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Abstract

In a classical distributed framework, we present a novel distributed observer for genuinely nonlinear continuous-time plants.
A network of sensors monitors a multiple-outputs plant. Each sensor measures only a portion of the plant’s outputs and the
sensing capability is different from sensor to sensor. The assumption of strongly connected digraph on the underlying sensor
network ensures robustness and direct communication paths between nodes. Moreover, incremental homogeneity assumptions
on the plant embrace a very large class of nonlinear systems for which a distributed observer can be designed. The distributed
observer consists of local observers associated with each sensor, asymptotically estimating the entire state of the plant only
by using the local sensing capability and information exchanged through the communication network. Numerical simulations
on a network of interconnected Van Der Pol oscillators confirms theoretical results. Robustness and switching topologies are
also discussed and suitable modifications of the distributed observer are proposed.
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1 Introduction

The distributed state estimation has received an increas-
ing attention and up-to-date it has been addressed with
different approaches. Such attention is motivated by the
feeling that, in many practical engineering systems, not
a sufficient number of measurements can be made at
a single location to give an asymptotic estimate of the
plant state and the use of centralized techniques could
be expensive or unfeasible. Loosely speaking, the frame-
work of the distributed estimation problem considers a
multiple-outputs plant monitored by a network of sen-
sors. Each sensor measures only a portion of the output
vector and the sensing capability is different from sensor
to sensor. The main problem is to design a distributed
observer associated with the sensors network, which es-
timate asymptotically the entire state of the plant only
by the use of the local measurements and estimations
exchanged over the communication network. The main
challenge is represented by the local lack of observability
of the main plant, i.e. from the sensor’s perspective the
plant is not observable. This implies that classical ob-
server design techniques cannot be applied directly for
each sensor. In the last decade different distributed tech-
niques have been introduced, an overview of which can
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be found in [13]. There is a growing number of results in
the observer-based design for both discrete and continu-
ous time plants. The state of the art relies mostly on the
joint (or collective) observability of the main plant and
the definition of asymptotic omniscience in [16]. Such
definition formalizes the general concept of agreement
(or consensus) previously used in e.g. [14] to refer to an
asymptotic decay of the estimation error in a distributed
framework.

Distributed observers achieving asymptotic omniscience
for discrete LTI systems are studied in [10]{13]. A stand-
ing result is represented by [13] where authors have de-
termined necessary and sufficient conditions for the exis-
tence of a reduced-order distributed observer satisfying
certain scalability conditions. It should be noted that in
this approach a sort of joint observability is addressed
as observability by a set of source component represen-
tative nodes. In [10] a distributed observer is provided,
extending the idea of the Kalman observable canonical
decomposition to a setting with multiple sensor.

Another interesting approach [1] concerns the decen-
tralized observability of a network, where methods and
conditions on underlying graph is investigated to ensure
joint observability even relatively to a subset of sensors.

For continuous-time results, the joint observability cov-
ers a crucial aspect in the design. Inspired by [16],
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[19, 8, 3, 21] provide conditions for the existence of
omniscience-achieving Luenberger observers for contin-
uous LTT plants with different underlying graphs. The
procedure in [3], [8] relies both on orthogonal transfor-
mation which led to a Kalman decomposition. Moreover,
in [3] strongly connected digraphs are handled with
graph mirroring [15] while observer gains are computed
by solving LMIs. In [19] the distributed stabilization
problem has been accounted for LTI plants with a num-
ber of network topologies. Our previous work [9] studies
the problem of achieving the asymptotic omniscience
for nonlinear feedback linearizable systems, introducing
the notion of semi-global omniscience (i.e. compact set
of state trajectories to be estimated) and a semi-global
omniscience-achieving observer is designed.

Robustness issues are discussed for linear models in [18]
with Lo disturbances by using a Ho approach and re-
siliency to faults and attacks in [4] and [11] (with small
delays). Time-varying topologies are considered for lin-
ear models in [18] (Markov-type switchings) and in [22]
(deterministic-type switchings) with no disturbances: it
is proved that if the dwell time of the switching law (i.e.
the time interval between each switching and the next
one) is long enough it is alway possible to obtain omni-
science (in quadratic mean sense, wherever it applies).

In this paper we present a new class of omniscience-
achieving observers for nonlinear systems under very
general assumptions. We allow the presence of incremen-
tal homogeneous nonlinearities in the system’s dynam-
ics and its outputs. The systems we consider in this pa-
per include a large class of nonlinear systems not lim-
ited to globally Lipschitz, lower /upper triangular or ho-
mogeneous systems. Moreover, the plant’s dynamics is
assumed to be bounded, which is reasonable even in a
non-distributed context. As well as [13, 3, 9], we assume
joint (or collective) observability of the plant. We bor-
row the definition of asymptotic omniscience from [13]
and the distributed framework from [3], in particular we
assume strongly connected and directed graphs on the
underlying sensor network. Also, the present work gen-
eralizes in many directions our preliminary results in [9].
The novelty of our distributed observer is its nonlinear
structure, which is introduced to cope with the nonlin-
earities of the plant.

Next we focus our attention on the robustness issue by
introducing in the model Ly, (i.e bounded time-varying)
disturbances: we prove how to modify our distributed
observer to take into account uncertainties/faults mod-
eled by the disturbances. In this case, we formulate a
robust version of the omniscience problem and under
some conditions on the nonlinearities/uncertainties of
the model, we prove that it is possible to achieve robust
omniscience. Robust omniscience allows for a maximum
tolerated estimation error (given by the designer) at each
node (see [4], [11] for comparisons). Lo disturbances may
be also taken into account by modifying the distributed

observer according to a classical Ho, approach. Our fur-
ther contribution is to consider also time-varying topolo-
gies (changes in neighbors, in the number of assigned
data packets per node and so on) and give conditions on
the dwell time of the switching law under which a suit-
able modification of our distributed observer achieves
robust omniscience (see [22], [18] for comparisons).

2 Notation

(N1) R™ (resp. R™"*"™) is the set of n-dimensional real col-
umn vectors (resp. n X p matrices). Rs (resp. RZ, RZ*?)
denotes the set of real non-negative numbers (resp. vec-
tors in R™, matrices in R™*P, with real non-negative
entries). R. (resp. RZ) denotes the set of real positive
numbers (resp. vectors in R™ with real positive entries).
(R™)* is the dual space of R™ (space of row vectors).

(N2) For any matrix A € RP*"™ we denote by A, ; or
[A]; ; the (i, j)-th entry of A and for any vector v € R™
we denote by v; the i-th element of v. Also, we may write
vectors v € R™ as (vq,...,v,)7, vectors w € (R™)* as
(wi, ..., wy,) and matrices A € R¥*™ ag A = [vy,...,0,]
(i.e. by columns) or A = [w],...,wT]T (i.e. by rows).
Tr{A} denotes the trace of A € R"*"™. Moreover,

AL 0
diag{A®M, ... A} = L
0o ... AM

where AY) is any matrix and the 0 blocks have suitable
dimensions. We retain a similar notation for functions.
Also, |a| denotes the absolute value of a € R, |al| denotes
the euclidean norm of a € R™ with ||la| s := VaT Ma, M
positive semi-definite matrix, |A| denotes the norm of
A e R™ " induced from the euclidean norm | - |.

(N3) K denotes the set of continuous functions f : Ry —
R strictly increasing and such that f(0) = 0, Ko, de-
notes the set of functions f € K such that f(s) — +o0
as s — +00.

(N4) A saturation function oy, with saturation levels
h e R is a function oy (z) := (o, (z1), ..., 0n, (za))T,
x € R™, such that for each i =1,...,n and z; € R:

on (i) = {

sign(z;)h; otherwise.

|.7Jl| < hy

1)

It is easy to prove that |op, (@}) — op, (2])| < 2|op, (2] —
z)| and |op, (z})| < h; for each h; > 0 and for all 2}, z7 €
R

(N5) For € € R, the group of dilations G = (€, ¢) is the
set of elements €' := (e*,...,e)T € R", v € R", with
group operation e o = e and identity element
1:=(1,...,1)7T (or 1, if we want to stress the dimension
of the vector).



