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Abstract

In this paper we study the tail behaviour of Mexican needlets, a class of spherical
wavelets introduced by Geller and Mayeli in [11]. More specifically, we provide
an explicit upper bound depending on the resolution level j and a parameter s
governing the shape of the Mexican needlets.
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1. Introduction

A lot of interest has recently been focussed on various forms of spherical
wavelets (see, for example, [2, 4, 7, 14, 24, 31] and the references therein). This
attention has also been fuelled by strong applied motivations, for instance in
Astrophysics and Cosmology. More specifically, we refer to spherical Mexican
hat wavelets (see, for instance, [20]), axisymmetric, directional, and steerable
wavelets (cf., for example, [19, 21, 22, 31]), ridgelets and curvelets (see, for
instance, [23, 28]).

Many theoretical and applied papers have been concerned, in particular,
with the so-called spherical needlets, which were introduced into the Functional
Analysis literature by [24, 25]. Loosely speaking, the latter can be envisaged as
a convolution of the spherical harmonics with a weight function which is smooth
and compactly supported in the harmonic domain (more details will be given
below). Localization properties in this framework were fully investigated by
[24, 25]. Needlets have been recently generalized to various directions. Spin and
mixed needlets were constructed over spin fiber bundles in [8, 9], respectively.
Needlet-like wavelets were also developed on the unitary ball in [6, 26] and over
compact manifolds in [15]. This framework has been also extended to allow
for an unbounded support in the frequency domain by [11], see also [10, 12];
the latter construction is usually labelled as Mexican needlets. Examples of
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applications, mainly related to the study of Cosmic Microwave Background
(CMB) radiation, can be found in [3, 5, 16, 18, 27].

As described in details below, Mexican needlets enjoy excellent localization
properties in the real domain; in this paper, we investigate the relationship
between the tail decay and the exact shape of the weight function. Indeed, the
aim of this work is to provide analytic expressions to bound the tail behaviour in
the real domain. We prove here that the tails are Gaussian up to a polynomial
term, whose dependence on the choice of the kernel can be identified explicitly.
More specifically, for any (multi)resolution level j, consider a partition of the
sphere into a set (of cardinality N;) of spherical subregions of area \;, and
midpoint &, k = 1,...,N;. For any k, let ¥ := 9, (z) denote the geodesic
distance between a generic coordinate x € S? and ;. For the scale parameter
B > 1 and the shape parameter s € N, we shall consider wavelet filters of the

form
)>25 exp (_ <f;§>2> (20 + 1) Py (cos ),

Ajk > {4+ %

M (C
£=0

where Py (-) denotes the standard Legendre polynomial of degree ¢. In Theorem

3.1, we shall be able to show that

W e (0)] < CBIe G2 (14 |y, (B79)]).

where Cj is a positive constant and Ha; (-) identifies the Hermite polynomial of
degree 2s.

It is important to remark that in [11] the authors obtained an analogous
expression for the n-dimensional sphere, limiting their investigation to the case
of the shape parameter s = 1, which can be linked to the spherical Mexican hat
wavelets (see Remark 3.3 and [27]). In this paper, we will extend this bound
for any choice of s € N. Our argument exploits a technique similar to the one
used by Narcowich, Petrushev and Ward in [24] (see also [25] and the text-
book [17, Section 13.3]). Furthermore, an analogous method was developed in
[22] to establish concentration properties of spin directional wavelets. In our
proof, we will also exploit the analytic form of the weight function to compute
exactly its Fourier transform in terms of Hermite polynomials; this will also
allow us to investigate explicitly the roles of the resolution level j and of the
shape parameter s. We also establish bounds on the LP-norms of the Mexican
needlets, depending on the resolution level j and on the scale parameter B (see
Corollary 3.2). Furthermore, in Proposition 2.1 we provide an explicit connec-
tion between Mexican needlets with different shape by means of the spherical
Laplacian operator.

