Gt w@ W, (€)W )| <
LeN
< CIX = Xarolloo Y5 A IV, T2 £ T 20D (1 + AT (1) V20| <
£LeN
< CIX = Kol 3 d™ <\1f§5”> (T + 1 +dr(1)) ‘q:gfn>> -
eN
— C|X = Xz oo Trop(pe, (T + 1+ dTe(1))) < C|X. = Moz oo (3.82)
where this time we denoted by | - [ := | - || (ran, 5®Cd) Therefore, we have convergence to

zero as M — +oo, uniformly w.r.t. ¢ by Lemma Let us denote by (yj)j 1L (Ay,j)?zl the
components of, respectively, y € R? and X. € LOO(Rd,fjd), and by V](\ﬁ[)( ) the components of the

simple functions approximating <Xy‘ z> Now it remains to study the convergence for

M

e (e, Oy, VSV K @ We, (€)) = Y. Tro(pe, 0, x5, ()5 ® ac, ()W, (€)). (3.83)
=1

We want to use convergence in topology 3 for expectations of cylindrical, compactly supported

symbols. However, the operator a., (cl(J ))Wen (£) is the quantization of a product of cylindrical, but
not compactly supported symbols. So we need an additional approximation: by finite-dimensional
pseudo-differential calculus, for every M € N, there exists a sequence of smooth, compactly sup-

ported cylindrical symbols { B L3%) }meN Cgoc ,($) whose elements, we simply denote by /3,,,, such
that, for every 6 > 1/2:

(1 + T (1) ™2 (ac (e YW(€) = (Bn) ¥ (1 + dTo(1) ™ 20, s < Clom(1) + 0-(1)) (3.84)
|(Ce” | 2 10 — B (2)) (213 + 1)°] = om(1). (3.85)

Therefore,

Tt (e 0y, X3, (0) B ® (e, ()W, (6) = (B) )| <
< G} 1Bllz |1+ dLe(1)) e, (e )W, () = (Bu) 5N+ dLe(1) ™2 1, sy <

< G5 | Bl z(om(1) + 0:(1)), (3.86)
and, thanks to the fact that TY/2p. T2 — TV/?mT'? in 9B topology and that 3,, € C; ey (9) for
every m € N, we obtain, denoting rp = T~20, yp, (z;)kT~? € L, (L?),

M
Jdim Y T (pe, 8y, x5, ()5 @ (B)2) = lim Z Te e (o) ki @ (Bn) 21K) =
=1 =1

M
- Z L dp(2)Trp2 (Ym(2) 0y, x B, () k) Bm(2).
=1
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Now we use, in order, (3.86) for the approximation with the trace of the quantized compactly
supported symbol, the previous limit in £ and a combination of (3.85) and a bound similar to
([3.82)), to obtain, by dominated convergence:

d M
nETOO Z:]_ IZ; Tr:;f(pan ayj a‘sn (Cl(]))XBl (y)"@ ® Wen (f)) =
j=1lli=

M

— N 3 ; Wick
=t 3T (pe B () ® (A))

M
=2memwmmmmwmmwﬁ
=1

Using the aforementioned bound, we apply again dominated convergence for M — +oo and
conclude the proof.

O
Concretely we use
T=—-A,+W, (3.87)
in the applications, and thus, as space of test operators,
K=Kr={km:=Ln(~0s + WKL (—Ay + Wy), k€ Ly 4 (L*), m e N}. (3.88)
Obviously, |V,|T~? € £(#), and the regularity requirement becomes
Trr(p-(—Ap + Wy + (dT(1) + 1)) < Cj, for § > 1. (3.89)
Hence, thanks to (3.81)), we have the bound
)
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4 Quasi-classical Limit:
Stationary Setting

We discuss now the analysis of the quasi-classical limit of the models introduced above, focusing
on their stationary properties. More precisely, in Section [4.1] and we prove the convergence
of the expectations of the microscopic Hamiltonian to the classical expectation of the effective
model introduced in Chapter[I] Furthermore, we prove that the microscopic ground state energy
of the Nelson model converges to the ground state energy of the associated quasi-classical model,
minimized over all the possible classical configurations of the field.

For reader convenience, we recall the explicit expressions of both the microscopic and effective
Hamiltonians. We stress that, in this Chapter only, we choose the factor . = 1 in order to put the
field and particle energies on the same ground.

Nelson model

{Hez_A$+W+dF5(w>+¢a()\$>v 4.1

H(z) = =Dz + W +2Re(z |\ ).

Polaror]

N
He= =Dy + W +dTe(1) + Y 6:(0a,),
j=1

4.2)

N
Hiz) = —Az + W+ Z 2Re <Z ‘9<796j > + [—ivxj,ng <Z ‘gﬂ?y‘ >] :
j=1

Pauli-Fierz model

N
He =Y (~iVa, — 6-(As,))* + W +dl.(w),
=1

j
N 4.3)

H(z) = Z (—z'vx]. — 2%e<z‘)\xj>)2 + W.

7j=1

4.1 Quasi-classical limit of the Hamiltonians

The first stationary feature we consider is the behaviour of the energy of the composite systems in
the quasi-classical limit. We prove that, once the degrees of freedom of the field are traced out,
the energy of the particle subsystem can be approximated in norm resolvent sense by the energy
of the particles under the action of an external classical potential.

'Here we denote improperly by H. the formal expression of the quadratic form.
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Consider a vector ¥, € I's($)) describing a product state of the total system. Setting
He = <\IJ8‘ H, ‘\I/8> - <\I’8| dre(w) |\I]a>7 (4.4)
the convergence results proved in Chapter [3|imply that, if U., — € .#($;R"), then,

H., ——— | du(2) H(z) (4.5)
n—-+00 9
in weak operator topology. In other words, the quadratic form of the energy of the particles
coupled to the quantum field converges to the form of the effective Hamiltonian averaged w.r.t.
the measure identifying the classical configurations of the field.
Due to technical issues concerning the convergence of expectations of bounded operators (in
this case the identity operator), the proof is restricted to product states. In this case, the expecta-
tion of the Hamiltonian reads

<¢}® \IIE| H. W}@ \Ij€> = <77Z}| — A+ W |77Z)> + <\Ij€| dFs(w) |\I’€> + <1l) ®\I"s| H; WJ@ ‘Ij€> (4.6)

and the free part Hj is unaffected by the limit.

As shown in [26, Theorems 2.2-3] and [27, Theorem 1.1], however, it is possible to prove that
the convergence of the Hamiltonian to the effective one is not only at the level of expectations,
but also in norm-resolvent sense. We report the results below: the set of assumptions chosen in
Chapter [1) would be enough, but we prefer to stick to the result proven in [26], [27] and then
we make different assumptions. If we had a mixed state, we should have used Corollary
for the convergence testing with the identity of the state (—A, + W, )"2p.(—A, + W,)¥?, but
the requirement for the convergence would have been a control over the square of the Laplacian,
which is a request physically non-well motivated, and that cannot be used in the following for the
convergence of ground state energies.

Theorem 4.1.1. Let {V.}.c(,1) S ['s($) be a family of normalized states satisfying
36 >0, 3C,Cs <400 (U |d[.(1)° |0 < Cs, (U |dTe(w)|T.) < C, 4.7
uniformly in ¢, and let V. — p € 4 ($ N H,; RT). Then, if additionally

W e LL.(R™;RT) + Kq,
w(k) =0, for a.e. ke RY,
and
A e L*(R% §), for the Nelson model;
g. = k|~ 7 ek, for the polaron;
e L”RERY® 2(w'?) n 9(w™V?)),  for the Pauli-Fierz model;
then, for any ¢ € (0, 1), the particle Hamiltonian H., defined as (4.4) is self-afdjoint on 2(H.), where
o 9(H.) = P(—A; + W) for the Nelson and Pauli-Fierz models;
o 7(H.) < 2(—A; + W) for the polaron.

Furthermore,
B —

He

e—0

Mo (1) = L | ) HL) (4.8)

where Hg(,,) is self-afdjoint on Z(Herr) = Z(H.) for the Nelson and the Pauli-Fierz models, and on
D(Herr) S 2(—A,+ W) for the polaron. Finally, both the microscopic and the effective Hamiltonian
are bounded from below.
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The following technical result plays an important role in the proof of the Theorem above

Lemma 4.1.2. There exists 6 > 0 such that

[(=20 + W + (23 + D) 72V() (=0 + W + (2[5 + 1)) 72 < G5 (4.9)

Proof. Let us consider each model separately:

Nelson model: V(z) is a bounded operator on L?(R%"), for any z € ), and satisfies the bound
VR < ClA-Jwlzls, (4.10)
so that (4.9) holds true with § > 1/2.

Polaron: Recalling the explicit expression for the effective potential
N
V(Z) = Z 2%6 <g£lfj,< |Z> + [_iv$j7 2%m <§x] | Z>]; (4-11)
j=1

and setting S5 = (—A; + W + (|z]2 + 1)°), we have
Hsgl/zwz)sg”zu <

<233 [5575, 20mCel ) 5+ 2 33 s e Gl ) 5577 <
j=1

—0
+ 2N g<Joo (215 + D2l < C,

j=1

S 2 215 12y a—1/2
<2 ) |85 (=0, + 41213 132,155 2

Jj=1

for § = 1.

Pauli-Fierz model: the expression for the effective potential

N

V(z) = Z (2@'sz - 2Re (2 | Ay, >ﬁ + (2Re (z| A, >53 )2>, (4.12)

j=1

and we get

552 v()8;1) <

N N

<2318V, 2Re Gz Py 85 D851 (2me (2 A, ) <
j=1 j=1
N

<2 3 |55 2 (=2, + 120310, 13)S5 72 + ANINIZ 12131+ 1213) 0 < €,
j=1

for § = 1.
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For product states, the limit measure is a scalar measure and the effective operators, which do
not actually depend on the field configurations, can be rewritten as

Het (1) = =Dy + W(z1,...,zn) + Vyu(2) (4.13)
with
Vu(z) = f du(z) V(z). (4.14)
HNHw

Therefore, Theorem |4.1.1] provides a first rigorous justification of the physical approximation of
quantized fields by the classical counterparts, i.e., suitable external potentials. Imposing stronger
conditions on the interaction parts of the microscopic Hamiltonians, we can deduce more informa-
tion on the effective potentials obtained in the limit.

Nelson model: if we set the form factor to be
N .
Ao(k) = A(k) Y e7®7 Xe L*(R% dk), (4.15)
j=1
then, the external potential reads

N -
Vala) = (2m) 2 Y. f du(z) 2Re (zX) (2;) (4.16)

j=1Y909w

where we denoted by ~ the inverse Fourier transform. Since by assumptions and Cauchy-
Schwarz inequality, 2\ is in L' (R%; dk), its inverse Fourier transform belongs to L (R%; dx;)
for any j. Then, by Riemann-Lebesgue lemma, V(z) vanishes for |z| — +o0 and is continu-
ous;

Polaron: the explicit expression yields

N
Vula) = 20" Y |

du(z) 2Re (]Mz) (z4) (4.17)
j=1Y9"9w

which is infinitesimally form-bounded w.r.t. —A, although not necessarily vanishing at infin-
ity;

Pauli-Fierz model: the effective potential is

V@) = |

du(z) < — iV, - 2Re <z ‘/\xj >ﬁ + (2§Re <z ’)\xj >Y) )2) (4.18)
j=1v90Hw

and one can thus reconstruct a magnetic Schrodinger operator, by completing the square:

N
Heﬁ::—AerWJer

du(z) <— iV, -23%e<z ‘)\m]. >f) + (2§Re<z ‘/\zj >5§ )2> =
=199

N
- Z < Ay, — iV, - n(2Re (2| Ay, )) + p(2Re (= | )\w].>)2> + W +V,(z) =

- i <_ iVa, + A,L(a:j))2 + W+ V,(z),
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where we denoted by

N

Vi(z) = )] <,u((28?€ (2| Aa;))?) — p(2Re (| )\m].>)2> (4.19)

7=1

the variance term w.r.t. the measure . that appears as a correction term and can be inter-
preted as an additional electric potential, while

Auly) = L | du)2Mece|ny) (4.20)

is the magnetic vector potential, which is continuous and vanishing at infinity. As discussed
before, the derivation of the effective Hamitlonian above justifies once more the approxima-
tion of the action fo the electromagnetic field by means of classical magnetic potentials. A
specific example in which the correction term is missing, is when p concentrates on a point,
i.e., it is a Dirac delta: the variance indeed vanishes and H.g becomes the usual magnetic
Schrodinger operator (see [26), [27] for further details).

The effective potentials V,, and A, generated in the quasi-classical limit are continuous and
vanishing at infinity (Nelson and Pauli-Fierz models) or infinitesimally small perturbations of the
kinetic energy (polaron). Such a regularity is due to the assumptions on the states, and, in partic-
ular, the uniform boundedness of the expectation of the number operator. If we drop such
an assumption, more singular potentials (like trapping potentials) can be obtained. For further
details, on how to derive harmonic potentials in the Nelson case or a uniform magnetic field from
the Pauli-Fierz model see again [26, [27].

4.2 Quasi-classical limit of the ground state energies

We study now the variational properties of the systems under consideration. More precisely, our

aim is to show that the ground state energy of the microscopic Nelson model is approximated by

the ground state energy of the corresponding effective model, minimized over all possible classical

configuration. To this purpose, it will be key the use of the machinery of state-valued measures.
If H is a self-adjoint Hamiltonian on Z(H), let us denote by

o(H):=info(H) = weig(f?{) (Pl H ) (4.21)
ll=1

the bottom of its spectrum. We also denote by K(z) the operator
K(z) :== H(z) + (z|w]z)g (4.22)

whose Wick quantization is the microscopic Hamiltonian H., i.e.,
H. = OpVick(K). (4.23)

The previous results suggest to introduce the effective operators
Kegr(m) := Try2 (J dm(z) /C(z)> = Hegr(m) + c(m), (4.24)
9

Hegr(m) := Tro <L dm(z) H(z)) . c(m):= L du(2) w223 (4.25)
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Theorem 4.2.1. Let H. be the Nelson Hamiltonian and let assumptions and be satisfied.
Then we have

lim o (H.) = inf . 26
Mol = o b 12,y et () (+-26)

where
Mo(Hu; &) i={me M (Hu; &) + c(m) < 00} (4.27)

is the space of measures concentrated on ), taking values on the positive functionals of the C* —algebra
&, with finite second moment.