Also, we define the e*—dilation of v € R™ as the left group
action o on R™ defined as €* o v = (¢1vy, -+, v,)T.
Similarly, we define the e*—dilation of w € (R™)* as
the right group action ¢ on (R™)* defined as w ¢ €' =
(e 1wy, -+, € wy,).

By extension, we can define the left e*—dilation of A =
[v], ..., vl € R™** as the left group action o on R™**
defined as €t o A = [e"v] ... envl]T and the right
e*—dilation of A = [vy,...,v,] € R®*"™ as the right group
action ¢ on R**™ defined as A ¢ €* = [ vy, -, e v, ].
Properties are given in the appendix.

(N6) for any vectors z,y € R™ we write z < y if and
only if z; < y; for all i = 1,...,n. We retain the same
notation for matrices A, B € R"*": A < B if and only if
Aij < Bij for all Z,j = 1,...,?1.

3 The structure of the network

In this paper we consider weighted graphs denoted by
G = WN,E A), N is a finite nonempty set of nodes,
& = N x N is an edge of ordered pairs of nodes, and A €
RY*N denotes the adjacency matrix, with N the cardi-
nality of N (we will identify A with the set {1,...,N}).
The (i, j)-th entry A; ; is the weight associated with the
edge (4,7). We have A; ; # 0 if and only if (z,5) € £.
Otherwise A; ; = 0. An edge (¢,j) € £ means that the
information flows from node i to node j. A graph is said
to be undirected if it has the property that (i,j) € € =
(j,i) € € for all i, j € N; otherwise, we will say that the
graph is directed. We will assume that the graph is sim-
ple, i.e. A;; = 0 for all i € V. For an edge (4, j) node j
is a neighbor of node i. A directed path from node i; to
node 4; is a sequence of edges (i, ix+1), k = 1,2,...,1—1.
A directed graph G is strongly connected if between any
pair of distinct nodes i and j in G, there exists a directed
path from i to 4, 4, j € NV. In this paper we assume that
the graph G is strongly connected.

The Laplacian £ € RN*N is defined as £ := M — A
where the i-th diagonal entry of the diagonal matrix M
is given by m; = Zjvzl A; ;. By construction £ has a zero
eigenvalue with an associated eigenvector 1y (i.e. such
that L1y = 0) and if the graph is strongly connected
all the other eigenvalues lie in the open right-half com-
plex plane. For strongly connected graphs G it is pos-
sible to find a diagonal positive definite matrix D with
positive elements such that £ = DL + £T D is positive
semi-definite (see lemma B.1). The matrix DL is the
Laplacian of the balanced digraph obtained by adjust-
ing the weights in the original graph. The matrix L is
the Laplacian of the undirected graph obtained by tak-
ing the union of the edges and their reversed edges in
this balanced digraph. This undirected graph is called
the mirror of this balanced graph.

4 The class of systems, problem statement and
main assumptions

We consider continuous-time nonlinear systems:
By = Az + ¢(2), yr = Cap +P(2),t = 0, (2)

with state x; € R, measurements y; € R? and (C, A)
observable. We assume that ¢ and 1 are locally Lipschitz
and A, C of the form

A = diag{AW ..., AN} C = diag{CV),...,CcM)},
AD = diag{A(i’l)7 .. ,A(i’p(i))}’
) = diag{C"D ... Cry, (3)

and AG) e R xn™) ang 06d) ¢ Rixnt™?

the form

having

01 0--- 0
AT — ; 0 0 ,C(i’j)z(l 0--- 0),
0 0 0--- 0

. (2) ..
with 3 p® = pand 3V Y0 9 = n. We define
also the following set of indexes, used in our assumptions:

p(

S={p0 e N:plr) = 3 p019) 1 37§ ),
j=1 i=1j=1
r=0,...,N—1,s=1,... pr+d}, (4)

This is the set of indexes which correspond to the last
row of each A7) in A. Accordingly, y and v (z) will be
partitioned as

y:[y(l)T, MR y(N)T]T7 ,(/J('r) = [1/)(1),1—(‘11)7 A 7w(N)7Ex)]T'

and C by block rows as
o=[HW, . g™ (5)

(i.e. H® represents the i-th block row of C': in our analy-
sis we use this block decomposition of C' rather than the
one in (3) which is introduced only for defining precisely

the block structure of C). Here, the portion 3y € RP®
is assumed to be the only information that can be pro-
cessed by the node i. By assumption the pair (C, A) is
observable (joint or collective observability) while each
pair (C®, A) separately is not observable (local unob-
servability). For clarity, throughout the paper subscripts
; will be always associated to components of vectors or
functions and superscripts (¥ will be associated to node
variables.



4.1  Comments on the class of systems

For a linear system z; = Jz;, yr = Wz, with full row
rank matrix W and (W, J) observable, there exists a
change of coordinates x = Tz for which in the new co-
ordinates we have

&y = (A+ BF)xy, yi = Cuy, (6)

where (C, A) is as in (3), B is

B = diag{BW,... BM}, (7)
B® = diag{BG:V), .. B2
B = (0 0 DT err" X1

and F' € RP*™ ((6) is an observable canonical form for
a linear multi-output system). The system (6) has the
form (2) with ¢(x) = BFx and ¢ (z) = 0. Therefore,
there is no loss of generality in considering the system
in the form (2) (dumping the system nonlinearities in
¥ and ¢). The model (2) is enough general to include
many nonlinear systems with observable linearization
(in particular, globally Lipschitz systems when ¢(x) is
globally Lipschitz, triangular systems when ¢(z) has a
triangular structure, homogeneous systems when ¢(z)

is homogenous, Lur’e systems when ¢(z) = ¢(Cz) and
so on). The reason for considering preferred coordinates
for (2) is that in this coordinates it is possible to design
nonlinear observers using suitable assumptions on the
nonlinearities ¢ and . This is a crucial step in the design
of our distributed observer for (2) and for this reason
we consider preferred coordinates (2). More generally,
detectability of (C, A) in (2) can be taken into account by
decomposing (2) into observable (Co, Ap) (of the form
(3)) and unobservable (Cy, Ay ) subsystems and modify
accordingly the distributed observer.

Notice that in the form (2),(3) orthogonal matrices H "),
i =1,..., N, (the block rows of C in (5)) are required.
This corresponds to assuming no overlapping measure-
ments among nodes/sensors. In remark 5.1 we will point
out how to take into account a possible overlapping of
the measurements (i.e. y¥) and 3 for some j # i have
at least one component in common) in the design of the
distributed observer.

A more challenging (and more realistic) model than (2)
is

Ty = Axy 4+ ¢(xr,00), yr = Cwy + (g, 0y), (8)

0; € R® a (time-varying) bounded disturbance. The dis-
turbance §; models uncertainties of the system as well as
faults. Another way of modeling §; is as a (time-varying)
Lo (i.e. square integrable) disturbance (see for instance
[18]). We will consider (8) in section 6 for discussing ro-
bustness issues.

4.2 Distributed estimation problem formulation and
structure of the distributed observer

We will design a distributed nonlinear observer for the
system (2) with the given communication network G. Let
ge R” veRL vy,cee R, diagonal positive definite
D e RY*N and T' € R™*" be design parameters. The
distributed observer will consists of N local observers
and the local observer at the sensing node ¢ has the
following structure

5 (9) NG NG
i = A2 + 6 (000 (37)) (9)
Tr(D . i i . ~ (7
+#L(l)2t( ) +7P_1Kt( ) ieN, xé) =0,

X

with innovation process
29 42~ B3 40 (e

consensus term
(1) S (4) (1)
K" = Z Ai,j@tj — ") (10)
j=1

and matrices

LO.= p1EORO p.—(] — GAT)T e 26 (I — GAT),
G:=€e®oloe, RD:= H)(eToGo e_t)H(i)T, (11)

where () is the state of the local observer at the sens-
ing node ¢ and A; ; is the (7, 7) entry of the adjacency
matrix A of the given network G. Each local observer
uses the local innovation Z( (obtained from the partial
information y; available at the node) and exchanges its
state estimate with the state estimates of its neighbors.

