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Abstract. We introduce and analyze a new, nonlinear fourth-order regularization of forward-
backward parabolic equations. In one space dimension, under general assumptions on the potentials,
which include those of Perona—Malik type, we prove existence of Radon measure-valued solutions
under both natural and essential boundary conditions. If the decay at infinity of the nonlinearities is
sufficiently fast, we also exhibit examples of local solutions whose atomic part arises and/or persists
(in contrast to the linear fourth-order regularization) and even disappears within finite time (in
contrast to pseudoparabolic regularizations).
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1. Introduction.

1.1. Motivation and goals. The Perona—Malik equation is a nonlinear diffusion
equation which is of forward-backward parabolic character. For example, in one space
dimension it reduces to

w = [p(we)]e,
and the diffusion mechanism is expressed by the natural condition that sp(s) >0 for
s # 0. Typically p(+o00) = ¢(0) =0, ¢’ >0 in an interval (-u,u) where the equation is
forward parabolic, and ¢’ < 0 in the intervals (oo, -%) and (@, oo) where the equation
is backward parabolic.

The Perona—Malik equation arises in various applications [3, 26, 28]. In a model
for temperature (or salinity) stratification in turbulent shear flow in the ocean [3],
the equation is intrinsically one-dimensional (z is the vertical component), w,, is non-
negative (deeper in the ocean, water is colder) and backward parabolicity models the
decrease in magnitude of turbulent temperature fluxes for large temperature gradi-
ents. In the multidimensional case, the Perona—Malik equation arises in the context of
image processing [28]. We refer the reader to [19, 25] for recent referenced discussions
on the analytical theory developed so far.

Due to its ill-posedness, it is natural to introduce suitable regularizations of the
Perona-Malik equation (see, e.g., [1, 3, 4, 5, 6, 16, 24, 25] and references therein).
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However, because of the intrinsically unstable character of backward parabolic equa-
tions, one may reasonably expect the qualitative behavior of solutions to strongly
depend on the type of regularization. Let us briefly discuss two types of regulariza-
tion, both of which are local and of higher order.

In the context of temperature stratification in the ocean, modeling considerations
[3] suggest adopting a nonlinear pseudoparabolic regularization,

(1.1) wy = [p(wa) + [ (we) ],

where 7 is a small parameter and v is an increasing but bounded function. The
boundedness of 1 makes the equation strongly degenerate for large values of the
gradient. Adding to (1.1) appropriate initial-boundary conditions leads to a well-
posed initial-boundary value problem, but it was observed for the first time in [3]
that, due to the strong degeneracy of the equation, there are solutions which develop
spatial discontinuities (jumps) within finite time, whose amplitude then increases with
time; in particular, jumps cannot disappear.

In [5], a linear fourth-order regularization was analyzed for two prototypical forms
of ¢,

(1.2) wy = [(p(wx) - Ewam]I ,

where ¢ is a small parameter. Observe that (1.2), say in a spatial interval 2 = (a,b) c
R, has a natural gradient flow structure with respect to the functional

The H2-control encoded by the functional implies, in contrast to (1.1), that solutions
to (1.2) remain smooth.

Concerning the qualitative behavior of solutions, interesting numerical experi-
ments, strengthened by various analytical observations, have been performed on (1.2)
[5] as well as on other regularizations [24, 25] of the Perona—Malik equation. These
experiments suggest mechanisms analogous to spinodal decomposition and coarsen-
ing, characterized by three different time scales: an initial, short time-scale where
staircase-type or ramp-type microstructures (also referred to as wrinkles) develop in
regions where {¢’ < 0} in order to reduce the energy in the backward regime; an inter-
mediate time-scale during which diffusion operates in regions where {¢’ > 0}, whereas
in {¢' < 0} microstructures evolve into macroscopic steps; and a final, long-time scale
where solutions are close to piecewise constant functions, with neighboring plateaus
colliding and merging. In particular, coarsening occurs at both intermediate and long
time-scales, with disappearance of jump discontinuities.

Notable efforts have been devoted to the qualitative description of such behav-
ior, e.g., in terms of time-scales and finite-dimensional reduction [5, 6, 18, 19]. In
this regard, however, the regularization mechanisms in (1.1) and (1.2) suffer from
one disadvantage. On one hand, (1.2) has continuous solutions, in which jumps are
replaced by diffuse interfaces with high (but finite) gradients; on the other hand,
though (1.1) does allow for discontinuous solutions, jumps cannot disappear; hence
the aforementioned coarsening phenomenon cannot be modeled by (1.1).

The main motivation of the present paper is to introduce a new regularization
mechanism which overcomes both disadvantages, allowing for discontinuous solutions
with jumps that can both appear (as is assumed to occur in the early-stage devel-
opment of microstructures) and disappear (as is assumed to occur in the subsequent

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 02/25/19 to 151.100.38.135. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

376 MICHIEL BERTSCH, LORENZO GIACOMELLI, ALBERTO TESEI

coarsening): it consists of a nonlinear fourth-order regularization, which maintains
the gradient flow structure of (1.2) but strongly degenerates for large values of w,.
More precisely, consider the functional

g2 u
w [ Sz e sw- e,

where 1 is again an odd, bounded, and increasing function. The corresponding regu-
larization of the Perona—Malik equation is

In the present paper, we will first prove an existence result, introduced in section
1.3, which covers the case of discontinuous initial data with bounded variation. Then,
through the construction of special solutions introduced in section 1.4 and elaborated
in section 6, we will argue that the new regularization (1.4) does what we designed it
for; that is,

e in contrast to (1.2), solutions to (1.4) are not necessarily smooth: jump dis-
continuities persist for some time and may also appear within finite time;
and

e in contrast to (1.1), jump discontinuities may not only appear but also dis-
appear within finite time, at least when @ is bounded at infinity.

We see these properties as the basic advantage of (1.4), which might permit a
better understanding and a quantitative description of the aforementioned staircasing
and coarsening phenomena. For instance, by extending the methods used in section 6,
it might be possible (though highly nontrivial, due to the higher-order character of the
equation) to construct self-similar solutions which exhibit a coarsening phenomenon,
in the sense that one jump discontinuity grows at the expense of a “train” of other
jumps which decrease. As a by-product, such a construction would provide infor-
mation about the typical space and time-scales for the coarsening phenomenon. We
hope to investigate these features, as well as other qualitative properties of solutions
to (1.4), in the future.

To conclude this subsection, we stress that our analysis is heavily based on the
fact that 2 ¢ R. In the multidimensional case, the most natural extension of (1.4)
would amount to studying the formal gradient flow of

82 . 2
[Q(<I><|Vw|> - = liv(p(w)) ) s

with @ as in (1.3) and (&) = %E However, such a generalization will definitely

require new tools.

1.2. Setting. Since jumps of w correspond to Dirac masses for w,, the meaning
of ®(w,) is unclear. To highlight this mathematical difficulty, we find it convenient
to differentiate the equation with respect to x and to describe the problem in terms

of the Radon measure
U =W,

(in the one-dimensional framework, it is of course equivalent to work with w or its
distributional derivative). This leads to the equation

(1.5) u=vgp i Qi=0x(0,00),  vi=p(u) - 2P (u)[P(u)]ua,
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which we complement with either natural boundary conditions,

(1.6a) [V(u)]e=v,=0 1in Q% (0,00), u=ug in Qx {0},
or essential boundary conditions,

(1.6b) PY(u)=v=0 in 9N x (0,00), u=wup inQx{0}.

Here ¢ is a positive constant, 2 = (a,b) c R is a bounded interval, and ug is a Radon

measure on ). Typical examples of the functions ¢ and 1 are
u d
(17) o(u) with @ >0 and (u) = f s
0

— & witho>0,
(1+52)5

(1.8)  o(u) =ue " witha>0 and  (u) = f e VI ds with 0> 0.
0

In both (1.7) and (1.8), ¢ is of “Perona—Malik type” (see [3, 26, 28]). In case (1.7),
K

(1.9) lp(u)| ~ Ju[ ™ and [ob(u)| ~ 5 - ——

with v = ¢(o0). However, the assumptions under which problem (1.5)—(1.6) will be
addressed hold for a much wider class of nonlinearities and include the case in which
¢ does not vanish at infinity (see subsection 3.1).

as |u| - oo,

1.3. Existence results. The first purpose of the present paper is to construct
Radon measure-valued solutions of problem (1.5)—(1.6) (see Theorem 3.8). Two
a priori estimates are at the core of both the solution concept and the existence
theory.

The first estimate reflects the gradient flow structure of (1.5) with respect to the
energy

(1.10) Elu] = [Q (@(u) N 2[¢(u)]§) dz
(cf. (1.3)) and may be formally obtained as follows:
DBrue) = [ (plwu + o001 Lb)) do
(o) - 20 Leat' @) widz L [ 02da

As we shall elaborate in subsection 3.2, nontrivial initial measures “with finite energy”
exist provided ¢’ is sufficiently degenerate at infinity (o > 1/2 in case (1.7)): their
singular part concentrates on the set where the regular part blows up (see Figure 1).
In this case, the energy estimate guarantees that such a property is preserved for later
times, additionally providing a uniform control on the “fux” wv,.

The second a priori estimate is of entropy type: letting ¥ be a primitive of ¢, we
see that, formally,

& [ wr= [ wude "0 [ @)lae) - [ 9 @)p0E.d.

Since v is increasing, the second integral has negative sign, whereas the first may
be either absorbed into or controlled by the energy, depending on suitable relations
between the behavior of ¢ and ¢ (cf. (Hs) below): in the prototype case (1.7),
(H3) holds for o < 2a.. The entropy estimate provides uniform controls on both the
“pressure” v and, since ¥ has linear growth at infinity, the L'-norm of u(-,t).
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Fic. 1.

