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Chapter 1

Introduction

In the research studies on quantum gravity (QG) there has been a tena-
cious interest on the fate of Lorentz symmetry at the Planck scale [1–3] i.e.
the energy (length) scale EP =

√
h̄c5/G u 1028 eV (LP =

√
h̄G/c3 u 10−35

m) we believe should be characteristic of the QG regime.
Indeed, over the last decade, some approaches have focused on the possi-
bility that, due to the combined effects of quantum mechanics and general
relativity [4], LP may set an intrinsic minimum allowed length we can
have access to and, in particular, suggested that this feature may need to
be implemented in a relativistic invariant manner [5–7].
As a consequence, it is believed that this scale may identify a regime be-
yond which our notion of space-time comes to fall and has to be replaced
with a totally new concept of “quantum” space-time.
While it is not fully clear yet what exactly the properties of this space-time
should be in a definitive theory of quantum gravity, several approaches
suggest that at least in a flat limit a good candidate may be the so-called
κ-Minkowski space-time, a 3+1-dimensional structure whose key property
is the non-commutativity of its coordinates

[x0, xi] = i`xi, (1.1)

where x0 is the time, xi are the three spatial directions and ` is some
deformation parameter usually identified with the Planck length LP itself.
This quantum space-time is naturally coupled with its symmetry struc-
ture, the κ-Poincaré Hopf algebra which is an highly non linear defor-
mation of the standard Poincaré algebra and contains a new relativistic
invariant κ, which again is often identified with the Planck energy EP.
This is interpreted as the maximum energy of a free particle, which is very
analogous to the role played by the speed of light c in Special Relativity.
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In this regard the κ-Poincaré algebra provides a very important example
of a DSR theory, where DSR stands for Doubly or Deformed Special
Relativity [8–13].
Probably the most striking feature of this algebra is given by the intrinsic
non-cocommutativity of its coalgebra. As a result, the κ-Poincaré algebra
prescribes a totally new set of non-commutative composition laws of mo-
menta, similarly to what happens for the composition of speeds in special
relativity, and a new dispersion relation of mass (MDR), both turning into
the special relativistic ones in the limit κ → ∞ or `→ 0.
If we consider two elementary particles with momenta p and q, this new
composition law reads

p⊕ q =

{
p0 + q0,
pi + e−`p0 qi,

(1.2)

while the dispersion relation of a particle with mass m is given by

m2 =
4
`2 sinh2 `

2
p0 − e`p0 |pi|2. (1.3)

As we can easily see the deformation is stronger as the energy increases
with respect to κ, thus, paradoxically, the deviations from the commutative
case should be more evident for macroscopic systems, which clearly is not
true.
This question is known in the literature as the “soccer-ball problem”, an
issue which has been given some attention so far [14–16] but has never
been convincingly resolved.
Here we explore the possibility that the solution of this problem lies in the
analysis of the relativistic properties of a composite system.
More specifically, we want to show that the deformation effects should
gradually suppress when the systems under consideration are composed
of more and more particles.
As firstly pointed out in [16], which provides some of the main motivations
of this thesis, this can be naively understood by noting that the center of
mass coordinates

xT
µ =

xA
µ + xB

µ

2
(1.4)

of a system composed of two identical particles A and B satisfy the com-
mutation rule [

xT
i , xT

0

]
= i

`

2
xT

i , (1.5)
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and more in general the center of mass coordinates of a system composed
of N identical particles obey the rule[

xT
i , xT

0

]
= i

`

N
xT

i . (1.6)

This is a first, elementary indication of the fact that for systems made up of
a very large number N of particles the deformation effects should become
practically negligible, so that we recover the standard Poincaré kinematics
on a macroscopic scale.
It’s interesting to note that in this context one would naturally have to
deal with a “non-universal” relativistic theory, where different systems of
particles (and single particles alone) would obey to rules of transformation
dictated by different symmetry algebras [17, 18].
Another key aspect we will point out during this exploration is the role
held by the relative motion of the particles composing the system. In par-
ticular we will show that, contrarily to the standard Poincaré case, the
relative motion and the center of mass motion are strictly connected, and
as a consequence the total and relative generators of the two particle sys-
tem symmetry algebra will be connected as well in a complex fashion, as
manifested by the commutators and coproducts of the algebra itself.
Although this will make in some sense tricky to fully understand the
meaning and the properties of the formal structure of the symmetry al-
gebra, a pivotal result we will stress several times in the continuation is
that for small relative motion (compared to κ) the symmetry algebra of the
system is simply a 2κ-Poincaré algebra.
We believe that this result together with the observation given by equa-
tions (1.5) and (1.6) provides an important step forward in the solution of
the soccer-ball problem.
At the same time we will try to address another related issue in the DSR
scenario, that is the construction of a fully relativistic interaction theory
between two or more particles in the so-called galilean limit1 where c →
∞, which is still basically an open topic in the field2.
To summarize our work is organized as follows.
In chapter II we briefly discuss the mathematical tools we make use of in
this work, namely the Hopf algebras theory. Then we review a well-known

1The reason for this is to be found in the famous “No-interaction” theorem of special
relativity [21–23], which states the impossibility of building an interaction theory between
a finite number of particles covariant under the symmetries of the Lorentz algebra, that
we expect to remain true also in the context of DSR theories.

2See for instance [19] and [20] for some interesting takes on deformed quantum me-
chanics different from the one we propose in this thesis.
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example of deformation of the Poincaré symmetries, i.e. the κ-Poincaré
Hopf algebra.
In chapter III we show how interpreting the κ-Poincaré composition of
momentum as the total momentum of a two particle system inevitably
leads to a κ deformed algebra, so that the soccer-ball problem can’t find
any solution in that case.
After discussing how the center of mass coordinates naturally involve a 2κ
(or `

2 ) deformation as in (1.5), in chapter IV we propose a new symmetry
algebra for the composite system where the rescaling of the deformation
parameter is evident and even turns out to be just a 2κ-Poincaré algebra
for systems with small relative motion.
In chapter V we briefly review the so-called pregeometric formalism which
allows us to represent the κ-Poincaré algebra in a convenient way for our
purposes.
Next we use this representation in chapter VI to discuss another candidate
for the role of algebra of symmetry of our two particle system, which by
construction has the advantage to be fully compatible with the infinitesi-
mal transformations of the single particles composing the system itself.
We then show how this novel symmetry algebra is in turn consistent with
a ` → `

2 rescaling and actually equal to a 2κ-Poincaré algebra in the limit
where the relative motion between the particles is negligible.
We stress that these results provide a clear indication of the fact that the
soccer-ball problem should gradually dissipate when the number of parti-
cles involved grows higher and higher.
Afterwards in chapter VII we briefly examine a more general case where
particles with different masses are involved, in order to investigate if our
proposed solution of the soccer-ball problem still holds.
In chapter VIII we analyze the galilean limits of our novel algebras in
relation to the possibility of building an interaction theory in the non-
commutative framework, safe from the soccer-ball problem. In particular
we study in depth the case of an harmonic potential between two particles,
showing its deviations from the standard quantum mechanics case.
Finally, we report our conclusions in chapter IX.



Chapter 2

Mathematical preliminaries

The purpose of this chapter is to introduce some abstract algebra’s notions
which we will make intensively use of in the rest of this work.
For the sake of simplicity the definition and discussion of the main prop-
erties of these structures will be given as synthetically as possible, and in
particular from here on we will often suppose tacitly known some more
elementary mathematical facts, limiting ourselves to briefly mentioning
them as they arise.
For more details you can consult for example [24–26].

2.1 Algebras

An algebra A over a field K is a vector space with a bilinear product
× : A× A → A. In other words an algebra is a quintuple (A, K,+, ·,×)
where A is a set of points, the quadruple (A, K,+, ·) is a vector space over
K and the operations +,· and × are all compatible between themselves (·
is the scalar multiplication by an element of K).
More precisely we require that for every x, y, z ∈ A and c, d ∈ K the
following relations are satisfied:

(x + y)× z = x× z + y× z (distributivity to the right),
z× (x + y) = z× x + z× y (distributivity to the left),
(c · x)× (d · y) = (cd) · (x× y) (products compatibility).

(2.1.1)

7



2.1. Algebras 8

The product × may or may not be associative (commutative), so that
we may talk about associative (commutative) algebras or non-associative
(non-commutative) algebras.
For example, given a positive integer n, the ring of the real square matrices
of order n is an associative (non-commutative for n > 1) algebra over the
field R, where the product × is trivially given by the standard matrix
multiplication.
An example of a non-associative algebra is instead given by the three-
dimensional Euclidean space R3 equipped with the familiar cross product
between vectors.
It’s worth noting that given an associative and non-commutative algebra A
over a field K it is always possible to define a new non-associative version
A′ which is identical as a vector space, but is equipped with a new product

[x, y] := x× y− y× x, x, y ∈ A, (2.1.2)

which is non-associative and satisfies the Jacobi identity

[x, [y, z]] + [y, [z, x]] + [z, [x, y]] = 0. (2.1.3)

Since [x, x] = 0 for every x in A, this new algebra is a Lie Algebra.
We will discuss more in depth this pivotal class of algebras in the next
section.
An algebra will be called unital if it owns a neutral element, a unit e with
respect to the product ×, or in other words if for every x ∈ A we have

x× e = e× x = x (unitality). (2.1.4)

If this element exists, it is necessarily unique.
The algebra of square matrices of order n is an example of unital algebra
where the neutral element is simply the identity matrix.
Given two algebras A and B on a field K, a map φ : A→ B such that

φ (k · x) = k · φ (x)
φ (x + y) = φ (x) + φ (y)
φ (x× y) = φ (x)× φ (y)

(2.1.5)

for every x, y ∈ A and k ∈ K is an algebra homomorphism.
In particular if φ is a bijective application, we will call it an isomorphism
between the algebras A and B, and we will say that the algebras A and B
are isomorphic.
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If A and B are unital algebras we will also ask that the map φ : A → B
sends the neutral element of A into the neutral element of B.
A simple example of (unital) algebra homomorphism is given by the ap-
plication φ : C → R that maps every complex number z = x + iy in its
real part: φ (z) = x.
A complementary example is given by the morphism φ : R → C that
sends any real number x in the complex number x, which is the inclusion
of R in C as a subalgebra.
More in general a subalgebra B of an algebra A over a field K is a linear
subspace closed over the product ×.
This makes B an algebra on its own, whose product is simply the one
induced by the algebra A itself.
A similar construction is that of a left (right) ideal.
A left (right) ideal I of an algebra A over a field K is a linear subspace
such that the left (right) product of an element of A by an element of I is
still an element of I.
A two-sided ideal is a left ideal that is also a right ideal, and we will call
it just ideal.
It’s pretty clear that an ideal I of an algebra A is a subalgebra of A, whereas
the vice-versa doesn’t generally hold.
This kind of structure is very frequent and important, for example it is
possible to prove that the kernel of an homomorphism φ between two
algebras A and B is an ideal of A, while the image is a subalgebra of B.
Let us consider an ideal I of an algebra A over K, and let us define the
quotient A/I as the set of the equivalence classes [v] of vectors v + i with
i ∈ I. A/I is still a linear space over K, moreover given two vectors v + i1
and w + i2 with i1, i2 ∈ I we find that

(v + i1)× (w + i2) = v× w + v× i2 + i1 × w + i1 × i2 = v× w + i3 (2.1.6)

where i3 = v× i2 + i1 × w + i1 × i2 ∈ I.
Therefore the product × in A induces a product on A/I defined by [v]×
[w] = [v× w], which can be proven to be compatible with the axioms
(2.1.1).
This means that A/I is an algebra over K, called quotient algebra.
One of the most important examples is given by the canonical isomor-
phism A/Ker (φ) ∼= Im (φ), where φ : A → B is a given homomorphism
between the algebras A and B.
Before concluding this paragraph, let us discuss a couple more construc-
tions we will make use of later on.
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Given a family of algebras
{

A f
}

f∈F over K we can easily define the direct
product Π f∈FA f as the algebra of the F-uple of elements belonging to the
algebras A f , with sum, scalar multiplication and product defined com-
ponent by component from the corresponding operations of the starting
algebras.
The direct product Π f∈FA f contains the direct sum

⊕
f∈F A f of the F-

uple with only a finite number of components different from zero as a
subalgebra.
In a similar fashion given two algebras A and B over a field K, it is possi-
ble to equip the tensor product A⊗K B with an algebra structure over K

through the definition of a binary operator × as

(a1 ⊗ b1)× (a2 ⊗ b2) = (a1 × a2)⊗ (b1 × b2) (2.1.7)

and by extending it over all A⊗K B through bilinearity.
It’s easy to check that this product satisfies the algebra axioms (2.1.1), and
that in particular the algebra A⊗K B inherits many structural properties
of A and B: it is associative, commutative or unital if the starting algebras
are, and in the last case if 1A and 1B are the units of A and B respectively,
the neutral element in A⊗K B is just 1A ⊗ 1B.
Thanks to the notion of tensor product of algebras we can express the
associativity axiom through the language of category theory: an algebra
A over a field K is associative if the following diagram commutes

A⊗ A⊗ A A⊗ A

A⊗ A A

∇⊗1

1⊗∇ ∇

∇

where we replaced the cartesian product A× A with the tensor product
A⊗ A and the map ∇ : A⊗ A → A is naturally induced by the product
× itself:

∇ (a⊗ b) = a× b. (2.1.8)

Similarly we will say that an algebra A over K is commutative if the dia-
gram

A⊗ A A⊗ A

A

ι

∇ ∇
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is, where ι is the inversion map that sends a⊗ b to b⊗ a.
Finally we will say that and algebra A over K is unital if there exists a map
η : K→ A such that the following diagram is commutative:

A⊗K

A⊗ A A

K⊗ A

∼=1⊗η

∇

η⊗1 ∼=

The sideward arrows represent the canonical isomorphisms between A⊗
K and A or K⊗ A and A which map a⊗ 1K or 1K ⊗ a to a, where 1K is
the identity of K.
In order to understand the equivalence between thiese definitions it suf-
fices to note that the commutativity of the diagram implies that a× η (1K) =
η (1K)× a = a for every a ∈ A, which implies in turn that η (1K) is the
neutral element of A.
This way of expressing the properties of the algebraic structures at stake
will prove useful in the following thanks to some duality arguments typi-
cal of category theory.

2.2 Lie algebras

A Lie Algebra g over a field K is a vector space equipped with a non-
associative product [·, ·] : g × g → g called “Lie bracket” satisfying the
axioms

[ax + by, z] = a [x, z] + b [y, z] (left bilinearity),
[z, ax + by] = a [z, x] + b [z, y] (right bilinearity),
[x, x] = 0 (alternativity),
[x, [y, z]] + [y, [z, x]] + [z, [x, y]] = 0 (Jacobi identity),

(2.2.1)

where a, b ∈ K and x, y, z ∈ g.
Since for every x, y ∈ g we have that

0 = [x + y, x + y] = [x, x] + [x, y] + [y, x] + [y, y] , (2.2.2)
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the Lie brackets are trivially anti-commutative:

[x, y] = − [y, x] . (2.2.3)

Clearly all the terminology we developed in the previous paragraph can
be directly applied to the Lie Algebras theory, so that we can talk about
Lie subalgebras, ideals, quotient spaces and Lie algebra homomorphisms.
As we mentioned in the previous section for every associative algebra A
over a field K it is possibile to build a Lie algebra l (A), identical as a
vector space and equipped with a Lie bracket

[x, y] = xy− yx. (2.2.4)

The associativity of A’s product implies the validity of the Jacobi identities,
thus l (A) is effectively a Lie algebra.
The associative algebra A is called universal enveloping algebra of l (A),
and plays a pivotal role in the Lie algebra theory. We will discuss this
more in depth in the next paragraph.
We have already seen an example of Lie algebra with the Euclidean space
R3 with the familiar cross product operation.
More complex examples are given by matrix algebras.
One of the best-known cases is the vector space gln (K) of square matrices
of order n over a field K, called general linear algebra. This is a Lie algebra
associated with the universal enveloping algebra composed by the same
matrices of order n equipped with the ordinary product between matrices.
gln (K) also contains a Lie subalgebra given by the space of the null trace
matrices sln (K), which is commonly called special linear algebra. It is
interesting to note that its universal enveloping algebra is a subalgebra of
the algebra of the matrices of order n.
However, not all Lie algebras are directly relatable to a universal envelop-
ing algebra.
For example, consider the vector space u (n) of the complex antihermitian
matrices of order n. It is easy to see that this is a Lie algebra with Lie
brackets given by the usual matrix product commutator, and yet this same
product does not provide it with an associative algebra structure.
In fact, u (n) is a typical example of a Lie algebra associated with a Lie
group, in this case to the group of unitary matrices U (n).
The correspondence between Lie algebras and Lie groups is very narrow:
each Lie group gives rise to a well-determined Lie algebra (the tangent
space to the identity), while for every finite dimensional Lie algebra there
is a connected Lie group that generates it.
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This group, however, is not univocally determined, but if two connected
Lie groups have the same Lie algebra then they are locally isomorphic.
In particular, given a group of real matrices G, the corresponding Lie alge-
bra g consists of all the matrices X such that exp (tX) ∈ G for every t ∈ R,
where exp is the exponential map

exp (X) =
∞

∑
k=0

Xk

k!
. (2.2.5)

Note that by definition of tangent space a Lie algebra has the same dimen-
sion (as a vector space) of the parent group manifold.
One has for example that gln (C) and sln (C) are respectively the Lie alge-
bras of the general linear group of the invertible matrices of order n and
the special linear group of the invertible matrices of the same order with
unitary determinant, denoted with GLn (C) and SLn (C).
On the other hand the group O (n) of the ortogonal matrices of order n and
its subgroup SO (n) composed by the matrices with unitary determinant
share the same Lie algebra o (n) composed by the real skew matrices of
order n.
The most relevant case for us, howewer, is that of the group of isometries
of the Minkowski space-time, i.e. the Poincaré group.
As a group it contains the four-dimensional translations and the Lorentz
transformations, and its Lie algebra is commonly called Poincaré algebra.
We will further study this structure in the last paragraphs of this chapter.

2.3 Universal enveloping algebras

As we have seen every associative algebra A over a field K becomes a Lie
algebra over K with Lie brackets given by the commutators of its elements,
algebra that we denoted by l (A).
It is interesting to ask whether it is possible to somehow operate an inverse
construction, that is, to pass from a given Lie algebra l over a field K to an
associative (and unital) algebra which reflects its essential properties.
More precisely, let l be such a Lie algebra. Given a unital associative alge-
bra U (l) over K and a homomorphism of Lie algebras h : l→ l (U) we say
that U (l) is the universal enveloping algebra of l if for any unital associa-
tive algebra A on K and for each Lie algebra homomorphism f : l→ l (A)
there exists a unique homomorphism of unital algebras g : U (l)→ A such
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that f = gl ◦ h, where gl : l (U) → l (A) is the Lie algebra homomorphism
naturally induced by g.
It is not difficult to prove that every Lie algebra admits an unique universal
enveloping algebra, aside from algebra isomorphisms.
Let us consider in fact the tensor algebra1 T (l), and the ideal I generated
by linearity by the elements of the form

a⊗ b− b⊗ a− [a, b] (2.3.3)

where a, b ∈ l.
We can define the algebra U (l) = T (l) /I, equipped with a product natu-
rally induced by T.
The inclusion map l → T (l) induces a linear application h : l → U (l),
and it’s not hard to check that the couple (U (l) , h) satisfies the universal
property discussed above.
Unfortunately the universal enveloping algebras do not always have a sim-
ple description and are often much larger (as vector spaces) than the start-
ing Lie algebras.
An interesting example is given by an abelian Lie algebra l over a field
K, that is an algebra whose Lie brackets are always equal to 0. In this
case the universal enveloping algebra U (l) is commutative and, if n is
the dimension of l, it can be identified with the polynomial algebra in n
variables over K.
Another typical case is that in which l acts by means of infinitesimal trans-
formations (this is for example the case of Lie algebras associated with
symmetry groups such as the Poincaré one); it can be found that its uni-
versal enveloping algebra U (l) acts by means of differential operators of
all orders.

1The tensor algebra of an algebra V is defined as

T (V) :=
∞⊕

k=0

Tk (V) = K⊕V ⊕ (V ⊗V)⊕ ... (2.3.1)

where

Tk (V) := V⊗k =

k times︷ ︸︸ ︷
V ⊗V ⊗ ...V (2.3.2)

and T0 (V) = K.
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2.4 Coalgebras

In the category theory, each algebraic structure has a dual structure that is
obtained simply by exchanging the direction of the arrows in the commu-
tative diagrams that establish its properties.
In our case, reversing the direction of the maps in the two diagrams that
define the algebraic features of associative and unital algebras, we find the
structure that goes under the name of coalgebra.
Formally a coalgebra over a field K is a vector space C over K along with
two linear applications ∆ : C → C⊗ C and ε : C → K called respectively
coproduct and counit, such that

(1⊗ ∆) ◦ ∆ = (∆⊗ 1) ◦ ∆ (coassociativity),
(1⊗ ε) ◦ ∆ = (ε⊗ 1) ◦ ∆ (counitality),

(2.4.1)

that is

C C⊗ C

C⊗ C C⊗ C⊗ C

∆

∆ 1⊗∆

∆⊗1

C⊗K

C⊗ C C

K⊗ C

1⊗ε

ε⊗1

∆

∼=

∼=

are commutative diagrams.
Finally the coalgebra C is cocommutative if the diagram

C

C⊗ C C⊗ C

∆ ∆

ι

commutes, where the application ι is the inversion map that sends c⊗ d in
d⊗ c, c, d ∈ C.
The examples of coalgebras are generally more complicated than the al-
gebras ones. As a paradigmatic case we can consider the tensor algebra
T (V) of a vector space V over a field K.
We can equip T (V) of a coalgebra structure in the following way.
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Let the coproduct ∆ be defined as

∆ (x) := x⊗ 1 + 1⊗ x, ∆ (1) = 1⊗ 1, (2.4.2)

x ∈ V, and the counit ε defined as

ε (v) = 0 ∀v ∈ V. (2.4.3)

It’s easy to prove that by extending this definition through linearity over
the entire space T (V), we actually obtain a coalgebra over K.
Given two coalgebras (C1, ∆1, ε1) and (C2, ∆2, ε2) over a field K, a linear
application φ : C1 → C2 is a coalgebra morphism if

(φ⊗ φ) ◦ ∆1 = ∆2 ◦ φ (compatibility with coproducts),
ε2 ◦ φ = ε1 (compatibility with counits).