The local observers are initialized at fcéi) := 0 but this
has been done only for simplicity (this restriction can be
easily relaxed: see remark 5.2).

Remark 4.1 The distributed observer (9) is such that
at each node the following information is processed: a lo-
cal information (the local information on the network,
the data packet y» processed at the sensing node and the
neighbor’s estimates £, (i,7) € £) and a global infor-
mation (the matriz D which, as it will be seen, defines the
Laplacian £ = DL + LT D of the mirror graph and the
parameters 7y, c,e and I' which rely on a perfect knowl-
edge of the system nonlinearities ¢(x) and (x) with a
consequent lack of robustness). However, by definition
(see lemma B.1) N = 1%, D1y = Tr(D) and 15, DL =0
which, by the structure of the Laplacian L, implies that
each D;;,1=1,...,N, depends on the number N of the
nodes and on the structure of the network around the node
i (i.e. how it is connected to its neighbors). Therefore, D; ;



in (9) is rather a local information while Tr(D) is equal
to the number N of nodes in the network. With regard to
the parameters v, c,e and I, in section 6 by considering
the uncertain model (8), we will modify the distributed
observer (9) in such a way that the parameters v,c, €
and T will depend on the system nonlinearities ¢(x,0)
and (z,0) which contain much less information than
@(x,0) and Y(x,d) and guarantee the robustness of the
distributed observer against disturbances/uncertainties 6
(distributed observer (43)).

The task of a distributed observer for (2) is to coopera-
tively estimate the state of the system (2). For a formu-
lation of our problem we will refer to the notion of om-
niscience introduced in [13] with a slight generalization
(the set C below is all the state space in [13]).

Definition 4.1 (Asymptotic Omniscience (relatively
to C = R™)): A distributed observer {#)};cnr achieves
asymptotic omniscience for (2) if for all the state trajec-

torieszy of (2) inC < R™ we havelim;_, 4 o ||§c§i)—xt|\ =0

for alli € N, i.e. the state estimate :%tz) at each node i
asymptotically converges to .

Given C ¢ R"™, asymptotic omniscience (relatively to C)
is guaranteed for all the trajectories x; in C (or for all
initial conditions ¢ in a smaller set Cg < C): in compari-
son with [13], this is a kind of semiglobal (relatively to C)
omniscience property. Global omniscience (C = R™) for
nonlinear systems will be not considered in this paper,
since it requires much stricter conditions on the nonlin-
earities.

4.8  Assumptions and main result

Our assumptions on the system (2) are the following (see
a review of various notions of incremental homogeneity
in appendix A).

(HO) (state boundedness): the state trajectories x; of
(2) are contained in some known compact set C < R",

(H1) (incremental homogeneity in the upper bound):
for some degrees g, § € R™ and weights v € RZ such that
for each j ¢ S

2941 — 95 < 05 < @), (12)
where g € R" is defined component-wise as follows

0i:=0i, 1€S5; 8i '=Tit1 —V — Git1, 1 ¢ 5, (13)
(i) ¢ is incrementally homogeneous in the upper bound

with quadruples {v,t + g,9, ®(z’,2")}, with ®(0,0) =
BF, B as in (7) and for some F € RP*™,

(i) CT4 is incrementally homogeneous in the upper
bound with quadruples {t,v — g,9,CTW¥(2',2")}, with
U(0,0) = aC and « € [0,1),

(H2) (uniform incremental homogeneity in the 0-limit):
¢ is uniformly incrementally homogeneous in the 0-limit
with triple {1,,1,, %(m’)m”} and CT4 is uniformly
incrementally homogeneous in the 0-limit with triple
{1,,1,,CT gcv’ (x")z"}.

The main result of this paper concerns the achievement
of (semiglobal) omniscience and it is stated as follows.

Theorem 4.1 Consider a network N described by a
directed strongly connected graph G and a system (2)
with (C, A) observable (collective observability). Given
a compact set C < R™ and under assumptions (HO)-
(H2) there exist €* > 1, diagonal positive definite I and
D and v, c € R. such that for all € > €* the distributed
observer {i:("’)}ie A over the given network N described
by (9) achieves asymptotic omniscience for (2) relatively
toC.

4.4 Comments on the assumptions on the system

Assumptions (HO)-(H1) are enough general for cop-
ing with genuinely nonlinear systems and were adopted
(with additional restrictive conditions) in [2] for design-
ing observers for a single-output nonlinear system with
observable linearization.

Assumption (HO) requires that the state trajectories of
(2) live for all times inside a known compact set C, which
means that we are restricting the set of initial conditions
2 to a known compact set Cg < C.

Assumption (H1) is met for a large class of nonlinear
systems (2), in particular any system (2) with either
one of: linear, globally Lipschitz, lower triangular, up-
per triangular or homogeneous ¢(z). Assumption (H1)
amounts to solve a set of algebraic inequalities in the
unknowns t € R? and g € R™ (see examples A.1 and
A.2 in appendix A). In particular, notice the conditions
®(0,0) = BF (the linearization of ¢(x) around 0 has
the form BFx: compare with the analogous term in (6))
and ¥(0,0) = aC with « € [0,1) (the linearization of
() around 0 has the form aCz with « € [0, 1), which
is a sector-like condition). For example

0
b(z) = —pay + u(f]rz(l — z7)

ary + bry — pwz + pry(l — 23)

(see section 8 for a more general example), with p, a, b >
0, satisfies (H1) with t;y = t3 = 1, t9 = t4 = 3 and



po(m # 00
a b op op)

Assumption (H2) is always satisfied for polynomial func-
tions ¢ and 1 and requires that small increments of ¢
and 9 from some given point x € C are uniformly (over
C) approximated by their linear approximation around
x.

A fact extensively used in the proofs of our results is
that, for € > 1, we can (lower and upper) bound the
action of a dilation €% on R™ as follows:

eminj{gi}ln <9 < emaxj{gi}ln. (14)

5 Proof of the main theorem

The rationale behind the proof of theorem 4.1 is the fol-
lowing. Consider the estimation error e resulting from
(2) and the N local observers (9) and change error coor-
dinates € in such a way to diagonalize the Laplacian L of
the mirror graph. Associated to the Laplacian we have a
potential P(é) = &7 Le. With a Lyapunov function V()

we obtain that the time derivative V(&) along the esti-
mation error trajectories is negative definite if the po-
tential P(é) is zero. In particular, it is equal to the time
derivative of a certain Lyapunov function along the error
trajectories between the state trajectories of (2) and the
estimate provided by a “centralized” observer (i.e. which
processes all the data packets of the network). Using this

and the fact that V(&) is quadratic in é for small € (by

(H2)), v in (9) is designed so that V(¢) is negative defi-
nite also for nonzero potential P(é). The parameters ¢, €
and T are designed on the “centralized” observer (using
(HO), (H1)). Asymptotic convergence of the estimation
error é follows from Lyapunov theorems.