The plan of this paper is as follows. In Section 2 we recall the definition and
some pivotal properties of Mexican needlets; in Section 3 we exploit our main
theorem while Section 4 collects some auxiliary results.



2. The construction of Mexican needlets

In this Section we shall review Mexican needlets, as developed by Geller
and Mayeli, see [10, 11, 12]. As already mentioned and similarly to standard
needlets (cf. [24, 25]), Mexican needlets can be viewed as a combination of
Legendre polynomials weighted by a smooth window function.

On one hand, recall the well-known decomposition of L2 (82), the space of the
square-integrable functions over the sphere, given by

L (s*) = P H.,

>0

where Hy is the space of the homogeneous polynomials of degree ¢, spanned by
the spherical harmonics {Yy,, m = —¢,...,£}. Therefore, spherical harmonics
provide an orthonormal basis for L? (S?). For further details, the reader is
referred, for example, to the textbook [29]); here we just recall the so-called
summation formula, i.e., for any £ > 0 and for any z,y € S?,

4
S Vo () Vo () = 252 Py () )

m=—¢

where (-, ) denotes the geodesic distance over the sphere and Py () is the Leg-
endre polynomial of order ¢, given by

1 d¢
Pe(w) = oo que

see, for example, [1, Chapter 22, Eqq. (22.1.6) and (22.2.10)]. On the other
hand, consider the window (or weight) function fs : R — R™

(W2 —-1)", wel-1,1],

fo(t) ==t teR, (2)

for s € N so that, for any ¢t € R, we have that

where

2 1
B3 —1 B3 —1
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as B— 1, B>1, and

0



see also see also [11].
In [11] (see also [10, 12]), it was proven that, for any given resolution level
Jj € (—00,00), there exists a finite set of measurable subregions of the sphere

{Ejk}gila of diameter p;, and area Ajx, such that

Ui\zl Ejk = 82,
Ejk1 n Ejk2 e (Z), for any ky # ko,
pik < cpB™,

where cg > 0, B > 1. Each of these regions can be indexed by a point &, € Ejy,
typically chosen as its midpoint. For z,y € S?, let W, : S xS? — R be defined

as follows ) ( 1)
0+ 3\ (041
Wi o) = 301 (52 ) 2L .
>0

Consider now the kernel operator K5 on L? (82):

K F () = /S Wi (z,y) F (y)dy, Fe€L*(S).

For ¢g > 0 sufficiently small, it is shown in [11] that if, for any k and for any j
so that cg B™7 < §p, the area \jj is comparable with (cBB*j)Q, then, for e > 0,

o Nj
(mpss =) 1Pl 202 < D D Njn [K5usF (8)° < (M +€) | Pl 72 ey -

j=—o00 k=1

Remark 2.1. Let us introduce preliminarily the notation a ~ b if there exist
c, " >0 so that ¢'b < a < ¢"b. In many practical applications, the set of Ejy,
labelled by the pair (&i, A jx), can be identified with those evaluated by common
packages such as HealPix (see for instance [13]), where, for any j, \jx ~ 47Tp§k.

Partitioning the sphere into N; ~ B% regions Ejy, we have that
N.
H (Uki1Ejk> =4dr=p (82) )
where p denotes the area. Hence, for the sake of simplicity, we consider, for
any j,
Nik B~ k=1,..,Nj,
N; ~B%.

Let us now define ¥, : S* — R as

Wjkss (7) = \/)‘J_’kK‘;s (z,&k) - (3)



An alternative form of Mexican needlets can be given by

Vjkss (@ \/_Zfs(

) Z Yém gjk)yfm( )

m=—/{

\/_Zfs< P€(<x7§ﬂ€>)7 (4)

)2€+1

{e¢} denoting the spectrum of the spherical Laplacian Ag: associated to the
eigenfunctions {Yz, }, i.e., e, = —€(£ 4+ 1), whence

(Ag2 — eg) Yo, (z) = 0.
Note that the last equality in (4) is due to (1).

