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Abstract

In the present paper, a two-dimensional solid consisting of a linear elastic isotropic material, for which the
deformation energy depends on the second gradient of the displacement, is considered. The strain energy is
demonstrated to depend on 6 constitutive parameters: the 2 Lamé constants ( 4 and #) and 4 more
parameters (instead of 5 as it is in the 3D-case). Analytical solutions for classical problems such as heavy
sheet, bending and flexure are provided. The idea is very simple: The solutions of the corresponding
problem of first gradient classical case are imposed, and the corresponding forces, double forces and
wedge forces are found out. On the basis of such solutions, a method is outlined, which is able to identify
the six constitutive parameters. Ideal (or Gedanken) experiments are designed in order to write equations
having as unknowns the six constants and as known terms the values of suitable experimental
measurements.
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Gedanken experiments for the determination of two-dimensional linear second gradient
elasticity coefficients

Luca Placidi, Ugo Andreaus, Alessandro Della Corte and Tomasz Lekszycki

Abstract. In the present paper, a two-dimensional solid consisting of a linear elastic isotropic material, for which the
deformation energy depends on the second gradient of the displacement, is considered. The strain energy is demonstrated
to depend on 6 constitutive parameters: the 2 Lamé constants (A and p) and 4 more parameters (instead of 5 as it is in
the 3D-case). Analytical solutions for classical problems such as heavy sheet, bending and flexure are provided. The idea is
very simple: The solutions of the corresponding problem of first gradient classical case are imposed, and the corresponding
forces, double forces and wedge forces are found eut. On the basis of such solutions, a method is outlined, which is able to
identify the six constitutive parameters. Ideal (or Gedanken) experiments are designed in order to write equations having
as unknowns the six constants and as known terms the values of suitable experimental measurements.

Keywords. Second gradient - Elasticity - Variational approach - Isotropy - Analytical solution.

1. Introduction

It has been known since the first half of the nineteenth century, namely since the pioneering works by
Gabrio Piola [13], that many microstructural effects in mechanical systems can be modeled by means of
continuum theories [23]. A natural way to build a suitable theoretical model, when strongly localized defor-
mation features are observed [2,35,53,54, 58], is to complement the displacement field with some additional
kinematical descriptors [11,34,36,42,46,52,67]; this approach leads to the so-called micromorphic models.
Another possibility is to consider higher-order gradient theories, in which the deformation energy depends
on second and/or higher gradients of the displacement [17,33,40]. This is done in the literature for both
monophasic systems (see [14,15,19,22,24 25 44 57], in which continuous systems are investigated, and
[1,26,56,64] for cases of lattice/woven structures) and for biphasic (see, e.g., [16,18,20,21,41,45,60,61])
or granular materials [72]. Unlike classical Cauchy continua [4,62,63], second- and higher-order continua
can respond to concentrated forces and other generalized contact actions (highly localized stress/strain
concentration effects are studied, e.g., in [10]). This theoretical feature is becoming increasingly impor-
tant for practical and applicative reasons in the last years, as the novelties in manufacturing procedures
(due to, e.g., 3D printing and self-assembly) are making possible the realization of a much wider class of
new architectured materials [12]. The investigation of the continuous limit of such materials is therefore
of great importance for both theoretical and technological reasons. In [3], the simplest model of strain
gradient elasticity is considered. It appears that many possible sets of moduli can be defined, each of
them constituted of 4 moduli—a result that is confirmed in the present work. The deficiencies of classical
approaches when the material behavior exhibits size-scale effects are investigated in [59], and in [47] a
novel invariance requirement (micro-randomness) in addition to isotropy is formulated, which implies
conformal invariance of the curvature. The numerical investigation of structures of the type considered
also requires special attention, and it is therefore important in the development of novel techniques [5-
9,37,38,48-51,65] or the proper employment of the existing ones (see, for instance, [68], where Galerkin
boundary element method is used to address a class of strain gradient elastic materials).

— ) Birkhauser
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. First, we define the following problems
L. Placidi, U. Andreaus, A. D. Corte and T. Lekszycki  defined and ZAMP

A two-dimensijonal solid consisting of a linear elastic isotropic material ig considered in this paper.
The strain energy\is expressed as a function of the strain and its gradient. Th¢ balance equations and the
boundary conditions are found using the variational method, setting equal fo zero the first variation of
the total potential energy. Thus, forces, double forces and wedge forces are’highlighted, the existence of
which is necessary for the satisfaction of the above balance equations. Adopting the general constitutive
relation proposed by Midlin for second gradient 3D solids and specializing it to the 2D case, the strain
energy is demonstrated to depend on 6 constitutive parameters: the 2 Lamé constants (A and p) and
other 4 (instead of 5 for the 3D case) constants (A, B, C and D). Analytical solutions of the same problem
can be found in [55], see also [66]. However, in this paper a method is outlined, which is able to identify
the six constitutive parameters (see [69] for another identification technique) and to design some ideal
experiments that allow\to write equations having as unknowns the six constants and as known terms
ental measurements of appropriately selected quantities. The ideal experiments
are as simple as possible: heavy sheet, bending and flexure. In each of the three problems, the solution
of the corresponding classical (first gradient) solution is imposed, and the resulting forces, double forces
and wedge forces are found out. At this point, the variables to be measured experimentally are chosen in
order to identify the six unknown parameters. The heavy sheet experiment (rectangular sample) provides
two conditions on A and g and one condition on D; the trapezoidal sample, in turn, provides a condition
on A, B and C'; the bending provides 1 condition combining the whole set of six coefficients A\, u A, B, C
and D; Finally, the flexure provides 4 conditions on the whole set of six coefficients A\, u A, B,C and D
for a total of 9 conditions. The six constants can then be identified from 84 subsets selected from the 9
equations in 6 unknowns.

Therefore, the result of this work provides a theoretical and practical guide to the design of laboratory
experiments, capable of identifying the constitutive parameters of 2D solids characterized by a strain
energy dependent on the first and second gradient of the displacement.