The result follows from the following Proposition, which exploits a chain of variational identi-
ties. From now on, we denote by

EL1:=CIRE) D0 (4.28)

the quadratic form of the energy with fixed classical configuration of the field.

Proposition 4.2.2. For any m € ./ ($; 4 +(L?)),

inf Keg(m)) = inf Tr f dm(z) K(z ) = 4.29
ey o) = et ([ i) (o (4.29)
= inf inf du(2) K(z = (4.30)
peEAM2 (HwiRY) [9]=1 <Tl) o wle) )
= inf inf &, = inf inf &,[vy]. (4.31)
2€9w [¢]=1 ] =1 zE9w ]

Proof. By [26, Lemma 3.20], we have the following equivalences (setting .#5 = .#>($,;R") for
short):

inf T = f T : .32
mejlg(ﬁi,r;lf1,+(L2)) 2 (J ) dm(z) IC(z)) mér/l//ﬁn 2 (J dm(z )IC(z)) : (4.32)
inf inf dm(z) K(z = inf inf dm(z (4.33)
peAMs ||=1 <¢ B (2) k(=) BEMan (HuwsRT) Y] = 1<¢’ Ho

where .45, is the space of atomic measures, i.e., measures concentrated on a finite set of points:

me Min S M (H0; L1,4(L7) = m(2) = D a7;(2)3(z — 2)), (4.34)

jel

with I a finite subset of N, {zj}jen S $u, {Vj(2)}jer S LA(L%)4, Yy = 1, aj = 0 and
Ivj(2)| = 1, for any j € I. Similarly, .#,($.;R™) stands for the space of the atomic scalar
measures, i.e.,

e %ﬁn(ﬁw;R-i_) - %(ﬁw;R+) — m ZO[J Z' s (435)

jel

with analogous conditions on {z;}er and {o;}jer.
Now, for any ¢ > 0, there exists ms € .#4,, such that

ot T (fw dm(z)lC(z)) +6 > Trpe ( L ) dmg(2) K(2) > ];a "Trpe (47 (2)K(2));
(4.36)
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(9)

and, since ; * are normalized density matrices,

3T (1 (5)K () = inf Sl @[ K(z) ). (4.37)
jel

Minimizing over the scalar atomic measures, we obtain

inf d inf inf o K(z <
e R 1<wHw uz Z i IR [

Me//fﬁn(ﬁw R Iwl=17%

< inf Trp < J wdm(z)lC(z)) + 5

meAsin

Since this is true for every § > 0, equivalences (4.32)) imply that

inf Tr dm(z) K(z > inf J d
me2 (90521 (L?)+) L (JW (=) K )> pEAM(HwiRT) \WJH 1<¢’ w ulz

To prove the opposite inequality we proceed as follows: for any § > 0 there exists 15 € L?(R*V), s =
el a§5)52<5> such that
J
w>+5>2a“ <w5 () ] (z ‘”>>>
jel

inf d
HEMsin (Hw;RT) WH 1<¢‘ Jw e
> inf Trje (J dm(z)lC(Z))

me. //ffm

(4.38)

where we used the fact that ms := 3., a ]1/15 z)){¥s5(2)| 6 () is an atomic measure. Then,

by arbitrariness of 4, and by the inequahty proved above, Wejconclude the proof of equivalence
(4.29).
To prove (4.30), let us consider again the atomic state-valued measure

ms = 30" () (Wa(2)] 0,00

gel

> +o>>al <¢5 ‘ (1) ‘¢6(Z](-6))> >

jel

>Zaj inf (Y|K(z 5)|1/J>> inf inf (¥ |K(2)[¢)

Sl ze8 =1

defined above, and we have that

inf  inf <¢ deu( ) K(2)

peMn [ =1

where, in the last inequality, we used the fact that the term on the left is a convex combination
and then strictly greater than the infimum.
In order to get the opposite inequality we write

inf inf (|K(z) ¥y = inf inf Trp: (f <>|¢><¢|/c<y>)>

2€9w [9]=1 2€9w [P]=1

> inf inf f d ‘ >
HEMiin (HiRT) 9] = 1< ‘ w M ) v

and, recalling that £,[-| = {-| K(2) | -), we finally obtain
inf inf &, > inf inf
z€9w [9]=1 V] HEMin (HeiRT) [$]=1 <¢

which completes the proof of (4.30).
Finally, (4.31)) is a trivial consequence of the fact that the infima can be always exchanged,
whenever the two minimizing domains are independent. O

K(y) |¢> (4.39)
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Before proving the Theorem, we have to show that the field energy is uniformly bounded over
a minimizing sequence. This will allow us to exploit the results about quasi-classical convergence
proved in the previous chapter.

Lemma 4.2.3. Let us consider a normalized, minimizing sequence V., < %(H.) for o(H.). Under
the assumptions of Lemma there exists &', such that §' > § > 0 and

(U, | Ho + (AT.(1) + 1) 0. > < C. (4.40)

Proof. By Theorem|1.1.2] H. is self-adjoint on Z(H.) = 2(—A,; + W4 ) n 2(dl's(w)), and, for any
minimizing sequence, it holds |H. V. ,,| < C € (0, +00), uniformly in ¢, n. By Kato-Rellich theorem
there exist a € (0, 1), 3 € [0, 4+0), such that

(Ven| Ho |Vepn) < [HoVe

HHS‘IIE,nH + HHI\IJMLH <
C+a|HoWen| + 8

NN

which gives a uniform bound on the free part of the Hamiltonian. In the massive Nelson model,
however, the number operator is controlled by the free energy of the field, i.e., mdl'.(1) < dI'.(w),
and therefore (4.40) is satisfied for &' =1 > 1/2 = 4.

O
We are now ready to prove the convergence of the ground state energies.
Proof of Theorem4.2.1]. We split the proof into two parts.
(<) The proof of the upper bound is done by using coherent states, i.e.,
Ee(§) = We (i) Q, £eH (4.41)

with Q = (1,0,0,...) € ['4($) the vacuum in the Fock space. Then, taking ) € 2(—A, + W)
and z € 9, by direct calculation and using the properties of the Weyl operators,

W ®Ec(2)| He [ ® Ee(2)) = (Y| K(E) |4 - (4.42)
Hence,

limsupo(H;) < limsup inf inf (Y @ Z.(2)| H: |[Y ® Zc(2)) =

e—0 e—0  [[¥]=12€90
= inf inf K(z = inf inf &, = g (Keg(m)),
it inf IR ) = inf | inf £.[0] = o(Kun(m)

where the last identities follow from Proposition

(=) For the lower bound, let {¥. ,},en S Z(H.) be a normalized minimizing sequence for the
microscopic Hamiltonian, i.e., for any n € N,

1
<\Ij€,n‘ He |\Ila,n> < Q(He) + ﬁ (443)

Now, we want to bound from below the quantity on the left-hand side by an operator whose
expectation admits an explicit limit: due to a possible lack of compactness, indeed, we only
know that the expectation of the field energy is uniformly bounded, but this does not imply
that it converges to the average of the classical field energy. To overcome such a difficulty, we
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exploit a result of pseudodifferential calculus implying the existence of a smooth, cylindrical,
compactly supported symbol b, € C°, 1 (£).), such that

OpYVerl(b,) — dT'. (w)| < Cedl.(w) (4.44)
and, pointwise in £, lim, o b-(2) = (z|w|z). Using the previous inequality we can write

<\Il€,n|—Ax+W+Opgveyl(br)+H1 |Wep)—eC (Ve p| AT e (w) [We ) < (Ve | He |Ye ). (4.45)

Now, we take the lim inf over a subsequence ¢, which we omit for simplicity, of the previous
expression. By Lemmalf4.2.3|and bound (4.40)), we are in condition to use Theorem3.1.6|and
Theorem to deduce the existence of a sequence of state-valued measures {m,},en &
M(HNH; L (L2(RIY)), such that, for any n € N, there is a subsequence {¢;, }xen, depending
on n, so that

|Wen) (Wep n| — my,. (4.46)

Let now {1,,}men be a sequence of operators with 1,, := 1,,(—A, + W) € K converging
strongly to the identity. Note that the sequence is non-decreasing and the operators are
compact because —A + W, has discrete spectrum, due to the compactness of the resolvent.
Then, we have that, for any m € N,

<\I]s,n 1m(_A:L" + W) 1, +Hi+ Opgveyl(br) |\Il€,n> < <\Ij€,n| —Ag+W+ Opgveyl(br) +Hj |\Il€,n> .

We now plug this inequality into (4.45) and take the lim inf of the obtained expression.
Thanks to Lemma [4.2.3] Theorem and Theorem and, since 1,,, € K,

lim (W, n| 1 (—Az+ W)l + Hr | Vs, ) = Trpe (J dm,(2)1,,(-Ay + W)1,, + V(z)) )

k—+0 w
(4.47)
By Theorem for quantized cylindrical symbols we also have that
Jm (Tl OpYY™ (by) [Weyny = Trpe (f dm(z) br(z)> (4.48)
—+00
so that, putting together the previous inequalities, we get
lim inf (Wey | 1 (=D + W)L + Hy + Op5 (by) [Wey ) =
—+00
= Trff <J dmn(z) (1m(_Am + W)lm + V(Z) + br(z))> < llimjrnf <\I/sk,n’ H&k ’\Ij€k7n>‘
—+400
(4.49)

which gives a uniform bound w.r.t. both » and m. By dominated convergence, we can take
the limits r, m — +oo and obtain

Tr <J dmn(z)lC(z)> < lki:m inf (e, n| Hep |Wern) - (4.50)
—+0
Finally, the infimum of both sides yields the inequality

inf o(Kg(m) < inf Try <fwdmn(z)lC(z)> <

me,//lg(fjw;i’l (L2)+) mn:qjs,n_’mn

o o 1
< lim inf (We, o] He, [Ve, ) < liminfo(He, ) + —,

which, since it holds for every n € N, concludes the proof.
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5 Quasi-classical Limit:
Dynamics

In this chapter, we derive the effective dynamics, of the state-valued measure, obtained in the
quasi-classical limit of the microscopic system.

The strategy consists in writing an integral equation for the density matrix and, then, applying
the results of Chapter (3| on the convergence of quantum expectations to classical ones. In this
respect, the estimates in time proved in Section[5.1|play a key role, allowing to derive an equation
for the Fourier transform of the measure. In Section it is proven the existence of a common
subsequence along which there is convergence at all times and that such subsequence coincides
with the one singled out at initial time. In Section existence and uniqueness of the solution
of the effective equation for the measure are proven, and this solution is characterized as the time
evolution via the dynamics generated by an effective Hamiltonian, averaged over all the classical
configurations of the field.

The main result is stated in Theorem that we reproduce below for convenience of the
reader. The proof is a consequence of various Lemmas and Propositions, that will be proved in the
rest of the Chapter and that we will recall below.

We recall also the assumptions: setting

H, :=—-A, + W, +dl'.(w), (5.1
o the form factors are

. ' for the Nelson
Az (k) = x(k) Zj\[:l ettt with y € L*(R%; dk), model;

ik

9o, (k) = o Xk <ry (k) + {—Ny,

d
|k| 2

’;He"kyxﬂmzr}(k)} , for the polaron; (A0)
k|2~
d

A _ for the Pauli-Fi
)\Ij (k‘) _ (e'y(k>X(k)€kaj),Y:11a Withx c Lz(Rd;dk:), Or the rFauli-rierz

model;

e foranyd > 0,

for the Nelson model
SUPee(0,1) Trop(pe(—Ay + Wi + (dle(1) + 1>6) <C,
’ and polaron;

(A1)
for the Pauli-Fierz
SUP.e(0,1) Trr (pe(Hy + (dTe(1) +1)°)) < C,
model.
e the resolvent of —A, + W, is compact: for any z € o(—A, + WS),
(=A, + Wi —2)" L e L (L2(RW)). (A2)
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Theorem. Let {p:}.c(01) S £1,+ () be a family of normalized states satisfying assumptions

and (A2). Let also . ’
pe(t) _ e_ltHEPEBZtHE, (52)

be their time evolution generated either by the Nelson, polaron or Pauli-Fierz Hamiltonian, satisfying
assumption (AQ) with lim._,geve = v € {0,1}. Then, there exists a subsequence {c,}nen and a
state-valued measure m, such that

pen > me (% L (PPR™M)), with dm(z) = yu(2)du(2), 5.3)
and
pe,, (1) — dmy(z) € //l(.?);fl,Jr(LQ(RdN))), with  dm(z) = v, (2)du(2), (5.9)

for any t € R, where the family of state-valued measures {m;}cr is given by

pe=Pehp, me(2) = Uno(2) ml(2) Ulo(2), (5.5)
with ®;2 = e~z and U, 5(z) the two-parameter group of unitary operators weakly generated by
H(Piz) = —A, + W + V(P,2). Furthermore, the previous convergence holds true also in weak sense,
ie.,

lir}rlOO Trp(pe, (t) BQW,, (£)) = Trze (J dmy(z) B 2iRe(C| Z>> , (5.6)
n— S’:)

for any € € $ and B € £ (L*(R™V)).

