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Chapter 1

Introduction

1.1 Population size estimation with zero truncated count
data

Researchers interested in questions related to finite populations often wonder how
best to estimate its size. Due to sampling limitation and elusiveness of certain units,
a part of the population is often not observed, leading to the so-called truncated
(or zero-truncated) count data. However, in many cases, the estimation of the
number of unobserved zero counts is an important issue since the entire size of the
population is the sum of counts that have been detected at least once and those
who have not been counted at all. One of the oldest example of estimation of the
unobserved units is given by Kermack et al. (1927) who analysed the number of
individuals with cholera in 223 households in a village in India. The authors argued
that there could be households with no cases of cholera because their members had
not been exposed to the disease or because they just had not contracted the infection.
In order to estimate the number of individuals who were exposed to the disease
without showing the symptoms, they ignored the 168 households with zero cases and
developed an estimator of the number of zeros using the other observations based on
the zero-truncated Poisson distribution. Many of the practical examples pertaining
to the estimation of the number of zeros are also related to the capture-recapture
sampling scheme used in biology and ecology for monitoring the conservation of real
wildlife animal population. Capture-recapture methods have been widely used in
the last century. They rely on catching and marking a random and representative
sample of the population which is then released into the population itself. After
some time, another random sample is captured and the number of marked and
unmarked entities is counted. Samples must be independent and everyone in the
population should have an equal chance of being captured. The above mentioned
method can be utilized when it is not straightforward to count all the individuals in
the population. This technique has been also used to estimate population size for
hard-to-reach people such as migrant workers, since it is more accurate than methods
where no individual is marked at all (e.g. census) even though it is more expensive
and time-consuming. In fact, the original capture-recapture idea can be dated back
to 1786 when Laplace attempted to estimate the population size of France. A century
later, these procedures were more rigorously and formally introduced by Petersen
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(1986) and Lincoln (1930). Models and methods for estimating unobserved zeros
are useful also in other contexts where the set of units is not a real population. An
interesting famous literature example was studied in Efron and Thisted (1976) who
tried to answer the following question: how many words did Shakespeare know? The
information they took into account was that 31,534 different words were counted in
Shakespeare’s works, 14,376 words were used exactly once, 4,343 words were used
exactly twice, 2,292 were used exactly three times, and so forth. Detailed data were
reported in their Table 1. In this context, the frequency of zeros to be inferred would
represent the number of words that Shakespeare knew but did not use in any of his
known works.
In the present work, we consider the problem of inferring the total number of units
in a finite population in the presence of count data where during an experiment
or an observation stage all the units are potentially observable multiple times but
only those who are observed at least once are in fact enumerated in the sample.
The problem of estimating N , the total number of units of a finite population, is a
recurrent problem in statistics. Other example of elusive populations can be found
in a widespread range of fields such as public health and medicine, agriculture and
veterinary science, software engineering, illegal behavior research and ecological
sciences (Bunge and Fitzpatrick, 1993) (Chao et al., 2001) (Hay and Smit, 2003)
(Roberts Jr and Brewer, 2006).

Let us now illustrate some real datasets that we will analyze in the following
sections.

1. Cholera. The oldest example of estimation of the unobserved units is given by
Kermack et al. (1927). The authors analysed the number of individuals with
cholera in 223 households in a village in India.

k 1 2 3 4 n

(fk) 32 16 6 1 55
Table 1.1. Cholera data-frequency distribution

2. Expressed Sequence Tag (EST). An EST is a partial sequence identifying a
gene locus; ESTs are generated by sequencing randomly selected clones in a
cDNA library made from an mRNA pool. In the experiment, 2586 possibly
replicated sequence tags were detected from which n = 1825 genes were found.

k 1 2 3 4 5 6 7 8 9 10 11 12 13 14 16 23 27 n

fk 1434 253 71 33 11 6 2 3 1 2 2 1 1 1 2 1 1 1825

Table 1.2. EST data-frequency distribution

3. Traffic data. This popular dataset, first introduced in Simar (1976), reports
the number of accident claims submitted in a single year to la Royale Belge
insurance Company out of 9, 461 policies covering both "business" and "tourist"
automobiles. Indeed in this example the number of policies corresponds to the
population size so that it is very often used as benchmark example.
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k 1 2 3 4 5 6 7 n

(fk) 1317 239 42 14 4 4 1 1621
Table 1.3. Traffic data-frequency distribution

4. Colorectal polyps. From medical research experiences it is well recognized
that adenomatous polyps can be under-counted due to a misclassification in
colonoscopy. We will use data from Alberts et al. (2000) where subjects with
previous history of colorectal adenomatous polyps are allocated to one of two
treatment groups, low fiber and high fiber, in order to evaluate the recurrence
of colorectal adenomatous polyps in individuals with a history of the above
mentioned disease.

k 1 2 3 4 5 6 7 8 9 10 11 12 n
f lowk 145 66 39 17 8 8 7 3 1 0 2 3 299

fhighk 144 61 55 37 17 5 4 6 5 1 1 5 341
Table 1.4. Polyps data-frequency distribution

1.2 Model setup with Poisson mixtures for count data
Let us assume that there is a system (a trapping mechanism, a marker, a diagnostic
device, etc.) that identifies n distinct units from the population by counting how
many times each unit replicates in the observation process. In order to understand
the available data (which we will need to frame into a rigorous statistical model)
we formalize a toy example by starting with the unavailable uncensored counts of a
finite population with N = 10 distinct units. We denote by Xi the random number
of times (count) that the population unit labeled with i is detected. Let us suppose
that the full list of counts is the following:

(X1 = 0, X2 = 1, X3 = 1, X4 = 0, X5 = 1, X6 = 0, X7 = 2, X8 = 0, X9 = 3, X10 = 2).

Indeed, the actually observed data will be made of the unlabeled list of counts in a
possible arbitrary order. Here we use a conventional non-decreasing order

(0, 0, 0, 0, 1, 1, 1, 2, 2, 3)

which makes it easy to realize that the relevant information is contained in the
so-called frequencies of frequencies corresponding to the list of the number of distinct
units counted once, twice, three times and so forth. We will denote by the generic
fj the number of distinct units counted exactly j times:

f0 = 4,f1 = 3,f2 = 2,f3 = 1.

To fix notation, the finite population size is denoted by N ∈ N. The population size
will be the most important unknown parameter to be inferred based on the zero-
truncated observed counts. For illustrative purpose, in the previous toy example N
was known (N = 10). Our statistical model setup starts from providing a distribution
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for the possibly unobserved/censored Xi for each unit i of the population with i
ranging in {1, . . . , N}. We assume that these random counts are drawn from a
Poisson distribution, in symbols Xi|λi ∼ Poisson(λi) for i = 1, . . . , N . There might
be circumstances where the λi are all approximately equal hence the inferential
problem reduces to making inference of an unknown number of homogeneous sets of
possibly undetected (by zero truncation) Poisson count data. Albeit this situation
has been deeply treated in literature, it is not flexible enough and it barely holds in
practice since it imposes a certain relationship between mean and variance which
is often violated. This most common heterogeneity in the λi associated to an over-
dispersion of the counts suggests that a hierarchical structure, where the λi are
drawn from a second stage distribution ν, might be preferable:{

λi|ν
iid∼ ν, i = 1, . . . , N

Xi|λi
i∼ Poisson(λi).

In this case we get the corresponding count distribution derived as marginal proba-
bility (with respect to the random λ) depending only on ν

P (Xi = j; ν) = Pj(ν) =
∫ ∞

0

e−λλj

j! dν(λ). (1.1)

In this work, we will refer to this count distribution as Poisson mixture distribution
with ν being the so-called mixing distribution.

In general, there are several ways to model the mixing distribution ν:

• parametric - ν is known up to the knowledge of few parameters; an example
might be when the mixing is a gamma distribution with unknown rate and
shape parameter; in this case the resulting count distribution is a negative
binomial and the inference will involve also their two parameters;

• finite mixture - the mixing distribution ν is conceived as a distribution sup-
ported on a finite number of points; this is actually a flexible strategy, a
compromise between the parametric and nonparametric approach;

• nonparametric-ν is left completely unspecified.

In this thesis, we will consider the most general case where ν is left completely
unspecified. We will then denote by P (X = j; ν) the conditional probability
(conditional on λ) of observing a single count equal to j.

Now, before specifying completely our statistical model, we should focus on
explaining what is really available for inferring the unknown parameters N and ν.
From our toy example it is clear that the only available counts are those Xi for which
Xi > 0; However, we have also pointed out that they are exchangeable and that we
have only an arbitrary way of labelling the observed distinct units. Furthermore,
the labels of unobserved zero count are unavailable. All these assertions imply
that the most appropriate and rigorous way of modelling the available data is to
consider as observations the frequencies of frequencies f+ = (f1, f2, . . .). Indeed, it
is better to introduce some further notations and clarify the relations among them.
We will denote by M the random positive integer corresponding to the maximum
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observed count and with n the random number of observed distinct units that is
n = ∑∞

j=1 fj = ∑M
j=1 fj = ∑N

i=1 1Xi>0. However, it will be clear that the most
relevant part of the observed frequencies f+ is contained in the first M components

fM = (f1, f2, . . . , fM ).

We can extend the vector of the frequencies of frequencies including also the unob-
served frequency of zeros, f0 = ∑N

i=1 1Xi=0 = N − n, so that

f = (f0, f1, f2, . . .).

Of course we also have that ∑∞j=0 fj = f0 + n = N and that ∑∞j=1 fj = N − f0 = n.
We can now specify our statistical Poisson mixture model for inferring the size

N of a finite population based on zero-truncated count observations as follows

(F+, p(f+;θ),Θ) .

The unknown parameter θ = (N, ν) is made of two components, the first being
an integer valued N ∈ N and the latter being a probability measure ν on the set
[0,∞) of possible Poisson rate parameters including 0 as the lower boundary case.
In general, the set of probability measures on a measurable space (E, σ(E)) will
be denoted by P([0,∞)) so that ν ∈ P([0,∞)) and Θ = N× P(E). From now on,
when denoting a model specification, we will clearly highlight the components of the
parameter space dropping the generic parameter space Θ. We thus get the following
statistical model:

Morig
PM =

{
F+, p(f+;N, ν),N× P([0,∞)

}
. (1.2)

Now, in order to write down the sampling distribution for the observable frequen-
cies of frequencies for a fixed value of θ = (N, ν), we will also need the probability
of the unobservable zero count

P (Xi = 0; ν) = P0(ν) =
∫ ∞

0
e−λdν(λ).

In fact, we have that for all f+ ∈ F+ for which ∑∞j=0 fj ≤ N

p(f+;θ) =
(

N

f0 f1 f2 . . .

) ∞∏
j=0

Pj(ν)fj =
(

N

f0 f1 f2 . . . fM

)
M∏
j=0

Pj(ν)fj . (1.3)

In this hierarchical representation, the likelihood function corresponding to the
observable vector of counts or, more rigorously, to the vector f+ is a restricted
multinomial distribution

L(θ;f+) = L(N, ν;f+) =
(

N

f0 f1 f2 . . .

) ∞∏
j=0

Pj(ν)fj (1.4)

with the integral constraints

P (Xi = j; ν) = Pj(ν) = Pj =
∫ ∞

0

e−λλj

j! dν(λ) j = 0, 1, . . . (1.5)
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Considering that there is no contribution of the marginal count probability Pj(ν) for
j = M + 1,M + 2, . . . in the likelihood, the likelihood function provides information
only on a finite (random) number M of features (functionals) of ν. We will argue
that a suitable reparametrization of the original parameter θ = (N, ν) might make
this finite dimensional information even more explicit in terms of a finite number
of components of a new infinite-dimensional parameter which is one-to-one with θ.
In this work, we will simplify notation when needed and shorten all the Pj(ν) as
Pj . We will then denote the space of the corresponding sequence of Poisson mixture
probabilities by

PPoisMix =
{

(P1, ..., Pj , ...) :Pj =
∫ ∞

0
e−λ

λj

j! dν(λ), ν ∈ P([0,∞)), j = 0, 1, ...
}
.

(1.6)
From the fact that fj = ∑N

i=1 1Xi=j , we can derive the expected value of the j-th
count frequency fj as follows:

E(fj) = NP (Xi = j; ν) = NPj(ν) = N
∫ ∞

0

e−λλj

j! dν(λ)

and therefore:
E(f0) = NP0(ν) = N

∫ ∞
0

e−λdν(λ).

The likelihood function (1.4) can be factorized in terms of the so-called conditional
and residual likelihood where the conditional likelihood is based on the probability
that a generic unit is counted j times i.e. Xi = j, conditionally on being observed,
that is conditionally on Xi > 0. This conditional probability is denoted by P j(ν)
and can be written as

P j = P j(ν) = Pj(ν)
1− P0(ν) ,

so that, by defining the event C+ = {only positive counts are observed}, one can
write

LC(ν;f+) = p(f+|C+) =
(

n

f1, f2, . . .

) ∞∏
i=1

(
P j(ν)

)fj (1.7)

= 1
(1− P0(ν))n

(
n

f1 f2 . . . fM

)
M∏
i=1

Pj(ν)fj . (1.8)

On the other hand the residual likelihood is

LR(N, ν;f+) =
(
N

f0

)
P0(ν)f0 (1− P0(ν))N−f0 (1.9)

=
(

N

N − n

)
P0(ν)N−n (1− P0(ν))n (1.10)

where we have used the fact that f0 = N − n and that
( N
N−n

)
=
(N
n

)
to get the last

expression. Note that both components of the parameter θ = (N, ν) appear in the
residual likelihood with ν determining P0 while the conditional likelihood involves
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only ν by means of P j(ν). Hence, one can express the full likelihood as the product
of the conditional likelihood and the residual likelihood so that:

L(N, ν;f) =
(
N

n

)
P0(ν)N−n (1− P0(ν))n

(
n

f1 f2, . . . , fM

)
M∏
i=1

P (ν)fjj . (1.11)

From now on, for ease of notation, we will omit the ν argument in the marginal
count probability so that we will have Pj instead of Pj(ν). To help the reader with
the growing number of symbols and notations we have set up a reference list of
symbols in Appendix B.

From the work of Sanathanan (1972), the classical inferential approach consists
in dividing the estimation process in two steps:

• estimate ν or its corresponding parameters through the conditional likelihood
LC(ν;f+), obtaining

ν̂C = arg max
ν

LC(ν;f+);

• plug ν̂C in P0(ν) in the residual likelihood and hence obtain an estimate of the
population size N by maximizing LR(N, ν̂C ;f+). Since the residual likelihood
has a binomial structure with unknown size parameter, we get the following
explicit expression:

N̂C = N̂P0(ν̂C) = arg max
N

LR(N, ν̂C) =
⌈

n

1− P0(ν̂C)

⌉
. (1.12)

The most straightforward way to infer on the unknown parameter θ is to rely on the
full likelihood. However, from the previous remark, the likelihood function provides
information on P0, . . . , PM and this may suggest a first reparametrization of ν in
terms of the sequence P = (P0, P1, . . . , PM , . . .). On the other hand we have also
pointed out the presence of integral constraints which discourage us to proceed
further in this direction. Indeed, it might be still convenient to highlight that in
the maximization of the full likelihood there is an explicit relation between the
components N and P ; In fact, if the MLE estimates are denoted by(

N̂ , P̂
)

= arg max
(N,P )∈N×PPoisMix

L(N,P ;f+)

we have that:
N̂ = dn/ {1− P0(ν̂)}e .

1.3 Literature review and thesis outline
In the literature, there were several authors who utilized Poisson mixtures distribu-
tions in the context of population size estimation with zero-truncated counts. Norris
and Pollock (2004) proposed to estimate ν by nonparametric maximum likelihood.
Wang and Lindsay (2005) suggested a penalized nonparametric maximum likelihood
estimator, which is stabler than that of Norris and Pollock (2004). Nevertheless,
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severe underestimation can occur due to the interplay of factors including inadequate
sampling effort, heterogeneity and skewness of the abundance curve. This weakness
is also observed in other non-likelihood-based nonparametric approaches. Wang
and Lindsay (2008) proposed a partial prior approach for ν in order to improve the
estimation of N . Böhning et al. (2005) analyzed finite (nonparametric) mixtures of
Poisson and Binomial.

One of the best performing methods has been proposed in Wang (2010). The
author considered a Poisson compound gamma model estimating the mixture by
a nonparametric penalized maximum likelihood approach using a least squares
cross-validation procedure for the choice of the common shape parameter. Several
authors relied on a conditional likelihood and investigated the non-identifiability
issues for which it can be argued that only a lower bound on P0 can be estimated in
the presence of a finite sample. This yields a lower bound estimate for N which can
be argued to consistently achieve the true N when N grows indefinitely. One of the
pioneering works in this direction is Mao and Lindsay (2007) with further insights
in Mao (2006), Mao et al. (2013). One of the most famous lower bound estimator is
the Chao lower bound (Chao, 1984). To derive this estimator, initially developed for
species richness estimation, the author only used the singletons and doubletons (i.e.
the count frequencies of the rarest units). A similar estimator was derived again
by Chao for incidence data. Chiu et al. (2014) derived an improved nonparametric
lower bound starting from the Good-Turing frequency formula. This proposed lower
bound is nonparametric since it is universally valid for any mixing distribution and
it can be derived for both species richness and incidence data. Böhning et al. (2018)
proposed an innovative lower bound estimator in case of one-inflation data using only
the doubletons and the tripletons. An interesting and inspiring contribution came
from Daley and Smith (2016) who extended the popular moment-based lower bound
introduced by Chao and derived a non-parametric moment-based estimator that is
both computationally efficient and is sufficiently flexible to account for heterogeneity
in the mixing distribution. They started from an innovative work of Harris (1959)
who did not manage to utilize moments of higher orders due to the lack of algorithms
to solve complex system of nonlinear equations.

From a Bayesian perspective, Barger and Bunge (2010) derived the form of two
objective priors, using Bernardo’s reference method and Jeffreys’ rule, based on
the mixed-Poisson likelihood used in the single-abundance sample species problem.
The authors have been the first ones to examine the objective priors in depth in
the context of species sampling. Guindani et al. (2014) considered a Bayesian semi-
parametric approach to implement inference for sequence abundances distribution.
Differently from the latter, where a nonparametric Dirichlet process prior is used
for the mixing distribution ν, Alunni Fegatelli and Tardella (2018) proposed an
alternative nonparametric estimate of the population size based on the unconditional
likelihood reparametrized in terms of a finite number of moments of a suitable mixing
distribution.
In order to better understand the outline of what we have planned to do in this
thesis, it will be useful introducing the most relevant mapping which can be used to
reparametrize the original statistical model. In fact, instead of using the original
probability measure ν, we will find it useful to consider the following finite measure:
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φ : σ([0,∞)) ∈ [0, 1]
φ(A) =

∫
A
dφ(λ) =

∫
A
e−λdν(λ).

This transformation of ν was introduced in Teicher (1960). Although a finite measure
is unusual for a nonparametric component in a statistical model, we will show that it
can be a convenient way to conceive an explicit infinite dimensional moment-based
parameter for our nonparametric setting. If we denote the sequence of all ordinary
moments of the finite measure φ by

s = (s0, s1, s2, . . . , sj , . . .)

where
sj =

∫
[0,∞)

λjdφ(λ) (1.13)

we have that s0 corresponds to the total mass of φ

s0 = φ([0,∞)) = P0 (1.14)

and
sj =

∫
[0,∞)

λjdφ(λ) =
∫

[0,∞)
λje−λdν(λ) = j!Pj . (1.15)

Indeed, the finite measure φ can be identified by the sequence of its moments
since it admits, for all 0 ≤ t ≤ 1, a finite value of its moment generating function

Mφ(t) =
∫ ∞

0
etλdφ(λ) <∞

with the constraint that

Mφ(1) =
∞∑
j=0

sj
j! =

∫ ∞
0

eλdφ(λ) =
∫ ∞

0
eλe−λdν(λ) = 1. (1.16)

Moreover, if we consider the normalized probability measure

φ̃(A) = φ(A)
φ([0,∞))

the corresponding sequence of moments will be

s̃j =
∫

[0,∞)
λjdφ̃(λ) = sj

s0
= j!
P0
Pj (1.17)

and we could use equivalently a sequence of moments of a probability measure

s̃ = (s̃0, s̃1, s̃2, . . . , s̃j , . . .)

with the constraint implied by (1.16)

∞∑
j=1

s̃j
j! = 1

s0
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which uniquely identifies φ̃ through its moment generating function.
In this way, the new measure φ (or, equivalently, its normalized version φ̃) and

the sequence of its constrained moments will enable us to single out an alternative
moment-based reparametrization

ϑ = (N, s)

which it allows to specify a fully identifiable statistical model.
We will argue that, for the structure of the likelihood function (5.1), there is
information only for the first M + 1 moments (up to the M -th order moment
including the total mass) of φ; this fact will allows us to restrict inference, once
observed a finite sample, only to a finite dimensional component of the infinite
dimensional new parameter for which we get information from the likelihood, namely

(N, sM )

where sM = (s0, s1, ..., sM ) is a truncated moment sequence.
If we denote F(E) as the set of all finite measures on the measurable space (E, σ(E))
with σ(E) as a suitable σ-field of subsets of E, we can extend this notation in order
to refer to the restricted set of finite measures corresponding to the nonparametric
component φ on [0,∞) (with total mass in (0,1]) of the reparametrized statistical
model. We denote this space by

F(0,1]([0,∞)) = {φ ∈ F([0,∞)) : φ([0,∞)) = s0(φ) ∈ (0, 1]} .