2. Formulation of the problem

Please, insert a space

2.1. Definition of the deformation energy functional

(FriFnj — 0;5) /2 but also on its gradient Gyj;p, where Fj; = x;;,x; is the placemént function Jand
subscript j after comma indicates derivative with respect to X;. The energy fu
given by the contributions of the internal and the external energies as follows,

€ (i (X)) = [ [U/(Giy Gug) =15 0] — 150+ 75
B

oB

ext ext
ot rot and fS' are the external

where u; is the ith component of the displacement field and b
actions: b is the external force per unit area and is applied on t
and 7S are the external force and double force (respectively)y’and are applied on the one-dimensional
boundary 9B of the domain B; and f&*' is the external copdentrated force applied on the set of points
belonging to the boundary of the boundary [00B], so thay/the last integral has to be intended as relative
to a discrete measure concentrated on the vertexes and £an also be represented as the sum of the external
works made by the concentrated forces acting on eacl vertices of the domain. In other words, if we define
the boundary 0B as the union of m regular parts¥. with ¢ = 1,...,m and [00B] as the union of the
corresponding m vertex points V, with c =1,...,m,
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Gedanken experiments for the determination

0B = O Se,  [00B] = Ve,

c=1 c=1

then the line and vertex integrals of a generic field g (X;) are represented as follows,

f Z/ / 9(Xi) =§9(Xf) (2)

e=ls, (098]
where X¢ are the coordinates of the vertex V..
2.2. Formulation of the variational principle
If we assume §€ = 0, then from (1) we get the final form of the system of partial differential equations,
which can be explicited once kinematical restrictions are defined. The procedure to find the minimum of

a deformation energy functional £ is standard, see [55]. The result is given by reporting the variation of
the deformation energy functional,

55 = —/ 571/& |:(FO”; (Sl] - Pijh))’j + ngt:|

Please, insert a space + % [6'“04 (ta - teXt) + 0uq N (Ta - TSXt)]

/ St fo — / St fX, (3)

008 [008]

where the so-called contact force t,, contact double force 7, and contact wedge force f, are defined,

Fu; (S” - Pijhﬁ) n; — P (FaiPithahnj),k (4)
aiPijenjng (5)

fa = FxvePrnPinjn; (6)
and n; is the normal to the boundary0B, P;; is its tangential projector operator (P;; = d;; — n;n;), v is

the external tangent unit vector defined on the side of the wedge it is considered, and stress and hyper

stress are defined,
oUu oUu

\ VA Pip=—ro.
Siy 0G,;’ T 0GG (™

The integral

/5Uafa= /6uaFainthPihjnj
908 008

is intended as the sum of the integrand for each vertex, and for every vertex we intend the sum of the
contribution of the two sides corresponding to that vertex, i.e.,
m
/ 6uaFa’inthP)ihjnj = Z (5uaF(iz lP zch_; J + 6uaF§z Vi ISZ ichjnjr) ’

008 e=1
where the superscript ¢ of a generic variable g means the value g (X¢) of such variable at the vertex V.,
the superscript ¢l of a generic variable g means the value g (X¢) of such variable at the vertex ), relative
to the left-hand side and the superscript cr of a generic variable g means the value g (X¢) of such variable
at the vertex V, relative to the right-hand side.
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L. Placidi, U. Andreaus, A. D. Corte and T. Lekszycki ZAMP
2.3. The deformation energy functional for 2D linear second gradient elasticity

In Mindlin [43], a general form of the density of the deformation energy functional of a linear isotropic
second gradient elastic material is given,

Please, remove one of the two “+”
A /
U (Gij,Gijn) = EG”G“ + uGijGij + FAa1GaapGre,e + @2GaapGeep + 4a3Gah,aGep, e

+ 2a4Gab,cGab,c + 4a5Gab,cGac,b (8)

where A and p are the Lamé’s coefficients and a; with ¢ = 1,2, 3,4, 5 are the 5 second gradient constitutive
parameters. Although the bulk modulus x and the shear modulus p are usually the most convenient pair
of elastic constants for the description of the elastic properties of an isotropic material (on isotropy-
related properties of classical, first gradient, linear elastic materials, see, e.g., [27-32,39,70,71]), for our
expression of deformation energy density (8), we prefer to employ the Lamé’s coefficients A and p.

In the same reference [43], in order to have the positive definiteness of U, the following constraints on
the 7 constitutive parameters must be satisfied,

>0, 3A+2u>0, —4dag+2as+2a3+6ag —6as >0, ag>as, ag+2a5>0 (9)
4oy + ag +4das + 204 +4as >0, a1 +az < az, 4oy — 209 — 2a3 — 3a4 + 3as > 0.

With (8), the system of partial differential equations that can be extrapolated by the first line of (3) is
calculated for the present linear case,

i1 (A +20) + w22 + u2,12 (A + 1)

= w1 11118 + u1,2200A + w1 1122 (A + B) + (ug,1222 + u1112) (B — A) — b§** (10)
ug,20 (A4 2p) + ug 110 + w112 (A + p)
= Ug 2222 B + u2.1111 A + 21122 (A + B) + (u1,1220 + u1,1112) (B — A) — b§Xt, (11)
where
A =2a3 + 204 + 205, B = 8a + 2a3 + 8az + 4oy + Sas. (12)

The definitions of the strain matrix G;; = (FriFnj —d;5) /2 and its gradient G;j; allow us to write
the deformation energy density U as a function U only of the displacement fields u; and wug in the
two-dimensional case,

U (Gij,Gijn) = U (i) = (A +2p) (ul 3 +u30) + i (0f o +u3 ;) + 2Xut1uz 2 + 2pu1 2us,)

—_

5 A (o ¥ u300) + 5B (y + ) + O (010 + 010)

+2D (u1,11u2,12 + U2,22U1,12)

+ % (A+ B —2C) (u1,11u1,22 + U2,11U2,22)

+ (B —A—2D) (u1,12u2,11 + u1,22u2.12) , (13)

where

C =201 + as + ag + 3ay + das, D = 3oy + as + 2as. (14)
Thus, the 5 independent coefficients of an isotropic three-dimensional second gradient elastic material
reduce to 4 in the two-dimensional case. In terms of the new set (A, u, 4, B,C and D) of constitutive

coefficients, the positive definiteness of the deformation energy functional (13) is guaranteed by the
classical (first gradient) two-dimensional restrictions:

w>0, A4+pu>0,
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X2
R
Vi V2
l
Q S
X1
l
V, V3
T
L
Fic. 1. Picture of the two-dimensional body B
and by the positive definiteness of the following matrix
A 0 1(A+B-20) 0 0 B—A-2D
0 A 0 1(A+B-2C) B-A-2D 0
1(A+B-20) 0 B 0 0 2D
0 1(A+B-2C) 0 B 2D 0
0 B—A-2D 0 2D 2C 0
B—A-2D 0 2D 0 0 2C

Common numerical data for the graphical representations that will be given in this paper are here shown
(see Fig. 1)

2
L=2m, [=1m, g=10MPam, A\ = 15MPam, p = 10°kg/m? E = “(%Jr“) — 26 MPam,
(15)
1
oy =EI2, ay=F?, a3=2El, aq,=E, as= 5El?n, lm = 10cm, (16)

and therefore

21
A=TElZ, B = 34E12,, C= ?Elfn, D =8FEI2,.

With these data, the positive definiteness of the deformation energy functional is verified.