Proof. We prove the statement of the Theorem initially for a smaller class of states, with additional
assumptions, and then complete the proof by a density argument.
Let then {pc}.c(0,1) be a family of positive and normalized states, such that, for any § > 1,

I(pe (=Ay + W, + (dT(1) + 1)%)| 4 < C, for the Nelson model,
Tror(pe (Hy +v22HZ)) < C, for the polaron, (AR)
Trr(pe (Hy +1)% +dle(1)?)) < C, for the Pauli-Fierz model,

and let {¢, }en, With £, — 0, be a suitable subsequence. Then,

e by Theorem [3.2.1|and Corollary|3.2.3] p., — m, and m concentrates as a probability state-
valued measure over §, i.e.,

Im(H) .22 =1, (5.7)

and there is no loss of mass in the limit;

e by Propositions[5.1.2} [5.1.4]and [5.1.7} and assumptions (Ag]), we have uniform bounds w.r.t.
¢ of expectations of the particle Hamiltonian and of a power strictly larger than one of the
number operator at any time ¢ € R, i.e., for some § > 0

( for the Nel
Hpé(t) (_Aa: + Wi+ (dFE(l) + 1)5)“31 <C (€C5|t| + 1)’ or the Nelson
model;

S Trp(pe(t) (—Ay + Wy +dD.(1)2)) < C((Jt] + D)ell + 1), for the polaron; (5.8)

for the Pauli-Fi
Tr e (pe(t) (A + Wy +dI(1)%) < O(ell + [¢] + 1), or the Pauli-Flerz

\

model;
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e by Proposition(5.1.8, we can extract subsequences {,,, 1) }nen at any time, such that p., ,, (t) —
J

m;, with m; a probability state-valued measure over 9, i.e.,

[ (9)]l 2 (z2) = 1, (5.9)
because the mass is conserved by the dynamics;

e by Corollary |5.2.4, we can extract at least one subsequence {e,, }ren, common to all the
times ¢ € R, such that p., () — my;

e by Theorem [5.3.4] every measure m;, which is a cluster point of p., has to satisfy the integral
equation in interaction representation

Tmz<£dﬁd@f@w0==T%2(LdﬁA@f@ﬁg—if:hTuz(ﬁﬁw®ﬂ%dﬁAdLﬂ@H>

s

for any f € C.,,($) and x € 2 (L?) or K, depending on the model;

e Proposition shows that there exists a unique solution of the equation above, which
gives, thanks to Corollary|5.3.8} the following expression for m,

=2t (2) = Uro(2) m(2) Ufo(2).
This implies that every convergent subsequence of p., (¢) converges to my, i.e.,

Pen () — my; (5.10)

e in Section[5.4], we extend the results by density to states satisfying assumption (AI);

o finally, by the bounds (5.8), we can apply Theorem to density matrices at time ¢ and
deduce the convergence (5.10) against bounded test operators.

O

5.1 Propagation of technical estimates

In this section we discuss some useful technical estimates that allow to propagate uniform bounds
on quantum states at initial time. Such bounds will be crucial to ensure the existence at any time
of at least one Wigner measure associated with the quantum state. The estimates depend on the
model and the scaling of the field energy, so we discuss them separately.
Let
pe(t) = e e p_gitte (5.11)

be the time evolution for a state p, € %, 4 (7). We observe that Z(H,) = Z(H,), for fixed ¢ and
for any scaling v., where H, is defined in (5.1) and we recall that Hy = —A, + W + v.dl'c(w) is
the unperturbed Hamiltonian.
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5.1.1 Nelson model

Let us recall the expression of the Nelson Hamiltonian:

H.=—-A, +W(z1,...,zn) + vedlo(w) + ac(N\;) + a;[()\x).

Lemma 5.1.1. [38, Proposition IV.2] Forany N € Ny, ¢ > 0,te Rand § € R,
T (pe () (AD=(1) + N2 + £)°) < "o EVEIIM L wavio Ty (p, (dTL(2) + N? 4 2)%), (5.12)
pe(t) (ATe(1) + N2+ 2)°| 5 < OV z@avioy o (@D (1) + N2+ 2)] 4, (5.13)
where mgs(g) 1= max{2 +£,1 + (1 +£)?}.
Thanks to the previous result, we can easily derive an estimate of the expectation of powers of
the number operator at any time.

Proposition 5.1.2. For any ¢ > 0, there exists c € (0, +0), such that, for any t € R,

[92() (=B + We + (dLo(1) + 1)) < C(eM + 1)lp2 (=g + Wi + (do(1) + 1)) . (5.14)

Proof. By Lemma|5.1.1} for any N € N,,e > 0 and § > 0,

lp<(t) (ATe(1) + 1)) g ) < [lp(t) (AT(1) + N? + £)° | 4 ) <
< emaEWVEBIIN 2 | o (dTL(1) + N2 + €)% g o) <
< eMpe (AT (L) + N? + 1)°| 4 ) < e“(N? +1)%) p (AT=(1) + 1)°| 4, )

Furthermore, by [4, Lemma 3.4], there exist constants Cy, Cy € (0, +00), such that
[(Hy +dTo(1) + 1)e ™= (H, +dT.(1) + 1)7! < C1(1 + 2 (5.15)
uniformly in e. Then we conclude that

lpeVHy | < |lpe(Hy +dDe(1) + 1) | |(Hy + dDo(1) + 1)~ e e (Hy + Do (1) + 1) x
x |(Hy +dTe(1) + 1) Hy | <
< C1(1+ €9 po(Hy +dTe(1) +1)] .

O
Therefore any state p. satisfying assumptions (Ag) is such that, for any ¢ € R,
I02(8) (=B + W, + (dT2(1) + 1)°)5, < C(e + 1), (5.16)
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5.1.2 Polaron model

We consider the polaron Hamiltonian H. associated with the quadratic form induced by the formal
expression

N
— Ay +W(xy,...,xn) + vedle( Z (ae(gz;) ng)) (5.17)

The idea is to exploit the pull-through formula [2, Theorem 4.71 which applies to the Nel-
son model (see Appendix [A), and extend it to the polaron model, which leads to the following
inequality.

Lemma 5.1.3. For any § € N,, there exists b > 0 such that, for any € € (0,1) and V. € Z(H?),

[(dTe(2) + vz 1) el < Cv°|(He + )W

Proof. Let us denote by H.(A) := —A, + W +dI'.(1) + H;(A), A > 0 the polaron Hamiltonian
with scaling v. = 1 and cut-off for the high momenta:

Hi(A) := az(ga) + al(ga),
eth-T;
ga(@, k) = Z PE 1X{|k|<A}(/<3)
7j=1

Since gy € L*(R; ), Hy is a Nelson-type Hamiltonian. Then, we can use the estimate (A.47)
derived by pull-through formula from Appendix A to get that, for any § € N,, there exists b €
(0, +00) such that, for any ¥, € 2(H.(A)°),

[(AT-(1) + 1)°W. | < C | (He(A) + b)° T . (5.18)

By [51), Theorem 2.2],

|- [ —res

H_(A) H,, (5.19)

A—+o0

where now the r.h.s. stands for the polaron Hamiltonian with scaling . = 1. By induction on 4,
one can prove that norm-resolvent convergence holds true also for powers of H.: let us assume
that the result is true for § — 1 € N, then, by the second resolvent identity,

((H(8) +8)° = )7 = ((He +b)° = )7 =
= I((He(8) +8)° = )7 (He(A) +)° = (He +)°)(He +)° = 2) )] <
< C.| Ho(A) — Ho|| + CLI(H-(A) + )" = (H- +b)° 7',

for any z € o(H-(A)) n o(H;). By induction, we deduce the result, i.e., for any § € N,,

(Ho(A) +b)° 107 (g4 p)e, (5.20)

A—+0o0

The cut-off independence stated in [2, Lemma 2.1] however yields that
[(dT-(1) + 1)° V.| < C[[(Hz + )’ Ve (5.21)

for any . € 2((H.)?), which proves the Lemma for v, = 1. .
To prove it for v. = ¢!, we consider the Hamiltonian H, associated to the quadratic form
induced by the formal expression

— Ay + W +dl.(1) + +eH]. (5.22)
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The pull-through formula applies to this operator as well, yielding

[(dT<(1) + 1)°W. | < C[[(He + )W e, (5.23)
for any U, € 2(H?). Rescaling now a? +— =~ /2q7 we get

(AT (1) + )0, | < c€® |(H- + b)°U.| (5.24)
for any U, € 2(H?) = 2(H?). This completes the proof. O

The previous estimate allows to derive a bound on the evolved density matrix.

Proposition 5.1.4. For any time t € R,

Trp(pe(t) (A + Wi +dI(1)%)) <
<C [(GM + 1) Trop(pe(v22H2 + Hy)) + (Jt] + el + 1] .

Proof. Let us deal with the term with the particle energy and the number operator, separately. In
the scaling v. = ¢!, we use [22, Lemma 3.4] to obtain that, for any ¢ € R,

Te(pe(t) (~ B + W) < C [T (o H ) + (Jt] + el + 1] (5.25)

For the scaling v. = 1, the proof is even simpler, and obtained by reconstructing H. to get rid of
time-evolution and using the form-boundedness of H; w.r.t. H, .
Consider now the number operator term: by Lemma |5.1.3] setting m = inf o(H,),

(AL (1) + &) e He (H, + |m| + 1)7!| < Ce. (5.26)

Then, we get

—

v (pe(He + |m| + 1)%)[dT-(1)(He + |m| + 1) 713, <
Tr oy (p-”HZ) + Trop(pHy) + 1] <
Trop(p-(e*HZ + Hy)) +1].

Tr e (ps (t)dre(l)2)

NN N
Q Q

where we used the form-boundedness of H. w.r.t. H,. For the scaling v. = 1 the proof is com-
pletely analogous. O

Therefore, for states satisfying assumption (Ag]), we have that, for any ¢ € R,

Trp(pe(t) (— Ay + Wy + dT-(1)%) < C((Jt] + 1)el +1). (5.27)
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5.1.3 Pauli-Fierz model

Consider the Pauli-Fierz Hamiltonian

N
N (<iVa, + 6:(Aoy))? + Wizt ... o) + vedle(w) (5.28)
j=1

H,

which can be rewritten in the Coulomb gauge as

H.=-A, +W(xy,...,2n) + vedle(w) + Hy (5.29)
with
N d—1 d—1 2
Hp= )] (— 2V, - Y. Geleyhe;) + < > qss(e,yA%.)) )
7j=1 y=1 y=1

We recall a result from [5] for the control of the norm of the number operator in time and also

a preliminary Lemma to bound the expectation value of the particle Hamiltonian for the scaling
~1
Ve =€ ".

Lemma 5.1.5. [5] There exists K € (0,+o0) such that, for any € € (0,1),v. € {e7},1} and ¥, €
P(Hy) n2(dl:(1)),

JdT-(2) e 0, | < O (AT ()W + [ (Hy + 1) e p). (5.30)

The same holds true in the scaling v. = ¢~ with Hy in place of H,. Furthermore, there exists
c € (0,400) such that, for any V. € 2(H.),

cl(He + 1)¥e| e < [(Ho + 1)¥e|r < C(He + 1) ez (5.31)

Lemma 5.1.6. There exist two constants ¢, ¢’ € (0, +0) such that, for any t € R and any normalized
o, e 2(H,),

(P | et (—Ay + W) et @) < C [(ec\ﬂ + 1) (@] (Hy + 1)2 + dFs(l)2 |Pe) +

Ly 1)] . (5.32)

Proof. The proof follows the analogous one for the polaron [22, Lemma 3.4], but it is more in-
volved due to the complicated form of the interaction term in the Pauli-Fierz Hamiltonian. The
idea is to use Gronwall lemma, so we restrict the set of ®. to ensure differentiability and then
extend the result by density: let ®. € 2 := Z((H. + |m| + 1)*?) n 2(dT'.(1)), where m < 0 is the
bottom of the spectrum of H., which we know is is finite by Theorem The one-parameter
group e~ = is weakly differentiable on .2(H,) 2 2, and leaves Z invariant by its action, thanks
to Lemma Let us set M(t) := [{®:(t)| — Ay + W, |®:(t)) ], with ®.(t) := e *H=®,. Then,
we can write

M(t) < (B.(t) | Ha | ®:(8)) < | (Do(t) | Ha + Hy | ®o(8)) | + [ (@o(8) | Hy |90 (5.33)

Let us bound the last expression term by term, starting from the interaction:

N

|[(Pe(t) | Hr [ =(t)) | < D (2] Vi, @e(t) |6 )@e ) | + | (@ (t) |(d(Aey))*@e(t) ) ]),

j=1

so that

87



e for any a € (0, +00) we have

N 16 N
2 2V @e(t) [6e(Ae; )0 ) | < ad@e(t)] — Ay |Dc(t)) + " Z lae(ha,) @< ()] <

7=1

S a(@:(t)] — Ag [c(t)) + %NHA-HEOH‘PEH [dle(1)@:(8)] <
S al@c(t)] = Ap + Wy |0:(2)) + gec't'(lldfs(1)<1>s\| +[(Hy +1)2c])

where we have used Lemma in the last step;

e Cauchy-Schwarz inequality yields that

N

N
D@t |(6e(Ae)) Z 4ac (e, )P (B)]% + 2| s, ]2 ]?) <
j=1 j=1

< 2N|A 2 (Jd0 (1)@ (8) @2 + D)%) <

< o(ear. o + .+ ned]) 1)

again by Lemma 5.1.5

Putting together the above inequalities, we obtain

clt|

[ (P ()| Hr [®=(t)) | < al{®e(t)] = Ap + W, [@c(2)) + C ea (ldT(D)c]| + [|(Hy + 1)) + 1] :

Choosing « € [1,1), and plugging the above inequality into (5.33)), we obtain

M(t) < 1| (Belt) Hy + Hy 2o ] + € [ (Jdra)ac] + (7, + 1)) +1] . (534

We turn our attention now to the sum of the free and interaction parts and, by differentiability,

@0 H + Hr @) < [0l H + 112+ [ s oo+ 005D <

S [(®e| Hy + Hp |®c) | + ifo ds | (@c(s) [[dT(w), Hr]®<(s) ) .

Let us bound the last expression. For the first term, by form boundedness of the interaction w.r.t.
the free part, there exist a,b € (0, +o0) such that

|<(I)E| Hy + Hj |<I>€>| < (1 + a)| <(I)s| Hy |(I)s>| + bH<I>€H2‘
Next, we estimate each term in the integrand:

e computing the commutator between the field energy and the canonical observables, we ob-
tain
| <<1>E<s>
N

< e{®e(s) | (—Ay + Wi)De(5)) + Cee® (AT (1) .| + [(Hy + 1)@e]),

Z 21V, (ac(Ag;) + a > ’

7j=1

5) ‘(QI(W)‘LEJ') WA‘IJ ‘

where we have used Lemma and the assumptions on \..
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e For the quadratic terms:

’< dF ias (Aa,) +al(Xa;) >’

<e Z [{@<()|(ac(WAz;)ac(As;) + ae(Aa;)ac(whs,) + al(w)\xj)al()\xj)-i-
+ al()\rj)ag(w)\xj) + 2al(w)\mj)a5()\xj) - 2al()\m].)a5(w)\wj))<1>5(s)>‘ <

N
< 02 ) (lac (e, )@=(8)2 + lac (Aa, ) @e(s)]? + e, I + Az, ) <
1

j:
Cz [[dT. (). (s)] + 1] < Ce [l (Jara (1)@ + | (H + D). ]) +1].
using again Lemma and assumptions on \..