1.4. Evolution of singularities. The second purpose of the present paper is
to give examples of local solutions of (1.5) (namely, solutions defined in a subset of )
whose singular part increases or decreases in time. In Theorem 3.9 we prove that such
local solutions exist in a particular case of (1.9) if both ¢ and ¢’ decay sufficiently
fast: a> 1 and o > 1/2. These solutions have the form of a Dirac mass concentrated
at a point and surrounded by a spatially constant regular part which blows up at that
point (cf. (3.13)—(3.14)).

The spontaneous appearance of singularities confirms that solutions of problem
(1.5)—(1.6) are, like those of (1.1), intrinsically Radon measure-valued (see [8, 9, 10,
11, 12, 13, 14, 31]). In both cases this phenomenon is caused by the negative sign of
¢'(u) and the smallness of ¥’(u) for large values of w.

Theorem 3.9 also provides examples of local measure-valued solutions for which
the singular part of the measure disappears in finite time. As we mentioned already,
this phenomenon is new and does not occur in the case of (1.1), where singular parts
can only grow.

1.5. Plan. The paper is organized as follows. In section 2 we collect some pre-
liminary facts and characterize measures with finite energy. In section 3 we state
precise assumptions, give the definition of global and local solutions of problem (1.5)—
(1.6), and state the main results of the paper. In section 4 we address solutions of
approximating problems by which in section 5 we prove the general existence result
for measure-valued initial data (see Theorem 3.8). In section 6 we provide examples
of local solutions of (1.5) with growing or decreasing singular part. Finally, in the
appendix we prove some facts concerning measures with finite energy, and we adapt
to the present case the standard proof of existence when 1 is nondegenerate and ug
is a function, which is needed to deal with the approximating problems.

2. Preliminaries. For every measurable function f defined on 2, the positive
and negative parts of f are f* := max{+f,0}. For the sake of brevity, we write oo
instead of +oo.

2.1. Radon measures. We denote by M () the space of finite Radon measures
on  and by M*(Q) and the cone of nonnegative measures in M(Q). If 1, us € M(Q),
we write py < o if pa—p1 € M*(Q). For pe M(Q), u=p"—p~ is the Jordan decompo-
sition into positive and negative parts, and p = pq. + ts is the Lebesgue decomposition
into absolutely continuous and singular parts with respect to the Lebesgue measure
on Q; u, € L'(R2) denotes the density of jiq.. The Jordan decomposition is minimal,
in the sense that g = u™ - 4@ with M, 13 ¢ M*(Q) implies p* < ™M, p= < p®.
Given p € M(Q) and a Borel set F € Q, the restriction L F € M(Q) is defined by
(pL F)(G) := u(F nG) for any Borel set G ¢ Q. Similar notation is used for the
spaces of finite Radon measures on Qr = Q x (0,7T).

We denote by (-,-),, the duality map between M(€2) and the space C.(Q2) of
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continuous functions with compact support in 2. By abuse of notation, we also set
(o) = [ pla)du(e) it pe M(Q) and pe L}( ).

For T' > 0 we denote by L*(0,T; M(Q)) the set of measures z € M(Qr) for which
for a.e. t € (0,T) there is a measure z2(-,t) € M(Q) such that
(i) for all ¢ € Co(Qr) the map t — (z(-,t),((-t))q belongs to L'(0,7T") and

T
(2.1 (g, = [ (20,00 dt:
(ii) the map t = [2(¢)]| 1) belongs to L*(0,T).

Accordingly, we use the notation

|2] Lo (0, 7:0m(0)) = €88 sup [[2(t) | me) for z e L=(0,T; M(2)).

te(0,T")

Observe that by the above definition the map t = (z(-,t),p), is measurable for all

p € C.(Q), and thus the map z: (0,T) - M(Q) is weakly* measurable. For simplicity

we use the notation L*(0,7;M(Q)) instead of the more correct L%, (0,T; M(Q2)).
If z € L*(0,T; M(Q)), for every Borel set F' € Qr there holds

)= [0 oy,

where F; = {z € Q|(x,t) € F} is the t-section of F. It is easily seen that z is
concentrated on a Borel set F' € Qr if and only if z(-,t) is concentrated on the section
F, for a.e. t € (0,T) (see [31, Proposition 4.2]).

If z € L=(0,T; M()), then also z4e, zs € L=(0,T; M(£2)) and, by (2.1),
(2.2)

(Z(ZC7C)QT :-/fQT zp Cdadt, <257C>QT = /(;T<ZS('7t)7C('7t)>Q dt  for CECC(QT)'

One easily checks that

(2.3) Zac(t) = [2()]ac, 2s(t) =[2(t)]s for ae. te(0,T).
In particular,
(2.4) z-(,t) = [2(+,t)], for a.e. te(0,T),

where [z(-,t)], denotes the density of the measure [2(-,1)]qc: for ¢ € C(Q),

([ )]ac: Qg = fﬂ[z(',t)]erI = [2 zr(+t) (dx  for ae. te(0,T).
In view of (2.2)—(2.4), we always identify the quantities which appear on either side
of equalities (2.3)—(2.4).

2.2. Function spaces. In addition to the standard Sobolev spaces H*(Q) (k €
N), the following spaces are convenient to define in order to deal with different bound-
ary conditions:

| C'(Q) in case (1.6a), L H'(Q) in case (1.6a),
Co( @)=y . H,(9) = . .
C:(Q) in case (1.6b), Hy(92) in case (1.6b),
HY(Q) {u e H3(Q) |uz =0 on 89} in case (1.6a),
{ue H*(Q)|u=1uz =0o0n 00} in case (1.6b).
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By (-,-)« we denote the duality map between the spaces (H}(Q))" and H1(Q). We
use the following well-known result [30, 21]; cf. the discussion in [17].

LEMMA 2.1 (Aubin-Lions-Dubinskii-Simon).  Let T > 0, and let X,Y,Z be
reflexive Banach spaces, such that X is compactly embedded into Y and Y is con-
tinuously embedded into Z. Then the following embeddings are compact:

{ueL*(0,T;X)|u e L*(0,T;2)} = L*(0,T;Y),
{ueL=(0,T;X)|u e L*(0,T; Z)} - C([0,T];Y).

We also make use of the following result, which is a particular case of Proposition

3.1 and Remark 3.2 in [7].

LEMMA 2.2. Let X c L?(Q) be dense with continuous embedding. If z € L*(0,T; X)
with z € L*(0,T; X"), then z € C([0,T]; L*(Q?)) and

1 1 to
2 fQ 2w to) du - fg 2 (x,tr) dx = ft (2e(,), 2(-, 1)) x7, xdt .
3. Main results.

3.1. Assumptions. Throughout the paper we assume that ¢ and v satisfy the
following conditions (H;)—(H3). On ¢ we assume that

(i) peCHR)NWH=(R), »(0)=0;
(Hy) (ii) a function ®:R — R and a constant kg > 0 exist such that
D' (u) =p(u), 0<P(u)<kolul for all uelR.

Note that the assumptions on ¢ are very weak: in particular, we do not assume
symmetry, and ¢’ may change sign arbitrarily many times. The assumption ¢(0) =0
is needed to treat essential boundary conditions, the sign condition on ® provides a
lower bound on the energy, and the growth condition on ® allows one to consider
measure-valued initial data.

As to 1, we assume that k1 >0, v > 0 exist such that

. () ¢eC*(R)nW**(R), ¢ odd, ¥’ >0in R, lim ¢(u) =;
(Hz) (i) ¢ (u)| < k19" (u) for any ueR.
Note that by (Hs)(i),

(3.1) 0<U(u)<ylul forallueR, where W(u):= f P(s)ds.
0

The functions ¢ and v are related by the following assumption: there exists ko > 0
such that

(H3)

{ either (i) [p(u)]? < ko' (u)[1+W(u)] forall uelR,
or (1) |¢'(uw)| € k2ly"(uw)| for all ueR.

Generally speaking, (Hs) relates the behavior of ¢ to that of ¢. (Hs)(i) covers
the prototypal cases (1.7) and (1.8): indeed, a straightforward computation shows
that in these cases (Hs3)(i) holds if 0 < o < 2a, whereas (Hs)(ii) gives the stronger
constraint 0 < o < o In fact, (Hz)(ii) is better suited (by appropriately choosing the
regularization ¢) to be applied when p(-00) < p(00).

Remark 3.1. The oddness assumption in (Hz)(i) is made only for convenience
and could be omitted provided ¥(0) = ¥"(0) = 0, which are used to treat essential
boundary conditions.
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3.2. Admissible initial data. We consider Radon measures “with finite
energy” in the following sense.

DEFINITION 3.2. Let (Hy) and (Hz)(i) hold. A measure u € M() has finite
energy if there exists a sequence {u,} c H*(Q) such that

*

(3.2) Up = U in M(Q),
(3.3) sup Flu,] < Ey  for some Ey>0.

Note that by (3.2) we have

(3.4) sup [[un | 1) < Mo for some My > 0.

Measures with finite energy are characterized as follows.

PROPOSITION 3.3. Assume (Hy) and (H2)(i). A measure u € M(Q) has finite
energy if and only if u e A(Q), where

A(Q) = {u e M(Q) | Y(u,) e HY(Q), u® = u* LS*(Q)},
S*(Q) ={z e Q| Y(u(z)) =7} .