2.4. Balance of forces and moments

Partial differential equations (10) and (11) that govern the deformation process have been derived assum-
ing the arbitrariness of the displacement variation du,, inside the body. The balance of force and moments,
in the present formulation, is obtained by considering the subset of admissible motions constituted by
the particular case of rigid motion, which in our case is a superposition of a rigid translation u% and a
rotation, e.g., around the origin and of an arbitrary angle 6,

Un = Ug( + Gsm-j(Sgin — ug - 95104)(2 + 952(XX1, = 5ua = (S’U,g — 00 (51QX2 - 62aX1) . (17)
With this assumption, we have from (13) that U = 0, from (4), (5) and (6) t, = 0,7, = 0 and f, = 0,

respectively, while the variation of the deformation energy functional is

0= —08 = / / SuabS + f [Buat™ + Sug jn;To] + / S fE. (18)
5 008

oB 0B
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Inserting the right-hand side of (17) into the (18) yields

0= —0& = u //bf;‘t +j$tgxt + / £
B oB

[008]

— 00 / X2bi‘xt _ legxt +% [XQti:xt _ Xltht + TLQTth cxt / X fcxt X1f2cxt
oB [008B]

Thus, for an arbitrary pure translation (66 = 0) we have the so-called balance of forces,

// bt 4 Z/text + Zfe’“ (19)

cl2

0

and for an arbitrary pure rotation (dug, = 0) we have the so-called balance of moments,

m

//X bext leext + Z/ text Xltext + nQTlext r- anext + Z Xc ext Xfféext) =0 (20)

clE c=1

where we have used the definitions given in Eqs. (2).

3. The case of a rectangle
3.1. The general framework of straight lines

In Fig. 1, we represent the scheme of a rectangle with side names @, R,S and T and vertex names
V1, Vo, V5 and Vj. In this case and for small displacements, the sides are straight lines, and the contact
force in (4), the contact double force in (5) and the contact wedge force (6) are

ta = Sajnj — (Pajh,n + Pangn) nj + Panjpnnnang, Ta = Pojrnjng, fo = vingPiaj, (21)
that, in terms of the displacement fields, yield,

0 = AUg N + Ml i1 + (LU o1 — Ug abbTa (601 + 200 + 4aig)

— Ug,qakNk (601 + 200 + 4oz + 20 + 8as) — Ua aakTk (203 + 4y + 6ars)

— Uk, aaak (201 + 203 + 204 + 60t5) + Ug,ajkNa Nk (dag + 200 + 2a3)

+Uj aakNajNe (201 + 203) + Ua,abeNaMple (204 + 205) + Ua,abeNaMpNe (2004 + 60s5) (22)
Ta = Uqg,abNaMp (a1 + 200 + 203) + Ug ppNaNa (201 + 20i3)

+ (201 + 203) Ug a0 + Ua,abNanb (204 + 205) + 203U a0 + Ua,abTaTb (204 + 6ars) . (23)

We remark that the formulation expressed in (22) and (23) can also be used in the three-dimensional
case. This is the reason why (22) and (23) are expressed in terms of the 5 three-dimensional constitutive
coefficients o; with ¢ = 1,2,3,4,5 and not in terms of the 4 two-dimensional constitutive coefficients
A,B,C and D.
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3.2. Sides

The characterization of side S is done by setting n; = ;1. Thus, from (22) with o = 1,2, and from (23)
with a = 1, 2, we have

1
t1 = tf = U, ()\ + 2#) + U272)\ — Bumu — 2D’U,2’222 — 5 (A + B+ 20) 1,122 — (B — A) U2,211, (24)

1
ty =15 = p(uro+uzy1) — (B— A)us 12 — (B — A —2D)uy 290 — Aug 111 — 3 (A+ B+ 2C) ug 122,

(25)
1
T = Tig = Buy 11 + 5 (A +B-20) 1,22 + 2Dug 12, (26)
1
To = Tés = (B —A— 2D) u1,12 + AU2,11 + 5 (A + B — 20) U2,22- (27)

The characterization of side @ is done by setting n; = —d;1. Thus, from (22) with a = 1,2, and from (23)
with a = 1, 2, we have

1
t1 = t? = —u1,1 ()\ + 2#) — U2’2>\ + B’LL1$111 + 2DUQ’222 + 5 (A + B+ 20) U1,122 + (B - A) U2,211, (28)
1
to =19 = —p (1o +ug1) + (B — A)up 12 + (B — A —2D) uy 999 + Aug 111 + 3 (A+ B+ 2C) ug 122,
(29)
1
= 7’1Q = Buqy 11 + 3 (A+ B —2C) uy 22 + 2Dug 19, (30)
1
T2 = 7'2Q = (B —A-— 2D) U112 + AU2)11 + 5 (A -+ B — 20) U2,22- (31)

We remark that t< in (28) and ¢ in (29) are the opposite of 5 in (24) and of 5 in (25), respectively,
and that TlQ in (30) and TQQ in (31) are the same of 7 in (26) and of 75’ in (27), respectively.