(2.4.4)

A bijective morphism between two coalgebras is a coalgebra isomorphism,
and the coalgebras will be called isomorphic.
At this point it is easy to re-adapt the definitions of the substructures given
in the context of the algebras to the case under consideration.
For example a vector subspace D of a coalgebra C over K is a sub-coalgebra
if the coproduct restricted to D is a linear application from D to D⊗D. In
this way D itself is a coalgebra, whose counit is simply the restriction of ε
to D.
The notion corresponding to the ideal is more complicated: a vector sub-
space I in C will be called coideal if it is contained in the kernel of ε
and the image of the restriction of the coproduct to I is contained in the
subspace I ⊗ C + C⊗ I of C⊗ C.
With this definition the quotient space C/I inherits a coalgebra structure,
in fact if we represent a generic equivalence class [c] ∈ C/I through a
vector c + i ∈ C where i is an element of I, then we have that

∆ (c + i) = ∆ (c) + ∆ (i) , ∆ (i) ∈ I ⊗ C + C⊗ I, (2.4.5)

thus the coproduct ∆ induces an application ∆ : C/I → C/I⊗C/I defined
by ∆ ([c]) = [∆ (c)], which is itself a coproduct on C/I.
Moreover we have that

ε (c + i) = ε (c) + ε (i) = ε (c) , (2.4.6)

for every element of the form c + i ∈ C, thus we deduce that the counit of
C/I is simply given by the functional ε ([c]) = [ε (c)].
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It’s easy to verify for example that the kernel of a coalgebra morphism
φ : C1 → C2 is a coideal of C1, whereas its image is a subcoalgebra of C2.
In particular C1/Ker (φ) ∼= Im (φ) .
We want to conclude this paragraph by brielfy discussing the so-called
Sweedler’s notation [27], which is a very useful tool that allows us to
simplify considerably the mathematics behind the coalgebra theory.
Given a coalgebra (C, ∆, ε) over a field K and an element c ∈ C we can
write

∆ (c) = ∑
i

ci
(1) ⊗ ci

(2) (2.4.7)

for two specific sequences of elements ci
(1) and ci

(2) belonging to C.
In the Sweedler’s notation this is expressed by writing

∆ (c) = ∑
c

c(1) ⊗ c(2), (2.4.8)

or more concisely

∆ (c) = c(1) ⊗ c(2) (2.4.9)

where the sum is implicit.
This formal notation allows us to greatly simplify the axioms (2.4.1): the
counit property can be rewritten as

c = ε
(

c(1)
)

c(2) = c(1)ε
(

c(2)
)

, (2.4.10)

whereas the coassociativity becomes

c(1) ⊗
(

c(2) ⊗ c(3)
)
=
(

c(1) ⊗ c(2)
)
⊗ c(3) (2.4.11)

and the cocommutativity can be reformulated simply as

c(1) ⊗ c(2) = c(2) ⊗ c(1). (2.4.12)

Finally a linear application φ : (C, ∆c, εc)→ (D, ∆d, εd) between coalgebras
is a coalgebra morphism if

φ
(

c(1)
)
⊗ φ

(
c(2)
)
= φ (c)(1) ⊗ φ (c)(2) . (2.4.13)

We see then that thanks to the Sweedler’s notation the various coalgebra
properties can be looked over as formally identical to the corresponding
algebra ones.
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2.5 Bialgebras

A bialgebra B over a field K is a vector space over K which is at the same
time an unital associative algebra and a coalgebra, in a compatible way.
If we denote with ∇ ed η the product and the unit and with ∆ and ε the
coproduct and the counit, the properties of a bialgebra (B,∇, η, ∆, ε) are
summarized by the commutativity of the following diagrams:

B

B⊗ B

B⊗ B⊗ B⊗ B B⊗ B⊗ B⊗ B

B⊗ B

∇

∆⊗∆

1⊗ι⊗1

∇⊗∇

∆
B⊗ B

K⊗K ∼= K

B⊗ B B

B∇

ε⊗ε

η⊗η η

∆

ε

B

K K

ε

1

η

The first one represents the compatibility between product and coproduct,
where ι is the inversion application that maps b1 ⊗ b2 in b2 ⊗ b1 for every
b1, b2 ∈ B.
The second one ensures the compatibility between the product and the
counit or the coproduct and the unit.
Finally the last one points out the consistence between the unit and the
counit of the bialgebra.
These three diagrams substantially express the fact that in a bialgebra the
coproduct and the counit are algebra homomorphisms, or equivalently
that the product and the unit are coalgebra morphisms.
In order to clarify this point, let us consider the spaces (K,∇K, ηK) and
(B⊗ B,∇⊗, η⊗).
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They both are unital associative algebras, the first in an obvious way and
the second through the product

∇⊗ := (∇⊗∇) ◦ (1⊗ ι⊗ 1) : (B⊗ B)⊗ (B⊗ B)→ B⊗ B (2.5.1)

and the unit

η⊗ := η ⊗ η : K⊗K ∼= K→ B⊗ B. (2.5.2)

In this way given x1, x2, y1, y2 ∈ B the product in B⊗ B is specified by

∇⊗ ((x1 ⊗ x2)⊗ (y1 ⊗ y2)) = ∇ (x1 ⊗ y1)⊗∇ (x2 ⊗ y2) , (2.5.3)

which we rewrite for simplicity as

(x1 ⊗ y1) (x2 ⊗ y2) = x1y1 ⊗ x2y2. (2.5.4)

At the same time (K, ∆K, εK) is trivially a coalgebra, and B ⊗ B can be
made so as well by defining a coproduct

∆⊗ := (1⊗ ι⊗ 1) ◦ (∆⊗ ∆) : B⊗ B→ (B⊗ B)⊗ (B⊗ B) (2.5.5)

and a counit

ε⊗ := ε⊗ ε : B⊗ B→ K⊗K ∼= K. (2.5.6)

The first diagram and the lower half of the second one express the fact
that ∆ : B → B⊗ B is an homomorphism between the algebras (B,∇, η)
and (B⊗ B,∇⊗, η⊗):

∆ ◦ ∇ = ∇⊗ ◦ (∆⊗ ∆) : B⊗ B→ B⊗ B, (2.5.7)

or, simply,

∆ (xy) = ∆ (x)∆ (y) . (2.5.8)

Moreover we have that

∆ ◦ η = η⊗ : K → B⊗ B, (2.5.9)

that is

∆ (1B) = 1B⊗B (2.5.10)

where 1B is the unit of B.
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On the other hand the third diagram and the other half of the second one
tell us that ε : B→ K is an algebra homomorphism between (B,∇, η) and
(K,∇K, ηK) since

ε ◦ ∇ = ∇K ◦ (ε⊗ ε) : B⊗ B→ K, (2.5.11)

that is

ε (xy) = ε (x) ε (y) (2.5.12)

and

ε ◦ η = ηK : K → K, (2.5.13)

which is simply

ε (1B) = 1K. (2.5.14)

Likewise we can state that the first diagram and the second’s upper half
express the fact that the application ∇ : B⊗ B→ B is a morphism between
the coalgebras (B⊗ B, ∆⊗, ε⊗) and (B, ∆, ε), being

∇⊗∇ ◦ ∆⊗ = ∆ ◦ ∇ : B⊗ B→ B⊗ B (2.5.15)

and

ε ◦ ∇ = ∇K ◦ ε⊗ : B⊗ B→ K. (2.5.16)

Finally the last diagram and the lower half of the second one give us a
coalgebra morphism η : K → B between (K, ∆K, εK) and (B, ∆, ε), as we
can deduce from the relations

∆ ◦ η = η⊗ ◦ ∆K : K→ (B⊗ B) (2.5.17)

and

ε ◦ η = ηK ◦ εK : K→ K. (2.5.18)

Clearly we will call a linear application φ between two bialgebras B and
B′ a bialgebra morphism if it is separately an algebra homomorphism and
a coalgebra morphism.
We will say that a vector space B′ of a bialgebra B is a sub-bialgebra if it is a
subalgebra and a subcoalgebra at the same time, and similarly a bialgebra
ideal I will be an algebra ideal and a coalgebra coideal all together.
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From this, given a bialgebra B with an ideal I, we can give the definition
of bialgebra quotient B/I as usual.
In particular if φ : B → B′ is a bialgebra morphism, Ker (φ) is an ideal of
B and the bialgebra isomorphism B/Ker (φ) ∼= Im (φ) holds.
To conclude this paragraph, we want to discuss a very interesting example
of a bialgebra.
Let us consider the set KG of functions from a group G to a field K, which
can be thought as a vector space with a base

{
1g

K

}
g∈G composed by the

functions equal to 1K in g and null elsewhere.
KG is an associative algebra with a product trivially given by multiplica-
tion of functions and unit given by the constant function 1K.
We can define a coproduct ∆ over KG by specifying its action on the base{

1g
K

}
g∈G and by extending it through linearity over the entire space.

For instance we can put

∆
(
1g

K

)
= 1g

K ⊗ 1g
K, (2.5.19)

with a trivial counit

ε
(
1g

K

)
= 1K. (2.5.20)

It’s quite easy to verify that, given these operations, KG is a fully fledged
bialgebra.

2.6 Hopf algebras

The final and most important structure we want to discuss, is that of an
Hopf algebra.
An Hopf algebra is a bialgebra H over a field K together with a linear
application

S : H → H (2.6.1)

called antipode such that the following diagram is commutative:
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K

H ⊗ H

H

H ⊗ HH ⊗ H

H

H ⊗ H

∇

∇

1⊗ S

∆

∆

ηε

S⊗ 1

where ∆,∇, ε, η are the coproduct, the product, the counit and the unit of
H.
In the Sweedler’s notation this can be concisely written as

S
(

c(1)
)

c(2) = c(1)S
(

c(2)
)
= ε (c) (2.6.2)

for every c in H.
Clearly an Hopf algebra will be called commutative (cocommutative) if it
is commutative (cocommutative) as an algebra (coalgebra).
Given two Hopf algebras H and H′, an homomorphism between H and
H′ is a bialgebra morphism φ : H → H′ which is consistent with the
antipodes S and S′:

φ (S (x)) = S′ (φ (x)) (2.6.3)

for every x ∈ H.
A bijective Hopf algebra morphism will be called isomorphism, and two
Hopf algebra connected by such a morphism will be called isomorphic.
It is possible to prove that S is an anti-homomorphism of H in H, that is
for every x, y ∈ H

S (xy) = S (y) S (x) . (2.6.4)

Thus, in particular, S is certainly an homomorphism if H is commutative.
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Anyhow, S2 is always an homomorphism, in fact for example we immedi-
ately find that

S2 (xy) = S (S (xy)) = S (S (y) S (x)) = S2 (x) S2 (y) (2.6.5)

and similarly for the other axioms.
Finally, S is an automorphism, i.e. an isomorphism S : H → H, if it is an
invertible application.
A very important case is that when S2 = 1; if this happens the Hopf alge-
bra H is said to be involutive and the algebraic sector of H with antipode
S (renamed involution) is called *-algebra. This is the case of the algebra
of observables in quantum mechanics, where the involution is given by
the linear application that sends any operator in its adjoint.
One of the most interesting aspects of Hopf’s algebra theory is that it can
be revised as a sort of generalization of the more elementary group theory,
from which it inherits many results and properties.
As in the case of algebras and coalgebras we can naturally define the con-
cept of Hopf subalgebra A of an Hopf algebra H: it is a sub-bialgebra of
H such that the antipode S maps A in A.
In other words, an Hopf subalgebra A of H is a vector subspace of H
which is also an Hopf algebra, with product, co-product, unit, counit and
antipode given by the restrictions of the corresponding maps of H to A.
What makes this definition richer than before is the possibility of intro-
ducing the notion of a normal Hopf subalgebra, in analogy with the case
of normal subgroups of a given group G.
Given an Hopf algebra H, a subalgebra A is right normal if adr (h) (A) ⊆
A for every h ∈ H, where the right adjoint adr is defined in the Sweedler’s
notation by

adr (h) (a) = S
(

h(1)
)

ah(2) (2.6.6)

for every a ∈ A and h ∈ H.
Note the analogy with the conjugation operation cg : h 7→ g−1hg which
defines the normality of a subgroup N of a group G (that is N is normal
if cg sends N to N).
In a similar way an Hopf subalgebra A is called left normal if adl (h) (A) ⊆
A, where this time the left adjoint adl acts on A according to

adl (h) (a) = h(1)aS
(

h(2)
)

. (2.6.7)
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If A is at the same time a right and left normal Hopf subalgebra, it will be
called a normal subalgebra of H.
Note that if S is bijective the two conditions are equivalent, for example if
H is commutative or cocommutative.
Let us now define the subset A+ = Ker (ε|A) of A; we have that the subset
HA+ of H composed by the products of the type ha, h ∈ H and a ∈ A+ is
an Hopf ideal of H, i.e. a vector subspace that is a bialgebra ideal and is
invariant under the action of the antipode S.
Consequently the subspace H/HA+ is an Hopf algebra, and the structure
of H can be reconstructed starting from those of H/HA+ and A itself.
This is very reminiscent to what happens in group theory, although not
identical. But if A = A+ we have that the vector space on H/A is in fact
an Hopf algebra through the quotient maps inherited in a canonical way
by H itself.
The analogy with groups can be fully understood by noting that the ax-
ioms that establish their structure can be expressed by commutative dia-
grams identical to those characterizing the properties of an Hopf algebra.
Specifically, it is sufficient to replace a set G (the group) with a vector space
H (the Hopf algebra) and the set containing a single point with the field
K.
In this case the counit is defined in an obvious way as the constant map
that sends an element g ∈ G in the single element of the codomain, while
the coproduct is given by the diagonal map g 7→ (g, g).
The product obviously represents the product in the group while the unit
represents the neutral element of the group with respect to this product.
Finally, the antipode S is the inverse operator.
A very important example of Hopf algebra can be built from the universal
enveloping algebra (2.3).
Recalling equations (2.4.2) and (2.4.3), it’s not hard to verify that, given a
vector space V over a field K, the tensor algebra T (V) is in fact a bialgebra.
If we now define the map S : T (V)→ T (V) specified by

S (v) = −v, ∀v ∈ V (2.6.8)

and extended through linearity over the entire space, we recognize that
the tensor algebra is indeed an Hopf algebra, with antipode S.
Howewer, we showed that given a Lie algebra l, the universal enveloping
algebra U (l) is obtained as a quotient from the tensor algebra T (l); as a
consequence it inherits an Hopf algebra structure from it, with the same
(induced) coproduct, counit and antipode.
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It’s important to note that these two Hopf algebras are both cocommuta-
tive, i.e., they both have primitive coproducts, while in general are not
commutative (T (V) is commutative if and only if V has dimension 0 or 1
over K, U (l) is commutative if and only if I is abelian).
We already mentioned a concrete example of such an Hopf algebra, which
is indeed a very familiar one, even though its Hopf algebra structure is
rarely referred to.
We will discuss it thoroughly in the next section.

2.7 The Poincaré algebra

The Poincaré algebra P is defined as the Lie algebra of the Poincaré group,
composed by every coordinate transformation that leaves invariant the
distance

xµyµ = gµνxµyν (2.7.1)

between two points x, y of the Minkowski space-time M, where gµν is the
well-known metric tensor.
This group of symmetries can be understood as a semi-direct product
T4 oO (1, 3) of the quadri-dimensional translation group T4 and the non-
abelian group O (1, 3) of the Lorentz transformations, with composition
law given by

g1g2 = (a1 + Λ1a2, Λ1Λ2) (2.7.2)

with gi = (ai, Λi).
Its Lie algebra is precisely the Poincaré algebra, which is composed of 10
generators, or base’s elements, satisfying the following commutation rules

[
Pµ, Pν

]
= 0, [Ri, P0] = 0,

[
Ri, Pj

]
= εijkPk[

Ri, Rj
]
= εijkRk,

[
Ri, Nj

]
= εijkNk, [Ni, P0] = Pi,[

Ni, Pj
]
= δijP0,

[
Ni, Nj

]
= −εijkRk,

(2.7.3)

where the operators Pµ are the quadri-dimensional translation generators
and Ri, Ni are respectively the generators of rotations and boosts around
the direction xi.
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It’s worth mentioning the so-called quadratic Casimir of the Poincaré al-
gebra

C2 = P2
0 − P2

1 − P2
2 − P2

3 ≡ P2
0 − |P̄|2 (2.7.4)

which, as one can easily verify, commutes with every generator of P.
The physical interpretation of this operator is very familiar: it gives us the
dispersion relation of masses of free particles, ensuring its invariance.
In this regard, let us recall that the Poincaré group is the group of sym-
metries of Einstein’s theory of relativity, that is the group of transforma-
tions that allow passing from one inertial reference frame to another. The
nevralgic point of the theory is that all physical equations are covarianti
with respect to the Poincaré group, that is they are left unchanged (in
form) by the elements of the group.
In particular, there is a physical quantity that assumes the same value in
all inertial reference frames: the speed of light in the vacuum c.
Here and in the following chapters we will tacitly assume to work in nat-
ural units with c = 1, but it is good to remember for future utility (see
the galilean limit discussion in chapter (8)) that the Poincaré group (and
therefore its Lie algebra P) always depends on the parameter c.
It’s now convenient to consider the universal enveloping algebra U (P) of
the Poincaré algebra, which as we have seen is an Hopf algebra.
In particular we know that U (P) is generated as an algebra by P itself, so
to make its structure explicit it is sufficient to define coproducts, counit
and antipodes on the Poincaré algebra generators.
Thus we get the cocommutative Hopf algebra2 specified by the coproducts

∆
(

Pµ

)
= Pµ ⊗ 1 + 1⊗ Pµ,

∆ (Ri) = Ri ⊗ 1 + 1⊗ Ri,
∆ (Ni) = Ni ⊗ 1 + 1⊗ Ni,

(2.7.5)

the counit actions

ε
(

Pµ

)
= 0,

ε (Ri) = 0,
ε (Ni) = 0

(2.7.6)

2Here and in the following with slight abuse of notation we will always identify the
Poincaré algebra P with its universal enveloping algebra U (P).
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and the antipodes

S
(

Pµ

)
= −Pµ,

S (Ri) = −Ri,
S (Ni) = −Ni.

(2.7.7)

There are other examples of Hopf algebras that are neither commutative
nor cocommutative, often referred to (though improperly) as quantum
groups [28, 29].
These algebras are extremely important in the realm of non-commutative
geometry and quantum gravity, and were originally introduced precisely
to study some type of "generalized" or “quantized” spaces (see for instance
the so-called κ-Minkowski space-time we will discuss in depth later on)
through an appropriate, deformed algebra of functions.
In general there exist various mathematical procedures, for instance the
one due to Drinfel’d and Jimbo [30–33], that allow to deform a cocommu-
tative Hopf algebra into a non-cocommutative one.
We will not analyze in full details these formal procedures, instead we
will just point out that these Hopf algebras are constructed in such a way
that they reduce to the starting universal enveloping algebras when one
or more parameters on which they depend on tend to a prefixed limit.
In particular the most famous deformation of the Poincaré algebra is a
quantum group called κ-Poincaré algebra κP [34, 35].
In our case the κ-Poincaré algebra depends on an additional parameter
(besides the speed of light c) that we will denote by ` ≡ 1

κ , which has the
dimensions of the inverse of an energy and therefore in natural units those
of a length.
We will devote the next and final paragraph of this mathematical intro-
duction to present some of the key properties of the κ-Poincaré algebra, as
well as its physical interpretation.

2.8 The k-Poincaré algebra

The κ-Poincaré algebra is a particular deformation of the standard Poincaré
algebra which enforces the doubly special relativity (DSR) principle [8–
13].
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In other words replacing the Poincaré algebra with this new, deformed
one, introduces a new invariant energy κ alongside the old invariant speed
of light c, usually thought to be equal or close to the Plank energy Ep and
interpreted as the maximum energy attainable by a particle.
This is very analogous to what happens in the transition from the Galilei
relativity to the Einstein relativity, where the deformation parameter is the
speed of light c itself.
In order to achieve this result the old commutators of the Poincaré algebra
has to be deformed by κ in a non-linear way.
Even more significantly the κ-Poincaré algebra will feature a new striking
property, that is a non primitive coalgebra structure.
In this paragraph we will show and discuss the form of both the algebra
and coalgebra sectors of the κ-Poincaré algebra as they will be used in the
rest of the thesis.
Since we will mostly use natural units, it’s useful to introduce a new de-
formation length scale ` = 1

κ which we can interpret as a quantity equal
or close to the Planck length `P.
Written in the so-called bi-cross-product basis [35], the four-dimensional
κ- Poincaré algebra reads:

[
Pµ, Pν

]
= 0, [Ri, P0] = 0,[

Ri, Pj
]
= iεijkPk,

[
Ri, Rj

]
= iεijkRk,[

Ri, Nj
]
= −iεijk Nk, [Ni, P0] = iPi,[

Ni, Pj
]
= iδij

(
1− e−2`P0

2`
+

`

2
~P2

)
− i`PiPj,

[
Ni, Nj

]
= −iεijkRk,

(2.8.1)

with a deformed mass Casimir

m2 =
2
`

sinh2 `

2
P0 − e`P0~P2 (2.8.2)

which is left invariant by the modified generators in (2.8.1) (see (2.7.4) in
comparison).
The second important difference between the κ-Poincaré algebra and the
Poincaré algebra, as aforementioned, lays in its non-trivial coalgebra struc-
ture.
As we saw the Poincarè algebra can be equipped with a coalgebra struc-
ture specified by the coproducts
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∆ (P0) = P0 ⊗ 1 + 1⊗ P0

∆ (Pi) = Pi ⊗ 1 + 1⊗ Pi

∆ (Ni) = Ni ⊗ 1 + 1⊗ Ni

∆ (Ri) = Ri ⊗ 1 + 1⊗ Ri.

(2.8.3)

The common interpretation of this is that the coproducts dictate the form
of the Leibniz rule for the generators, that is how they act on products of
functions.
In our case we have

X . ( f g) = (X . f ) g + f (X . g) (2.8.4)

for every generator X of the Poincaré algebra.
This also reflects the fact that in the standard special relativity the con-
servation law describing the point-interactions of particles is linear with
respect to the momenta, i.e.

p0 + k0 = 0, pi + ki = 0 (2.8.5)

in the case of two particles with momenta p and k.
In a similar way the (trivial) antipodes (2.7.7) of the Poincaré algebra sim-
ply express what inversion rule is compatible with this linear composition
law, or, explicitly, that the inverse of a momenta p is simply −p.
On the other hand the coalgebra section and antipodes of the κ-Poincaré
algebra turn out to be naturally non-trivial. In the bi-cross-product basis
(2.8.1) the coproducts are given by

∆ (P0) = P0 ⊗ 1 + 1⊗ P0

∆ (Pi) = Pi ⊗ 1 + e−`P0 ⊗ Pi

∆ (Ni) = Ni ⊗ 1 + e−`P0 ⊗ Ni + `εijkPj ⊗ Rk

∆ (Ri) = Ri ⊗ 1 + 1⊗ Ri,

(2.8.6)

with antipodes

S (P0) = −P0,

S (Pi) = −elP0 Pi,
S (Ri) = −Ri,

S (Ni) = −elP0 Ni + lεijkelP0 PjRk.

(2.8.7)
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As a consequence the usual conservation law no longer holds, instead it
has to be modified as

p0 + k0 = 0, pi + e−`p0 ki = 0. (2.8.8)

Looking more closely to (2.8.2) and (2.8.8), one immediately notes that the
deformation effects resulting from these equations should become more
and more evident when the energy of the particles involved becomes
higher and higher.
Thus, if the κ-Poincaré relativistic theory was to be taken as it is on every
scale (i.e. if it would be an universal relativistic theory), then its deviation
from the standard special or galilean relativity should be most prominent
for macroscopic bodies, which is absurd.
This is the aforementioned soccer-ball problem.
Several proposals have been raised in the past years to address this con-
tradiction, see in particular [14–16].
However, we believe that the proper route to follow in order to better un-
derstand the soccer-ball problem is to study more in depth the relativistic
properties of a composite system in the κ-Poincaré framework, a topic that
has received little to none attention in the literature.
In particular the goal of the next chapters will be to show that through an
appropriate definition of the composite system coordinates it is possible in
principle to build a deformed symmetry algebra such that the deformation
parameter scales with the number of particles involved.
Before doing that, we find useful to conclude this introduction by briefly
discussing the space-time naturally connected with the κ-Poincaré algebra,
that is the so-called κ-Minkowski space-time.
From now on for the sake of simplicity we will work in 1+1-dimensions,
thus our single particle κ-Poincaré algebra will be composed only by the
three generators P0, P1 and N.
As in standard quantum mechanics the time and spatial translation gen-
erators can be represented as derivatives with respect to a time coordinate
x0 and a space coordinate x1, forming a flat R2 space-time:

P0 = i
∂

∂x0
, P1 = −i

∂

∂x1
. (2.8.9)

The difference here is that the coordinates x0 and x1, in an operator sense,
do no longer commute between themselves.
The easiest way to see this is to act on the commutator [x1, x0] with P1 and
using its coproduct from (2.8.6):
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P1 . [x1, x0] = P1 . x1x0 − P1 . x0x1

= −ix0 −
(

e−`P0 . x0

)
P1 . x1

= −ix0 + i (1− `P0) . x0

= `

= i`P1 . x1,

(2.8.10)

thus

[x1, x0] = i`x1. (2.8.11)

This is usually interpreted as a way to enforce non-commutativity in the
space-time itself, even though in a very preliminary sense.
At the same time it’s easy to see that this non-commutativity must have
strong consequences on the algebra of functions over the space-time.
In fact, while for standard spaces like the Minkowski space-time this al-
gebra turns out to be a commutative algebra quite naturally, now we deal
with a non-commutative one [36], as a direct consequence of equation
(2.8.11).
Indeed, given a generic function f (x0, x1) over the κ-Minkowski space-
time, we recognize immediately that the order whereby we write the co-
ordinates x0 and x1 themselves is essential.
In general we will always work with the so-called time-to-the-right pre-
scription, that is, as the name suggests, putting the time coordinates al-
ways to the right of the space coordinates.
In particular we will often use the set of κ-Minkowski’s time-to-the-right
plane waves as a base of the algebra of functions, that is the family

{
eikx}

k∈R

defined as

eikx = eik1x1 e−ik0x0 . (2.8.12)

The action of the symmetry generators on the algebra of functions carries
a lot of informations on the symmetry algebra itself, thus we will often
make use of the action of the generators on the plane waves to grasp some
of these informations.
As a final remark on this topic, we find useful to stress that the plane waves
family is still closed with respect to the product as in the commutative
case, i.e. that the product of two plane waves is still a plane wave.
To see this let us explicitly perform the calculation as
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eipxeiqx = eip1x1 e−ip0x0 eiq1x1 e−iq0x0

= eip1x1

[
∞

∑
n=1

(−ip0)
n

n!
xn

0

] [
∞

∑
m=1

(iq1)
m

m!
xm

1

]
e−iq0x0

= eip1x1

[
∞

∑
n,m=1

(−ip0)
n (iq1)

m

n!m!
xn−1

0 x0x1xm−1
1

]
e−iq0x0

= eip1x1

[
∞

∑
n,m=1

(−ip0)
n (iq1)

m

n!m!
xn−1

0 x1 (x0 − i`) xm−1
1

]
e−iq0x0

= eip1x1

[
∞

∑
n,m=1

(−ip0)
n (iq1)

m

n!m!
xn−1

0 x2
1 (x0 − 2i`) xm−2

1

]
e−iq0x0

= eip1x1

[
∞

∑
n,m=1

(−ip0)
n (iq1)

m

n!m!
xn−1

0 xm
1 (x0 − im`)

]
e−iq0x0

= eip1x1

[
∞

∑
n,m=1

(−ip0)
n (iq1)

m

n!m!
xm

1 (x0 − im`)n

]
e−iq0x0

= eip1x1

[
∞

∑
m=1

(iq1)
m

m!
xm

1 e−`mp0

]
e−ip0x0 e−iq0x0

= ei(p1+e−`p0 q1)x1 e−i(p0+q0)x0

= ei(p⊕q)x,

(2.8.13)

where throughout the middle passages of (2.8.13) we used the κ-Minkowski
commutation relations (2.8.11) in order to invert the position of e−ip0x0 and
eiq1x1 .
Thus composing two plane waves of momenta p and q produces a plane
wave with momenta

(
p1 + e−`p0 q1, p0 + q0

)
, which is coherent with the

composition law (2.8.8).
Indeed one can immediately see that the translation generators have stan-
dard action on the plane waves:

Pµ . eikx = kµeikx, (2.8.14)

so that we can interpret (2.8.13) as a direct result of the form of the co-
product ∆ (P1).
The last thing we want to point out in the conclusion of this chapter, is
that the Heisenberg algebra our "quantum" coordinates satisfy with their
dual translation generators is deformed itself as
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[P0, x0] = i, [P0, x1] = 0,
[P1, x0] = −i`P1, [P1, x1] = −i.