However, we should restrict this class in order to account for the constraint (1.16)
with the following notation

F (0,1]([0,∞)) = {φ ∈ F([0,∞)) : φ([0,∞)) = s0(φ) ∈ (0, 1],Mφ(1) = 1} .

Similarly, we should point out that the class of probability measures φ̃ must lie
in the restricted space of probability measures with moment generating functions
denoted by

P [1,∞)([0,∞)) =
{
φ̃ ∈ P([0,∞)) : M

φ̃
(1) ∈ [1,∞)

}
.

If we temporarily overlook the constraint just highlighted, we have motivated
the interest for finite dimensional truncated moment sequences sM as well as s̃M
with the relation that

sM = s0 · s̃M
where s̃M can be thought of as an element of the M -truncated moment space
corresponding to probability distributions

S [M ] =
{

(s̃0, s̃1 . . . , s̃M ) : s̃k =
∫ ∞

0
λkdφ̃(λ), φ̃ ∈ P([0,∞))

}
. (1.18)

In this thesis we will review in chapter 2 some theory behind distributions and
moments, moment spaces and their truncated versions; moreover, we will intro-
duce suitable mappings which allows one-to-one relations with alternative moment
reparametrizations of a distribution. These reparametrizations will play a key role
in:
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• investigating inferential issues such as identifiability and the ability of inferring
the target population size via sharpest lower bound (chapter 3);

• providing new computational device for lower bounds estimation of population
size in a classical setting (chapter 4);

• deriving fully Bayesian inference with a suitably defined original prior distri-
bution on the model component (chapter 5).
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Chapter 2

Moment problems and useful
reparametrizations for Poisson
mixtures

In this work we are considering the problem of inferring the total number of units of
a finite population by using and comparing different inferential methods. Despite
the fact that these methods are poles apart, all of them have a common denominator:
the usage of suitable reparametrizations of the nonparametric component of the
statistical model. One of the key goals of these reparametrizations is avoiding to
deal with annoying integral constraints such as those related with either the original
Poisson mixtures probabilities (1.1) or the ordinary moments of measures such
as those in (1.17) or (1.13). The key tools will be the one-to-one mappings from
ordinary moments to unconstrained product spaces of real intervals. We will show
how these mappings can be considered as an extension of the Skibinsky canonical
moments mapping for probability measures on [0, 1] and its relation with three-terms
recurrence equations for orthogonal polynomials systems. This chapter will be
focused on reviewing theoretical results about these mappings following Dette and
Studden (1997), Dette and Nagel (2012) and Tomecki (2018).

2.1 Hausdorff moment problem
For a generic measurable set (E, σ(E)) ⊂ R we can denote by P(E) the set of
probability measures on (E, σ(E)). If all the moments of µ ∈ P(E) exist, we can
write the k-th moment of µ ∈ P(E) as:

sk = sk(µ) =
∫
E
xkdµ(x), k = 1, 2, . . . (2.1)

and the moment space corresponding to the space Pafm(E) of all probability measures
with all finite moments as:

S(E) =
{

(s0, s1, s2, . . .) : sk =
∫
E
xkdµ(x), k = 0, 1, 2, . . . , µ ∈ Pafm(E)

}
. (2.2)

In this section we focus on S([0, 1]), the moment space in the particular case
of E = [0, 1]. Indeed in this case Pafm(E) = P([0, 1]) since all moments exist and



Chapter 2. Moment problems 18

are bounded in [0, 1]. Moreover, all the moments of order k + 1 can be bounded
from below and above when the moments of lower order 1, . . . , k are fixed. Let us
illustrate this assertion for k = 1. Starting from the simple observation that in the
space E = [0, 1] we have that x ≥ x2 ∀ x ∈ [0, 1] and from the monotonicity property
of the Lebesgue integral, we easily find out that there’s a first inequality constraint
between first and second order moment:

s1(µ) =
∫ 1

0
xdµ(x) ≥

∫ 1

0
x2dµ(x) = s2(µ).

Moreover, from the well known Jensen’s inequality, we have that

s1(µ)2 =
(∫ 1

0
xdµ(x)

)2
≤
∫ 1

0
x2dµ(x) = s2(µ)

and we therefore derive an explicit description of the 2-truncated moment space:

S [2] ([0, 1]) =
{

(s1 , s2 ) ∈ [0, 1]2 | s1
2 ≤ s2 ≤ s1

}
.

This result gives us a first intuition: the upper bound strictly depends on the fact
that the measure lies in [0, 1] and thus x ≥ x2 is always valid and an upper bound, if
some conditions are met, exists. If we fix k ∈ N, we can define the extremal moments
of order k + 1 as:

s+
k+1 = s+

k+1(s1 , . . . , sk) = sup {sk+1(µ) |µ ∈ P ([0, 1]) , si(µ) = si ∀i = 1, . . . , k}
s−k+1 = s−k+1(s1 , . . . , sk) = inf {sk+1(µ) |µ ∈ P ([0, 1]) , si(µ) = si ∀i = 1, . . . , k}

(2.3)

where s+
1 = 1 and s−1 = 0. This provides us with a lower bound and an upper

bound for the k + 1-th moment of µ when (s1(µ) = s1, . . . , sk(µ) = sk) are fixed. In
order to derive the extremal moments, we need to define the so-called Hankel matrices

H 2m =


s0 s1 · · · sm
s1 s2 · · · sm+1
...

... . . . ...
sm sm+1 · · · s2m

 , H 2m =


s1 − s2, · · · sm−1 − sm
s2 − s3 · · · sm − sm+1

...
... . . . ...

sm−1 − sm · · · s2m−1 − s2m


and

H 2m+1 =


s1 · · · sm+1
s2 · · · sm+2
...

... . . . ...
sm+1 · · · s2m+1

 , H 2m+1 =


s0 − s1, · · · sm − sm+1
s1 − s2 · · · sm+1 − sm+2

...
... . . . ...

sm − sm+1 · · · s2m − s2m+1

 .
By theorem IV.1.1 in Rice (1967) for any finite sequence (s1 , . . . , sn) we have:

(s1 , . . . , sn) ∈ int S [n] ([0, 1])⇐⇒ Hn and Hnare positive definite,

(s1 , . . . , sn) ∈ S [n] ([0, 1])⇐⇒ Hn and Hnare positive semidefinite.
(2.4)
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We can now define the so-called canonical moments (Skibinsky, 1968) as:

cl = sl − s−l
s+
l − sl

, l = 1, 2, . . . . (2.5)

The sequence (c1, . . . , cn) is the sequence of canonical moments corresponding to
(s1, . . . , sn). By defining the complementary canonical moment qi = 1− ci we can
then state the following relationship:

n−1∏
i=1

qici = s+
n − s−n . (2.6)

The canonical moments are not easy to calculate. However, the determinants of
the predefined Hankel Matrices can be used to derive their expression:

cn = detHndetHn−2

detHn−1detHn−1
, qn = detHn−2detHn

detHn−1detHn−1
. (2.7)

From definition (2.5), we can explicitly denote the one-to-one mapping

ρn : (c1, . . . , cn)→ (s1, . . . , sn) (2.8)

whose Jacobian determinant is given in Dette and Studden (1997)∣∣∣∣∂ρn∂sn

∣∣∣∣ =
n∏
k=1

∂ck(sn)
∂sk

=
n∏
k=1

(s+
k − s

−
k )−1 =

n∏
k=1

(ck(1− ck))−(n−k). (2.9)

If we extend this mapping to all the sequence of moments, the corresponding extended
one-to-one mapping ρ : [0, 1]∞ → S([0, 1]) and its inverse ρ−1 : S([0, 1]) → [0, 1]∞
will allow us to reparametrize the space P([0, 1]) or, equivalently, its moment space
S([0, 1]) in terms of a more convenient product space [0, 1]∞. This idea has been
put forward in the context of nonparametric population size estimation in Tardella
(2002) and Alunni Fegatelli and Tardella (2018). In particular, we point out that
Alunni Fegatelli and Tardella (2018), instead of directly addressing the statistical
model (1.11), relied on a convenient approximation which bypassed the problem of
dealing with moments of probability measures on the unbounded space [0,∞) for the
Poisson rate parameter λ. Before moving to the moment space S ([0,∞)) it is better
to introduce, as intermediate step, the moment space S ([a, b]) for 0 ≤ a < b <∞.
Given any measure µ defined in [0, 1] and given any finite real numbers a and
b with a < b there is a natural one-to-one map which links µ ∈ P([0, 1]) with
a corresponding µ′ ∈ P([a, b]). We can understand this map using the (one-to-
one) linear map corresponding to underlying random variables: if X ∼ µ then
Y = a+ (b− a) ∗X ∼ µ′. This linear map is very useful since canonical moments
c1, . . . , cn are invariant under linear map (Dette and Studden, 1997) while the
canonical moment mapping associated to this new measure

χn : [0, 1]n → S [n]([a, b])

has Jacobian determinant equal to:∣∣∣∣∂χn∂sn

∣∣∣∣ =
n∏
k=1

∂ck(sn)
∂sk

=
n∏
k=1

(s+
k − s

−
k )−1 = (b− a)−n(n+1)/2

n∏
k=1

(ck(1− ck))−(n−k).

(2.10)
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2.2 Stieltjes moment problem
Let us now consider spaces of probability measures with non-negative support so
that the corresponding space E = [0,∞) is unbounded. This is the appropriate space
for dealing with probability measures and finite measures related to the Poisson
parameter rate λ if we want to avoid to restrict our attention to approximations
of the nonparametric component of Poisson mixtures as in Alunni Fegatelli and
Tardella (2018). However, one cannot immediately extend the previous idea of
canonical moments mapping since the new moment space S ([0,∞)) does not form
a compact set and there is no finite upper bound s+

k+1. Moreover, in general,
dealing with moment sequences in S([0,∞)) is not trivial since, differently from
the compact case, there is no guarantee that a moment sequence uniquely identifies
a probability measure unless appropriate moment conditions are imposed such as
those in Carleman (1923). Luckily, as discussed in the previous chapter, for some
probability measures that we are going to consider in our Poisson mixtures setting
there exist sufficient conditions for the moment problem determinacy. Moreover, we
will still use known properties of the moment space such as the equivalences in Rice
(1967)

(s1, . . . , sn) ∈ intS [n] ([0,∞)) if and only if Hn and Hn−1 are positive definite;
(s1, . . . , sn) ∈ S [n] ([0,∞)) if and only if Hn and Hn−1 are positive semidefinite;

(2.11)

and the fact that a non trivial lower bound s−k+1 always exists. In order to adapt in
S([0,∞)) the previous strategy in S([0, 1]) relying on canonical moments, we can
consider the following quantities:

zj =
sj − s−j

sj−1 − s−j−1
(2.12)

with s−0 = 0. The inferior extremal moments s−i always exist and in particular
s−i < si ∀i.

Definition 2.2.1. Let H 2m be the moment Hankel matrix define in (2.4). We
define:

• hT2m = (sm , . . . , s2m)

• hT2m−1 = (sm−1 , . . . , s2m−1 )

Then, whenever the inverse of the Hankel Matrix exists,

s−2m = hT2m−1H−1
2m−2h2m−1

s−2m+1 = hT2mH−1
2m−1h2m

(2.13)

with s−1 = 0

From the above definition it follows that s−2 = s1s
−1
0 s1; since s0 = 1 we have

that s−2 = s2
1.
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We then denote by
ξn : [0,∞)n → S [n]([0,∞))

the mapping corresponding to the previous quantities so that

zn = (z1, ..., zn) ξn−→ (s1, ..., sn) = sn.

The moment space S ([0,∞)) is strictly related to S ([0, b]). In fact, for a fixed point
sn ∈ S [n] ([0,∞)), there exists a b0 ∈ N with sn ∈ S [n] ([0, b]) for all b ≥ b0. Let

cn = ρ−1(sn)

denote the canonical moments corresponding to the moment sequence sn in the
moment space S [n] ([0, b]). Dette and Nagel (2012) showed that:

ck = zk(sn)
b

k = 1, 2, . . .

and for b→∞ we get the result.
We will refer to (z1, . . . , zn) as pseudo-canonical moments. We put the prefix
pseudo because they differ from the original canonical moments defined by Skibinsky
(1968) but still they produce a bijection between the interior of the moment space
S [n] ([0,∞)) and the product space [0,∞)n.

As it happens for the original canonical moments, the parameters zi can be
calculated directly in terms of the Hankel determinants. Before proceeding with
the derivation of the pseudo-canonical moments, we need to recall a concept from
the linear algebra. By Sylvester’s criterion (cf. theorem 7.2.5 in Horn and Johnson
(1985)) a symmetric matrix is positive definite if and only if all of its principal minors
are positive (we recall that a minor of a given matrix B is simply the determinant
of some smaller square matrix, obtained from B by removing one or more of its
rows and columns). We can then extend the sequence sn−1 = (s1, . . . , sn−1) by one
more moment sn. The new sequence lies in the interior of S [n] ([0,∞)) if and only if
detHn is positive. In general, the determinant is not linear with respect to the entire
Hankel matrix: it is in fact a linear function of each column of the matrix only when
the other columns are held fixed. In particular, when we write the determinant as a
function of only the last moment of order n, f(sn), we can see that this function is
affine-linear. If f(sn) > 0 holds, the aforementioned moment sequence lies in the
interior of the moment space by Silvester’s criterion. When f(sn) < 0, the moment
sequence lies outside of the closure of the truncated moment space and the Hankel
matrix cannot be positive semi-definite. For the linear-affinity of f , f(s−n ) = 0 must
hold. So we have

detH 2k =


s0 s1 · · · sk
s1 s2 · · · sk+1
...

... . . . ...
sk sk+1 · · · s−2k

+


s0 s1 · · · 0
s1 s2 · · · 0
...

... . . . ...
sk sk+1 · · · s2k − s−2k

 =
(
s2k − s−2k

)
detH 2k−2

(2.14)
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holding for any sequence (s1, . . . , sn) ∈ intS [n] ([0,∞)). Similar calculations for
Hn−1 allows us to define the zi’s in terms of ratio of Hankel determinants:

zk = det(Hk)det(Hk−3)
det(Hk−1)det(Hk−2) . (2.15)

We define the Jacobian determinant for ξ as follows:∣∣∣∣∂sn∂zn

∣∣∣∣ =
n∏
k=1

∣∣∣∣∂sk∂zk

∣∣∣∣ =
n∏
k=1

(sk−1 − s−k−1) =
n∏
k=2

(z1, . . . , zk−1) =
n∏
k=1

zn−kk . (2.16)

In the next two sections, in order to facilitate the introduction of the last useful
mapping for our reparametrization, it is useful to connect the pseudo-canonical
moments of a probability measure on [0,∞) with a suitable sequence of coefficients
related to a symmetric probability measure µs in (−∞,∞) which is one-to-one
with µ. We will now focus on the moment problem for probability measures on
E = (−∞,∞) and its connection with the theory of orthogonal polynomials.

2.3 Hamburger moment problem

In the Hausdorff moment problem we have introduced one-to-one mappings ρn and
ρ−1
n between the ordinary moments and the canonical moments. In the Stieltjes

moment problem the canonical moments do not exist and they can be replaced by
the pseudo canonical moments zi which allow us to elicit one-to-one mappings ξn
and ξ−1

n between the ordinary moments and, precisely, these parameters. In the
Hamburger moment problem, when we move to the moment space S (R), neither
canonical moments nor pseudo canonical moments can be used because both the
inferior extremal moments and the superior extremal moments are not finite. How
can we find out a suitable mapping from this moment space into an appropriate
unconstrained product space? To answer this question, we need to introduce the
concept of orthogonal polynomials. These polynomials have been extensively treated,
among others, by Chihara (1978). First, we need to explain the concept of moment
functional.

Definition 2.3.1. For a measure µ ∈ P(R), let us denote by B(R, µ) the real-valued
µ-integrable Borel functions on R. We say that Lµ is a moment functional on
B(R, µ) mapping the sequence of functions f = (f0, f1, f2, . . .) with fj ∈ B(R, µ) to
the moment sequence (s0, s1, s2, . . .) or, equivalently,

Lµ(f) =
∫

R
f(x)dµ

if
sj =

∫
R
fj(x)dµ j = 1, 2, . . .

Definition 2.3.2. A sequence {Pn(x)}∞n=0 is called an orthogonal polynomial se-
quence with respect to a moment functional Lµ provided for all non-negative integers
m and n,
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(i) Pn(x) is a polynomial of degree n,

(ii) Lµ [Pm(x)Pn(x)] = 0 for m 6= n,

(iii) Lµ
[
P 2
n(x)

]
6= 0.

If Lµ
[
P 2
n(x)

]
=1 then the sequence is orthonormal. In the general case, conditions

(ii) and (iii) can be replaced by:

Lµ [Pm(x)Pn(x)] = Knδm,n (2.17)

where δm,n is the Kronecker’s delta defined as:

δm,n =
{

0, if m 6= n

1, if m = n
. (2.18)

Definition 2.3.2 can then be re-formulated as follows:

Theorem 2.3.3. Let Lµ be a moment functional and let {Pn(x)} be a sequence.
Then the following assertions are equivalent:

(a) {Pn(x)} are orthogonal polynomials with respect to Lµ

(b) Lµ [πm(x)Pn(x)] = 0 for every polynomial π(x) of degreem < n while Lµ [πm(x)Pn(x)] 6=
0 if m = n

(c) Lµ [xmPn(x)] = Knδm,n where Kn 6= 0,m = 0, 1, . . . , n.

See Chihara (1978), Theorem 2.1 for the proof. The basic idea to demonstrate
(b) is that every polynomials of grade m can be written as linear combination of
orthogonal polynomials:

π(x) =
m∑
k=0

gkPk(x), cm 6= 0 (2.19)

and we define gk as:

gk = Lµ [πm(x)Pn(x)]
Lµ [P 2

n(x)] . (2.20)

We now illustrate another important property of the orthogonal polynomials.

Theorem 2.3.4. Let {Pn(x)} be orthogonal polynomials with respect to Lµ. Then,
for any polynomial πn(x) of degree n we have:

Lµ [πm(x)Pn(x)] = an [xnPn(x)] = anknH 2n
H 2n

(2.21)

where an denotes the leading coefficient of πn(x) and kn the leading coefficient of
Pn(x).

To simplify, kn, the leading coefficient of Pn(x), is set equal to 1 i.e. Pn(x) is
monic. For our purposes, the most important property of the orthogonal polynomials
is the following.
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Theorem 2.3.5. Let {Pn(x)} be the monic orthogonal polynomial sequence with
respect to the moment functional Lµ. Then, there exist a sequence of constants an
and bn such that:

Pn+1(x) = (x− an)Pn(x)− bnPn−1(x), n = 0, 1, 2, . . . (2.22)

where

bi = Lµ
[
xi−1Pi−1(x)

]
Lµ [xi−2Pi−2(x)] = detH 2idetH 2i−4

detH 2i−2detH 2i−2
for i = 1, . . . ,

⌈n
2
⌉

ai =
Lµ
[
xP 2

i−1(x)
]

Lµ
[
P 2
i−2(x)

] = detH 2i−2detH 2i+1
detH 2idetH 2i−1

+ detH 2idetH 2i−3
detH 2i−2detH 2i−1

for i = 1, . . . ,
⌊n

2
⌋
.

The sequence of coefficients {an, bn} is called the sequence of recurrence coeffi-
cients. If we consider the following integral∫

R
xkPk(x)dµ(x)

it is clear that the integral can be written as a linear combination of moments of µ;
in fact, there are remarkable relations between the moment sequence on µ and the
recurrence coefficients, namely:∫

R
xkPk(x)dµ(x) =

∫
R
xk−1(Pk+1(x) + akPk(x) + bkPk−1(x))dµ(x)

=bk
∫

R
xk−1Pk−1(x)dµ(x)

=b1 . . . bk

(2.23)

and ∫
R
xk+1Pk(x)dµ(x) =

∫
R
xk(Pk+1(x) + akPk(x) + bkPk−1(x))dµ(x)

=ak
∫

R
xkPkxdµ(x) + bk

∫
R
xkPk−1xdµ(x)

=b1 . . . bk(a1 + . . .+ ak).

We can formalize the mapping between the recurrence coefficients and the ordinary
moments with the following notation:

ψn : (a1, b1 . . . , an, bn)→ (s1, . . . , s2n) .

It is proved in Tomecki (2018) that the Jacobian determinant of ψn is equal to:

detDψR
n =

∏n−1
i=1

b2n−2i
i . (2.24)

Note that in the Jacobian determinant of the mapping ψn, only the bi coefficients
appear. On the other hand the ai coefficients associated to a probability measure
on (−∞,∞) play a role in characterizing the symmetry of that distribution. In fact,
if µ is symmetric around 0, one has aj = 0 ∀j ∈ N. This property will be the key for
connecting the pseudo canonical moments of a probability measure in [0,∞) with a
suitable symmetric probability measure in (−∞,∞).
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moment problem

2.4 Connections between the Stieltjes moment problem
and the Hamburger moment problem

Let us consider a probability measure µ on [0,∞) characterized by its moment
sequence s ∈ S([0,∞)) or equivalently by the sequence of pseudo-canonical moments
z ∈ [0,∞)∞. One can show that there exists a mirror probability measure µS on
(−∞,∞) with the following properties:

1. µS is symmetric around 0;

2. if X ∼ µ and S ∼ µS then X d= S2.