5.1 The estimation error dynamics and convergence
properties

In this section we study some stability properties of the
estimation error system resulting from (2) and the N
local observers (9). Let the matrix D be selected as in
lemma B.1, i.e. D is diagonal positive definite such that
DL + LT D is positive semi-definite. Also, ¢ > 0 and
I' e R™*™ be selected as in lemma B.4 and pick ¢ € (0, ¢).
On account of (HO), we will assume that €5 > 1 have
been selected so that

Oeer(2) = @ Ve = €1, x € B(C) (15)

(B(C) is the closure of an open set B > C) in other
words the saturation o.. is not active on B(C). From
now on we consider € > €;. We also write for simplicity
o(-) instead of g (-) and for notational convenience
we use the following incremental operator A with any

fe COR™, R™): Af(x1,x2) == f(x1) — f(x2)-

If e := 2 — 2@ and e := ((eT, ..., (e™)]T on
account of (15), we have with the Kronecker product
formalism (and using the property (A; ®As)(B1®B3) =
(A1B1) ® (A2B3))

ér=(IN®A-Tr{D}D ' ®I1,)LQ) et—v(L R P e
+F(zy,e;) — TH{D}(D ™ @ I,) LQU (¢, e) (16)
with

L:=diag{LW ..., LM} Q:=diag{HV, ..., HN}17)

A(poo)(x,x — e(l))

F(x,e):=

A(¢poo)(z,z—ed)
AHOT YW 6 5) (2,2 — eD)

U(z,e): :
A(H(N)Tw(N) oo)(x,x — e(N))

Also, notice that on account of (H3), since by (15) and
compactness of C, for any compact set S < R™ we have:

A —e® )
lim max (poo)(z,a = re) aizs(J:)e(’) =0
A—0 zeC A ox
e(Mes
A(H(i)T1p(i) oo)(x,r — Ae®)
lim max ”
A0 zeC A
elies
1 ou® )
_HmT%(aj)e(z) _0.

for each i = 1,..., N. Therefore, if we define

0 0
oo, i=iog { 20), -+, S e
(1) (V)

we have the following useful property: for any N-tuple of
compact sets SM, ..., 8™ < R with S*V := SM) x
Cx (V)

Uo(z,€) ::diag{H(1

F
lim max M—Fo(x,e) =0
A0 weC A
eeS
U(x, A
lim max |2E2) ol —o. (18)
0 A




For any invertible R € R™™*"N and since R maps com-

pact sets into compact sets, we also have

F(xz,\Re)

)1\12%) max 3 — Fo(z,Re)|| =0
eeSXN
A
lim max Ula, ARe) _ Uo(z, Re)| = 0. (19)
A0 eeISEXCN A

Consider the following change of coordinates
e=(T®IL,)e (20)

where T € RV*N is an orthogonal matrix chosen as in
lemma B.2. In these new coordinates (16) reads out as

6= (T®IL)Ap(TT @ I,)é; — v(TLTT) @ P~1)é,
HT @ I,)F (m¢, (TT ®1,,)é;)
+Te{D}(TD™) ® 1) LQU (¢, (TT ® I,)é:) (21)

where we set

Ap = (INn® A—Tr{D}( D' ® I,)LQ) .

Now, consider a candidate Lyapunov function for (21)
Vie)=e'(T®L)D®P)(TT®1,)é. (22)

We want to prove that the derivative of V along the
trajectories of (21) is negative definite. Using (B.7) with
orthogonality of T' (lemma B.2) and the properties of
the Kronecker product

(TRL)(D®P)TT @ L,)(TLTT)@ P~")
+(TLT") @ P~ H(TT" @ IL)(D® P)|(TT ®1,,)
= [T(DL+L"D)TT|®1, = A® I,. (23)

From (21) and properties of the Kronecker product we
obtain

Vi = —veT (A® L) + 2["(TD ® P)Ap(TT @ I)¢
+e&"((TD)® P)F (z,(T" ® I,)¢) (24)
— Te{D}eT (T ® P)LQU (x, (TT ® I,)¢) ]

Introduce the set
F={eeRN . eT(A®I,)é =0}
and claim for a moment that

Ve e F\{0}, Vo e C = (25)
Wiz, é) = Q[éT(TD ® P)Ap(TT ® I,,)é

+ e"((TD)® P)F (2, (T" ® 1,)é)

— Te{D}eT (T ® P)LQU (x,(TT ® I,,)¢) ] <0

and, in addition,
vée F\{0}, Yz e C = (26)
Wolz,é) := Q[éT(TD ® P)Ap(TT @ I,)¢

+ e ((TD)® P)Fy (2, (T" ® I,,)¢é)

— Te{D}e" (T ® P)LQU, (x, (TT ® I,,)¢) ] <0.
Notice that by construction

N

p 2 LO g6 — CTC(etoGoe™)OTC (27)
j=1

and

HOEODT —0,vj £, (28)

Moreover, since A = diag{0, Ao, ..
-+ < Ay (lemma B.2), clearly

AN} with 0 < Mg <

éeFeé;=0j=2...,N.

On account of the above and since the first row of T is

\/Lﬁlfv (lemma B.2), it is straightforward to see that

Vée F,YreC = W(z,é) =

R (a, j}v) = 2(\%>TTY{D}P{EA - KC)%

+ Apoo) ( - m)

— KCA(C"4o0) <ww - \%) } (29)
and

Vee F,VxeC =

Wo(z,é) = RP) (x, %) = 2(%)TTr{D}P{(A — KC)
0 oY é1
+ L) - KCCT@TU(Q”)}TV (30)

where

K=P!'CT'R, P=(1-GAT") oo (I - GAT),
R=C(e*oGoe)CT (31)
and G as in (11). Therefore, our claim (25) boils down

to prove the existence of a centralized observer for (2)
having the form

39 2 439 4 4(a(219)) + K29 (32)



with innovation process Z\%) 1=y, — C#{9 —4) ( (!

?)
and matrices K, P and R as in (31) and G as in (11),
using a Lyapunov function V(é(9)) := Tr{D}e@)T pel9)
for the estimation error system with state é9) = z —
#(9) (this will be accomplished in section 5.2). At this
point, it comes into play the assumption of collective
observability, i.e.(C, A) is an observable pair.

On the other hand, our second claim (26) boils down to
prove for the system

. ¢ oo
mEL [A + axt(%)] xi(tL)a yt(L) = CiUEL) + aT:t(ff )ng)

(33)

(i.e. the system (2) linearized around its trajectory x)
the existence of a centralized observer having the form

- [A + ‘%(azt)] D) 4 g 70 (34)
(%ct

With innovation process Zt(L) = yt(L) - CiEL) -

(azt)zg ) and matrices K, P and R as in (31) and

G as in (11), using a Lyapunov function Vz(é(F)) :=
Tr{D}e)T PeL) for the estimation error system with
state () = z(1) — 2(1) (this will be accomplished in
section 5.3). Collective observability, plays a key role
also at this point.

Having in mind (25) and (26) and going back to (24),
we are in a position to arrange the right-hand part of
(24) to be negative definite with a suitable selection of
~v > 0. Indeed, both (25) and (26) are crucial for the
existence of v > 0 for which (24) is negative (the first, for
large values of the estimation error, the second for small
values). This is direct consequence of lemma B.3 with
Q:={e¢eR"™ : V(&) < w} for a fixed w > 0, W(x, )
in (25) and Wy(z, é) in (26). The functions W(z, é) and
Wo(z, é) satisfy (B.8) by virtue of (19):

W(z, Aé)
)\2

lim max
A—0 =zeC

éesxN

< max H((DTT) ® P)éH x
éesxN

- Wo(l‘, é)

— Fy (z,(IT" ® I,)e)

X lim max
A—0 =eC
eeSXN

H F (a:, ANTT ® [n)é)
A

X

+Tr{D} max HQTLT (IT ® P)é
- U (2, A(TT ® I,,)¢)
==

—Up (2, (TT @ 1,)é)

x lim max
A—0 =zeC
eeSXN

= 0.

From lemma B.3 we obtain the existence of v > 0 such
that

Ve #0:V(e) < w:V|(21 <0, Yz eC. (35)

This implies, with V(e) := e? (D ® P)e that:

Ve#0:V(e) < w=>V|(16)<O vz e C. (36)

Equivalently, this means that the estimate i‘gi) of each
local observer (9) tends asymptotically to x; for all state
trajectories x; € C ensuing from the set

={20eR": V(1®uxo) <w}

(recall that x(l) = 0 for all i € N). Clearly, to guarantee

asymptotic convergence of each igi) to x; for all state
trajectories x; in C ensuing from C we must prove that
X contains C. We will take care of this in section 5.4.

Remark 5.1 (Overlapping measurements). In the case
of overlapping measurements among nodes (i.e. y9) and
y@ for some j # i have at least one component in com-
mon) both (27) and (28) are false. However, conclusions
in (29) and (30) remain the same if in (29), (30) and
(31) we change C' into the matriz Cy given by ther < p
independent rows Cj,,...,C;. of C and the definition of
R as R=ACy(e7F o Goe ) (ACy)T, where A is a diag-
onal r x r matriz such that A = diag{#j1,...,#jr} and
#7i 1s the square oot of the number of repetitions of the
measurement y;,, 1 = 1,...,7, in the vector y.