(2.8.15)

To prove this we can easily compute the third commutator, the deformed
one, that is:

[P1, x0] . f (x) = P1 . (x0 f (x))− x0P1 . f (x)

=
(

e−`P0 . x0

)
P1 . f (x)− x0P1 . f (x)

= −i`P1 . f (x) .

(2.8.16)

These commutators provide us with a differential representation for the
boost generator N:

N = x1

(
1− e−2`P0

2`
+

`

2
P2

1

)
− x0P1. (2.8.17)

It’s easy to verify that the relevant commutators in (2.8.1) are satisfied by
this operator.
We will often use the Heisenberg algebra (2.8.15) as a guide to refer to
during our explorations.
The main purpose of this thesis is then to generalize these constructions
to composite systems.
For the sake of simplicity we will mostly consider two particle systems;
furthermore we will always require these two particles to be identical, so
that they have the same mass3.
This request makes it easier to define the center of mass coordinates and
the symmetry algebra of the systems.
In the next section we will follow a purely κ-Poincaré inspired approach
to the question, showing why exactly the soccer-ball problem can’t be ad-
dressed in that playground.
Then we will discuss our novel proposals, where conversely the soccer-ball
problem could actually find a proper solution.

3We will briefly discuss the case of more than two eventually different particles in
chapter 7.



Chapter 3

Composite system with
deformed center of mass
coordinates

3.1 The case of two particles of equal mass

Let us consider the standard composition of momenta of two identical
particles A and B in the k-Poincaré algebra in 1+1-dimensions:

PT
0 = PA

0 + PB
0 ,

PT
1 = PA

1 + e−`PA
0 PB

1 .
(3.1.1)

We want to search for a couple of coordinates operators xT
0 , xT

1 , which
could be interpreted as a generalization of the center of mass coordinates,
such as PT

µ and xT
ν are dual, i.e. the set of operators

{
PT

µ , xT
ν

}
encloses an

(eventually deformed) Heisenberg Algebra.
The standard choice

xT
0 =

xA
0 + xB

0
2

,

xT
1 =

xA
1 + xB

1
2

(3.1.2)

34
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is clearly inadequate in this context, since[
PT

1 , xT
1

]
=

[
PA

1 + e−`PA
0 PB

1 ,
xA

1 + xB
1

2

]

= − i
2

(
1 + e−`PA

0

)
.

(3.1.3)

Nonetheless this calculation suggests us to consider a slightly deformed
version of the coordinate xT

1 above, i.e.

xT
1 =

xA
1 + e`PA

0 xB
1

2
(3.1.4)

which correctly gives [
PT

1 , xT
1

]
= −i. (3.1.5)

On the other hand, while the commutators between PT
0 and xT

µ are respec-
tively i and 0, the commutator

[
PT

1 , xT
0
]

isn’t closed:[
PT

1 , xT
0

]
=

[
PA

1 + e−`PA
0 PB

1 ,
xA

0 + xB
0

2

]
= −i

`

2
PA

1 +
1
2

[
e−`PA

0 , xA
0

]
PB

1 − i
`

2
e−`PA

0 PB
1

= −i`

(
PA

1
2

+ e−`PA
0 PB

1

)
.

(3.1.6)

In order to maintain the nice commutation relations between PT
0 and xT

0 ,
we could try to modify the latter by adding a function of xA

1 and/or xB
1 ,

since trivially
[
PA

0 , xA
1

]
=
[
PB

0 , xB
1

]
= 0.

The final choice is given by the operator

xT
0 =

xA
0 + xB

0 + `
2

{
xA

1 , PA
1

}
2

, (3.1.7)

which gives the correct commutator with PT
1 :

[
PT

1 , xT
0

]
= −i`

(
PA

1
2

+ e−`PA
0 PB

1

)
− i

`

2
PA

1

= −i`
(

PA
1 + e−`PA

0 PB
1

)
= −i`PT

1 .

(3.1.8)
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In conclusion these novel center of mass coordinates

xT
0 =

xA
0 + xB

0 + `
2

{
xA

1 , PA
1

}
2

,

xT
1 =

xA
1 + e`PA

0 xB
1

2

(3.1.9)

satisfy the commutation relation[
xT

1 , xT
0

]
=

1
4

([
xA

1 , xA
0 + `xA

1 PA
1

]
+
[
e`PA

0 xB
1 , xA

0 + xB
0

])
= i

`

4
xA

1 + i
`

4
xA

1 + i
`

4
e`PA

0 xB
1 + i

`

4
e`PA

0 xB
1

= i`

(
xA

1 + e`PA
0 xB

1
2

)
= i`xT

1

(3.1.10)

and coherently lead us to a k-deformed Heisenberg algebra[
PT

0 , xT
0

]
= i,[

PT
1 , xT

0

]
= −i`PT

1 ,

[
PT

0 , xT
1

]
= 0,[

PT
1 , xT

1

]
= −i.

(3.1.11)

The next step should be to define the relative coordinates of the system1.
From what we learned about the center of mass case, the most educated
proposal is

xR
0 = xA

0 − xB
0 −

`

2

{
xA

1 , PA
1

}
,

xR
1 = xA

1 − e`PA
0 xB

1 .
(3.1.12)

It’s quite trivial to see that xT
1 and xR

1 commutes between themselves; on
the other hand we find that[

xR
1 , xT

0

]
=

1
2

([
xA

1 , xA
0 + `xA

1 PA
1

]
−
[
e`PA

0 xB
1 , xA

0 + xB
0

])
= i

`

2
xA

1 + i
`

2
xA

1 − i
`

2
e`PA

0 xB
1 − i

`

2
e`PA

0 xB
1

= i`
(

xA
1 − e`PA

0 xB
1

)
= i`xR

1 .

(3.1.13)

1Note that we start with 3+3 generators between single particles translations and boosts,
so the final number of generators must still be equal to 6.
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More interesting are the commutators involving xR
0 . The commutator with

xT
0 is obviously zero, but the unexpected result one finds is that xR

0 actually
commutes with all other coordinates.
This is very different from what we will see in the next chapters, and as a
consequence we deduce that xR

0 doesn’t play any major role in this setup.
Explicitly we have that[

xT
1 , xR

0

]
=

1
4

([
xA

1 , xA
0 − `xA

1 PA
1

]
+
[
e`PA

0 xB
1 , xA

0 − xB
0

])
= i

`

4
xA

1 − i
`

4
xA

1 + i
`

4
e`PA

0 xB
1 − i

`

4
e`PA

0 xB
1

= 0,

(3.1.14)

and [
xR

1 , xR
0

]
=

1
2

([
xA

1 , xA
0 − `xA

1 PA
1

]
−
[
e`PA

0 xB
1 , xA

0 − xB
0

])
= i

`

2
xA

1 − i
`

2
xA

1 − i
`

2
e`PA

0 xB
1 + i

`

2
e`PA

0 xB
1

= 0.

(3.1.15)

It’s easy now to define the relative translation generators as

PR
0 =

PA
0 − PB

0
2

,

PR
1 =

PA
1 − e−`PA

0 PB
1

2
,

(3.1.16)

so that we can complete the deformed Heisenberg algebra (3.1.11) with
the remaining commutators (we left the easy check of these results to the
reader) [

PR
0 , xR

0

]
= i,[

PT
0 , xR

0

]
= 0,[

PR
1 , xR

0

]
= 0,[

PT
1 , xR

0

]
= 0,

[
PR

0 , xR
1

]
= 0,[

PT
0 , xR

1

]
= 0,[

PR
1 , xR

1

]
= −i,[

PT
1 , xR

1

]
= 0

(3.1.17)

and [
PR

0 , xT
0

]
= 0,[

PR
1 , xT

0

]
= −i`PR

1 ,

[
PR

0 , xT
1

]
= 0,[

PR
1 , xT

1

]
= 0.

(3.1.18)
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It’s important to note that the relative spatial coordinate and translation
generator perfectly fit in a κ-Poincaré-Heisenberg translation algebra sec-
tor together with the total coordinates and generators, while at the same
time the relative time coordinate and translation generator behave as un-
deformed classical operators.
The last step is to define the boost generators:

NT = NA + e−`PA
0 NB,

NR = NA − e−`PA
0 NB.

(3.1.19)

As we will see the commutators they obey won’t in general be as nice as
the previous ones. The nicest ones are certainly those involving only the
total generators: [

NT, PT
0

]
= iPT

1 , (3.1.20)

which is very trivial, and

[
NT, PT

1

]
=
[

NA, PA
1

]
+
[

NA, e−`PA
0

]
PB

1 + e−2`PA
0

[
NB, PB

1

]
= i

(
1− e−2`PA

0

2`
− `

2
PA

1
2
)
− i`e−`PA

0 PA
1 PB

1

+ ie−2`PA
0

(
1− e−2`PB

0

2`
− `

2
PB

1
2
)

= i

(
1− e−2`PT

0

2`
− `

2
PT

1
2
)

(3.1.21)

as expected.
Not surprisingly we have also[

NT, PR
0

]
= iPR

1 ,[
NR, PT

0

]
= iPR

1 ,[
NR, PR

0

]
= iPT

1 .

(3.1.22)

On the other hand the remaining commutators cannot be exactly related
to the κ-Poincaré algebra ones, even though they show strong similarity
and, most importantly, still preserve the deformation parameter `.
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Let us then start with[
NT, PR

1

]
=
[

NA, PA
1

]
−
[

NA, e−`PA
0

]
PB

1 − e−2`PA
0

[
NB, PB

1

]
=

i
2

(
1− e−2`PA

0

2`
− `

2
PA

1
2
)
+ i

`

2
e−`PA

0 PA
1 PB

1

− i
2

e−2`PA
0

(
1− e−2`PB

0

2`
− `

2
PB

1
2
)

= i

(
1− 2e−2`PA

0 + e−2`PA
0 e−2`PB

0

4`
− `

4
PA

1
2

+
`

4
e−2`PA

0 PB
1

2
+

`

2
e−`PA

0 PA
1 PB

1

)
.

(3.1.23)

We can now replace the single particle generators with the total and rela-
tive ones by using the equations

PA
0 =

PT
0
2

+ PR
0 , PB

0 =
PT

0
2
− PR

0 ,

PA
1 =

PT
1
2

+ PR
1 , e−`PA

0 PB
1 =

PT
1
2
− PR

1

(3.1.24)

which the reader can easily verify.
This leads us to the final form[

NT, PR
1

]
= i

(
1− 2e−`PT

0 e−2`PR
0 + e−2`PT

0

4`
− `

2
PT

1 PR
1

+
`

8
PT

1
2 − `

2
PR

1
2
)

.

(3.1.25)

In a similar fashion one finds[
NR, PT

1

]
= i

(
1− 2e−`PT

0 e−2`PR
0 + e−2`PT

0

2`
− `PT

1 PR
1

− `

4
PT

1
2
+ `PR

1
2
) (3.1.26)

and [
NR, PR

1

]
= i

(
1− e−2`PT

0

4`
− `PR

1
2
)

. (3.1.27)
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As a last ingredient one can search for the mass Casimir of the algebra,
which indeed can easily be defined as

CT = CA + CB (3.1.28)

where CA and CB are the single particle Casimrs, and is quite obviously
invariant under both the total and relative boosts.
Explicitly this can be shown to be equal to

CT =
8
`2 sinh2 `

4
PT

0 −
8
`2 sinh2 `

4
PR

0 +
16
`2 cosh2 `

4
PT

0 sinh2 `

4
PR

0

− 1
2

e`PT
0 e`PR

0 cosh
`

2
PT

0 PT
1

2 − 2e`PT
0 e`PR

0 cosh
`

2
PT

0 PR
1

2

+ 2e`PT
0 e`PR

0 sinh
`

2
PT

0 PT
1 PR

1 .

(3.1.29)

Now, one could suggest to just ignore the relative coordinates and gener-
ators and focus only on the total part.
Howewer, we have not yet taken into account the coalgebra sector of our
two particle algebra.
The result we will show is that even though the commutators between the
total generators are exactly κ-Poincaré ones, the coproducts still need the
relative generators to be fully defined and thus, as an Hopf algebra, the
set
{

PT
0 , PT

1 , NT} is not properly a κ-Poincaré algebra.
As an example let us consider the generator PT

1 .
To start let us recall the coproduct of the operator e−`PA

0 , that is

∆
(

e−`PA
0

)
= e−`PA

0 ⊗ e−`PA
0 . (3.1.30)

This can be proven by first writing its Taylor expansion

e−`PA
0 = 1− `PA

0 +
`2

2
PA

0
2
+ ..., (3.1.31)

then by using the coproducts of the powers of PA
0 , which obeys the Leibniz

rule:

∆
(

PAn

0

)
=

n

∑
i=0

PAi

0 ⊗ PAn−i

0 , (3.1.32)

from which equation (3.1.31) follows.
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Let us now consider the action of PT
1 on the product of two functions f

and g:
PT

1 . f g =
(

PA
1 + e−`PA

0 PB
1

)
. f g. (3.1.33)

By using the single particle coproducts this is equal to

PT
1 . f g =

(
PA

1 . f
)

g +
(

e−`PA
0 . f

)
PA

1 . g

+
(

e−`PA
0 PB

1 . f
)

e−`PA
0 . g

+
(

e−`PA
0 −`PB

0 . f
)

e−`PA
0 PB

1 . g.

(3.1.34)

We are not interested in the final form of PT
1 ’s coproduct in term of the total

and relative generators (easily obtainable by using equations (3.1.24)), our
goal here is to point out that the action (3.1.34) clearly doesn’t allow us to
write

∆
(

PT
1

)
= PT

1 ⊗ 1 + e−`PT
0 ⊗ PT

1 (3.1.35)

due to the inevitable presence of the relative generators PR
i .

Thus, as aforementioned, although the total commutators are κ-Poincaré
ones, the coproducts are not.
Nonetheless it’s worth to note that they actually are if the relative motion
is small enough compared to κ, so that we can informally put PR

i ≈ 0.

3.2 General case

To conclude this chapter we want to briefly address the more general sit-
uation with more than two particles with different masses.
Let us procede step by step by first considering two particles with non-zero
masses mA and mB.
In the following we will focus only on the center of mass coordinates and
their dual translation generators.
The latter are of course still the same as the equal mass case, that is

PT
0 = PA

0 + PB
0 ,

PT
1 = PA

1 + e−`PA
0 PB

1 .
(3.2.1)
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The dual (spatial) coordinate of PT
1 is easily understood to be

xT
1 =

mAxA
1 + mBe`PA

0 xB
1

mA + mB
, (3.2.2)

so that
[
PT

1 , xT
1

]
= −i.

As in the former case the temporal center of mass coordinate is trickier.
What we found is that equation (3.1.7) can be generalized as

xT
0 =

mAxA
0 + mBxB

0 + `
2 mB

{
xA

1 , PA
1

}
mA + mB

, (3.2.3)

so that trivially
[
PT

0 , xT
0
]
= −i and above all

[
PT

1 , xT
0

]
=

1
mA + mB

(
mA

[
PA

1 , xA
0

]
+ `mB

[
PA

1 , xA
1

]
PA

1

+ mA

[
e−`PA

0 , xA
0

]
PB

1 + mBe−`PA
0

[
PB

1 , xB
0

] )

= − i`
mA + mB

(
mAPA

1 + mBPA
1 + mAPB

1 + mBPB
1

)
= −i`PT

1 .

(3.2.4)

Finally we can compute the commutator between the center of mass spatial
and temporal coordinates:

[
xT

1 , xT
0

]
=

1

(mA + mB)
2

(
m2

A

[
xA

1 , xA
0

]
+ `mAmB

[
xA

1 , PA
1

]
xA

1

+ mAmB

[
e`PA

0 , xA
0

]
xB

1

+ m2
Be`PA

0

[
xB

1 , xB
0

] )

= i`
mA (mA + mB) xA

1 + mB (mA + mB) e`PA
0 xB

1

(mA + mB)
2

= i`xT
1 ,

(3.2.5)
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which not surprisingly turns out to be just a κ-Minkowski one, as in the
equal mass case.
Thus we found that the κ deformation is preserved even when the particles
composing the system have different masses. What about having more
than two particles?
Let us consider for simplicity the case of three particles with of equal
mass, and let us start by defining the κ-Poincaré inspired total translation
generators:

PT
0 = PA

0 + PB
0 + PC

0 ,

PT
1 = PA

1 + e−`PA
0 PB

1 + e−`PA
0 e−`PB

0 PC
1 .

(3.2.6)

We then define the center of mass coordinates of the system as

xT
0 =

xA
0 + xB

0 + xC
0 + `

{
xA

1 , PA
1

}
+ `

2

{
xB

1 , PB
1

}
3

,

xT
1 =

xA
1 + e`PA

0 xB
1 + e`PA

0 e`PB
0 xC

1
3

.

(3.2.7)

It’s not hard to check that the κ-duality relations between generators and
coordinates still hold.
For example we have that

[
PT

1 , xT
0

]
=

1
3

([
PA

1 , xA
0

]
+ 2`

[
PA

1 , xA
1

]
PA

1 +
[
e−`PA

0 , xA
0

]
PB

1

+ e−`PA
0

[
PB

1 , xB
0

]
+ `

[
PB

1 , xB
1

]
PB

1

+
[
e−`PA

0 , xA
0

]
e−`PB

0 PC
1 + e−`PA

0

[
e−`PB

0 , xB
0

]
PC

1

+ e−`PA
0 e−`PB

0

[
PC

1 , xC
0

] )

= −i
`

3

(
PA

1 + 2PA
1 + e−`PA

0 PB
1 + e−`PA

0 PB
1 + e−`PA

0 PB
1

+ e−`PA
0 e−`PB

0 PC
1 + e−`PA

0 e−`PB
0 PC

1

+ e−`PA
0 e−`PB

0 PC
1

)
= −i`PT

1 .

(3.2.8)
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As a consequence the κ-Minkowski commutation rules are still satisfied.
By putting both of these results together we can finally complete our anal-
ysis and consider a general system with N particles with {m1, m2, ..., mN}
masses.
Let M be the total mass of the system, that is

M =
N

∑
i=1

mi (3.2.9)

and let
{

Pj
i

}
be the single particle generators, i = 0, 1, j = 1, 2, ...N, such

that

PT
0 =

N

∑
i=1

Pi
0,

PT
1 =

N

∑
i=1

e
−`

i−1

∑
j=1

Pj
0

Pi
1.

(3.2.10)

We can then define the center of mass coordinates of the system as

xT
0 =

1
M

N

∑
i=1

(
xi

0 +
`

2

N

∑
j>i

mj

{
xi

1, Pi
1

})
,

xT
1 =

1
M

N

∑
i=1

mie
`

i−1

∑
j=1

Pj
0

xi
1.

(3.2.11)

The duality relations between PT
0 , xT

0 and PT
1 , xT

1 are trivially verified, like-
wise the commutator between PT

1 and xT
0 , despite some heavy calculus,

can be shown to be equal to −i`PT
1 without real technical issues.

In particular the center of mass coordinates still live in a κ-Minkowski
space-time.
In conclusion we can state in all generality that this recipe leads us from
a κ deformation to another κ deformation regardless of the number or the
mass of the particles involved.
Therefore, it doesn’t provide any solution to the soccer-ball problem.
We have thus shown what deforming the definition of the center of mass
leads to, another route would be to modify instead the form of the total
and relative generators.
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This will take us to a very different scenario where the soccer-ball problem
can be properly addressed.



Chapter 4

Symmetry algebra of a system
of 2 identical particles - the
linear case

4.1 Total and relative generators - basic properties

Let us consider two particles A and B in a two dimensional space-time of
equal mass m and coordinates xA

µ and xB
µ satisfying[

xA,B
1 , xA,B

0

]
= i`xA,B

1 ,
[

xA
µ , xB

ν

]
= 0. (4.1.1)

For both of them we can build up two κ-Poincaré algebras with generators{
PA,B

µ , NA,B
}

, where in particular the translation generators PA,B
µ act on a

set of plane waves eikA
1 xA

1 e−ikA
0 xA

0 and eikB
1 xB

1 e−ikB
0 xB

0 as

PA,B
µ . eikA,B

1 xA,B
1 e−ikA,B

0 xA,B
0 = kA,B

µ eikA,B
1 xA,B

1 e−ikA,B
0 xA,B

0 . (4.1.2)

In other words the wave functions

eikA
1 xA

1 e−ikA
0 xA

0 , eikB
1 xB

1 e−ikB
0 xB

0 (4.1.3)

are a bases of eigenfunctions of the operators PA
µ and PB

µ , respectively.
As in the standard relativistic case, we would like to describe our two
particle system by separating it in a "total" part and a "relative" part.

46
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To do so let us recall the undeformed center of mass coordinates

xT
µ =

xA
µ + xB

µ

2
(4.1.4)

and the relative ones1

xR
µ =

xA
µ − xB

µ

2
, (4.1.5)

satisfying the commutation relations[
xT

1 , xT
0

]
= i

`

2
xT

1 ,
[

xR
1 , xT

0

]
= i

`

2
xR

1 ,[
xT

1 , xR
0

]
= i

`

2
xR

1 ,
[

xR
1 , xR

0

]
= i

`

2
xT

1 .
(4.1.6)

The first key observation we can make is that, as we already mentioned
in the introduction, the center of mass coordinates satisfy a 2κ-Minkowski
commutation relation.
This hints to the possibility that the deformation describing our composite
system should somehow account for a halved deformation parameter.
In this way as the number of particles composing the system grows, the
deformation effects should become weaker and weaker, thus recovering
the standard Poincaré/Galileo physics on a macroscopic scale.
As we will see, however, the possible candidates for the role of symmetry
generators will not be uniquely identified; the goal of this thesis is to show
two different prescriptions characterized by different sets of properties,
strengths and weaknesses.
In order to discuss our first proposal, let us consider the product of two
plane waves A and B

eikA
1 xA

1 e−ikA
0 xA

0 eikB
1 xB

1 e−ikB
0 xB

0 . (4.1.7)

by rewriting the old coordinates xA,B
µ by means of the new ones xT,R

µ , we
easily find that this product is equal to

eikT
1 xT

1 eikR
1 xR

1 e−ikT
0 xT

0 e−ikR
0 xR

0 (4.1.8)

with

kT
µ = kA

µ + kB
µ , kR

µ = kA
µ − kB

µ . (4.1.9)

1Here and in the rest of the thesis we define the relative coordinates with an explicit
factor 1

2 , contrarily to the standard prescription. This has no real physical consequences
on the theory, but simplifies greatly the various results we are going to discuss.
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Therefore it is possible to define new translation generators as

PT
µ = PA

µ + PB
µ , PR

µ = PA
µ − PB

µ , (4.1.10)

so that

PT,R
µ . eikT

1 xT
1 eikR

1 xR
1 e−ikT

0 xT
0 e−ikR

0 xR
0 = kT,R

µ eikT
1 xT

1 eikR
1 xR

1 e−ikT
0 xT

0 e−ikR
0 xR

0 , (4.1.11)

which is a consequence of the trivial differential representations of our
operators:

PT
1 = −i

∂

∂xT
1

, PR
1 = −i

∂

∂xR
1

. (4.1.12)

These new commutating generators satisfy the following deformed Heisen-
berg Algebra with the xT,R

µ coordinates:[
PT

0 , xT
0

]
= i,

[
PT

0 , xR
0

]
= 0,[

PT
0 , xT

1

]
= 0,

[
PT

0 , xR
1

]
= 0,[

PR
0 , xT

0

]
= 0,

[
PR

0 , xR
0

]
= i,[

PR
0 , xT

1

]
= 0,

[
PR

0 , xR
1

]
= 0,[

PT
1 , xT

0

]
= −i

`

2
PT

1 ,
[

PT
1 , xR

0

]
= −i

`

2
PR

1 ,[
PT

1 , xT
1

]
= −i,

[
PT

1 , xR
1

]
= 0[

PR
1 , xT

0

]
= −i

`

2
PR

1 ,
[

PR
1 , xR

0

]
= −i

`

2
PT

1 ,[
PR

1 , xT
1

]
= 0,

[
PR

1 , xR
1

]
= −i

(4.1.13)

and have coproducts

∆
(

PT,R
0

)
= PT,R

0 ⊗ 1 + 1⊗ PT,R
0 ,

∆
(

PT
1

)
= PT

1 ⊗ 1 + e−
`
2 PT

0 cosh
`

2
PR

0 ⊗ PT
1 − e−

`
2 PT

0 sinh
`

2
PR

0 ⊗ PR
1 ,

∆
(

PR
1

)
= PR

1 ⊗ 1 + e−
`
2 PT

0 cosh
`

2
PR

0 ⊗ PR
1 − e−

`
2 PT

0 sinh
`

2
PR

0 ⊗ PT
1 .