The proof of Proposition 3.3 is essentially contained in [15] (see section A.1),
where it is also shown that if u € A(Q), the sequence can be chosen such that {¢(u,)}
converges strongly to 1 (u,) in H'(£).

Remark 3.4. Tt follows immediately from Proposition 3.3 that a Dirac mass is
not an element of A(Q). However, if the degeneracy of v’ is sufficiently strong,
the set A(f) contains the sum of a Dirac mass concentrated at any xy € Q with
a nonnegative function having an integrable, yet suitably strong, singularity at xg.
In the prototypal case (1.9), Proposition 3.3 immediately implies that the measure
=2+ 0y, 2(x) = |z - 20| belongs to A(Q) for any o > 1/2 and any 3 € (i, 1).

3.3. The notion of solution. Let us first define local (in time and possibly in
space) solutions of (1.5).

DEFINITION 3.5. Let Qg < be open, and let T € (0,00). A local solution of (1.5)
in Qor = Qo x (0,T) with initial datum ug € M(S0) is a pair (u,v) such that

(i) w e L=(0,T; M(20)), ¢(ur) € C(Qor) N L=(0,T; H' (), and [¢(ur)]es €
L?UC(QOT N S(Qor)), where
(3:5) S(Qor) = {(,t) € Qur | W (ur) (2, 0)] = 7}

(i) v e L*(0,T; H'(Q)) and
(3.6) v =p(ur) =2 (up) [P(ur)]ea a-e. in Qor;

(iil) u(-,t) € A(Qp) for a.e. te(0,T);
(iv) for all ¢ € CY([0,T];CL(Q0)) such that (-, T) =0 in Qq, there holds

(37) AT<u('7t)a Ct('a t))QO dt - /LOTUm Ca: dxdt = - <UO, C(v 0))90 .
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Remark 3.6. By (i), ¥(u,)(-,t) € HY () for a.e. t € (0,7T), so (iii) is equivalent
to
(3.8) -
wt(,t) =ul ()L SF(Q) forae. te(0,T), Si(Q):={zeQ|v(u)(z,t)=2v}.

Observe that the set S;(Qp) == 57 (Qo) US; (o) is the t-section of the set in (3.5):
Se(0) = {z € Qo[ [ (ur) (z, 1) =7} = {z € Q| (2, 1) € S(Qor) } -

We now define global (in time and space) solutions to (1.5)—(1.6).

DEFINITION 3.7. Let ug € M(). By a solution of problem (1.5)—(1.6) we mean
a pair (u,v) such that

(i) (u,v) is a local solution to (1.5) in Qx(0,T) for all >0, (u,)e L= (0, c0; H(Q2)),

and v, € L*(Q);

(ii) for all T > 0, (3.7) holds with Qo = Q for all ¢ € C*([0,T];CL(Q)) such that
¢ T) =0 in Q;

(iii),, in case (1.6a), [¥(ur)]e =0 on 90Q x (0,00) in the sense that

(3.9) Sl Camde =~ ]| ()]s G drat

for all ¢ CH(Q~ S(Q));
(iii), in case (1.6b), ¥(u,) € L=(0,00; H3(2)) and v € L? ([0, 00); H3(£2)).
3.4. The existence result. The first main result of the paper is the following.
THEOREM 3.8. Assume (H1)—(H3). Then for every ug € A(Q) there exists a
solution (u,v) of problem (1.5)—(1.6).

The proof is based on an approximating procedure. For ug € A(Q), let {ug,} be
a sequence given by Definition 3.2, and let

1 1
(3.10) Yn(u) =9(u)+ — (ueR), where £, :=max {n, §Hu0n|\Lw(Q)}
Rn
(the choice of k,, is motivated by the proof of Lemma 4.4). Clearly, v,, > ¢ pointwise

in R. We consider the following nondegenerate approximating problems associated
with (1.5)—(1.6):

(3.11) Ut = Vgp i Q, vi=@(u) - 2 () [t (1)) sz ,
with either natural or essential homogeneous boundary conditions,
(3.12a) Uy =0, =0 in 00 x(0,00), u=1ug, inx{0},
(3.12b) u=v=0 1in 9 x (0, 00), u=1ug, inQx{0},

respectively. Thanks to nondegeneracy, existence of strong solutions to (3.11)—(3.12)
may be proved by a Galerkin-type argument (see Proposition 4.1), which is relatively
standard in the framework of nonlinear higher-order equations (see, e.g., [2, 20, 22,
23]). Note, however, that the nonlinearity of the first-order term in the energy forces
us to use a two-step argument, requiring a preliminary local existence result based on
auxiliary interpolation estimates. Then Theorem 3.8 is proved by considering limiting
points of the sequence {u,} in suitable topologies.
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3.5. Formation and disappearance of singularities. The second main result
shows that, in contrast to the pseudoparabolic regularization, the singular part of
solutions to (1.5) may either appear for ¢ > 0 (starting from an L'-initial datum) or
disappear in finite time. Let ¢, ¥ be such that

1
(Hy) o(u)=u YPu)=y-—u? foral u>u forsome o,0,7>0
o

(in this connection see (1.9)), and let g denote the Dirac mass at = = 0.

THEOREM 3.9. Assume (Hy), and let a > 1, o > % For any tg >0 and V >0

there exist two four-parameter families of local solutions to (1.5) of the form

(3.13) ui(z,t) =u(x) + Vip(z)t, t>0,
(3.14) ug(z,t) =u(x) + Vig(z)(to —t), te(0,tg),

with x € Qg = (=&,€) for some € > 0. In both cases, @ € L'(y) n C*(Qo ~ {0}) and
for some c e R~ {0} there holds

lz|¥ oV g(z) > ¢ as|z] - 0.

For solutions of type (3.13) the singular part appears for ¢ > 0, whereas (3.14)
provides an example of a Dirac mass which disappears at time t5. The number of free
parameters is consistent with that of boundary conditions in (1.6); thus it is reasonable
to expect that a local solution of (1.5) may be turned into a global solution of (1.5)-
(1.6) by tuning these parameters. Based on our experience, however, there may be
technical obstructions in achieving this goal by, e.g., a shooting argument, due to the
lack of straightforward monotonicity properties in nonlinear higher-order ODEs. In
any event, since the formation/disappearance of singularities is a local phenomenon,
we prefer to put the issue aside in this first investigation. Finally, note that in (3.13)
u(-,0) = 4 is unbounded: we do not know whether there exist bounded initial data for
which the solution develops a nontrivial singular part within finite time.

4. A priori estimates. According to (3.10), we define approximating energies

62 2
(4.1) Enfu(,t))+= [ (<b<u> +< [%(u)h) (a,1) da.

In this section and the following one we assume that the initial datum wug is a measure
with finite energy.

In the appendix, a general existence result for problem (1.5)—(1.6) under a non-
degeneracy assumption on v is proven (see Theorem A.2). This result applies in
particular to problem (3.11)—(3.12) and provides the following starting point of our
analysis.

PROPOSITION 4.1. Assume (H1)—-(Hz). For ug € A(Q), let {uo,} be as in Def-
ingtion 3.2. Let ky, > 1 and ), be defined by (3.10) (n € N). Then there exists
a strong solution wu, to (3.11)—=(3.12), in the sense that for all T > 0 there holds

wy € L2(0,T5 H3(9)) nC([0.T): HH(Q). wnr € L0, 75 (HAR))), tn(-.0) = oy,

@2) [ o Chudi= - I tnatdedt for ait ¢ 0.7 (@),
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where

(4.3) U = @(un) - 52¢;(un)[¢n(un)]mv

and

(4.4) En[un (- t2)] + fttfﬂ V2 dadt = Epun(-t1)] if 0 <t <ts < oco.

Our goal is to prove a few a priori estimates on strong solutions of problem
(3.11)—(3.12). Throughout the section Cr > 0 (resp., C' > 0) denotes a generic positive
constant independent of n (resp., of n and T).

LEMMA 4.2. Let {u,} be given by Proposition 4.1. Then the following holds:

(4.5) esssup Ep[un(-,t)] + [/ v2, ddt <C,

te(0,00) Q
(4.6) /{; Up(x,t)dx = fQUOn(x) dx  for all t >0 in case (3.12a),
(4.7) v ||2Lz(o,oo;(H;(Q))f) <C.

Proof. Inequality (4.5) follows from (4.4) and (3.3). In case (3.12a), (4.6) follows
immediately from (4.2). Concerning (4.7), from (4.2) for a.e. t € (0,00) we get

1/2
(a0l < ([ 2@ t)dn) " Il for all Ce (@),

and thus (4.7) follows from (4.5). O

The following lemma shows that estimate (4.5), together with (4.6) or (3.12b),
implies boundedness and equicontinuity of the sequence {¢,,(u,)}. Here assumption
(H2)(ii) plays an essential role.

LEMMA 4.3. Let {u,} be given by Proposition 4.1. Then
(i) there holds

(4.8) [thn (un) [ L= (@) < C
(ii) for all t € (0,00, 1,72 € Y,
(4.9) [ (un) (1,) = D () (@2, 1)] < Clary = wo|'12;
(iii) for all z €9, 0<t1 < ts < oo,
(4.10) [t (n) (,11) = U (un) (2, 8)] < O[(t2 = 1) % + (t2 = 1) /°].

In particular, the sequence {,(u,)} is bounded and equicontinuous in Q.