The characterization of side R is done by setting n; = ;2. Thus, from (22) with a = 1,2, and from
(23) with a = 1,2, we have

1
t1 =t = p(ur2 +uzi) — (B —A)uzize — (B— A—2D)ug 111 — Aug 220 — 3 (A+ B+ 2C) us 112,

(32)
to = t§ =ug o (A+21) + ui 1A — Bug 222 — 2Duq 111 — % (A+B+2C)uz112 — (B —A)us 122, (33)
=71 =(B—A—2D)us 1>+ Aus 2 + % (A+ B —2C) uy 11, (34)
Ty =T = Buz,gng% (A+ B —2C) ug,11+2Duq 12 (35)

We remark that, because of isotropy, ¥ in (32) and # in (33) are the same of t5 in (25) and of #{ in
(24), respectively, by changing the indexes 1 and 2. Similarly, because of isotropy, 7{* in (34) and 7% in
(35) are the same of 75 in (26) and of 7 in (27), respectively, by changing the indexes 1 and 2.
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Finally, the characterization of side T is done by setting n; = —d;2. Thus, from (22) with « = 1,2 and
from (23) with o = 1,2, we have

ti =11 = —p(ur2+us1) + (B — A)ug oo + (B — A —2D)ug 111 + Aug 9o + = (A + B +2C) uy 112,
(36)
ty =t = —ug,2 (A +21) —u1 1A + Bug 220 + 2Duq 111 + = (A+B +2C) uz 112 + (B — A) uq 122, (37)

T = (B A— 2D) Uz, 12 + Auq 22+ = (A + B — 20) u1,11, (38)

Ty =TL = = Bug, 22+ (A+ B —2C) u2,11+2Duy 12. (39)

We remark that t7 in (36) and ¢Z in (37) are the opposite of tf* in (32) and of t§ in (33), respectively,
and that 7{ in (38) and 7 in (39) are the same of 7{* in (34) and of 7 in (35), respectively.

3.3. Vertices

The last term of (3) is reduced, because of (2)2, to

/5uafa— / Sua

808 [888]
= [0ua (fa (@) + fo (R) = f)]y, + [6ua (fa (R) + fa (S) = )],
+ [6ua (fa (S) + fo (T) — gxt)]vg + [6ua (fo (T) + fa (Q) — gxt)]w, (40)

where [f (8i8)]vj is the contact wedge force calculated for the wedge V; and for the boundary 9;8. We
have already pointed out the form of the unit normals for each side. The form of the tangent v; is set
taking into account that such tangent points off the edge. Thus,

0B=Q, V,=Vi = nj=-0; vi=0p, = |[fa (Q)]V1 — Py
OB=R, V,=Vi = nj=20, vi=-—0i, = |[fa (R)]V1 = —Plas
OB=R, Vi=Va = mnj=06sy vi=01, = [fa(R)]y, = Pla2
oB=S, Vi=Va = nj=0; vi=0d2 = [fa(9)]y, = Pwm
aB=2S5, Vi=Vs = mn;=0; vi=-0bi2, = [fa(9)]y,="Toa1
oB=T, Vi=Vs = nj=-b vi=0n1, = [fa(D)]y, =—Pla2
oB=T, V;,=V, = nj=-0y5 v,=—0i, = |[fa (T)]V4 = Plao
_—

OB=Q, V;=V;

Keeping this in mind, we have that

/ OUq (fa A | ngt) = [5ua (—PM1 — Pl — f;xt)]Vl

n; = —51j Vg = —0i2, = [fa (Q)]v4 = Paqa1.

0B
Please, insert a space + [5ua (P2a1 + Plos — gm)}vz
+ [6ua (—P2a1 — Praz — f;Xt)]VB
+ [6ua (Poa1 + Praz — ngtﬂw . (41)
wherePsn1 + Pla2, in terms of the displacement field, becomes for o = 1
P11 + P12 =2Cu1 12+ (B — A —2D) ug 11 + 2Dug 29, (42)
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and for o = 2,

Pyo1 4+ Piog = 2CU2,12 + (B — A 2D) Uu1,22 + 2Du1,11. (43)

3.4. Explicit form of the balances of forces and moments

The balance of force is obtained from (19)

l L
Z [ 2xt] v, + /tzxt,.]+ /t(;xt,.] -0
0

J=1,2,3,4 J=Q,87, J=R,T

The balance of moments is obtained from (20) and must be satisfied by taking into account not only the
edge and wedge forces but also the double forces,

l[ ext] +l[ ext} v 7L[ ext]v2 71[ fxt] v 7L[fext:' 7l[flext]v4

L L

+ /X2tixt,Q+l/textR /X textR /X textS /t;xts’ l/tiXtT

_ 0 0
l L

L
/X textT + /Text ,Q + /Text R /Tésxt S /TlextT 0.
—1 0

0 -

3.5. An analytical solution for the heavy sheet

3.5.1. Preliminary remarks and kinematical constraints. We consider a heavy sheet hanging by the top
side R. The kinematical constraints on the displacement field are conceived in order to avoid the Poisson
effect, see also the sliding system in Fig. 4. Therefore, such kinematical constraints are imposed not only
on the side R but also on the two vertical sides ) and S,

(6U2)R = O, (5U1)Q = O, (5U1)S =0. (44)
In the following, we consider the general solution of this simple problem in the first gradient case. Thus,

we calculate the whole set of boundary conditions to be applied in the second gradient case.

3.5.2. The external surface forces. Let us take into account the following displacement field,
_ pg(Xp —1) (31 + X3)
2(A+2p) ’

also represented in the first row of Fig. 2 and in the first two rows of Fig. 3. The two partial differential
equations (10) and (11) are satisfied with the following external force per unit area,

U1:0,

(45)

biXt = 07 b§Xt = —pPY, (46)
that is the external force due to the weight where we have used the following intermediate results,
py (I + X5) rg
Ugg = ™, U929 = . 47
27 0k 0 R oo o
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Actual Configuration

Q
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\Z T V3
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- .
- Dashed >
arrows are
- F——
- the wedge F——
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< orces
e — Force per >
< it li t
unit line a 3
-] vertical sides g
] . 2
- is scaled 1/2 -
-« -
- -
> ¢

Double force per unit line

at vertical sides is scaled 1/5

ZAMP

Fic. 2. A column of figures is represented for the heavy sheet case. In the first row, reference and actual configuration
are represented. In the second row, wedge forces and force per unit line are represented. In the third row, we represent the

double force per unit line
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3.5.3. The external edge forces. In the following, we calculate the edge forces that are necessary to have
the displacement field (45). Such forces per unit line are also graphically represented in the second row

of Fig. 2 and in the third and fourth rows of Fig. 3.

u1Q[mm]
1.0

0.5

-0.5

u2Q[mm]

y[m]
0

-10
-20
-30
-40
=50

t1Q[N/mm]

yim]
0

t2Q[N/mm]
1.0

0.5

-05

T1Q[MN]
1.0

0.5

1.