Putting together the previous inequalities we have
|{®.(t)|Hy + Hy | @c(t))| < (14 a)|{(Pe| Hy [Pey| + b+

¥ f ds {M<s> + c(e“<drs<1><1>a\ I + 1)0]) + 1)] )

0

< (14 @) (@ Hy 9| 4+ C [ (e = 1)(1a0e(1)@c] + | (. + D@c]) + [¢]| + fo ds M(s).

Plugging it into (5.34) we obtain the following:

t
M(t) < B(t) + f ds M(s), (5.35)
l—« 0
where

B(t) i= C | (e + 1)(JAro (1)@ + |(Hy + D)@ ]) + ¢ + 1] (5.36)

We are ready to use Gronwall Lemma to obtain

t t—s
M(t) < B(t) + f ds B(s)e1-o. (5.37)
11—« 0

Doing all the calculation we finally derive the inequality
(@)~ A [Be(0)) | < C [+ V([ +1)3c] + [AT=(1)B]) + (e + 1] + 1) (5.38)
and from this easily find the desired result for ®. € 2. A density argument can be used to conclude

the proof for . € 2(H.). O

Proposition 5.1.7. There exists ¢ € (0, 4+0) such that, for any t € R,

Trp(pe(t) (—Ap + Wy + (dT(1) + 1)2)) <C [(ec‘tl + 1) Troe(pe (Hy + 1)2 + drs(]-)Q) +

+(el + 1t + 1)] . (5.39)
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Proof. Let us bound the free energy and the number operator separately. Consider the scaling
v, = L. For the first term, we use Lemma [5.1.6, which gives

Tr o (pe(£) (= A + W) < Cr(e® + 1) Tr s (pe (Hy + 1)% + dTe(1)%)) + Cao(e@ + ¢ + 1),
By first part of Lemma we have, instead, the following inequality:
Trsr (pe(t) dTe(1)?) = Trop(ps e dlo(1)%e~ ") <
< Trop(pe(Hy + dUe(1))?) dle(1)e™ " (Hy +dTe(1)) 1P <
< C [ Trsp(pe (H + dT-(1))%) (| (1) (H + (1)~ +
+[(Hy +1)(Hy +dle(1)71)] <
< Ce o (p.(H2 + dT-(1)?)),

which completes the proof.
For the scaling v. = 1, the bound for the square of the number operator is the same, while we
bound the expectation of H, as
oo (pe(t)He) < ClHop-Ho| gy [HN(He + |m] + D |(H + m| + 1) He | < CTrop(peH2),

where we used the fact that e~*H= commutes with its own generator and that H, and H, have the
same domain. 0

Therefore, for states satisfying assumption (Ag]), we have, for any t € R,

Tre(pe(t) (—Ay + Wy + dD-(1)?) < C(e + Jt] + 1). (5.40)

The previous estimates can be used to prove that, at any fixed time, we can extract a subse-
quence from the family {p.(t)}.¢(0,1) that converges to a state-valued measure m;.

Proposition 5.1.8. Let {p:(t)}ce0,1) S “41,+ () be the family of density matrices defined in (5.11).
If, forany § > 1,
lpe (—Az + Wy + (dTe(1) + 1)%)|le, < C, for the Nelson model,
Trp(pe (Hy +v2H?)) < C, for the polaron, (5.41)
Trr(pe (Hye +1)% +dlo(1)?)) < C, for the Pauli-Fierz model,

then, for any t € R, there exist a subsequence {Enj(t)}jeN, €n;(ty — 0, and a probability state-
Jj—+o0
valued measure m; € 4 ($; % +(L?)), such that

Per () —— me. (5.42)

Jj—+0

Proof. By Theorem (3.1.6} since the state is normalized, there exists a cylindrical state-valued mea-
sure m; such that p.(¢) converges to it in topology *B over a fixed subsequence ¢, (). To obtain also
the convergence in topology ¥, we need to prove that the no-loss of mass condition is satisfied, but
the latter follows from a uniform bound on the expectation of the number operator by Proposition
By the combination of the assumptions with Propositions[5.1.2} [5.1.4] and [5.1.7] we obtain
that

Tr o (p=(t) (dTe(1) + 1)) < Cy, (5.43)

for a certain constant C; € (0, +), for any ¢t € R. By Theorem [3.1.10} this condition guarantees
that every m; concentrates as a state-valued measure on $). Finally, Theorem [3.2.1|implies that m,
is a probability state-valued measure. O
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5.2 Extraction of a common subsequence

Let us recall the formula for the time evolution of states, according to the dynamics generated by
a self-adjoint Hamiltonian H.: A ‘
pe(t) := e WHe p_itHe (5.44)

which, at least formally, solves the equation

d
i=p=(t) = [He, pe(1)]. (5.45)

The main goal of this Section is to identify the cluster points of the above family of states as the
solution of a certain transport equation by taking the limit ¢ — 0 of ([5.45)). It is more convenient
to work with the modified version of the dynamics given by the interaction representation: we set

pe(t) := ettt p_(t) e~ Ho (5.46)
which, at least formally, solves

d .

i pe(t) = [Hl(t), pa(t)] (5.47)

where

Hi(t) := eitHo Hy e~ itHo,

Before discussing the formula for 5. (t), let us recall the spaces of test operators : we set
T = (—A, + W), and (see also Lemma 3.2.2)

Ki=A{km =1n(T)k1(T),k € Lp +(Z),me N}; (5.48)
B:={B,, :=1,(T)B1,(T),Be L(%)+,meN}. (5.49)

Proposition 5.2.1. If p. satisfies (Ag), then, for any B € Z(L?) (B € B for the polaron), ¢ € $ and
teR:

t

o (5(8) BOWL(E)) = Tro(p. BRW.(E)) — i jo dr Te ([Hi(7), e ()] BOW.(€)).  (5.50)

Proof. We only have to prove the differentiability in time of the function

t — Trp(pe(t) BQW.(E)),

since, then, the result follows from the fundamental theorem of calculus. Let us study each model
separately.

Nelson model: We prove the result for the set of states p. such that
lpe (Hy + 1) ¢ < C. (5.51)

This set is dense in .%; norm in the space of quantum states satisfying the assumptions for
any ¢ > 1, so it is enough to prove the result for states satisfying(5.51)).

Now, (H+1)~! maps ./ into Z(Hy), so that the functions t — eT#Ho ([, +1)71 etitHe ([, 4
1)~! are strongly differentiable thanks to Stone theorem. Furthermore, by assumptions,
(Hy + 1)p. and p.(H, + 1) are trace-class operators in #, while e*#Ho(f, + 1)~ and
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(Hy +1)etHe ([, 4 1)~! are bounded operators on .77, the last thanks to [4, Lemma 3.4].
Since

Te s (7 () B WL(€)) = Tep (0 (H +1) 7 (Ha + e (H, +1) 7'
x (Hy + 1) p, it B @ 1y (€)),
the previous remarks yield the differentiability of the product above.
Pauli-Fierz model: Since, by assumptions,
[(Hy +dle(1))pe(Hy + dTe(1)) |2, < C, (5.52)
the proof is analogous to the one for Nelson model with no need of using a density argument.

Polaron: Let m := inf o(H.) and consider (H. + |m| + 1)~': it maps ¢ into 2(H.), and then
t > eTitHs (H_ 1 |m| + 1)1 is strongly differentiable. Furthermore, since 2(H.) < 2(H,'%),
HY?e=itH:(H, + |m| + 1)~ is bounded, while |[(H. + |m| + 1) p. (Hz + |m| + 1)z <

C(¢72 + 1) and therefore (H. + |m| + 1)p-(H- + |m| + 1) is trace-class. Setting B(t) :=
et (=A+W) B ¢it(=A+W) "and using the properties of Weyl operators, we get

Trp(p=(t) B We(E)) =
= Ty (HY e = (H, + |m| + 1) (H. + |m| + 1) pe (Ho + [m| + 1)x
x (H. + |m| + 1) Yt 2 B2 B(t) @ We(e &) H, ).

Since B € B, the function t — B(t) ® W.(e~*¢) is weakly differentiable in 2(H Jlr/ 2), which
allows to deduce the differentiability of the product.

O]

Thanks to the previous representation formula, we can prove equicontinuity in weak and weak-
* topology for the generating map of the Nelson model on bounded sets in phase space. A similar
result holds true also for the Pauli-Fierz model and the polaron by restricting the test operators to
the spaces I, B.

Proposition 5.2.2 (Equicontinuity of generating map). Let {p.}.c(0,1) S £1,+ () satisfy (Ag) and
let G be the generating map for the state p.(t), i.e.,

G&‘ ‘R x f’j I Zl(LQ)
(tvé) — ﬁa(t) WE(&) =: Gg(t,f)

acting on bounded and on compact operators as

Ge(t,€) (k) = Trp(pe() kO WL(€)), K e Ln(L?),
G=(t,€)(B) == Try(p-(t) BOW:(€)), Be Z(L?).

Then,

e the function (t,&) — Gc(t,£) is uniformly weak/weak* equicontinuous w.r.t. € on bounded sets
of R x 9, for the Nelson model;

e the functions (t,&) — G.(t,£)(k), G:(t,&)(B), for any k € K, B € B are uniformly equicontinu-
ous w.r.t. € on bounded sets in R x $), for the Pauli-Fierz and polaron models.
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Proof. Let us prove the result for compact operators, since the case of bounded operators is analo-
gous. Let k € L (L?) and (t,&), (s,n) € I < R x ), where I is a bounded set. Then,
Ge(t,n) (k) — Ge(s,8) (k)] < X1 + Xo,
where
X1 :=Ge(t,§)(r) = Ge(s,8) ()], Xo:=|Ge(s,6) (k) — Ge(s,m) (k)]

For the first term we use the integral representation formula given by Proposition [5.2.1 setting
R(t) := et=A+W) g e=it(=A+W) and using (B.26), we have that

t
X1 = [Tror((p=(t) — pe(s)) k@ W(E) )] < J A7 | Tre ([Hr (1), pe(7)] £ @ We(§))] =

S

=jwm%mn%mmm®wmﬁ%m

s

We now bound the integrand for each model separately.

Nelson model: by Proposition[5.1.2] Lemma and by assumption (Ag) on the state,
lpe(r), Hilllzy < 2emaVEPITIA o (dTo(1) + 1) | (de(1) + 1) Hy L2 <
< 20 eclT‘ “/\ HLOO(RdN;YJ)7

for a certain constant ¢ > 0 independent on . W.L.o.g. we can assume that 0 < s < ¢, which

implies
t

X0 < CIA iy ol | dren =

S

= O\ e i Il €7 (e — ) < Ot — .

Polaron: by Lemma (1.1.4} there exist functions §. € L*(R% §%), g. € L°(RY; §), such that
9z; = 9<z; + [=iVa;, Gu;], foranyj=1,...,N. (5.53)

Therefore, by Proposition [5.1.4] since we are testing against x € I,

N
2 T ([6e(9<y) + [V (al(Ga;) = ae(F2;))]; 9= (1)] (1) @ We(e77€))| <

Jj=1

<0N(<%q

o8]+ 13 Joo (=¥ ) ) Tre (pe (7)(dT (1) + 1))+

151 T (-8, + A1) ] ) <
< O((r] + Vel + 1),
Integrating w.r.t. 7, we obtain that X; < C'|t — s|.

Pauli-Fierz model: Recalling the explicit expression for the Pauli-Fierz interaction term: H; =

S 12V, - ¢ (Az;) + ¢<(Ae;)?), we bound both terms of the sum separately. By Proposition
5.1.7], Lemma [B.2.1] the fact that x € K and assumption (Ag]), we have

N
DT ([6e(Aay) - Vay s pe(1) | K@ W (€))] <
j=1

< 2N[A oo Trpe ((=Ag + (AT=(1) + 1)%)p:(7) 5] <

<C (eC‘T‘ + 7] + 1) ,
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and

N
D) T (6200,) . por) 1k W) < € (7417 1)

j=1

for some ¢, ¢’ > 0. Integrating between s and ¢, we finally get

X1 < Clt—s|.

Let us now turn our attention to the second term: using Corollary[A.1.4] and the fact that for
every model we have a bound on the number operator (5.43) at any time, we ge
ry model we have a bound on the number operator (5.43) at any t get

Xo = |Trp(pe(t) k@ (We(€) — We(n))] <
< CTryp (1 + dTe(1)) () [[(1 + dTe(1)) ™2 (We(€) — We(n) (1 + dl-(1)) 2] » <
< CTrp((1+dle(1)) pe(2) (1 + [€]) [€ = nlls < ClE —nls,

where we used that (¢,£) € I. Combining the above results, we complete the proof, obtaining

|Ge(t,6) (k) = Ge(s, ) (K)| < C(I€ = nlls + [t = s]),  (t,€),(s,m) € . (5.54)
O

Proposition gives equicontinuity of the generating map, that allows an extraction of a
common subsequence in time from the family of states, evolved according to the microscopic dy-
namics of the models, converging so to the family of probability state-valued measures parametrized
by the time ¢ € R.

Proposition 5.2.3 (Subsequence extraction). Let {pc}.c(0,1) S £1,+ () be a family of normalized
states satisfying (Agl). Then, for any sequence {e,}nen,en — 0, there exist a subsequence {e,, }reN
and a family of probability state-valued measures {m;};cr S A (9; L1(L?)), dmy(2) = g, (2)dfie(2)
such that, for any t € R,

Furthermore, for any finite T' > 0, there exists C € (0, +00) such that
| a4 23 < o, (556
)

forany t € [-T,T] and any

§ <0, for the Nelson model,
5 <2, for the polaron and Pauli-Fierz model.

Corollary 5.2.4. Under the same assumptions as Proposition[5.2.3]

Pen, (1) P (5.57)

for any t € R, where {m;}1er S . ($; L1 +(L?)) is the family of probability state-valued measures
my = 6—it(—A+W) ((I)t ﬁﬁlt) 6it(—A+W) (558)

with ®;(z) = e~ "% 2. Furthermore, (5.56) holds for m; as well.
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Proof. By Proposition [5.2.3) f., (t) — iy, for any ¢ € R. Since p(t) = e "0 j(t) ™0, setting
R(t) = et(=A+W) g o—it(=A+W) and using (B.26) for Weyl operators, we get

im Try(pe,, (t) k@ We,, (§)) = kli»g-loc Tr e (Pe,, (1) K(t) @ We,, (P2 §)) =

k—+00
= L djie(2) Trpz (v, (2) (1)) €212 = L dpa(2) Trp2 (Y, (2) ) €271
where p; = ®; 4 iz and vy, = e AW 4o @ (=A+W) “and the convergence is in topology ¥.