In fact, we can determine the probability measure µS by taking a random variable
X ∼ µ and another random variable Z ∼ Bernoulli(1/2) such that the random
variable

S =
√
X · (2 · Z − 1) =

{
−
√
X with probability 1

2√
X with probability 1

2

enjoys the two aforementioned properties.
Now we can look at the particular case of the Hamburger moment problem

corresponding to µS called symmetric Hamburger moment problem. In this case we
have that all the odd moments of µS are equal to zero (see Schmudgen (2017) for
more details). This means that the only characterizing sequence of moments for a
symmetric distribution is the sequence of even moments

E[S2j ] =
∫ ∞
−∞

x2jdµS(x).

Moreover, since we have that X d= S2, this allows us to connect every symmetric
Hamburger moment problem with a corresponding Stieltjes moment problem and
vice versa by noting that∫ ∞

0
x2jdµ(x) = E[Xj ] = E[S2j ] =

∫ ∞
−∞

x2jdµS(x).

Let us now analyze the orthogonal polynomials Qn associated to µ on [0,∞) ⊂
(−∞,∞). Chihara (1978) argued that the zeros of Qn lie in [0,∞) hence there is
a corresponding sequence of symmetric orthogonal polynomials Sn(x) (associated
to µS) such that S2n(x) = Qn(x2). These symmetric orthogonal polynomials satisfy
the recurrence relation:

Sn(x) = xSn−1(x)− λn−2Sn−2(x), (2.25)

where a1 = λ2 and

an+1 = λ2n+1 + λ2n+2, bn+1 = λ2nλ2n+1. (2.26)
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Chapter 3

Inferential issues and
population size estimation with
Poisson mixtures

3.1 Model identifiability
Once set up the statistical model represented by the usual triple

M = {X , p(x; θ),Θ}

before considering using data for making inference, it is worth investigating the
identifiability of the underlying parameters. The triple basically determines the
family of distributions among which we assume there is the true underlying random
mechanism generating the observable data. However, we should point out that
identifiability is fundamentally related to the parametrization used for specifying
the family of distributions, rather than to the family itself. To quote Joseph B.
Kadane, identification is a property of the likelihood function, and is the same
whether considered classically or from the Bayesian approach. For a formal general
definition of identifiability we refer to Basu (1963).

A statistical modelM is said to be identified when for any arbitrarily fixed true
parameter θ∗ ∈ Θ generating the observed data X ∈ X at random according to
p(x; θ∗) one has that there is no other θ′ ∈ Θ such that:

p(x; θ∗) = p(x; θ′) ∀x ∈ X . (3.1)

When there are at least two distinct parameters θ∗ and θ′ for which (3.1) holds,
we also say that the model parameter θ is not identified.
In our original model setup (1.3), for inferring the population size by means of
zero-truncated counts, the sampling distribution is specified as p(f+;θ) and it is
defined for any vector f+ in the set of vectors with non-negative integer components
F+ and for any parameter θ = (N, ν) ∈ Θ = N × P([0,∞)). The first component
parameter N lives in the positive integer set N whereas ν lives in the space of all
probability distributions in (0,∞). We can therefore formally write down the model
specification in the original parametrization as follows:

Morig
PM =

{
F, p(f+;N, ν),N× P([0,∞))

}
(3.2)
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Indeed, following the arguments illustrated in the introduction, we can consider
an alternative model specification based on the moment sequence s = (s0, s1, . . .) of
the mixing measure φ such that

dφ(λ) = e−λdν(λ).

In fact, we have argued that φ ∈ F(0,1]([0,∞)) and the latter subset of finite measures
is one-to-one with S(0,1] via the moment sequence mapping since

S(0,1] = ∪t∈(0,1]St = ∪t∈(0,1] {(t · s̃0, t · s̃1, . . . , t · s̃j , ...) : s̃ = (s̃0, s̃1, ...) ∈ S1} .

Hence, the moment based model specification in terms of the alternative parameter
ϑ = (N, s) is the following:

Mmom
PM =

{
F; p(f ;N, s),N× S(0,1]

}
(3.3)

where

p(f+;N, s) = p(f+;ϑ) =
(

N

f0 f1 f2 . . .

) ∞∏
j=0

(
sj
j!

)fj
=
(

N

f0 f1 f2 . . . fM

)
M∏
j=0

(
sj
j!

)fj
follows from (1.3) and the fact that Pj can be re-expressed as follows:

Pj =
∫ ∞

0
e−λ

λj

j! dν(λ) =
∫ ∞

0

λj

j! dφ(λ) = sj
j! (3.4)

with sj being the j − th moment of the measure φ. It is worth noting that the
measure φ is not a probability measure but it is a finite measure with total mass in
the unit interval

φ([0,∞)) =
∫ ∞

0
dφ(λ) =

∫ ∞
0

e−λdν(λ) = P (Xi = 0) = P0 = s0‘ ∈ [0, 1).

We can therefore consider the normalized measure φ̃(λ) = φ(λ)∫∞
0 dφ(λ)

= φ(λ)
s0

which
integrates to 1. Hence, the probabilities Pj can also be re-expressed as function of
the moments of new probability measure φ̃(·)

Pj =
∫ ∞

0
e−λ

λj

j! dν(λ) =
∫ ∞

0
e−λ

λj

j! dν(λ) =
∫ ∞

0

λj

j! dφ(λ) = sj
j! = s0

s̃j
j! (3.5)

where s̃j = j!PjP0
is the j-th moment of φ̃ i.e. the generic component of a moment

sequence for the Stieltjes moment problem.
We can then argue that φ̃ admits the existence of a moment generating function

M(t) =
∫ ∞

0
etλdφ̃(λ)

since the following integral∫ ∞
0

eλdφ̃(λ) =
∫ ∞

0
eλ
dφ(λ)
P0

= 1
P0

∫ ∞
0

eλe−λdµ(λ) = 1
P0

∫ ∞
0

dµ(λ) = 1
P0

<∞



29 3.1. Model identifiability

corresponds to the moment generating function M
φ̃
(·) evaluated in t = 1 and

M
φ̃
(t) ≤ M

φ̃
(1) < ∞ for all t ≤ 1. Therefore φ̃ is determined by the moment

generating function of φ̃ or, equivalently, by the sequence of all the moments of non
negative integer order of φ̃ which exist and are finite.

Moreover, the following holds ‘∫ ∞
0

eλdφ̃(λ) =
∫ ∞

0

∞∑
j=0

λj

j! dφ̃(λ) =
∞∑
j=0

s̃j
j! = 1

P0
. (3.6)

.

Theorem 3.1.1. The parametric model

Mmom
PM =

{
F+; p(f+;N, s),N× S(0,1]

}
is identified.

Proof. We need to show that for ϑ = (N, s) 6= ϑ′ = (N ′, s′) in the parameter space
N× S(0,1] , ice of f+ ∈ F+, one cannot have that:

p(f+;ϑ) = p(f+;ϑ′) ∀ f+ ∈ F+.

We consider two different cases: N 6= N ′ (w.l.o.g. N > N ′) or N = N ′ and
s 6= s′. If N > N ′, the sampling distributions corresponding to the two different
parameters have different support; therefore, by taking f+ = (f1, . . . , fM ) such that∑M
j=1 fj = n = N and hence f0 = 0, we have that

p(f+;ϑ) > 0

while
p(f+;ϑ′) = 0.

Let us consider the other case when N = N ′ but s 6= s′.There must exist a j∗ ≥ 1
such that sj∗ 6= sj . We can consider the frequencies of frequencies corresponding
to all observed units being counted j∗ times so that f+ is such that f0 = N − n,
0 < fj∗ = n ≤ N and fj = 0 for all j ∈ N and j 6= j∗. In this case

p(f+;ϑ)
p(f+;ϑ′) =

(
sj∗

sj

)n
6= 1.

Note that it is easy to argue that, in the model specificationMmom
PM in (3.3), the

infinite-dimensional moment component equates to a linear (affine) reparametrization
of the most natural count distribution probabilities corresponding to the sequence
of Poisson mixture probabilities Pj so that (3.3) reparametrizes the more standard
model specification

Mpmp
PM =

{
F+; p(f+;N,P ),N× PPoisMix

}
. (3.7)



Chapter 3. Inferential issues in population size estimation 30

3.2 Some non identifiability issues in the conditional
likelihood

Starting from the pioneering work of Sanathanan (1972), there has been always
interest in simplifying the inferential task of estimating the population size by means
of the conditional likelihood (1.7) due to the asymptotically minor contribution of
the residual likelihood. However, similarly to what has been raised by Link (2003)
and Farcomeni and Tardella (2012) in the binomial mixture settings, an annoying
non identifiability issue affects the conditional likelihood if one aims at estimating
P0 by maximizing (1.7).

To understand this issue, one can argue that for any mixing distribution ν with
corresponding P0 < 1, there is an infinite collection of other mixing distributions
νε(A) = (1 − ε)ν(A) + εδ0(A) for any ε ∈ (0, 1) for which Lc(ν;f+) = Lc(νε;f+),
where δ0 is the degenerate distribution at 0. We can write P (Xi = j; νε) as follows:

P ′(Xi = j; ν) = P ′j = (1− ε)
∫ ∞

0
e−λ

λj

j! dν(λ).

P0 under the same mixing distribution νε is:

P ′(Xi = 0; ν) = P ′0 = ε+ (1− ε)
∫ ∞

0
e−λdν(λ)

and therefore the conditional probability is equal to:

P ′j
1− P ′0

= (1− ε)Pj
(1− ε)(1− P0) = Pj

1− P0
.

This means that there is structural non-uniqueness and potential degeneracy of
the conditional maximum likelihood estimation of P0 and N as highlighted in
Mao and Lindsay (2007) and in Wang (2010). In fact, if we denote by ν̂C the
conditional maximum likelihood estimate we can argue that any other ν̂Cε maximizes
the conditional likelihood and provides two different conditional MLE for N

N̂C = n

1− P0(ν̂) N̂C,ε = n

(1− ε)(1− P0(ν̂))

so that with an arbitrarily large value of ε one can get an unbounded conditional
MLE estimate of N . The same identifiability issue also holds when we restrict the
attention to a reduced statistical modelMmom

PM involving only the first M moments
of the mixing measure φ associated to ν for which there is information in the original
likelihood. In fact, if we rewrite the factorization

L(N, s;f+) = p(f+;N, s) =
(

N

f0 f1 f2 . . . fM

)
M∏
i=0

(j!sj)fj

=
(

n

f1, f2, . . . fM

)
M∏
j=1

(
j!sj

1− s0

)fj
×
(
N

f0

)
s0
N−n(1− s0)n

= LC(s;f+)× LR(N, s;f+) = LC(s;f+)× LR(N, s0;f+)
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the observational equivalence of ν and νε with respect to the conditional likelihood
LC(s;f+) is turned into the observational equivalence of the corresponding first M
moments of the corresponding measures φ and φε, due to the proportionality

s(φε) = (1− ε)s(φ)

which yields the equality

s(φε)
1− s0(φε)

= (1− ε)s(φ)
(1− ε)(1− s0) .

Moreover, since the total masses of φ and φε are ,respectively, s0 and εs0 one can
also argue the equality of the moments of the corresponding normalized probability
measures φ̃ and φ̃ε.

Although we have argued that the unconditional likelihood associated to model
specification (3.3) overcomes the identifiability problem for a finite population size
N there is still some interest in relying on the unidentifiable conditional likelihood
model to define a quantity associated with C(P ∗M ) the equivalence class of parameters
corresponding to the same conditional likelihood probabilities P ∗M = P

∗
1, ..., P

∗
M .

More formally

C(P ∗M ) =
{
sM ∈ S [M ]

(0,1] : P(sM ) = P ∗M , j = 1, . . . ,M
}

(3.8)

=
{
sM = (s0, . . . , sM ) ∈ S [M ]

(0,1] : sj
j!1− s0

= P j , j = 1, . . . ,M
}
.

3.3 Model approximation
Our main goal consists in making inference on ν and, consequently, on P0 and N . As
seen in the previous paragraphs, by reparametrizing the mixing distribution ν using
dφ(λ) = e−λdν(λ), one gets a one-to-one correspondence between (P0, P1, P2, . . .)
and the moment sequence (s0, s1, s2, . . .) of a finite measure φ with total mass s0 =∫∞

0 dφ(λ) ∈ (0, 1] uniquely identified by its moment sequence with sj =
∫∞

0 λjdφ(λ)
for j = 0, 1, 2, ... and by its moment generating function

M(t) =
∫ ∞

0
etλdφ(λ)

that is, for t = 1, equal to:

M(1) =
∫ ∞

0
eλdφ(λ) = 1.

In turn, the sequence (s0, s1, s2 . . .) is one to one with the sequence

(s0, s̃1 = s1
s0
, s̃2 = s2

s0
, . . .).

Therefore, the unconditional likelihood corresponding to this parametrization can
be reformulated as follows:

L(N, (s0, s̃1, s̃2, . . .);f+) ∝
(
N

n

) ∞∏
j=0

(
s̃j
j! s0

)fj
(3.9)
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where s̃j =
∫∞

0 λjdφ̃(λ) for j = 0, 1, 2, . . . is the generic jth moment of the probability
measure φ̃(λ) = φ(λ)∫∞

0 dφ(λ)
.

Note however that the components of this reparametrization are constrained to the
following series equality:

∞∑
j=0

s̃j
j! =

∞∑
j=0

sj
j!s0

= 1
s0

= 1
P0
. (3.10)

Equivalently, one can write s0 = 1∑∞
j=0

s̃j
j!

; this constraint does not allow us to directly

exploit the alternative reparametrizations described before.
However, we will rely on the finite sum approximation of the sampling distribution

p̃(f+;N, s̃T ) =
(

N

f0 f1 f2 . . . , fT

)
T∏
j=0

 s̃j

j!∑T
k=0

s̃k
k!

fj .
This approximation is well grounded by the fact that p̃(f+;N, s̃T ) defines a rigorous
and flexible sampling distribution. If we consider the corresponding likelihood
function

L̃T (N, s̃T ;f+) = p̃(f+;N, s̃T )

we have that, for T →∞, the approximating likelihood L̃T (N, s̃T ;f+) achieves the
original L(N, s̃;f+). In this thesis we propose to use the following statistical model

M̃appr(T )
PM =

{
FT+; p̃(f+;N, s̃),N× S [T ]

1

}
(3.11)

as a surrogate model for Mmom
PM in (3.3); the likelihood function can then be re-

expressed as follows:

L̃T (N, s̃T ;f+) = p̃(f+;N, s̃T ) =
(

N

f0 f1 . . . fT

)
T∏
j=0

 s̃j

j!∑T
k=0

s̃k
k!

fj . (3.12)

We point out that the approximation depends on the choice of T . Suitable choice
for T can be T = M but it can also be T < M . Moreover, if T < M , this model
overlooks the information coming from the observed frequencies fj > 0 with j > T .
We note that the choice T > M should be avoided since the observed f+ contains
no information on moments sj with j > M . In fact, changing the values of moments
sj with j > M and leaving sr with r <= M fixed, the likelihood function does not
change. A similar approximation has been put forward by Alunni Fegatelli and
Tardella (2018) in a Bayesian framework setting. However, in their proposal there is
a further approximation building block which limits the original mixing measure ν
to have a bounded support. Now we need to discuss in the following section how
one can attempt to estimate model parameters by using suitable reparametrizations
of the underlying truncated moment space S [T ]

1 .
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3.4 Useful reparametrizations for model estimation

The above reformulation of the approximating likelihood (3.12) suggests us that the
most general inferential problem of Poisson mixtures in a so-called non-parametric
setting reduces in fact to a finite-dimensional inference. So far we have explicitly seen
that the problem can be parametrized either in terms of the marginal Poisson mixture
probabilities P ∈ PPoisMix where the range of the Poisson mixture probabilities is
a convex subset of the T-dimensional simplex ∆T (1.6) or in terms of the first T
moments (s̃1, . . . , s̃T ) of the mixing distribution φ̃ whose range is in the truncated
moment space (1.18). One notes that they are constrained T-dimensional subsets
namely convex bodies which are one-to-one linearly related through Pj = s̃j

j!
(∑T

k=0
s̃k
k!

) ,
hence the space of the Poisson mixture probabilities (1.6) can be reinterpreted as
an image through an affine map of the convex body of the T -truncated moment
space S [T ]

1 . The inferential problem seems to be well-posed so one could just think
to use standard maximization routines to get an estimate for P0 and therefore for N .
Computational aspects would be a rather easy obstacle to overcome if the truncated
moment space involved in the parametrization of the likelihood function were an
easy-to-handle unrestricted space. Unfortunately this is not the case. Luckily, there
is another less known equivalent saturated parametrization of the first T moments
which turns out to map either PPoisMix or S [T ]

1 onto a convenient product space.
This parametrization is expressed in terms of the so-called recurrence coefficients (or,
equivalently, pseudo canonical moments) which are quantities in [0,∞), otherwise
unconstrained, which can be mapped back and forth from the ordinary moments in
terms of either the QD algorithm or the Chebyschev algorithm, both involving only
summations and multiplications.

.The two equivalent reparametrized models can be denoted as follows:

M̃pcm
PM =

{
F+; p̃(f+;N, zM ),N× [0,∞)∞

}
(3.13)

and
M̃rec

PM =
{

F+; p̃(f+;N,aM/2, bM/2−1),N× [0,∞)∞
}
. (3.14)

To our knowledge, there is no other attempt in the literature to use these
recurrence coefficients for inferential purposes for Poisson mixtures models. Few
authors have instead implemented inferential procedures using canonical moments.
Tardella (2002) used them in a particular case of binomial mixture problems related
to the estimation of a capture-recapture model. Alunni Fegatelli and Tardella (2018)
utilized canonical moments in a context similar to ours (Poisson mixtures) but
in a Bayesian settings. Canonical moments, being quantities in the unit interval,
are easier to deal with and their initialization for numerical search of the MLE
is straightforward and does not constitute an issue. The recurrence coefficients
are directly related with the pseudo-canonical moments zi since bi = z2i−1z2i and
ai = z2i−1 + z2i−2. One notes that the extremal inferior moment of second order
is s̃−2 = s̃1s̃

−1
0 s̃1 and since s̃0 = 1 we have that s̃−2 = s̃2

1. So the inferior extremal
moment of second order is equal to the square of the expected value of φ̃ (with
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s̃−1 = 0). We remind that zj is defined as

zj =
sj − s−j

sj−1 − s−j−1

Hence, z1 = s̃1. Then, if we consider a random variable X ∼ φ̃, we can derive an
interesting relation:

z2 = s2 − s−2
s1 − s−1

→ z1z2 = s2 − s−2 = E
φ̃
[X2]− E2

φ̃
[X] = V

φ̃
[X] . (3.15)

Therefore, b1 can be regarded as the variance of φ̃ and a1 as its expected value. In-
terpreting recurrent coefficients of higher order is complicated therefore, to overcome
initialization issues, we will adopt three strategies:

• compactification of the mixing distribution φ̃ to get recurrence coefficients
restricted to a compact support [0, u],

• automatic initialization routine based on the probability ratios,

• usage of pseudo-canonical moments (z parameters) instead of the recurrence
coefficients.

We will exploit the first two strategies in the next two paragraphs.

3.4.1 Mixing distribution compactification

Let’s begin by showing that our model can be approximated arbitrarily well by
a model in which the mixing distribution ν has a compact support in [0, u] for a
suitable choice of u.

Theorem 3.4.1. Let ν be a generic probability distribution with support on [0,∞);
∀ η > 0 ∃ uη,ν such that

dTV (Pj(ν), Pj(νuη,ν )) ≤ η, ∀j

Proof can be found in Alunni Fegatelli and Tardella (2018). We can then define
dφu(·) = eλdνu(·) so that:

Pj(νu) =
∫ u

0

e−λλk

k! dνu(λ) = 1
k!

∫ u

0
λkdφu(λ) = sk(φu)

k! .

One can then reparametrize the approximated likelihood (3.12) as follows:

L̃T (N, s̃u;f+) =
(

N

f0 f1 . . . fT

)
T∏
j=0

 s̃j(φ̃u)

j!
(∑T

k=0
s̃k(φ̃u)
k!

)

fj

.
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We can make a further simplification by separating the dependence of s̃j(φ̃u) from u

and the moments of a single probability distribution φ̃1 supported on [0, 1], namely:

s̃j(φ̃u) = uj s̃j(φ̃1)

which corresponds to the change of measure for φ̃u due to a scale factor u for the
rate parameter λ. For ease of notation, let us denote s̃j(φ̃1) with ˜̃sj : (˜̃s1, . . . , ˜̃sT )
will then be the vector of first T moments of the new mixing distribution φ̃1. The
approximated likelihood can then be re-expressed as follows:

L̃(N, ˜̃sT ;f+) =
(

N

f0, f1, . . . fT

)
T∏
j=0

 uj˜̃sj
j!
(∑T

k=0
uk˜̃sk
k!

)

fj

(3.16)

where the T -truncated moment space S [T ]
1 is such that:

S [T ]
1 ([0, 1]) =

{
(s0, ˜̃s1, . . . , ˜̃sT ) : ˜̃sk =

∫ 1

0
λkdφ̃1(λ), φ̃1 ∈ P([0, 1])

}
(3.17)

with P([0, 1]) being the class of probability distributions with support in [0, 1]. At
this point, one can exploit the results reviewed in chapter 2 and reparametrize
the T -truncated sequence in terms of the recurrence coefficients (aT/2) ∈ [0, 1]T/2

and (bT/2−1) ∈ [0, 1]T/2−1, initialize the maximization routine by choosing any
value between [0, 1] for these coefficients (and for the upper bound u) and hence
reparametrize back into the space of ordinary moments.