yim]
0

-0.5

T2Q[MN]
0.15

0.10

0.5

0.05

y[m]
0

0.5

yim]
1.0

u1R[mm] u1S[mm] u1T[mm]
1.0 1.0 1.0
0.5 0.5 05
x[m] yim] x[m]
05 10 1.5 0 -1.0 -05 05 0 0.5 1.0 15 20
-0.5 -05 -0.5
-1.0 _10 -1.0
u2R[mm] u2S[mm] w2T[mmi
1.0 yim] X[m]
-1 =05 g 05 © 05 10 15 20
-20
0.5
-20 -40
x[m] _ _
05 1.0 15 0 30 60
-05 - 40 -80
- -100
-1.0 _ﬁ
t1S[N/mm]
t1R[N/mm] H1T[N/mm]
1.0 800 1.0
0.5 600 0.5
x(m] 4 x[m]
05 1.0 15 05 10 15 20
-05 200 -05
-1.0 yiml  -1.0
-1.0 -05 0.5 0
t2R[N/mm] t2S[N/mm] t2T[N/mm]
4000 1.0 10
3000 05 05
2000
1.0 0.5 0.5 OY[m] 05 1.0 15 2ox[m]
1000 o e i - : - -
-05 -05
Xm] 10
05 10 15 -1.0 -1
T1R[MN] T1S[MN] 1T [MN]
1.0 1.0 1.0
0.5 05 05
x[m] yim] x[m]
05 10 1.5 0 -10 -05 05 0 0.5 1.0 15 20
-05 -05 -0.5
-1.0 10 -1.0
T2R[MN] 12S[MN] T2T[MN]
05 0.15 05
0.4 0.4
0.10
0.3 0.3
0.2 0.05 0.2
0.1 0.1
x[m] y[m] x[m]
0.5 1.0 15 0 10 -05 0.5 10 0.5 1.0 15 20

Fic. 3. A grid of figures represents the heavy sheet case. In the first, second, third and fourth column, we show characteristics
of sides A, B, C and D, respectively. In the first and in the second row, we show the displacement fields, respectively, in the
two directions. In the third and in the fourth row, we show the force per unit line fields, respectively, in the two directions.
In the fifth and in the sizth row, we show the double force per unit line fields, respectively, in the two directions
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Side S. From (24) and (45), we have

" text,S Py (l —+ X2)
1 =1 = s
(A +2p)

Such force in the horizontal direction is due to the Poisson effect and it is associated with the kinematical
constraint (44)s. From (25), we have simply (t, = t% = 0), i.c., no traction condition.

Side Q. From (28) and (45), we have

(48)

PR e A e . )
(A+2u)
that, for symmetry reasons, is the opposite of that on side S and it is connected to the kinematical
constraint (44)s. From (29), we have simply (to = t;"t’Q = 0), i.e., no traction condition.
Side R. From (32) and (45), we have ¢; = tf = 0 (no traction condition) in the horizontal direction and
from (33) we have

(49)

pg (I + X5)
(A+2p)
that is the usual reaction at the upper boundary, and it is connected to the kinematical constraint (44);.

Side T. From (36) and (45), we have no traction condition (t; = ¢ = 0) in the horizontal direction and
from (37) we have

to =1y = ug o (A +2p) = (A+2p) = pg (1 + X2),,; = 2pgl, (50)

mg:l -

Py (l+Xs)
(A +2p)

that means that we have no reactions at the bottom of the body.

tQ = tg = 7’UJ272 ()\ + 2,&) = (/\ —|— 2/1) = 7pg (l + X2)X2:—l = 0, (51)

3.5.4. The external edge double forces. In the previous subsubsection, we calculated the forces per unit
line that are necessary to have the solution (45) with the kinematical constraints (44). In this subsub-
section, we calculate the analogous double force per unit line. Such double forces per unit line are also
graphically represented in the third row of Fig. 2 and in the fifth and sixth rows of Fig. 3.
Side S. From (26) and (45), we simply have (7 = Tth’S = 0) no double force condition in the horizontal
direction. On the other hand, in the vertical direction from (27) and (45) we have

ext,s _ (A+B—2C)pg

=Ty = Ot (52)

Side Q. From (30) and (45), for symmetry reasons, we again have (1, = 72" = 0) no double force
condition in the horizontal direction, and from (31) and (45), we have the same double force per unit line
of (52),
__ext,Q __ (A + B — 20) Prg
T2 = Ty =

2(A+2p)
Side R. From (34) and (45), we have (1, = 77"® = 0) no double force condition in the horizontal
direction, and from (35) and (45), we have

(53)

R,ext pr
= ’ = —— 54
. (A +2p) oy
Side T. For symmetry reasons, from (38) we have (1 = 707 = 0) again no double force condition in

the horizontal direction, and from (39) and (45), we have

T,ext pr
=7, = ———. 55
mon (A +2p) (58)
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3.5.5. The external wedge forces. The kinematical restrictions (44) imply no displacement at vertices V;
and V5 and no horizontal displacement at vertices V3 and V. This means that the external (or reaction)
wedge forces in order to keep the displacement field in (45) are from (41), (42) and (43),

J& = =Paa1 — Prag
for wedges V7 and V3 and the opposite

Y = Pyg1 + Pran
for wedges V2 and Vy. We have from (42), (45) and (47)

2D
Poi1 + Prig = =PI o 0.12M N,

(A+2p)

where the coefficient D is defined in (14), and the exemplifying numerical values employed are those in
(15) and (16). We have from (43) and (45) and (47)

Pso1 + Prag = 0.

Thus, the external (or reaction) wedge forces for the 4 vertices are the following,

ex 2ng ~ ex
Ui = ~igg = ~02MY (5 =0 (%6)
ex 2ng ~ ex
(£, = Ot = 0.12M N, (f5)y, =0, (57)
Please insert a space ( th>V3 — _0\23721) =~ —0.12M N, ( SXt)Vg =0, (58)
. 2Dpg x
(/) = Oran = 0.12M N, (15, =0, (59)

that are alsg graphically represented in the second row of Fig. 2.