5.2 A centralized observer for (2) of the form (32)

As pointed out in the previous section, condition (25) is
met once € is selected, with K, P and R as in (31) and
G as in (11), in such a way that:

RO (z,69)) = g)TP{(A KC)éls

+ A(poo) (:r,x — é(g))
— KCA(CTY 0 0) (:c z— é<9>) } <0(37)

for all 2 € C and &9 # 0 (R is defined in (29) and
here normalized by Tr{D} = N). Here the collective ob-
servability assumption, i.e. (C,A) observable (and in the
form (3)), comes into play. Define &9) := (I — GAT)él9)
and ¢, ¢ and I be as in the previous section. As a matter
of fact, for all € > €1, €1 as in (15), using the definitions
(11), the group properties of the dilations (sections B.1
and B.2) and lemma B.5, we obtain after some compu-
tations that for all z € C and &)

RO (z,69)) < —[e*F8 0 &l9)2,



5.3 A centralized observer of the form (34) for the lin-
earization of (83) around its trajectories

As pointed out in the section 5.1, condition (26) is met
once € is selected, with the same K, P and R and G used
in section 5.2, in such a way that:

RE) (z, é(L)):=2é(L)TP{A—KC’+ %(l‘) (38)

—chTgi’(x)}é(L) <0
X

for all z € C and é) % 0 (R is defined in (30) and
here normalized by Tr{D} = N). Pick €5 > €; such that
forall e > €3 and x € C

—lpc<eToxr<1,c (39)

and let € > €;. Define (%) := (I—GAT)é) . As a matter
of fact, by remark A.1 and on account, in particular,
of inequality (A.1), we obtain after some computations
that for all z € C and &%)

R(L)(x, é(L)) < —le oo (L) I2.

5.4 Enlarging the region of convergence for the estima-
tion error

Our final task is to guarantee asymptotic convergence of

each i‘gi) to x; for all state trajectories x; in C ensuing

form C and to do this, as discussed at the end of section
5.1, we must finally choose w > 0 and € = €* > ey (see
definition of € in (15) and €5 in (39)) in such a way that

Xi={r0eR": V(1®ux) <w} DC. (40)

To this aim, we set § := max; g;, g := min; g; and

w:= 2079 Byt
VI®x)=1®z0)" (D®P)(1® )
=N|e o (I = GAT)xzg|? (41)

(recall the definition of P and that Tr(D) = N). Using
(iv) of lemma B.5 and (14), for all € > €3 and zp € C

le o (I — GAT)xo|? <9 |(I + TAT) (e o )|

Since there clearly exists €* > €5 such that for all € > €*

1
max ||(I + TAT) (e Foxo)|? < — (42)
CD()EC N

then, as a consequence of (41), max;,ec V(1 ® zp) < w
for all € = ¢*. This condition with (41) gives (40).

Remark 5.2 (Non zero initial conditions for the local

observers). Each local observer (9) is initialized at iéi) #
0,7=1,...,N, for simplicity. If each local observer (9)
18 initialized at some nonzero iéz) eC,i=1,...,N, then
(40) must be changed accordingly into

X :={(x0,%0) € R" xR™™: V(2o — #9) <w} 2C x C*N.

where C*N = C x -+ x C (N times) and %y :=

T
(i‘gl)T, . ,JE(()N)) )T is the vector of initial conditions
for the distributed observer. Consistently, in (41)-(42)
xo must be replaced with xo — Zg.

6 Robustness

Once the design of the distributed observer has been
clearly defined in the absence of system disturbances or
uncertainties, we consider the more general model (8)
where § € R® is a (time-varying) bounded disturbance,
i.e. |6y < doo for all t = 0. We will design a distributed
nonlinear observer for the system (8) over the given net-
work G. The local observer at node 4 (9) is modified as
follows:

. (4) (i NG
b= A2 + 6 (00 (317, 0) (43)
Tr(D : i i . ~ (7
+ #L(Z)Zt( )4 'y(e)P_th( ) ieN, xé) =0,

with v € K, and innovation process
2=y = HO3 = 9O (00 ((7),0), (44)

consensus term K\ as in (10) and matrices L(®), P, R()
and G as in (11). The parameters 7, c, ¢ and I' will de-
pend on the system nonlinearities ¢(z,0) and (z,0)
which contain much less information than ¢(z,d) and
¥(z,d) and guarantee the robustness of the distributed
observer against disturbance/uncertainties 6. The task
of a distributed observer for (2) is to cooperatively es-
timate the state of the system (2) in the presence of
the disturbance/uncertainty d. For a formulation of our
problem we will refer to the following robust notion of
omuniscience.

Definition 6.1 (Asymptotic Omniscience (relatively
to C < R™ with error tolerance ¢ € R.)): A distributed
observer {#()}icnr achieves asymptotic omniscience for
(2) if for all the state trajectories x; of (8) in C < R™

we have limsup,_,, ||:%§i) —xy] < ¢ foralli e N,
i.e. the state estimate i’il) at each node i asymptotically
converges to xy with a mazximum tolerated error (.

Our assumptions on the system (8) must be strength-
ened as follows for the presence of the additional variable

0 in ¢ and ¢



(HO)'(state boundedness): the state trajectories of (8)
are contained in some known compact set C < R",

(H1)' (incremental homogeneity in the upper bound):
for some degrees g, 9,h € R" and weights t,s € RZ satis-
fying g;+1 < 8; < g; for j ¢ S, where g € R™ is defined
in (13), and

max{h; —§;} < min{g;} — max{r;}, (45)
J J J

(i) ¢(x,9) is incrementally homogeneous in the upper
bound with quadruples

t -~ (g x’ o’
() ere () () (4))}
with ®(0,0) = BF, B as in (7) and for some F € RP*",

(ii) CT4p(x, 8) is incrementally homogeneous in the up-
per bound with quadruples

{e) e (8)- e () (7))
with ¥(0,0) = aC and o € [0, 1),

(H2)' (uniform incremental homogeneity in the 0-limit):
¢(x,0) is uniformly incrementally homogeneous in the
0-limit with triple (1,,, 1., %(m’, 0)2") and CT4) is uni-
formly incrementally homogeneous in the 0-limit with
triple (1,, 1, CT gm, («,0)x").

For example ¢(z,8) = (0, —z1 +x2(1—2%)+6)7 satisfies
(H1) withs =v; =1/2,v5=2,91 =1, go = 1/2 and
h=-2,B=(0,1)" and F = (1,1,1). The main result
of this section concerns the achievement of omniscience
in the above specified sense and it is stated as follows.

Theorem 6.1 Consider a network N described by a
directed strongly connected graph G and a system (8)
with (C, A) observable (collective observability). Given
a compact set C < R™ | ( € R., and under assump-
tions (HO)'-(H2)' there exist ¢* > 1, diagonal positive
definite I and D, v € Ko, and ¢ € R~ such that for all
€ = ¢* the distributed observer {#(V},cnr over the given
network N described by (43) achieves asymptotic omni-
science for (2) relatively to C with error tolerance (.

(Sketch of the proof). The proof closely follows the proof
of theorem 4.1. With € > 1, g := min; g; and h — 5 :=
max;{h; — s;}, using the assumptions (HO)'-(H2)" we
obtain for a given w > 0 some II, 8 > 0 such that

AN _2g-5=%)

Ve : Vie) <w

=V< —ﬁeng(e), Vo el.

N (46)

10

This means that the estimation error e; enters (in finite
time) the set

and remains thereinafter, for all state trajectories x; € C
ensuing from the set X in (40). On account of (45) in
assumption (H1)’, we can select € > 1 in such a way that
C © X and at the same time B < {e € R" : |le| < ¢},
which proves omniscience with error tolerance (.