Proof. Inequality (4.9) follows from (4.5) and the definition of E,, (see (4.1)). In
case (3.12b), (4.8) follows immediately from (4.9) and the equality ¥y, (un(-,t)) =0 on
9. In case (3.12a), by (3.10), (4.6), and (3.4), we obtain

fﬂ un(z,t) dx

fﬂ won(x) dx

<

‘/Q%L(un(mj))dw /quf(un(x,t))dx

- ‘/Qw(un)(x,t) dx

1
+7
Kn

1
+— <79 + M.
K.

n
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Hence the mean value of ¢, (un(-,t)) is uniformly controlled: together with (4.9),
this implies (4.8). To prove (4.10), choose a regularizing family p, (z) = %p (%) (z e
R,n >0), where p e C°(R) is a standard mollifier with unit mass. Set

W@ty i= [ poo =) [a(un)) () dy
Then for every fixed Z € Q and t1,t5 € (0,T), t1 < to, there holds

[thn (un ) (Z, 1) = n(un ) (2, t2)] < [t (un) (@, t1) - ¢:,L(f,t1)|
(4.11) iy (7, 81) = ¥y (2, b2)[ + |1y (,82) = o (un ) (7, £2)] -

By (4.9), there exists C' > 0 such that for all T, t1, to as above, n > 0, and i = 1,2,
there holds

(4.12) Wn(un)(fati)_wg(ivtiﬂg‘/Qpn(f_y)wn(un)(fvti)_¢n(un)(y’ti)|dy

SCprn(i"—y) iz - y["?dy < Cn'l?.

To estimate the second term in the right-hand side of (4.11) observe that, by assump-
tion (Hy)(ii),

[, (un) ]zl = [0 (un) tnal < k1 (un) | < 1 ([0 (un) 1] -
Using (4.2) and the above inequality we get

(4.13)
|¢Z(-’E7tl)_wg(i’7t2)|= Lpn(j_y)[wn(un)(yvtl)_wn(un)(yat2)]dy’

) ftltz(“"t("t)a%(un)(-,t)pn(i:—~))*dt‘

S pne) ) 1) o7 =), |

o [ o 5 )1 0 5~ ) o

" fttfg [vnal ¥, (un) (2, 1) |0}, (Z—2)| dadt =: ky T1,+ I

IA

It follows from (4.5) that

loll Lo (r t2
T 5 LD [ ) e D ()] ) ey

1

1/2
V2ol e - 12
< OO {esssup Eufun ]| ([ lona (o) gy dt) (22— t0)!

En te(0,00)
V2C|plp~
 YEZIPILZ®) (4, 41)212
en
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Moreover, by (4.5) there holds

to
(4.14) 1n2g(\\w'|\Lm(R)+1)/ [|vm|(x7t)|p;](£—x)|dxdt
t1 Q

(I =@y + DA | =)y 2

< ( )773/2 ( )/t‘ lvna (- )] 22(0) dt
(Y =@ + DA le=@ ( = 1/2

s ( )773/2 ( )(fo va("t)Hiz(Q) dt) (ta—t1)'?
(" | =@y +1) C2) ' = m

< (R) 773/2 (R) (t2—t1)1/2.

By (4.11)—(4.14) there exists K > 0 such that
_ _ ty —t1)/? 1
(A15) i)t =)@ < K[ S (1 )]

for all z, t1, to as above and n > 0. It is easily seen that minimizing the right-hand
side of (4.15) with respect to 7 in (0, 00) gives (4.10) (cf. subsection A.3). Hence the
result follows. d

Let
(4.16) U, (u) = /(;uqlzn(s)ds:\l'(u)-r% (ueR).

The next entropy-type estimate is the base for obtaining uniform controls on the norms
of u, and v,. Here the choice of x, and assumption (H3) are essential ingredients in
the proof.

LEMMA 4.4. Let {u,} be given by Proposition 4.1. For any T > 0 there exists
Cr >0 such that for all n e N,

(4.17)  sup \I/n(un($,t))dx+/]QT (0, () [t () 12, } dadt < C.

te(0,T) Y€

Proof. First, by (4.16) and the definition of &, (cf. (3.10)) we have

2
U
[0 (uon )| = Wn(|uonl) < 7luon|+ on < (v + Dluonl,
2K
n

whence by (3.4),
(4.18) W (uon) L) < (v +1)Mo.
Choosing 9y, (un)(-,t) as test functions in (4.2), we have

I(t) = fQ (U (un (2,1)) = Wy, (won ()] da = - fo el ()] dds.

In view of the boundary conditions 1, (un), = 0 or v, = 0 on 9, we may integrate
by parts once more, obtaining

(4.19) In(t)=ff@t<P(un)[1/)71(%)]mclocds—62 fot U () [Wn (un) 17, dads
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We now distinguish two cases.
(i) If (H3)(i) holds, by the definition of v,,, ¥,, we have

(420)  [p(u)]? < kot (u) [1+ W (u)] < kotpl,(u) [1+ U, (u)] forallueR, neN.
On the other hand, by Young’s inequality,

f/ ©(un)[Vn (un)]zz drds < 282/]¢ w’z(LZZ) dxds + —/f ! (uy) 1/Jn(un)]mdxds
whence by (4.19),

@2) L)<y [[Q (“") duds - = /[ 0 () [ (1) 12, s
Therefore, by (4.20)—(4.21),

10 < 5% [ (e o)) dods = 5[] 0 a0 (ua) R, dods,

whence the conclusion follows by a Gronwall argument and inequality (4.18).

(ii) If (Hs)(ii) holds, then in view of the boundary conditions )y, (un), = 0 or
©(un) =0 on I we may integrate by parts the first integral in (4.19), obtaining

Io(t) = ff () o[ (1n) ] dards — £ f 0 ) [ (), dads
< ko —UQt U (Ur) wdmds—e [Qt 1 (up) wn(un)]mdazds,

whence the conclusion follows by (4.5) and (4.18). 0
Lemmas 4.2 and 4.4 combine into a few additional a priori bounds.

LEMMA 4.5. Let {u,} be given by Proposition 4.1. For any T > 0 there exists
Cr >0 such that for all n e N,

(4.22) lwn | z= (0,721 2)) < Cr,
(4.23) lonll L2071 (0)) € OT -
Proof. To prove (4.22), let i, := 1;,*(7/2). Then
U, (1) = U () = f bn(s)ds > g(u —a,) forallu> ay,,

whence )
|u| < Up + =P, (u) for all ju| > G, .
Y

Therefore, since 0 < i, < ¢~ (%) for all n e N,

[ b )l < 0]+ % IR (%) 0]+ % JRACKER)
and the claim follows from (4.17). Concerning (4.23), by (4.17) for any T > 0 we have
lonlZ2 @y < 2l (un)l T2 quy + 26 190 () [¥n (un) Laa | 22 )

<2l Q] + 2% (10 imy 1) ]| (0 (o () it O

Combined with (4.5), the above estimate yields (4.23). d
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5. Proof of existence. We first collect some preliminary results about the lim-
iting points of the sequence {u,} introduced in Proposition 4.1. From the previous
uniform estimates we obtain the following.

PROPOSITION 5.1. Let {u,} be given by Proposition 4.1. Then there exist a subse-
quence of {un} (not relabeled), uV u® e L2 ([0,00); M*(Q)), and v € L2 ([0, 0);
HL(Q)) with v, € L*(Q), such that

(5.1) b 2 u® 0w 2@ w, Lu=u® @i M(Q),
(52) tng — uy in L0, 001 (H(2))).
(5.3) Un = in Lio([0,00); H(2)).

Proof. Fix any T € (0,00). By inequality (4.22) the sequence {u,} is bounded
in L'(Qr,), and thus the same holds for the sequences {uf}. Hence there exist a
subsequence {uy} = {un, } € {u,} and ugl), u§2) € M*(Qr,) such that

(5.4) uy X ugl) , ug X u§2) in M(Qr,) .

Arguing as in [29, Proposition 5.3] one proves that ugl),uf) e L*(0,T1; M*(Q)).
Further, let Ty € (11, 00). By (4.22) there exist a subsequence {u;} = {ug, } € {ux}
and ugl), uéQ) € M*(Qr,) such that

*

(5.5) uj —~ ugl) ,ouj X ug) in M(Qr,) .
By (5.4)—(5.5) there holds ugl) = ué1)7 ugz) = uéQ) in M(Qr,). As before, one
proves that ugl),uf) € L*(0,To; M*(Q2)). Tterating the procedure, by a diago-
nal argument there exist a subsequence of {u,} (not relabeled for simplicity) and
u® u® e L2 ([0,00); M*(2)) such that

A 2@ o g, D= a® —u® in M(Qp) for all T>0.

U n

Then w e L2, ([0,00); M(£2)) and the limits in (5.1) hold.
To prove (5.2) observe that, by (4.7), there exist a subsequence of {u,:} and
z € L*(0,00; (HL(£2))") such that

(5.6) Ut — z in L2(0,00; (HX(Q))).
Plainly, by (5.1) and (5.6) there holds z = u;, and thus (5.2) follows. The convergence
in (5.3) follows similarly from (4.23). |

PROPOSITION 5.2. Let {u,} be as in Proposition 5.1. Then there exist a subse-
quence (not relabeled) and a function w e C(Q) n L°°(0,00; HL(Q)) such that

(5.7) U () = w uniformly in Q,
(5.8) P (un) = w in L0, 00; H'(Q)),
(5.9) |w| <y m Q.