Convergence in topology ‘B is proved in the same way, exploiting the properties of Weyl quantiza-
tion. We thus conclude that p., — m; and that the latter is a probability state-valued measure,
since its norm is not affected by the action of unitary operators and the push-forward. The ana-
logue of can be obtained along the same lines of the proof of Proposition[5.2.3] O

Proof of Proposition[5.2.3] Let E := {t;}sen S R be a countable dense subset of R. By the fact
that Hy commutes with the number operator for every model, we have that (5.43) holds with the
same constants for p.(t) in place of p.(t). Hence, we can apply Proposition there exist a
subsequence {5nj (t1)Jnen and a probability state-valued measure m;,, such that

ﬁan]-(tl) (tl) > My, . (5.59)

j—+00

Now, p. <z1)(t2)’ still satisfies the assumptions of Proposition 5.1.8|, so that there exist a subse-
J

quence {anj (t2) }jeN S {Enj(tl)}jeN and a probability state-valued measure my,, such that

psnj(Q) (t2) m’ My, . (560)
We can thus apply a diagonal extraction to obtain a subsequence {e,, }ren, COmmon to every

subsequence {e,,, (1) }jeN, such that

Pen, (Le) P my, (5.61)
for any t; € E. Furthermore, since
0 < [Ge(te, &)z 2y <1, (5.62)

the Banach-Alaoglu theorem guarantees that the sequence G., (t;,§) weak-* converges to the

Fourier transform t%tl (¢) for any £ € N and ¢ € $. Furthermore, the inequality is inherited at the
level of state-valued measures, i.e.,

0 < e, ()] 22y < 1. (5.63)
By Proposition we have that, for t;,t; € E,£ € $,and k € ZLp(L?) or K,
|G, (ti,€)(K) — G-, (5, &) (k)| < Clt; — t;]. (5.64)

Since the constants are independent on ¢, we can take the limit ¥ — +o0, obtaining, thanks to
(5.61),

RE(E) = )] < Culti — 151 (5.65)

The previous estimate shows that the sequence {é\ig (€)}jen is Cauchy, and therefore convergent in
C: since for every ¢ € R there exists a sequence {t;}jen & £ such that t; — ¢, then the following
limit exists ~

Go(t,&) (k) := lim mS(§) (5.66)

j—o4oo 7

Furthermore, by and uniform continuity, we have also that p, (¢) 2, n, for a time depen-
dent family of state-valued measures {n; };cr S .# ($; % +(L?)). Let us now consider for concrete-
ness the Nelson model, with x € %, (L?). The functional Gy, has three important properties:
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1. Gy is weak-* continuous. Fix R > 0 and consider I := {(t,§) € E x 9 | [t| + [£|s < R}:
thanks to (5.54) applied to the pair G, (¢;,£), G, (s;,n), where t; — t,s; — s, taking the
limit & — +o0 and then the limits j,/ — +o0 we get

Go(t,€) (k) = Go(s,n)(k)| < C(It = s[ + [€ =nls),  (£,€),(s,n) € I (5.67)

Hence, Gy |1, is weak* continuous in Ig, for any R > 0, and thus it admits a unique weak*
continuous extension to R x $), that coincides with Gy in by uniqueness of the weak-*
limit;

2. HGO(t:O)Hfl =1
3. Gy is a function of complete positive type: indeed, for {x;}7_; < Ly +(L?) and {¢; 1S9,

n n

D, Golt.& — &) (i) = D5l Lim Trpp (e (t) (27812 sy 1) =

j 00 0
ik=1 k=177t

2
Weyl
= lim lim Tryy | p=(t)) > 0.
j—+00e—0

OV (2i%eder | 2
;(62 k /‘fk:)

£

Then, Bochner theorem (Theorem [3.1.5]) for cylindrical state-valued measures yields that G is
the Fourier transform of a unique cylindrical, probability state-valued measure m;:

Go(t, &) (k) = Trpz (my(€) ). (5.68)
On the other hand, we know that
G:(t,§) =w* — lim G:(t;,€) (5.69)
Jj—+o0

and that G. is uniformly equicontinuous w.r.t. . Then, it is possible to exchange the limits in ¢,
and ¢; and obtain

~

m(§) =w" — lim G, (t,), (5.70)

k—+0o0

which gives convergence in topology ¥. Considering the joint topology 8 v ¥, by uniqueness of
limit, we obtain that n; = m; and therefore

Pen, (8) = Ty (5.71)

The only difference for the polaron and Pauli-Fierz model is that G is tested against an element
k € K. In this case, considering the generating functional

Gg(t,f) = GO(L&)(’%) (572)

for every x € K, it is possible to prove that its value is 1 when evaluated in { = 0, it is a function of
complete positive type and continuous in R x . Therefore, we can use Bochner theorem for the
scalar measures and state that there exists only one probability scalar measure m}, such that

G§(t.€) = mf () (5.73)
for any ~ € K. By using uniform equicontinuity w.r.t. € of G( - )(x), we have that
R = I Ge,, (1:€)(0) (5.74)

However, by Proposition , there exist subsequences {e,, 1) }eeN S {€n,, }ren, such that

lim Ge, ., (t€)(k) = Trpz(my(€) k) (5.75)

{—+00
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for any k € %, (L?), and then Try» (t%t(g) K) = t%f(ﬁ) for every k € K. In conclusion, we have
convergence

~

lim G., (t,&)(k) = Trr2(my(€) ) (5.76)

k—40 k

along the subsequence {¢,,, }xen independent of time, for every « € K.
Now, by uniform boundedness of j.(t) and Theorem [3.1.6, we have also convergence to m; in
topology ‘B, up to a subsequence extraction. Therefore, p, (t) — m; and pe(t) satisfies

Tr (5= (t)(dT=(1) + 1)°) < C, (5.77)

for
9, for the Nelson model,
2

,  for the polaron and Pauli-Fierz model,

for any t € [-T,T], T > 0, thanks to the assumptions (Ag) and Propositions [5.1.2] [5.1.7] [5.1.4]
Finally, from Theorem |3.2.1] we obtain that m; concentrates as a probability state-valued measure
on $) and the bound (5.56)) easily follows. O

5.3 Equation for the state-valued measure

Once the existence of a common subsequence along which there is convergence in the quasi-
classical limit has been established, we can take the limit and derive the effective equation for the
Fourier transform of the state-valued measure. As before, we work in the interaction representation
and subsequently go back to the original state-valued measure.

Proposition 5.3.1. Let {p:}.c(0,1) S Z£1,+ () be a family of normalized states satisfying (Az) and
such that

— m.
Pen n—-+0o0

Then, for all the subsequences {e, }ren as in Proposition such that

Pen, (1) P my

for any t € R, the map t — wmy satisfies the following equation

~

Fa(€) = Fs(6) — z‘ft dr L [Vr(B2) , dife ()] 26O 5.78)

for any & € $ and any s € R, where ®;z = e~"“z and

VT(Z) _ eiT(—A-’rW) V(Z) e—ir(—A-&-W)’

and the identity is meant in weak-* sense for the trace-class operators when tested against x € £ (L?)
for the Nelson model and « € K for polaron and Pauli-Fierz model, respectively.

Proof. The representation formula from Proposition holds true, i.e., for any k € £ (L?), or
K, depending on the model, £ € $Hand t € R,

Tror (pe(t) K @ We(€)) = Trop(p=(s) £ @ We(€)) —Zf A7 Tepe ([Hi(7), p=(7)] k @ We(€)). (5.79)

s

97



Let {&,, }nen be a sequence such that p., — m, then, by Proposition we know that there exists
a subsequence {e,, }ren, such that Pen, (t) — my, for any time ¢ € R. Therefore, we can take the
limit &,,, — 0 term by term in (5.79): the term on the left hand side and the first term on the right
hand side can be dealt with in the same way, by applying Theorem which yields, e.g.,

i Tep (b, (8) 5@ We,, (€)) = Trpa me(E)k). (5.80)

The second term on the right hand side, on the other hand, has already been studied in the proof
of Proposition when estimating the term X, where it is shown that it is uniformly bounded
w.r.t. 7 € [s,t]. Hence, by dominated convergence theorem, we can exchange the limit with the
integral. Setting (1) = €'"(-=3+W) g ¢=iT(=A+W) by ciclicity of the trace, we have that

Tep ([Hi(7), p=(7)] K @ We(€)) = Troe([Hr, pe(T)] R(7) @ We(e™T¢)). (5.81)
We study now each model separately:

Nelson model: thanks to Proposition and assumptions on the state, we are in condition to use
Theorem to obtain convergence of quantum expectations of creation and annihilation
operators at any time to the classical expectations on the state-valued measure m,, identified
by Corollary[5.2.4] with #(7) as compact test operator:

Jim T ([H, pe,, (D] R(T) @ We,, (e77776)) =
_ L iz (2) Trpa (V(2), v, (2)] (7)) €2eCEle2)
= [, e T (9@ 7) 2, (2] ) 2612
with V() = 2Re (), | z) and we have used the fact that m; = ®_, f (e?(=A+W) m, e~ (=AFW)),
Polaron: by the decomposition g,; = g< o, + [~iVy;, Gu,],
rﬁ“%’( [H1, pe,, (N (1) @ We,, (e7777€)) =
_ 2 mf( (e 90 P (NI, )0, 3] DD (™) ).

By Proposmon 5.1.4, we can use Theorem for the first summand and Proposition [3.3.6]
for the second one. Thus, we get in the limit ¢, — 0

iT <f [2Re (2 |g<.z, ) dmy ()] 7(7) 2’“<§'ewz>>
+ ]ZV: Trpe (J [—iVa,, 23m (2| s, ], dm.(2)] £(T) €2i§Re<§|e”“z>) _

N
Z Trpe (J [2Re (2 |9z, ), dm(2) ] (T) 2Z§Re<f|emz>>
G <f [V(2), dm,(2) | (r) e2Rec |€”"z>>
9
with V(z) = Z;V: 1 2Re (go, | z), where the latter is short for

N
= Z (2§Re <z |g<,xj > + [-iVy;,29m <z |§z]~ >])

Using the same argument as for the Nelson model, we can complete the proof.
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Pauli-Fierz model: since H; = —2iV, - ¢-(Az) + #2(A\s),
Tre([Hr, pe,, (N E(T) @ W, (e777€)) =
N
= Z Trw([<2iVa, - ¢e, (May)s pen, (N E(T) @ W, (€77€))+
N

+ 2 Ten([62, (Aay)s pe, (NIR(T) @ We,, (e77772€)).

j=1

By Proposition[5.1.7} we can apply Proposition 3.3.6]to the first term of the sum and Corollary
3.3.2[to the second one, so that we obtain, in the limit ¢,,, — 0,

> 2R <§’ iTvw >
;Trﬂ (L [_2Zv1}]’ - 2Re <Z P\xj >, me(z)] R(t)e ) N

“ym (L |(@Re (= |7, ))* dme(2)| A(r) eMe<élemz>) .
j=1

By the fact that V(z) = Z] . (—2iV,, - 2Re (z|As, ) + (2Re (2| Ay, >)2) and by the afore-
mentioned relation between m, and mT, we can conclude the proof.

O]

Remark 5.3.2. Thanks to the a-priori information on the states, we can prove that the previous
equation is well-defined for any model:

Nelson model: by properties of integration w.r.t. state-valued measures,

HJ [V (9,2),di, (z)] 2 P16

< f ditr (2) [V (®12) e ()]l <
A H
f 2) i (2 IV(@22) |2 < ANA | ooy f din(2) 2l

and, by (5.56)), the previous integral is uniformly bounded w.r.t. T € [s, t].

Polaron: in this case it is relevant that we are testing against an operator in K:

L Qs (2) Trgs ([P (@12) v, (2)] £ @ WE@)\ <
N
<2y L 47ir (2) [V, v, () o, 125 (@12 |, ot W]+
N
i2y L 47ir () Iy, ()] 2123 @12 3, |21V s Kl o+
N
f2y L 47ir (2) e, (2) 1 2R (@1 2 g0, > L] <
=1

<0 | [ dnole) Tz, ()00 + [ ()11

By estimates (3.90) and (5.56)), the integral is uniformly bounded w.r:t. T € [s,t].
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Pauli-Fierz model: in this case we have

L dfir (2) Trpz ([ V2 (72) 7, ()] £ @ W(6))] <

N
<y L 47ir (=) [V, 7, (ot [2Re (@rz Aoy Va0 2+
j=1

N
= L 47ir (2) Iy, ()] |2Re (B2 e, ]y [V, Kl izt
j=1

N
#2 3} || dinle) b (s [2Re (2 e D Il <
j=1

<o L A (2) Tr2 (v, (2) (—As)) + Co L diir(2) 23

Combining (3.90) and [5.2.3|we deduce that the integral is uniformly bounded w.r:t. T € [s,t].

We are ready to derive the effective equation for the state-valued measure by taking the inverse
Fourier transform of the previous equation, testing against cylindrical smooth functions.

Definition 5.3.3. A function f : $ — C is a smooth, compactly supported, cylindrical function, if
there exist a finite dimensional orthogonal projector P on $) and a function g € C°(P$)), such that,
forall z € 5,

f(z) = g(Pz). (5.82)

We denote this set by Cg.,(9).

For such functions, the Fourier transform is still a cylindrical function on P$). If {e;}en is an
orthonormal basis of ) and P$) = span{e;}7_;,

fo) = L dz e REI2 £ (2) = fpﬁ dzy .. dzy e 2T GG ) = (6 ),

where z; = {e; | z) for z € §.

We are finally ready to state one of the main theorem of this Chapter.

Theorem 5.3.4. Let {pc}.c(0,1) S “£1,+ () be such that there exists 6 > 1 such that

lpe (AT=(1) +1)°| & < C, for the Nelson model,
Trr(pe (Hy +v72H2)) < C, for the polaron, (5.83)
Trp(pe (Hy +1)% +dT:(1)?)) < C, for the Pauli-Fierz model.