3.4.2 Recurrence coefficients initialization based on ratio regres-
sion

In the context of estimation of unobserved units of a population, the maximum
likelihood estimation often appears to be prone to numerical problems, even when
reparametrized moments are used. Moreover, numerical issues can be favored by
unsuitable starting values of numerical maximization routines. The situation might
be improved if convenient starting values of the parameters are provided for the
numerical search of the ML estimates. To do so, we will take advantage of suitable
sequences of probability ratios

rj = (j + 1)E(fj+1)/E(fj) = (j + 1)Pj+1/Pj

. We recall that the marginal distribution of power series mixtures satisfies the
following monotonicity property rj ≤ rj+1 with rj = (j + 1)E(fj+1)/E(fj). Both
Rocchetti et al. (2011) and Böhning et al. (2016) proposed a ratio regression approach
to identify an appropriate distributional form without the need to parametrically
specify the mixing density ν. In particular Rocchetti et al. (2011) re-expressed the
probability ratio as follows:

(x+ 1)E(fx+1)/E(fx) = γ + δx (3.18)
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where γ and δ are real constants. This structure characterizes the Katz family
of distributions first introduced in Johnson et al. (2005). Rocchetti et al. (2011)
highlight that the non-decreasing linear relation characterizes the following special
cases (with γ > 0 and delta < 1 otherwise no probability distribution can be defined):

• 0 < δ < 1 corresponds to negative binomial distributions,

• δ = 0 corresponds to Poisson distributions .

It is then clear that δ regulates the heterogeneity of the distribution. In the paper no
reference is made to the Poisson mixtures even though, due to the monotonicity of the
ratio, the linear relation above can be regarded as a first-order linear approximation
for any Poisson mixture (not just gamma), thus justifying a degree of robustness of
the method across a wide range of heterogeneity models. Recalling that Pj = sj/j!
(where sj/j! is the j-th moment of φ), we can then re-express the ratio as function
of the moments and get the following expression:

rj = (j + 1)sj+1/(j + 1)!
sj/j!

= sj+1
sj

= s̃j+1
s̃j

(3.19)

where s̃j = sj/s0. At this point, we can just substitute the moment ratio in the
left-hand side of the linear relation and obtain:

s̃x+1/s̃x = γ + δx. (3.20)

It is then straightforward to show that s̃j = ∏j−1
i=1 γ + δi. Following the approach of

Rocchetti et al. (2011), γ and δ can be estimated by considering the linear regression
model

rx = γ + δx+ ε

so that

ŝj =
j−1∏
i=1

(γ̂ + δ̂i).

Indeed, this approach can be generalized and possibly improved ,by replacing the
standard linear regression by means of a log linear regression or any other isotonic
regression function. Finally, we recall that there exists a one-to-one mapping ψn
between recurrence coefficients and ordinary moments, namely

ψn : (a1, b1 . . . , an, bn)→ (s1, . . . , s2n) .

One can then use the inverse mapping ψ−1
n to obtain a suitable initialization of

the recurrence coefficients from the estimated ordinary moments:

ψ−1
n (ŝ1, . . . , ŝn) = (â1, b̂1, . . . , ân/2, b̂n/2−1).
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Chapter 4

Sharpest lower bounds for
estimating the population size

Despite the non-identifiability of the conditional likelihood (1.7), Mao (2006) and
Mao and Lindsay (2007) showed that it can still be of interest to draw inference on a
non trivial, uniquely determined, sharpest lower bound of P0(ν), or equivalently, N.
To emphasize the importance of the last sentence, we must quote Irving John Good,
one of the first to tackle this problem (Good, 1953) “I don’t believe it is usually
possible to estimate the number of species, but only an appropriate lower bound to
that number. This is because there is nearly always a good chance that there are
a very large number of extremely rare species"(Bunge and Fitzpatrick, 1993). As
pointed out in the previous chapters, the count distribution conditionally on all the
Xi > 0 and n, follows a conditional zero truncated Poisson mixture distribution
with the following probability masses

P j = Pj
1− P0

=
∫ ∞

0
e−λ

λj

j!
dν(λ)
1− P0

= sj
j!(1− s0) j = 1, 2, . . .

Alternatively, we could instead follow Mao and Lindsay (2007) and define a probability
measure γ as dγ(λ) = (1−e−λ)dν(λ)∫∞

0 (1−e−u)dν(u)
. The conditional probabilities can then be

re-expressed as follows:

P j =
∫ ∞

0

λj

j!(eλ − 1)dγ(λ) j = 1, 2, . . . .

They will find it useful to consider the odds that a unit is unseen in the sample, that
is

ϕ = ϕ(γ) =
∫ ∞

0
(eλ − 1)−1dγ(λ).

Mao and Lindsay (2007) derived some interesting properties for the odds ϕ :

• ϕ(·) is Hellinger discontinuous at any γ;

• ϕ(·) is Kolmogorov lower-semicontinuous at any γ;

• ϕ has no locally unbiased and locally informative estimator;
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• ϕ has no locally asymptotically unbiased and locally asymptotically informative
estimator.

However, from its lower-semicontinuity, the odds ϕ could be partially inferred in
terms of a suitable lower bound for ϕ once a consistent sequence of estimators of
the conditional probabilities is used. Note that ϕ is a strictly increasing one-to-one
function of P0 and hence we prefer to focus on the corresponding lower bound for
P0. This is usually referred to as the sharpest lower bound corresponding to a fixed
value of the conditional probabilities P ∗M = (P ∗1, . . . , P

∗
M ) with P ∗j = Pj(sM )∗

1−P0(sM )∗ for
j = 1, . . . ,M .

Definition 4.0.1. For any fixed value of the conditional probabilities P ∗M corre-
sponding to the conditional likelihood (1.7) we define the sharpest lower bound for
P0 arising from the equivalence class C(P ∗M ) in (3.8) as follows

τ∗M = τ∗M (P ∗M ) = inf
sM∈C(P ∗M )

P0(sM ). (4.1)

From the above mentioned relation, the corresponding sharpest lower bound for
ϕ is ϕ∗M = τ∗M

1+τ∗M
.

As stated by Mao and Lindsay (2007), the conditional likelihood approach
consistently estimates τ∗M with the conditional MLE estimator

τ̂C = inf

P0(s′) : s′ = arg max
s∈S[M ]

I

Lc(sM ;f+)

 . (4.2)

There is not a unique best and safe way to numerically compute the sharpest
lower bound (4.2) corresponding to any truncated sequence PM or, equivalently,
sM . In the next subsections we are going to present four methods to approach its
evaluation:

A algebraic lower bound evaluation;

B quadrature lower bound evaluation;

C lower bound evaluation through sequential moment condition check;

D likelihood-based lower bound evaluation.

The first method is introduced in Mao (2006) and the second has been recently
proposed in Daley and Smith (2016); the third method, to the best of our knowledge,
is new and represents an original contribution. The fourth method is basically a way
of exploiting the observed data f1, ..., fM and some inequality relations between the
conditional and unconditional MLE of P0 for estimating from below the sharpest
lower bound of P0 corresponding to the true unknown mixing ν.
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4.1 Algebraic lower bound approach
In Mao and Lindsay (2007) it has been proposed a moment based approach to derive
lower bounds for ϕ: this method yields what we refer to as algebraic lower bound
for the odds ϕ. Of course, a lower bound for the odds ϕ can be easily transformed
to become a lower bound for P0 = ϕ

1+ϕ .
Let oj =

∫∞
0 λjdω(λ) be the j-th moment of finite a measure ω over (0,∞) with

dω(λ) = (eλ − 1)−1dγ(λ). Note that, for j = 0, o0 is the total mass of ω.

Proposition 4.1.1. The moment sequence o = (o0, o1, o2, . . .) satisfies:

• o0 = ϕ

• oj = j!P j

From the above proposition, we consider the problem of determining the sharpest
lower bound to the total mass o0 = ϕ corresponding to a finite measure with fixed
truncated higher order moment sequence, an issue in the scope of the truncated
Stieltjes moment problem.

Hence, one can also argue that

τ∗M (P ∗M ) = inf
sM∈C(PM )

P0(sM ) = inf
oM∈S

[M ]
I |o1=P 1,o2=2P 2,...,oM=M !PM

o0
1 + o0

. (4.3)

If we now focus on the odds and the moments of ω, we can find quite easily one
of the most trivial and least stringent lower bound for ϕ from the first two moments
and the Cauchy-Schwartz inequality. In fact, the following holds

o0o2 ≥ o2
1 =⇒ ϕ = o0 ≥ o2

1/o2

and yields the famous Chao lower bound (Chao, 1984).
The most remarkable result in Mao and Lindsay (2007) states that when the

Hankel matrix of the truncated moment sequence ok is positive definite one gets
that:

ϕk = otkA
−1
k ok (4.4)

where Ak is a k × k matrix with generic entry oi+j corresponding to row i and
column j for i, j = 1, . . . , k. Note that in order to compute ϕk one needs to provide
M = 2k moments to fill in all the entries of Ak. Moreover, ϕk = τ∗2k(P 2k) where
P 1 = o1, P 2 = o2

2! , . . .
Other two important results are here reported.

Theorem 4.1.2. Let χ(γ) be the number of support points of γ. If the number of
support points is finite then ϕ1 < . . . < ϕχ(γ) = ϕ(γ) = P0(γ)

1−P0(γ) ; if χ(γ) =∞, then
ϕ1 < . . . < limk←∞ ϕk = ϕ(γ) = P0(γ)

1−P0(γ) .

Theorem 4.1.3. Let us consider partitioning the space of conditional Poisson
mixture probabilities PCPM into "sieves" of discrete distributions with k positive
masses PCPM,k =

{
P = P (γ) : χ(γ) = k

}
. Then, if P (γ) ∈ PCPM,k, ϕ(γ) = ϕk with

o1 = P 1(γ), o2 = P 2(γ)/2, . . . ; if instead P ∈ ∪∞k=jPCPM,j, then ϕk ≤ ϕ(γ).
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Theorem 4.1.3 guarantees that ϕk is Fisher consistent. Proves of both theorems
can be found in Mao and Lindsay (2007) with a slightly different notation.

To estimate ϕk, Mao and Lindsay (2007) considered the empirical moments
ôk = k!fkn and the corresponding empirical shifted Hankel matrix so that:

ϕ̂k = ôtkÂ
−1
k ôk

for k ≤ χ̂n where χ̂n is the maximum k for which Âk is positive definite. For finite
k the quantity ϕ̂k is well defined, it exists almost surely and enjoys good asymptotic
properties. However, it is not easy to compute, especially when the Hankel moment
matrix is large. The main issue of this methodology is that, as we will see in a
dedicated simulation study, the matrix inversion Âk

−1 becomes unstable when k
grows. In order to escape the Hankel matrix inversion, in the next paragraph we
will review an alternative method first introduced in Harris (1959) and then refined
in Daley and Smith (2016) and for which we provide an original improvement.

4.2 Harris transform and moment equation approach
For a reason that will be clarified within this paragraph, we might find convenient
to reparametrize ν with another finite measure µ as follows:

dµ(λ) = λe−λdν(λ).

This parametrization was first introduced by Harris (1959) and also used by Chao
(1984) to derive the moment-based Chao estimator. It should be noted that the
total mass of µ is related to the Poisson mixture probability mass P1. In fact∫ ∞

0
dµ(λ) =

∫ ∞
0

λe−λdν(λ) = P (Xi = 1|λ) = P1 ≤ 1.

Correspondingly we could consider the normalized reparametrized mixing distribution
µ̃(λ) = µ(λ)∫∞

0 dµ(λ)
which is well defined as long as P1 > 0. The moments of µ̃ are then

equal to

m̃j =
∫ ∞

0
λjdµ̃(λ) = N

∫∞
0 λj+1e−λdν(λ)

N
∫∞

0 λe−λdν(λ) =

= (j + 1)!E(fj+1)
E(f1) for j = 0, 1, 2, . . . .

(4.5)

Therefore, the moments of µ̃ can be related to the expected values of the frequencies
of frequencies. Since the expected frequencies of frequencies can be easily estimated
by the observed frequencies of frequencies, we can plug them in (4.5) and get

m̂j = (j + 1)!fj+1
f1

for j = 0, 1, 2, . . . . (4.6)

This reparametrization based on the moments m̃j yields a new representation of
the unobserved expected frequency E(f0) = N ∗ P0 which links it to the expected
observable frequency of frequencies E(f1). In fact:
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E(f0) = N
∫ ∞

0
e−λdν(λ) = N

∫ ∞
0

λ−1dµ(λ) =

= N
∫ ∞

0
dµ(λ)

∫ ∞
0

λ−1dµ̃(λ) = E(f1)
∫ ∞

0
λ−1dµ̃(λ).

(4.7)

The above expression is interesting: the expected value of f0 is equal to the product
between the expected value of the singletons and the functional

∫∞
0 λ−1dµ̃(λ). The

information provided by the observed data on µ̃ can be conveyed through the
moments that we can estimate using the observed count frequencies. We can now
show how one can try to estimate f0 = N − n by means of a moment-constrained
problem as follows:

estimate E[f0] =
∫ ∞

0
λ−1dµ̃(λ)

subject to m̃j = m̂j = (j + 1)!fj+1/f1 j = 1, . . . ,M.
(4.8)

Estimates for the above integral functional of µ̃, subject to the moment constraints,
can be substituted in equation (4.7) to obtain moment-based estimates of E(f0) and
thus estimates of N . We will see in the next paragraphs that all the measures µ̃
on the positive real line that satisfy the expected moment constraints in equation
(4.8) form a truncated moment class and the functional

∫∞
0 λ−1dµ(λ) will attain

its minimum and maximum on the boundary of this truncated moment class. In
particular, the lower bound will be obtained by solving the system of equations
involving the support points of a boundary measure µ̃ and its corresponding weights.
We will argue that the solutions of the complex system of equations can be obtained
easily if we consider the system of monic polynomials associated to the measure
µ̃. These orthogonal polynomials satisfy a three-term recurrence equation whose
coefficients are in a one-to-one correspondence with the moments of the measure µ̃.

4.2.1 Systems of moment equations

As anticipated in the previous paragraph, our focus is to obtain a moment-based
lower bound of E(f0) and thus of N . We note that the constraints in (4.8) are based
on the finite number of positive frequencies of frequencies f1, . . . , fM .

We remind that the range of the first M moments forms a convex body and is
usually referred to as the M -truncated moment space of µ̃, in symbols:

S [M ]
1 =

{
(m̃1, m̃2, .., m̃M ) : m̃k =

∫ ∞
0

λkdµ̃(λ), k = 1, ...,M for µ̃ ∈ P([0,∞))
}
.

(4.9)
The space of the Poisson mixture probabilities can be reinterpreted as an image
through an affine map of the convex body of the M truncated moment space and it
is clear that S [M ]

1 is closed and convex (Theorem 1 of Harris (1959)). Let us consider
a fixed probability measure µ̃∗ ∈ P([0,∞)). Let S be the number of support points
of µ̃∗. When the support is not a finite collection of points on [0,∞), we set S =∞.
Then, for M > 2S − 1, the class of probability measures M̃[M ]

M̃[M ](m̃∗1, . . . , m̃∗M ) =
{
µ̃ ∈ P([0,∞)) :

∫ ∞
0

λkdµ̃(λ) = m̃∗k, for k = 1, ...,M
}
.

(4.10)
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contains only a single probability measure, namely µ̃∗. On the other hand, if
M ≤ 2S−1 then M̃[M ] contains not only µ̃∗, but also the other probability measures
whose first M moments correspond to the first M moments of µ̃∗. As argued in the
previous chapter, if all of the expected count frequencies {E[f1],E[f2], . . . , } were
known, then the measure ν corresponding to ν∗ could be perfectly recovered.

Let g(λ) be a strictly convex or concave (and g(λ) = λ−1 is the former); then,
the linear functional Lµ̃ defined by :

Lµ̃(g) =
∫ ∞

0
g(λ)dµ̃(λ) (4.11)

will attain its minima and maxima on the boundary of M̃[M ]. The boundary consists
of discrete measures of minimal degree that satisfy the moment constraints (see
Harris (1959) for more details). We can compute the extrema by finding the unique
set of points 0 ≤ e1 < . . . < eS ≤ ∞ and positive weights v1, . . . , vS that satisfy the
moment constraints given by:

v1 + . . .+ vS =m̂0

v1e1 + . . .+ vSeS =m̂1
...

v1e
2S−1
1 + . . .+ vSe

2S−1
S =m̂2S−1.

(4.12)

Inferior extremal estimates (i.e. lower bounds) can be found by simply taking M
odd and S = (M + 1)/2 (we will argue this statement in the next paragraph). If
one can solve the above system of equations, then the lower bound for the number
of unobserved units is given by:

f̂0 = f1 ∗
(
v1
e1

+ . . .+ vS
eS

)
. (4.13)

If S = 1 and M = 1, then the system of equations is simply given by the two
equations v1 = 1 and e1 = m̂1 = 2f2

f1
since

m̃1 = 2!E(f2)
E(f1) .

It follows that f̂0 is equal to:

f̂0 = f1
e1

= f2
1

2f2

which is exactly equal to Chao’s lower bound. The basic idea is that, by considering
moments of higher orders, one could get a lower bound which is larger than Chao’s
lower bound and thus find an estimate which is closer to the true value of f0 = N−n.
In general, it is not easy to derive the solutions of the system of equations for large S
and M . Harris (1959) managed to find an explicit solution for S = 2 (corresponding
to 2 points and 3 moments). Higher order analytic solutions cannot be found
since they involve finding the roots of polynomials of degree 5 or higher. To our
knowledge, in the population size estimation context, the first attempt to rely on the
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quadrature formula (4.13) to find the sharpest lower bound by numerically solving
the previous of system of equations for large S and M has been put forward in
Daley and Smith (2016). In the following chapter, we will propose a slightly different
approach which relies on checking if the empirical moment sequence of µ̃ is in fact a
proper moment sequence corresponding to a measure on the interval [0,∞). The
presented methodology is based on the pseudo canonical moments zi, introduced in
chapter 2 and for which we provide an explicit derivation in the Appendix.

4.2.2 Admissibility of moment sequences

We recall the Hankel matrices defined in (2.4). We showed that the equivalences

(m̃1, . . . , m̃M ) ∈ intS [M ]
! ([0,∞)) if and only if H̃M and H̃M−1 are positive definite;

(m̃1, . . . , m̃M ) ∈ S [M ]
1 ([0,∞)) if and only if H̃M and H̃M−1 are positive semidefinite;

(4.14)

hold.
In this sense, the positive semi-definiteness of the Hankel Matrices is both nec-
essary and sufficient for the existence of a probability measure µ̂ with moments
m̃0, m̃1, . . . , m̃M . However, there is an equivalent condition based on the pseudo-
canonical mapping ξ−1

M . In Dette and Studden (2002) it is remarked that

m̃0, m̃1, . . . , m̃M

is a moment sequence if and only if

z1 . . . zM > 0 (4.15)

where (z1, . . . , zM ) = ξ−1
M (m̃1, . . . , m̃M ). Consequently, (4.15) can be used to check

if a given sequence is in fact a moment sequence corresponding to a probability
measure on the interval [0,∞). Since we do not observe true moments but just
empirical moments obtained via the count frequencies, we are not guaranteed that
they form a legitimate M -moment sequence. For this reason, in practice, we deal
with k-truncated moment sequence where k is the maximum k ≤ M for which
(z1, . . . , zk) = ξ−1

k (m̃1, . . . , m̃k) and

z1 . . . zk > 0.

4.2.3 Quadrature lower bounds via Jacobi matrix eigendecomposi-
tion

In the previous paragraph, we have analyzed the necessary conditions for the
admissibility of a moment sequence and thus for the existence of solutions of the
system of equations (4.12). The main issue we face is that, despite the solutions
are unique, we might still find some of them that satisfy the system of equations to
numerical precision but are quite far to the true values. This is not a surprise since
Gautschi (1985) proved the ill-conditioning of the mapping between moments and
quadrature rules. This is particularly true when the system of equations is large (i.e.
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there are many moments).
The Gaussian quadrature is a technique strictly related to the moment problem.
Moments and quadrature have been always connected since the classical works
of Chebyshev and Stieltjes on continued fractions and the moment problem. A
quadrature formula with degree of precision S ∈ N for the probability measure µ̃
consists of real numbers (e1, . . . , eS), called nodes and corresponding quadrature
coefficients or weights (v1, . . . , vS), such that∫ ∞

0
λmdµ̃(λ) = v1e

m
1 + . . .+ vSe

m
S +RS(λm)

which has maximum algebraic degree of exactness 2S−1 (i.e. RS(λ2S−1) = 0).
Let us now consider the case where m = −1; since the even order derivatives of
g(λ) = 1

λ are positive, we have that RS(λ−1) < 0 when M is odd: in this case,
the Gaussian quadrature approximation is a lower bound for

∫∞
0 λ−1dµ̃(λ) (Golub

and Meurant, 1994). In turns, since the odd order derivatives of g(λ) = 1
λ are

negative, RS(λ−1) > 0 when M is even which implies that the Gaussian quadrature
approximation is an upper bound for

∫∞
0 λ−1dµ̃(λ). Algorithms for computing

Gaussian quadrature rules involve estimating the orthogonal polynomials associated
with the underlying measure. Daley and Smith (2016) found that this methodology
gives stabler estimates than the available non-linear equation solvers. We know
that, for k ≤ S, the nodes (e1, . . . , ek) are the zeros of monic orthogonal polynomials
Pk(·; dµ̃) (depending on the measure µ̃) with recurrence coefficients (a1, . . . , ak) and
(b1, . . . , bk). It follows that the nodes (e1, . . . , ek) are the eigenvalues of the Jacobi
matrix Jk

Jk =


a0

√
b1 0 · · · 0√

b1 a1
√
b1 · · · 0

0
√
b2 a2

√
b2 · · ·

...
...