Proof. The sequence {1, (u,)} is bounded and equicontinuous in @ by Lemma
4.3, and hence the convergence in (5.7) follows immediately. By (4.5) and (4.8) there
exists C' > 0 such that for all n e N,

Hwn(un) HL‘”(O,OO;H,%(Q)) <C,
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and thus it is easily seen that w € L*(0,00; H1(2)) and (5.8) holds. By (4.22), for
any T > 0 there exists Cr > 0 such that for all n e N,

1
W(Un) —ZZJn(Un)HLw(o,T;Ll(Q)) < ﬁ ||unHL°°(0,T;L1(Q)) < TT,
whence by (5.7),
P(un) = w in L=(0,T; L' (Q)).

Hence (possibly up to a subsequence) there holds v (u,) - w a.e. in Qp. Since
[tp(u)| < v for all u € R, inequality (5.9) follows. O

PROPOSITION 5.3. Let {u,} and w be as in Proposition 5.2, and let
(5.10) S i={(z,t) eQ|w(a,t) =7}, S=8"uS".
Then S has zero Lebesque measure and
(5.11) ur - [1/)’1(11))]i uniformly in every compact K c Q ~ 8*.

Proof. Let T >0 be fixed. For any 7 € (0,7/2) set

Sur = {(w,1) €Qy | e, )] > -}

Then SN Qr €S, 1, and by (5.7) [, (un)| 2y - 21 in S, 1 for all n sufficiently large.
Observe that

[n (un (@, )27 =20 < |un(z,t)| 20, (v-2n)

since the function 1, is strictly increasing and odd. Hence by inequality (4.22),
S0@Qrl- vt (=200 < Byrl- v (=200 [ fun(eDldadt < Cr T
T
whence letting n - oo we get

5 = CrT
IS N Qp| < (v =2m)

Letting 1 — 0 in the above inequality proves that |[S n Q| =0 for all T'> 0, and thus
|S| = 0 by the arbitrariness of 7.

To prove (5.11) fix any compact subset K c Q ~ S* (observe that the sets S S
are closed since w is continuous). By (5.7), (5.9), and (5.10) there exists n € (0,7)
such that ¥, (u,) <v-nin K for any n € N sufficiently large. For every such n there
holds

u+
0<¥(up) =n(un) - = <y-7 in K,

whence u; <p~(y-7n) in K.

By assumption (H2)(i) there holds

(5.12) m = ' (u)>0.

min
[ul<yp=1 (v-n)
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Therefore, since ¥ is odd, we get

viv-m)

n

= [ ()]

By (5.7), letting n — oo in the above inequality we obtain the claim with “+” in (5.11).
The claim with “-” is proven similarly. ]

m‘ C(K) < o (uy) —w+\|C(K) < H[wn(un)r _w+”c@) .

PROPOSITION 5.4. Let u, w, and 8* be as in Propositions 5.1-5.3. Then
(5.13) ut = ut L S*, uy = [N (w)]  ae in Q.
Proof. By (5.1) and (5.11), for any ¢ € C.(Q ~ S*),

<u(1),C>Q:JEEO<UZ,C>Q:T}EI°1°[/;2u:LCd1‘dt: fo[w—l(w)]+<dmdt,

namely,

<u®.¢>g= [ {7 @)] - u"}Cdrat.

By the above equality, for any compact subset K ¢ Q \ S* the measure ugl) L K is
absolutely continuous with respect to the Lebesgue measure, and thus ugl) LK =0.

Therefore,
<uf®.¢>q= [ v )] -uD}cdrat = 0

for any ¢ as above. Hence we obtain

WD =uM LS wM =g (w)] ae inQ

since |S| = 0 (see Proposition 5.3). Tt is similarly seen that

W@ =u®P LS, u® <[y (w)] ae i Q,

with u(®) as in (5.1). Then it holds that u, = 1/~!(w) a.e. in Q by Proposition 5.1 and
ugl)(@ NSt) = ugz)(@ ~&7) = 0. By the minimality of the Jordan decomposition, it
follows that u*(Q~S*) = 0, and thus u*(F ~S*) = 0 for every Borel set F' ¢ Q. Hence
the result follows. O

_Remark 5.5. In view of the second equality in (5.13), hereafter we identify w e
C(Q) with the continuous representative of ¥ (u,.).

PROPOSITION 5.6. Let {u,}, u, v, w, and S be as in Propositions 5.1-5.3. Then
(i) ur e C(QNS) and

(5.14) Up = uy uniformly in every compact K c Q\ S;
(it) wa € L, (Q N S),
(5.15) [Vn (un)]ee = Wez 0 L?OC(@ N 5) ,

and in case (1.6a), for all (e CH(QNS),

(5.16) fo Wye ¢ drdt = - [fQ Wy, Cp dxdt ;

(iil) there holds
(5.17) 0= o) - 2 () [ () e in Q.
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Proof. The convergence in (5.14) and the claim that u, € C(Q ~ S) follow from
(5.11) and Remark 5.5.

To prove (5.15), fix any compact subset K c Q ~ S’, and observe that K c Qp ~ S
for some T > 0. Arguing as in the proof of (5.11) and using (4.17), there exists Cx >0
such that for all n € N sufficiently large,

] W) 2 e < = [ ) () B, i < Cc,

with m given by (5.12). Hence there exist a subsequence {u,, } € {u,} and h € L*(K)
such that

Together with (5.7), this implies that

[ nézdt =t [ T, () )ew C e = Jim ] () G ot
:/]ngmdxdt for any ¢ € C2(K).

Therefore h = w,, € L>(K), whence w,, € Lfoc(@ N 5’) by the arbitrariness of K, and

Since the above limit is the same for every convergent subsequence of {[t,(un)]zz},
the whole sequence weakly converges to wg, in L?(K), and (5.15) follows by the
arbitrariness of K. Also, in case (1.6a) by (5.8) and (5.15) there holds

Jf e Crdt = i [ B () e C o

=— lim fo[wn(un)]z@dxdt:—[/;zwxczdxdt for any ¢ e CH(Q~ S)

n— oo

since ¥, (un) () € H2(Q2) for a.e. t € (0,T) (see Proposition 4.1). This proves (5.16).
Finally, let us prove (5.17). Since |S| =0, by (5.14) and the regularity of ¢,

(5.18) ©(un) = ¢(u,) uniformly in every compact K c @\ S.

By (5.3) and (5.18) we get

(5.19) =207, (un) [0 () Jaa = vn = p(un) ~v=p(uy) in L7, (@ S).

On the other hand, by (5.14)—(5.15) there holds

(5.20) Gr () [ () o = 0" (u)[$(up) e 0 L7 (QNS).

From (5.19)-(5.20) we obtain that v — ¢ (u,) = -2’ (u, ) [¥(u,)]4s ace. in @\ S and
thus a.e. in @Q since [S| = 0. 0

Now we can prove Theorem 3.8.

Proof of Theorem 3.8. By Propositions 5.1-5.6 and Remark 5.5, the pair (u,v)
given by Proposition 5.1 satisfies all requirements of Definitions 3.5-3.7 with S(Q) =S
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(in particular, equalities (3.8) follow from (5.13)), apart from equality (3.7), which we
now show. For any ¢ € C([0,00);C1(Q)) and n € N by (4.2), there holds

L, wicedzdt = [ vnitedzdt =~ [ unu(@)(a0)do.

By (3.2) and (5.1)—(5.3), letting n — oo in the above equality, we obtain (3.7). Hence
the result follows. ad

6. Formation and disappearance of singularities. In this section we prove
Theorem 3.9. Namely, we construct some explicit local solutions of (1.5) if

. 1
(6.1) o(u) =u™, w(u):'y—u— foru>u>0 (a>1,0>§).

o
Let Qg = (=¢&,&) for some £ > 0 to be chosen, and let ¢y > 0. We look for solutions in
Qot, = Q0 x [0,t0) of the form
(6.2) u(z,t) = u(x) +do(x)A(t),

where §j is the Dirac mass concentrated at the origin, A € Cl([O,to]) is nonnegative,
and @ € L'(0) n C*4(Qq ~ {0}) is such that

(6.3) a@>u and u(z)—> oo as|z|—>0.

We require the regular part 4 of u to be a stationary solution:

(6.4) {e(@) - (D) [Y(@)]es},, =0 in Qo {0}
In view of (6.1), it is natural to set
(6.5) vi=a -2V [ DE) in Qo ~ {0},

Then (6.4), together with the constraint v € H'(§)), implies that v must be a con-
tinuous piecewise linear function in 2,

-D-F.x if - <
(6.6) v:{ r if —€<x<0,

D-Fox if0<z<§,
for some constants D >0 and F, € R.
By symmetry, we may restrict the construction of functions @ which satisfy (6.3)
and (6.5)—(6.6) to the interval (0,¢). Setting y = z/e, U(y) = u(ey), F = eF,,
1 := /e, the problem becomes

U« — U—(o’+1) U—(o+1)U/ '=_D-F : 0
67 { [ ] y i (0.n),

U(0%) = oo.
The next lemma provides the desired family of solutions to (6.7).