Let also {ey, }ren e a sequence such that pe, (t) — ™y as in Proposition Then, for every
f € 080 cyl (5'_’)),

L diny(2) f(2) = L din(2) £(2) —iL dr L (D (®,2), diivs (2)] £(2) (5.84)

where the identity is meant in weak-* sense, i.e., testing against compact operators in %, (L?) or K,
depending on the model.
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Proof. By Proposmon“ 5.3.1} for any f € Cf.,,($) with associated function g € Cf°(P$),

[, ae utm) 7€) = | ag (w70 | acfie J i [ (B0 e 1
Fubini theorem and the fact that the integrand functions are cylindrical imply that

L dg () £(6) = |

9

_ f ity (2) J dL(Py) (P (= — 1)) g(Py) = j ity (2) £(2),
H PH 3]

i (2) f%@% dL(Py) dL(PE) 2mMe1© p(y) =

where we denoted by dL(Py) the Lebesgue measure on P$). The second term on the right hand
side can be treated in the same way:

J de f(¢ f dr J ), d, ()] e2RetzImE)

- f dr J dL(Py) dL(P¢) f [Vr(@72), diitg(2)] 2™V f(y) =
PH®PH

)

f dr j ), i ()] £(2).

Putting together what we have proven, we get the result. O

5.3.1 Existence and uniqueness of the solution

Given (5.58), we can address the question of existence and uniqueness equivalently for m; or m,.
Before entering in the discussion, however, let us make the notion of solution more precise.

Definition 5.3.5. Let us consider the integral equation

t

dng(z) = dng(z) — lf d7 [ Vr(®,2), dn,(2)] (5.85)
dng(z) = dn(z)

withn. : R — #(9; 4 +(L?), V(2) : 2(V(2)) € # — A, and s,t € R. Then, setting

t

d&(z) :=dny(z) — dng(2) + ZJ A7 [V (®,2), dng(2) ], (5.86)

S

a map t — ny is called:

e a weak-solution of (5:85), if and only if for any B € £(I?) and f € C, (57,

Tr,s < L 48 (2) f(2) B) o, (5.87)
o a weak-* solution of (5.85), if and only if, for any x € £ (L?) and f € C§.,(9),

Trys (L 48(2) f(2) H> e (5.88)
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Every weak-solution is obviously also a weak-* solution.

In order to give the explicit expression of the solution we have to construct the two-parameters
group of unitary operators generated by the Schrodinger operators with the effective potentials
obtained in the limit. We thus denote by U; s(z) such a two-parameter group weakly generated by
H(Prz) = —Ay + W + V(P,2): for any ¢4, s € 2(H(P,2)),

(o]t = (o
(o) -

US,S( ) =

(I)tz Ut 5( )ws>
(5.89)

Uts ‘I) Z) ws>

We also denote by U, 4(z) the group weakly generated by V,(®,2): for any ¢y, ¢s € 2(V,(®,2))

<<pt i Uts > <<pt Vi(®:2) Uy (2 )¢>
<9”t U Uts > <<pt 2)Ve(D42) 1/)8> (5.90)

Uss(2) =

Being existence of the previous groups perfectly equivalent, we study U, ; for the scaling v. =
e~! in the Nelson model and the existence of U; s afterwards. For the polaron and Pauli-Fierz
model we follow the opposite strategy, proving the existence of U, for v. = ¢~! by means of
results from [76] and [73]], and then for ﬁts in the scaling v, = 1.

Proposition 5.3.6. There exists a two-parameter group of unitary operators {Uy; s(z)}iser (resp.
{Ut,s(2)}1,5er) satisfying (5.89) (resp. (5.90) for every model and v € {0, 1}. Furthermore, we have

Ups(2) = e AW, (2) (AW, (5.91)

Proof. We first prove (5.91):

i%Ut’s(z) = (A + W) Up(z) + e HAFW) Z%[jt o(2) s(=A+W)

which implies that U; 4(z) is a solution of if and only if U; 4(2) solves (5.90).
If v = 0, the radiation does not evolve in time and V(®,z) = V(z) is time-independent. In
this case U; s(2) = U;—s(2) is the one-parameter group generated by the self-adjoint operator
H(z) = —Az + W + V(z), and existence follows from Stone Theorem.
If v = 1, we consider each model separately:

Nelson model:

Vr(@,2) = eTCATWI2Re (N, | ez e~T(=A+W) s a bounded operator in L*(R*) and
the existence of the two-parameter group U, ,(z) weakly generated by it is trivial.

Polaron:

We want to use [[76, Theorem II1.27 + Corollary 11.28], so let us verify that the conditions

are satisfied: consider the operator H, = —A, + Wy (21,...,2x) on L2(R*V) with domain
D(Hy) = P2(—Ax+W,)and also Hy (1) = W —i—Z;-V:l (2Re (@72 |9<z; )+[—iVa,, 28m (P, 2|Gx; )]),
then
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1. W is infinitesimally bounded w.r.t. H : for any ¢) € & (HEF/Q)

b

N
[ TH0) | < ), (| [2Re{ @izl g<.0,) ) | + 2/ (Ve |29m (@02 G2y ) ¥) |) <
=1
’ N
< 2N zlls)lg<. +4 ) Ve 0l19121519-lo <

j=1
<aly| — Ag) + 2N Ba 231312 + 125 9<, o) [¥]* <
<a(y|Hit)+ C(N,a,2) |0

Choosing a > 0 small enough, we obtain that H;(t¢) is infinitesimally form-bounded
W.Lt. Hy;

2. forany i € 2(H4) = (Hy +1)7V2L2(R¥N), since i L @,z = @, 2,
N
<1r[} | HI Z <17Z} | 28m <g<,zj |(I)t2> ¢> + <17[} |[*va] ) 2§R6 <<th |§:EJ >]¢>)

which can bounded as we did above, obtaining that H;(t) is infinitesimal form-bounded
W.I.t. 7‘[+.

Since both the conditions are satisfied, we can apply the aforementioned result and obtain
that there exists a two-parameter group of unitary operators {U; s(z)}+ secr weakly generated
by H(t) in 2(Hy).

Pauli-Fierz model:

In this case, set H(7) := —A,+ W +V(®,). Then, the map 7 — H(7) is strongly continuously
differentiable in L2(R%). Let us show explicitly only the continuity of the derivative, the
existence of the latter and the continuity of the function being proven in the very same way:
in strong sense

N
= Z (21'ij - 23m <w)\xj } efith> + 8Re <)\xj } eﬂ'th> - Qm <w)\xj ’ 677;th> ) (5.92)

Hence, if ¢ € 2(H(7)),

N
I(H(E+h) = H(E)Y] 2 < Z (I%%Ilm JwA. [ (e R — 7)) 5+

16l [0 e o ezl 1 (e — 7). ﬁ> —0

Hence, since all the operators {#(7)},cr share a common domain of self-adjointness 2 (H(t)) =
P2(—A + W), we can use [73, Theorem 2.1] that ensures the existence of a two-parameter
group of unitary operators U, s(z) solving (5.89).

O

We are now ready to give the solution to the integral equation for the state-valued measure.
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Proposition 5.3.7. Consider the integral equation, for any s,t € R,

dtﬁt(z) = dﬁls(Z) - ZJ dr [)}T(¢T2)7 dﬁlT(Z)L

(5.93)
dm(z) = dm(z),
where m € 4 ($; A +(L?)), and for any t € R,
r.[:) da(z) |z]s < C, for the Nelson model;
) L dji(2) Trrz (va(2)(—As + |2]3)) < C,  for the polaron; (5.94)
L dji(z) Trpz (va(2) (= Az + | 2]3)) < C, for the Pauli-Fierz model.

Then, there exists a unique weak-* solution to the equation (5.93)), which has the explicit expression
diy(2) = Ups(2) dm(z) U ,(2) (5.95)
i.e., its Radon-Nykodym decomposition is

ir=p Ym(2) = Ups(2) (=) U] (2). (5.96)

Furthermore, this solution is continuously differentiable on every Borel set of $) w.r.t. the strong
topology in £ (L?).

Proof. Recalling Remark about well-posedness of equation (5.78)), we see that, if m, satisfies
conditions ((5.94), then the term inside the integral is integrable and so the map

tr—»J dff ), i (2) ] (5.97)

is C1(R; £ (L?)) in trace-class norm topology, which implies continuous differentiability of the
solution.

Therefore, we can differentiate and obtain that m; is a solution of the integral equation, if and
only if it is a solution of the differential equation

d

i dmt( ) =L[1}t(¢t2), dmyg(2)]. (5.98)

It is however easy to see that, by direct inspection, (5.95) solves the previous equation, and there-
fore it is also a weak and weak* solution of (5.93)).
To prove uniqueness, let us define the measure

dng(z) = Uts( ) iy (2) Uy (2) (5.99)

where m, stands here for a generic weak solution of (5.93) and (5.98). Let A € Borel($)) be a Borel
set, then

%“t(A) =- L U) () [Vi(®e2) , diing(2)] U s(2)+
+ [ Ol an) ) =0,

ie., ny(A) = nyg(A) = m(A). This means that n; is independent of time and therefore m; is unique.
O
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Proposition [5.3.7) permits to identify m,, as shown in the next

Corollary 5.3.8. Let {p:-}.c(0,1) S -£1,+ () be a family of normalized states satisfying (Ag)), then
there exists a subsequence ¢, — 0 such that

pen(t) ——>my (5.100)
for any t € R, with
dmy(2) = Upo(2) d(® §m)(2) U o(2). (5.101)

Proof. Convergence (5.100) holds at time zero over a sequence {¢, },en thanks to Theorem
By Corollary we have (5.100) at any times, over a subsequence {&,, }xen, With

dmy(z) = e AW (&, @y (2) ATV (5.102)

where, by Theorem [5.3.4] m; is solution of equation (5.84). Thanks to Proposition the
solution of the latter is unique and given by expression and this is true for any convergent
subsequence {p¢, (t)}ren, Which implies that the convergence holds true over the original {, }en.
Combining these information, we have

s ([ amte) 1)) = o [ amu(e) ey ) ) =
= Toga ([ m(e) (02) Oy 2) 7B AW ) ) =

= T2 < L dm(z) f(®s2) U} o(2) nUt,o(z)> :

where we used (5.91). O

We have thus completed the derivation of the effective equation for initial states satisfying
assumptions (Ag]). In the next section we relax such conditions and show that the result applies
to a larger class of states.

5.4 Weaker assumptions on the initial states

This is the last step of the proof of Theorem [1.3.1} we proved that, assuming (Ag), if p., —
dm(z) = dji(z)m(2), then

pen () = dmy (=) = d(@4211) (2)Up0(2)7m(2) U0 (2) (5.103)

Let now p. € 2} + () be a family of normalized states such that, for any § > 0, the original
assumption is satisfied, i.e.,

S(l(l)pl) Tr e (pe(—Ay + Wy + (dT(1) +1)%)) < €,  for the Nelson model;
e€(0,
o) e (pe(—Aq + Wi + (d=(1) +1)°) < €, for the polaron; (A1)
e€(0,
sz%pl) T (pe(Hy + (dT-(1) + 1)%)) < C, for the Pauli-Fierz model.
e€(0,
Define
pgr) = ZlT,Xr Pe Xr> ZT = Trjf(Xr Pe XT)7 (5104)
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where x, := x,(S)x»(T), with x,(z) := x(z/r), x € C5°(R) a suitable cut-off function equal to 1
around the origin and vanishing far from it, and

(—=A, + W, )Y2,  for the Nelson model,

S = (dT.(1) + 1)%/2, T:=< (=A, + W)¥2, for the polaron, (5.105)
H i/ 2, for the Pauli-Fierz model.

The family of semiclassical states {pg)}se(o,l) satisfies assumption (Ag), and furthermore

lp=(t) — P (t )Hﬂ ) < lpe = ) () <

Xr
s T Pe = - <
Pe Z = pe + Z. e ZTPEX’I‘ ”
‘( ) T—I/QS 1/2 HTI/QSI/Q T1/2SI/QHJ ”T—I/QS 1/2H_|_
I ‘ %Tq/zsfl/z |\T1/251/295T1/251/2H$1 HT71/2571/2(1 _ Xr)H <
< C sup Tryp(p-(S% +T2)) [l( > T12g-12| HT—WS 12(1 M
ee(0,1)
<C [ (1 - ’Z‘> T-Y2g-12) 4 HT—1/25—1/2(1 - X")M = 0,(1) (5.106)
uniformly in €, where we used the estimate
C1/2e 1—xr(A\) 1—xr(N)
1/2g-1/2(1 _ i GV ) A CA7)
HT S~z XT)H <O A:E(%) N ’ + Oy Az}rl(lgf) N or(1). (5.107)
By Theorem [3.2.1] “ for every r, there exists a sequence {e,,)}nen and a probability state-valued

measure m\") € . (9; £ 1 (L?)), such that pg?(r> — m!{"). By Corollary 5.2.4] there exists a subse-
quence {e,, () }ken such that

ng(r)

P () —— dm{” () = Uyo(=) d(@ §m) () Ufy (). (5.108)
Now, again by Theorem 3.2.1} we can extract a time-dependent subsequence {e,, (s} from {e,,(,}
such that

Pen ) () — my € .($; Z1(L%) ). (5.109)

Jj—+0

We want now to prove that m; = my. To this purpose, we adapt an argument from [8}, Proposition
2.10]: consider b € .71 ($)) with base PS$) for a finite dimensional orthogonal projector P, then by
pseudodifferential calculus in finite dimension (see Appendix [B.1)),

10PT )2 (Ol 2(r) < bl Lo psyy + O(e). (5.110)

Hence, by Corollary and Theorem [3.2.1}, for any x € £, 1 (L?),

f | ) Tz (g (2) = 3 (2 1) (2) | = (5.111)
9
= e o T ([P ®) = £, (0] 0P ) )| <

< lim
Enj (r,t) —0

Pevyion® =) o ()] [blim(osy ] = 0:(1) (5.112)
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uniformly in € by (5.106). Setting m; = mj,mg = mgT), and n = mj — ml(f) for short, for any

k€ Ly (L?), [n|* is absolutely continuous w.rt. |™32|" the latter being a Radon positive
measure on $). Then, there exists a measurable function \* : $§ — R, such that

m; + my "

Aof*(2) = W) a2 ),

and the previous relation holds true for any x € %, (L?), using the decomposition in positive
operators. Furthermore,

my + my |”
sup Jd‘w
)

5 (2)[X*(2)] = sup  [n["(9) = [[[m1 —m2[(H)].4 < 2.
K€L (L2)

K€L (L2)

Then, |\*(2)| < 2 for | 2152 |" a.e. z, uniformly in x. By [8], -7,1($) is dense in LP(P$; d | 21522 |"),
with p € [1,0), so that there exists a sequence {4 },en S Fey1($), such that

AK
| | ~ 0.
ILRILELIS

lim

n——+0o0 ‘ 1{)\,€¢0}

Moreover, there exists a subsequence {B”",}jeN, such that g (2) — |§NE2|1{>\K¢O}( ), for |mifma|”

a.e. zin §. Setting bf(z) = 2 we have obtained a sequence in .7($)) such that

1_;’_‘6/{ ‘27
15| (psy) < 1 uniformly in x and

a.e. z€ 9.