... . . . ...
0 · · · · · ·

√
bk−1 ak−1

 . (4.16)

The weights (v1, . . . , vk) are then given by the squared first component of the
eigenvectors of Jk. The recurrence coefficients can be derived trough either the
Chebyshev algorithm or the QD algorithm. Both algorithms are detailed in two
separate appendices. Given the estimated recurrence coefficients, the quadrature
points and weights can be obtained using any algorithm that calculates the eigenvalues
and eigenvectors. In our scenario, since the matrix is already tridiagonal, there is no
need to calculate all the components of the eigenvectors since only the first component
is required. In Daley and Smith (2016) a modified QR algorithm is instead used.
Such modified algorithm has complexity that is linear in both space and time and
this represents a great advantage. Moreover, it is claimed that it is well-conditioned
and small changes in the estimated recurrence coefficients won’t cause large changes
in the estimated nodes and weights. In our proposal, to calculate the eigenvalues
and eigenvectors of Jk, we have utilized an Eigenvalue Decomposition using the
R package RSpectra (Qiu and Mei, 2019). In R, the function eigen() is already
available in CRAN but it still raises some issues: when the matrix becomes large,
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it can be very time-consuming and the complexity to calculate all the eigenvalues
of a k × k matrix is O(k3). Furthermore, we usually need to compute only few
eigenvalues or eigenvectors (as it happens in our case where we only need the first
component of eigenvectors). In eigen() , there is no option to limit the number of
eigenvalues to be computed therefore we need to go for a full computation. For the
basic singular value decomposition (SVD), it happens exactly the same: we might
need a truncated or partial SVD but in standard R this option is not available. The
package RSpectra allows us to overcome these problems providing an R interface
to the Spectra library, which is used to solve large scale eigenvalue problems. The
core part of Spectra and RSpectra has been developed in efficient C++ code and it
can handle large scale matrices in either dense or sparse formats. Moreover, this
package can limit the algorithm to provide only the first components.

4.2.4 Stabilizing numerical methods for moment based quadrature

The estimation of the truncated moment sequence mM of the reparametrized (and
normalized) mixing distribution µ̃ is a fundamental part of our work. We have seen
in the previous chapters that these moments are directly related to the expected
values of the count frequencies. In practice, we dispose only of observed count
frequencies and the risk is that they might be just a spurious observation and thus
lead to bad estimates of the truncated moment sequences (and consequently bad
estimates of the quadrature nodes and weights).

Let us suppose we have two different vectors of observed count frequencies:

f1 = (2899, 1706, 803, 391, 353, 336, 288, 251, 223, 128, 97, 52, 26, 2, 6, 2, 1)
f2 = (2853, 1664, 878, 409, 341, 317, 296, 275, 219, 124, 100, 48, 22, 3, 9, 4, 1)

The above observed count frequencies produce the following truncated moment
sequences (for ease of writing we should truncate the sequence to moments of order
5)

m1 = (1, 1.18, 1.66, 3.24, 14.62)
m2 = (1, 1.17, 1.85, 3.44, 14.35)

on the other hand, the corresponding pseudo canonical moments will be:

z1 = (1.17, 0.24, 3.18, 6.73)
z2 = (1.67, 0.42, 1.07, 14.508)

It is clear that small variations in the truncated moment sequence can cause a
big variation in the corresponding pseudo canonical moments (and therefore in the
recurrence coefficients). How can we mitigate this instability ? We are in a situation
where the bootstrapped samples can actually help. Bootstrapping is a re-sampling
method It is described as random sampling with replacement.

In essence, it gives us duplicates/perturbed observations. It might be particularly
useful when the dataset is not big and the algorithm requires many data (as it happens
in our setting). In Daley and Smith (2016), the Bagging (bootstrap aggregating),
an alternative bootstrap algorithm (originally presented in Kuhnert et al. (2008)), is
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utilized. When repeated samples and hence repeated evaluations of the corresponding
lower bounds are available, one could try to take advantage of them by aggregating
the collection of lower bounds by means of a robust summary like the median. In
our setting, in order to avoid the use of a single sample f+ = (f1, f2, . . . , fM ) which
might turn in an unstable estimate, we follow Daley and Smith (2016) and use the
median of all lower bounds derived from the bootstrapped samples. Why should we
utilize the median instead of the mean? An important difference between these two
statistics is that the mean is much more sensitive to outliers than the median. That
is, one or two outliers can drastically affect the mean but do not change the median
that much (in other words, the median is much more robust than the mean).

We have implemented this idea for deriving alternative estimates of population
size relying on different ways of computing lower bounds for E(f0) by exploiting a
suitable Dirichlet distribution for resampling. In fact, if we multiply by n a random
draw (π1, ..., πM ) from the following Dirichlet distribution

πM = (π1, ..., πM ) ∼ Dir
(
f1 + 1
n+M

, . . . ,
fM + 1
n+M

)
we can mimic in a smoother way the behaviour of the standard resampling from the
observed frequencies:

• B vectors of probabilities π(b)
M are sampled from a Dirichlet distribution with

parameter components aj = (fj + 1)/(n+M) and the corresponding generic
bootstrap frequencies are

f
(b)
M = n ∗ π(b)

M

so that m(b)
k is

m̂
(b)
k =

(k + 1)!f (b)
k+1

f
(b)
1

• for each b = 1, ...B, starting from the m̂(b)
k , the recurrence coefficients are

calculated via the QD algorithm and the Jacobi matrix J is built. Finally,
the nodes (eigenvalues of J) and weights (squared first component of the
eigenvectors) are calculated and n̂(b)

0 and the corresponding N̂ (b) are obtained.

• The median of N̂ across all the bootstrapped samples is then computed

N̂ = Median
{
N̂ (1), . . . , N̂ (B)

}
.

4.3 Sequential moment condition check approach

Analogously to what has been argued in the previous paragraphs, one could verify the
admissibility of the truncated moment sequence s̃M = (s̃0 = 1, s̃1, ..., s̃j , ..., s̃M ) of the
probability measure φ̃ defined from normalizing the finite measure dφ(λ) = e−λdν(λ)
by checking the positiveness of the corresponding pseudo-canonical moments zM .
This truncated moment sequence, together with any fixed value of the total mass
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computations

s0 ∈ (0, 1], allows us to uniquely determine the truncated moment sequence of a
finite measure φ ∈ F (0,1]([0,∞)) using the relation sj = s0s̃j . This suggests us a
different approach for determining the lower bound of P0 = s0 when s0 is the total
mass of a finite measure with moment constraints underlying the class

C(P ∗1, . . . , P
∗
M ) =

{
sM ∈ S [M ]

(0,1] : P(sM ) = P
∗
M , j = 1, . . . ,M

}
=

{
sM = (s0, . . . , sM ) ∈ S [M ]

(0,1] : j!sj
1− s0

= P j , j = 1, . . . ,M
}
.

From the last expression one can use a candidate s∗0 ∈ (0, 1] and all the P js to verify
if the corresponding putative truncated sequence

(s∗0, s∗1 = P 1 · (1− s∗0), . . . , s∗j = P j
j! · (1− s

∗
0), . . . , s∗M = PM

M ! · (1− s
∗
0))

does indeed correspond to a valid truncated moment sequence of the underlying
normalized probability measure with moment sequence

s̃∗
M =

(
s̃∗0 = 1, s̃∗1 = P 1 ·

(1− s∗0)
s∗0

, . . . , s̃∗j = P j
j! ·

(1− s∗0)
s∗0

, . . . , s̃∗M = PM
M ! ·

(1− s∗0)
s∗0

)
.

Hence, one could attempt to sequentially approximate up to arbitrary precision the
sharpest lower bound with a bisection search of the smaller s∗0 ∈ (0, 1] such that the
normalized moment sequence s̃∗M has a pseudo canonical mapping

(z∗1 , . . . , z∗j , . . . , z∗M ) = ξ−1(s̃∗1, . . . , s̃∗j , . . . , s̃∗M )

and
z∗1 . . . z

∗
M > 0.

4.4 Numerical accuracy of alternative methods for sharpest
lower bound computations

In this section, for comparison purposes, we report the numerical findings obtained
from fixing some mixing ν and deriving for different values of M the corresponding
conditional probabilities (P 1(ν), . . . , PM (ν)) and computing the sharpest lower
bound

τ∗M (PM ) = inf
sM∈C(PM )

P0(sM ) = inf
oM∈S

[M ]
I |o1=P 1,o2=2P 2,...,oM=M !PM

o0
1 + o0

using the algebraic lower bound approach (A-Mao), the quadrature approach (Q-
DS) and the sequential moment condition check approach (S-Z). We consider 5
different mixing distributions ν corresponding to the first five settings of Wang
(2010). In particular, as detailed in Table 4.1), the mixing distributions ν are gamma
distribution (setting 1,2,3) and two component mixtures of gamma (4,5). For each
setting, we first need to derive φ as φ(λ) = eλν(λ) and then its corresponding
moments. For the first three settings, we have that:

φ(λ) = eλGa(α, µ)
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and it is easy to check that:

sk = λkdφ(λ) =
(
α

µ

)α( 1
α
µ + 1

)(k+α) (α+ k − 1)!
(α− 1)! .

The derivation of P0 is then straightforward:

P0 = s0 =
(
α

µ
+ 1

)−α (α
µ

)α
.

For the last two settings we have instead the following reparametrized finite measure:

φ(λ) = eλ(w ∗Ga(α, µ) + (1− w)Ga(α1, µ1).

Since the integration is a linear operator, the generic k-th moment can be easily
derived:

sk =λkdφ(λ) = w ∗

(α
µ

)α( 1
α
µ + 1

)(k+α) (α+ k − 1)!
(α− 1)!

+

(1− w)

(α1
µ1

)α1
(

1
α1
µ1

+ 1

)(k+α1) (α1 + k − 1)!
(α1 − 1)!

 .
The calculation of P0 is again immediate:

P0 = s0 = w ∗
[(

α

µ
+ 1

)−α (α
µ

)α]
+ (1− w) ∗

[(
α1
µ1

+ 1
)−α1 (α1

µ1

)α1
]
.

Setting Distribution (ν) P0

Gamma
1 Ga(4,3.25) 0.09266
2 Ga(4,1) 0.4096
3 Ga(1,0.25) 0.8000

Gamma Mixture
4 0.5 · Ga(2,1)+0.5 · Ga(2,2) 0.3472
5 0.5 · Ga(2,1)+0.5 · Ga(4,1) 0.4270

Table 4.1. Wang Simulation Settings (2010
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computations

sim α µ M A-Mao S-Z Q-DS
1 4 3.25 4 0.08702 0.08702 0.08702
1 4 3.25 6 0.09025 0.09026 0.09025
1 4 3.25 8 0.09146 0.09146 0.09146
1 4 3.25 10 0.09199 0.09199 0.09199
1 4 3.25 12 0.09226 0.09226 0.09226
1 4 3.25 14 0.09240 0.09241 0.09240
1 4 3.25 16 0.09249 0.09249 0.09249
1 4 3.25 18 0.09254 0.09255 0.09254
1 4 3.25 20 0.09257 0.09258 0.09258
1 4 3.25 22 0.09260 0.09260 0.09260
1 4 3.25 24 0.09261 0.09262 0.09261
1 4 3.25 26 0.09282 0.09263 0.09262
1 4 3.25 28 0.09149 0.09264 0.09263
1 4 3.25 30 0.11434 0.09264 0.09264
1 4 3.25 32 0.36151 0.09265 0.09264
1 4 3.25 34 0.84919 0.09265 0.09264
2 4 1 4 0.39303 0.39305 0.39303
2 4 1 6 0.40261 0.40264 0.40261
2 4 1 8 0.40612 0.40616 0.40612
2 4 1 10 0.40767 0.40767 0.40767
2 4 1 12 0.40845 0.40845 0.40845
2 4 1 14 0.40887 0.40890 0.40887
2 4 1 16 0.40911 0.40915 0.40911
2 4 1 18 0.40926 0.40927 0.40926
2 4 1 20 0.40936 0.40940 0.40936
2 4 1 22 0.40942 0.40944 0.40942
2 4 1 24 0.40949 0.40948 0.40947
2 4 1 26 0.41001 0.40952 0.40950
2 4 1 28 0.40933 0.40956 0.40952
2 4 1 30 0.41601 0.40956 0.40954
2 4 1 32 0.93617 0.40956 0.40955
2 4 1 34 0.40958
2 4 1 36 0.40955
2 4 1 38 0.40955

Table 4.2. Calculating the sharpest lower bounds in the first 3 settings of the Wang
simulation study
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Sim α µ M A-Mao S-Z Q-DS
3 1 0.25 4 0.72727 0.72727 0.72727
3 1 0.25 6 0.75000 0.75008 0.75000
3 1 0.25 8 0.76190 0.76192 0.76190
3 1 0.25 10 0.76923 0.76928 0.76923
3 1 0.25 12 0.77419 0.77424 0.77419
3 1 0.25 14 0.77778 0.77784 0.77778
3 1 0.25 16 0.78049 0.78056 0.78049
3 1 0.25 18 0.78261 0.78264 0.78261
3 1 0.25 20 0.78431 0.78432 0.78431
3 1 0.25 22 0.78571 0.78576 0.78571
3 1 0.25 24 0.78688 0.78696 0.78689
3 1 0.25 26 0.78789 0.78792 0.78788
3 1 0.25 28 0.78870 0.78880 0.78873
3 1 0.25 30 0.78875 0.78952 0.78947
3 1 0.25 32 0.77128 0.79016 0.79012
3 1 0.25 34 1.34661 0.79064 0.79067
3 1 0.25 36 1.30425 0.79104 0.79092
3 1 0.25 38 0.62282 0.79208

Table 4.3. Calculating the sharpest lower bounds in the first 3 settings of the Wang
simulation study
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sim w α1 µ1 α2 µ2 M A-Mao S-Z Q-DS
4 0.50 2 1 2 2 4 0.30077 0.30078 0.30077
4 0.50 2 1 2 2 6 0.31884 0.31885 0.31884
4 0.50 2 1 2 2 8 0.32792 0.32795 0.32792
4 0.50 2 1 2 2 10 0.33318 0.33318 0.33318
4 0.50 2 1 2 2 12 0.33651 0.33652 0.33651
4 0.50 2 1 2 2 14 0.33877 0.33878 0.33877
4 0.50 2 1 2 2 16 0.34038 0.34038 0.34038
4 0.50 2 1 2 2 18 0.34156 0.34156 0.34156
4 0.50 2 1 2 2 20 0.34245 0.34248 0.34245
4 0.50 2 1 2 2 22 0.34315 0.34316 0.34315
4 0.50 2 1 2 2 24 0.34370 0.34372 0.34370
4 0.50 2 1 2 2 26 0.34411 0.34418 0.34415
4 0.50 2 1 2 2 28 0.34508 0.34454 0.34452
4 0.50 2 1 2 2 30 0.35976 0.34483 0.34482
4 0.50 2 1 2 2 32 0.41044 0.34510 0.34508
4 0.50 2 1 2 2 34 0.60132 0.34529 0.34530
4 0.50 2 1 2 2 36 0.38147 0.34529 0.34538
4 0.50 2 1 2 2 38 0.54271 0.34555
5 0.50 2 1 4 1 4 0.39579 0.39580 0.39579
5 0.50 2 1 4 1 6 0.40973 0.40976 0.40973
5 0.50 2 1 4 1 8 0.41603 0.41603 0.41603
5 0.50 2 1 4 1 10 0.41942 0.41945 0.41942
5 0.50 2 1 4 1 12 0.42145 0.42149 0.42145
5 0.50 2 1 4 1 14 0.42276 0.42279 0.42276
5 0.50 2 1 4 1 16 0.42366 0.42368 0.42366
5 0.50 2 1 4 1 18 0.42430 0.42434 0.42430
5 0.50 2 1 4 1 20 0.42478 0.42478 0.42478
5 0.50 2 1 4 1 22 0.42513 0.42515 0.42514
5 0.50 2 1 4 1 24 0.42541 0.42543 0.42542
5 0.50 2 1 4 1 26 0.42570 0.42568 0.42564
5 0.50 2 1 4 1 28 0.42515 0.42584 0.42582
5 0.50 2 1 4 1 30 0.38285 0.42596 0.42596
5 0.50 2 1 4 1 32 0.18048 0.42609 0.42608
5 0.50 2 1 4 1 34 0.10521 0.42621 0.42614
5 0.50 2 1 4 1 36 0.65169 0.42621 0.42615

Table 4.4. Calculating the sharpest lower bounds in settings 4 & 5 of the Wang simulation
study
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Figure 4.1. settings 1 &2 & 3: convergence of the numerical methods to P0∗
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Figure 4.2. settings 4 & 5: convergence of the numerical methods to P0∗

Comparative results for each setting are shown in tables 4.2, 4.3 and 4.4 and
graphically displayed in Figure 4.1 and 4.2. The Algebraic lower bound (A-Mao)
gets unstable when M is greater than 25 in all the three settings. This is likely
due to fact that inverting the moment matrix becomes problematic for moderately
large M . The sequential methods (Z-S) and the DS method (Q-DS) are similar and
start suffering instability for larger value of M without a manifest superiority of
one method over the other. Unwittingly, we are comparing the performance of the
QD algorithm and of the Chebyshev algorithm. There has been a large debate in
the literature on which algorithm one should use. Although it has been noted by
Wheeler (1974) that QD algorithm is more likely to break down due to degeneracies,
in this specific simulation study we do not see one algorithm winning over the other.
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Indeed, one could try to improve the numerical accuracy of the sequential method
by using the stabler but more computationally demanding QD algorithm illustrated
in Stokes (1980).

4.5 Unconditional MLE for estimation of the sharpest
lower bound

In the previous paragraphs we have illustrated a methodology to compute numerically
the lower bound of the probability P0(ν) corresponding to all mixing probability
measures ν which share the same fixed conditional probabilities (P 1, . . . , PM ) us-
ing alternative numerical algorithms for different values of M . Of course, these
methodologies can be employed for estimating the sharpest lower bound of the
unknown P0 and hence of the unknown N once an estimate of the conditional
probabilities (P 1, . . . , PM ) is available from maximizing the conditional likelihood.
If we start from the theoretical results shown in the third chapter, we could infer on
the unknown parameters by maximizing the unconditional likelihood reparametrized
using the moments of the transformed measure φ corresponding to the underlying
mixing distribution ν. The unconditional maximum likelihood estimator for (N, sM )
is denoted by:

(N̂ , ŝM ) = arg max
(N,sM )∈N×S[M ]

I

L(N, sM ;f+). (4.17)

One can argue that the first component of (N̂ , ŝM ) can be expressed as a function
of the second component according to the following:

(N̂ , ŝM ) =
(⌈

n

1− P0(ŝM )

⌉
, ŝM

)
= (N̂ , ŝM ) =

(⌈
n

1− ŝ0

⌉
, ŝM

)
The moment-based approach for the conditional maximum likelihood estimation

relies instead on two steps:

• estimate sM through the conditional likelihood LC(sM ;f+) obtaining:

ŝCM = (ŝC0 , ŝC1 , . . . , ŝCM ) = arg max
sM∈S

[M ]
I

LC(sM ;f+);

• plug ŝCM in P0(sM ) in the residual likelihood and hence obtain an estimate of
the population size N by maximizing LR(N, ŝCM ;f+), namely:

N̂C = N̂P0(ŝCM ) = arg max
N∈N

LR(N, ŝCM ;f+) =
⌈

n

1− P0(ŝCM )

⌉
=
⌈

n

1− ŝC0

⌉
.

(4.18)

We can then argue that P0(ŝCM ) ≥ P0(ŝM ) and, consequently, N̂C ≥ N̂ . The
argument comes from the fact that the unconditional MLE, whether parametric or
nonparametric, can be obtained as penalized version of the conditional MLE with a
penalization term which depends only on s0 = P0(sM ) and is increasing with respect
to s0. Thus, the corresponding unconditional P0(ŝM ) = ŝ0 is always no greater
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than P0(ŝCM ) = ŝC0 . To demonstrate this result, let us first write the unconditional
log-likelihood

`(N, sM ;f+) = `R(N, sM ;f+) + `C(sM ;f+).

We could then use the fact that, taking

N(s0) =
⌈

n

1− s0

⌉
one gets

`R(N, sM ;f+) = log

[(
N

f0

)
P0(sM )f0 (1− P0(sM ))N−f0

]
≤

≤ log

[(
N(s0)
f0

)
sf0

0 (1− s0)N(s0)−f0

]
≡ `∗R(s0;f+)

and hence

`(N, sM ;f+) = `R(N, sM ;f+) + `C(sM ;f+) ≤ `∗R(s0;f+) + `C(sM ;f+).

We could then look at the rhs of the above inequality as unconditional profile
likelihood which turns out to be a penalized version of the conditional likelihood where
the penalty coefficient is γ = 1 and the penalty function is h(s0;f+) = −`∗R(s0;f+).
Following the argument in Appendix C of Wang and Lindsay (2005) with a slightly
different notation one can prove that `∗R(s0;f+) decreases monotonously in s0 so
that the penalization function increases with s0 which in turn implies that

P0(ŝM ) = ŝ0 ≤ ŝC0 = P0(ŝCM ).