7 Switching topologies

Once the design of the distributed observer has been
clearly defined for networks with time-invariant topolo-
gies, we consider the distributed state estimation prob-
lem for (8) over a network G; with switching topology. We
assume that the directed graph G, is described by an ad-
jacency matrix A; which switches at (increasing) times
t = t]‘, j e N, with infjeN(tj+1 — f,j) >0 (dWGH time),
among a collection of fixed topologies {A;,..., 4}, a
given integer. We also assume that for all the possible
topologies {Aj,...,A;} the graph remains strongly con-
nected. Accordingly, the graph has an associated Lapla-
cian £; which switches at times ¢ = t;, j € N, among a
finite collection {Lq,...,L;}. By the strong connectiv-
ity of the graph under switching, there exist a matrix
Dy, diagonal and positive definite at each t > 0, and T3,
nonsingular at each ¢ > 0, such that Dy Ly, + ££_ Dy,

is positive semi-definite and Tg; (Dy, Ly; + ﬁtTj DTy, =
{0,X2,¢,,...,ANt;} (see lemma B.1) for each j € N with
0<Xit; SNit14;,0=2,...,N—1

With this in mind, the local observer at node i (43) is
modified as follows: for ¢ € [t;,%;41)

2 (9) NG (i
b= A2 1 g (cr (&), o) (47)

Tr(D i ; _ i . ~ (7
+ [lr)(] D020 4y(@P KD, ie N, 30 = 0,
tli,i

with v € Ky, innovation process Zt(i) as in (44), consen-
sus term K\ = Z;V:l[At]M (20) — 2@, where [A]i
is the (4, j) entry of the adjacency matrix A; of the given
network Gy, and matrices L”), P, R® and G as in (11).

Clearly, the switching times {t;}en are known at each
sensing node.

The main result of this section concerns the achievement
of omniscience in the usual sense and it is stated with
no proof as follows.

Theorem 7.1 Consider a network MN;described by a
graph G; with switching topology A; € {A1,..., A1}, l a
given integer, and a system (8) with (C, A) observable



(collective observability). Given a compact set C < R™
and ¢ € R, under assumptions (HO)-(H2)' there exist
e* = 1, t* > 0, diagonal positive definite I, D, diag-
onal and positive definite at each t = 0, v € Ky, and
c € R. such that for all € > €* the distributed observer
{2()};enr over the given network described by (47)
achieves asymptotic omniscience for (2) relatively to C
with error tolerance ¢ as long as inf jen(tj41 — t;) = t*.

Therefore, asymptotic omniscience is obtained at the
price of a sufficiently large dwell time.

8 Example and simulations

To test our distributed observer we consider a simple
plant built on coupled Van der Pol oscillators (VPO: [7]).
The plant has the form (2) with:

A—IN®<8 é),C—IN®(1 0), N=>2,

i { (1 00) ()|

withz = (27, ..., 28)T, 2, e R? i=1,...,N, and

fil@) = —paiy + p(l — a3 )@
+ a(a:171+. . .+.73i_171—(N — 1)562411)
+ b(.111,2+. . .Jr.Ii_LQ*(N — 1)1'1',2),

parameters p = 5 and coupling coefficients a = 2 and
b = 0.1. We have chosen N = 12 (12 nodes in the graph)
so that the state space has dimension n = 2N = 24.
As compact set C which contains the system’s state

o
@

o
©

Fig. 1. communication directed graph

trajectories, we have taken C = {z € R : |z| < 15}
(the system has a limit cycle contained in this region).
Assumptions (H1)-(H2) are satisfied with vg;41 = 1,
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Fig. 2. distributed estimation error: omniscience over time

ta+1) = 3, 85 = 1, j € N (in this example S = {2j :
j € N}) and

B = diag{(ov 1)T7 (07 1)T7 ) (0’ 1)T7 (07 1)T}

e o O O -~ 0 0O 0 O

a b e 0 0 0 O
e

a b a b -+ pe wp 0 0

a b a b - a b g M

with pg := p+ a(N — 1) and pp := p+ b(N — 1). We
consider the strongly connected directed graph in Fig. 1
and each vertex measuring only the position of a single
VPO. Following the procedure in IV.D we have chosen
€ = 11.00 and v = 12.00 and designed our distributed
observer (9). In Fig. 2 we plot the estimation error of
each local observer.

9 Conclusions

In this paper we have proposed a novel distributed ob-
server design for a general class of nonlinear systems.
The information among the local observers is exchanged
over a strongly connected and directed digraph. The lo-
cal observer attemps to estimate the entire state of the
plant and the asymptotic omniscience is studied and
proved via a Lyapunov approach. Theoretical results
have been confirmed by the numerical simulation. We
also discussed robustness and switching topologies is-
sues. In future research, we plan to focus on global dis-
tributed nonlinear scenarios.



A Incremental homogeneity

The notion of (incremental) homogeneity in a general-
ized sense has been introduced in [2] in the context of
semi-global stabilization and observer design problems.
Here we recall this notion in a slightly more general form.
Let Af(a',2") := f(a') — f(2") and if f is the identity
function we simply write A(2/, z") := o’ — 2",

Definition A.1 A parametrized function ¢. € C°(R",R),

e > 0, is said to be incrementally homogeneous
(i.h.) with quadruple {v,0,h, ®(z',2")} if there exist
2eRLheR”, veR? and ® € CO(R™ x R, R*"™) such
that for all e > 0 and z’, 2" € R™

Agc (o’ € oa”) = o®(a,2")A(" o2 " o z”)

When z” := 0, we say that ¢. is homogeneous with
quadruple {t,0,5, ®'(z)} where ®'(z) = ®(z,0).

Example A.1 The function ¢ (x) := x1 + x5 (in this
case ¢, does not depend on the dilating parameter) is i.h.
with quadruple {r,0,b, ®(z',2")}, where v := (1,2)T,
b:=(1,6)T and ®(a/,2") := (1, (x5)? + (x)? + xhah).

There are functions, like sin x, which are not i.h. but be-
haves in the upper bound as an i.h. function. This moti-
vates the following definition ({a) denotes the column
vector of the absolute values of the elements of a € R™).

Definition A.2 A parametrized function ¢. € C°(R",R!),

€ > 0, is said to be incrementally homogeneous in the
upper bound (i.h.u.b.) with quadruple {t,0, b, ®(z’, 2")}
if there exist 0 € Ri,h € R", vt € R2, & € CO(R" x
R", RX™) such that for all e > 1 and 2’2" € R™

<<A¢e (etozlv €t<>$”)>> < 6°<><I)(x/, J?”)<<A(eh <>x/, eh <>1-”)>>

When z” := 0, we say that ¢. is homogeneous in the up-
per bound with quadruple {t,0, 4, ®'(z)} where ®'(z) =
O(z,0).

Example A.2 The function ¢.(z) := e (2o a3g(z1))",
g € C°(R,R) any bounded and globally Lipschitz func-

tion, is i.h.u.b. with triple {v,0,b,®(2’,2")}, where

vi= (1,27, 0 := (3,77, b := (1,0)T and ®(2',2")

defined as follows:

[@(a',2")]11 = 0, [®(a',2" )1 = 1

l9(x) — g(a?)|
[B(a, ") ]a = (@) L =2,
1 1

"

[@(a",2")]22 = [(2)* + (25)* + whas]lg())].

Remark A.1 An important consequence of the defini-
tions A.1 and A.2 is the following. If ¢. € C°(R",R!),

€ > 0, is incrementally homogeneous in the upper bound
with quadruple {t,0,h, ®(a’,2”)} then by letting
331((5) = (1‘1, e X1, T F O X, ,Z‘n)

and ¢, ; being the j-th component of ¢. and ®;; the
(j,i)-th entry of ®, we have for e = 1

[Ade(eF 0z, et 0z'(8))] < €0 0 @ i(w, 27(8))[d].
If the partial derivatives of ¢ exist and are continuous,

by dividing both part of the above inequality by €%|d]
and letting 6 — 0 we get fore > 1

§¢5,j
63:1-

o 1Abe(E om0 i(9))
50 |evi o]

< Eaj+hi7ti <o (I)J'ﬂ‘(t’L'7 I’)

(€ o)

As a consequence, if we consider the function 7, : R™ x
R™ — Rl:n (z',2") := %(w’)m” we obtain the following

inequality for € > 1 and o/, x" € R"

ne(€oa’ e oa")) < od(a,2) (M oz")) (A1)

i.e. ne is homogeneous in the upper bound with quadru-

pze{<§>,a,<g>,<om @(x’,x”))}.