N (z mi + my ®
bj(2) (2) ‘

AN
joto [NF(z

Using now a net of approximate identities {eq }aer S Lo + (L?) and, denoting by v and o, = H %

the scalar measure and the Radon-Nykodym derivative of |n|, respectively, we get

f dv(z) = lim | dJn|@(2) ga(z) = lim d‘w (2) |2 (2)] on(2) =
fJ ael 57) ael 53 2

T my + mg|™ Coc( ) 1 _

~ iy Tim ﬁd12 (2) X (2) B5(2) on(2) =

<t tim | dnf* () 5(2) en(2) < o0Vl lim (65 lealz = 0r(1)
ael j—+00

ael j—+w 9

by (5.112). Therefore, denoting with a little abuse of notation by |u. — x| the scalar measure in
the Radon-Nykodym decomposition of |m. — m,|, we have proven that

Jy b

The density matrix ¢ in the Radon-Nykodym decomposition of |m(") — m| is such that |g|| & = 1
and therefore

— "

(2) = op(1). (5.113)

j A = | (2) < liminf Trop (1) = po(8)] = 01 (1). (5.114)
9 e

Putting together (5.113)) and (5.114), we finally have

L At — il(2) < L s, — uP)(z) +Ld|u£” ~l(2) = 0 (1), (5.115)

which implies that m; = mj. Since the previous argument applies to any subsequence ¢,,(,), then
the convergence holds along ¢,, i.e., p., — m;.
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5.5 Properties of the quasi-classical dynamics

We now discuss some important properties of the effective dynamics. Let us sum up the result
proven: if {p:}.c(,1) is a family of normalized density matrices satisfying

Trp(pe (14 dT-(1))° + H,)) < C, for some 4§ > 0,

so that
pen T dm(z) = ym(2)du(z),
then, . ‘
e Mep eMe = p (1) o dme(z) = g (2)dpe(2), (5.116)
with
o=t m(2) = Uno(2) ym(2) Ul (2)- (5.117)

The corresponding Heisenberg picture reads as follows: if f : $ — Z(L?(R¥Y)),

Ty ( L dmy(2) f<z>) - L Apu(2) Trzz (o (2) £(@42) =
— | aue) 1oze () Ulgle) @12) Urof)).
9

As we have seen, the normalized Radon-Nykodym derivative of the measure evolves, pointwise
for every classical configuration of the field z € $), according to a two-parameter unitary group,
but this structure does not apply to the total evolution. Indeed, the particle evolution has to be
averaged over all the possible configurations of the field, taking also into account, if v = 1, the
free evolution of the field.

Let us analyse in more detail some specific example. Consider, for instance, a product state
pe = [ @ V) (Y @ V,|, with 1p € L2(RWN), U, € T($), such that |p.| & = 1 for every ¢ € (0, 1),
and satisfying the bound on the expectation of the number operator. The quasi-classical limit of
such states, up to a subsequence extraction, is trivial to take because of the factorization and, using
results for Wigner scalar measures [6] or Theorem for |W.) (V.| € A (I's($)), we get that
V. —>pe ‘%<’6ﬂ R-&-)}

lim Trp (02 B @ W (€) = lim (W B 1) (0] © W()¥.) =
- [ aute) Ty ol By et
and

e—itHg |¢ ® \I/€> <,(/} ® \Ifg‘ eitHe —my = (I)tﬁﬂ |¢(t)><w(t)|

with ¥(t) = U;0(2)%. Since the Radon-Nykodym derivative is constant, i.e., y(z) = [¢) (3| for any
z € ), we can define reduced effective dynamics

Vs + LLPRY)) — A (L2RMY))

via
Wiy = L A(®1—s £ 1)(2) Ural2) Y U} (2). (5.118)
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In this case, one recover the group structure for % 5, but some additional condition is needed, e.g.,
the scalar measure has to concentrate at one point (Dirac delta). Indeed, for r < s < t,

Wi sWory = L . A(Der s % 1) (2,9) Up,s(2)Usi () Y UL (2) UL ()
differs from
Wiy = f d(Ps—r £ ) (2,y) Urr(2) UtT,r(Z% (5.119)
9

except when s x s is concentrated on the diagonal of § x §. This is, however, possible only when
the measure is supported at one point, i.e., when p = ¢,,, 2o € $, which entails

Wi W51y = Up,s(20)Us o (20) 7 U (20) UL (20) =
= Ut,r(ZO) 'YUtT,r(ZO) = V/t,r'%

Dirac deltas are known to be the semiclassical counterpart of coherent states:

Z.(8) = WL <fE>Q — 6, (5.120)

with €2 the vacuum in the Fock space and ¢ € ). Note that such states satisfy out assumptions and
therefore their quasi-classical limit fits in the work presented so far.
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A Fock space estimates

A.1 Standard Fock space estimates

Let us start by introducing the (¢—dependent) symmetric Fock space, and its most important prop-
erties (see [42] and [11] for a detailed analysis).

The symmetric Fock space is commonly used to describe a system of particles following the
Bose statistics and subjected to creation and annihilation. From an algebraic quantum field theory
point of view, the symmetry of the wave functions can be encoded in the properties of commutation
of the Weyl C*-algebra #.(X’, o), with (X', o) a real, symplectic vector space. The Fock space is
the natural space to represent free bosonic theories:

p: W (X o) > ZL(Ts(9))
Wg(f) — 7TF<WE(§))7

where

= P H®m, (A.1)

and 7p(W:(€)) to be defined precisely later. For convenience, we drop the mr and denote the
represented Weyl operators by W, (&), if no confusion arises.

The space $H®", whose vectors describes n bosons, is defined as follows. Denote by P, the
group of permutations of order n, and define the projector S,,, whose action on pure tensors is:

U ®s...® Uy =5 (V1 ®...0 Ty) 'qu ®...QUy(y. (A.2)
" oeP,
Hence, $H®:" := §,(H%") is the space of all the finite linear combinations of symmetric pure

tensors, closed w.r.t. the norm of §. The symmetric product of Hilbert spaces $H®:" is endowed
with the following scalar product:

if o Z Ajejn Vit s - s W, € f)®sn7
.717 7Jn
(I)(n) = Z bk’l,...,knq)kl Qs+ .. Rs q)kn € ﬁ@ﬂb’
klv---vkn
then
@) = Y Bk (P [ W0 (B, [0, (A3)

J1seesdn k1sekn

The space $H®: is simply C.
The Fock space is thus defined as the closure of the algebraic sum of the aforementioned
symmetric spaces, as n varies, w.r.t. the norm

o]
(%, s) Z AR . (A4)
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The vacuum vector (2 € I'4($)) is of particular importance and it describes the state with no bosons:
Q= (1,0,0,...). (A.5)

The e—dependence comes into play when one defines the canonical quantum observables, i.e.,
the creation and annihilation operators. We define them on the n—fold tensor product to be,
respectively

al(€) : H%" — 50
U ®s...Q0s¥y — \/5(n+1)£®sqjl®s'--®s\1/n;

a: () : H&" — HB =
Uy Qs ... @5V = Ven (€| V1)g T ;... ®s V.

They extend to densely defined, closed operators on the Fock space that will be denoted in the
same way. It can be proved that they are one the adjoint of the other, and furthermore they satisfy
the canonical commutation relations:

[a:(€), al(m] = e€lmg,  EmeD. (A.6)

Therefore, both a. and al scale as VE.
If § is a function space, e.g., $§ = L%(R%; dk), it is convenient to define formal objects operator-
valued distributions a. (k) and al(k:) such that:

w©) = | abait), e - | dradmem.  ces A7)
These distributions satisfy the canonical commutation relations:
[ac(R),al(k)] = ed(h — k),  h,keR% (A.8)

An important role is also played by the so-called Segal fields, defined, for any ¢ € ), as

For any linear contraction U € .Z($)) that is, such that |U|# < 1, one can define the operator

which is a linear contraction on I';($)). Thus, for any self-adjoint operator A : Z(A) < H — 9,
since it is possible to define the second quantization of A as the operator dI'.(A) such that

eizdl=() = p(eith), (A.10)

Explicitly,
AT (A) gaen V1 ®s.. @ Uy =2 > U1 ®s ... ® ATV, ®s ... @, Uy, (A.11)
j=1

By means of the operator-valued distributions for creation and annihilation operators, the previous
operator can be written as

dr.(A) = fRd dk al(k)(Aac)(k). (A.12)
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Therefore,
dl'(A) ~e. (A.13)

The second quantization of the identity operator is called number operator due to its action on the
n—fold tensor product:

Al (V1 ®s ... Qs ¥y =en¥ ®s ... Qs Uy (A.14)
In terms of operator-valued distributions it is written as
dr.(1) = Ld dk al (k) ac (k). (A.15)
Furthermore, we will denote by
Tiin($) := | Lo (dT<(2)) Ts($), (A.16)
NeN

the space of vectors with a finite number particles.
Proposition A.1.1. The symmetric Fock space can be defined in the following equivalent ways:
o I's(9) = By 952
o I',($) is the Hilbert space generated by the total family {¥; ®s ... ®s ¥p; ¥ € H}nen;
o I',(9) is the Hilbert space generated by the total family {z%"; z € $H}nen;
e I';(9) is the Hilbert space generated by the total family {al(&) .. .al(fn)Q; & € Hlnen,

recalling that {®,,}eN is a total family for the Hilbert space 7 if the latter is obtained by the closure
w.r.t. its norm of finite linear combinations of elements of the total family:

A = Span{@,] 1. (A.17)

Let us now discuss some basic Fock space inequalities, that we used throughout the thesis.
First of all, let us define, for a Hilbert space §), the associated “weighted” ), with w : Z(w) <
$ — 9 self-adjoint and positive with

1= {6+ (€lw[€)y < +o0, (A18)

and inner product {- | )¢ = (- |w] g

Proposition A.1.2. For any ¥, € 2(dl'.(w)"?) and £ € $ N $,,-1 we have that

lac(€)¥ellr,(s) < lw™2€]g [dTe(w)*We|r,(s)
|al()Wellr, ) < o™ 2]y [dTe(w)*Telir, ) + ellélls [ ells

Proof. Let us prove for first for the annihilation operator: by Cauchy-Schwarz inequality and sym-
metry of the functions

lac(©)We[? () = D e+ DIEITD) P[P ®s - .. @5 Untafon <

neN

< ) e(n+ D)|w 2o |00 5| T2 ®s - @5 Uny1[Goin =
neN

= > w23 AT (w) W) @ . ®s Uit [Bguinen) =
neN

— o2 3 AT () 20 R 5.
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For the creation operator, it follows from the canonical commutation relations:

Jal (€)Wl ) = lac(€)Wel?, g + eI W12, 1o- (A.19)

O]

In the case of w = 1 we can obtain the following useful inequality involving the number
operator, for all e < 1,

laZ (€)Wellr, () < €]5 [(dT(1) + 1)Y2We]p, 5 (A.20)
It is easy to see that if we consider a function \. € L*(R?; §) in place of ¢ € §), the inequality has
the same form using the uniform norm | - [l := | - | Lo (re;5):
laZ (§)Welr,(m) < I oo [(dT(1) + 1) We|p, (5, (A.21)
that is,
laZ (M) (dT<(1) + 1) 2, 5)) < C, (A.22)

uniformly in e. In Appendix [B|we generalize these inequalities to Wick quantized symbols.
Weyl operators are represented on Fock space as the unitary operators
W (€) = =& = pilac(©)+al(€) (A.23)
Let us recall that the Weyl operators satisfy the Weyl relations: for every &, 7 € ),

W.(€) # 0,
Wi(€) = W(-¢),
W(E)We(n) = e =7 EMW(E + 7).

Proposition A.1.3. For any \. € L°(R% $) and any £ € 5,1 € H,, N H 172, Withw : D(w) € H — H
self-adjoint,

W) al(\e) We(€) = al(Ny) —ie (€] Aa)s (A.24)
WI(E) ac(Aa) We(€) = ac(Ag) +ie o | ) (A.25)
W1 (n) dTe(w) We(n) = dT-(w) + ic(al(wn) — ac(wn)) + 2w *n]3. (A.26)

Proof. The first two equations are simply obtained as follows:

1

W) ac(Ae) We(€) — ac(Xs) = f ds die—z‘swa(s)ml(s))as( Ay )etse=(©+al(©) _
0 S

1
- ZJ ds =3O+l [q_(\,), al (€)]e*@=©O+al©) = je (1, | £,
0

the calculation for the creation operator being analgous (for details see [37, Lemma 5.3]). Using
operator-valued distributions, we get

W1(€) al(k) We(€) = al(A\a) — iel(k); (A.27)
WI(€) ac(k) We(€) = ac(\s) + i€ (k). (A.28)



Hence,

WHE L) W(e) = [ dk sl Wl W)W (e We(e) =

:L%me<w%am<>+@m>

from which follows by commutation. O

The Weyl operators are continuous, in Fock representation, w.r.t. their argument.

Corollary A.1.4. For any 6 > 0, there exists a constant Cs € (0, +00) such that, for every £,m € $

[(We(€) = We(m)(dLe(2) + 1)~z < Cs(1 + [€]5) 1€ = nlls (A.29)

Proof. Following the proof in [6, Lemma 3.1]

[(We(€) = We(m)(dle(1) + 1)) <
< (1 = =7 EDW, (= ©))(dT=(L) + 1)) <
< G — 1] 4 (1= We(n = €)(d=(1) +1)7°).