Remark 2.2. (4) is the standard definition of Mexican needlets in the litera-
ture, while Theorem 3.1 is focussed on (3). Consider, anyway, that the difference
between (3) and (4) concerns only the argument of fs(-). In the former, the
argument is given by the square root of the eigenvalue of the Laplacian operator
—ey, while in the latter it is replaced by £+ % This formulation is instrumental
for the derivation of the localization property in Section 3 (cf., more specifically,
(7)), as in [24] for the standard needlet case (see also Section 13.3 in the Ap-
pendiz of [17]). This is a minor difference, asymptotically negligible considering
that, trivially,

fs (_m) (Wj”)s exp (—Wi-”)
lim lim P ) im lim LA

- 1 - 2\ S 2
j—00 £—00 3 j—r00 £—00 041 041
s ( B (7). ij) exp _( ij)
As a consequence, for any x € S?, we obtain an asymptotic equivalence between

Uik:s () and V.5 (x). Hence, the localization property, proved in Theorem 3.1
for (3), holds also for the Mexican needlets given by (4).

For F € L?(S?) and for any j,k, let the Mexican needlet coefficients be
given by
ﬂjk;s = <F7 1Z)jk;s>L2(Sz) .

It is proven in [11] that there exists a constant Cy = Cy (B, ¢p, fs) such that

(mpis — Co) [ Fll oy < Z|ﬂjk| (Mps + Co) IIF[172s2

j=—o0 k=1

Hence, if mp.s —Co > 0, {¢j;s } is a frame for L? (SQ) bounded by (mp.s — Cp)
and (Mp,s + Cp). It holds that

2 1
Mps+Co  Mp. B _ B _1
Dot 20 XBs 40 < 1>1°g<21> :
mB;s_OO mp;s B2 Bz




as B — 1,B > 1, and that

oo NNj
ZZW |2_775(1+5)|F|2
Jkisl = log B | |L2(S2) )

j=—o0 k=1
1\ 1
where § := 6 (B) = O (B;l1> log(B;ll) as B — 1,B > 1, is such
2 2
that
lim 6 (B) = 0,
B—1
cf. [11].

Remark 2.3. As well-known in the literature, standard needlets describe a tight
frame with tightness constant equal to 1, allowing for an exact reconstruction
formula (cf. [24, 25] and the textbook [17, Section 10.3]). On the other hand,
Mexican needlets are characterized by a mon-compact support in the harmonic
domain, and this makes perfect reconstruction unfeasible for the lack of an exact
cubature formula. Despite these features, Mexican needlets enjoy some remark-
able advantages with respect to the standard ones. More specifically, they are
characterized by an extremely good concentration properties in the real domain.
In addition, it is possible to choose the measurable disjoint sets Fj;, with mini-
mal conditions, and still ensure frame constants arbitrarily close to unity (and
hence almost exact reconstruction).

Note that, in this paper, we investigate the exact dependence of localization
properties upon s, an issue which is extremely relevant for applications (see,
for example, [27]). It may be noted that the choice of s represents a trade-
off between localization in real and harmonic domain; the latter improves as s
increases, while the reverse holds for the former.

We add here the following result, which establishes a link between Mexican
needlets with different shape parameter s € N.

Proposition 2.1. For any s € N, where s > 1, and « € S?,
Gjkss (2) = (=1)° B7%° (Ag2)* Yy (@) -
Proof. Easy calculations lead to

— B72jA321/)jk;s (:E)

e (Y (5) o0 () 3 Vo0 vints

>0 m=—~
_y s+1
VY () e (5) X T
>0 m=—~
= Yjzst1 (@) -
Iterating the procedure, we obtain the statement. O