This in fact holds for any ŝCM which maximizes the conditional likelihood and hence

P0(ŝM ) ≤ τ̂C = inf

P0(s′) : s′ ∈ arg max
sM∈S

[M ]
I

Lc(sM ;f+)

 (4.19)

with τ̂C being the sharpest lower bound corresponding to the conditional MLE. This
fact reveals that the unconditional likelihood always provides an estimate which
represents an approximation from below of the estimate provided by the sharpest
lower bound estimation.
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4.6 Simulation study

In order to evaluate the performance of our proposals, we have implemented a
simulation study according to the same settings considered in Wang (2010) as
described in the table below. Different mixing distributions are considered (one
per each setting) and 100 simulated set of data are drawn and used to repeat the
estimation procedure. Averages of Median, MSE, lower confidence interval, upper
confidence interval and coverage are considered for each estimator. We compare
our proposed estimator (likelihood-based lower bound) with the Daley-Smith lower
bounds (DS lower bound) and its variant obtained through the QD algorithm (Z
lower bound, presented in the previous chapter for which the derivation is detailed
in paragraph 4.2.4). The simulation study is structured as follows:

• we compare the likelihood-based lower bounds with the famous nonparametric
MLE proposed by Norris and Pollock (NP) over N = 10000;

• we compare the performances of the "quadrature" bound Z against the proposal
in Daley and Smith (2016) (that we will call DS) over N = 1000, 10000,
100000 and 1000000;

• we finally compare DS lower bound with our likelihood-based lower bounds
for N = 10000.

For Z and DS we have considered 20000 bootstrapped samples whereas for the
likelihood based lower bound we have considered 20 bootstrapped samples due to
their larger computational burden.
In order to derive the unconditional MLE, we have considered three different maxi-
mization routines: one (rec01) considering bounded mixing distributions between
[0, 1], the other (rec) considering standard unbounded mixing distributions over
[0,∞) with suitable initialization for the recurrence coefficients and the last one
(zm) considering the pseudo canonical moments instead of the recurrence coefficients.
For all these methods, we have avoided to maximize over the integer N by using
a reparametrized version of the profile likelihood. In order to choose T for each
simulation setting, we have looked at the ratio plot (Böhning et al., 2013) across the
12 simulation settings; we have then truncated the frequencies of frequencies when
the monotonicity conditions are not met. All the 12 settings’ ratio plot, averaged
over the 100 simulated dataset, confirmed that choosing T = min{10,M} as the
number of moments of the probability distribution φ̃ (i.e. number of frequencies of
frequencies to be considered) was the right choice for all the settings besides the
discrete ones (10,11,12) for which we have fixed T = min{4,M}.
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Setting Distribution (ν) E(n/N)
Gamma

1 Ga(4,3.125) 0.90
2 Ga(4,1) 0.59
3 Ga(1,0.25) 0.20

Gamma Mixture
4 0.5 · Ga(2,1)+0.5 · Ga(2,2) 0.65
5 0.5 · Ga(2,1)+0.5 · Ga(4,1) 0.57

Log-Normal
6 LN(0.75,0.75) 0.82
7 LN(-0.5,2) 0.50
8 LN(-1,1) 0.36

Log-Normal Mixture
9 0.5 · LN(-0.5,1)+ 0.5 · LN(0.5,1) 0.61

Finite Mixture
10 0.8 · δ(1.2)+ 0.2 · δ(6.7) 0.61
11 0.89 · δ(0.5)+ 0.11 · δ(6.7) 0.49
12 0.8 · δ(0.2)+ 0.2 · δ(1.3) 0.27

Table 4.5. Wang Simulation Settings (2010)
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Figure 4.3. Example: Ratio plot for simulation setting 12 (N = 10000). It is clear that
the monotonicity is broken at M=4
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sim Low.CI Median Upp.CI MSE Coverage
rec 1 9726.93 9853.75 9987.46 172.66 0.41
rec01 1 9773.11 9933.25 10539.94 182.45 0.93
zm 1 9680.50 9900.00 11168.61 157.13 1.00
NP 1 9770.55 9852.75 10527.47 288.69 0.90
rec 2 9418.04 10085.25 16939.02 1762.84 0.95
rec01 2 9347.39 10271.00 16658.64 1382.46 0.91
zm 2 9282.11 9954.00 14261.97 1461.94 0.93
NP 2 9294.62 10010.25 13533.40 1769.64 0.92
rec 3 8153.15 10325.50 13467.77 893.83 0.90
rec01 3 6672.70 9600.50 11121.12 846.26 0.93
zm 3 6177.48 9785.00 42204.05 15461.56 0.97
NP 3 6098.36 8507.50 38951.56 13930.37 0.85
rec 4 8929.85 9361.25 10032.24 699.29 0.53
rec01 4 9059.62 9590.00 13497.19 914.12 0.92
zm 4 8983.55 9780.50 14844.32 640.59 0.96
NP 4 9059.30 9972.25 16222.75 6012.68 0.86
rec 5 8664.00 9316.25 9981.60 786.85 0.49
rec01 5 9217.98 9811.50 13663.82 1027.83 0.95
zm 5 9159.48 9837.50 12917.02 1876.25 0.99
NP 5 9141.46 9782.25 13718.87 3609.45 0.92
rec 6 85179.27 93949.25 182859.02 21376.90 0.97
rec01 6 83670.59 87481.25 94934.57 12642.18 0.27
zm 6 82953.49 108771.25 232861.05 49125.74 0.98
NP 6 8191.06 9615.25 24654.87 6609.45 0.91
rec 7 7462.70 8076.50 8703.76 1955.88 0.00
rec01 7 7102.16 7944.50 10401.17 2065.16 0.59
zm 7 6899.60 7524.75 14704.36 2425.49 0.89
NP 7 7832.42 9941.00 38180.50 13572.00 0.89
rec 8 7507.62 8745.75 14332.06 1784.10 0.90
rec01 8 7434.65 8368.75 13612.36 1811.29 0.82
zm 8 7544.91 10013.50 61021.50 18113.80 0.92
NP 8 7526.05 8933.04 30833.15 7711.69 0.86
rec 9 8660.64 9257.75 10091.49 895.10 0.54
rec01 9 8479.89 9162.20 12202.27 1119.21 0.86
zm 9 8282.15 8930.04 19122.51 1269.34 0.98
NP 9 8796.17 10184.50 22929.14 4160.41 0.91
rec 10 9831.66 9965.50 10117.20 107.72 0.83
rec01 10 9878.70 10026.00 10183.91 122.21 0.80
zm 10 9763.51 9920.25 12459.32 118.44 0.98
NP 10 9873.38 10001.25 10159.54 106.15 1
rec 11 10013.61 10457.75 11015.36 556.66 0.48
rec01 11 11146.46 11871.03 12373.65 1901.14 0
zm 11 9631.95 10123.75 11322.14 300.13 0.92
NP 11 9796.05 10195.50 10791.60 434.49 0.98
rec 12 7027.60 10041.50 28820.39 6448.24 0.86
rec01 12 7095.31 10295.25 67804.17 9610.93 0.85
zm 12 7033.75 10056.00 47068.42 13484.39 0.86
NP 12 9580.65 10092.10 11204.26 380.85 1

Table 4.6. N=10000. moment based maximization routine vs ratio regression vs Norris-
Pollock maximization routine: Point and Interval Estimates with Coverage %
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As stated in Wang (2010), NP suffers of significant instability. Furthermore, the
computing is intensive, particularly when the extrapolation is large. In fact, it might
take hours to compute the bootstrap confidence interval for just one dataset. That
is why we did not replicate this simulation study for N = 10000 and N = 1000000.
Among all the proposed estimators, rec01 is the one which performs better beating
all the competitors in terms of MSE and coverage in all the settings. Let us now see
the behaviour of the numerical lower bounds across different values of N .
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sim lower.CI median upper.CI MSE coverage
Z 1 964.75 986.88 1063.28 21.03 0.90
DS 1 969.03 988.59 1229.90 20.72 0.95
Chao 1 964.59 983.46 1008.08 22.17 0.67
Z 2 853.55 914.97 1021.67 94.99 0.60
DS 2 861.87 919.11 1548.45 92.64 0.87
Chao 2 853.53 913.20 988.79 95.70 0.45
Z 3 487.67 609.75 820.04 385.56 0.20
DS 3 488.05 619.11 1191.86 377.53 0.59
Chao 3 487.67 609.75 805.30 386.88 0.15
Z 4 825.89 877.33 1221.80 126.96 0.75
DS 4 833.53 889.58 1661.89 119.01 0.87
Chao 4 824.72 868.01 922.15 133.92 0.05
Z 5 827.79 896.69 1048.72 116.29 0.61
DS 5 838.47 905.74 1697.06 109.93 0.91
Chao 5 826.61 890.88 968.73 119.59 0.27
Z 6 693.56 778.22 1041.19 231.38 0.52
DS 6 703.17 791.73 1991.77 219.07 0.84
Chao 6 692.71 772.24 872.75 240.41 0.05
Z 7 679.49 752.05 1303.25 254 0.73
DS 7 688.48 774.93 2081.16 235.72 0.86
Chao 7 673.56 729.10 803.77 272.31 0
Z 8 618.11 705.53 966.68 295.17 0.47
DS 8 625.79 718.37 2026.75 275.43 0.87
Chao 8 616.69 693.89 800.73 303.86 0.01
Z 9 799.55 874.03 1284.93 163.58 0.82
DS 9 813.24 885.56 2000.75 150.14 0.91
Chao 9 797.99 864.88 920.19 174.50 0.06
Z 10 957.98 1009.92 1245.57 42.03 0.89
DS 10 963.62 1008.98 1486.22 45.97 0.85
Chao 10 956.56 1004.59 1064.84 36.08 0.87
Z 11 864.39 1009.98 1543.94 184.38 0.86
DS 11 865.30 1015.74 2010.64 196.64 0.86
Chao 11 854.08 980.05 1138.96 114.42 0.80
Z 12 553.04 646.06 868.64 357.24 0.27
DS 12 560.14 668 1945.15 340.75 0.84
Chao 12 552.21 639.83 768.53 362.81 0.03

Table 4.7. N=1000. comparison between DS lower bound, Z lower bound and Chao lower
bound: Point and Interval Estimates with Coverage %
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sim Low.CI median Upp.CI MSE coverage
Z 1 9771.80 9913.69 10821.80 163.48 0.90
DS 1 9794.29 9958.91 11521.78 150.13 0.98
Chao 1 9757.17 9819.83 9886.53 186.53 0
Z 2 9008.50 9280.93 12751.98 734.90 0.91
DS 2 9055.14 9447.93 17015.18 583.26 0.98
Chao 2 8985.31 9197.36 9422.74 829.72 0
Z 3 5616.45 6112.25 7976.05 3888.37 0.36
DS 3 5673.83 6325.76 17522.11 3687.01 0.79
Chao 3 5610.17 6055.78 6567.53 3962.46 0
Z 4 8639.09 9201.97 11859.95 903.11 0.77
DS 4 8801.22 9366.43 13627.30 749.50 0.88
Chao 4 8593.75 8745.01 8910.06 1251.52 0
Z 5 8819.31 9343.77 12531.65 758.95 0.90
DS 5 8910.78 9542.32 14576.16 613.65 0.94
Chao 5 8783.51 8928.06 9082.35 1080.96 0
Z 6 7561.71 8534.99 14080.08 1535.40 0.85
DS 6 7745.62 8865.16 18056.94 1246.48 0.94
Chao 6 7481.60 7751.85 8052.06 2251.76 0
Z 7 7188.50 8019.21 11577.33 1997.65 0.71
DS 7 7388.43 8161.76 14231.03 1841.81 0.85
Chao 7 7042.01 7236.20 7437.73 2752.30 0
Z 8 6868.86 7933.44 13011.25 2151.86 0.76
DS 8 7053.92 8224.44 16966.50 1843.30 0.83
Chao 8 6786.28 7068.17 7377.08 2935.73 0
Z 9 8025.49 9151.89 11556.48 1209.85 0.81
DS 9 8347.25 9345.76 14098.78 1060.25 0.89
Chao 9 7811.75 8044.99 8297.16 1771.14 0
Z 10 9814.04 10017.71 10441.80 194.73 0.85
DS 10 9829.82 10018.26 10637.45 203.61 0.85
Chao 10 9797 9956.46 10127.30 118.16 0.84
Z 11 9380.79 9881.80 10655.50 380.40 0.90
DS 11 9441.89 9951.30 10886.55 375.87 0.93
Chao 11 9339.21 9757.90 10214.12 345.18 0.78
Z 12 6136.40 6513.11 19933.28 3458.06 0.77
DS 12 6249.84 7881.38 52212.59 2377.04 0.96
Chao 12 6101.68 6424.56 6780.48 3621.33 0

Table 4.8. N=10000. comparison between DS lower bound, Z lower bound and Chao lower
bound: Point and Interval Estimates with Coverage %
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sim lower.CI median upper.CI MSE coverage
Z 1 98034.98 99410.77 101760.47 1060.13 0.82
DS 1 98714.02 99464.45 103758.58 747.65 0.92
Chao 1 97949.24 98148.08 98355.14 1866.26 0
Z 2 91323.05 96368.29 104718.45 5862.86 0.78
DS 2 93851.77 97383.86 108632.43 4031.69 0.91
Chao 2 91122.12 91812.95 92513.10 8217.71 0
Z 3 58840.48 62182.77 109631.74 33089.98 0.54
DS 3 61127.84 72094.89 154698.79 26758.95 0.70
Chao 3 58504.81 59979.25 61504.39 40059.96 0
Z 4 87870.55 93903.06 113369.06 6480.09 0.80
DS 4 91147.13 94103.01 134678.43 6137.80 0.93
Chao 4 86924.35 87422.66 87930.53 12561.57 0
Z 5 89159.45 94866.24 107559.93 6143.72 0.74
DS 5 92261.98 94864.11 121425.64 5175.67 0.86
Chao 5 88734.33 89207.58 89688.01 10818 0
Z 6 77513.77 87854.93 117844.88 12931.75 0.74
DS 6 82526.15 88042.13 140829.72 12060.48 0.89
Chao 6 76267.51 77148.71 78051.68 22957.24 0
Z 7 78564.02 82524.41 119841.69 17280.74 0.72
DS 7 78191.18 82735.54 156926.28 17079.61 0.84
Chao 7 71815.73 72416.59 73029.50 27563.70 0
Z 8 73518.68 83529.35 125318.82 17351.78 0.74
DS 8 77294.24 83464.15 161519.43 16678.55 0.88
Chao 8 69580.56 70500.80 71447.09 29412.86 0
Z 9 90615.47 95231.62 120508.26 8145.89 0.86
DS 9 93108.21 95204.07 146633.04 7929.87 0.89
Chao 9 90044.56 90446.39 90855.47 15409.83 0
Z 10 99032.39 99928.74 101120.52 562.78 0.90
DS 10 99330.28 100102.55 101478.70 506.02 0.89
Chao 10 98962.72 99478.41 100003.26 599.05 0.52
Z 11 96767.84 99379.40 102100.84 1633.88 0.86
DS 11 98067.67 99936.51 102981.50 1179.69 0.87
Chao 11 96562.83 97938.58 99348.74 2177.29 0.24
Z 12 62727.54 84588.23 177132.48 27627.55 0.95
DS 12 78768.23 101059.09 230884.67 18170.55 0.99
Chao 12 62458.16 63478.40 64536.10 36536.08 0

Table 4.9. N=100000. comparison between DS lower bound, Z lower bound and Chao
lower bound: Point and Interval Estimates with Coverage %
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N̂ sim lower.CI median upper.CI MSE coverage
Z 1 991373.35 995388.55 1024956.21 4873.81 0.90
DS 1 991320.58 995284.51 1051943.92 4905.68 0.97
Chao 1 980726.76 981373.94 982031.70 18562.51 0.00
Z 2 917995.67 974144.80 1051964.30 40038.77 0.78
DS 2 959482.88 974008.25 1116276.41 26295.82 0.84
Chao 2 915822.12 918000.94 920203.27 82177.40 0.00
Z 3 599573.11 738607.95 898049.97 278377.10 0.36
DS 3 693359.46 743510.75 1066309.36 251971.17 0.58
Chao 3 595753.69 600445.58 605186.85 399811.94 0.00
Z 4 933589.80 960860.28 1144605.96 42450.05 0.80
DS 4 931032.51 961214.61 1285509.30 42582.03 0.90
Chao 4 873201.58 874807.97 876399.43 125123.49 0.00
Z 5 943795.01 962697.84 1195927.54 37463.99 0.87
DS 5 941957.82 964084.56 1428264.49 37584.22 0.92
Chao 5 890704.96 892197.25 893704.92 107891.77 0.00
Z 6 869615.40 919311.50 1204454.81 85439.13 0.78
DS 6 865186.67 919972.38 1420022.71 85759.18 0.87
Chao 6 768355.20 771188.25 774072.18 228769.28 0.00
Z 7 826361.26 867859.07 1075853.54 129127.29 0.63
DS 7 821779.29 868176.81 1320122.47 129119.18 0.84
Chao 7 722925.54 724829.18 726779.10 275179.40 0.00
Z 8 816619.97 868329.63 1174023.10 128533.99 0.71
DS 8 811930.82 868626.86 1392123.58 127962.84 0.80
Chao 8 702335.69 705244.81 708195.23 294426.56 0.00
Z 9 944437.52 956077.49 1045588.74 66027.62 0.65
DS 9 943616.27 955977.68 1093807.17 65834.03 0.78
Chao 9 903403.60 904676.39 905958.11 167589.29 0.00
Z 10 993730.59 998207.39 1003157.05 3674.98 0.85
DS 10 997798.53 1000152.00 1004130.71 1770.53 0.87
Chao 10 993521.49 995151.25 996824.01 4987.05 0.00
Z 11 976676.89 993618.30 1006709.07 13879.76 0.85
DS 11 994079.92 1000578.14 1009448.55 3876.04 0.90
Chao 11 975785.44 980198.14 984692.57 20120.61 0.00
Z 12 632735.28 640101.24 1138081.55 266759.99 0.86
DS 12 914439.22 1003893.46 1183627.86 57834.68 0.96
Chao 12 631440.94 634701.17 637963.02 364912.49 0.00

Table 4.10. N=1000000. Numerical Estimators: Point and Interval Estimates with
Coverage

We finally run the comparison between DS lower bound and likelihood-based
lower bounds (rec and rec01)
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sim Low.CI Median Upp.CI MSE Coverage
rec 1 97899.23 98511.11 99994.49 1507.02 0.52
rec01 1 98362.56 98986.39 100058.25 1040.87 0.54
DS 1 98714.19 99464.36 103758.22 748.56 0.92
rec 2 95247.11 98785 129184.38 5231.70 0.86
rec01 2 97178.16 101328.25 124033.27 6777.18 0.88
DS 2 93851.77 97383.86 108632.43 4031.69 0.91
rec 3 65142.73 96252 126579.51 15728.54 0.97
rec01 3 70397.55 86960.25 218363.20 40464.59 0.88
DS 3 61127.84 72094.89 154698.79 26758.95 0.70
rec 4 93594.74 97929.75 113790.67 6036.814 0.87
rec01 4 92566.25 95091.75 105712.77 4922.737 0.76
DS 4 91147.13 94103.01 134678.43 6137.80 0.93
rec 5 93774.39 97288.25 108481.91 4494.47 0.81
rec01 5 94391.05 97669.25 111537.35 3894.45 0.86
DS 5 92261.98 94864.11 121425.64 5175.67 0.86
rec 6 85179.27 93949.25 182859.02 24376.90 0.97
rec01 6 83670.59 87481.25 94934.57 12642.18 0.27
DS 6 82526.15 88042.13 140829.72 12060.48 0.89
rec 7 80440.39 85795.75 132677.22 14604.84 0.92
rec01 7 75426.62 77354.25 83072.72 22643.05 0.05
DS 8 77294.24 83464.15 161519.43 16678.55 0.88
rec 8 85891.78 103961.25 117918.90 10171.42 0.96
rec01 8 75716.93 82227.25 98266.92 17706.40 0.48
DS 8 77294.24 83464.15 161519.43 16678.55 0.88
rec 9 94395.40 96699.00 100155.38 23342.80 0.40
rec01 9 88517.55 93392.50 96984.50 8554.45 0.20
DS 9 93108.21 95204.07 146633.04 7929.87 0.89
rec1 10 99310.94 99756.50 100198.09 428.93 0.67
rec011 10 99799.05 100292.50 100925.65 433.81 0.77
DS 10 99330.28 100102.55 101478.70 506.02 0.89
rec 11 95174.71 97029.75 98625.89 3109.53 0.13
rec01 11 112718.98 115825.50 118559.96 15984.44 0.00
DS 11 98067.67 99936.51 102981.50 1179.69 0.87
rec 12 81904.67 99229.25 148893.69 16387.57 0.96
rec01 12 82378.60 101314.25 237266.25 19185.43 0.96
DS 12 78768.23 101059.09 230884.67 18170.55 0.99

Table 4.11. N=100000. Numerical lower bound (DS) vs Likelihood-based lower bounds

We start from commenting the results coming from the quadrature lower bounds.
It is quite evident that the DS estimator is closer to the true values of N in all the
different scenarios (N = 10000, N = 10000, N = 1000000). Our new proposal (Z
estimator) performs better than Chao lower bound but it is under-performing in
simulation setting 3 (where the unobserved units are 80% of the total units) and in
simulation setting 12 with respect to DS lower bound.
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As concerns the comparison between likelihood-based lower bounds (rec and
rec01) and the numerical lower bound DS, we can be satisfied. Our proposals (rec
and rec01) compete well with their competitor (DS), although in some settings they
tend to be bias upward. It is worth recalling that we were not able to draw 20000
bootstrapped samples as done in Daley and Smith (2016) and this might partially
explain the instability experienced in some settings. One possible solution might be
to enhance the maximization routine using C + +/Fortran. We will see in the next
chapter how a Bayesian approach, leveraging on the same statistical model 3.14, can
produce better estimates in terms of efficiency and coverage.
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Chapter 5

Moment-based Bayesian
inference of population size

In this final chapter we present an alternative inferential approach for estimating the
population size within the framework of Poisson mixtures for zero truncated count
data. Indeed, we are going to rely on the same model approximation introduced
in chapter 3 which will allow us to exploit the useful reparametrization related to
the truncated moment space. Let us start by recalling the original moment based
likelihood structure

L(N, s;f+) =
(

N

f0 f1 f2 . . .