Properties of incremental homogeneity can be found in
[2]. Incremental homogeneity in the upper bound as in-
troduced above cope with large values of the dilating pa-
rameter (i.e. ¢ >> 1). Another related important incre-
mental homogeneity notion for the behavior of a func-
tion near 0 (i.e. € << 1) is the following.

Definition A.3 A function ¢ € C°(R™,R) is said to
be uniformly incrementally homogeneous in the 0-limit
(u.i.h-0) with triple {v,0, ®o(z’', 2")}, weights ¢, degree d
and limit function ®q (', 2"), if there exist 0 € R, v € RZ
and ®y € C°(R™ x R™, R) such that for all compact sets
CcR"and S c R"

. Ad)(x/, I/ + )‘t < I”) / "
i e x B
eSS

A function ¢ € C°(R"™,R!) is said to be uniformly
incrementally homogeneous in the 0-limit with triple
{v,0,D0(a’,2")}, weights v, degrees d and limit func-
tion ®o(x’,2"), if ¢;, j = 1,...,1, is uniformly in-
crementally homogeneous in the 0-limit with triple
{r,9;,®¢,;(z',2")} and ®¢ ;(z',x") is the j-th row of
Do (', 2”).

In this case the limit function ®y(2’,z”) is the stack
of the rows ®q ;(a',2"), 7 = 1,...,1, i.e. Dg(a’,2") =



(o (2!, 2") Do (2, 2"))" .

Example A.3 The function ¢(x) := = + 23 is u.i.h-0
with triple {1,1,z" + 3(2')?2"}.

B Auxiliary results and properties
B.1 Properties of block matrices (C, A)

For any diagonal G € R*M*"N the matrices A and C in
(3) have the following properties summed below without
further comments:

CAT =0, cCT =1, (B.1)
n—1

(GATY =0, Yj =n, (I-GAT)' =Y (GAT) (B.2)
j=0

CGAT =0, C(I -GAT) ' =C, (B.3)

GATA=ATAGAT A, GAAT = AATGAAT, (B.4)

ctc=1-ATA, cTcATA=o, (B.5)

ATA(I — AT A)=0, AAT(I — AAT)=0. (B.6)

B.2  Group properties of dilations and its action

For any diagonal matrix D: D ¢ €* = €' o D (commuta-
tivity). For any matrices R, S with suitable dimensions:

(RS)oe" =R(Soe'), €o(RS)=(e"oR)S
(Ro€)S =R(e"08), S(e"oR) = (So€e)R

(associativity) and (Ro €*)? = ¢ o RT.
B.8  Auziliary lemmas for graphs

First, we borrow two lemmas from [14], [17], [20] and [5].

Lemma B.1 Assume@ is a strongly connected directed
graph with Laplacian L. There exists a unique positive
row vectord = (dy,...,dy) suchthatdL = 0 anddly =
N. If D := diag{dy,...,dy} then £ := DL + LTD is

positive semi-definite and L1y = 0.
Let D and £ be as in the above lemma.

Lemma B.2 For a strongly connected directed graph G
with Laplacian L, 0 is a simple eigenvalue of L. Further-
more, its eigenvalues can be ordered as A\ = 0 < Ay <
A3 < --- < An and there exists a N x N orthogonal

matrix such that its first row is \/%1% and

T(DL A+ LTD)TT = A := diag{0, )\, ..., An}.  (B.7)
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B.4  Auziliary lemmas for negative definite nonlinear
forms

A crucial lemma in our nonlinear distributed estimation
problem is the following.

Lemma B.3 Let C < R” and Q < R*N :=R" x --- x
R™ (N times) be compact sets, both containing the ori-
gin, and a continuous function V : C x R*YN — R:
V(z,e) := —r(y)el Ae + W(z, e)

be given for some k € Ko, and positive semidefinite A €
R*V>2N with continuous W : C x R*N — R. Moreover,
W(x,0) = 0 for all x € C. If (i) there exists a continuous

W : CxR*N — R such that for any N-tuple of compact
sets SW ... SV <« R with S*N := S x ... x SN

. W(z, Ae)
)1\13%) Hxlea;i 2z Wo(z,e)| =0, (B.8)
eeSX
(i) for each e € Q\{0}
elAe = 0= W(x,e) <0, Yz e, (B.9)
el'Ae = 0= Wy(z,e) <0, Yz eC, (B.10)

there exists 7 > 0 such that

V(z,e) <0,Vy =7, ee Q\{0}, zeC.

PROOF. I) Using (i) we can select v* > 0 and an open
ball B < Q around e = 0 such that
V(z,e) <0, Vy=~*, ee B\{0}, z€C. (B.11)

Indeed, first notice that for each = € C, e € R*Y and
w>0

Wo(z,pe) 1 m W(z, A(pe))

12 - E )I\LO A2
- W(z, (Ape)) _
= ili% )2 =Wy(z,e) (B.12)

Let S* < R*Y be the sphere with radius A centered at
0. Clearly, S is contained in a compact set of the form
S*N . We first show, by contradiction, that there exists
a real number vy > 0 satisfying:

—r(y)ef Ae + Wy(z,e) <0, ¥y =0, z€C, ec St

Suppose there is no such 7. This means there is a se-
quence {(z;, ;) }ien € C x ST which satisfies :

—iel Ae; + Wo(zi,e;) = 0 VieN. (B.13)



Since C x S' is compact there exists a convergent sub-
sequence {(7;,, e, ) }ien € C x St to a point {(2w, )} €
C x S'. Since the functions n : R*N — R, e > n(e) =
eTAe and W, are bounded on S and C x S, respec-
tively, and 7 is nonnegative, on account of (B.13) n must
tend to zero as 7; tends to infinity. By continuity of n and
W it follows that n(es) = 0 and, on account of (B.13),
Wo(Z e, ex) = 0. But this is a contradiction from (B.10).
We conclude that there exist dg, 79 > 0 such that

7(50 <0,
Y0, z€C, ee St

—r(Y)n(e) + Wolz,e)

<
Vy > (B.14)

On account of (B.8) and since 7 is a quadratic function,
there exists A9 > 0 such that for all A € (0, A\¢], z € C
and e € S!

Wz, Ae) X Wolz,) + X220, n(de) = Nn(e), (B.15)

which together give

—k(y0)n(e) +W(z, ) < =N’k(v0)n(e) + A*Wo(, €) +>\2%0.

Using (B.14), we obtain that for all A € (0, o], z € C
and e € St —k(y0)n(Ae) + W(x, Ne) < 7)\2%0 and, since
n is nonnegative, for all A € (0, A\¢], ¥ = 70, z € C and
e e St —k(y)n(Xe) + W(x, Ae) < —A2%. This implies
(B.11) with v* = 4 and B = \gint(S!) = int(S*0) (int
denotes the interior of a set).

IT) To complete the proof, we will show that there exists
¥** = ~* such that V(z,e) < 0forall vy = v** foralle €
O\B and z € C and our lemma will be proved with 7 =
~**. Assume our claim be false. For each n there exists
a point (z,,e,) € C x (Q\B) such that —x(n)el Ae, +
W(xn,en) = 0. Since k € Ko, for each m and for all
nz=zm

—k(m)el Ae, + W(xn, e,) = 0.

But C x (Q\B) is compact in R™ x R*¥ so that there
exists a point (x*, e*) € C x (Q\B) to which the sequence
{(@n,en)}nen converges as n — +o0. Therefore, using
continuity of W

—r(m)(e*)TAe* + W(x*,e*) =0 (B.16)

for all m > 0.

If e* € (Q\B) is such that (e*)TAe* = 0, since {0} ¢
(Q\B) we get a contradiction from (ii).