Now we use the following estimate: for every « € [0, 1] there exists C,, € (0, +00) sucht that

e — 1] < Culs|]¥, seR (A.30)

yielding ‘ ‘
=7 — 1] = |7 @178 1] < Cel€ — |5 |€]5- (A.31)
For the second term, we use complex interpolation: for 6 = 0 we have ||(1—W.(n—¢))| < 2, while

for 6 = 1 we use (A-30), functional calculus and Proposition[A.1.2]to obtain, for any ¢ € I's($),

[(We(n = €) = 1)(1 +dl(1)) "9, <

0=~ €)(1 +dro(1)) V20 <
< Cly— €ls |9

Therefore,

[(We(n—¢) = 1)1 +dle(1))” ‘5Hg Clg - an; (A.32)
is true for any ¢ € [0, 1]. Putting together inequalities (A.31)) and (A.32), we conclude the argu-
ment. =

Proposition A.1.5. Forany § e Rand £ € 9,

(1 +dT.(1)°Wo(6)(1 +dl.(1)) % € Z(Ts()). (A.33)

Proof. See [4], Corollary A.2 (i7)]. O
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A.2 Trace-class operators

Let us consider in this section some properties of the density matrices in Fock space.

Definition A.2.1. An operator p on a separable Hilbert space .7 is trace-class if and only if, for any
set of orthonormal basis {¢;}jen S J,

Iy = Teoe(lpl) == Y <l lpl 1) 0 < 0. (A.34)
JeN

The space of trace class operators is denoted by £, ().

If pe £ (), then its trace is independent on the chosen orthonormal basis, and reads

Tr(p) i= D, Wyl P18 - (A.35)

JeN

Furthermore, the function || - | ¢, ) : £1(2#) — R™ is a norm and the set of trace-class operators
with such norm (£ (), | - |« )) is a Banach space.

For any p e £ () € £ () and B € £ (), the following inequality holds

Terr (0B)] < IoBls <ol Bl (A36)

In addition,
Trr(pB) = Tre(Bp). (A.37)

Thus trace class operators are a bilateral ideal of the bounded operators, that is, Bp, pB € £ (7).

A useful remark is that, in general, for any § > 0 and A > 0,

Trp (pA%) = Te e (AP pAY2) = A2, A2 4, < [ po AP . (A.38)

Trace-class operators are compact operators: .21 (°) < % (o), and therefore for positive
operators p, there exists a basis of orthonormal eigenvectors {¢;};en S -, and a sequence of
eigenvalues {)\;};en < R4 such that

pr = DN [ (1. (A.39)
JeN
In particular,
lo+llzr = D A < +e0. (A.40)
JeN

In general, for a trace-class operator p the following equality holds

(o) = 3 (A41)
jeN

with each eigenvalue counted with its multiplicity, a result known also as the Lidskii’s Theorem.

Quantum states are net of families of density matrices dependent on a semiclassical parameter
e, and are trace-class operators on the tensor product of the Fock space with a space of square
integrable functions associated to the particles:

(0,1) 3 — p. € ALXR™N) QT ,(H)). (A.42)
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We mostly consider positive states that are normalized in the trace-class norm:
pe > 0, lpel 2 (L2@ry) = 1, for any . (A.43)

Therefore, there exist {1;};en and {¥}ren being orthonormal bases, respectively, of L?(R¥) and
I's($) such that,

pe= > Nikle) 1o ® W) (1 ® Wy (A44)
7,keN
with
D1 Ajk(e) = 1. (A.45)
7,keN

A.3 Proof of the pull-through formula

In this section we discuss how to control the number operator with the Hamitlonian for the Nelson
model. This control is based on the pull-through formula that has been proved in full generality
for the Renormalized Nelson model with positive mass in [2] and [3]].

We present here a proof given in [29, Lemma 3.2] that, thanks to the fact that we are dealing
with the Nelson Hamitlonian with cut-off, is easier. The Hamiltonian is

=Ny +W(z1,...,zn) + dlc(w) + ¢e(A2), (A.46)

with w(k) > m > 0 for a.e. k € R%.

Proposition A.3.1. For any § € N,, there exist b, c > 0 such that, for any ¥. € 2(H?),
(AT (1) + 1)°0, | < c|(He + b)°U. | . (A.47)

Proof. For simplicity, let us denote N := dI'-(1). Let us define the adjoint action of the number
operator as, recursively for j € N,

ady() = [NA()] ady (1) = [N, iadg V()] (A.48)
Using canonical commutation relations we obtain:
adW (H.) = &7 (i \s). (A.49)

H. is bounded from below, and so there exists b > 0 such that H, + b > 0 is invertible. Hence, for
keN,

(H. +b)"'N* = (H. + b) "' N(H. + b)(H. + b) " 'N*! =
= N(H. +b)'N*1 4 (H, + b) Lo (idy) (He + b) " NFL,

Repeating the commutation k times,

(H. +b)"'N* = N*(H. + b)~' + Z N*I(H. + b) "' B;(b) (A.50)
7j=1
where B;(b) is a polynomial in the variable ady )( H.)(H. + b7 = lo. (D) (He + b) "t e Z(52),

for ¢ < j. Applying N~**! to the previous inequality we obtaln.

NN S N SN B0 s
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which, since N(H. + b)~! € £ (), yields

N~ H, + b)"INF e 2(2). (A.52)
Observing that, for v € N
2v+48 A ‘
NT(H +0) N = [ NP (H, 4 b) N, (A.53)
j=1

we have that, for any v € N,
NY(H, +b) N7 e L (),

and so the proof is concluded choosing v = 0. O
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B Quantizations in infinite dimension

In this Appendix we introduce quantization of observables on an infinite dimensional phase space.
There is not a unique quantization procedure, due to ordering ambiguities in the multiplication of
non-commutative observables.

In Section [B.1|we review some properties of the Weyl quantization, useful to quantize cylindri-
cal symbols, that is, with support in a finite dimensional space.

In Section B.2, we introduce Wick quantization suitable for polynomial non-cylindrical sym-
bols. The creation and annihilation operators, in particular, can be seen as Wick quantizations.

Let us recall first that a symbol is a function

b:§ —C, (B.1)

where $) is the phase space of the classical fields.

B.1 Weyl quantization

In our discussion of Weyl quantization we follow mostly [[6], [43] and [79].

Weyl calculus is the most commonly used to quantize symbols in finite dimensional case, and
it can be suitably extended to the infinite dimensional case. Weyl quantization corresponds to a
symmetric ordering of products. If (x, &) are classical variables, quantized to (z, ¢ ), then the Weyl
quantization of z - £ is

1.2 2,

5(35 §+E2).
Let us now consider a finite dimensional projector on the Hilbert space P : $§ — $, dim(P$)) < +oo.
Then it is possible to decompose the Fock space in the following way:

T(H) = Ts(PH) @ T4(PL9H), (B.2)

with P4 := 1—P. Keeping this in mind, suppose to have a cylindrical Schwartz symbol b € .71 (),
that is, such that there exists a Schwartz function b € .(P$)) that coincides with the original one
restricted to the finite dimensional space and that, by abuse of notation, we will denote in the same
way. We can define the Weyl quantization of b as the operator acting on the Fock space I's(9) :

OpS (b) = f% a€ b(E) W (27€) @ 1r. ps,) ®.3)

where we denoted by d¢ the Lebesgue measure on the finite dimensional space P$, and by b
the Fourier transform of the base function of b. The index % reflects the symmetric balancing of
products in Weyl quantization.

Identifying complex and real variables in the right way (for details, see [6], Section 3.2) the
Weyl quantization inherits all the properties of the finite dimensional Weyl-Hérmander pseudo-
differential calculus, for any fixed projector P. Thus, it is possible so to quantize cylindrical symbols
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of the Hérmander classes: we define, for any 6 € R and any order functiorﬂm the space (and recall
the correspondence z = x + £,z = z — i&):

Spg(m®) := {be CP(P$H) : Va,BeN, 3Cqs > 0, [0%05b(2)| < Cugm(2)’} (B.4)
The Hormander classes are Fréchet spaces with family of seminorms

[0 := sup sup m(z)°|0207b(z)|. (B.5)
’ a+p<y zePH

Symbols in this classes have important properties.

e Calderon-Vaillancourt theorem: If b € Spg(1), then

Op3 ,(0) € Z(T4(5)): (B.6)

e Garding inequality: If b > 0, in the sense that it is defined as a map b : PH — R™, and
be Spﬁ(l),

(b @UHORi BV V) > ~CElUIR, o [0 oy (8.7)

for any ¢ € CF(RY) < L?(R?) = T'4(P$),d = dimP$), and any ¢* € ',(P1$).

o Ifbe Spﬁ(m‘fl), ce Spy,(mgQ), then the composition of their quantizations OpJ /z(b) oOp] /2(0)
can be written
Opi 2(b) 0 Opf j5(c) = Op] j5(b#<c) (B.8)
where
b(z)#ec(z) = b(z) - c(2) + eRe(2), (B.9)

with R, uniformly bounded on the space Spg(mS! mgQ).

Finally we show a control of the Weyl operators by powers of the number operator. Defining
Np := dI':(1pg) as the finite dimensional number operator, by [53]] we have that, for any s € R,

(1 N edimP$

s/2
S04 Ne) = Op (02,9 (B.10)

with

1
gHb(z,s) —(2)%|sy < C € (0,+0), for any v € N (B.11)

and the previous seminorms defined as

|64~ := sup sup (<z>(52) aga?@ ) . (B.12)
a+B<y zeP$H ()
Thus, for any § > 0 and any symbol b € Spg({2)?),
€ .. —6/2 € .. —d/2
(1 + ~dim(P5H) + Np> Op3 5 (b) (1 + ~dim(P5) + Np) e 2(Ty(H)) (B.13)

uniformly in e. This leads directly, since (1 + $dim(P$)) + Np)6/2 (dAT.(1) +1)~%2 e Z(T(H)), to
the fact that
(dT=(1) + 1)~*20p5 ;5(b) (AT (1) + 1)~/ (B.14)

is a bounded operator on the Fock space, uniformly in e.

Ym : P — RT is an order function if there exist C, D > 0 such that m(z) < C{z — w)”m(w). Examples are

m(z) =1 and m(z) = (z).
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B.2 Wick quantization

In this section we introduce the Wick quantization and Wick calculus for polynomial symbols,
following [6]] and [30].

We say that, for any p, ¢ € N, the symbol b : § — Cis a (p, ¢)—homogeneous polynomial if and
only if there exists a b € .Z(H®+7; H®=1) such that

b(z) = <z®q ‘ b 2P >j7_)®sq : (B.15)

Hence
be) = — ;,agagb(z), (B.16)
where the derivatives above have to be intended in Gateaux sense.

The space of (p,q)—homogeneous polynomials will be denoted by &7, ,($)). We say that a
polynomial of this kind is compact if and only if b € %, (H®+?; H®+9), and we denote the space of
compact polynomials by & ($).

Now we introduce the Wick quantization for polynomials symbols: for any b € &, ,($)) we can
define

(B)NVik : T () — Tan($)

(b)XViCk rﬁ®8”:: 1[p7+oo) (TL) 6@3 15§®s(n*P)7

where 1y, | )(n) is zero for n < p, 1 otherwise.
Paradigmatic examples of operators obtained by Wick quantization are the creation and anni-
hilation operators that we introduced in Appendix[A} for any £ € $

(El)* = ac(6), (2|2 = al(e), (B.17)
since (£ |-) € Z10(H) and (- |£) € Pp.1(H). In general, normal ordered products of creation and
annihilation operators are Wick quantizations:

q

H<Z’§J>H<77k|z> ka Ha (&) HGE(W)- (B.18)

In addition,

A0() = | b (k) al(B)ac(h) = (eleo]2g)™,
(z|lwl2)g = J dk w(k) z(k) z(k).
Rd
We wrote the previous formulas in that way to put in evidence how, intuitively, Wick quantizations

can be obtained by the correspondence 2(k)* — o (k), and putting all the creation operators to
the left of annihilations. Hence, if b has an integral kernel, one can write, formally,

From the definition, for b € 22, ,($),

— k1! bia
®j Wick ,®k \ _ . _ k—p+j—q
([ = Gy oy (b p>\/(k_p)!<j_q)! ), (B19)
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with &y, being the Kronecker delta. Therefore (b)Vik maps H®:% — $§®:J, with j = k —p + ¢, and
this is used in the following Lemma.

Lemma B.2.1. Let b € &, 4($), then, for any § > p + q,
[(dTo(1) + 1))V AT (L) + 1) ) < B moerisonn). (B.20)

Equation (B.20) holds for every (m,n) € Z such that m +n < —E34, one replacing the §/4 on the left
and the other the one on the right.

Proof. Let us remark that (b)) Vick(5®sk) € §®si with j = k —p + q. Let ¢ € $¥+*, for k € N. Using
the functional calculus for dI'.(1), we obtain

[(dT(1) + 1)~ ()N (Al (1) + 1)~ sens =

B \/W PJqu |
T (k- p)! (ek + 1)94(cj 1 1)/ b ®s Lge. - 5825 <
b N
2 )2

(k)5 j! Kl
S ek ) g+ ) \/U - q)!jq\/uc i tsemsmen [V lsen <

< D,q ||bH,f£(ﬁ®sp;5§®sq)||¢Hf)®sk

with C) , independent of . The proof (m, n) is completely analogous. O

Finally, let us show the explicit action of one-parameter groups generated by second quantized
operator on Wick quantized symbols. Let us recall the definition of rescaled coherent states: if
Qe I's(9) is the vacuum vector,

Ee (&) =W, <> Q, for any ¢ € 9. (B.21)

ie
Proposition B.2.2. (i) Forevery be @, ,cn Ppq(9H)
e—iédf‘g(w) (b(z))WickeiédFE(w) _ (b(eith))WiCk. (B.22)

£ 3

In particular, for every £ € )

e—iﬁdf‘s(w) af(f) eiﬁng(w) = a? ( —ztwg) (B.23)
(ii) For every z € ),
(Zo(2) | 0)V*2.(2) ) = b(2). (B.24)
In addition,
EHéH
Ee(2) |We(§)Ze(2)) = 2iRe€]2) e ) (B.25)
and . . -
e_lgdrg(w)WE(é’) ezgdf‘g(w) _ WE(C_thg). (B.26)
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