Before concluding this Section, for &, x € S?, let us label the geodesic distance
by
V=i () = (z, &),

so that we can express the Mexican needlets given by (3) in terms of ¥

s 1
Uins (9) := \/)\jk% Z Iz <(£;j2)> (ﬁ + %) Py (cos?). (5)
=0

3. The localization property

The aim of this Section is to achieve an exhaustive proof of the so-called
localization property, i.e., to establish an upper bound for the supremum of
the modulus of the Mexican needlet defined by (5), remarking its dependence
on the resolution level j and on the shape parameter s, up to a multiplicative
constant. This result is given in the Theorem 3.1. We stress again that this
achievement was pursued implicitely by Geller and Mayeli in [11], where the
authors anyway found a similar result studying (5) for small and large angles,
even if they limited their investigations to the case s = 1. Here, instead, we
extend this result to any value of the shape parameter s in (2), holding for any
value of ¥ by means of a unique procedure, which resembles the one employed by
Narcowich, Petrushev and Ward in [24] to exploit the localization property for
standard needlets on the n-dimensional sphere S™ (see also [25] and the textbook
[17, Section 13.3]). In this case, howsoever, we will take advantage of the explicit
formulation of the weight function (2), which allows us to compute exactly its
Fourier transform in terms of Hermite polynomials and, through that, to exploit
precisely the dependence on the resolution level j of the sup |¥ .5 (¢#)]. For the
sake of simplicity, let us introduce the following notation

e=¢(B,j):=B77,

so that, we can define

1 & 1 1
U, (9) = — ; — —\P 9) .
s (V) %;f <5<€+2)> <e+2>  (cos ) (6)
Remark 3.1. Observe that

Wkss (z) = ks (¥) = V AjkVess (),

Furthermore, in (6), while the index € substitutes j, the index k is no more
necessary. As stressed above, \ji does not appear in (6), while Theorem 3.1
holds for any ¥ € [0, 7). The dependence on k arises when we choose ¥ = Yy, (x).

Theorem 3.1. Let Uk, (¥) be given by (3). Then, for any s € N and k =
1,...,Nj, there exists Cs > 0 such that

Uops ()| < CuBIe= 27" @) (14 |BI9 () ),
IR

uniformly over j.



Proof. By using the Mehler-Dirichlet representation formula (see, for instance,
[30, Formula 4.8.7, pag. 86]), the Legendre polynomial of degree ¢ can be written

as
\/_ sin ( l) )
Pe (cos¥) = / \/cos 19 — cos ¢ d(b

Hence, using (6), we have that

B 1\ ["sin((¢+3)9)
vl = B (1+3) (1) [ 2
_ _/” [EiZ S (e (E43)) (L4 ) sin((E+5) 9)]
o /cos U — cos &
< o [ el gy
21 Jy +/cos®¥ — cos @
where

Aeis (¢) = Zfs< < )) <€+1>sin((€+%>¢>
= ggms (£+§>
- 1Y (£+%>. (7)

{=—00

In the last equality, we use the fact that
Ge.i:s (W) == fs (eu) usin (ug) , u € R

is an even function. Using Lemma 4.1, we obtain

~ -(£) g 3
Cos ™ e 2s+1
W, (9)] < 22 (£) d (8)
€ 9 v/cos — cos ¢
Note that
- 9te =)
sin ( =22 ) sin ( &=
cost — cos ¢ = 2 (¢ — ¥?) ( 2 ) ? ) 9)

In order to estimate (8), we consider three different cases. In case I, we have
that 9 € (5, %), where 0 < § < e. In case I, ¢ € [%, ﬂ. Finally, in case III, we
have that ¥ € [0,6], 0 < § < ¢, as in [24]. In cases I and II, we will prove that

there exists a constant C so that

|\I]€;s ()] < 5_26_




We distinguish between the two cases for technical reasons. Indeed, in case II,
the integral in (8) will be estimated by using supplementary angles. As far as
case III is concerned, we will prove that there exists C?” such that