)
(s0)N

∞∏
j=1

(
s̃j
j!

)fj
=
(

N

f0 f1 f2 . . .

) ∞∏
j=1

 s̃j

j!∑∞k=0
s̃k
k!

fj .
(5.1)

We have seen that one can avoid the infinite summation by defining, from
the expression above, an approximation which represents a flexible parametric
distribution

p̃(f+;N, s̃T ) = L̃(N, s̃T ;f+) =
(

N

f0 f1 . . . fT

)
T∏
j=0

 s̃j

j!∑T
k=0

s̃k
k!

fj . (5.2)

We remark that the following quantities

g(j; s̃j) = s̃j

j!∑T
k=0

s̃k
k!

j = 0, 1, 2, . . . ,M

can be regarded as approximations for the original Pj = sj
j! . Although we can

exploit all the information provided by the observed data by setting T = M , it could
still make sense considering T 6= M , especially when there is a large value of M
and possibly little values of fj > 0 in the right tail of the observed frequencies of
frequencies. However, in most of the real data application, we have used T = M
and therefore we prefer leaving M for the illustration of this chapter.

From now on, our Bayesian model setup can be formalized by the the following
ingredients: the likelihood function

L̃(N, s̃M ;f+) =
(

N

f0 f1 . . . fM

)
M∏
j=0

 s̃j

j!(∑M
k=0

s̃k
k!

fj
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and a suitable prior distribution

π(N, s̃M )

on the parameter space N× S [M ]
1 where S [M ]

1 is the truncated moment space S [M ]
1

S [M ]
1 =

{
(s̃0, s̃1, . . . , s̃M ) : s̃k =

∫ ∞
0

λkdφ̃(λ), φ̃ ∈ P([0,∞))
}

and P([0,∞)) is the class of probability measures with support in [0,∞). The ordi-
nary truncated moment space S [M ]

1 is a constrained M -dimensional convex body and
might not be easy to treat especially if we need to find out a suitable approximation
of the posterior distribution by simulation. Alunni Fegatelli and Tardella (2018)
considered the same idea but they then decided to rely on a reparametrization of the
ordinary moments in terms of the so-called canonical moments (2.5) by restricting
the attention to probability measures φ̃u on a compact interval [0, u] for a finite
u > 0. The canonical moments, as seen in the previous paragraphs, are defined when
the measure φ̃ is in P([0, 1]) which is the case of the Hausdorff Moment problem.
In order to avoid to further approximate the underlying model by compactification
we decided to find an alternative strategy to directly reparametrize the ordinary
moments for φ̃ ∈ P([0,∞)). We recall that, for probability measures in P([0,∞)),
it exists a one-to-one mapping between the ordinary moments and the so called
recurrence coefficients defined in (2.24):

ψM : (s̃1, . . . , s̃M )→
(
a1, b1 . . . , aM/2, bM/2

)
where

(
a1, b1 . . . , aM/2, bM/2

)
can be derived using either the QD algorithm or the

Chebyshev algorithm. However, as it has been noted in Wheeler (1974), the QD
algorithm is more likely to break down due to degeneracies therefore we prefer to use
the Chebyshev algorithm. We then propose to do all simulations in this transformed
parameter space, reparametrize back to the constrained parameter space S [M ]

1 (using
the reverse Chebyshev algorithm) and then implement standard MCMC algorithms
which only requires the numerical evaluation of the likelihood function and the prior
up to proportionality constants. As explained before, in order to set up a fully
Bayesian approach, we need to elicit a suitable prior distribution for the parameter
vector ϑ = (N, sM ). In the next paragraph we will illustrate how one can construct
a suitable default prior distribution on the parameter space N× S [M ]

1 .

5.1 Non informative Bayesian inference
The first question we might want to ask ourselves is why we should adopt non-
informative priors distribution. The primary reason is that they allow us to make
automatic Bayesian statistical analysis in the absence of genuinely available subjective
information and in any case favouring a choice which can be perceived as more easily
shareable among different users. The term ”non-informative", which is best known
in the literature , is a bit misleading since it suggests the possibility that some
of the probability laws can contain no information: in reality they are probability
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distributions that produce Bayesian inferences through the final distribution of the
parameter of interest which often enjoys also good frequentist properties. As far as
prior specification for a Bayesian analysis is concerned, in this section we review a
range of possible choices for a prior distribution for the parameters N and s̃M .
First of all, it is worth noting that, for fixed N , the likelihood (5.2) is multinomial in
terms of the probabilities gM = (g(0; s̃M ), . . . , g(M ; s̃M )) which are in turn one-to-
one related to s̃M . Some naively intuitive choices could either be the flat prior on the
truncated ordinary moment space S [M ]

1 or the flat prior on the recurrence coefficients
space. However, if we are looking for prior specification which is theoretically
well grounded and possibly invariant under reparametrization, one could start
from a Jeffreys prior on the constrained multinomial probabilities gM which has
the additional appealing feature of usually leading to good frequentist properties
of the corresponding posterior analysis. It is known that the Jeffreys’prior for
an unconstrained multinomial parameter vector is a Dirichlet distribution with
parameters 1/2; one can then argue that for the count frequency probabilities which
are constrained on a proper convex body contained in the M-dimensional simplex the
same functional form of the Jeffreys’ prior is preserved up to a different normalizing
constant. So we have:

πj(g(0; s̃M ), . . . , g(M ; s̃M )) ∝
M∏
j=0

[g(j; s̃M )]−
1
2 . (5.3)

Of course, we will need to transform it back in terms of a default prior on S [M ]
1

using the appropriate Jacobian for the mapping gM → s̃M . To simplify notation
and arguments related to the constrained simplified structure of the constrained
multinomial probabilities, we follow the same approach presented in Alunni Fegatelli
and Tardella (2018) and restrict the attention to onlyM components of the truncated
moment sequence, namely xj = g(j, s̃j), yj = s̃j

j! , x = (x1, . . . , xM ), y = (y1, . . . , yM ).
We can then express the M count frequencies as function of y

x = f(y)

and get:
xk = yk∑M

i=0 yi
= yk
Dy

k = 1, ...,M.

One notes that both vectors x and y can be completed by x0 and y0 using the
constraints:

M∑
k=0

xk = 1 & y0 = 1.

We can then re-write the default prior in terms of xk

πJ(x) =
M∏
k=0

x
− 1

2
k .

The corresponding prior for y is then:

πJ(y) = πJ(f(y)) ∗ |Jf (y)|
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Where J is the Jacobian of the one-to-one mapping whose diagonal elements are
Dy−yi
D2
y

(i = 1, . . . ,M) and the extra-diagonal elements are − yi
D2
y

(∀i 6= j). The
simulation within the moment space can be simplified by considering the recurrence
coefficients instead of the ordinary moments which of course require an additional
reparametrization mapping ψM and hence the evaluation of another Jacobian. In
chapter 2, we have illustrated that the Jacobian determinant for the mapping
ψM :

(
a1, b1 . . . , aM/2, bM/2−1

)
→ (s1, . . . , sM ) is equal to :

detDψR
M =

∏M−1
i=1

bM−ii . (5.4)

Finally, we get:

πR(s̃M ) = πJ(f(g(s̃M )) ∗ Jf (g(s̃M )) ∗ JψM (s̃M ). (5.5)

To complete the prior construction on the whole parameter space, we need to
provide a default prior for N . In Alunni Fegatelli and Tardella (2018), three different
default prior distributions are considered: uniform, 1/N and Rissanen prior (one of
the default options for eliciting a proper non informative prior distribution on the
unknown population size with tails of the order between 1/N and 1/N2). In this
work, we will adopt the same priors.

5.2 Simulation study

In order to test the validity of our Bayesian approach, we consider the same 12
simulation settings proposed in Wang (2010). We recall that for each setting a
different mixing distribution is fixed and 100 simulated datasets are drawn and
used to repeat the estimation procedure. We have fixed the population size to be
N = 1000, N=10000 and N=100000. Bias and mean square error of the estimates are
re-evaluated averaging the results over the simulated datasets. Coverage of interval
estimates is obtained in the same way. We have fixed the number of moments of the
probability distribution φ̃ to be T = min{10,M} (as it was done in Alunni Fegatelli
and Tardella (2018)). Although we have evaluated various prior choices for N
we have reported here only the results obtained from the Rissanen prior. The
building block of the MCMC algorithm for this implementation is the well known
Adaptive Rejection Metropolis Sampling (ARMS). ARMS is widely used within
Gibbs sampling, where automatic and fast samplers are often needed to draw from
full-conditional densities.
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sim M.hat s COV.hpd MSE.3 MSE.2 MSE.1 HPD.l
1 1010 19.21 98 21.60 20.18 22.57 94.04
2 1018 55.48 100 56.13 58.17 65.58 367.37
3 779 126.65 85 318.03 292.27 296.89 1039.11
4 925 38.35 86 88.65 91.88 81.30 253.75
5 948 38.31 95 68.87 72.10 62.74 247.54
6 866 66.32 90 175.09 172.08 148.61 487.96
7 860 62.29 74 176.31 175.31 155.30 421.89
8 844 71.45 86 211.29 204.19 176.38 546.49
9 910 74.91 85 130.58 131.92 117.18 292.01
10 1067 43.13 84 80.14 78.36 86.79 221.86
11 1017 135.80 90 137.12 143.09 163.37 481.41
12 688 61.33 24 343.15 335.03 313.99 413.56
sim M.hat s COV.hpd MSE.3 MSE.2 MSE.1 HPD.l
1 10094 94.15 100 137.25 115.43 143.27 640.92
2 10645 366.81 100 754.89 693.06 955.77 4078.33
3 7943 737.77 86 2278.05 2268.54 1829.24 6747.11
4 9978 346.42 99 347.29 367.65 372.87 2433.15
5 10068 322.43 100 342.61 335.61 405.46 2546.68
6 10194 617.36 96 633.31 717.14 760.93 4177.05
7 8638 465.85 83 1404.65 1450.92 1304.65 2802.70
8 9388 524.32 99 825.10 917.58 702.86 4315.62
9 9864 437.61 91 416.06 440.99 422.47 2484.95
10 10100 102.54 82 150.96 151.19 152.66 408.07
11 10480 327.34 78 600.88 602.25 642.24 1519.10
12 9177 622.36 99 1046.79 936.30 825 4586.19
sim M.hat s COV.hpd MSE.3 MSE.2 MSE.1 HPD.l
1 101512 718.03 95 1753.37 1448.90 1813.31 6065.98
2 108300 3994.82 87 9890.39 9383.35 11294.77 30976.58
3 94863 6497.69 94 8639.41 9310.03 7686.83 42712.30
4 101214 3575.99 100 4119.27 3784.09 5052.57 24772.54
5 100858 2915.88 100 3338.58 2885.07 4116.39 20978.01
6 101018 5852.22 99 6366.20 7030.52 8118.81 43999.67
7 92584 3632.17 95 7647.61 8199.30 6741.79 29629.47
8 97847 5009.59 97 5384.30 6619.94 5405.93 32302
9 101688 4590.57 100 3932.90 3996.77 4668.39 22961.70
10 100463 415.64 67 650.09 650.27 651.68 1245.46
11 102678 1489.82 25 3277.79 3282.64 3300.01 4115.08
12 119888 27347.44 39 37019.90 37342.08 37220.35 22182.67

Table 5.1. Evaluating the median bias, mean squared error, interval length and 95%
confidence interval coverage in 12 simulation settings, N = 1000, N = 10000, N = 100000

Overall, these results are satisfactory. In particular, we want to comment
on the inferential performances with growing N . The first consistent evidence
is that the point estimation bias reduces with N in almost settings whereas the
mean square error has a more alternating pattern although, averaging out all the
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errors, the Bayesian estimates get closer to the underlying population size. HPD
coverage often increases reaching the frequentist nominal level corresponding the
posterior probability content. However, this evidence fails in the last three settings
corresponding to the discrete mixing distributions. One possible explanation is that,
in the discrete mixing probabilities case, with few support points the number of
moments characterizing uniquely the discrete distribution are often smaller than the
number of moments used in the Bayesian model. An improved strategies for setting
T could enhance the performances. However, one should remark that Bayesian
inference might be less performing in these last simulation settings where the true
moments are at the boundary of the truncated moment space.

5.3 Comparison between different methods

We start by comparing our Bayesian approach (BPM) with its closer Bayesian
competitor (TAF) proposed in Alunni Fegatelli and Tardella (2018) and the Poisson
compound gamma Estimator (PCG) proposed in Wang (2010), which is considered
to date one of the best performing classical estimator. All the estimators compared
in this round aim at directly estimating N̂ although with different methodologies.
Let us first compare the three estimates with N equal to 10000.

Sim median PCG MSE PCG Median TAF MSE TAF Median BPM MSE BPM‘
1 9966 247 10177 202 10094 137
2 10018 438 11974 1970 10645 755
3 10005 586 9645 709 7943 2278
4 9932 772 10139 348 9978 347
5 10012 637 10288 389 10068 342
6 9963 615 10180 955 10194 633
7 8726 1912 9080 1033 8638 1400
8 10715 1630 9425 743 9388 825
9 10014 1137 10034 550 9864 416

10 10163 198 10886 901 10100 152
11 10338 1552 12431 2396 10480 601
12 10996 1839 12150 2565 9177 1046

Table 5.2. Comparison between Wang PCG, TAF and new version of BPM for N = 10000

Surprisingly, our new BPM behaves well in all the settings (however occasionally
it might be beaten by the others in few settings).

We then run a comparison, in terms of MSE, between these three estimators and
the three lower bounds obtained in the dedicated chapter.
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Sim MSE PCG MSE TAF MSE BPM MSE CHAO MSE Z MSE DS
1 247 202 137 186 163 150
2 438 1970 755 830 735 583
3 586 709 2278 3962 3888 3687
4 772 348 347 1252 903 749
5 637 389 342 1080 759 614
6 615 955 633 2252 1535 1535
7 1912 1033 1400 2752 1998 1842
8 1630 743 825 2936 2152 1843
9 1137 550 416 1771 1210 1060
10 198 901 152 118 194 203
11 1552 2396 601 345 380 376
12 1839 2565 1046 3621 3458 2377

Table 5.3. Comparison Table in terms of MSE: N=10000

The same comparative analysis is done for N = 100000, this time including only
BPM, TAF, DS and PCG.

sim MSE
BPM

MSE DS MSE
PCG

MSE
TAF

1 1753 748 2791 2246
2 9890 4032 3881 11011
3 8639 26759 9232 33312
4 4119 6138 6749 4509
5 3339 5176 6946 6436
6 6366 12060 8082 9037
7 7648 17080 11431 9996
8 5384 16679 11214 7240
9 3933 7930 19624 3180
10 650 506 1684 7062
11 3278 1180 2955 24535
12 37020 18171 78960 48640

Table 5.4. Comparison Table in terms of MSE: N=100000
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Figure 5.1. N = 100000 comparison in terms of MSE between BPM, PCG, TAF and DS

The BPM competes extremely well with all its competitor, beating them in 8
settings over 12, although occasionally it can be beaten in terms of efficiency.

5.4 Real data analysis

We investigate the effectiveness of our proposed estimator with several benchmark
datasets introduced in the initial part of this work.

Traffic Data

The first dataset we analyze is probably one of the most famous and it is known
as Traffic Data. It was originally studied in Simar (1976) and recently re-analyzed
in Böhning et al. (2005) and Wang (2010). Data represent the accident counts
submitted to "La Royale Belge Insurance Company" during a particular year. The
real value for N(9461) is known for this dataset and it is the total number of
insurance policies covering both “business” and “tourist” automobiles. The complete
frequency counts in table 5.5 show that the proportion of the unobserved units is
very high.

k 1 2 3 4 5 6 7 n

(fk) 1317 239 42 14 4 4 1 1621
Table 5.5. Traffic Data
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Method N̂ low0.025 upp0.975

BPM 7,933 5,002 21,720
TAF 9835 4969 60666
DS 5,590 4,828 13,212
Z 5,455 4,902 11,461

Table 5.6. Traffic data: Results

Since we know the true sample size, we can assess the goodness of the estimators
by looking at their "closeness" to N and/or if the confidence interval contains it.
Besides Chao, for all the other proposal N is contained in the confidence interval. In
terms of MSE, the closest estimator is TAF, followed by BPM. Let us now look at
some convergence diagnostics for BPM, as the one for TAF was already presented
in Alunni Fegatelli and Tardella (2018). We draw autocorrelation and traceplot for
both N and the first recurrent coefficient a1 and only autocorrelation for a1.
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Figure 5.2. Autocorrelation N and a1
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Figure 5.3. Traceplot N

As in Alunni Fegatelli and Tardella (2018) the ACF plot is not satisfying; we
adopt the same strategy mentioned in their paper and we redraw the ACF and
traceplot considering a thin factor ψ = 50 leading to 2000 iterations.
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Figure 5.4. Autocorrelation N and a1

The resulting ACF looks more reasonable.
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Polyps Data

From medical research experiences it is well recognized that diagnosing adenomatous
polyps can be subjected to undercount due to misclassification at colonoscopy. In
this work, we have used data from Alberts et al. (2000) where, in order to evaluate
the recurrence of colorectal adenomatous polyps, subjects with previous history of
colorectal adenomatous polyps are allocated to one of two treatment groups, low
fiber and high fiber. Polyps data-frequency distribution of recurrent adenomatous
polyps per patient, by treatment group is reported in table 5.7 . 584 subjects are
allocated to the low fiber group whereas 722 subjects are allocated to the high fiber
group.

k 1 2 3 4 5 6 7 8 9 10 11 12 n
f lowk 145 66 39 17 8 8 7 3 1 0 2 3 299

fhighk 144 61 55 37 17 5 4 6 5 1 1 5 341
Table 5.7. Polyps data-frequency distribution

Method N̂ low0.025 upp0.975
BPM 575 406 846
TAF 520 434 660
DS 546 478 6078
Z 546 488 884

Table 5.8. Polyps high data: Results

Method N̂ low0.025 upp0.975
BPM 510 389 636
TAF 522 409 743
DS 487 423 2156
Z 496 437 1262

Table 5.9. Polyps low data: Results

All the estimates are quite similar and reasonable. Convergence diagnostics for
N and a1 confirms a good implementation of the MCMC procedures.
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Figure 5.5. Autocorrelation N and a1: Polyps Low Data
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Figure 5.6. Autocorrelation N and a1: Polyps High Data

The strong autocorrelation might be due to the strong dependency among the
N and a1. In any case, the estimated value of N is quite good and the interval
estimates are wide enough to possibly include the true value of N .

Cholera

One of the oldest example of estimation of the unobserved units is given by Kermack
et al. (1927). The authors analysed the number of individuals with cholera in 223
households in a village in India.

k 1 2 3 4 n

Cholera (fk) 32 16 6 1 55
Table 5.10. Cholera data-frequency distribution
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Method N̂ low0.025 upp0.975
BPM 105 75 170
TAF 125 67 1459
DS 88 73 195
Z 89 80 190

Table 5.11. Cholera data: point and interval estimates

All the estimates are reasonable even if the interval for TAF is very wide. We
then check the diagnostics for N and a1.
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Figure 5.7. Autocorrelation N and a1: EST Data
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Figure 5.8. Autocorrelation N and a1: EST Data, Ψ = 50

The resulting ACF for both N and a1 looks reasonable.

Expressed Sequence Tag (EST)

This popular dataset was first introduced in Mao and Lindsay (2003). An EST is a
partial sequence identifying a gene locus; ESTs are generated by sequencing randomly
selected clones in a cDNA library made from an mRNA pool. In the experiment,
2586 possibly replicated sequence tags were detected from which n = 1825 genes
were found.

k 1 2 3 4 5 6 7 8 9 10 11 12 13 14 16 23 27 n

fk 1434 253 71 33 11 6 2 3 1 2 2 1 1 1 2 1 1 1825

Table 5.12. EST data-frequency distribution
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Method N̂ low0.025 upp0.975
BPM 9872 6079 19153
DS 7169 5752 18918
Z 7160 5830 14234
TAF 9115 6099 16264

Table 5.13. Est data: point and interval estimates
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Figure 5.9. Autocorrelation N and a1: EST Data, Ψ = 50

DS and Z are lower bounds and are therefore more conservative. the two Bayesian
proposals are closer with BPM providing a larger interval. We check again the
diagnostics for N and a1.
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Figure 5.10. Autocorrelation N and a1: EST Data

There is an evident autocorrelation for both N and a1 as it happened for traffic.
We thus considered a thin factor ψ = 50 so that we are left with only 2000 iterations
and the resulting ACF looks much better.
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Chapter 6

Final remarks

In this thesis, we have dealt with modeling individual heterogeneity within Poisson
count distribution in the absence of zero counts. In the first part, we have investigated
identifiability issues for both conditional likelihood and unconditional likelihood. For
the unconditional likelihood, we have reparametrized the statistical model in terms
of the moment sequence of a suitable finite measure and proved model identifiability.
On the other hand, for the conditional likelihood, identifiability issues are not solved
even when we consider a suitable moment reparametrization. Leveraging on the
lower semi-continuity of P0, we have shown that a sharpest lower bound for P0 can
always be derived. We have then verified that there is not a unique best and safe way
to numerically compute the sharpest lower bound corresponding to any truncated
sequence PM or, equivalently, sM and we have presented four methods to approach
its evaluation:

• algebraic lower bound evaluation;

• quadrature lower bound evaluation;

• lower bound evaluation through sequential moment condition check;

• likelihood-based lower bound evaluation.