(4.1.14)

It’s quite easy to verify these commutators and coproducts from the simple
relations (4.1.10) between PT,R

µ and PA,B
µ .
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For instance we have that[
PT

1 , xT
0

]
=

1
2

[
PA

1 + PB
1 , xA

1 + xB
1

]
=

1
2

(
−i`PA

1 − i`PB
1

)
= −i

`

2
PT

1 ,

(4.1.15)

or also

∆
(

PT
1

)
= ∆

(
PA

1

)
+ ∆

(
PB

1

)
= PA

1 ⊗ 1 + e−`PA
0 ⊗ PA

1 + PB
1 ⊗ 1 + e−`PB

0 ⊗ PB
1

= PT
1 ⊗ 1 +

1
2

e−
`
2 PT

0

[
e−

`
2 PR

0 ⊗
(

PT
1 + PR

1

)
+ e

`
2 PR

0 ⊗
(

PT
1 − PR

1

)]
= PT

1 ⊗ 1 + e−
`
2 PT

0 cosh
`

2
PR

0 ⊗ PT
1 − e−

`
2 PT

0 sinh
`

2
PR

0 ⊗ PR
1 .

(4.1.16)

Note that the coproducts (4.1.14) express the composition law of total and
relative momenta, as well as the composition rule for the products of plane
waves.
In order to refine our picture we still need to specify the boost generators
of our theory.
The easiest and most natural proposal is to simply emulate the definition
of our total and relative translation generators, which is the same defini-
tion given in the standard Poincaré case, i.e.

NT = NA + NB,

NR = NA − NB.
(4.1.17)

Using (2.8.17) the equations in (4.1.17) can be explicitly computed as

NT = xT
1

[
1− e−`PT

0 cosh `PR
0

`
+

`

4

(
PT

1
2
+ PR

1
2
)]

+ xR
1

(
e−`PT

0 sinh `PR
0

`
+

`

2
PT

1 PR
1

)
− xT

0 PT
1 − xR

0 PR
1 .

(4.1.18)
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and

NR = xT
1

(
e−`PT

0 sinh `PR
0

`
+

`

2
PT

1 PR
1

)

+ xR
1

[
1− e−`PT

0 cosh `PR
0

`
+

`

4

(
PT

1
2
+ PR

1
2
)]

− xT
0 PR

1 − xR
0 PT

1 .

(4.1.19)

Since we can easily go from the set of generators
{

PA,B
µ , NA,B

}
to the set{

PT,R
µ , NT,R

}
and vice versa, the latter clearly forms an enclosed algebra

of symmetry.
Firstly we have the (trivial) commutators between the boost and the time
translation generators, that are[

NT, PT
0

]
=
[

NA + NB, PA
0 + PB

0

]
= iPT

1 ,[
NT, PR

0

]
=
[

NA + NB, PA
0 − PB

0

]
= iPR

1 ,[
NR, PT

0

]
=
[

NA − NB, PA
0 + PB

0

]
= iPR

1 ,[
NR, PR

0

]
=
[

NA − NB, PA
0 − PB

0

]
= iPT

1 .

(4.1.20)

Then we can consider for example the commutator
[
NT, PT

1

]
:[

NT, PT
1

]
=
[

NA, PA
1

]
+
[

NB, PB
1

]
=

1− e−2`PA
0

2`
− `

2
PA

1
2
+

1− e−2`PB
0

2`
− `

2
PB

1
2

=
1− e−2`PA

0 +e−2`PB
0

2
`

− `

2

(
PA

1
2
+ PB

1
2
)

=
1− e−`PT

0 cosh `PR
0

`
− `

4

(
PT

1
2
+ PR

1
2
)

.

(4.1.21)

In a similar fashion we find that
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[
NT, PR

1

]
=
[

NA, PA
1

]
−
[

NB, PB
1

]
=

1− e−2`PA
0

2`
− `

2
PA

1
2 − 1− e−2`PB

0

2`
+

`

2
PB

1
2

=
−e−2`PA

0 + e−2`PB
0

2`
− `

2

(
PA

1
2 − PB

1
2
)

= e−`PA
0 e−`PB

0
−e−`(PA

0 −PB
0 ) + e`(PA

0 −PB
0 )

2`

− `

8

[(
PT

1 + PR
1

)2
−
(

PT
1 − PR

1

)2
]

= e−`PT
0

sinh `PR
0

`
− `

2
PT

1 PR
1 .

(4.1.22)

It’s easy to realize that the remaining two commutators are actually equal
to the previous ones, since they end up connecting the single particle op-
erators A or B with the same signs + or −.
Explicitly we have[

NR, PT
1

]
=
[

NT, PR
1

]
= e−`PT

0
sinh `PR

0
`

− `

2
PT

1 PR
1 (4.1.23)

and

[
NR, PR

1

]
=
[

NT, PT
1

]
=

1− e−`PT
0 cosh `PR

0
`

− `

4

(
PT

1
2
+ PR

1
2
)

. (4.1.24)

Finally it’s important to remark that, in this case, the boost generators
satisfy: [

NT, NR
]
= 0. (4.1.25)

This is not obvious a priori, as we will show in the next chapters.
As for (4.1.14) one can easily compute the coproducts of these two opera-
tors, finding

∆
(

NT
)
= NT ⊗ 1 + e−

`
2 PT

0 cosh
`

2
PR

0 ⊗ NT

− e−
`
2 PT

0 sinh
`

2
PR

0 ⊗ NR
(4.1.26)
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and

∆
(

NR
)
= NR ⊗ 1 + e−

`
2 PT

0 cosh
`

2
PR

0 ⊗ NR

− e−
`
2 PT

0 sinh
`

2
PR

0 ⊗ NT,
(4.1.27)

as expected.
In conclusion the set of generators

{
PT

0 , PR
0 , PT

1 , PR
1 , NT, NR} is a nicely

enclosed Hopf algebra.
Note that, due to the presence of the relative generators PR

µ , this is not
a 2κ-Poincaré algebra as one could have guessed from the 2κ-Minkowski
commutator satisfied by the center of mass coordinates.
Still, the deformation parameter ` is everywhere rescaled to `

2 .
On top of that if the relative motion is small enough, i.e. PR

µ � κ, then the
total section of this Hopf algebra is a 2κ-Poincaré one in all regards.
We believe this is a strong indication that the soccer-ball problem disap-
pears on its own when we compose more and more particles together.
Unfortunately, all of this comes at the price of losing one key feature of
symmetries in the standard special relativistic framework, i.e. the simple
physical principle that the definition of the total and relative coordinates
should be the same in the symmetry-transformed system as in the orig-
inal one.
For a generic transformation this can be translated as:

Uε

(
xA

µ + xB
µ

2

)
=

Uε

(
xA

µ

)
+ Uε

(
xB

µ

)
2

(4.1.28)

or

Uε

(
xA

µ − xB
µ

2

)
=

Uε

(
xA

µ

)
−Uε

(
xB

µ

)
2

, (4.1.29)

where ε accounts for the amplitude of the transformation itself (see the
exponential map (2.2.5) we defined in the Lie Algebra theory review in
section 2.2).
We can easily see that our transformations, boosts or translations, no
longer obey these conditions.
Let us consider for instance the total (infinitesimal) translation operator

T = 1 + ε̂TPT
1 (4.1.30)

for some yet unspecified quantum parameter ε̂T.
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The condition (4.1.28) translates into the request

ε̂TPT
1 = ε̂APA

1 + ε̂BPB
1 (4.1.31)

where εA and εB are the single particle parameters related to the same
transformation.
But then we have that

ε̂TPA
1 + ε̂TPB

1 = ε̂APA
1 + ε̂BPB

1 , (4.1.32)

which is of course impossible.
One way to solve this issue could be to radically rethink the definition
and interpretation of the quantum parameters ε̂ in the non-commutative
realm2.
More studies will be required about the actual infinitesimal or finite trans-
formations generated by our operators in order to solve this puzzle.

4.2 More on the linear total algebra:
Heisenberg algebra between boosts and coordi-
nates - mass Casimir

In this paragraph we want to present some extra properties of our alge-
bra that will prove very important in the following chapters, in particular
when we’ll deal with the galilean limit of our theory.
In order to do so, we find useful in the first place to compute the Heisen-
berg algebra between the single particle boost generator N and the coor-
dinates x0, x1 in the standard κ-Poincaré framework.
Given a generic function f (x) of the κ-Minkowski coordinates, we can use
the coproduct

∆ (N) = N ⊗ 1 + e−`P0 ⊗ N (4.2.1)

to compute tha action

2We will discuss more in depth the role held by these parameters in the κ-Poincaré
framework in the next chapter. We remind that in the classical Lie algebra symmetry
theory, this parameters are usually simple real numbers.
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[N, x0] . f (x) = (N . x0) f (x) +
(

e−`P0 . x0

)
(N . f (x))

− x0N . f (x)
= ix1 f (x)− i`N . f (x) ,

(4.2.2)

where we used the fact that

N . x0 =

[
x1

(
1− e−2`P0

2`
+

`

2
P2

1

)
− x0P1

]
. x0

= x1
1− 1 + 2`P0 + ...

2`
. x0

= ix1.

(4.2.3)

Thus

[N, x0] = i (x1 − `N) . (4.2.4)

On the other hand

[N, x1] . f (x) = (N . x1) f (x) +
(

e−`P0 . x1

)
(N . f (x))

− x1N . f (x)
= ix0 f (x)

(4.2.5)

since

N . x1 =

[
x1

(
1− e−2`P0

2`
+

`

2
P2

1

)
− x0P1

]
. x1

= −x0P1 . x0

= ix0.

(4.2.6)

In conclusion

[N, x1] = ix0. (4.2.7)

Keeping this in mind, it’s easy to find the Heisenberg Algebra between
boosts and coordinates of the composite system:
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[
NT, xT

0

]
=

1
2

[
NA, xA

0

]
+

1
2

[
NB, xB

0

]
= i
(

xT
1 −

`

2
NT
)

,[
NT, xR

0

]
=

1
2

[
NA, xA

0

]
− 1

2

[
NB, xB

0

]
= i
(

xR
1 −

`

2
NR
)

,[
NT, xT

1

]
=

1
2

[
NA, xA

1

]
+

1
2

[
NB, xB

1

]
= ixT

0 ,[
NT, xR

1

]
=

1
2

[
NA, xA

1

]
− 1

2

[
NB, xB

1

]
= ixR

0 ,[
NR, xT

0

]
=
[

NT, xR
0

]
= i
(

xR
1 −

`

2
NR
)

,[
NR, xR

0

]
=
[

NT, xT
0

]
= i
(

xT
1 −

`

2
NT
)

,[
NR, xT

1

]
=
[

NT, xR
1

]
= ixR

0 ,[
NR, xR

1

]
=
[

NT, xT
1

]
= ixT

0 .

(4.2.8)

Note in particular that the relative spatial coordinate xR
1 , or rather its asso-

ciate operator, commutes with the total boost NT when xR
0 = 0, i.e. when

the two particles composing our system are considered at equal time.
Since as we know

[
PT

µ , xR
1

]
= 0, one could think that any function of

the form V
(

xR
1

)
is a good candidate potential for an interacting theory

in our non-commutative framework, since it would commute with every
symmetry generator at equal times3.
Howewer, it must be mentioned that the actual symmetry generators in the
κ-Poincaré framework are not simply the algebra generators themselves,
but instead the products εX for a given generator X and a certain quantum
parameter ε, as we highlighted in the previous section (see (4.1.30)).

3One could argue that an interaction theory between two or more particles makes sense
only if the particles in consideration live (and interact) at the same physical time.

Indeed some recent works about multi-time wave functions in standard quantum theory
[38] point quite strongly towards this direction (note howewer that the situation is very
different if one considers instead a quantum field theory [39, 40]), where the number of
particles involved is not fixed due to creation and annihilation mechanisms. This is very
similar to what happens for the infamous no-interaction theorem, which we’ll discuss
more in depth in chapter 8).

These results, though, have been proven only in the special relativity realm, so that they
don’t directly apply in our picture.

Still, we believe our discoveries imply their validity even in the non-commutative, finite-
number of particles framework, although in a somewhat preliminar sense.
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Since we don’t know yet how to deal with the quantum parameters in the
two particle linear algebra case, the interaction potential question can’t be
properly understood here.
We will explore these facts more in depth when we’ll discuss about the
galilean limit of our theory in the final chapter of this thesis.
One last ingredient we still miss in our picture is the mass Casimir CT.
It’s quite obvious that the single particle Casimirs CA and CB are still
invariant in this theory since trivially

[
OA, OB] = 0 for every couple of

single particle operators OA and OB.
Thus every linear combination of CA and CB will still be invariant, for
instance their sum

CT = CA + CB, (4.2.9)

which coherently takes into account the masses m of the two identical
starting particles A and B and describes a 2m total mass composite system.
Explicitely this Casimir can be shown to be equal to

CT =
8
`2 sinh2 `

4
PT

0 −
8
`2 sinh2 `

4
PR

0

+
16
`2 cosh2 `

4
PT

0 sinh2 `

4
PR

0 − e
`
2 PT

0 cosh
`

2
PR

0 PT
1

2

− e
`
2 PT

0 cosh
`

2
PR

0 PR
1

2
+ 2e

`
2 PT

0 sinh
`

2
PR

0 PT
1 PR

1 ,

(4.2.10)

which naturally boils down to the 2κ-Poincaré mass Casimir

CT → 8
`2 sinh2 `

4
PT

0 − e
`
2 PT

0 PT
1

2
(4.2.11)

when PR → 0 and the system can be interpreted as a 2m total mass rigid
body.

4.3 A final remark about the 2κ-Poincaré restriction

Let us now consider the Hilbert spaces HA and HB of the states of the
particles A and B respectively, and in particular the bases of eigenfunctions
of the translation generators PA

µ and PB
ν given by the plane waves

eikA
1 xA

1 e−ikA
0 xA

0 , eikB
1 xB

1 e−ikB
0 xB

0 . (4.3.1)



4.3. A final remark about the 2κ-Poincaré restriction 57

In order to describe the composite system A + B we could in the first
instance consider in the tensor product HA ⊗ HB a base of eigenfunctions
given by the product of two plane waves of type A and B:

eikA
1 xA

1 e−ikA
0 xA

0 eikB
1 xB

1 e−ikB
0 xB

0 . (4.3.2)

As we saw earlier, with a coordinate change we can rewrite this as

eikT
1 xT

1 eikR
1 xR

1 e−ikT
0 xT

0 e−ikR
0 xR

0 , (4.3.3)

which are explicitily the eigenfunctions of the new generators PT,R
µ .

In particular by restricting ourselves to the subspace of eigenfunctions
with kR

µ = 0, be HT, the only meaningful generators are now the PT
µ ,

which we can fully interpret as translation generators of a 2k-Poincaré
algebra, as one can easily see by letting PR

µ → 0 in the formulas defining
the coproducts and the Heisenberg Algebra.
Therefore if we define the standard boost generator

NT = xT
1

(
1− e−`PT

0

`
+

`

4
PT

1
2
)
− xT

0 PT
1 (4.3.4)

we find that the triad
{

PT
µ , NT

}
actually encloses a 2k-Poincaré algebra on

HT.
We could say then that the scaling ` → `

2 , in the case of two identical
particles, occurs cleanly at least for rigid bodies.
Let us stress an interesting concurrence: while the deformation scale halves,
the mass of the system doubles, as if they were inversely proportional.
We will explore more in depth this intriguing possibility in chapter 7.



Chapter 5

Pregeometry of κ-Minkowski

As we saw in the previous chapters, relativistic symmetry conditions such
as (4.1.28) are not naturally carried over in the deformed picture if we
adopt the definitions (4.1.10), (4.1.17).
Howewer, we could still ask ourselves if there’s a way to enforce these
conditions from the start.
In order to answer this question, it’s useful to define and discuss briefly
the so-called "pregeometric" structure of κ-Minkowski [41], which we will
predominantly make use of in the following chapter.
As we know non-commutative coordinates on κ-Minkowski are defined
as:

[x1, x0] = i`x1. (5.0.1)

If we call q0, q1, π0, π1 the standard operators of quantum mechanics obey-
ing [

πµ, qν

]
= (−1)µ iδµν, (5.0.2)

where µ, ν = 0, 1, then it is clear that the following equations:

x0 = q0, x1 = q1e`π0 , (5.0.3)

x0 = q0 +
`

2
{q1, π1} , x1 = q1 (5.0.4)

are two possible representations of (5.0.1).
Let us call the first one (5.0.3) the diagonal representation since it does
not mix the commutative coordinates q0, q1, while the latter (5.0.4) the off-
diagonal in light of the fact that q0 and q1 are mixed to give us x0.
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Now we want to describe translation symmetries on this quantum space-
time considering either the diagonal (5.0.3) or the off-diagonal (5.0.4) rep-
resentation of κ-Minkowski coordinates.

5.1 Diagonal case

Evidently, the usual translation map x′µ = xµ + εµ does not work.
In fact, if εµ are trivial translation parameters (i.e. real numbers), we would
have that [x′1, x′0] = i`x1 6= i`x′1.
This means that (5.0.1) cannot be invariant under classical translations.
Let us define as usual the infinitesimal translation operator T:

T = 1 + iε̂µPµ, (5.1.1)

where the repeated index µ is summed. Here ε̂µ are "quantum" trans-
lation parameters to be specified and Pµ is the generator of infinitesimal
translations we will define in a moment.
For the diagonal representation of (5.0.3) it has been introduced the fol-
lowing Pµ [41]:

P0 . f (xi) =
[
π0, f

(
xµ

)]
,

P1 . f (xi) = e−`π0
[
π1, f

(
xµ

)] (5.1.2)

together with the following ε̂µ:

ε̂0 = ε0, ε̂1 = ε1e`π0 (5.1.3)

that have a non-trivial action on κ-Minkowski coordinates:

[ε̂1, x1] = [ε̂0, x1] = [ε̂0, x0] = 0, [ε̂1, x0] = i`ε̂1. (5.1.4)

Given the above equations (5.1.1)-(5.1.2)-(5.1.3)-(5.1.4), it is easy to show
that (5.0.1) enjoys translation invariance:

x′0 = x0 + ε̂0, x′1 = x1 + ε̂1, (5.1.5)

where clearly: [
x′1, x′0

]
= i`x′1. (5.1.6)
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Note that the above defined generators of translations act in the standard
way on right ordered plane waves:

P0 .
(

eik1x1 e−ik0x0
)
= k0eik1x1 e−ik0x0 ,

P1 .
(

eik1x1 e−ik0x0
)
= k1eik1x1 e−ik0x0

(5.1.7)

and they also obey κ-Poincaré coproduct rules i.e.:

∆ (P0) = P0 ⊗ 1 + 1⊗ P0, ∆ (P1) = P1 ⊗ 1 + e−`P0 ⊗ P1. (5.1.8)

These facts allow us to identify them with the familiar single particle trans-
lation generators introduced in the previous chapters.
Moreover it is also easy to show that the differential operator d̂ = iε̂µPµ

satisfy the Leibniz rule:

d̂ . ( f g) =
(

d̂ . f
)

g + f
(

d̂ . g
)

. (5.1.9)

Note that such a property of the differential is crucial e.g. for extending
the Noether theorem to the symmetries of quantum space-times [42–44].
Thus, we could say that an acceptable definition of translations must be
such that the following requirements are satisfied:

1. Pµ have classical actions on functions of xµ (i.e. (5.1.7) holds);

2. ∆
(

Pµ

)
are those of the bi-cross-product κ-Poincaré Hopf algebra (i.e.

(5.1.8) holds);

3. The rule of space-time non-commutativity (5.0.1) must be translation
invariant (i.e. (5.1.6) hold);

4. The differential d̂ has a primitive coproduct (i.e. (5.1.9) holds).

At present this picture is not available for the off-diagonal representation.
In light of this, even though we will mostly use the diagonal representation
in the rest of this work, we find useful to briefly discuss and present it in
the next paragraph.
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5.2 Off-diagonal case

It is immediate to show that the generators Pµ (5.1.2) defined above for the
diagonal representation do not satisfy the first property 1. when they act
on functions depending on off-diagonal coordinates (5.0.4). In fact:

P1 .
(

eik1x1 e−ik0x0
)
= P1 .

(
eik1q1 e−ik0(q0+

`
2 {q1,π1})

)
= e−`π0 k1eik1x1 e−ik0x0 − `k0e−`π0 π1eik1x1 e−ik0x0 .

(5.2.1)

Another possibility could be to take trivial generators i.e. P0 ≡ [π0, •] and
P1 ≡ [π1, •].
However, also this choice does not allow to have the desired standard
action (it would just translate in a multiplication by the external factor
e−`π0). Evidently:

P1 .
(

eik1x1 e−ik0x0
)
=
[
π1, eik1q1 e−ik0(q0+

`
2 {q1,π1})

]
= k1eik1x1 e−ik0x0 − `k0π1eik1x1 e−ik0x0 .

(5.2.2)

Note that both these choices of momentum generators were suggested by
the fact that, as one can easily check, they leave invariant (5.0.1).
At this point we observe that in order to recover property 1. we must find
a function h (π0, π1) such that:[

h (π0, π1) , q0 +
`

2
{q1, π1}

]
= 0. (5.2.3)

The above commutator is clearly equivalent to the following partial differ-
ential equation:

∂h
∂π0

+ `π1
∂h

∂π1
= 0, (5.2.4)

which can be easily solved by proposing a factorized form h (π0, π1) =
l (π0)m (π1):

dl
dπ0

= `l, m = π1
dm
dπ1

. (5.2.5)

Thus the solution is given by:

h (π0, π1) = e`π0 π1. (5.2.6)
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Now we note that if we identify P1 ≡ [h (π0, π1) , •], then we still do not
have recovered property 1.:

P1 .
(

eik1x1 e−ik0x0
)
=
[
e`π0 π, eik1q1 eik0(q0+

`
2 {q1,π1})

]
= e`π0 k1eik1x1 e−ik0x0 .

(5.2.7)

But it is evident that the right choice for the generator of spatial transla-
tions is given by:

P1 .
(

eik1x1 e−ik0x0
)
= e−`π0

[
e`π0 π1, eik1x1 e−ik0x0

]
= k1eik1x1 e−ik0x0 .

(5.2.8)

It is also easy to prove that the coproducts are given by (5.1.8) and thus 2.
is satisfied.
Then we can take the same quantum translation parameters defined for
the diagonal case (5.1.3) and check that, given (5.2.7), also 3. holds. In fact:

x′1 = x1 + ε̂1, x′0 = x0 + ε̂1, (5.2.9)

which are the same expressions we found for the translated coordinates
represented in the diagonal basis (see (5.1.5)).
In light of this, the realization we have found for translation generators
(5.2.7) has the advantage of making quantum translations independent
from the chosen representation of the κ-Minkowski coordinates.
It does not matter which representation we decide to use, in any case
the translated coordinates x′µ are obtained by adding the same quantum
translation parameters ε̂µ to the initial coordinates xµ.
This is in perfect analogy to standard translations (i.e. translations of com-
mutative coordinates) where the only difference is that we need to make
the replacement εµ → ε̂µ.
Finally, using (5.1.3) and (5.2.7) it is easy to prove that also the last require-
ment 4. is accomplished.
In the following chapters we will always make use of the diagonal pre-
scription, therefore we want to conclude this review by showing the pre-
geometric form of the κ-Poincaré boost, that is

N = e−`π0

[(
e2`π0 − 1

2`
+

`

2
π2

1

)
q1 − π1q0, •

]
, (5.2.10)

which, as one can easily verify, satisfies the correct commutation relations
with P0 and P1 [41].