C‘g//
Ve (0)] < 55
Case I. We have that
d+¢ 3
0 — <2
< 2 < 47r,
0 < 29 1.
- 2 2

B 1o g0\ V24 V24
costt —cos¢p > 2(¢ 0?) 2 3r 2 7w
= Cr(¢* =%,

where C7 > 0. On the other hand, the integral (8) can be rewritten as

&
2

2
~ - $
Cospr | [T € (&) Hazon (g)

g2 9 /(62 — 92) g\,

where 555 4+1 > 0. Recall that, for n odd and u € R, the Hermite polynomials
can be rewritten as

[Weys (0)] <

B -
H, (u)—n!rgo (27“—1—1)!("7_1—7“)! (2u) + 7 (10)

(see, for instance, [1, Chapter 22]). Therefore, we have that

S (_1)5_7' 22T+1
Z m@aﬂ‘ (19)

éés-l-l |
|U..s (9)] < — (25 +1)!
r=0

)

where 2 2r+1
T e_(%) (%)
0 (¢ —9?)

Using Lemma 4.2, which establishes that

Qi <2 (2,

Qa,r (19) =

do.



where C,. > 0, we get

S (_1)5*7” 92r+1

—5— |(2s+1)! ; m@w ()

2 S (=1)FTmeHl g\
(25)!2_:@ @) (s —7)! (2?)

Weis (D) <

IN
®

where C’ > 0.

Case II. As in [24] (see also [17, Section 13.3], we use the supplementary angles
to ¢ and ¥, denoted by ¢ = m — ¢ and ¥ = 7® — ¥, respectively. We can easily
observe that

T

0 < —L<—;
- 2 2’
0 < U<17
- 2 T2

so that we get

i)

2 (7)) ()
" E

cosa—cos{g >

(™)

Y

Crr (52 - 52) )

where Crr > 0. By substitution in (8), following the same procedure as above
yields

- ,,_¢ W_(;
cy, Je H2s+1 7= ) ~
Ve (0)] < =555 )d¢
c 0 / 192 ¢2
02 +1 S 1 sS—r
< 5 2 1)! &,r ’
52 ( s+ ) ~ (2 +1) (S—’I”) Q ( )

where CY, 41 >0 and

@)= [ i

10



Finally, using Lemma 4.2 leads to
5 2r s
~ ~ (z
Qs,r (19) <C, <%> € (25) s

and, as a straightforward consequence, we get

C!l (032 0
[Weys (9)] < =2 ° () ’H2s <%>‘ .

Case III. Following again [24], we have that

Aes(0) < égf <5 <g+%>>52 <é+%>

41
< Crir Z () ¢~ e(f+ )du
- g2 el
£>0
C o0
< —1211/ w2t e dy
€ 0

CiuT(s+3) ¢
g2 2 Toe2

Combining these results yields

s < e (e (2)]).

for ¥ = [0, 7]. From Remark 3.1 and since \j; < ¢B~% | we have that
4 2 , s
[Wjise (2)] < OBl 57 (14 B0 (@)]).

as claimed. O

Remark 3.2. In view of Remark 2.2, it holds
[ikss ()] < CuBIe 570 (14 [BI9 (2)[*)

Remark 3.3. As suggested in [27], Mexican needlets in the case s = 1 pro-
vide a valid asymptotic approximation to the spherical Mexican hat wavelets .
Recall that the discretized version of spherical Mexican hat wavelets use a stere-
ographic projection on the sphere (see [2]). These wavelets conserve the most
crucial properties of the flat Mexican hat wavelets and, for this reason, they are
widely used in Astrophysics and Cosmology, even if they lack of a reconstruction
formula (see, for example, [20], for a quick review). In [27], it is proved that
the bound between the absolute value of the difference between spherical Mexican
hat wavelets and Mexican needlets is of order B~J min (194B4j, 1). This bound