LEMMA 6.1. Let a>1 and o > % For any D >0 and F,C € R, there exist n >0
and a solution U € L*(0,n) such that U > @ in (0,7n), and as y - 0%,

20+1

[UH . \P@ﬁ 1
Y 2

e, 2 ] e [T
Uly) 20+1 (20+1)3V D

- O,

(6.8)
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Proof. Set
z:=U w = v’ :—y—Z,
’ U Az

for some A > 0 to be chosen below. Then

20+1 20—+l
22" =~ (% - 1) (2) =MD+ Fy)z~ » - Az_++2,

! N2 " 20+1 20-a+l
yw’:y(—j+yg\22) _y),\z ):w+aw2+(D+Fy)y2,z_ P
z z z

Now we rescale z by y and change the independent variable:

s:=logy, Z(s) = e °z(€%), w(s) = w(e®).
Then we get

dz 20+1 _ - dw - - N o_20+1 2X-20-1. __20-2a+l 2A-20+a-1,
i w+1)z, d—:w+aw2+(D+Fe5)z N N
S S

One easily checks that this system has an equilibrium as s - —oco with Z € R~ {0} if

and only if
A\ = 20 +1 .
2

In this case, the system reads as

dz _(20+1~ ) d 2a_ ,, 2

= - ~ - 2252
w+1)2, d—:w+0w2+(D+Fes)z 2 ye20+1°5 % 2041,
s

Frie

and (2,w) = (1/ %(20+ 1), —202+1) is an equilibrium as s > —oo0. Set 2q := 1/ %(20+ 1)
and

2y =) 2], W)= i)+ 5]

with m > 0 to be chosen below. Then

dz 20 +1
Yz W [z + Ze™?]
ds
and, using also the definition of zg,
o =—(m+ 20_1)VV+0V[/26”‘S
ds 20 +1
( 2« ) 2
DZ25%(220 + Ze™) + Fe(l =5 — e(3051 7% 5 + Ze™5) 2041
(Z0+Z€ms)2 ’
If m<1and m < %, asymptotic equilibria as s - —oo are determined by the
equations
20 +1 20 -1 4
il W2y =-mZ, (m+ 7 )Wzo =2D2%Z =~ 7,
2 20 +1 (20 +1)2
whence

[20-4—1 _(m 20——1) (20 +1)?

+ WZOZO.
20 +1 4
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To have nontrivial equilibria we choose m > 0 such that

20 +1 20 -1\ (20 +1)? 2
77 :(m+ 7 )(U+ ) = 20+1)m?*+(20-1)m-2=0 = m= .
20+1 4 20+1

2m

(Since by assumption a > 1 and o > 27 there holds m <1 and m < 22— ) Hence there

is a one-parameter family of asymptotic equilibria,

4
ZW)y=|C,————C CeR).
( ) ( (20‘ + 1)220 ) ( )
To make the above system autonomous we set
s 1
t:=e(20+1)k i min{2,20 - 1,2a -2} > 0.

Then

dat _ 1 t,

ds (20+1)k
0o C(li% _ 20_2+1Z 20’+1z W + 20'+1 WZt2k
(6.9) &o- W+ oW Z(2zo + Zt%%) (20 + Zt%)

(20+1)2 +1)2

a-1)
—Ft(2”‘1)k(zo+Zt2k)_2 +t2(a—1)k(Z0 +Zt2k) 2a+1 .

Linearization around (¢, Z, W) = (0, C, —mC) leads to the matrix
1
(20+1)k 0 0
2 _2041,
2041 2 <0 )
T (20+1)22 -1

m > 0, 0, and g"f{’ < 0 (the eigenvalue 0 occurs because
there is a continuum of equilibria). By the center manifold theorem (see e.g., [27,
section 2.7]), there exists a one-dimensional manifold which is stable as s - —oo
(i.e., corresponding to the positive eigenvalue). Therefore, for any C € R there exists

a solution (t(s),Z(s), W (s)) of system (6.9) in an interval (—oo,s¢) such that ¢ =
1

e+ DE” and (t(s), Z(s),W(s)) - (0,C, m
solution into the original variables, with 0 <y < 7, = e°“, we obtain that

1 20+1
y U =Z= (20 +1) + Z(log y)y2a+1

=1/ 5(20+1)+ [O+o(1)]yﬁ as y - 0"

This proves the first convergence in (6.8); the other follows similarly from the definition
of w and w and the asymptotical behavior of W as y — 0*. O

with eigenvalues

) as s > —oco. Translating this

Now we can complete the proof of Theorem 3.9.

Proof of Theorem 3.9. Given D > 0 and F,,C. € R, let U, be the solutions,
defined in (0,7.), of (6.7) with F' =eF, and C = C, (resp., F' = —eF_ and C = C_).
Then let £ := emin{n,,n_}, Qo = (=£,£), and

i(x) ::{ Uy(zfe) 0<ax<E,

(6.10) U_(-zfe) -£<x<0,

and define u,v through (6.2) and (6.5).
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Let us check that (u,v) is a local solution in Qg in the sense of Definition
3.5. By the very definition of u there holds u € L*(0,to; M(£0)), and it is easily
seen that u, = @ € C(Qp), v e H(Q) (see (6.10), (6.8), and (6.6)). To show that
[¢(@)]. € L*(), observe that by (6.8),

2 Uy)
20+1 y

U(y) ~cy @7 and U'(y) ~-

for some positive constant ¢. Then

4 U(y)—QU 46720
(20+1)2 g2 (20 +1)2

- 202+1 - 0"
Y as 'y )

[v(U)]:

which is integrable around zero for o > 1/2. Therefore, since S¢(£2) = {0} (see (6.1)
and (6.3)), there holds u(-,t) € A(Qy) for all ¢ € (0,o).

By standard density arguments it suffices to check equality (3.7) with {(z,t) =
p(z)h(t), pe C3(), h e C1([0,t0]) such that h(ty) = 0, in which case it simply reads

o) [T - (B~ F)Jh(e) i =0.

By the arbitrariness of p and h, this equality is satisfied if and only if there holds
A" =F_-F, in [0,tp], namely if and only if

A(t) :Ao—(F+—F_)t for OStStQ

with some Ag € R. If F, < F_, we choose Ag = 0 and V = F_ - F, in (6.2), which
provides a solution of type (3.13). If F, > F_, we choose V = F, — F_ and Ay = Vi,
thus exhibiting a solution of type (3.14). In both cases the four free parameters are
(F-+Fy), D, Cy, and C_. This completes the proof. |

Appendix A.

A.1. Proof of Proposition 3.3. The fact that any u € A(2) has finite energy
follows by [15, Theorem A.2]. It remains to show that u € A(Q) if u has finite energy.
Let {u,} c H'(R) be as in Definition 3.2. Since [¢)(u,)| < v and (3.3) holds, the
sequence {1 (u,)} is bounded and equicontinuous. Hence there exists a subsequence
(not relabeled) such that

Y(up) ~w in HY(Q), ¥(u,) »w in C(Q).
Let ~ B
S*(Q) ={z e Q| w(z) = +v}.

Note that the sets S* are closed since w is continuous. As in the proof of Propositions
5.3-5.4, one shows that |S*(Q)| =0 and

uf =ut L S*(Q), wu,=[¢v Y (w)] ae inQ.

Hence w = 1 (u,) a.e. in 2, §*(Q) = $*(Q), and the conclusion follows.

A.2. Nondegenerate problems. In this subsection we consider problem (1.5)—
(1.6) under the following assumptions: uy € H'(£2),

(H1) eCY(R), ¢'eL™(R), ¢(0)=0,

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 02/25/19 to 151.100.38.135. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

396 MICHIEL BERTSCH, LORENZO GIACOMELLI, ALBERTO TESEI

and
3 3 / 2,00 .
(H) { (i) ¥ e C*(R), ¢ e W**(R), ¢ odd;

(ii) there exists cp > 0 such that t'(u) > ¢o for all u e R.

Observe that under assumption (Hj)(ii) problem (1.5)—(1.6) is nondegenerate. In this
case, a stronger notion of solutions to (1.5)—(1.6) may be given.

DEFINITION A.1. Let ug € H'(Q) and 7 > 0. A strong solution of problem (1.5)-
(1.6) in Q x (0,T) is a function u € L*(0,T; H3(Q)) n C([0,T]; H:(Q)) such that
w € (0,75 (HA())), u(:,0) = uo,

(A1) fOT(ut,Q*dt =- -[[Q vCpdadt  for all ¢ € L2(0,T; HL()),
where v = p(u) = 29" (u)[¢(u)]aa , and
(A.2) Elu(t2)] + /ttfg V2 dedt = E[u(-t1)] for all0 <t <ts <T.

We will prove the following.

THEOREM A.2. Assume (H;)—-(H}). Then for any ug € H'(Q) there exists a
function u: Qx[0,00) - R that is a strong solution to (1.5)—(1.6) in Qx (0,T) for all
T>0.

We will use the following well-known interpolation inequalities.

LEMMA A.3. Let Q cR be open and connected. A universal constant K1 >0 and
a constant Ko >0 depending on § exist, such that

(A.3) foﬁdangl(fﬂfizda;)lu([Qf2dq:)5/2+K2(fo2dx)3,
(A.4) f9|fw|3 dmgKg(fQ f2, dg;)”g(fQ f2dx)5/8+K2(fQ 2 dx)3/2

for any f € H*(Q)). Furthermore, Ky =0 if f =0 somewhere in Q.

The proof of Theorem A.2 is based on the following local existence result, which
will be proven by the Galerkin method.

LEMMA A.4. Assume (H{)-(HS). Then for any ug € H*(Q) there exist T >0 and
a strong solution u of (1.5)—(1.6) in Q x (0,7).

Proof. Let {¢; }jEN c C* () be the eigenfunctions of the Laplace operator with
appropriate boundary conditions,

A on 5 0 case (1.6a), 720,

{ —d);-, = )\jd)j iIl Q
(A.5)

— ’,’: TON i
(4500 mo masenon, o

normalized so that they are orthonormal in L?(Q2) (and orthogonal in H}(Q2)). Ob-
serve that the eigenfunctions ¢; are smooth, A\g = 0, and ¢ is constant.
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(1) Local existence of approzimating solutions. Let ug € H*(2). We seek approx-
imate solutions of (1.5)—(1.6) of the form

(A.6) U (T,1) = i)wjm(t)d)j (), vm = p(um) - 52w,(um)[¢(um)]ww .