If e* € (Q\B) is such that (e*)TAe* > 0 then, since
Kk € Ky, there exists m* such that for all m > m*:
—k(m)(e*)TAe* + W(z*,e*) < 0 which contradicts
(B.16).
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B.5 Auwziliary lemmas for incremental homogeneity

Preliminarly, recall that A < B, A, B € R™*! means
Aij < Bijforalli = 1,...m, j = 1,...,], and
maxgeg ®(6), ® € C°(R", R™*!) and compact Q < R”,
represents any matrix M such that ®(0) < M for all
0 e Q. If {Q(c)} is a family of compact sets Q(c) = R"
for each ¢ > 0 and such that Q(¢) — {0} as ¢ — 0
then maxgeg() ®(0) is implicitly assumed to satisfy
maxgeg(c) ®(0) — ®(0) as ¢ — 0.

The proof of the following lemma is sketched for reasons
of space and follows from simple but lengthy matrix al-
gebra.

Lemma B.4 Let ® and ¥ be as in(H1). For each ¢ > 0
and positive definite diagonal I' € R™*" define

n—1

Ny:=A+ (I +TAT)A )Y (TAT) (B.17)
j=1
n—1 )
My(c):=2(1 +TAT)®,(c) Y (TAT) (B.18)
j=0
D,(c) = (2, 2" 1
q(0) L L (', 2") (B.19)
n—1
Sy(c):=20TCTCT W, (c) Y (TAT) (B.20)
j=0
Uy(c) = max  U(z',2") (B.21)

z/,x”€[—cl,cl]
There exist ¢ > 0 and I" such that for all c € (0, ¢]

2T Ny My () +5,(€) + (Ny +-My () + S (e) T <~ 1.

PROOF. (Sketch). By assumption(H1) ®(0,0) = BF
and ¥(0,0) aC, a € [0,1), so that M,(0)
2(I+TAT)BF Y)!" /(T AT) and S4(0) = 2aCTCTCTC
(since CAT = 0: see section B.1). Using the fact that
a € [0,1), find positive definite diagonal I" € R™*" such
that

—2T 4 Ny + M, (0)+S,(0)+ (N, +M,(0)+S,(0)T < —21I.

The above matrix inequality can be satisfied recursevely
on the principal minors with increasing dimensions using
Sylvester ’s criteria for negative definite matrices and by
selecting first [I'],,,, > 0 up to [I']11 > 0. Finally, pick
ce€ R. such that forallc < ¢

My(c) = My(0) + Sg(c) — S4(0)
+(My(c) = Mg(0) + Sy(c) — S4(0))" <1

taking into account that ®4(c) — ®4(0) and ¥4(c) —
U,(0) as ¢ — 0.



The following lemma can be proved by using extensively
the definition and properties of incremental homogeneity
with the properties of the saturation functions (the proof
is omitted for lack of space).

Lemma B.5 Assume (H1) and let G and T be as in
(11).

(i) ATAGATA is i.h. with quadruple (v,v + g,g,
AT AT AT A),

(ii) (I—GAT)¢ (resp. ¢) is i.h.u.b. with quadruple (t,t+
9.9, (I +TAT)®(a’,2")) (resp. (v, + 9,9, P(a’,2"))),

(iii) A + (I — GAT)AY"[(GAT) is ih.u.b. with
quadruple (v,t + g,9, A+ (I + TAT)A ij_ll(FAT)j),

(iv) (I—GAT)~t (resp. [ —GAT ) is i.h.u.b. with quadru-
ple (tat_gaga (I_FAT)il) (7”65]). (t7t_gag7I+FAT))7

v) for each h € RY, oy (resp. ¢ o oy ) is i.h.u.b. with
>

quadruple (v,v —g,g,2I) (resp. (v,v+ g,9, D(a’, 2"))).
References

[1] A. B. Alexandru, S. Pequito, A. Jadbabaie and G.
J. Pappas, Decentralized observability with limited
communication between sensors, 55th Conf. on Dec.
and Contr., Las Vegas, NV, 2016, pp. 885-890.

S. Battilotti, Incremental generalized homogeneity,
observer design and semiglobal stabilization, Asian
Journ. Contr., 16, 2014, pp. 498-508.

Han W., Trentelman H. L., Wang Z., Shen Y., A
simple approach to distributed observer design for
linear systems, IEEE Trans. Autom. Contr., DOI
10.1109/TAC.2018.2828103.

M. Deghat, V. Ugrinovskii, I. Shames, C. Langbort,
Detection of biasing attacks on distributed estima-
tion networks, 55th Conf. on Dec. and Contr., Las
Vegas, NV, 2016, pp. 2134-2139.

Li Z., Duan Z., Cooperative control of multi-agent
systems: a consensus region approach, CRC Press,
2014.

K. Liu, H. Zhu and J. L, Cooperative Stabiliza-
tion of a Class of LTI Plants With Distributed Ob-
servers, IEEE Tran. Circuits and Systems I: Reg.
Papers, vol. 64, no. 7, pp. 1891-1902, 2017.

L. A. Low, G. Reinhall, D. W. Storti, E. B. Gold-
man, Coupled van der Pol oscillators as a simplified
model for generation of neural patterns for jelly-
fish locomotion, Struct. Control Health Monit., 13,
2006, pp. 417-429.

T. Kim, H. Shim and D. D. Cho, Distributed Lu-
enberger observer design, 55th Conf. on Dec. and
Contr., Las Vegas, NV, 2016, pp. 6928-6933.

M. Mekhail and S. Battilotti, Distributed estima-
tion for feedback-linearizable nonlinear systems,
Eur. Contr. Conf., Aalborg, 2016, pp. 2521-2526.
A. Mitra and S. Sundaram, An approach for dis-
tributed state estimation of LTI systems, 54th Ann.

15

[17]

[18]

[19]

[20]

Allerton Conf. on Comm., Contr. and Computing,
Monticello, IL, 2016, pp. 1088-1093.

A. Mitra and S. Sundaram, Byzantine-Resilient
Distributed Observers for LTI systems, Automat-
ica, arXiv: 1802.09651v2.

P. Millan, L. Orihuela, C. Vivas, F. R. Rubio,
Distributed consensus-based estimation consider-
ing network induced delays and dropouts, Auto-
matica, 48, 2012, pp. 2726-2729.

Park S., Martins N. C., , Design of distributed LTI
observers for state omniscience, IEEE Trans. Au-
tom. Contr., 62, 2017, pp. 561-576.

R. Olfati-Saber , R. M. Murray Consensus problems
in networks of agents with switching topology and
time delays, IEEE Trans. Autom. Contr., 49, 2004,
pp- 1520-1533.

R. Olfati-Saber and R. M. Murray, Consensus prob-
lems in networks of agents with switching topology
and time-delays, IEEE Trans. Autom. Contr., vol.
49, no. 9, pp. 1520-1533, Sept. 2004.

S. Park and N. C. Martins, Necessary and sufficient
conditions for the stabilizability of a class of LTT dis-
tributed observers, 51st Conf. on Dec. and Contr.,
Maui, HI, 2012, pp. 7431-7436.

Ren W., Beard R. W., Consensus seeking in mul-
tiagent systems under dynamically changing inter-
action topologies, IEEE Trans. Autom. Contr., 50,
2005, pp. 655-661.

V. Ugrinovskii, Distributed robust estimation over
randomly switching networks using H4, consensus,
Automatica, arXiv: 1512.01294v1.

H. Zhu, K. Liu, J. L, Z. Lin and Y. Chen, On the co-
operative observability of a continuous-time linear
system on an undirected network, Int. Joint Conf.
on Neural Networks, Beijing, 2014, pp. 2940-2944.
Yu W., Chen G., Cao M., Kurths J., Second-
order consensus for multiagent systemswith di-
rected topologies and nonlinear dynamcis, IEEE
Trans. Syst.Man Cybernetics, Part B, 40, no. 3,
2010, pp. 881-891.

L. Wang and A. S. Morse, A Distributed Observer
for a Time-Invariant Linear System, IEEE Trans.
Autom. Contr.,2017 (10.1109/TAC.2017.2763668).
L. Wang, A.S. Morse, D. Fullmer, J. Liu, A hy-
brid observer for a distributed linear systems with
a changing neighbor graph, arXiv: 1706.04235v1.