Chapter 6

Symmetry Algebra of a system
of 2 identical particles - the
pregeometric case

6.1 Composite system for low relative energy - pre-
liminar analysis in the pregeometric setting

Before discussing our second proposal for a symmetry algebra of a two
particle system, we find useful to re-examine the conclusions obtained in
chapter 4 in the light of the pregeometric representation we just defined.
That is, we would like to show again that in a composite system in which
the two (identical) particles have low relative energy `πR

0 = `
(
πA

0 − πB
0
)
≈

0 the symmetry algebra of the system having coordinates

xT
µ =

xA
µ + xB

µ

2
(6.1.1)

is actually 2κ-Poincaré, and that this important fact is intrinsically related
with the pregeometry of the single particle’s κ-Poincaré algebras them-
selves.
We can show this key property in a constructive way. From the pregeo-
metric representation of the particle’s symmetry algebras we can build the
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operators:

πT
µ = πA

µ + πB
µ , πR

µ = πA
µ − πB

µ ,

PT
0 =

[
πT

0 , •
]

, PT
1 = e−

`πT
0

2

[
πT

1 , •
]

.
(6.1.2)

It is a trivial exercise to check that the translation generators defined above
satisfy the commutation and co-commutation relations of the analogous
translation generators of a 2κ-Poincaré algebra, up to corrections of order
∼ `πR

0 .
For the boost operator the derivation is only slightly more involved.
The limit ` → 0 of the pregeometric representation of this operator must
be equal to:

ηT
`→0 = πT

0 qT
1 − πT

1 qT
0 + πR

0 qR
1 − πR

1 qR
0 , (6.1.3)

where of course

qT
µ =

qA
µ + qB

µ

2
, qR

µ =
qA

µ − qB
µ

2
. (6.1.4)

The “relative part” of this operator commutes with all the observables
relative to the center of mass, so we can neglect it for the purpose of this
section.
To obtain the right “total part” of the boost generator it is sufficient to
deform πT

0 in (6.1.3) to the functional form we have for the single particle
boost pregeometric representation (with the substitution κ → 2κ):

πT
0 → π̃T

0 =
e`πT

0 − 1
`

+
`

4
πT

1
2
. (6.1.5)

We can thus obtain the right representation for the total boost operator as:

NT = e−
`
2 πT

0

[
ηT, •

]
(6.1.6)

with ηT = π̃T
0 qT

1 − πT
1 qT

0 + πR
0 qR

1 − πR
1 qR

0 .
It is trivial to see that the operators PT

1 , PT
0 and NT generate the same

algebra and coalgebra structure of the single particle one, except for the
substitution κ → 2κ.
Finally, we want to remark that formulae (6.1.2) and (6.1.6) are no less then
the pregeometric representations of the generators (4.1.10) and (4.1.17)
when we let PR

µ go to zero.
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6.2 Definition of the pregeometric total and relative
generators

We are now ready to show our second proposal for the complete symmetry
structure of our 2-particle (A,B) system with standard center of mass

xT
µ =

xA
µ + xB

µ

2
(6.2.1)

and relative coordinates

xR
µ =

xA
µ − xB

µ

2
. (6.2.2)

It’s useful to write down the pregeometric representation of this coordi-
nates, that is

xT
0 = qT

0 ,

xR
0 = qR

0 ,

xT
1 = qT

1 e
`
2 πT

0 cosh
`

2
πR

0 + qR
1 e

`
2 πT

0 sinh
`

2
πR

0 ,

xR
1 = qT

1 e
`
2 πT

0 sinh
`

2
πR

0 + qR
1 e

`
2 πT

0 cosh
`

2
πR

0 .

(6.2.3)

Indeed we have that

xT
1 =

xA
1 + xB

1
2

=
qA

1 e`πA
0 + qB

1 e`πB
0

2

=
1
2

[(
qT

1 + qR
1

)
e
`
2 (πT

0 +πR
0 ) +

(
qT

1 − qR
1

)
e
`
2 (πT

0−πR
0 )
]

=
1
2

qT
1 e

`
2 πT

0

(
e
`
2 πR

0 + e−
`
2 πR

0

)
+

1
2

qR
1 e

`
2 πT

0

(
e
`
2 πR

0 − e−
`
2 πR

0

)
= qT

1 e
`
2 πT

0 cosh
`

2
πR

0 + qR
1 e

`
2 πT

0 sinh
`

2
πR

0 .

(6.2.4)

and similarly for xR
1 .

As we previously mentioned, we would like to build a new set of sym-
metry generators

{
PT

µ , PR
µ , NT, NR

}
by trying to impose the conditions
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(4.1.28) and (4.1.29) from the start, that is

Uε

(
xA

µ + xB
µ

2

)
=

Uε

(
xA

µ

)
+ Uε

(
xB

µ

)
2

(6.2.5)

and

Uε

(
xA

µ − xB
µ

2

)
=

Uε

(
xA

µ

)
−Uε

(
xB

µ

)
2

(6.2.6)

for a generic infinitesimal transformation Uε.
The subscript ε means that the transformation is labeled by a set of con-
tinuous parameters (common to the two observers and independent of the
particle index) which can be made small at will.
Similarly to what we have shown in section 5 when dealing with a single
particle, we expect again to find some kind of “quantum” parameters ε,
with non trivial commutation relations with the coordinates xT

µ and xR
µ .

Following [?] we have for translations and boosts:

T = 1 + ε̂
[
πµ, •

]
+ . . .

B = 1 + ξ̂ [η, •] + . . .
(6.2.7)

and applying (4.1.28) this gives for the respective transformations

πT
µ = πA

µ + πB
µ ,

πR
µ = πA

µ − πB
µ

(6.2.8)

and

ηT = ηA + ηB,

ηR = ηA − ηB.
(6.2.9)

For the sake of the pregeometric representation we still need to identify
the external factors ε̂ and ξ̂.
It’s easy to see that the temporal translation generators PT,R

0 have trivial
representation, i.e.

PT
0 =

[
πA

0 + πB
0 , •
]
=
[
πT

0 , •
]

,

PR
0 =

[
πA

0 − πB
0 , •
]
=
[
πR

0 , •
]

.
(6.2.10)
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For the spatial total generator instead using (4.1.28) we find

ε̂TPT
1 . xT

1 = εT
e`πA

0 PA
1 . xA

1 + e`πB
0 PB

1 . xB
1

2
, (6.2.11)

that is

ε̂T = εT
e`πA

0 + e`πB
0

2
, (6.2.12)

where εT is the real number that quantifies the extent of the translation.
Thus in conclusion we have

PT
1 =

2

e`πA
0 + e`πB

0

[
πT

1 , •
]
=

e−
`
2 πT

0

cosh `
2 πR

0

[
πT

1 , •
]

. (6.2.13)

It’s worth noting that if the relative part is small enough, `πR
0 → 0, this is

just the standard 2κ-Poincaré translation generator as expected.
In a similar fashion using (4.1.29) we can write

ε̂RPR
1 . xR

1 = εR
e`πA

0 PA
1 . xA

1 − e`πB
0 PB

1 .
(
−xB

1

)
2

(6.2.14)

for the relative counterpart, which again leads us to

ε̂R = εR
e`πA

0 + e`πB
0

2
(6.2.15)

and

PR
1 =

e−
`
2 πT

0

cosh `
2 πR

0

[
πR

1 , •
]

. (6.2.16)

It’s not hard to find that the same result yields even for the total and
relative boost generators, which we can now write as

NT =
e−

`
2 πT

0

cosh `
2 πR

0

[
ηT, •

]
(6.2.17)

and

NR =
e−

`
2 πT

0

cosh `
2 πR

0

[
ηR, •

]
. (6.2.18)

One can easily verify that these definitions are coherent with the struc-
ture of our novel two particle space-time, i.e. the translated or boosted
coordinates still satisfy the correct commutation relations.
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For instance let us consider an infinitesimal translation of the center of
mass coordinate xT

1 :

x′T1 = xT
1 + ε̂T = xT

1 + εTe
`
2 πT

0 cosh
`

2
πR

0 . (6.2.19)

We find immediately that[
x′T1 , xT′

0

]
=
[

xT
1 , xT

0

]
+ εT

[
e
`
2 πT

0 cosh
`

2
πR

0 , xT
0

]
= i

`

2
xT

1 + i
`

2
εTe

`
2 πT

0 cosh
`

2
πR

0

= i
`

2
x′T1 ,

(6.2.20)

as claimed.
In the following we will mostly focus on the total generators, in particular
on the total boost.
We start by noting that ηT can be rewritten as

ηT = π̃T
0 qT

1 − πT
1 qT

0 + π̃R
0 qR

1 − πR
1 qR

0 , (6.2.21)

where

π̃T
0 =

1
`

[
e`πT

0 cosh `πR
0 − 1

]
+

`

4

[
πT

1
2
+ πR

1
2
]

,

π̃R
0 = e`πT

0
sinh `πR

0
`

+
`

2
πT

1 πR
1

(6.2.22)

as one can easily verify through some algebraic manipulations.
From the last formulas it is clear that the only departure from a 2κ-Poincaré
algebra is given by the relative momentum πR

µ .
When `πR

µ → 0 the whole algebra reproduces (a pregeometric representa-
tion of) the 2κ-Poincaré one.
One can argue that this is the regime we are most interested about, in
that both the A and B particles and the composite particle have to be
ultrarelativistic - situation which is attainable when the two momenta are
both big and parallel.
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6.3 More on the pregeometric algebra:
Heisenberg algebra, coproducts and plane waves

Let us study more deeply the structure of the total and relative generators
PT

µ and PR
µ , and the Heisenberg algebra they satisfy together with the total

and relative coordinates.
First of all let us recall the definition of these generators:

PT
0 =

[
πT

0 , •
]

,

PR
0 =

[
πR

0 , •
]

,

PT
1 =

e−
`
2 πT

0

cosh `
2 πR

0

[
πT

1 , •
]

,

PR
1 =

e−
`
2 πT

0

cosh `
2 πR

0

[
πR

1 , •
]

,

(6.3.1)

where of course

πT
µ = πA

µ + πB
µ , πR

µ = πA
µ − πB

µ . (6.3.2)

Here and in the following we will mostly ignore the time generators PT,R
0 ,

since we already studied their quite trivial behaviour in the previous chap-
ters.
We easily find the actions

PT
1 . xT

1 = −i, PT
1 . xR

1 = −i tanh
`

2
πR

0 ,

PR
1 . xT

1 = −i tanh
`

2
πR

0 , PR
1 . xR

1 = −i,
(6.3.3)

and therefore the Heisenberg algebra1

1The computations are practically identical to the ones we performed for (4.1.13), so
we’re not going to show them explicitly this time.
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[
PT

1 , xT
0

]
= −i

`

2
PT

1 ,
[

PT
1 , xR

0

]
= −i

`

2
tanh

`

2
πR

0 PT
1 ,[

PT
1 , xT

1

]
= −i,

[
PT

1 , xR
1

]
= −i tanh

`

2
πR

0 ,[
PR

1 , xT
0

]
= −i

`

2
PR

1 ,
[

PR
1 , xR

0

]
= −i

`

2
tanh

`

2
πR

0 PR
1 ,[

PR
1 , xT

1

]
= −i tanh

`

2
πR

0 ,
[

PR
1 , xR

1

]
= −i.

(6.3.4)

As we can see this algebra actually reduces to the 2κ-Poincaré one when
we’re dealing with low relative energy `πR

0 ≈ 0, as expected.
Let us now talk briefly about the coproducts of these generators, starting
for instance from PT

1 .
To do so, we can study the action of PT

1 on the product of two plane waves
and then try to “split” it up in two single plane waves actions.
We have

PT
1 . eipxeiqx =

e−
`
2 πT

0

cosh `
2 πR

0

([
πT

1 , eipx
]

eiqx + eipx
[
πT

1 , eiqx
])

=
(

PT
1 . eipx

)
eiqx +

e−
`
2 πT

0

cosh `
2 πR

0

eipx
[
πT

1 , eiqx
]

,

(6.3.5)

thus to find the coproduct of our generator we just need to switch the
order of the “external factor”

e−
`
2 πT

0

cosh `
2 πR

0

(6.3.6)

and the plane wave

eipx = eipT
1 xT

1 eipR
1 xR

1 e−ipT
0 xT

0 e−ipR
0 xR

0 . (6.3.7)

In order to do that let us rewrite the function 1
cosh `

2 πR
0

as

1
cosh `

2 πR
0

= 2e−
`
2 πR

0
1

1 + e−`πR
0

= 2
∞

∑
k=0

(−1)k e−
`
2 (2k+1)πR

0 .
(6.3.8)
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Next we use the Baker-Campbell-Hausdorff formula to find that

e−
`
2 πT

0 e−ipT
0 xT

0 = e−
`
2 πT

0−ipT
0 xT

0 +
1
2 [−

`
2 πT

0 ,−ipT
0 xT

0 ]

= e−
`
2 πT

0−ipT
0 xT

0− `
4 pT

0

= e−
`
2 πT

0−ipT
0 xT

0 +
`
4 pT

0 e−
`
2 pT

0

= e−ipT
0 xT

0 e−
`
2 pT

0 e−
`
2 πT

0 ,

(6.3.9)

thus

1
cosh `

2 πR
0

e−ipR
0 xR

0 = 2
∞

∑
k=0

(−1)k e−
`
2 (2k+1)πR

0 e−ipR
0 xR

0 ,

= e−ipR
0 xR

0 2
∞

∑
k=0

(−1)k e−
`
2 (2k+1)(pR

0 +πR
0 )

= e−ipR
0 xR

0
1

cosh `
2

(
pR

0 + πR
0

) .

(6.3.10)

Using these results we conclude that

PT
1 . eipxeiqx =

(
PT

1 . eipx
)

eiqx + eipx e−
`
2 pT

0 e−
`
2 πT

0

cosh `
2

(
pR

0 + πR
0

) [πT
1 , eiqx

]
=
(

PT
1 . eipx

)
eiqx

+ eipx e−
`
2 pT

0

cosh `
2 pR

0 + tanh `
2 πR

0 sinh `
2 pR

0

(
PT

1 . eiqx
)

,

(6.3.11)

that is the coproduct

∆
(

PT
1

)
= PT

1 ⊗ 1 +
e−

`
2 PT

0

cosh `
2 PR

0 + tanh `
2 πR

0 sinh `
2 PR

0

⊗ PT
1 . (6.3.12)

Of course, since PT
1 and PR

1 share the same external factor (and the same
goes for NT and NR actually), we have also that

∆
(

PR
1

)
= PR

1 ⊗ 1 +
e−

`
2 PT

0

cosh `
2 PR

0 + tanh `
2 πR

0 sinh `
2 PR

0

⊗ PR
1 . (6.3.13)

Finally it’s useful to spend some words about the actions of these two
generators on the plane waves.
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We find in particular that

PT
1 . eikx =

[
kT

1 + tanh
`

2
πR

0 kR
1

]
eikx,

PR
1 . eikx =

[
tanh

`

2
πR

0 kT
1 + kR

1

]
eikx,

(6.3.14)

from which we see that, due to the factor tanh `
2 πR

0 , the plane waves eikx

are not eigenfunctions of the translation generators.
This reflects an interesting property of our generators, i.e. the fact that PT

1
and PR

1 are not equal to −i ∂
∂xT

1
and −i ∂

∂xR
1

respectively as in the standard
Poincaré case or in our first proposal (4.1.10).
Rather, from (6.3.14), it is clear that the differential representation2 of PT

1
and PR

1 is

PT
1 = −i

[
∂

∂xT
1
+ tanh

`

2
πR

0
∂

∂xR
1

]
,

PR
1 = −i

[
tanh

`

2
πR

0
∂

∂xT
1
+

∂

∂xR
1

]
,

(6.3.15)

which means that PT
1 translates both3 xT

1 and xR
1 , and the same goes for

PR
1 .

It is interesting to note that we can still define a new set of plane waves as

eik′x =ei cosh `
2 πR

0 (cosh `
2 πR

0 kT
1−sinh `

2 πR
0 kR

1 )xT
1

· ei cosh `
2 πR

0 (− sinh `
2 πR

0 kT
1 +cosh `

2 πR
0 kR

1 )xR
1 e−ikT

0 xT
0 e−ikR

0 xR
0

(6.3.16)

which, by using (6.3.14), can be shown to be eigenfunctions of PT
1 and PR

1 :

PT
1 . eik′x = kT

1 eik′x, PR
1 . eik′x = kR

1 eik′x. (6.3.17)

In order to highlight the spatial momenta kT
1 and kR

1 of the plane wave, the
definition (6.3.16) can be rearranged as

2Of course PT
0 and PR

0 are still trivially represented by i ∂
∂xT

0
and i ∂

∂xR
0

respectively, since

they’re just equal to the sum or the difference of PA
0 and PB

0 .
3Note that this is true even for finite translations eiε̂T PT

1 generated by some quantum pa-
rameter ε̂T (see (6.2.7) and below), since in any case

[
πT

1 , xR
1
]
6= 0 due to the pregeometric

representation (6.2.4).
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eikx′ = eikT
1 cosh `

2 πR
0 (cosh `

2 πR
0 xT

1−sinh `
2 πR

0 xR
1 )

· eikR
1 cosh `

2 πR
0 (− sinh `

2 πR
0 xT

1 +cosh `
2 πR

0 xR
1 )e−ikT

0 xT
0 e−ikR

0 xR
0 ,

(6.3.18)

so that the new set of coordinates

x′T1 = cosh
`

2
πR

0

(
cosh

`

2
πR

0 xT
1 − sinh

`

2
πR

0 xR
1

)
,

x′R1 = cosh
`

2
πR

0

(
− sinh

`

2
πR

0 xT
1 + cosh

`

2
πR

0 xR
1

) (6.3.19)

allow to express our generators simply as

PT
1 = −i

∂

∂x′T1
, PR

1 = −i
∂

∂x′R1
. (6.3.20)

Using (6.2.4) we can search for the pregeometric representation of this new
set of coordinates.
Quite surprisingly they turn out to have a very familiar face, in fact as one
can easily check

x′T1 = qT
1 e

`
2 πT

0 cosh
`

2
πR

0 ,

x′R1 = qR
1 e

`
2 πT

0 cosh
`

2
πR

0 .
(6.3.21)

This interesting result suggests that any candidate for the role of potential
of a given interaction should be a function of x′R1 and not xR

1 .

In fact in this way the potential, say V
(

x′R1
)

, would be invariant under

total translations generated by PT
1 , whereas a potential V

(
xR

1

)
would not.

Of course one would still have to verify its behaviour under the total boost
generator.
We will discuss carefully this point in the next paragraphs and especially
in chapter 8.
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6.4 More on the pregeometric algebra:
commutators

Let us consider a possibile definition of the pregeometric generators by
means of the single particle ones:

PT
1 = f

(
πR

0

)
PA

1 + f
(
−πR

0

)
PB

1 ,

PR
1 = f

(
πR

0

)
PA

1 − f
(
−πR

0

)
PB

1 ,

NT = f
(

πR
0

)
NA + f

(
−πR

0

)
NB,

NT = f
(

πR
0

)
NA − f

(
−πR

0

)
NB,

(6.4.1)

where

f
(
±πR

0

)
=

e±
`
2 πR

0

cosh `
2 πR

0

. (6.4.2)

This definition comes down quite directly from the pregeometric construc-
tion we built up in 6.2.
We can invert relations (6.4.1) to find

PA
1 =

1
2

e−
`
2 πR

0 cosh
`

2
πR

0

(
PT

1 + PR
1

)
=

1
f
(
πR

0

) PT
1 + PR

1
2

,

PB
1 =

1
2

e
`
2 πR

0 cosh
`

2
πR

0

(
PT

1 − PR
1

)
=

1
f
(
−πR

0

) PT
1 − PR

1
2

,

NA =
1
2

e−
`
2 πR

0 cosh
`

2
πR

0

(
NT + NR

)
=

1
f
(
πR

0

) NT + NR

2
,

NB =
1
2

e
`
2 πR

0 cosh
`

2
πR

0

(
NT − NR

)
=

1
f
(
−πR

0

) NT − NR

2
,

(6.4.3)

which we will make use of in the following.
We wish now to compute the commutators between the generators of our
symmetry algebra, and to compare them with the ones we discussed in
chapter 4.
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To do so, we must consider that the external factors f
(
±πR

0
)

don’t com-
mute with NT or NR, or rather they don’t commute with NA and NB in
(6.4.1).
It’s useful to list two algebraic properties satisfied by these factors, that are

f
(
πR

0
)
+ f

(
−πR

0
)

2
= 1, (6.4.4)

and

f
(
πR

0
)
− f

(
−πR

0
)

2
= tanh

`

2
πR

0 . (6.4.5)

Let us then focus for example on

NA = e−`πA
0

[
π̃A

0 qA
1 − πA

1 qA
0 , •

]
, (6.4.6)

with

π̃A
0 =

e2`πA
0 − 1
2`

+
`

2
πA

1
2
. (6.4.7)

From (2.8.17) we know that NA can be rewritten as

NA = xA
1 P̃A

0 − xA
0 PA

1 (6.4.8)

with

P̃A
0 =

1− e−2`PA
0

2`
+

`

2
PA

1
2
. (6.4.9)

Since πR
0 only has non-trivial commutation relations with xR

0 =
xA

0 −xB
0

2 , we
easily find that [

NA, πR
0

]
= iPA

1 . (6.4.10)

Therefore the commutator between NA and a generic function g
(
πR

0
)

will
simply be [

NA, g
(

πR
0

)]
= i

dg
dπR

0
PA

1 . (6.4.11)

The same goes obviously for the particle B generators, thus we conclude
that in our specific case

[
NA, f

(
±πR

0

)]
= ±i

`

2
PA

1

cosh2 `
2 πR

0[
NB, f

(
±πR

0

)]
= ∓i

`

2
PB

1

cosh2 `
2 πR

0

.
(6.4.12)
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Using (6.4.3) we can rewrite this as

[
NA, f

(
±πR

0

)]
= ±i

`

4
e−

`
2 πR

0

cosh `
2 πR

0

(
PT

1 + PR
1

)
= ±i

`

4
f
(
−πR

0

) (
PT

1 + PR
1

) (6.4.13)

and

[
NB, f

(
±πR

0

)]
= ∓i

`

4
e
`
2 πR

0

cosh `
2 πR

0

(
PT

1 − PR
1

)
= ∓i

`

4
f
(

πR
0

) (
PT

1 − PR
1

)
,

(6.4.14)

respectively.
These two results together allow us to compute

[
NT, f

(
±πR

0

)]
=
[

f
(

πR
0

)
NA + f

(
−πR

0

)
NB, f

(
±πR

0

)]
= ±i

`

2
PR

1

cosh2 `
2 πR

0

,
(6.4.15)

since obviously

f
(

πR
0

)
f
(
−πR

0

)
=

1
cosh2 `

2 πR
0

. (6.4.16)

In a similar fashion it’s easy to see that

[
NR, f

(
±πR

0

)]
=
[

f
(

πR
0

)
NA − f

(
−πR

0

)
NB, f

(
±πR

0

)]
= ±i

`

2
PT

1

cosh2 `
2 πR

0

.
(6.4.17)

Equipped with these results, one can easily compute every single commu-
tator of our algebra through the single particle ones.
We perform the explicit derivation in appendix, the results are
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[
NT, PT

1

]
= i

[(
1 + tanh2 `

2
πR

0

)
1− e−`PT

0 cosh `PR
0

`

− 2 tanh
`

2
πR

0
e−`PT

0 sinh `PR
0

`
− `

4
PT

1
2

− `

2
tanh

`

2
πR

0 PT
1 PR

1 +
`

4
PR

1
2
]

,

[
NT, PR

1

]
= i

[(
1 + tanh2 `

2
πR

0

)
e−`PT

0 sinh `PR
0

`

+ 2 tanh
`

2
πR

0
1− e−`PT

0 cosh `PR
0

`

− `

2
tanh

`

2
πR

0 PR
1

2
]

,

[
NR, PT

1

]
= i

[(
1 + tanh2 `

2
πR

0

)
e−`PT

0 sinh `PR
0

`

+ 2 tanh
`

2
πR

0
1− e−`PT

0 cosh `PR
0

`

− `

2
tanh

`

2
πR

0 PT
1

2
]

,

[
NR, PR

1

]
= i

[(
1 + tanh2 `

2
πR

0

)
1− e−`PT

0 cosh `PR
0

`

+ 2 tanh
`

2
πR

0
e−`PT

0 sinh `PR
0

`
+

`

2
PT

1
2

− `

2
tanh

`

2
πR

0 PT
1 PR

1 −
`

4
PR

1
2
]

.

(6.4.18)

As we mentioned the remaining commutators between the boost genera-
tors and the energy operators P0 are all trivial:
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[
NT, PT

0

]
= f

(
πR

0

) [
NA, PA

0

]
+ f

(
−πR

0

) [
NB, PB

0

]
= iPT

1 ,[
NT, PR

0

]
= f

(
πR

0

) [
NA, PA

0

]
− f

(
−πR

0

) [
NB, PB

0

]
= iPR

1 ,[
NR, PT

0

]
= f

(
πR

0

) [
NA, PA

0

]
− f

(
−πR

0

) [
NB, PB

0

]
= iPR

1 ,[
NR, PR

0

]
= f

(
πR

0

) [
NA, PA

0

]
+ f

(
−πR

0

) [
NB, PB

0

]
= iPT

1 .

(6.4.19)

Note that, despite the complex and somehow hard to interpret form of
the commutators (6.4.18), the desired behaviour for πR

µ , PR → 0 is still
achieved.
As we note in a final remark in appendix A, in fact, forcing `πR

0 ≈ 0 in
(6.4.1) actually makes the pregeometric generators equal to the linear ones,
so that by working in that regime one would essentially deal with a unique
symmetry algebra.
We will return on this point in chapter 8.
As a last interesting observation, the fact that NT and NR do not commute
with the factors f

(
πR

0
)

and f
(
−πR

0
)

leads us to an important difference
between the pregeometric algebra and the linear one: NT and NR don’t
commute between themselves anymore.
Indeed one finds that[

NT , NR
]
=
[

f
(

πR
0

)
NA + f

(
−πR

0

)
NB, f

(
πR

0

)
NA − f

(
−πR

0

)
NB
]

= − f
(

πR
0

) [
NA, f

(
−πR

0

)]
NB − f

(
−πR

0

) [
f
(

πR
0

)
, NB

]
NA

+ f
(
−πR

0

) [
NB, f

(
πR

0

)]
NA + f

(
πR

0

) [
f
(
−πR

0

)
, NA

]
NB

= 2 f
(
−πR

0

) [
NB, f

(
πR

0

)]
NA − 2 f

(
πR

0

) [
NA, f

(
−πR

0

)]
NB

= −2i f
(
−πR

0

) `

4
f
(

πR
0

) (
PT

1 − PR
1

) 1
f
(
πR

0
) NT + NR

2

+ 2i f
(

πR
0

) `

4
f
(
−πR

0

) (
PT

1 + PR
1

) 1
f
(
−πR

0
) NT − NR

2

= i
`

4

[
f
(
−πR

0

) (
PT

1 + PR
1

)
− f

(
πR

0

) (
PT

1 − PR
1

)]
NT

− i
`

4

[
f
(
−πR

0

) (
PT

1 + PR
1

)
+ f

(
πR

0

) (
PT

1 − PR
1

)]
NR,

(6.4.20)

thus in conclusion using again properties (6.4.4) and (6.4.5)

[
NT , NR

]
= i

`

2

(
PR

1 + tanh
`

2
πR

0 PT
1

)
NT − i

`

2

(
PT

1 − tanh
`

2
πR

0 PR
1

)
NR. (6.4.21)
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To summarize, as for the coproducts, we are generally left with several
functions of πR

0 , which greatly complicate the structure of the algebra it-
self.
Yet again it’s important to stress that if we are dealing with a system
with low relative motion the commutators can be approximated with 2κ-
Poincaré ones, since both PR

µ and πR
µ can be neglected.