Since ¢(0) =1(0) = ¢"(0) = 0, we have

(A7) 0 = Umag = Umzaz, hence vy, =0 on JQ in case (1.6a),

(A.8) 0= Upm = Umgz, hence vy, =0 ond)  in case (1.6Db).
The coefficients w;,, are to be determined by requiring that

(A9) Wi (8) = (me (- 8), D) 200y = = (Vma (1), Ok) 12(q) (t>0),

(A10)  wim(0) = (um(,0), @k) p2(q) = (W0, k) r2(0)

for any k=0,...,m and any ¢ € (0,7). Equalities (A.9)—(A.10) form a system of ordi-
nary differential equations for the unknowns wim, . . ., Wmm. By (H7) and (H5)(i), the
right-hand side of (A.9) depends continuously on wim,. .., Wmm, and thus a solution
of (A.9)—(A.10) exists in some interval (0,T,).

(2) Uniform estimate of T,,. By straightforward calculations, it follows from
(A.5)—(A.6) and (A.9) that

1
I,'n:fﬂv,,mumxmdx, where I, () ::iflufm.(a:,t)dx.
¢

Recalling the definition of v, (cf. (A.6)), by Young’s inequality and assumptions
(H{)—(H3) it is easily seen that for all m € N and t € (0,T5,) there holds

22
(A11) I,,(t)+ 22 /(; ufnmx(x,t) dx < kl/g; [ufm + ufm + |umm|3] (x,t)dx,
0

where the constant ¢ is defined in (H3)(ii) and k1 > 0 is independent of m. Applying
(A.3) and (A.4) with f = u,, by (A.11) and Young’s inequality we obtain

(A.12) I () + k:gfﬂ U2y (2, 1) daz < g [ L () + 15, (1) ]

for all m € N and ¢ € (0,7},), with kg,k3 > 0 independent of m. Since I,,(0) <
%HUOH%H(Q), from (A.12) we get

o Hip(g)ekﬁ 1 (16+ |u0|§11(9))

I, (t) < Fy(t) = T for t < 19 :== —lo,
/ 4k
(16 = o1 (g (5t = 1)) 3

||U0\|§11(Q)

for all m € N. Fix any 7 € (0,79). By integrating (A.12) on [0,7], by the above
inequality we get for all m e N,

(A13) sup u?nz(mv t)dl’ + k2 [/ urznzma: dxdt < JT = / [FO (t) + F()5(t)] dt.
te[0,7] Y€ Q- 0

In case (1.6b), by (A.13) and (A.8) there exists C; > 0 such that

(A.14) [t || Loe 0,711 (0)) < C7  for all meN.
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In case (1.6a), we need an additional estimate on the mean of u,,. Since ¢q is constant,
it follows from (A.9) that wy,, =0 for all m. Hence, by (A.5)—(A.6) for all m € N and
t € (0,T,,) we have that

d S ! !
i Jo om0 = B (0) [ 0o =Gy (1) 60101 =0,

whence by (A.6) and (A.10),

(A.15) ‘fgum(;p,t) dx

Using (A.15) and (A.13), we obtain (A.14) also in case (1.6a). By estimate (A.14),
in both cases w1, ..., Wnm are uniformly bounded in [0, 7], and thus solutions .,
of (A.9)—(A.10) are defined up to time 7 for any 7 < 79; in particular, T, > 7y for all
meN.

(3) Estimates of {um}, {vm} in [0,7] for any T < 79. From (A.13)—(A.14) we also
obtain for every m e N,

<lug|pr(oy for all meN and te (0,7;,).

(A.16) lwm L2 0,713 () < Cr

(hereafter C; > 0 denotes a generic constant independent of m). It follows from (A.14)
and (A.16) that

(A.17) [om 220,711 (2)) < Cr
(A.18) lo(um) Lo, () < Cr s
(A.19) [ (um) 20,715 (0)) < Cr -

Let us prove that

(A.20) ltmtl 20,72 (2)y) < Cr s
(A.21) lumtzl £2(0,7x:(2)) < Cr
where
X.(Q) = { {ue H*(Q) |ue H}(Q) } in case (1.6a),
{u € H2(Q) | u, € HY() } in case (1.6b).

We fix any ¢ € L?(0,7; H}(Q)) and denote by P,, the projection of L?(Q) onto
span{go,...,¢m} (in case (1.6a)) or span{¢i,...,¢m} (in case (1.6b)). Then by
(A.9) and (A.17) we get

(A.22)

‘f/fumtg“d:cdt’ - ‘/[Q uthmCd:vdt‘ - U/Q Umw[Pm(]Idxdt’

1/2 1/2
(] vtednde) " ([] (PucBdsat) <ol

whence (A.20) follows. Inequality (A.21) also follows from (A.22):

‘fo umtwgdxdt‘ = ‘/]Q umtczdxdt‘ < CrlCeal 2@,

for all ¢ € L?(0,7; X.(Q)).
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(4) The limit m — co. By estimates (A.14), (A.16), and (A.20), there exist a sub-
sequence {1u,,} (not relabeled) and a function u € L*°(0,7; H1(2)) n L2(0,7; H3(Q)),
with ue € L2 (0,73 (H'(2))"), such that as m — oo,

*

(A.23) Up ~u  in L% (0,7, H (),
(A.24) Uy — U in L? (O,T; Hf(Q)) ,
(A.25) Uy = uy  in L (O, T3 (Hi(Q))') ,
(A.26) Utz = Uz 0 L7 (0,75 X1(Q)) .

By Lemma 2.1 we also have
(A.27) Um —~u in L?(0,7; HQ(Q)) nC([0,7];L%(R)) and a.e. in Q,.

In view of (A.24) and (A.26), applying Lemma 2.2 with X = X,(Q) and z = u,, we
see that u, € C([0,7]; L?(2)). Combined with (A.27), this yields that

(A.28) uwe C([0,7]; HX(Q)).

By (A.27), (A.18)—(A.19), and the properties of ¢ and ¥ we get (possibly up to a
subsequence)

(A.29) e(um) = o(u) in L? (O,T; Hl(Q)) ,
(A.30) [w(um)]m - [w(u)]mr in L*? (07T§ Hl(Q)) )
(A.31) U = v 1= (u) — Y () [P(u)]ze  in L ([0,7); Hi(Q)) .

To prove (A.1) observe that, for all m,n € N, m >n, and ¢ € L?(0,T; H}(f2)), there

holds
ff Ut P dadt = - f[ U [PoCla ddt .
Qr Qr
As m — oo, by (A.25) and (A.31) we obtain that

fOT(ut,P o). ff o[ PoCle ddt,

whence (A.1) follows by the arbitrariness of n. Therefore, the function u is a strong
solution of (1.5)—(1.6) in 2 x (0,7).

(5) FEnergy identity. It remains to prove equality (A.2). For all m ¢ N and
Ce L*(0,7; X.(Q)), we have

(A.32) [f (i)t € dadt = — f b () s Co dzdt
Observe that by (A.14) there holds

L1 @) G0 Gy < Cr [ 160 gy

for some C; > 0. From (A.20), (A.32), and the above inequality we obtain

[, s

< Cr ¢l L2 (0,7:x. () -
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Hence {[¢(um)]s¢} converges weakly in L2 (0,7; X.(€)) (possibly up to a subse-
quence), and by (A.27) the weak limit is identified with [¢)(u)].:, and thus

(A33) [w(um)]rt - W(U)]m in L? (O,T,XL(Q)) .

By (A.25)—(A.27) and (A.33), letting m — oo in (A.32) gives

@y [ @k Oxax@dt== [[ (). d.
In view of (A.33), since [¢(u)], € L%(0,7; X.(R)), by Lemma 2.2 with X = X, ()
and z = [¢(u)], there holds [¢(u)]. € C([0,7]; L3(2)), and

t=ty

a3 [ [kd

= ftf([w(u)]”’ [ (u)]a) x7 (), x. (0) dt

t=t1

for all t1,t5 € [0,7). By (A.28), we also have that ¥(u) € C([0,7]; H'(Q)) and
Elu(-,t)] € C([0,7]). Therefore, using (A.34)—(A.35),

Elu(2)] - Elu(t1)] = f {{ur, o)) + ([(W)]ats [¥(0)]e) x2 (00, x. (0 }
= £1t2<ut7 CP(U) - w'(u)[qu(u)]m)* dt

for all 0 <ty <te < 7, which implies (A.2). |
We are now ready to prove Theorem A.2.

Proof of Theorem A.2. Let ug € H'(£2). Set
Ta i=sup {7 > 0] 3 a strong solution u of (1.5)—(1.6) in Q x (0,7)} .

By Lemma A.4, 7 is well defined and 754 > 0. Hence there exists a function u which
is a strong solution of (1.5)—(1.6) in © x (0,7) for all 7 < 75;. It follows from (A.1)
that

(A.36) Lu(w,t) dx = /Q uo(z)dx for all t < 757 in case (1.6a)

(no control on the mean is needed in case (1.6b) since u(-,t) € HJ(Q)). Using the
lower bound on ¢, it follows from (A.2) that

(A.37) sup u?(z,t)dx + fo v2 < C,

tG(O,Tju) Q

where C > 1 denotes a generic constant independent of 7). Arguing as in the proof
of (A.20) and (A.21) in the proof of Lemma A.4, (A.36)—(A.37) yield
(A.38)

we L=(0, 7o HE(Q)),  wg e L2(0,7ar; (HH(Q))), e € L2(0, 7075 XL(Q)).