3.5.6. The tiapezoidal case. Let us cut the rectangle from the vertex V5 to a general vertex V, in the
side @ or R ar at the vertex Vi, see also Fig. 4. The new side has the following normal,

n; = —sinfd,; — cos 0oy,
and, at vertexVs, has the following tangent,
v; = cos 001; — sin 04,

where 6 is the angle between the horizontal side and the new oblique side. At the vertex V3, the necessary
external (or reaction) force must be

FiG. 4. Picture of the cut bodyB
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I = 1fa (8) + fa (O)ly, = Win; Piayls v, + Win; Paagloy,
= [—02i015 Piay] [(cos 0615 — sin 0d3;) (sin 6015 + cos 005;) Piajly,

sV,
= —Pyo1 — Pia1sinfcost — PyyocosOcosl + Poyqsinfsin + Py cosfsinf
= — (Paa1 + Pia2) 05?0 + (Poga — Pia1)sinf cos . (60)
We have for v = 1,
Xt — _ (Py11 + Pi12) cos® 0 4 (Pa12 — Pi11) sin 6 cos 6, (61)
where
Po11 4+ Pri2 = 2Cuy 12 + (B — A —2D) ug 11 + 2Dug 29, (62)
and
1 1
P212 — P111 = —5 (B — A —|— 20) U1711 — 5 (B — A — 20) “1,22 - (A — B + 4D) ’U12712, (63)
while for a = 2,
fs’Xt = — (P221 + P122) 0082 0+ (P222 — P121) sin f cos 9, (64)
where
P14+ Pigg = 2Duy 31 + + (B — A = 2D) uy 22 4+ 2Cug 12, (65)
and
1 1
P222 — P121 = 5 (B — A — 20) u2,11 + +§ (B 2B A + 20) 'U,2,22 + (A — B + 4D) U1712. (66)
By insertion of the solution (45) into (62), (63), (65) and (66), the forces (61) and (64) are evaluated,
2pgD
Xt — _cos? 0 [} =~ —0.12 cos®> § M N, 67
ext _ sinfcosd | L (B— A+20C)| 20.17 sinf cos§ MN 68
s sin 6 cos {2()\_’_2“) ( +20) sin 6 cos , (68)

where the exemplifying numerical values employed are those in (15) and (16).

3.6. An analytical solution for bending

Let us take into account the following displacement field,
& SM™Y (X + 2u) X1 Xo
8BuA+p) 7
M [AXF + (X +2p) X7
/ 161311 (A + 1) ’

also represented in the first row of Fig. 5 and in the first and second rows of Fig. 6. The two partial
differential equations (10) and (11) are satisfied with null external force per unit area, b§** = b§** = 0,
where we have used the following intermediate results,

Uy = (69)

T 3M™ (X + 2u) X T SMt (X + 2u) . 3ME (N +2u) X3 (70)
SBu(A+p) T 8Bu(Z ) SBu(A+p)
SMEE (N + 2p) X4 M (N +2p)
u2,1 8l3u ()\ T N) , U211 8l3u ()\ n /J) U1,12, ( )
o BMEAX, o 3MA (72)
22T O8Bu (At T 8Bu(A+p)
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R

Fic. 5. A column of figures is represented for the bent sheet case. In the first row, reference and actual configuration are
represented. In the second row, wedge forces and force per unit line are represented. In the third row, we represented the

double force per unit line
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Fic. 6. A grid of figures is represented for the bent sheet case. In the first, second, third and fourth column, we show
characteristics of sides A, B, C and D, respectively. In the first and in the second row, we show the displacement fields,
respectively, in the two directions. In the third and in the fourth row, we show the force per unit line fields, respectively, in
the two directions. In the fifth and in the sizth row, we show the double force per unit line fields, respectively, in the two

directions

In the following, we consider the general solution of this simple problem in the first gradient case. Thus,

we calculate the whole set of boundary conditions to be applied in the second gradient case.

3.6.1. The external edge forces. In the following, we calculate the edge forces that are necessary to have
the displacement field (69). Such forces per unit line also graphically represented in the second row of
Fig. 5 and in the third and fourth rows of Fig. 6.
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Side S. From (24) and (69), we have
ext,S — SMCXtXQ

t =15 5 (73)
Such force in the horizontal direction is the classical bending solution. We remark that the moment of
the force per unit line ¢ is
/ / 3MEX.
xt,S 2 ex
/t'itXQ:/TXQ:Mt (74)

that gives a justification of the name of the parameter M***, We remark that the vertical tip displacement
u? of the middle line is from (69)

3L% (A +2p)
b ext
uy = ua (11 = Lws =0) 1685 (A + p)’
so that
16030 (A + p)
M = —uf 75
From (25) and (69), we have simply t, = 5" = 0.
Side Q. From (28) and (69), we have
_ogext,Q 3MGXtX2
R (70)
that, for symmetry reasons, is the opposite of that on side S. From (29), we have simply t5 = t;Xt’Q =0.
Sides R and T. From (32), (33), (36) and (37), we have no traction conditions
tixt,R — t;xt,R A trixt,T — tgxt,T _ O, (77)

for sides R and T'.

3.6.2. The external edge double forces. In the previous subsubsection, we calculated the force per unit
line that are necessary to have a solution (69). In this subsubsection, we calculate the analogous double
force per unit line. Such double forces per unit line are also graphically represented in the third row of
Fig. 5 and in the fifth and sixth rows of Fig. 6.

Side S. From (26) and (69), we simply have 7, = 775 = 0, and from (27) and (69), we have

_ _exts _ BMO (= (5A 4 81) A+ (A +4p) B+ 2)C — (4) + 84) D)
i

2 16030 (X + 1) ' (78)
Side Q. From (30) and (69), we simply have 71 = 729 = 0, and from (31) and (69), we have

Ty = TO0Q = 78S (79)

Side R. From (34) and (69), we haver; = "% = 0, and from (35) and (69), we have
ry = gt _BMEO 20 A+ (BA+20) B~ (20 +45) O — (1A + 8 D], a0)

16830 (A + p)

Side T. From (38) and (69), we haver; = 72" = 0, and from (33) and (69), we have

7p = rIveat — pRieat, (81)
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3.6.3. The external wedge forces. We do not impose any kinematical restriction on wedges. This means
again that the external (or reaction) wedge forces, in order to have the displacement field (69), are

f& = —Paa1 — Praz
for wedges V7 and V3 and the opposite

f& = Poa1 + Praz
for wedges V2 and V3. We have from (42) and (69)