11



matches exactly with the results proved in Theorem 3.1. Indeed, fixed s = 1,
the bound for small angles is controlled by B~7, which depends, on one hand,
on the mormalization factor of the spherical Mexican hat wavelet and, on the
other, on \//\J_k Up to a proper normalization, for larger angles, this factor has
to be multiplied by a series expansion of even powers of ¥, controlled by lead-
ing term of order 4 (cf. [10]). Heuristically, it implies that spherical Mexican
hat wavelets can be approzimated to Mexican needlets in the corresponding Ej,
and that this approximation is better for large j. For this reason, the spatial
concentration properties here discussed and the correlation properties studied in
[16, 18] can be helpful for the study of the asymptotic behaviour of the random
spherical Mexican wavelet coefficients hat in the high-frequency limit.

Before concluding this Section, as for the standard needlets (see [24, 25]),
we can also establish the order of the LP-norms of Mexican needlets as follows.

Corollary 3.2 (Bounds on LP (82)—n0rms). For any p € [1,00), there exist
¢p, Cp € R such that
< CPBQJ'(%*%),

(11
B < [l

Furthermore, there exist coo, Coo € R such that
Coij < ||\I/jk;s||Loo(S2) < Coij-

Proof. The proof of this Corollary is very close to the one developed in the
standard needlet framework in [25]. The only remarkable difference concerns
the estimate of the bounds for L? (S*) norms. In [25], this bound is proven
as corollary of the tight-frame property. We establish a similar result for the
Mexican needlet framework as follows. Let dx denote the uniform spherical
measure. Hence, we have that

— [ W @ d
[ 330 ()5 ()

{=0¢'=

H‘I’jk;s ]

x Z Z Yo (€)Y s (2) Vem (§5) Yorme () dz

m=—Lm/=

—Agszs (1) 3 T )V )7

m=—/{

20+ 1
—\. 2
_Aj’fzfs (BJ‘) dr
£=0

12



On one hand, we get

= N 204+1 ¢ 1 & 0N L+1/2
. 2 (= _ 2 -
A D3 (Bj) Ir B D 1; <Bj> Bi

041

P 0N\ —a(4)2 L ﬁd

— — e “\Bi) — U
27 Bi Bi | .

= BJ

& > 2
< — w2 gy < Oy,

27T 0

On the other hand, we obtain

> 0N\ 20+ 1
/\ijfSQ <§> = > Co.
£=0

Following [25], we get
e, BY(373) < 19 ksl o g2y < c,B%(5-3),

as claimed. O

4. Auxiliary results

In this Section we collect some auxiliary results, concerning the upper bounds

of Aa;sa Qa,r and Qa,r-
We introduce preliminarily the following notation for the Fourier transform of
a function f € L' (R):

Flf] (w) = / f () e udu =: F(w) |

Let us also recall two standard properties for the Fourier transforms. Under
standard conditions, we have that

L Fw) = (~) Fluf ()] (@)

dw®
P4l @] @) = (i e F I ] @)

Finally, the Poisson Summation Formula can be defined as follows. If, for w €
[0,27] and a > 0,

. c,
‘Sioﬂrl’
1+ |ul

13



then:

Yo ofne =3 fw+2m) . (11)

T=—0C V=—00

For more details and discussions about Fourier transforms, the reader is referred,
for instance, to the textbook [29].

Lemma 4.1. Let A5 (¢) be given by (7). Then there exists Casrr > 0 such

that
Hosyq (%)} .

Proof. First, note that straightforward calculations lead to

C2s+1 6_(%)2
52

A5 (9) <

1 PN
Floese (u+3)] @) = 7000 0.
On one hand, we have that

Flfs(eu)u) (w) = /Rfs(su)ue*i”“

W

SEf )l (2).