Assume by contradiction that 7p; < co. Using Young’s inequality, the boundedness of
u, and (Hj), we see that

Cilu?mcx < 54(¢,(u))2uixr < Ui + C (’U,i + ’U,g + |u$1|3) .
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Recalling (A.3) and (A.4) and using once more Young’s inequality, for all 7 < 7, we
have

1 T b
f[ u?, dedt < Cﬂ (vi+ui)dmdt+fv/[ uimdmdtJrCf (f ui(m,t)dx) dt
Q- Q- 2 Q- 0 \JQ

(A.37) | ,
(A.39) < OO+ fo W2, dadt.

By (A.38) and (A.39), we L} ([0,7ar); H2(Q)) is upgraded to u € L*(0, 7ar; H2(Q)).
Applying twice Lemma 2.2, in view of (A.38) we obtain u € C([0,7ar]; H1(2)). In
particular,

u(-,t) > u(-, ) =upy  in HY(Q) ast > 713,

Applying Lemma A.4 with uj; as initial datum at ¢ = 7, and patching solutions
together, we obtain a strong solution to (1.5)—(1.6) in (0, 7ps +7) x £ for some 7 > 0,
which contradicts the definition of 75;. Thus 7a; = oo, and the result follows. 0

A.3. Estimating the right-hand side of (4.15). Setting y = n'/? and A = |to—
t1]'/2, we will equivalently estimate f(y) = y+ Ay 2(1+y~") for y > 0. Differentiating,
we see that the unique minimum point y,, satisfies 2y.> + 3y,* = A™'. We now
distinguish two cases. If y,, <1, then 3,2 <y-%, so that 3A <y} <5A and, therefore,

min _f(y) < (54 +2.37/1) AVY ify,, < 1.
y€(0,00)

If, on the other hand ,y,, > 1, then ¥, <43, so that 24 < y3, <54 and, therefore,

m

min f(y) < (51/3 +2- 2_2/3)141/3 if Y, > 1.
y€(0,00)

Combining the two inequalities, we conclude that

r(nin ) Fly) < (5% +2.3734) AN 4 (5113 4 21/3) A3,
y€(0,00

REFERENCES

[1] H. AMANN, Time-delayed Perona-Malik problems, Acta Math. Univ. Comenian., 76 (2007), pp.
15-38.

[2] L. ANSINI AND L. GIACOMELLI, Doubly nonlinear thin-film equations in one space dimension,
Arch. Ration. Mech. Anal., 173 (2004), pp. 89-131.

[3] G.I. BARENBLATT, M. BERTSCH, R. DAL PAsso, AND M. UcHI, A degenerate pseudoparabolic
reqularization of a nonlinear forward-backward heat equation arising in the theory of heat
and mass exchange in stably stratified turbulent shear flow, SIAM J. Math. Anal., 24
(1993), pp. 1414-1439, https://doi.org/10.1137/0524082.

[4] A. BELAHMIDI AND A. CHAMBOLLE, Time-delay regularization of anisotropic diffusion and
image processing, Math. Model. Numer. Anal., 39 (2005), pp. 231-251.

[5] G. BELLETTINI, G. Fusco, AND N. GUGLIELMI, A concept of solution and numerical experi-
ments for forward-backward diffusion equations, Discrete Contin. Dyn. Syst., 16 (2006),
pp. 783-842.

[6] G. BELLETTINI, M. NOvAGA, AND M. PAOLINI, Convergence for long-times of a semidiscrete
Perona-Malik equation in one dimension, Math. Models Methods Appl. Sci., 21 (2008),
pp. 241-265.

[7] F. BERNIS, Existence results for doubly nonlinear higher order parabolic equations on unbounded
domains, Math. Ann., 279 (1988), pp. 373-394.

[8] M. BErTSscH, F. SMARRAzzO, AND A. TESEI, Pseudo-parabolic regularization of forward-
backward parabolic equations: A logarithmic nonlinearity, Anal. PDE, 6 (2013), pp. 1719-
1754.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.1137/0524082

Downloaded 02/25/19 to 151.100.38.135. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

402

[20]
(21]

22]

M.

M.

M.

M.

M.

M

M

E.

X.

M

P.

P.

V.

L
P.

M.

—

MICHIEL BERTSCH, LORENZO GIACOMELLI, ALBERTO TESEI

BERTSCH, F. SMARRAZZO, AND A. TESEI, On a class of forward-backward parabolic equa-
tions: Existence of solutions, Nonlinear Anal., 177 (2018), part A, pp. 46-87.

BeErTscH, F. SMARRAZzO, AND A. TESEIL, On a class of forward-backward parabolic
equations: Properties of solutions, SIAM J. Math. Anal., 49 (2017), pp. 2037-2060,
https://doi.org/10.1137/16M1067378.

BERTSCH, F. SMARRAZZO, AND A. TESEI, On a pseudoparabolic reqularization of a forward-

backward-forward equation, Nonlinear Anal., 129 (2015), pp. 217-257.

BERTSCH, F. SMARRAZZO, AND A. TESEI, A note on the strong maximum principle, J.

Differential Equations, 259 (2015), pp. 4356-4375.

BERTSCH, F. SMARRAZZO, AND A. TESEI, Pseudo-parabolic regularization of forward-

backward parabolic equations: Power-type nonlinearities, J. Reine Angew. Math., 712
(2016), pp. 51-80.

. BERTSCH, F. SMARRAZZO, AND A. TESEI, Nonuniqueness of solutions for a class of forward-
backward parabolic equations, Nonlinear Anal., 137 (2016), pp. 190-212.

. BERTSCH, F. SMARRAZZO, AND A. TESEI, On a Class of Forward-Backward Parabolic Equa-
tions: Formation of Singularities, preprint, Universita Campus Bio-Medico, Roma; De-
partment of Mathematics, University of Rome Tor Vergata; Istituto per le Applicazioni del
Calcolo “M. Picone,” CNR, and Department of Mathematics “G. Castelnuovo,” Sapienza
University of Rome, 2017.

BonNETTI, P. COLLI, AND G. TOMASSETTI, A non-smooth regularization of a forward-
backward parabolic equation, Math. Models Methods Appl. Sci., 27 (2017), pp. 641-661.
CHEN, A. JUNGEL, AND J.-G. Liu, A note on Aubin-Lions-Dubinskii lemmas, Acta Appl.

Math., 133 (2014), pp. 33-43.

. CoLoMBO AND M. GOBBINO, Slow time behavior of the semidiscrete Perona—Malik scheme
in one dimension, SIAM J. Math. Anal., 43 (2011), pp. 2564-2600, https://doi.org/10.
1137/100818698.

. CoLOMBO AND M. GOBBINO, Passing to the limit in mazimal slope curves: From a regular-

ized Perona-Malik equation to the total variation flow, Math. Models Methods Appl. Sci.,

22 (2012), 1250017.

. DAL Passo, L. GIACOMELLI, AND A. NovICK-COHEN, Ezistence for an Allen-Cahn/Cahn-

Hilliard system with degenerate mobility, Interfaces Free Bound., 1 (1999), pp. 199-226.

. A. DuBINSKII, Weak convergence for monlinear elliptic and parabolic equations, Mat. Sb.

(N.S.), 67 (1965), pp. 609-642 (in Russian).

. M. ErLiort AND H. GARCKE, On the Cahn—Hilliard equation with degenerate mo-

bility, SIAM J. Math. Anal., 27 (1996), pp. 404-423, https://doi.org/10.1137/
S0036141094267662.

GRUN, Degenerate parabolic differential equations of fourth-order and a plasticity model
with non-local hardening, Z. Anal. Anwend., 14 (1995), pp. 541-574.

GUIDOTTI AND J. LAMBERS, Two new nonlinear nonlocal diffusions for noise reduction, J.
Math. Imaging Vision, 33 (2009), pp. 25-37.

GUIDOTTI, A backward-forward regqularization of the Perona-Malik equation, J. Differential
Equations, 252 (2012), pp. 3226-3244.

PADRON, Sobolev regularization of a nonlinear ill-posed parabolic problem as a model for
aggregating populations, Comm. Partial Differential Equations, 23 (1998), pp. 457-486.

. PERKO, Differential Equations and Dynamical Systems, Springer, 1998.

PERONA AND J. MALIK, Scale space and edge detection using anisotropic diffusion, IEEE
Trans. Pattern Anal. Mach. Intell., 12 (1990), pp. 629-639.
Porzio, F. SMARRAZZO, AND A. TESEI, Radon measure-valued solutions of nonlinear
strongly degenerate parabolic equations, Calc. Var. Partial Differential Equations, 51 (2014),
pp. 401-437.

SIMON, Compact sets in the space LP(0,T; B), Ann. Mat. Pura Appl., 146 (1987), pp. 65-96.

. SMARRAZZO AND A. TESEIL, Degenerate regularization of forward-backward parabolic equa-

tions: The regularized problem, Arch. Ration. Mech. Anal., 204 (2012), pp. 85-139.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.1137/16M1067378
https://doi.org/10.1137/100818698
https://doi.org/10.1137/100818698
https://doi.org/10.1137/S0036141094267662
https://doi.org/10.1137/S0036141094267662

	Introduction
	Motivation and goals
	Setting
	Existence results
	Evolution of singularities
	Plan

	Preliminaries
	Radon measures
	Function spaces

	Main results
	Assumptions
	Admissible initial data
	The notion of solution
	The existence result
	Formation and disappearance of singularities

	A priori estimates
	Proof of existence
	Formation and disappearance of singularities
	Appendix A
	Proof of Proposition 3.3
	Nondegenerate problems
	Estimating the right-hand side of (4.15)

	References