3MeE (N4 2u) (A — B+ 2C) + 4uD]
81%p (A + p)

where the exemplifying numerical values employed are those in (15) and (16), with the assumption
Mt = 1M Nm. From (43) and (69), on the other hand, we simply have,

Pao1 + Praz = 0. (83)
Thus, the external (or reaction) wedge forces for the four vertices are the following,

_3]\4ext [(A+2u) (A— B +2C) +4uD]

Poy1 + Prig = =~ 0.04 MN, (82)

I ' >~ —0.04 MN o)., =0 84
( 1 )V1 813M(>\+M) ’ ( 2 )V1 ’ ( )
3MEE (N +2u) (A — B +2C) + 4uD]
ext) =~ 0.04 MN S, =0 85
( 1 )V2 SZBH(A—F,U) ) ( 2 )V2 ) ( )
3M™U (A +2u) (A — B+ 2C) + 4puD)]
o) = — ~ —0.04 MN o)., =0 86
( 1 )v3 813#()\+M) ’ (f2 )V3 ? ( )
3MEE (N +2u) (A — B +2C) + 4uD]
ext) =~0.04 MN S, =0 87
( 1 )V4 8Z3H(/\+M) ) (f2 )V4 ’ ( )
that are also graphically represented in the second row of Fig. 5.
3.7. An analytical solution for flexure
Let us take into account the following displacement field,
QX [(M+2p) (3XF = XF — 6LXy) +2(\ +p) (60° — X3)] (88)
N 16030 (X + p) ’
" __Q[(3L—X1)(A+2u)X12+3(L—X1))\X22] (89)
2 1613 (A + ) ’

also represented in the first row of Fig. 7 and in the first and second rows of Fig. 9. The two partial
differential equations (10) and (11) are satisfied with null external force per unit area, b$' = b§** = 0,
where we have used the following intermediate results,

w2 3QOA+2)L-X) Xy 3QA+2)(L-Xy) - 3Q[(Xy — L) AXy] (90)
83u(A+p Bu(A+p) T 8Bu(p)

LRI DX O+ XN 300+ (-1 o)
21 163 (A + ) ST TR Oy

wp = SQLOT2) (KF =X +2LX) 120+ (X3 -2)] - SQUXG =D)AL )
L2 = 1603 (A + ) TR T RBL N+ p)

In the following, we again consider the general solution of this simple problem in the first gradient case.
Thus, we calculate the whole set of boundary conditions in the second gradient case.
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FiG. 7. A column of figures is represented for the flexure sheet case. In the first row, reference and actual configuration are
represented. In the second row, wedge forces and force per unit line are represented. In the third row, we represented the
double force per unit line
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Fy R

c¢l|@Q S
FLT T Fl;g

Fic. 8. Graphical scheme for flexure. If the whole set of external force and double force per unit line are not considered,
then it is not balanced in the second gradient case

3.7.1. The external edge forces. In the following, we calculate the edge forces that are necessary to have
the displacement fields (88) and (89). Such forces per unit line also graphically represented in the second
row of Fig. 7 and in the third and fourth rows of Fig. 9.

Side S. From (25) and (88) and (89), we have

w5 SF [=AXN+ B (5M +4p) + 20X — 4D (3X + 4p) + dp) (1P — X3) + 4p® (P - X3)]
N 1603 (A + ) '

that is the usual force per unit line in the vertical direction and in the first gradient (A = B=C =D =0)
and flexural case. We remark that the resultant force, see also the right-hand side of Fig. 8, on the side
S is

to =t (93)

l
/texms o {1 L BA(2C — 4) +3B (5A +4p) — 12D (3A + 4p)

= =-F 94
2 812ﬂ ()\+N) 29 ( )

that, on the one hand, it is again equal to —(Q in the first gradient (A = B = C' = D = 0) flexural case.
On the other hand, the resultant shear force is equal to —F, in the present second gradient case. We

remark that the downward vertical tip displacement u{ of the middle line is from (89)

L3 (N +2p)
[ = s (X1 =L, X, = 0) = F=—~ =1
e uz (X X2 =0) 83 (A + )’

so that

- 811 (A + p)
OB+ 2u)

Besides, the resultant moment on the same side, see again Fig. 8, is null,

F (95)

l
/ 1209 X, = 0. (96)
-1
Finally, from (24), (88) and (89) we have simply t; = t5% = 0.
Side Q. From (29), we have
t2 _ t;Xt’Q _ _t;xm*’ (97)
that is the opposite of that on side S, thus giving a vertical resultant
1
/ 9 — )
—1
that is coherent with that shown on the left-hand side of Fig. 8.
From (28), we have simply
3LF X,

b — tcxt,Q —
P 203
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Such force in the horizontal direction is the usual (in the case A = B = C = D = 0) flexural solution as
well as its resultant,

l
6,Q _
freazo
—1
and its moment resultant,
l

/ (—Xo)#79 = LF,
—1

see the left-hand side of Fig. 8.
Sides R and T. From (32), (33), (36) and (37), we have on the one hand no traction conditions in the
vertical direction,

ext,R _ jext, T __
R — g™ —

On the other hand, in the horizontal direction we need shear force per unit line,

3F
10 = 00T = T (A +2u) (A —2C — 4D) + B (3 + 2u)) . 98
; DT = e v (2 )+ B (3A+20) (98)
This contradicts the usual no traction condition on the lateral surface on the first gradient case. Thus,
(98) means that, in order to have the solution (88) and (89) also in the second gradient case, some shear
condition on the lateral surface is necessary.

3.7.2. The external edge double forces. In the previous subsubsection, we calculated the force per unit
line that are necessary to have a solution (88) and (89). In this subsubsection, we calculate the analogous
double force per unit line. Such double forces per unit line are also graphically represented in the third
row of Fig. 7 and in the fifth and sixth rows of Fig. 9.