€

On the other hand, note that

Combining (2) and (12) yields

d25+1 2
F [fs (u) u] (w) _ ,L-25+1 dw2s+1 F |:67“ :| (w)
d25+1 2

= iQSHﬁdwzsﬂ e
w2
= (D)D) e ()T

where Hosyq (+) is the Hermite polynomial of order 2s + 1. Recall that the
polynomials composing H,, (-) are all even (odd) if n is even (odd) - for more
details, see, for instance, [1, Chapter 22]. Collecting all these results, we get

) o
Flf el 0) = STy (2) ()

g2 2e
Hence, we obtain:

Ge,ss (@) =F [sin (6u)] () * F £ (eu) u] ()
;jiﬁQMHC:;%AuW_%w(ﬁgyﬂ%w)




Using (11), we have that

- 1
Z Ge,p;s <€+ 5)

Il
B8
1o
(Ve
N
)
—
)
3
X
~

£=—00 v=—00
> jud % 1 s 3 2 - usd
-y e T <H+( m ¢>e (22522
= € 2e
— Hosp1 <27r1/—|— (b) e(hgjqu)
2e
e (—1)5"_1 3 2Ty 4+ ¢\  _(27v+e)2
Lo 3 e DT T (2=ge)?
U;we : = 201 (5o ) €

where the last equality takes into account that Has4q (+) is odd. Therefore, we
have that

1 s+t % j2my 27TV+¢ _(2mv+é\2
A8;8(¢):( ) Ze?st.H( e )e(—2a )"

V=—0o0

Then, we obtain

3 o0 3
T2 2V + ¢ 2mut 2
@ = 55 | 30 Hau (T ) B < Tov o)
where
> 2y + ¢ 2nvtd
Note that
_(2)?
Ves (0) ‘stﬂ (2—> e () 4+ VitV (13)
where
> 2V + ¢ _(27v+e)2
V = HS ( € )
+ 1;1 2s+1 ( o )}6 2 )
— 2y + ¢ —(2myrey?
Vo= Hy, = /.
u;1 o ( 2e >‘e i
Using (10), for |u| > 1, we have that
)_7k 2%k+1
H, nl 2u)
< CL IUI : (14)

15



Hence, we get

2 TV 2
‘H2s+1 <77ﬂ;;— ¢>‘e(2 2j¢> <Cs+1

2s+1
e (2, (z+£> - —>—]
2¢e
2(s+1 y
<o G [(Z 4 2 2]
€ 2¢e
Note that
™ ™ 27Tu_
e 2 e’

furthermore, observing that e *? < 1, we obtain

= 2y + _(2mv+9)\2
Vi <Casi1 > |Hast) (T(b) e (F75)
v=1

o 2541 2
<e () 0y, (”_” i) -(=)
se 2s+1 ; - + e

2¢e

6 )2 L v 25+l )2
<e (B G2 Y () ()
v=1 <

<Cpoae (%) (15)

i 73 2
Indeed, the series 230:1 (%)QSH 67(?) is convergent, as easily proved by
means of the D’Alembert’s criterion, i.e.,
(71'(1/+1))28+1 (D)

€ 2541 7T2
li — 14 L T 0 — o
oo (ﬂ)Qs—i-l e_(ﬂ)z Bao ( + U) exp ( = (2v + )> ,

€
€

for all v > 1. On the other hand, if |u| < 1, we obtain

n—1

2
|Hy (u)] < nl = 2%+ < 1.
kZ:O (2k + 1)! (252 — k)!
Hence, we have that
2 TV 2 TV 2
2i )267 21:2¢



Therefore, we obtain

> 2y + ¢\ (270402
Vi SC’25+1Z Hy(s41) <T) e~ (F52)
v=1

Se_(%fc%_i_l Z e_(%f

<e —(£)? Cos +1225+1Ze (z2)

v=1

2

2
Scésque_(%) ’

mv )2

since the series > | e () is convergent.
Consider now the sum V_. Let us define v/ = —v, so that

f: Hoor (@) ‘ (=)

Using (14) yields

—2m"\| _— — 2/
‘H25+1 (L) e ) e ¢~ 2mv

2s+1 N 2
7(45727ru )
2e ¢

2¢e

(=) <Cas1

¢ — 2w/

2
:ei(%) OQSJrl
2e

2541 onu/ b _(Ll’l)z
e 42 ¢ € .