In fact the reduced set of generators
{

PT
µ , NT

}
is actually a 2κ-Poincaré

algebra in that situation, as in the linear case.
To close this chapter we want to spend some final words about the mass
Casimir of the pregeometric algebra.
It’s quite obvious that the former candidate

CT = CA + CB (6.4.22)

is still a good one, given its trivial invariance under every pregeometric
generator

{
PT

µ , PR
ν , NT, NR

}
.

Howewer, it clearly has a different representation in this algebra then the
previous expression (4.2.10), which we find useful to show explicity.
Without going into much unnecessary computation, by using equations
(6.4.3) one finds that

CT =
8
`2 sinh2 `

4
PT

0 −
8
`2 sinh2 `

4
PR

0 +
16
`2 cosh2 `

4
PT

0 sinh2 `

4
PR

0

− 1
4

e
`
2 PT

0 e
`
2 PR

0 e−`πR
0 cosh2 `

2
πR

0

(
PT

1 + PR
1

)2

− 1
4

e
`
2 PT

0 e−
`
2 PR

0 e`πR
0 cosh2 `

2
πR

0

(
PT

1 − PR
1

)2
,

(6.4.23)

which as usual becomes the standard 2κ-Poincaré Casimir (2.8.2) when the
relative momentum of the particles goes to zero.

6.5 Heisenberg algebra between the boost generators
and the space-time coordinates

We wish now to study the relations between the pregeometric total and
relative boost generators and the center of mass and relative coordinates
xT

µ and xR
µ .
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In other words we want to generalize the single particle Heisenberg alge-
bra structure, which we showed in (4.2.4) and (4.2.7), in our two particle
algebra framework, as we did in paragraph 4.2.
Let us start with the commutator between NT and xT

0 .
Since trivially

[
πR

0 , xT
0
]
= 0 and using the representation (6.4.1), we have

that

[
NT, xT

0

]
=

1
2

f
(

πR
0

) [
NA, xA

0

]
+

1
2

f
(
−πR

0

) [
NB, xB

0

]
=

i
2

f
(

πR
0

) (
xA

1 − `NA
)
+

i
2

f
(
−πR

0

) (
xB

1 − `NB
)

=
i
2

[(
f
(

πR
0

)
+ f

(
−πR

0

))
xT

1

+
(

f
(

πR
0

)
− f

(
−πR

0

))
xR

1

− `
(

f
(

πR
0

)
NA + f

(
−πR

0

)
NB
)]

= i
(

xT
1 + tanh

`

2
πR

0 xR
1 −

`

2
NT
)

.

(6.5.1)

On the other hand
[
πR

0 , xR
0
]
= i, so

[
f
(
±πR

0

)
, xR

0

]
= ±i

`

2
1

cosh2 `
2 πR

0

= ±i
`

2
f
(

πR
0

)
f
(
−πR

0

)
. (6.5.2)

Using this result we find that

[NT, xR
0 ] =

1
2

f
(

πR
0

)
[NA, xA

0 ] + [ f
(

πR
0

)
, xR

0 ]N
A

− 1
2

f
(
−πR

0

)
[NB, xB

0 ] + [ f
(
−πR

0

)
], xR

0 ]N
B

=
i
2

f
(

πR
0

) (
xA

1 − `NA
)
− i

2
f
(
−πR

0

) (
xB

1 − `NB
)

+ i
`

2
f
(

πR
0

)
f
(
−πR

0

) 1
2 f
(
πR

0

) (NT + NR
)

− i
`

2
f
(

πR
0

)
f
(
−πR

0

) 1
2 f
(
−πR

0

) (NT − NR
)

,

(6.5.3)
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that is

[NT, xR
0 ] =

i
2

[(
f
(

πR
0

)
− f

(
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(
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(
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(
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(
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(
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πR
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)
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(6.5.4)

It’s easy to evaluate the last two NT commutators, that are respectively[
NT , xT

1

]
=

1
2

f
(

πR
0

) [
NA, xA

1

]
+

1
2

f
(
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0

) [
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1

]
=
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(
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(
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and[
NT , xR

1

]
=

1
2
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1

]
− 1

2
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(
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It’s worth noting that the last commutator isn’t automatically zero if xR
0 =

0, i.e. the two particles are considered at the same time xA
0 = xB

0 , contrarily
to what we found in the linear case.
On top of that we already know from 6.3.15 that PT

1 also doesn’t commute
with xR

0 .
This means that, as aforementioned, an hypothetical potential of the form
V
(
xR

1

)
will not be invariant under neither total translations nor total boosts

in the pregeometric picture.
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One might then try to find another “relative” coordinate x′R1 which enjoys
these properties and consider as valid potentials only the functions of this
new coordinate.
We already found a new base xT

1 , xR
1 → x′T1 , x′R1 (see (6.3.19)) such that[

PT
1 , x′R1

]
= 0. But as we’ll see in the next paragraph this new coordinate

x′R1 still won’t commute with NT even for xR
0 = 0.

This issue will be naturally carried over in the Galileian limit of the theory,
as we will discuss later on.
To fully complete our picture we just need to evaluate the remaining com-
mutators between the relative boost generator and the coordinates.
Not surprisingly they end up to be just a dual version of the ones we
just computed, as can be easily checked following some basically identical
steps.
To summarize the resulting deformed Heisenberg Algebra between the
boost generators of the pregeometric algebra and the space-time coordi-
nates is

[
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]
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(
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(
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(
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(
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(
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(

tanh
`

2
πR

0 xT
0 + xR

0

)
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0 xR
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)
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(6.5.7)

If we compare this algebra with the previous one (4.2.8), we discover a
more intricated relation between the center of mass coordinates and the
relative ones, enforced as usual by the familiar term tanh `

2 πR
0 .
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6.6 Relation between the total boost generator and x′R1

The goal of this paragraph is to analize more in depth the symmetry prop-
erties of the novel relative coordinate x′R1 we first mentioned in (6.3.19), in
relation to the possibility of defining a given interaction theory’s potential
as a function of this coordinate.
Since we already ascertained that x′R1 is well behaved in regard to total
translations, i.e.

[
PT

1 , x′R1
]
= 0, we want to establish how it behaves under

the total boost generator.
To do so we find useful to recall once again the definition of the new
coordinates:

x′T1 = cosh
`

2
πR

0

(
cosh

`

2
πR

0 xT
1 − sinh

`

2
πR

0 xR
1

)
,

x′R1 = cosh
`

2
πR

0

(
− sinh

`

2
πR

0 xT
1 + cosh

`

2
πR

0 xR
1

)
,

(6.6.1)

which can be reverted as

xT
1 = x′T1 + tanh

`

2
πR

0 x′R1 ,

xR
1 = tanh

`

2
πR

0 x′T1 + x′R1 .
(6.6.2)

Since as we can now easily compute[
NT, cosh2 `

2
πR

0

]
= i` cosh

`

2
πR

0 sinh
`

2
πR

0 PR
1 (6.6.3)

and

[
NT, cosh
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2
πR

0 sinh
`

2
πR

0

]
=

`

2

(
cosh2 `

2
πR

0 + sinh2 `

2
πR

0

)
PR

1 , (6.6.4)

we have that
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where we used the third and fourth equations in (6.5.7).
Now we can use equation (6.6.2) to substitute

{
xT
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}
with
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}
and find[
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In conclusion[
NT, x′R1

]
= i
[

xR
0 +

`

2
PR

1

(
−x′T1 + tanh

`

2
πR

0 x′R1

)]
. (6.6.7)

As we anticipated this commutator isn’t zero when xR
0 = 0.
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Not only that: it’s easy to recognize that even the commutator[
ε̂T NT, x′R1

]
= ε̂T

[
NT, x′R1

]
6= 0, (6.6.8)

where we reintroduced the quantum parameter ε̂T = εTe
`
2 πT

0 cosh `
2 πR

0 ,
which clearly commutes with x′R1 .
Since x′R1 is the only candidate we have for a generalized relative coordi-
nate given it’s good behaviour under total translation, this poses a major
obstacle to the possibility of building a proper relativistic interacting the-
ory in the pregeometric framework.
We will analyze more in depth this issue in chapter 8, and discuss in
particular how to get around it.



Chapter 7

A more general discussion
involving particles with
different masses

7.1 The connection between masses and deformation
scales

Let us consider three particles with of mass m.
We can define the center of mass coordinates as usual, that is

xT
µ =

xA
µ + xB

µ + xC
µ

3
. (7.1.1)

If all the three particles belong to a κ-Poincaré algebra with deformation
length `, then we find that

[
xT

1 , xT
0

]
=

1
9

([
xA

1 , xA
0

]
+
[

xB
1 , xB

0

]
+
[

xC
1 , xC

0

])
= i

`

3
xT

1 :
(7.1.2)

as expected the deformation length of the composite system scales with
the number of particles involved.
We could then proceed as in the previous sections, defining the relative
coordinates1

1This time we don’t scale them by any factor.
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xR1
µ = xA

µ − xB
µ ,

xR2
µ = xA

µ − xC
µ ,

xR3
µ = xB

µ − xC
µ ,

(7.1.3)

compute the various commutators between xT
µ and xRi

µ , defining the sym-
metry generators and so on.
Our goal in this chapter howewer, is to study more in depth the properties
of the center of mass coordinates in the most general case when the par-
ticles involved possess different masses and/or are associated to different
deformation lenghts, i.e. κ-Poincaré algebras.
To start, let us first note that we could consider our three particle system
as a sort of two particle system composed by the particle A and the system
B, C.
The latter is fully described by the symmetry algebras we discussed in the
previous chapters and is identified by its center of mass coordinates

xTBC
µ =

xB
µ + xC

µ

2
, (7.1.4)

with [
xTBC

1 , xTBC
0

]
= i

`

2
xTBC

1 . (7.1.5)

Since this system accounts for a 2m mass body, it’s natural to define the
center of mass coordinates of the three particle system as

xT
µ =

mxA
µ + 2mxTBC

µ

m + 2m
=

xA
µ + 2xTBC

µ

3
, (7.1.6)

which is actually the same as equation (7.1.1), as it should be.
Using (7.1.5) we find again that

[
xT

1 , xT
0

]
=

1
9

([
xA

1 , xA
0

]
+ 4

[
xTBC

1 , xTBC
0

])
= i

`

3
xT

1 .
(7.1.7)

This may look like an overcomputation, but actually suggests how to gen-
eralize our construction to systems composed by non identical particles.
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Let’s say we have two particles A and B with non-zero masses mA and mB
and deformation lengths2 `A and `B, and let us define the center of mass
coordinates as usual:

xT
µ =

mAxA
µ + mBxB

µ

mA + mB
. (7.1.8)

Since

xA
µ = xT

µ +
mB

mA + mB
xR

µ ,

xB
µ = xT

µ −
mA

mA + mB
xR

µ

(7.1.9)

where

xR
µ = xA

µ − xB
µ (7.1.10)

is the relative coordinate, we have that

[
xT

1 , xT
0

]
= i

`Am2
AxA

1 + `Bm2
BxB

1

(mA + mB)
2

=
`Am2

A + `Bm2
B

(mA + mB)
2 xT

1 + mAmB
`AmA − `BmB

(mA + mB)
3 xR

1 .
(7.1.11)

We see that in general, without further assumptions about the deformation
lengths `A and `B, equation (7.1.11) mixes up the center of mass coordi-
nates with the relative ones, making it difficult to interpret the commutator[
xT

1 , xT
0
]

and its rescaling behaviour.
Nonetheless, it’s interesting to note that if for instance the mass of particle
A is much larger than the mass of particle B, i.e. mA � mB or mB

mA
≈ 0,

then (7.1.11) can be simplified as[
xT

1 , xT
0

]
= i`AxT

1 . (7.1.12)

This means that the relativistic properties of the body A, a soccer-ball for
instance, are not affected by the interaction with the smaller particle B.
If the body A has a macroscopic mass, howewer, we still would like it to
behave as a special relativistic object.

2We already reviewed the possibility of building a non-universal relativistic theory for
particles belonging to different κ-Poincaré algebras in [17, 18].
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A possibile solution is to postulate an inverse relation between the defor-
mation length `A and the mass mA.
In the working ground we developed in this thesis, this is actually a very
natural hypothesis.
In fact we proved that a system composed by many (although identical)
particles, say N, would enjoy `

N -like deformation effects while account-
ing at the same time for a total mass Nm, ` and m being of course the
respective single particle parameters.
Howewer in the quantum gravity research field the deformation scale is
universally identified with the Planck lenght `P with some large consesus,
whose definition is independent from any given particle one could con-
sider.
More precisely this lenght is generally understood as the scale beyond
which the localization of a particle is made impossibile by the combined
effects of quantum mechanics (uncertainty principle) and general relativity
(black hole creation) [4].
We want to stress that this somehow abstract argument has been devel-
oped with a point-particle approximation in mind, thus it could well be
missing a key aspect in the spatial extension of the physical bodies, in
particular of systems composed by many particles.
Some works [45, 46] actually suggest that the discriminating factor could
be the mass-energy density, rather than the mass-energy itself.
As of today, we believe, too little is known about quantum gravity in gen-
eral and QG low-energy regime in particular to rule out this hypothesis.
Proceeding with our analysis, from equation (7.1.11) we see that if we
assume that a particle with non-zero mass m has a deformation parameter

` =
̂̀
m

(7.1.13)

where ̂̀ is some yet unspecified new universal constant3, then

[
xT

1 , xT
0

]
= i

̂̀
mA + mB

xT
1

= i`TxT
1 .

(7.1.14)

3As of now we don’t have enough insights on this topic to make assumptions about
this quantity, its numerical value and its physical interpretation. Here we will be content
to study its formal consequences in the non-commutative multi-particle system theory we
developed in this thesis.
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This is coherent with the fact that the composite system is a mA +mB mass
body, thus its deformation length is just

`T =
̂̀

mA + mB
. (7.1.15)

In particular for mA = mB we recover the results found in the previous
chapters, whereas if mA � mB then `T → `A.

7.2 Relative coordinates

To conclude this discussion, we would like to show the commutators in-
volving the relative coordinates xR

µ as well, which will turn out to be quite
interesting.
First of all we immediately find that the commutators including one center
of mass coordinate xT

1 or xT
0 are pretty “standard”, in fact

[
xT

1 , xR
0

]
=

mA
[
xA

1 , xA
0
]
−mB

[
xB

1 , xB
0
]

mA + mB

= i
̂̀

mA + mB
xR

1 ,

(7.2.1)

and the same result yields trivially for
[
xR

1 , xT
0
]

.
The commutator between xR

1 and xR
0 , howewer, is quite complex when

mA 6= mB.
By using (7.1.9) we actually find that

[
xR

1 , xR
0

]
= î̀( 1

mA
xA

1 +
1

mB
xB

1

)
= î̀[ 1

mA

(
xT

1 +
mB

mA + mB
xR

1

)

+
1

mB

(
xT

1 −
mA

mA + mB
xR

1

)]

= i
̂̀
µ

xT
1 + i

̂̀
ν

xR
1 ,

(7.2.2)



7.2. Relative coordinates 91

where

µ =
1

1
mA

+ 1
mB

(7.2.3)

is the well-known reduced total mass of the system and

ν =
1

1
mA
− 1

mB

(7.2.4)

is a new characteristic mass which we should call reduced relative mass.
Note that for mA = mB the reduced relative mass ν diverges, so we can
just take

[
xR

1 , xR
0

]
= i
̂̀
µ

xT
1 . (7.2.5)

Going back to (7.2.2), we recognize that if the mass of particle A is way
larger than the mass of particle B, the deformation effects coded in the
commutator are governed by the smaller mass mB rather than the larger
one mA, since µ→ mB and ν→ −mB.
But in the same limit we have that

xB
µ ≈ xT

µ − xR
µ , (7.2.6)

thus [
xR

1 , xR
0

]
≈ i`BxB

1 . (7.2.7)

We see then that the relative motion will be deformed in any case if one of
the particles involved has a very small mass.
One could conjecture that these effects shouldn’t be observable on a macro-
scopic standpoint.
Indeed, when dealing with a macroscopic or rather thermodynamic sys-
tem, the information we are able to extract from it are usually those con-
cerning its center of mass or total motion, not the relative motion of two
of the many particles it is composed of.
On the other hand it can be argued that these effects may add up across
all the board, at least in some physical models, resulting in some kind of
average `-perturbation of the dynamics of the system itself.
Some sort of “non-commutative” thermodynamics could be needed to ac-
tually address this debate.
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Here we don’t have neither the space nor the tools to accomplish such a de-
manding task, howewer we will nonetheless try to lay some basic ground-
work in the next and conclusive chapter, by studying the low-velocity limit
of our multi-particle non-commutative theory.



Chapter 8

Galilean limit

In this final chapter we want to explore the possibility of building an in-
teraction theory in the non-commutative framework.
To do so, we must first recall a well-known result in special relativity, that
is the so-called “no-interaction” theorem [21–23].
This theorem proves that, as a consequence of the existence of an upper
limit c to the speed of physical bodies (and therefore to the exhange of
signals and informations), there simply can’t be a system composed of a
finite number of interacting particles.
More precisely it states that if we are given n particles and an Hamiltonian
H of the entire system, then the Hamiltonian must be a sum of single
particle Hamiltonians.
Thus the interaction is missing from the special relativity realm.
Of course since the theorem holds only for finite number of particles, one
could still introduce some kind of interactions by considering an infinite
number of them, i.e. the Fock spaces usually enforced in quantum field
theories.
Whereas some studies in the last decades have focused on the generaliza-
tion of field theories to the κ-Poincaré setting [47–51], here we are mostly
interested in the finite number of particle case, where we hope to enforce
the results we found in the previous chapters.
Since we reasonably believe that the no-interaction theorem should still be
valid in the κ-Poincaré realm in some form, even though no generaliza-
tions have been fully studied or proposed yet, we find best to work in the
so-called galilean limit of our multi-particle theories.
The galilean limit in the relativity framework is a specific example of a
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more generic mathematical procedure called contraction [52–55].
Given a Lie or Hopf Algebra dependent on some parameter d, the contrac-
tion procedure is a mean to obtain a new algebra from it by letting d reach
some fixed value, usually zero or infinity.
This procedure not always can be carried out, and sometimes the resulting
algebra isn’t uniquely determined.
For instance if the starting algebra depends on more than one parameter,
say d1, d2, d3, ..., and the parameters d2, d3, ... depend on the parameter d1
we want to contract, the contraction limit can sometimes be performed in
more than one way.
As we will see the κ-Poincaré algebra is an example of this situation, given
the (necessary) dependance of the energy κ on the speed of light c.
Here we are not interested in the technicalities of the contraction proce-
dure in the most general cases, instead we will focus only on the Poincaré
and κ-Poincaré ones, which can be understood without much trouble.
For instance, aside from some plain redefinition of the Poincaré algebra
generators, the galilean limit of the Poincaré algebra consists simply on
sending the speed of light c to infinity, thus obtaining the standard Galilei
algebra of classical mechanics.
In the next paragraph we will briefly review this algebra and in particular
analyze its connection with the Schrödinger equation of quantum mechan-
ics.
Then we will show how to generalize those considerations to the κ-Poincaré
algebra case, in particular when two (identical) particles are involved.
In this way by letting c go to infinity we can easily dodge the no-interaction
theorem and its physical consequences, while at the same time still retain-
ing the deformation scale ` and, eventually, the non-commutativity of the
space-time coordinates.

8.1 The Galilei and the Bargmann algebras

In order to introduce the Galilei algebra, we find useful to start from the
Poincaré generators (2.7.3) and unveil their relation with the speed of light
c.
Here and in the following we will continue to work in 1+1-dimensions, so
that the only meaningful generators are the translation generators P0, P1
and the one boost N.
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Let us now redefine these generators as

E = cP0,
P = P1,

L =
N
c

,

(8.1.1)

which by using (2.7.3) are easily found to satisfy the commutation relations

[E, P] = [cP0, P1] = 0,

[L, E] =
[

N
c

, cP0

]
= iP1,

[L, P] =
[

N
c

, P1

]
= i

P0

c
= i

E
c2 .

(8.1.2)

In order to enforce duality, we need to redefine the space-time coordinates
too as

t =
x0

c
, x = x1, (8.1.3)

so that

[E, t] =
[
cP0,

x0

c

]
= i, [E, x] = [cP0, x1] = 0,

[P, t] =
[

P1,
x0

c

]
= 0, [P, x] = [P1, x1] = −i.

(8.1.4)

Now we just need to let c go to infinity in (8.1.2) to obtain the Galilei
algebra

[E, P] = 0,
[L, E] = iP,
[L, P] = 0.

(8.1.5)

It’s interesting to check how this algebra, or rather the boost, acts on the
space-time coordinates.
First of all it’s convenient to write down the differential representation of
the boost generator L.



8.1. The Galilei and the Bargmann algebras 96

Using the familiar representations E = ih̄ ∂
∂t and P = −ih̄ ∂

∂x of the transla-
tion generators1, it’s easy to check that the operator

L = ih̄t
∂

∂x
(8.1.8)

satisfies the commutators (8.1.5).
Therefore we get the actions

L . t = 0,
L . x = ih̄t.

(8.1.9)

The first one tells us that in the galilean relativity time is absolute. In
fact since a generic boost has the form eivL, then the transformed time
coordinate is just t′ = eivL . t = t.
Therefore if we consider two inertial observers living at the same time, the
physics they see will also take place at the same exact time for both, which
is a famous assumption of Newtonian mechanics.
On the other hand we have that the transformed spatial coordinate is

x′ = eivL . x = (1 + ivL) . x = x− vt, (8.1.10)

which is just the galilean transformation rule of space for two inertial
frames moving with relative velocity v.
A last topic we want to explore is the relation between the Galilei algebra
and the Schrödinger equation.
Indeed, it is known that the Schrödinger equation isn’t invariant under
galilean boosts [56–59].

1From now on we will reintroduce the Planck constant h̄. This means that the dual-
ity relations between translation generators and coordinates are given by the well-known
Heisenberg algebra

[E, t] = ih̄, [E, x] = 0,

[P, t] = 0, [P, x] = −ih̄.
(8.1.6)

As a consequence the differential representation of these generators is trivially given by

E = ih̄
∂

∂t
, P = −ih̄

∂

∂x
. (8.1.7)
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To see this let us consider the Schrödinger equation for a free particle with
mass m, i.e.

ih̄
∂

∂t
ψ (x, t) =

P2

2m
ψ (x, t) . (8.1.11)

In the Hilbert formulation of quantum mechanics any symmetry transfor-
mation acts on states and observables as

|ψ〉 → |ψ′〉 = eiξX |ψ〉 ,

O→ O′ = eiξXOe−iξX,
(8.1.12)

where X is the generator of the given symmetry and ξ ∈ R is the transfor-
mation (Lie) parameter.
The Schrödinger equation will be said to be invariant if the action of the
symmetry transformation results in

ih̄
∂

∂t
ψ′ (x, t) =

P2

2m
ψ′ (x, t) . (8.1.13)

This is trivially true for time and space translations, but on the other hand
the situation for boost transformations is quite different.
Firstly we immediately recognize that P2 is actually left invariant by the
action of the generic boost eivL.
In fact it is generally true that given an observable O and a symmetry
generator X then

O′ = eiξXOe−iξX = O ⇐⇒ [X, O] = 0; (8.1.14)

and P2 is the quadratic Casimir of the Galilei algebra (8.1.5) as one can
trivially check.
Howewer, by using (8.1.8) we find that

ih̄eivL ∂

∂t
ψ (x, t) = ih̄

(
∂

∂t
eivL +

[
eivL,

∂

∂t

])
ψ (x, t)

= ih̄
∂

∂t
ψ′ (x, t) +

[
eivL, E

]
ψ (x, t)

6= ih̄
∂

∂t
ψ′ (x, t)

(8.1.15)

since [
eivL, E

]
= −veivLP 6= 0. (8.1.16)
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Thus we conclude that the Schrödinger equation is not invariant under the
Galilei algebra.
This can be understood as a consequence of the fact that the Schrödinger
operator E− P2

2m is not invariant under the Galilei algebra, i.e.[
L, E− P2

2m

]
6= 0. (8.1.17)

Historically the solution proposed to solve this inconvenience was to sub-
stitute the Galilei algebra with a new version having this operator as its
quadratic Casimir.
This can be achieved by adding a new generator m to the Galilei alge-
bra which commutes with every other ones (i.e. it’s in the center of the
algebra), but such that the algebra gets modified as

[E, P] = 0,
[L, E] = iP,
[L, P] = im.