Side S. From (27), (88) and (89), we simply have 75 = TQGXt’C = 0 null double force per unit line and from
(26), (88) and (89) we have

ext,s _ 3FXa[(3)\ +4p) (A —2C) + A (B +4D)]

=T 1650 n 1) . (99)
Side Q. From (31), (88) and (89), we have
et _3FL[(5A +8u) A — (A +4p) B — 2XC + (A + 2p) 4D)]
S 1613 (A + 1) '
and from (30), (88) and (89), we have
= 7_1ext,Q _ fot,S. (100)
Side R. From (34), (88) and (89), we have
een_ BF[0 2 (A4 20) (A~ 2) B~ 4AD)
" R 161210 (A + ) ‘
and from (35), (88) and (89), we have
_ _mean_ 3P (L= X1)[(A+2p1) (A—2C —4D) + (3X + 2u) B] (101)
7 1683 (A + p) '
Side T. From (38), (83) and (89), we have
__ext,T __ ext,R
=7 =-7
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Fic. 9. A grid of figures is represented for the flexure sheet case. In the first, second, third and fourth column, we show
characteristics of sides A, B, C and D, respectively. In the first and in the second row, we show the displacement fields,
respectively, in the two directions. In the third and in the fourth row, we show the force per unit line fields, respectively, in
the two directions. In the fifth and in the sizth row, we show the double force per unit line fields, respectively, in the two

directions

and from (33), (88) and (89), we have

T2 = Ty

T.ext

R,ext
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3.7.3. The external wedge forces. We do not impose any kinematical restriction on wedges. This means
again that the external (or reaction) wedge forces, in order to have the displacement fields (88) and (89),

are
J& = =Paa1 — Prag
for wedges V1 and V3 and the opposite
J&Y = Paa1 + Praz
for wedges V5 and V. We have from (42), (88) and (89)
3F (L —X1)[(A+2p) (A= B+2C) +4uD)

P + P - B )
211 112 81‘3,11, ()\+N)

and the numerical values in (15) and (16) are used, for the sake of giving an example, with the assumption

Mt =1MN. From (43), (88) and (89), on the other hand we simply have,

Pogy + Piog =

3Pz [(3A +4p) (A — B) — 2AC +4(2A + 3p) D]

813 (A + )

Thus, the external (or reaction) wedge forces for the four vertices are the following,

 3QL[(A +2u) (A~ B +2C) + 4uD)

ext e _
(f7)y, = S =~ —0.085 M N,
ext 3Q[(3X\ +4p) (A — B) — 2XC' + 4 (2\ + 3p) D)
_ ~ 02T MN
Py 820 0+ 1) O-2TA,
(oY) —0, ()., 3Q[(BA+4p) (A— B) —2)\C +4(2A +3u) D]
L vy = 2 vy 8121 (A + 1)
() =0, (f5),, = _3Q[(BA +4p) (A = B) —2MC' + 4 (2A + 3p) D]
Uy, =9 Uz )y, = 81210 (A + 1)
oxt 3QL[(A+2u) (A— B +2C) + 4uD]
_ =~ (0.085 MN
(7, T 0.085 MN,
ety 3Q[BA+4p) (A—B) =20C+4(2A+3u) D]
(f5)y, = e ~ —0.27MN,

that are also graphically represented in the second row of Fig. 7.

4. An important conclusion from these analytical solutions

~ (.27 M N,

~ (.27 M N,

(103)
(104)
(105)
(106)
(107)

(108)

In this section, we prove that if we are able to produce the simple displacement fields (45) in the presence
of gravity for the heavy sheet, the simple displacement field (69) for bending and the simple displacement
fields (88) and (89) for flexure, then we can measure the 4 independent constitutive coefficients A, B, C

and D by just measuring forces.

For the heavy sheet, we measure the maximum lateral forces R} from (48) or (49) at the top of

vertical sides due to Poisson effects,

2Mlpg
Rhs _ text,S - =
1 1 ($2 ) (/\ ¥ 2,“/) )
the vertical displacement at the bottom-side 7" from (69)
21%pg
hs
= pr— —l = ————
R2 U2 (x17$2 ) (A+2M)’
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the necessary horizontal wedge forces (56) at vertices of the rectangular sheet,

2D
he _ =PI (111)
(A +2p)
and the necessary vertical forces from (68) at vertices of the trapezoidal sheet,
Rhs o Py
4 =sinfcosl | ———— (B—A+20)|. (112)

2(A+2p)

For the bending case, we measure the necessary horizontal wedge forces from (82) in one of the 4

vertices,
3M™[(A+2u) (A — B+ 2C) + 4uD)]
Rb _ ext — 113
5 ( 1 )V2 8l3M(A+M) ) ( )

where the resultant bending force M°*' is given by (75) and it is not independent of that of (109) and of
(111).

For the flexural case, we measure (i) the maximum vertical force per unit line at side S at the middle
point xo2 =0,

3F [~ AN+ B (5A + 4p) + 20\ — 4D (3 + 4p) + 4ul® (A + )]
16130 (X + p) '

where the parameter F is related to the resultant bending force via the (94) and to the vertical tip
displacement via the (95); (ii) the horizontal shear force on sides R or T from (98),

3F
Rf _ text,T _
[ 1683 (A + p)

(iii) the horizontal wedge force at one of the left-hand side wedges,

RE =155 (), = Lzo = 0) = (114)

[(A+ 2) (A — 2C — 4D) + B (3) + 2)] (115)

BFL[(A+2u) (A— B+ 2C) +4uD)
Rf — ( fext — 116
8 ( 1 )V4 813,u()\+,u) ) ( )
and (iv) one of the vertical wedge forces at one of the 4 vertices,
3F[(BA+4p) (A— B) —2X\C +4 (2\ + 3p) D]
RI = (54, = : 117
0= Uy, 8121 (A + p) o

On the one hand, Gedanken experiments (109) and (110) can be used to evaluate the Lamé coefficients A
and p. Gedanken experiments (111), (112), (113) and (114) are, on the other hand, sufficient to measure
the 4 independent coefficients A, B, C' and D. The results in (115), (116) and (117) can also be used.

5. Conclusion

A two-dimensional solid consisting of a linear elastic isotropic material has been considered, where the
strain energy, within the framework of objectivity and isotropy, has been expressed as the most general
function of the strain and of the gradient of strain. Variational methods have been used to formulate
the corresponding balance equations and boundary conditions. In this paper, analytical solutions of this
problem have been outlined with the purpose of identifying the whole set of constitutive parameters. This
has been achieved through the design of some ideal experiments that allow to write equations that having
as unknowns such a set of constants and as known terms the values of the experimental measurements. The
results of this work can provide a theoretical and practical guide to the design of laboratory experiments,
capable of identifying all the constitutive parameters of the 2D solids, characterized by strain energy
density dependent on the first and second gradient of the displacement.
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