Since ¢ < m, straightforward calculations lead to

o0
— 2 _(e—2m’\?
V. <Cosin Z Hagin (¢277r1/) e (=)
v'=1 €
oo [ . 712s+1 ! o\ 2
ge‘(%)2025+1 Z V?ﬂ s ¢6_( g ]
v'=1 L €
B _ 712s+1 , ,
() ) Couir Z - 227”/ i i )21
v'=1 L €
(2) [\ B 2 1
ey |(%F) oo (50 -3))
1% L
2
<cy e (=) (16)

o\ 2s+1
Indeed, the series >, [(”” ) exp (—g—jy’ [1/ — l])] can be proved to be

€ 2

convergent by means of the D’Alembert’s criterion, as above.
Combining (15) and (16) in (13), the term corresponding to v = 0 is dominant.
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Hence, we have that

w\e

Vers (0) <e(

(‘H%—i-l (2%) ’ +Coeq + Céls+1)

@

§C2s+16_(25)2 ’H2s+1 (%) }

Hys 1 <%>

Lemma 4.2. For any ¥ € [0, 7], let Q. (9) and Q... () be given by
. 67(%)2 (£)27‘+1

Thus ~
Cost1 —(£)"
e2

Agis (9) <

)

as claimed.

2e

er (0) = do,
Q0= [
é 2 =\ 2r+1
’196 % 7T€¢)
Q-r (¥

0 /192 ¢2

Then, there exist C., C, > 0 so that
5 9 2r
E,T 19 < T _(219_5) a
@ 0) = Ce @ ()
AN E,
~ ~ (Z
Qe.r (V) C, <2—€> e .

Proof. First, note that

9\ o (3
Qa,r (19) = (2_8) ‘/19

Then, we use the substitution

IN

in order to obtain



where

On one hand, for ¢t € [0, 1], we have that
(*+1)" <2m.
On the other hand, for t € (1,00), we obtain
(B +1)" < (2t).
Hence, we get
1 o)
L §2T/ ()P g < 2T/ e (F) g,
0 0
L S/ e~ () (20 gt < 4T/ e~ (=) gy
1 0
Straightforward calculations lead to
9\
Il §2T71\/E <_> ’
2¢e
—(2r+1) T 1
12 < (i) (T 2) .

2¢e 2

Therefore, we obtain

. 5 19 2r 0 —2r
< () (L v
Qer (0) <Ce (25) <1 + (25) )
5 2r
<Cre(£) (£> ,
- 2e
as claimed.

As far as Q. , (¥) is concerned, note that the following inequality holds
AN EAY 2, oo
T — T T
_ kel - (= 9%
xp ( 2e ) + <25> P [ (25) + 251

Then, let the function v (-) on R be given by

e [-2 (1))
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Note that v (-) achieves its absolute maximum for « = 1. Indeed, on one hand,

we have that
2 2
, s 1 ™ 1
=—|(——-1 —— (=1
7 () 2u? (u >exp{ 2u (2u ﬂ ’

Y (u) =0 u=1.
On the other hand, we have that

SNl AT\ U Ay
v 22 w2 u 3 *P 2u \ 2u ’

so that

so that

Finally, note that

lim 7 (u) =0 < exp (%) =v(1).

u—+oo

Hence, we have that

Furthermore, since
~\ 2r+1 ~\ 2r+1 - ~\ 2r+1
S _ ﬂ T 2r 41 . ﬂ
2¢ 2e ¢ —\ 2 ’

~ 7(%%)2 (é)QTJrl (E)QTJ,»I
2e

we obtain

1 ~
=do.
19¢

as claimed. O
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