For the quadrature lower bounds, extensively treated in Daley and Smith (2016), we
proposed a new method to check the moment admissibility. The performances of our
proposal Z were not satisfactory and one possible improvement, as mentioned in the
first simulation study, might be considering stabler version of the QD algorithm. On
the same topic, we have given an innovative contribution on a possible sequential
evaluation of the sharpest lower bound. In the same chapter, we have tested the
numerical accuracy of the algebraic lower bound approach, the quadrature lower
bound approach and our new proposal obtaining encouraging results.

In the final part of the thesis we have adopted a Bayesian approach. Starting
from a reparametrization of the likelihood function (5.2) in terms of the first M
ordinary moments corresponding to a probability measure φ̃, we have first trun-
cated its infinite sequence of moments to the first M moments using an explicit
renormalization which formally resembles the original likelihood. Moreover, we
have reparametrized the ordinary moments of φ̃ in terms of the so-called recurrence
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coefficients allowing for an easier MCMC implementation. Finally, in order to set-up
an appropriate prior distribution on the moment space we have noted that, condi-
tionally on N, the likelihood function has a multinomial structure: this has allowed
us to consider a standard Jeffreys’prior opportunely expressed in terms of moments
with the appropriate Jacobian. In the simulation study, the BPM estimator has
been tested in the 12 Simulation settings proposed by Wang (2010). The overall
performance were found quite satisfactory both in terms of mean squared error
and coverage for increasing values of the true underlying population size N . Our
BPM inference competes well with the most recent and performing competitors and
returns interval estimates with the same computational efforts whereas some of the
competing methods (Wang, 2010) requires a substantial increase in computing time
and makes it prohibitive for very large values of N . We have also tested our Bayesian
approach with real data and the performance was really satisfying, especially in real
datasets where the true underlying N is indeed known. Possible improvements on
our methodology could be achieved by implementing alternative MCMC algorithms
possibly relying on most recent hamiltonian MCMC variants as those implemented
in STAN.
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Appendix A

Algorithms

A.1 QD algorithm
Introduced in Rutishauser (1957), the QD algorithm was thought to compute the
eigenvalues of a symmetric tridiagonal matrix. The algorithm, useful in numerical
analysis and approximation theory, has several applications such as turning a power
series into a continued fraction

c0 + c1z + c2z
2 + . . . = c0|

|1 −
q

(0)
1 z|
|1 − e

(0)
1 z|
|1 − q

(0)
2 z|
|1 − e

(0)
2 z|
|1 − . . . .

The Above algorithm relates the quantities ci in the power series with the coefficients
q

(0)
i , e

(0)
i of the continued fraction. Given c0, c1, . . . we have that, for n ≥ 0

q
(n)
1 = cn+1

cn
.

Then, for m ≥ 1 and n ≥ 0, we denote q(n)
m+1, e

(n)
m by:

e(n)
m = q(n+1)

m − q(n)
m + e

(n+1)
m−1

q
(n)
m+1 = (e(n)

m )−1q(n+1)
m e(n+1)

m .

For our analysis, we will concentrate on the case

ck = sk =
∫ ∞

0
xkdµ(x) . (A.1)

We know that, by the Stieltjes Transform:∫ ∞
0

dµ(x)
1− zx = c0 + c1z + c2z

2 + . . . (A.2)

and

z2m−1 = q(0)
m , z2m = e(0)

m , m ≥ 1.

We finally recall from chapter 2 that:

zk = sk − s−k
sk−1 − s−k−1

.
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A.1.1 QD algorithm to derive the recurrence coefficients

z can be also utilized to calculate the recurrence coefficients a and b

bk = z2k−1z2k and ak = z2k + z2k+1 k = 1, 2, . . . .

These coefficients can be explicitly obtained by solving the QD algorithm with a
specific initialization.

Theorem A.1.1. If the QD algorithm starts with:

q
(n)
1 = sn+1

sn
(A.3)

and e(n)
m , q

(n)
m+1,m ≥ 1, n ≥ 0 are defined recursively by (A.1) then

e(0)
m = z2m, q

(0)
m = z2m−1 (A.4)

for m ≥ 1.

Thus, if we start from the truncated moment sequence sM , we can then derive
the pseudo-canonical moments (z1, . . . , zM ) and sub-sequentially the recurrence coef-
ficients (a1, b1 . . . , aM/2, bM/2−1).

A.2 Chebyshev algorithm
Let Lµ be a functional associated to the measure µ. We have seen that:

Lµ [xmPn(x)] = Knδm, n where Kn 6= 0,m = 0, 1, . . . , n (A.5)

and δm,n is the Kronecker delta. Under this condition, the polynomials satisfy
the three-term recurrence relation. Let us now consider a second sequence τn of
monic polynomials with τ having exact degree n. These polynomials satisfy another
recurrence relation of the form:

τn+1(z) = zτn(z)−
n∑
k=0

τk,nτn(z), n ∈ N. (A.6)

For the sake of our analysis, we are interested in the case where they satisfy as well
a three-term recurrence relation:

τn+1(z) = (z − a′n)τn(z) + b′nτn−1(z), n ∈ N.

We have now all the ingredients to define the so-called modified moments

s∗n =
∫ ∞

0
τn(z)dµ(z)

and, sub-sequentially, the quantities

σm,n =
∫ ∞

0
τm(z)Pn(z)µ(z).
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It can be noted that σm,0 = m∗m and σm,n=0 for m < n. But why should we use the
modified moments ? As mentioned before, the map from the ordinary moments to
the recurrence coefficients of the orthogonal polynomials is not well-conditioned and
one might hope to use the modified Chebyshev algorithm to improve the conditioning
of the algorithm and therefore improve the estimation of the nodes and weights
(Gautschi, 1985). However, in species sampling problems, it has been demonstrated
that considering the modified moments does not bring any advantages in estimating
the recurrence coefficients (Daley and Smith, 2016). Therefore, we will come back
to the ordinary moments and fix τm(z) = zm. Then, the quantity σm,n becomes:

σm,n =
∫ ∞

0
zmPn(z)µ(z).

Let us now define the infinite row vectors:

P = [P0, P1, P2, . . .], τ = [τ0, τ1, τ2, . . .].

The matrices

H =


a0 b1 · · · · · ·
1 a1 b2 · · ·

1 a2
. . .

. . . . . .

 , T =


τ0,0 τ0,1 τ0,2 · · ·
1 τ1,1 τ1,2 · · ·

1 τ2,2
. . .

. . . . . .



S =


σ0,0
σ1,0 σ1,1
σ2,0 σ2,1 σ2, 2
...

...
... . . .

 , D =


σ0,0

σ1,1
σ2, 2

. . .


are also infinite. From this relation, we get

zP (z) = P (z)H zτ(z) = τ(z)T

from which we obtain:
SH = T TS. (A.7)

One easily sees that H = S−1T TS is determined by S and T. From the same relation,
we realize that it suffices to know the diagonal and the first codiagonal of S. We
then obtain:

σm,n+1 + anσm,n + bnσm,n−1 = σm+1,n + a′mσm,n + b′mσm−1,n (A.8)

with σm,−1 = σ−l,n = 0 For m < n− 1 both sides of the above expression are zero
since σm,n=0 for m < n. For m = n− 1 we have:

bnσn−1,n−1 = σn,n (A.9)

while for m = n

anσn,n + bnσn,n−1 = σn+1,n + τn,nσn,n. (A.10)
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Since we are considering the unmodified moments (where τn.n = 1), the above
expression becomes:

anσn,n + bnσn,n−1 = σn+1,n + σn,n. (A.11)

Putting together the last two expressions, one gets:

bn = σn,n
σn−1,n−1

an =σn+1,n
σn,n

− σn,n−1
σn−1,n−1

.
(A.12)

The above result is not surprising. We have in fact seen that:

σn,n =
∫ ∞

0
xnPn(x)dν(x) = b1 . . . bn

σn+1,n =
∫ ∞

0
xn+1Pn(x)dν(x) = b1 . . . bn(a1 + . . .+ an).

(A.13)

It is then clear how we can get the recurrence coefficients a and b from σ.
But how can we initialize the algorithm ? There is no a unique answer since it

really depends on the context. Daley and Smith (2016) started from the empirical
moments derived from the frequencies of frequencies. In our statistical model setups,
we have tried out several approaches (see chapter 3 and chapter 5 for additional
details).

In general, one could start with:

σm,0 = ŝm, m = 0, 1, . . . ,M. (A.14)

Then, S is built up automatically by applying (A.8)

σm,n+1 = σm+1,n − anσm,n − bnσm,n−1 (A.15)

since τm,m = 1 and τm,k = 0 (∀k 6= n). The recurrence coefficients a and b can then
be calculated recursively through (A.12).
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Appendix B

List of symbols

for ease for of reading, we have collected the majority of symbols used in the thesis.

• N : finite population size in the set of natural numbers N.

• Xi: the i-th (possibly unobserved/censored) count i.e. the random number
of times unit i of the population has been repeatedly counted in the detec-
tion/sampling/enumeration process. The index i ranges in {1, 2, . . . , N}.

• Xobs = {Xi : Xi > 0}: zero truncated random observable counts.

• xobs = {xi : Xi > 0}: zero truncated observed counts.

• n: random observable number of distinct units of the population counted at
least once in the sample i.e. number of indexes i for which Xi > 0.

• N − n: unknown random number of units in the population unobserved in the
sample i.e. number of indexes i for which Xi = 0.

• fj : count j frequency. When j = 0, f0 = N − n. When j > 0, fj is the
observed number of units i of the population for which the sampling count is
Xi = j.

• M : finite maximum observed count i.e. M = max{X1, . . . , Xi, . . . , XN} =
max{j ∈ N : fj > 0} so that n = ∑∞

j=1 fj = N − f0.

• f+ = (f1, . . . , fj , . . . , fM , . . .): sequence of observable frequencies of frequencies
in a finite population. By definition, f+ is such that there exists a finiteM ∈ N
for which ∑M

j=1 fj = ∑∞
j=1 fj = n.

• f = (f0,f+): sequence of all frequencies of frequencies including the zero
frequency. One has that∑∞j=0 fj = N . Hence, the knowledge of f is equivalent
to the knowledge of f+ and N .

• F+: sample space of the observable frequencies of frequencies.

• ν(λ): the mixing probability measure or distribution on [0,∞) for the Poisson
rate parameter λ in the model specification of the Poisson mixture distributions
of the observable counts.
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• θ = (N, ν) the original parametrization of the Poisson mixture distribution
model.

• Pj : probability of observing a count equal to j; in the original parametrization
used for the nonparametric hierarchical model specification of the Poisson
mixture distributions this probability depends on the mixing distribution
ν(·) so that Pj = P (Xi = j; ν) = Pj(ν). However, by using alternative
parametrizations, it will be shown that Pj can be reformulated equivalently as
depending on a finite number of moments of φ(·), an equivalent finite measure
transformation of ν(·). To make notation lighter, when clear from the context,
the dependence on ν(·) or equivalent reparametrizations will be dropped.

• P0 = P (Xi = 0; ν) = P0(ν) probability of observing a count equal to 0.

• P j : conditional probability that a generic unit of the population is counted
j times (Xi = j) provided that it is observed (Xi > 0); the following holds:
P j = Pj

1−P0
.

• P+ = (P 1, . . . , P j , . . . , PM , . . .): sequence of conditional Poisson mixtures
probabilities. One has that ∑∞j=1 P j = ∑M

j=1 P j = 1.

• P = (P1, . . . , Pj , . . . , PM , . . .): sequence of Poisson mixtures probabilities
including P0. One has that ∑∞j=1 Pj = ∑M

j=0 Pj = 1.

• L(θ;xobs): likelihood function for the Poisson mixture model in the original
parametrization.

• L(θ;f+): likelihood function for the Poisson mixture model corresponding
to the observed frequencies of frequencies. The sequence f+ represents the
sufficient statistics for θ.

• L(θ;f+) = L(N,P ;f+) =
( N
f0f1...

)∏∞
j=0 Pfj

j : likelihood function reformulated
as function of the Poisson mixtures count probabilities. it will be useful to
factorize the likelihood function as L(θ;f+) = LC(θ;f+) ∗ LR(θ;f+).

• LC(θ;f+)=LC(P+;f+) =
( n
f1,f2,...

)∏∞
i=1

(
Pj

1−P0

)fj : conditional likelihood.
• LR(θ;f+)=LR(N,P0;f+) =

(N
f0

)
P f0

0 (1− P0)N−f0 : residual likelihood.

• ν̂C : MLE for ν with respect to the conditional likelihood.

• ν̂: MLE for ν with respect to the unconditional likelihood.

• P(E): set of all probability measures on the measurable space (E, σ(E)) with
σ(E) a suitable σ-field of subsets of E. Most relevant special cases dealt with
are E = [0,∞), E = [0, 1] and E = R with their Borel σ-field. The set [0,∞)
is the parameter space for the Poisson rate λ.

• F(E): set of all finite measures on the measurable space (E, σ(E)) with σ(E)
as a suitable σ-field of subsets of E.
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• F(0,1]([0,∞)): subset of finite measures φ ∈ F([0,∞)) which are determined by
their moment sequence and with total mass restriction constraining φ([0,∞)) ∈
(0, 1].

• φ: finite measure on [0,∞) with dφ(λ) = e−λdν(λ) and total mass φ([0,∞)) =∫
[0,∞) dφ(λ) = P0. The set of probability distributions ν on [0,∞) denoted
P([0,∞)) is one-to-one with a proper subset of finite measures F([0,∞))
namely the restricted space of finite measure φ on [0,∞) with total mass in
(0,1] denoted as F(0,1]([0,∞)).

• φ̃ : probability measure obtained by normalizing φ(·) as follows: φ̃(·) = φ(·)
φ([0,∞)) .

• µ is a σ-finite measure on [0,∞) with dµ(λ) = λe−λdν(λ). Exclusively in
chapter 2 and in the Appendix, it will be used as reference probability measure.

• dµ̃(λ) probability measure obtained by normalizing µ(·) provided µ is finite
i.e. only whenever

∫
[0,∞) λe

−λdν(λ) <∞.

• γ: a probability measure defined as dγ(λ) = (1−e−λ)dν(λ)∫
(1−e−λ)dν(λ) .

• ω : finite measure defined as dω(λ) = (eλ − 1)−1dγ(λ).

• µS : mirror probability measure of µ n (−∞,∞) such that if X ∼ µ, then µS
is the probability measure corresponding to the distribution of the symmetric
random variable S =

√
X(2Z−1) where Z is an independent Bernoulli random

variable with success probability 1/2. Note that µS is symmetric and X is such
that X d= S2.

• sj : ordinary moment of non negative integer order j of the finite measure φ
i.e. sj =

∫
[0,∞) λ

jdφ(λ). Note that ∑∞j=1 sj/j! = 1.

• s = (s0, s1, . . . , sj , . . .) vector of all the ordinary moments of the finite measure
φ.

• sM = (s0, s1, . . . , sM ) finite-dimensional (projection) vector of the first M + 1
coordinate of s.

• s̃ = (s̃0, s̃1, . . . , s̃j , . . .) : moment sequence of the normalized probability mea-
sure φ̃ with s̃0 = 1.

• s̃M vector of moments of the normalized probability measure φ̃ with s̃0 = 1.

• mj : ordinary moment of order j (with j ∈ Z) of the finite measure µ i.e.
mj =

∫
[0,∞) λ

j+1dµ(λ). Note that ∑∞j=0mj/j! = 1.

• m = (m0,m1, . . . ,mj , . . .) vector of all the ordinary moments of the finite
measure µ.

• mM = (m0,m1, . . . ,mM ) finite-dimensional (projection) vector of the first
M + 1 coordinate of m.
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• m̃ = (m̃0, m̃1, . . . , m̃j , . . .) : moment sequence of the normalized probability
measure µ̃ with m̃0 = 1.

• m̃M vector of moments of the normalized probability measure µ̃ with m̃0 = 1.

• oj : ordinary moment of non negative integer order j of the finite measure ω
i.e. mj =

∫
[0,∞) λ

jdω(λ). Note that ∑∞j=0 oj/j! = 1.

• o = (o0, o1, . . . , oj , . . .) vector of all the ordinary moments of the finite measure
ω.

• oM = (o0, o1, . . . , oM ) finite-dimensional (projection) vector of the first M + 1
coordinate of o.

• õ = (õ0, õ1, . . . , õj , . . .) : moment sequence of the normalized probability mea-
sure ω̃ with õ0 = 1.

• õM vector of moments of the normalized probability measure ω̃ with õ0 = 1.

• St(E): moment space for a finite measure φ supported on E which is determined
by its moment sequence with total mass equal to t with 0 < t <∞ and such
that moments of all orders exist. When t = 1 we have the standard moment
space for a probability measure on E ⊆ R determined by its moments. More
explicitly, we can write

St(E) =
{

(s0, s1, s2, . . .) : sj =
∫
E
λjdφ(λ) s.t. s0 = t, j = 0, 1, 2, . . .

}
.

• SI : moment space for a finite measure φ supported on E, determined by its
moment sequence and with total mass in I where I is a bounded subset of R+.
When t = 1 we have the standard moment space for a probability measure on
E ⊆ R. More explicitly, we can write

SI(E) =
{

(s0, s1, s2, . . .) : sj =
∫
E
λjdφ(λ) s.t. s0 ∈ I, j = 0, 1, 2, . . .

}
.

• S [M ](E): truncated moment space for a finite measure φ supported on E which
is determined by its moment sequence. When s0 = 1 we have the standard
truncated moment space for a probability measure on E ⊆ R. More explicitly,
we can write

S [M ]
1 (E) =

{
(s0, s1, s2, . . . , sM ) : sj =

∫
E
λjdφ(λ), j = 0, 1, 2, . . . ,M

}
.

• S [M ]
I (E): truncated moment space for a finite measure φ supported on E which

is determined by its moment sequence and with total mass in a bounded
interval I of positive reals

S [M ]
I (E) =

{
(s0, s1, s2, . . . , sM ) : s0 ∈ I, sj =

∫
E
λjdφ(λ), j = 1, 2, . . . ,M

}
.
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• s+
k+1 = s+

k+1(s0, s1, . . . , sk) superior extremal moment of order k+1 correspond-
ing to fixed values (s0, s1, . . . , sk) of the moments of lower non negative order
order.

• s−k+1 = s−k+1(s0, s1, . . . , sk) inferior extremal moment of order k+1 correspond-
ing to fixed values (s0, s1, . . . , sk) of the moments of lower non negative order.

µ(·)

ν(·) φ(·)

dν
dµ = eλ

λ

dµ
dν = λe−λ

dφ
dν = e−λ

dν
dφ = eλ

dµ
dφ = 1

λ

dφ
dµ = λ

sM = (s0, s1, . . . , sM ) (s0, c1, . . . , cM )

zM = (z0, z1, . . . , zM )



Appendix B. List of symbols 92

ν(·) originary mixing probability measure

s ordinary moments of a finite measure φ(·) with total mass s0 ∈ [0, 1)

(s0, z) total mass of φ(·) and pseudo-canonical moments of φ̃(·)

(s0,a, b) total mass of φ(·) and recurrence relation coefficients of φ̃(·)
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• cj j-th canonical moment of a probability measure in P([0, 1]).

• zj j-th pseudo-canonical moment of a probability measure in P([0,∞)).

• {Pd(x)}∞n=0: orthogonal polynomials on E associated to a finite measure φ on
the measurable space (E, σ(E)); when clear from the context the dependence
on φ is dropped from the notation. An orthogonal polynomial sequence is a
countable family of polynomials defined on the space E such that any two
different polynomials in the sequence are orthogonal to each other with respect
to the inner product in a functional space associated to a finite measure φ on
(E, E): 〈f, g〉 =

∫
E f(x)g(x)dφ(x).

• aj & bj j-th recurrence coefficients.

• Jd: Jacobi matrix corresponding to a tridiagonal symmetric matrix determined
by the first recurrence coefficients aj & bj .

• e1, . . . en: eigenvalues of Jn (quadrature nodes).

• v1, . . . , vn: square of the first component of the eigenvectors of Jn (quadrature
weights).

• HM : Hankel matrix of order M associated to a point in the M -truncated
moment space.

• ρd : [0, 1]d → Sd([0, 1)) mapping between canonical moments and ordinary
moments i.e. (c1, . . . , cd)

ρd→ (s1, . . . , sd).

• ξd : (z1, . . . , zd) → (sd, . . . , sd) mapping between pseudo-canonical moments
and ordinary moments.

• ψd : (a1, b1 . . . , ad, bd)→ (s1, . . . , s2d) mapping between recurrence coefficients
and ordinary moments.
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