(8.1.18)

This is the so-called Bargmann algebra, which, technically speaking, is a
central extension of the Galilei algebra [60–64].
We will not go anymore deeper in the general theory of central extensions
of groups2, for our purpose it suffices to note that the Schrödinger operator
is in fact the quadratic Casimir of the Bargmann algebra:[

L, E− P2

2m

]
= iP− 2im

P
2m

= 0 (8.1.21)

and the same goes trivially for the other generators.
Of course the introduction of an external potential in the single particle
Schrödinger equation (8.1.13) generally breaks the Bargmann invariance.

2In this particular case howewer, an easy and intuitive way to obtain this algebra is to
consider the special relativity dispersion relation for |P| � mc (that is the galilean limit in
a sense)

E =
√

m2c4 + P2c2 ≈ mc2 +
P2

2m
, (8.1.19)

which indeed allows us to express the last commutator as

[L, P] = i
E
c2 = im + i

P2

2mc2 ≈ im. (8.1.20)
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On the other hand when dealing with a system of two interacting parti-
cles there’s a well-known class of potentials which behave nicely under
these transformations, i.e. potentials depending only on the relative space
coordinate.
To see this, let us briefly discuss the Bargmann algebra of a two particle
system.
We can define as usual the total and relative generators as

ET = EA + EB, ER = EA − EB,

PT = PA + PB, PR = PA − PB,

LT = LA −+LB, LR = LA − LB,

(8.1.22)

where of course EA,B, PA,B and LA,B are the single particle generators.
For the sake of simplicity here and in the following we are assuming that
the two particles have the same mass m.
As can be easily checked, the algebra reads as such:

[
LT, ET

]
= iPT,

[
LT, ER

]
= iPR,[

LT, PT
]
= 2im,

[
LT, PR

]
= 0,[

LR, ET
]
= iPR,

[
LR, PR

]
= iPT,[

LR, PT
]
= 0,

[
LR, PR

]
= 2im,

(8.1.23)

where we avoided to explicitly write down the commutators between
translation generators since they are all trivially zero.
Note that the commutator between LT and PT for example coherently ac-
counts for a system with a total mass 2m, and that in general

[
LT, PR] or[

LR, PT] ar not zero if the particles have different masses.
The sum of the single particle quadratic Casimirs is itself a Casimir of the
algebra (8.1.23), that is

CT = EA + EB − PA2

2m
− PB2

2m

= ET − PT2

2m
− PR2

2m
.

(8.1.24)
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The Schrödinger equation of a system of two free particles is(
ET − PT2

2m
− PR2

2m

)
ψ = 0, (8.1.25)

which is now manifestly invariant.
Of course a system of two free particles isn’t particularly interesting, there-
fore we would like to introduce an internal interaction between them while
at the same time preserve at least partially the invariance of the Schrödinger
equation itself.
Indeed, given a coordinate potential3 V

(
xT, xR) we can’t expect it to enjoy

at the same time both total and relative translation invariance.
What is usually done is to just focus on the total operators ET, PT and LT

and ask for invariance under the symmetry transformations they generate.
In order to achieve total translation invariance, we need a potential such
that

[
PT, V

]
= 0, which is a condition satisfied only by potentials of the

form V
(
xR) since trivially

[
PT, xR] = 0.

If we write down explicitly the total boost generator as

LT = 2mxT − tTPT − tRPR (8.1.27)

we find that [
LT, xR

]
= ih̄tR, (8.1.28)

that is zero in our equal-time setup.
Thus we deduce that the Schrödinger equation for two interacting particles
with potential V

(
xR) is invariant under the total sector of the Bargmann

algebra.
Mentioning this fact is very important to us: our goal in the rest of this
chapter is in fact to generalize this same result in the galilean limit of the
non-commutative framework we developed in the rest of this thesis.

3The total and relative coordinates are defined as usual as

xT =
xA + xB

2
, tT =

tA + tB

2
,

xR =
xA − xB

2
, tR =

tA − tB

2
.

(8.1.26)

Since we will only deal with equal-time interactions (see [38]), tR is zero and tT is simply
the absolute time t. It is quite obvious that the introduced potential must not depend on
the time coordinate.
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8.2 Galilean limit of the κ-Poincaré algebra

Before directly exploring the two particle κ-Bargmann theory, we are due
to discuss the galilean limit of the κ-Poincaré algebra.
An interesting deviation from the Poincaré case is that the resulting alge-
bra, called κ-Galilei [65–68], depends on how one assumes the deforma-
tion scale κ depends on the speed of light c (as we will soon show it must
depend on it one way or another).
These algebras are generally presented at every order in `; howewer, their
central extensions have been proven in general quite tough to deal with.
Here we will review a very specific one, such that the non-commutation
relations between the coordinates of the resulting κ-Newton space-time
are preserved in the galilean limit.
Moreover, we will develop our considerations only on a first order expan-
sion in `, which, given the smallness of the deformation scale, will plainly
suffice for our purposes.
To start, as we previously did for the Poincaré algebra, we have to ex-
plicit any factor of c hidden in the κ-Poincaré algebra’s generators and
κ-Minkowski coordinates, that is again

E = cP0,
P = P1,

L =
N
c

(8.2.1)

and

t =
x0

c
, x = x1. (8.2.2)

With this prescription we can rewrite the κ-Poincaré algebra commutators
as

[E, P] = 0,
[L, E] = iP,

[L, P] =
i
c

(
1− e−2 `

c E

2`
− `

2
P2

)
.

(8.2.3)
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As aforementioned, we easily recognize that if ` is a free parameter in the
galilean limit, then the last commutator is zero and we are trivially left
with an undeformed Galilei algebra.
At the same time the specific form of this commutator suggests to define
a new deformation scale ˜̀ = `

c and to assume that ˜̀ remains a non zero
finite value for c→ ∞.
It’s worth noting, howewer, that in some approaches [67, 68] the defor-
mation scale is redefined as ˜̀ = `c and a mass-like generator is directly
introduced.
This leads to a very different (centrally extended) algebra, where, for in-
stance, space and time coordinates do commute: [x, t] = 0.
Another consequence of this specific galilean limit is that the deformation
effects tend to grow bigger with the mass of the particles in consideration,
which is a feature we clearly don’t wish in our model.
Proceeding with our choice, we can rewrite the last commutator in (8.2.3)
as

[L, P] = i

(
1− e−2˜̀E

2˜̀c2
−

˜̀

2
P2

)
, (8.2.4)

which in the limit c→ ∞ is just

[L, P] = −
˜̀

2
P2. (8.2.5)

Similarly the coproducts can be easily found out to be

∆ (E) = E⊗ 1 + 1⊗ E,

∆ (P) = P⊗ 1 + e− ˜̀E ⊗ P,

∆ (L) = L⊗ 1 + e− ˜̀E ⊗ L,

(8.2.6)

where the first order expansion in ˜̀ is implied.
The fact that the κ-Poincaré coalgebra structure is basically preserved is
very important to us: as a direct consequence the κ-Newton cooordinates
still coherently satisfy the usual commutation relation

[x, t] = i ˜̀x. (8.2.7)

In this way we managed to build up a non-relativistic quantum space-time,
which is a very fitting for our goals.



8.2. Galilean limit of the κ-Poincaré algebra 103

Howewer, we still need a central extension of this κ-Galilei algebra.
As we mentioned constructing a central extension of this algebra is gener-
ally a challenging task. Here howewer we will focus on the easiest possible
candidate in a first order approximation, that is the κ-Bargmann algebra

[E, P] = 0,
[L, E] = iP,

[L, P] = i
(

m−
˜̀

2
P2
)

.

(8.2.8)

This accounts for the hypothesis that there are no ∼ ˜̀m additional terms
to be put in the last commutator.
On top of that we require this algebra to have the same deformed coprod-
ucts as in (8.2.6), and thus the same commutation relation (8.2.7) between
the space and time coordinates.
Of course we trivially recover the standard Bargmann algebra when ˜̀ goes
to zero.
Note that the Heisenberg algebra as well turns out to be deformed as in
the κ-Poincaré case; indeed it’s easy to check that the duality relations

[E, t] = ih̄, [E, x] = 0,

[P, t] = −ih̄ ˜̀P, [P, x] = −ih̄.
(8.2.9)

do hold.
The last ingredient we need to complete this picture is the mass Casimir
of the κ-Bargmann algebra (8.2.8).
This is given by the operator

C2 =
e ˜̀E − 1

˜̀ − e ˜̀E P2

2m
. (8.2.10)

Indeed we have that
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[
L, C2] = [L,

e ˜̀E − 1
˜̀

]
−
[

L, e ˜̀E P2

2m

]
= ie ˜̀EP−

[
L, e ˜̀E

] P2

2m
− e ˜̀E

[
L,

P2

2m

]
= ie ˜̀EP− i ˜̀e ˜̀E P3

2m
− 2ie ˜̀E m− ˜̀

2 P2

2m
P

= 0,

(8.2.11)

while the other commutators with E and P are as always trivially zero.
It’s useful to explicitly write the first order expansion of the mass Casimir
(8.2.10), that is

C2 ≈ E− P2

2m
+

˜̀

2
E2 − ˜̀E

P2

2m
. (8.2.12)

This allows us to generalize the Schrödinger equation for a free particle in
the κ-Bargmann picture at the first order in ˜̀, i.e.(

E− P2

2m
+

˜̀

2
E2 − ˜̀E

P2

2m

)
ψ = 0. (8.2.13)

In the next paragraph we will work out a couple examples of single parti-
cle quantum mechanics which will prove useful later on, when we’ll dis-
cuss a specific model of non-commutative two particle interaction theory.

8.3 Some single particle deformed quantum mechan-
ics

Let us consider a particle in the κ-Newton space-time subject to some
potential V.
To determine its possible states we can write the Schrödinger equation4

Eψ (x, t) =
[

P2

2m
− `

2
E2 + `E

P2

2m
+ V

]
ψ (x, t) , (8.3.1)

4From now on with slight abuse of notation we will call ˜̀ simply `.
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and if the potential V is time independent we can search for solutions of
the form ψ (x, t) = ψ (x) φ (t).
In particular if we denote with

H =

[
P2

2m
− `

2
E2 + `E

P2

2m
+ V

]
(8.3.2)

the time-independent5 Hamiltonian of the system, we can look for a base
ψEα (x) of autofunctions

HψEα (x) = EαψEα (x) (8.3.3)

so that for each of these we can easily write down the solution of the
Schrödinger equation (8.3.1) as ψEα (x, t) = ψEα (x) e−

i
h̄ Eαt.

We see then that standard quantum mechanics unveils quite normally de-
spite the non-commutative regime we have put ourselves into. Nonethe-
less some important differences must be highlighted.
First of all the Hamiltonian in (8.3.1) is deformed by ` both in presence and
absence of an external potential V. Therefore some kind of `-corrections
of the standard theory must arise even for free particles.
Moreover, the non-primitive coproducts (8.2.6) force us to use the time
to the right order for the wave functions, so that the spatial translation
generator doesn’t have a weird action on the states in the Schrödinger
equation (8.3.1).
This would be in general unavoidable for products of wave functions.
Similarly the non-commutativity of the space-time coordinates makes quite
tricky the study of the Schrödinger equation for time-dependent potentials
V, and as a consequence for the time-dependent perturbation theory.
Finally there’s a more profound interpretational difference from the stan-
dard quantum mechanics. As a result of non-commutativity, in fact, here
arises a new uncertainty relation between impulse and time in (8.2.9).
Here we won’t explore any deeper this last observations, instead our goal
is to show the best way to solve the generalized Schrödinger equation for
a couple of well-known, useful situations.
In particular we will study two different cases: the case of a free particle
in a box and that of an external harmonic potential.
In both cases, and also in the following paragraphs, the best way to ad-
dress the problem is to make use of the time-independent perturbation
theory.

5Note that the time-derivative operator, the energy E, can be replaced at the first order
in ` by a function of only P and V, as we will show explicitly in the continuation.
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In fact, for assumption, the deformation scale ` is a very small quantity
and thus can be used as a perturbation parameter in (8.3.1).
Therefore we will rewrite the Schrödinger equation as

Eψ (x, t) =
(

H0 + `Ṽ
)

ψ (x, t) , (8.3.4)

where H0 = P2

2m +V is the standard Hamiltonian and Ṽ is the perturbation;
in our case

Ṽ =
1
2

H0

(
P2

m
− H0

)
=

1
2

H0 (H0 − 2V) . (8.3.5)

If we are dealing with a non-degenerate discrete spectrum labelled by
an index n, then the eigenvalues and the eigenstates of the system are
modifed as

En = E(0)
n + `Ṽnn,

|n〉 = |n(0)〉+ ` ∑
k 6=n

Ṽkn

E(0)
n − E(0)

k

|k(0)〉 ,
(8.3.6)

where Ṽkn = 〈k(0)| Ṽ |n(0)〉 are the matrix elements of the perturbation Ṽ.
Note that we coherently kept ourselves at the first order in `.
Let us now consider the case of a particle in a box of length L. The zero
order eigenstates and eigenvalues are well-known:

E(0)
n =

π2h̄2

2mL2 n2,

|n(0)〉 =
√

2
L

sin
nπ

L
x.

(8.3.7)

Due to the abscence of an external potential we can write Ṽ simply as6

E2

2 ,thus we easily recognize that the perturbation is actually diagonal:
Ṽkn = 0 when k 6= n.
As a consequence the eigenstates of the system remains unmodified by the
perturbation: |n〉 = |n(0)〉 .

6Here and in the following, even though a bit improperly, we will often identify E with
H0. Wheter it must be interpreted as the Hamiltonian or an eigenvalue should howewer
be clear from the context.
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Howewer, coherently with the new deformed dispersion relation of our
theory, the eigenstates gets modified as

En = E(0)
n +

`

2
〈n| E2 |n〉

= E(0)
n

(
1 +

`

2
E(0)

n

)
=

π2h̄2

2mL2 n2

(
1 + `

π2h̄2

4mL2 n2

)
.

(8.3.8)

It’s worth to note that the same result would also yield for a free parti-
cle: unmodified eigenstates (plane waves, that is) with new characteristic
energies E = E0 +

`
2 E2

0.
The last case we want to study, as mentioned, is that of an external har-
monic potential.
The standard quantum mechanics Hamiltonian of the system is given by

H =
P2

2m
+

1
2

mω2x2, (8.3.9)

with eigenstates and eigenvalues

E(0)
n = h̄ω

(
n +

1
2

)
,

|n(0)〉 = 1√
2nn!

(mω

πh̄

) 1
4

e−
mω
2h̄ x2

Hn

(√
mω

h̄
x
)

.
(8.3.10)

Here Hn (x) are the well-known Hermite polynomials:

Hn (x) = (−1)n ex2 dn

dnx
e−x2

. (8.3.11)

It’s useful now to list a property of the autofunctions (8.3.10) which we
will use later on.
Firstly to lighten the notation let us rewrite them as

un (x) =
√

a

π
1
2 2nn!

Hn (ax) e−
a2
2 x2

, a =

√
mω

h̄
, (8.3.12)

so that the harmonic potential also can be rewritten as V = 1
2 h̄ωa2x2.
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Given the orthonormality of the autofunctions (8.3.12) and by using the
recurrence relations [69]

2xHn (x) = Hn+1 (x) + 2nHn−1 (x) (8.3.13)

and

4x2Hn (x) = Hn+2 (x) + 2 (2n + 1) Hn (x) + 2n (2n− 1) Hn−2 (x) , (8.3.14)

it can be proven with no difficulty that

∫ ∞

−∞
uk (x) x2un (x) =



√
n (n− 1)

2a2 k = n− 2,

2n + 1
2a2 k = n,√
(n + 1) (n + 2)

2a2 k = n + 2,

0 otherwise.

(8.3.15)

This tells us how the harmonic potential V connects different eigenstates
of our system, that is the value of 〈n(0)|V |k(0)〉 for every n and k.
Since from (8.3.9) at the zero order we have that P2

2m = E− V, the pertur-
bation Ṽ can be nicely expressed as

Ṽ =
1
2

E [(2E− 2V)− E] =
1
2

E (E− 2V) . (8.3.16)

Thus we can now write the matrix elements of the perturbation as

〈k(0)| Ṽ |n(0)〉 = 1
2

(
〈k(0)| E2 |n(0)〉 − 〈k(0)| EV |n(0)〉

)
=

h̄2ω2

2

(
n +

1
2

)2

δn,k − h̄ω

(
k +

1
2

)
〈k(0)|V |n(0)〉 .

(8.3.17)

From (8.3.15) we know that, fixed n, the matrix elements of the harmonic
potential V are non-zero only for k = n± 2 or k = n.
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As a consequence there turn out to be only three possibilities:

Ṽkn =



− h̄2ω2

4

(
k +

1
2

)√
n (n− 1) k = n− 2,

h̄2ω2

2

[(
n +

1
2

)2

− 1
2

(
k +

1
2

)
(2n + 1)

]
k = n,

− h̄2ω2

4

(
k +

1
2

)√
(n + 1) (n + 2) k = n + 2,

(8.3.18)

where we used the fact that mω2

a2 = h̄ω.
We recognize immediately that the middle one is actually zero, thus with
a final algebra manipulation we can rewrite this as

Ṽkn =


− h̄2ω2

4

(
n− 3

2

)√
n (n− 1) k = n− 2,

− h̄2ω2

4

(
n +

5
2

)√
(n + 1) (n + 2) k = n + 2.

(8.3.19)

We deduce that the energy levels of the harmonic oscillator, contrarily to
the previous case, remains unchecked: En = h̄ω

(
n + 1

2

)
.

On the other hand, using (8.3.8) we find that the eigenstates get deformed
into

|n〉 = |n(0)〉 − `dn−2 |(n− 2)(0)〉+ `dn+2 |(n + 2)(0)〉 , (8.3.20)

where we defined the deformation factors

dn−2 =
h̄ω

8

(
n− 3

2

)√
n (n− 1),

dn+2 =
h̄ω

8

(
n +

5
2

)√
(n + 1) (n + 2).

(8.3.21)

In conclusion we have shown two specific examples of first-order de-
formed quantum theory. As we will see the results we obtained here will
prove very useful in the continuation, when we will address the general-
ization of all this to an interacting system of two identical particles.
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8.4 Two-particle deformed quantum mechanics

Let us consider two particles A and B of equal mass m. We assume both
of them are related to two κ-Bargmann algebras (8.2.8) with generators
EA, PA, LA and EB, PB, LB.
We know from the previous paragraphs that the space-time coordinates of
this particles satisfy a κ-deformed commutation relation:[

xA, tA
]
= i`xA,

[
xB, tB

]
= i`xB, (8.4.1)

where again we redefined ` = `
c .

As we did in chapters 4 or (6), we can then define the composite system’s
total and relative coordinates as

xT =
xA + xB

2
, tT =

tA + tB

2
,

xR =
xA − xB

2
, tR =

tA − tB

2
,

(8.4.2)

which not surprisingly satisfy the 2κ commutation relations we found in
those chapters, i.e.

[
xT, tT

]
= i

`

2
xT,

[
xT, tR

]
= i

`

2
xR,[

xR, tT
]
= i

`

2
xR,

[
xR, tR

]
= i

`

2
xT.

(8.4.3)

Thus, we have again two possible definitions of the total and relative gen-
erators:

ET = EA + EB, ER = EA − EB,

PT = PA + PB, PR = PA − PB,

LT = LA + LB, LR = LA − LB,

(8.4.4)

or7

7Note that the pregeometric representation (5.0.3) remains basically untouched by the
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ET = EA + EB, ER = EA − EB,

PT = f
(

εR
)

PA + f
(
−εR

)
PB, PR = f

(
εR
)

PA − f
(
−εR

)
PB,

LT = f
(

εR
)

LA + f
(
−εR

)
LB, LR = f

(
εR
)

LA − f
(
−εR

)
LB,

(8.4.7)

where

f
(
±εR

)
=

e±
`
2 εR

cosh `
2 εR
≈ 1± `

2
εR (8.4.8)

are the usual external factors we already know from (6.4.1).
In each case the mass Casimir of the system is simply

CT = CA + CB (8.4.9)

where CA,B are the single particle Casimirs (8.2.10); howewer, the actual
expression of CT as a function of ET, ER, PT and PR depends of course on
the specific definition chosen for these generators.
As we highlighted in the previous paragraphs, this Casimir gives us the
generalized Schrödinger equation for a system of two free identical parti-
cles.
In order to describe an actual interaction between the particles involved,
though, we need to add some internal potential V in the Schrödinger equa-
tion itself.
In particular we require this potential to be compatible with the total sym-
metries of the two particle algebra, that is

[
ξ̂TOT, V

]
must be zero for each

of the total generators OT multiplied by the appropriate quantum param-
eter ξ̂T in (8.4.4) or (8.4.7) (see the analogous discussion in paragraph 8.1
for the standard quantum mechanics case).
Howewer, both the proposals (8.4.4) and (8.4.7) present some issues.

galilean limit. Indeed if we redefine

ε = cπ0, π = π1 (8.4.5)

then the pregeometric factor `π0 becomes trivially ˜̀ε (or `ε in our simplified notation).
Thus we can easily write the total and relative pregeometric factors as

εT = εA + εB, εR = εA − εB,

πT = πA + πB, πR = πA − πB.
(8.4.6)
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First of all we showed in chapter 4 that the first algebra (8.4.4) is charac-
terized by some inconsistencies, or rather unclear relations between the
symmetry generators and the actual finite transformations, as in (4.1.30)
and below.
In other words, we don’t know how to associate the algebra generators
with proper quantum parameters.
On the other hand we showed in the same chapter in section (4.2) that the
total boost generator pairs well with any potential of the form V

(
xR

1

)
, that

is
[
NT, V

]
= 0 if the particles live at equal times.

It’s easy to recognize that this property is inherited by the galilean limit8,
and since

[
PT, V

]
is obviously zero too, one would be tempted to use

V
(
xR) as a good interaction potential.

The situation is inverted for the pregeometric algebra (8.4.7).
In fact the transition from symmetry generators to finite transformations
runs smoothly by definition (see (6.2.5) and the following considerations).
Unfortunately though, we found that the pregeometric total spatial trans-
lation generator acts non-trivially on the relative coordinate xR

1 , and ac-
cordingly

[
PT, V

(
xR

1

)]
6= 0.

Thus we were forced to introduce a new set of coordinates x′T1 and x′R1 in
(6.3.19) such that

PT
1 = −i

∂

∂x′T1
, PR

1 = −i
∂

∂x′R1
(8.4.10)

and as a consequence one would recover
[
PT

1 , V
]
= 0 for any potential of

the form V
(

x′R1
)

.
Yet in section (6.6) we found that the same potentials can’t be invariant
under total boosts, that is

[
NT, V

(
x′R1
)]
6= 0.

Again, all this properties are naturally inherited in the galilean limit.
Here howewer, we know that exists a specific regime where both of these
issues fade away.
In fact, in the low relative energy approximation `PR

0 ≈ 0 and `πR
0 ≈ 0 the

pregeometric and the linear algebra generators are actually all equal, and
enclose a 2κ-Poincaré-like algebra, or a 2κ-Bargmann-like in the galilean
limit.

8To be fair one should still consider the introduction of the mass term in the κ-
Bargmann algebra (8.2.8).

Howewer, it’s quite trivial to see that this term doesn’t partecipate in the commutator
between LT and xR since it necessarily appears in the form ∼ mx, which commutes with
xR.
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To quickly see how this unties all the knots, let us consider the total spatial
translation generator of the linear algebra (8.4.4).
It’s immediate to recognize that it can be written in the pregeometric rep-
resentation as

PT = e−
`
2 εT
[
πT, •

]
, (8.4.11)

which we can now easily pair with a quantum parameter ξ̂T = ξTe
`
2 εT

.
The same goes for the total boost generator LT = LA + LB.
On the other hand if `εR ≈ 0 the pregeometric boost generator in (8.4.7) is
actually just LT = LA + LB, which we already know satisfies

[
ξ̂T LT, xR

]
=

0 for tR = 0 (note from (6.3.19) that x′R,T ≈ xR,T under these conditions).
In conclusion any potential of the form V

(
xR) would be invariant under

the total symmetries of our (unique) algebra in this specific case.
There’s actually a third reason for which we find desirable to work in this
regime.
If we take a closer look at the two particle mass Casimir (8.4.9):

[
EA − PA2

2m
+

`

2
EA2 − `EA PA2

2m

]
+

[
EB − PB2

2m
+

`

2
EB2 − `EB PB2

2m

]
(8.4.12)

we immediately recognize that the operator ER inevitably makes its ap-
pareance at the first order in `, regardless of the choice of generators we
made between (8.4.4) or (8.4.7)
In general, as we did for the single particle case, we would like to substi-
tute ET and ER with their zero order expression wherever they are multi-
plied by the deformation scale ` in the Schrödinger equation.
Howewer, in presence of an internal potential V the relative energy ER is
not a well defined operator on the standard quantum mechanics Hilbert
space of solutions of the Schrödinger equation.
In other words, we simply don’t know how to treat its action on the wave
functions.
Of course all of this gets completely bypassed if, again, we take `ER ≈ 0.
Some more words are due about this approximation.
In principle, assuming `ER ≈ 0 is actually pretty reasonable. In fact work-
ing in the galilean means that the particles involved travel with speeds
way smaller than the speed of light and as a consequence their energy are
in general small compared to the deformation energy κ.
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The real subtlety here is to justify how at the same time `ER is negligible
whereas `ET is not.
Another different route would be instead to consider only weak interac-
tions, namely V ∼ ` potentials. In this way the system would be free at

the zero order, and thus at the same order ER = PA2

2m −
PB2

2m would be a
well-defined operator.
At any rate, we believe that working with this approximation will suffice at
least for this first preliminary exploration, and leave further investigations
to other studies.
Let us then consider again the mass Casimir (8.4.9).
In order to find the generalized Schrödinger equation for the composite
system, we can substitute the single particle generators with the linear
algebra ones in (8.4.4), for instance, and then neglect `ER in the resulting
expression.
Using the relations

EA2
+ EB2

=
ET2

+ ER2

2
,

PA2
+ PB2

=
PT2

+ PR2

2

(8.4.13)

we have that

CT = EA + EB − PA2

2m
− PB2

2m
+

`

2
EA2

+
`

2
EB2 − `EA PA2

2m
− `EB PB2

2m

= ET − PT2

4m
− PR2

4m
+

`

4
ET2

+
`

4
ER2 − `

(
ET + ER

) (PT + PR)2

16m

− `
(

ET − ER
) (PT − PR)2

16m

= ET − PT2

4m
− PR2

4m
+

`

4
ET2

+
`

4
ER2 − `ET PT2

8m
− `ET PR2

8m

− `ER PT PR

4m
.

(8.4.14)

Thus in conclusion our Casimir is just

CT ≈ ET − PT2

4m
− PR2

4m
+

`

4
ET2 − `ET PT2

8m
− `ET PR2

8m
, (8.4.15)
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leading to the generalized Schrödinger equation

(
ET − PT2

4m
− PR2

4m
+

`

4
ET2 − `ET PT2

8m
− `ET PR2

8m
−V

)
ψ = 0. (8.4.16)

Note that at the zero order we correctly have

H0ψ =

(
PT2

4m
+

PR2

4m
+ V

)
ψ, (8.4.17)

where we identified the total energy ET with the undeformed Hamiltonian
of the system H0.
As in the single particle deformed quantum theory in section 8.3, the best
way to deal with this equation is through perturbation theory, where the
perturbation itself is now given by

Ṽ =
ET2

4
− ET PT2

8m
− ET PR2

8m
=

ET

4

(
ET − PT2

2m
− PR2

2m

)
. (8.4.18)

Using (8.4.17) we can rewrite it as

Ṽ =
ET

4

(
ET − 2V

)
, (8.4.19)

which actually shows a profound analogy with the single particle case
(8.3.5).
Note in particular that following the ` → `

2 rescaling of our theory the
perturbation itself gets tuned down by a factor 2.

8.5 Non-commutative quantum harmonic oscillator

To conclude this thesis, we want to apply all the considerations and results
obtained in this chapter to one of most important example of multi-particle
system in physics, that is the harmonic oscillator.
Let us consider then two particles of equal mass m interacting through an
harmonic potential9 V = mω2xR2.

9The abscence of the typical 1
2 factor should not worry: it essentially matches our

definitions of PR and xR. In general one can always imagine this external factors being
absorbed by ω.
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We assume of course that both particles symmetries are that of the κ-
Bargmann algebra defined in (8.2.8), and that, for the reasons explained in
the previous section, we can neglect the relative energy between the two
particles at the first order in `, that is `ER ≈ 0.
In order to solve the Schrödinger equation (8.4.16) by means of the per-
turbation theory (8.3.6), we first need to recall the standard quantum me-
chanics solution of this problem.
For the sake of simplicity we suppose that both particles live in a box of
length L.
The classic Schrödinger equation

H0ψ =

(
PT2

4m
+

PR2

4m
+ mω2xR2

)
ψ (8.5.1)

can be separeted between its total and relative part H0 = HT
0 + HR

0 .
As a consequence, the zero order eigenstates of the system are of the form
ψ
(0)
m,n
(
xT, xR) = ψ

(0)
m
(
xT)ψ

(0)
n
(
xR), where ψ

(0)
m
(
xT) are the eigenstates of

the free-particle in a box problem and ψ
(0)
n
(
xR) are the harmonic oscilla-

tor’s ones. Explicitly

|m(0)〉 |n(0)〉 = 1√
2n−1n!L

(
2mω

πh̄

) 1
4

sin
mπ

L
xTe−

2mω
2h̄ xR2

Hn

(√
2mω

h̄
xR

)
(8.5.2)

with eigenvalues

E(0)
mn = E(0)

m + E(0)
n =

π2h̄2

2mL2 m2 + h̄ω

(
n +

1
2

)
, (8.5.3)

where Hn (x) are the Hermite polynomials (8.3.11).
The perturbation is given by

Ṽ =
H0

4
(H0 − 2V) , (8.5.4)

therefore we can express the deformed eigenvalues of our non-commutative
problem as

Emn = E(0)
mn +

`

4
E(0)

mn 〈(m, n)(0)|H0 − 2V |(m, n)(0)〉

= E(0)
mn +

`

4
E(0)

mn 〈(m, n)(0)|HT
0 + HR

0 − 2V |(m, n)(0)〉 .
(8.5.5)
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We know from the single particle case (8.3.18) that

〈(m, n)(0)|HR
0 − 2V |(m, n)(0)〉 = 〈n(0)|HR

0 − 2V |n(0)〉 = 0 (8.5.6)

whereas

〈(m, n)(0)|HT
0 |(m, n)(0)〉 = 〈m(0)|HT

0 |m(0)〉 = E(0)
m , (8.5.7)

thus in conclusion the eigenvalues are

Emn = E(0)
mn

(
1 +

`

4
E(0)

m

)
=

[
π2h̄2

2mL2 m2 + h̄ω

(
n +

1
2

)](
1 + `

π2h̄2

8mL2 m2

)
.

(8.5.8)

Note that, contrarily to the single particle harmonic oscillator case, the
internal energy E(0)

n gets deformed on his own, namely

En = E(0)
n

(
1 +

`

4
E(0)

m

)
. (8.5.9)

What’s interesting about this is that the deformation is enforced by the
center of mass motion, in a sense.
This reflects the common property of two particle systems we highlighted
throughout this thesis, that is the intricated relation between the center of
mass motion and the relative motion seemingly brought up by the κ-non-
commutativity of space-time.
In turn, in standard quantum or classical mechanics the relative motion
and the total motion are generally completely independent.
To conclude this analysis, we need only to find the perturbated solution of
the Schrödinger equation.
By using the single particle results in section 8.3 this is actually quite easy.
Indeed we just need to compute the matrix elements of the perturbation
Ṽlm,kn, but it’s immediate to realize that Ṽ can’t connect states with differ-
ent l 6= m quantum numbers.
Therefore we are left with

Ṽkn =
1
4

[
E(0)

m + h̄ω

(
k +

1
2

)] (
E(0)

m − 2 〈k(0)|V |n(0)〉
)

. (8.5.10)
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We have already found the last matrix elements in (8.3.18); the resulting
deformed eigenstates are

|m, n〉 = |m(0)〉
(
|n(0)〉+ `

2
dm,n−2 |(n− 2)(0)〉 − `

2
dm,n+2 |(n + 2)(0)〉

)
(8.5.11)

with deformation factors

dm,n−2 =
h̄ω

8

[
E(0)

m

h̄ω
+

(
n− 3

2

)](
2E(0)

m

h̄ω
−
√

n (n− 1)

)
,

dm,n+2 =
h̄ω

8

[
E(0)

m

h̄ω
+

(
n +

5
2

)](
2E(0)

m

h̄ω
−
√
(n + 1) (n + 2)

)
.

(8.5.12)

Note that for m = 0 (i.e. the minimal energy level for the center of mass
motion), this factors are equal to the single particle ones in (8.3.21), that is
d0,n±2 = dn±2.
Thus, as expected, the deformation shows a typical `

2 rescaling compared
to the single particle case.
We can then imagine that for a given number N of interacting particles we
would have an `

N deformed quantum mechanics.
This is undoubtly a nice result in a purely soccer-ball problem perspective:
it shows how this inconsistency naturally fades away on a macroscopic
scale on a very practical and physical level, not only on the abstract algebra
realm we analyzed in the rest of this thesis.
Howewer, the fact that the deformation effects predicted by our general-
ized quantum theory are smaller and smaller when the systems involved
are larger and larger makes it very difficult for us to observe them, even
without taking into account the smallness of the deformation scale ` itself.
As of today, the most promising hopes of actually observe the deformed
physics forecasted by the DSR theories (or, more in general, Lorentz viola-
tions [70–74]) come from the analysis of astrophysical events10, for instance
Gamma Ray Bursts [77–79], where exceptionally high energetic particles
are emitted.
As many authors believe, these phenomena can produce particles (pho-
tons, neutrinos etc) with energy so extremely high that, during the very

10See [75, 76] instead for some nuclear physics inspired experimental proposals and
reviews.
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long travel time from the source to the earth, the deformation effects may
add up and actually become observable11.
In a sense, since these particles can be mostly considered as free, this
would be merely related to a κ-Poincaré single particle physics.
Here instead, we can advance the idea of searching for these effects in the
study of many-particle systems, even though, as aforementioned, this can
prove to be even more difficult.

11To be more precise, the κ-Poincaré-based DSR theories predict a κ-dependence be-
tween the speed of particles and their energy. In particular two particles produced at the
same time from a very distant astrophysical event should arrive on earth with some small
delay, if their starting energies are different to begin with. Most importantly, this effect
may occour even if the particles are both massless, in contrast with the special relativ-
ity prescriptions [80, 81]. The likelihood for this time delay to be measurable depends of
course from the distance of the source and the actual magnitude of the deformations.



Chapter 9

Summary and outlook

The main goal of this work was to present a solution to the soccer-ball
problem in 1+1-dimensions through the definition and the analysis of the
formal properties of a two identical particle system.
As a first attempt we tried to follow a purely κ-Poincaré inspired route,
defining the generators of the total symmetry algebra as prescribed by the
coproducts of the single particle ones in (3.1.1).
We showed that the center of mass coordinates of the composite system
have to be accordingly deformed in order for them to be actually consistent
with the translation generators, and as expected we found that these novel
coordinates satisfy a κ-Minkowski commutator.
Since the deformation parameter resulting from this approach does not
rescale with the number of particles involved, we concluded that the κ-
Poincaré composition of momenta can’t be adopted as the total momen-
tum of a composite system.
Then we noted that the standard non-deformed center of mass coordi-
nates satisfy a 2κ-Minkowski commutator, so that the deformation length
` rescales to `

2 for a two particle system (and in general to `
N for an N-

particle system).
We then proposed two different sets of translation and boost generators
in chapters 4 and 6, divided in a total subset and a relative subset, both
compatible with this fundamental observation.
While emphasizing the weaknesses and the strengths of these two pro-
posal, in each case considered we stressed the nice rescaling behaviour
they both provide in relation to the soccer-ball problem.
Moreover, we highlighted the novel role played by the relative energy in
the non-commutative realm, finding a deep and unprecedented connec-
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tion between the center of mass motion and the relative motion of the
systems under consideration.
Finally in the last chapter we presented a first preliminary exploration
on the possibility of building interaction theories, i.e. deformed quantum
mechanics, in the non-commutative framework.
To do so, we briefly discussed the so-called contraction procedure, empha-
sizing some of the criticity one has to deal with when applying it to the
κ-Poincaré algebra.
In particular by sending the speed of light c → ∞ (that is the same as
considering particles with small velocities) we found the galilean limit of
the κ-Poincaré algebra, i.e. the κ-Galilei algebra.
In order to write down a generalized Schrödinger equation we then intro-
duced a possible, easiest, central extension of this κ-Galilei algebra at the
first order in `, that is the κ-Bargmann algebra (8.2.8).
This allowed us to study the non-commutative harmonic oscillator prob-
lem by treating the additional `-deformation terms as a small perturbation
in section 8.5.
We decided there to work in a low relative energy `ER ≈ 0 approxima-
tion in order to write down both the two particle algebra and the actual
Schrödinger equation in total safety. Additional terms should of course
appear if one was able to operate outside this approximation, as they
could come out from a more general definition of the κ-Bargmann algebra.
Howewer, they would merely result in additional corrections in the per-
turbation theory, thus we can at least claim that the ones we presented are
a correct round of first deformation of the standard quantum mechanics
results.
Aside from a purely accademical interest, it’s important to stress that
this last exploration could also help the experimental research around the
space-time non-commutativity.
In fact, for instance, the `-corrections predicted by our harmonic oscillator
toy model are in principle observable, even though they are incredibly
small. More sophisticated models may have more luck in probing this
new testing ground.
To conclude this thesis, we find useful to make a final consideration about
an evident but at the same time non trivial consequence of our proposals,
that is the non-universal relativistic flavor they naturally embody.
To put it simple, our work leads us to believe that different systems, or
even different particles, may be governed by different deformations of
relativistic kinematics [17, 18].
This is extremely different from the special or galilean relativity case we’re
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used to, where the Poincaré algebra or the Galilei algebra respectively
universally control the relativistic symmetries of all particles in the same
way.
At first glance, although in a very preliminary sense, the deformation
scales dictating different relativistic properties for different systems seem
to be inversely proportional to the masses of the systems themselves (see
section 7).
At the same time a possible dependence on other quantum numbers,
which commonly are not encoded in the symmetry algebra, such as the
particles spin can’t be excluded.
In order to shed more light on these questions the next step may then be to
fully generalize the results of this thesis to the case of an arbitrary number
of non-identical particles, as well as better understand the role played by
the relative energy ER in the κ-Poincaré non-commutative realm.



Appendix A

Explicit derivation of the
pregeometric algebra
commutators

In this appendix we want to explicity compute the commutators between
boost and translation generators of the pregeometric algebra in chapter 6.
We will use intensively the formal properties of the external parameters
(6.4.2), in particular the commutation relations they obey together with the
boost generators NT and NR, i.e. Eqs. (6.4.15) and (6.4.17).
Let us then start with the commutator between NT and PT

1 :

[
NT, PT

1

]
=
[

NT, f
(

πR
0

)
PA

1 + f
(
−πR

0

)
PB

1

]
. (A.1)

We can make use of the results mentioned above to write

[
NT, PT

1

]
= i

`

4
f
(

πR
0

)
f
(
−πR

0

)
PR

1
1

f
(
πR

0

) (PT
1 + PR

1

)
+ i f 2

(
πR

0

)(1− e−2`PA
0

2`
− `

2
PA

1
2
)

− i
`

4
f
(

πR
0

)
f
(
−πR

0

)
PR

1
1

f
(
−πR

0

) (PT
1 − PR

1

)
+ i f 2

(
−πR

0

)(1− e−2`PB
0

2`
− `

2
PB

1
2
)

,

(A.2)
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that is[
NT, PT

1

]
= i

`

4
PR

1

[
f
(
−πR

0

) (
PT

1 + PR
1

)
− f

(
πR

0

) (
PT

1 − PR
1

)]
+

i
2l

[
f 2
(

πR
0

) (
1− e−`PT

0 e−`PR
0

)
+ f 2

(
−πR

0

) (
1− e−`PT

0 e`PR
0

)]
− i

`

8

[(
PT

1 + PR
1

)2
+
(

PT
1 − PR

1

)2
]

.

(A.3)

Using the properties (6.4.4) and (6.4.5) of the external factors we can sim-
plify this expression as

[
NT, PT

1

]
= i

`

2
PR

1

(
PR

1 − tanh
`

2
πR

0 PT
1

)
− i

`

4
PT

1
2 − i

`

4
PR

1
2

+
i

2l

[
f 2
(

πR
0

) (
1− e−`PT

0 e−`PR
0

)
+ f 2

(
−πR

0

) (
1− e−`PT

0 e`PR
0

)]
.

(A.4)

The last term can be written as

1
cosh2 `

2 πR
0

[
e`πR

0 + e−`πR
0 − e−`PT

0

(
e`(PR

0 −πR
0 ) + e−`(PR

0 −πR
0 )
)]

, (A.5)

that is

1
cosh2 `

2 πR
0

[
2 cosh `πR

0 − 2e−`PT
0 cosh `

(
PR

0 − πR
0

)]
. (A.6)

Since

cosh `
(

PR
0 − πR

0

)
= cosh `PR

0 cosh `πR
0 − sinh `PR

0 sinh `πR
0 , (A.7)

equation (A.6) can be revaluated as

2
cosh2 `

2 πR
0

[(
1− e−`PT

0 cosh `PR
0

)
− sinh `πR

0 e−`PT
0 sinh `PR

0

]
, (A.8)

i.e.

2
(

1 + tanh2 `

2
πR

0

)(
1− e−`PT

0 cosh `PR
0

)
− 4 tanh

`

2
πR

0 e−`PT
0 sinh `PR

0 . (A.9)
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Putting all of this together we conclude that our commutator is

[
NT, PT

1

]
= i

[(
1 + tanh2 `

2
πR

0

)
1− e−`PT

0 cosh `PR
0

`

− 2 tanh
`

2
πR

0
e−`PT

0 sinh `PR
0

`
− `

4
PT

1
2

− `

2
tanh

`

2
πR

0 PT
1 PR

1 +
`

4
PR

1
2
]

.

(A.10)

Let us then move on with the commutator between NR and PT
1 , that is

[
NT, PR

1

]
=
[

NT, f
(

πR
0

)
PA

1 − f
(
−πR

0

)
PB

1

]
=
[

NT, f
(

πR
0

)]
PA

1 + f 2
(

πR
0

) [
NA, PA

1

]
−
[

NT, f
(
−πR

0

)]
PB

1 − f 2
(
−πR

0

) [
NB, PB

1

]
.

(A.11)

Proceeding exaclty as before, we write[
NT, PR

1

]
= i

`

4
f
(

πR
0

)
f
(
−πR

0

)
PR

1
1

f
(
πR

0

) (PT
1 + PR

1

)
+ i f 2

(
πR

0

)(1− e−2`PA
0

2`
− `

2
PA

1
2
)

+ i
`

4
f
(

πR
0

)
f
(
−πR

0

)
PR

1
1

f
(
−πR

0

) (PT
1 − PR

1

)
− i f 2

(
−πR

0

)(1− e−2`PB
0

2`
− `

2
PB

1
2
)

= i
`

4
PR

1

[
f
(
−πR

0

) (
PT

1 + PR
1

)
+ f

(
πR

0

) (
PT

1 − PR
1

)]
+

i
2l

[
f 2
(

πR
0

) (
1− e−`PT

0 e−`PR
0

)
− f 2

(
−πR

0

) (
1− e−`PT

0 e`PR
0

)]
− i

`

8

[(
PT

1 + PR
1

)2
−
(

PT
1 − PR

1

)2
]

.

(A.12)
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We can now make use of properties (6.4.4), (6.4.5) again to find

[
NT, PR

1

]
= i

`

2
PR

1

(
PT

1 − tanh
`

2
πR

0 PR
1

)
− i

`

2
PT

1 PR
1

+
i

2l

[
f 2
(

πR
0

) (
1− e−`PT

0 e−`PR
0

)
− f 2

(
−πR

0

) (
1− e−`PT

0 e`PR
0

)]
.

(A.13)

The term in parentheses can be explicitly written as

1
cosh2 `

2 πR
0

[
e`πR

0 − e−`πR
0 + e−`PT

0

(
e`(PR

0 −πR
0 ) − e−`(PR

0 −πR
0 )
)]

, (A.14)

that is

1
cosh2 `

2 πR
0

[
2 sinh `πR

0 + 2e−`PT
0 sinh `

(
PR

0 − πR
0

)]
. (A.15)

Since

sinh `
(

PR
0 − πR

0

)
= sinh `PR

0 cosh `πR
0 − cosh `PR

0 sinh `πR
0 , (A.16)

equation (A.15) can be revaluated as

2
cosh2 `

2 πR
0

[
sinh `πR

0

(
1− e−`PT

0 cosh `PR
0

)
+ cosh `πR

0 e−`PT
0 sinh `PR

0

]
, (A.17)

and finally simplified as

4 tanh
`

2
πR

0

(
1− e−`PT

0 cosh `PR
0

)
+ 2

(
1 + tanh2 `

2
πR

0

)
e−`PT

0 sinh `PR
0 . (A.18)

Thus in conclusion

[
NT, PR

1

]
= i

[(
1 + tanh2 `

2
πR

0

)
e−`PT

0 sinh `PR
0

`

+ 2 tanh
`

2
πR

0
1− e−`PT

0 cosh `PR
0

`

− `

2
tanh

`

2
πR

0 PR
1

2
]

.

(A.19)
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The next commutator we want to compute is the one between NR and PT
1 ,

which we expect to be actually quite similar to the one we just evaluated:

[
NR, PT

1

]
=
[

NR, f
(

πR
0

)
PA

1 + f
(
−πR

0

)
PB

1

]
=
[

NR, f
(

πR
0

)]
PA

1 + f 2
(

πR
0

) [
NA, PA

1

]
+
[

NR, f
(
−πR

0

)]
PB

1 − f 2
(
−πR

0

) [
NB, PB

1

]
.

(A.20)

Let us proceed as usual by calculating

[
NR, PT

1

]
= i

`

4
f
(

πR
0

)
f
(
−πR

0

)
PT

1
1

f
(
πR

0

) (PT
1 + PR

1

)
+ i f 2

(
πR

0

)(1− e−2`PA
0

2`
− `

2
PA

1
2
)

− i
`

4
f
(

πR
0

)
f
(
−πR

0

)
PT

1
1

f
(
−πR

0

) (PT
1 − PR

1

)
− i f 2

(
−πR

0

)(1− e−2`PB
0

2`
− `

2
PB

1
2
)

,

(A.21)

that is

[
NR, PT

1

]
= i

`

2
PT

1

(
PR

1 − tanh
`

2
πR

0 PT
1

)
− i

`

2
PT

1 PR
1

+
i

2l

[
f 2
(

πR
0

) (
1− e−`PT

0 e−`PR
0

)
− f 2

(
−πR

0

) (
1− e−`PT

0 e`PR
0

)]
.

(A.22)

Since the terms in parentheses are the same ones as in equation (A.13), we
conclude that
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[
NR, PT

1

]
= i

[(
1 + tanh2 `

2
πR

0

)
e−`PT

0 sinh `PR
0

`

+ 2 tanh
`

2
πR

0
1− e−`PT

0 cosh `PR
0

`

− `

2
tanh

`

2
πR

0 PT
1

2
]

.

(A.23)

The last commutator of this kind is
[
NR, PR

1

]
, i.e.

[
NR, PR

1

]
=
[

NR, f
(

πR
0

)
PA

1 − f
(
−πR

0

)
PB

1

]
=
[

NR, f
(

πR
0

)]
PA

1 + f 2
(

πR
0

) [
NA, PA

1

]
−
[

NR, f
(
−πR

0

)]
PB

1 + f 2
(
−πR

0

) [
NB, PB

1

]
.

(A.24)

We then write

[
NR, PR

1

]
= i

`

4
f
(

πR
0

)
f
(
−πR

0

)
PT

1
1

f
(
πR

0

) (PT
1 + PR

1

)
+ i f 2

(
πR

0

)(1− e−2`PA
0

2`
− `

2
PA

1
2
)

+ i
`

4
f
(

πR
0

)
f
(
−πR

0

)
PT

1
1

f
(
−πR

0

) (PT
1 − PR

1

)
+ i f 2

(
−πR

0

)(1− e−2`PB
0

2`
− `

2
PB

1
2
)

,

(A.25)

and finally

[
NR, PR

1

]
= i

`

2
PT

1

(
PT

1 − tanh
`

2
πR

0 PR
1

)
− i

`

4
PT

1
2 − i

`

4
PR

1
2

+
i

2l

[
f 2
(

πR
0

) (
1− e−`PT

0 e−`PR
0

)
+ f 2

(
−πR

0

) (
1− e−`PT

0 e`PR
0

)]
.

(A.26)
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We already know the last term from the commutator between NT and PT
1 ,

therefore

[
NR, PR

1

]
= i

[(
1 + tanh2 `

2
πR

0

)
1− e−`PT

0 cosh `PR
0

`

+ 2 tanh
`

2
πR

0
e−`PT

0 sinh `PR
0

`
+

`

2
PT

1
2

− `

2
tanh

`

2
πR

0 PT
1 PR

1 −
`

4
PR

1
2
]

.

(A.27)

This concludes the derivation of the commutators between boost and trans-
lation generators of the pregeometric algebra.
It’s important to note that the limit `πR

0 → 0 can’t be taken as it is in these
formulas.
In fact we made intensively use of the commutators between NT, NR and
the pregeometric factors f

(
±πR

0
)

in order to perform these calculations,
but these commutators are trivially zero in that regime.
Howewer it’s immediate to recognize that in the same limit the boost gen-
erators NT and NR (and the translation generators as well) can be simply
written as the linear sum or difference of the single particle ones, thus we
recover the algebra and coalgebra we already found out in chapter 4.
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